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Abstract

Let f be a C? local diffeomorphism, of a closed surface M without zero Lyapunov
exponents. We have proved that the number of ergodic hyperbolic measures of f with
SRB property is less than equal to the number of homoclinic equivalence classes. We use
an adaptation of Katok closing lemma for endomorphisms and prove ergodic criterion,

introduced in [HHTU], for endomorphisms.

We also prove some folklore results on uniqueness of SRB measures, in the presence

of topological transitivity.
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Resumo

Seja f um endomorfismo C? non-singular (difeomorfismo local), de uma superficie
fechada M e p uma medida probabilidade Borel f-invariante e ergddica com expoentes
de Lyapunov Nao nulo. N6és provamos que o nimero de medidas hiperbélicas com pro-
priedade SRB ¢ para f so menor ou igual ao nimero de classes equivalentes homoclinicos.
Usamos uma adaptaao do closing lema de Katok por endomorfismos e provamos critrio
ergddico, introduzido em [HHTU], para endomorfismos. Também provamos alguns resul-

tados folcléricos em unicidade de medidas SRB, na presena de transitividade topolégica.
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Introduction

According to the history of science, the birth of ”Chaos” goes to H.Poincaré and the
king of Sweden’s question on the stability of the solar system around 1889. However after
that, for at least seven decades we may observe no specific intention on chaotic dynamics,
but after the mid of twentieth-century when E. Lorenz put forward his work on weather
forecasting and give birth to attractors, determination of chaotic dynamics became one
of the most remarkable attempts. In fact, it is observed that even very simple systems
depending only on one variable, may behave as wild as a hurricane or a volcano performing
chaotic behavior. ”Changes in weather”, "the planet orbits in the solar system”,[M2],
"population growth in ecology”, ”"the dynamics of the action potentials in neurons” [RY],
"molecular vibrations” and a lot more, all are samples in nature not predictable but

depending to the initial conditions, deterministic.

Imagine a closed (compact connected boundaryless) Riemannian manifold with a uni-
formly ”hyperbolic” dynamics. The tangent space at every point decomposes in two
complementary subspaces, one expanding and the other contracting along the trajectory.
It is obvious that for such phase space, in the lack of enough space trajectories can not
travel separately and mixing together exhibit strange or chaotic behavior. The weakest
but most general type of hyperbolicity is the so called "Non- Uniform Hyperbolicity”
introduced by Y. Pesin in 1970. However depending on the initial condition, it may hap-
pen wild uncontrollable trajectories, but almost all orbits of the system show a kind of

tameness like living in a uniformly hyperbolic world.[BP1]

Looking at the both, natural and artificial physical models, not all of them have the
property that their dynamics is invertible. The study of non-invertible (endomorphism)
maps nowadays have its own importance. By definition an endomorphism is a continuouse
map which is not necessarily invertible. In this work in special we deal with non- singular

endomorphisms or local diffeomorphism where always exist some small ball around each
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point of the space, diffeomorphically projecting on its image. Getting some idea about
the differences between invertible and non-invertible maps, we can look at the unstable
manifolds. They are one of the main objects related to chaos theory and depending
upon the past history of an orbit, not unique for endomorphisms. To approach chaotic
properties of an endomorphism, typically we define some inverse limit space. It is the
collection of the all possible total orbits in a phase space M. Although this space M7,
does not admit a manifold structure but it is a compact metric sub-space of M% and many
mathematical notions depending on pre-histores can be carried on it. In 1960s Shub [Sh]
introduced expanding maps and after that Mané-Pughl] and Przytycki[P] found other
properties for Anosov endomorphisms (with uniform hyperbolicity). A remarkable result

shows that Anosov endomorphisms are not structurally stable.

In smooth ergodic theory, we study the ergodic properties of smooth dynamical sys-
tems on Riemannian manifold up to an invariant measure, specially one equivalent to
Riemannian volume. In this theory which provides a mathematical basis for the theory
of deterministic chaos, the two main tools are ”Lyapunov Exponents” and "Metric En-
tropy”. First implement measures the asymptotic exponential behavior along the long

term orbit and the second, measures the complexity of the dynamics under the iterations.

In 1970s Sinai, Ruelle and Bowen introduced an invariant measure which is called SRB
measure. Their original work was on Axiom A and Anosov dynamical systems (uniform
hyperbolicity along all the orbits). These measures play an important role in the ergodic
theory of dissipative dynamical systems (not preserving the volume) and are the most

compatible measures in the occasion.

J.-M. Strelcyn, F. Ledrappier and L-S.Young in [LS] and [LY] have shown that for
f a C? diffeomorphism on a compact Riemannian manifold, and for p an f-invariant
Borel probability measure, metric entropy is equal p-a.e. to the sum of positive Lyapunov
exponent. Moreover this so called ”Pesin entropy formula” holds if and only if p is an
SRB measure. These results were generalized to other frameworks including deterministic
endomorphisms by the works of Qian, Xie and Zhu [QXZ]. New results can be still

scattered in this frame of studies.

In recent years F. Rodriguez Hertz, M. A. Rodriguez Hertz, A. Tahzibi, R. Ures in
[HHTU] have shown the uniqueness of SRB measures for transitive C'* diffeomorphisms
on compact surfaces. In this thesis, we investigate whether the same method of [HHTU]
works on C? surface endomorphisms or not. A main part of their result can be translated
into the endomorphisms setting. Howbeit, there exist many subtle differences between

the two cases. For instance, the uniqueness of SRB measures which can be deduced
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using topological transitivity for diffeomorphisms, in our setting it may not be the case.
Although we do not have any example of topologically transitive surface endomorphism
with more than one SRB measure, a modification of Kan example may provide such new

phenomena. *

With respect our main theorem, the number of SRB measures for surface endomor-
phisms(see definition 1.34) is bounded by the number of homoclinic equivalence classes.
In other words, we can control the number of SRB measures (Ergodic objects) by a

topological substance. More precisely, we prove that:

Theorem 0.1 (Main Theorem A). Let f : M — M be a C* endomorphism over a

closed Riemannian surface M. Then,

t{ Ergodic Hyperbolic Measures with SRB Property} < t{ Homoclinic Equivalent Classes.}

For the definition of homoclinic equivalent class, see Chapter (1). There are some
other folkloric and simple results about the uniqueness of measures with SRB property

which we prove for the sake of completeness:

Theorem 0.2 (Theorem B). For f : M — M a topologically transitive C* endo-
morphism over a closed Riemannian surface M, there exists at most one non-uniformly

expanding measure with SRB property.

Theorem 0.3 (Theorem C). Let f: M — M be a topologically transitive C* partially
hyperbolic endomorphism with a continuous decomposition of the tangent bundle TM =

E° @ E. Then there exists at most one hyperbolic measure with SRB property.

The main problems we deal with through this work consist of:

3t Non-uniform Hyperbolicity for endomorphisms;
3t Closing lemma of Katok for endomorphisms;

3t Ergodic Homoclinic Classes and ergodic criterion;

Chapter (1) of this thesis, gives a short survey on the theory of non-uniform hyper-
bolicity for endomorphisms. It contains some preliminaries on inverse limit space and we
bring the " Multiplicative ergodic theorem” of Oseledets on natural extension as well as no-
tions about non-uniform hyperbolicity, Pesin blocks, Pesin stable-unstable sets, absolute

continuity, Lambda lemma and SRB property for endomorphisms.

'We would like to thank M. Andersson and J. Yang for observing us the possibility of the construction
of such examples.
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Chapter (2) is an adaptation of the Katok closing lemma for C? endomorphisms of
a closed Rimannian surface. We define the Lyapunov charts and show that the proof of

closing lemma and consequences for endomorphisms.

Chapter (3) presents the definition of ergodic homoclinic classes for new setting and
bring the theorems and lemmas related to the ergodic criterion part of the [HHTU]

method. After that we prove the main theorem and theorems B and C.

Chapter (4) contains some examples and some problems, which we believe that theo-

rems can be applied.



Chapter

1

Non-uniform Hyperbolicity for

Endomorphisms

The theory of smooth dynamical systems with non-uniformly hyperbolic behavior, or
the theory of non-uniformly hyperbolic dynamical systems is due to Ya.B. Pesin in the

mid-1970. In this chapter we try to give a summary of this theory for endomorphisms
based on [QXZ] and [BP2].

1.1 Inverse Limit Space

Let M be a smooth Riemannian surface which is closed (compact connected and
without boundary). In this text by a C? endomorphisms f : M — M we mean a local C*
diffeomorphism and we denote M (M) for the set of all f—invariant Borel probability
measures. As f is a local diffeomorphism, it always satisfies the following integrability

condition and we may omit it.
log | det d,f| € L' (M, p).

For f: M — M a C? endomorphism, consider the compact metric space
M ={i = (z,) € [[ M : f(2n) = 2osr, for alln € Z},

equipped with the distance d for & = (x,),§ = (y,) € M/ defined by
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dz,9) = > 27"d(z,, yn). (1.1)

Where d is the distance on M induced by the Riemannian metric. Let 7 be the natural
projection from M7 to M (i.e. 7((x,)) = xo,VE = (x,) € M/ ) and f : M/ — M7 be the
shift homeomorphism. We may sometimes call xq as the base point of a trajectory. It is

clear that the following diagram commutes i.e. 7o f = fo.

ML e

M L M
The map f . M/ — M/ is called the inverse limit of f or the natural extension of
system (M, f) and the proper M/ is the Inverse Limit Space. Notice that for a periodic
point p of f with period m, we may denote the unique corresponded periodic point on
M’ with p = (..p f™ Y(p)...f(p)p,...) € M.
The map 7 induces a continuous map from M z(M7) to M (M), usually denoted by 7.
i.e. for any f—invariant Borel probability measures i on M/, 7, maps it to a f—invariant

Borel probability measure m, i on M defined as

r ji(9) = fil¢ o), Vo e C(M).

The following proposition 1.3.1 of [QXZ] or [OV] guarantees that m, is a bijection between
./\/l]z(Mf) and M (M).

Proposition 1.1. Let f be a continuous map on M. For any f—invariant Borel probability
measure p on M, there exists a unique f—invariant Borel probability measure it on M7

such that m.ji = .

Proof. Proof of this theorem is based on the next lemma.|QXZ]

Lemma 1.2. Let X andY be two compact metric spaces, andT : X — X and S:Y =Y
measurable mappings on corresponding spaces. Suppose there is a continuous surjective
map h : X — Y such that Soh = hoT'. Then for any S—invariant Borel probability
measure p on Y, there is a T—invariant Borel probability measure v on X such that

hv = p.

Let us continue the proof of the proposition:



1.1 Inverse Limit Space 7

As a consequence of Lemma 1.2, there is i € Mf(Mf) such that 7, (1) = p. Since M/
is a compact subset of M? defined as a shift space, so cylinders make a second countable
basis for it. Then fi can be uniquely determined by its values on all cylinder sets. For
any subsets Ag, A1, .., A, C M we define

ﬂ([AO:Ala aAn]) = M(AO N f_lAl N...N f_nAn>7

where

[Ag, Ay, Ayl = {3 € MP|z; € Ay, i =0,1,....n}

is a cylinder in M/. Observe that this definition coincides with 7, (1) = . Suppose [A]
be a cylinder in M7 then 7([A4,]) = Ay and

mofi(Ao) = fi(m ™" (Ag)) = fu([Ao]) = p(Ao). (1.2)

Also taking any open B C M, then m,u(B) = ji(r~*(B)) = i([B]) = p(B) This ensures
that i is uniquely determined by p and the proof is completed. O]

A circumstance of proposition 1.1 can be the following lemma.

Lemma 1.3. An f-invariant Borel probability measure p is ergodic if and only if i is

ergodic.

Recalling following theorem( [KH])

Theorem 1.4 (Ergodic Decomposition). Let p € My(X) and (X, u,B) a Borel
probability space. Let {pi.}rex be the conditional probability measures with respect to
F:={ECB|f'E=E} Then

o 1= [y padp(z);
® i, 1S invariant for p-a.e. x € X;

e 1, is ergodic for p-a.e. x € X

Let us continue the proof of lemma.

Proof. We have the uniqueness of i from last proposition, then consider the following
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diagram which permutes f and f.

VE Ry v}

M —L s m

once ji is ergodic then for each f-invariant subset A C M, we can easily observe that

7 1(A) is f- invariant and by ergodicity of i then fi(r~'(A)) = m.fi = u(A) is zero or
one. To show the inverse process let by contradiction suppose that p is ergodic but f is
not ergodic. M7 is a compact metric space and fi € /\/lf(Mf). By theorem 1.4 taking
F={F CB|fY(F)=FE} and write

ji= [ dita)

where fi, is f—invariant and ergodic for fi—a.e. & € M/. By Proposition 1.1, the i is

unique f —invariant measure that m, = u. Means
p=rp) = [ mpedia)
Mf

The projection of conditional probabilities ji; either will be p or gives some conditional
probabilities on F = m(F). In both situation it makes contradiction (respectively) with

proposition 1.1 or ergodicity of pu.
O

Let M be a compact metrizable space, f : M — M a continuous map and p an
f—invariant Borel probability measure on M. For any finite partition n = {C;} of M,
define the entropy of n by

Zu ) log u(C). (1.3)

Let
h — i lH -1 —n+1
o(fin) = lim —H,(nV f7n V..V f7).

Then define the metric entropy of f with respect to u as

h,(f) = sup{h,(f,n) : n is a finite partition of M}. (1.4)
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More information can be found in [W]. From the following proposition we have the

relation between the metric entropy of the two systems, (f, ) and (f, i).[QXZ]

Proposition 1.5. Let f : M — M be a continuous map on the compact Riemannian
manifold M with an invariant Borel probability measure p. Let M/ be the inverse limit
space of (M, f), f the shift homeomorphism and ii the f—invariant Borel probability

measure on M/ such that 7, fi = p. then

h(f) = ha(f)- (1.5)

1.2 Multiplicative Ergodic Theorem

For A C M we set A = {7 = (z,) € M/ : x,, € A, for alln € Z}. Before stating the
Oseledet’s Multiplicative ergodic theorem, we need to know the definition of a hyperbolic

set for endomorphisms.

Definition 1.6 (Hyperbolic Endomorphism-[P]). Let f be a C* endomorphism. Put
A to be an f—invariant closed subset of M. Then A is called a Hyperbolic Set for
this endomorphism if there exists real constants C' > 0 and 0 < pu < 1(and a continuous
Riemannian metric < .,. > on TM) such that for every f—trajectory @ = (x,)=% of

points in A (Vi € A ) and for every integer n we have:

o 1. M =FE*(z,n)® E"(Z,n),

o Df(E*(#,n)) = E*(f(&),n) = E5(Z,n + 1),
D ()|l < Cu™|vll, for ve E;,

o Df(E"(z,n)) = E*(f(),n) = B*((z),n + 1),
IDL5 @) = [Cum]Holl, for v € EF .
Form = 0,1,.... where || -|| denotes the Riemannian metric. This family of splitting

will be called hyperbolic.

We may define the hyperbolicity in term of the cone fields also [HG|. Suppose ||.||
denotes the Riemannian metric on M as above and End (M) be the set of all regular

endomorphisms on M equipped with the usual C! topology.

Let E and F be two sub-bundles of T'M satisfying TM = E & F. Define two cone
fields CF and CF on TM:
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Co(2) ={v e T.M v = (v",0"), o[ < afv[l}; (1.6)
Co (2) ={v € .M v = (v",0"), o] <alo”|} (1.7)

Definition 1.7. An f—invariant subset A of M 1is said to be hyperbolic if TAM has the
bundle splitting TAM = E & F and there is o > o > 0 and X > 1 such that, for any

x € A and any unit vector v € CF(x)

df(Cy () C G5 (f(@),  Ndf ()]l > A,

and such that for any x € A, any unit vector v € CE(f(z)), and the diffeomorphism g on
a neighborhood of f(x) satisfying gf = id, on a neighborhood of ,

dg(Cy (f(@)) € CZ (), |ldg(v)ll > A

We say that f is an Anosov Endomorphism if f is hyperbolic on M. Also f is said

to be an Expanding Map if it is an Anosov map without contracting direction (E* = 0).

For x € M and f: M — M suppose v € T, M. We put

=— 1 n
Az, v) = hmnﬁooﬁ log ||ds f™(v)]|-

The number A(z,v) is called the Lyapunov Ezponent for v . For x € M there are at
most (dimM )-numbers Ay (z), - -+, Ay (2) with —oo < Aj(x) < -+ < App) < 00, and a

filtration of subspaces

=

{0} = Lo(#) € Ln(@) € -+ € Lugn(a) = TuM

(Where L;(x) ={v € T,M : XN(x,v) < \(x), forl <i<r(z)}.)
and A(z,v) = A\;(z) holds for v € L;j(x)\L;—1(z), 1 < i < r(z) . The numbers \;(x)
;- Ar(z)(7) are called the Lyapunov Exponents at z. We set

m;(z) = dim L;(x) — dim L;_; ()

for 1 <i <r(z) and it is the Multiplicity of Lyapunov exponent \;(z). Observe that r(x),
Ai(x), m;(x) are measurable f-invariant functions with respect to any f-invariant Borel

probability measure i and when p is an ergodic measure, then these functions become
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constant almost everywhere and we may show them by A, m! r#. (Such information are

obtained by multiplicative ergodic theorem for differentiable maps [W],[Ch].)

1.2.1 Multiplicative Ergodic Theorem on Natural Extension

As a consequence of Oseledet’s theorem we have the following fundamental results on
M7 [QXZ]. we may show it by MET.

Theorem 1.8. Let u be an f-invariant Borel probability measure on M. We denote
by ji the f-invariant Borel probability measure on M/ such that m,fi = p. Then for fi-
almost all ¥ = (x,) € M/ and n € Z the tangent space T,, M splits into a direct sum
Ty M = Ey(2,n) @ - ® Ep0)(T,1) and exists —o0o < A(T) < -+ < Ay3)(T) < 00 and
mi(Z) (i=0,1,...,7(&)), Such that:

1. dim E{(z,n) = m;(Z);

2. dy, f(Ei(Z,n)) = Ei(z,n+ 1), and d,, f
isomorphism. For v € E;(Z,n)\{0},

Bian) - Ei@,n) = Ei(@,n+1) is an

limy, 00 % log Hdznfm(U)H = Al(i)?
™ By@n-m)) (V)] = Xi(Z);

3. if 1 # j then
1
lim —logsin Z(E;(z,n), E;(Z,n)) =0,

n—+too N

where Z(V,W) denotes the angle between subspaces V' and W.

4. (), Xi(.) and my(.) are measurable and f—invariant. Moreover r(z) = r(xo), Mi(%) =
Ai(zo) and m;(Z) = m;(xg) for alli =1,2,...,r(Z).(r(Z) is the number of subspaces
on T, M for some n € Z and for fized ¥ € M’.)

Observation 1.9. Any @ € M/ with above property is called a Lyapunov Regular
point (or just a Regular point) . By MET the set of all such regular points let us show it

by 7~2, has a full i measure and is f—z’nvam’ant.

Definition 1.10 (Hyperbolic Measure). We call an ergodic measure p a hyperbolic

measure if:

e none of the Lyapunov exponents for ju are zero;
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e there exist Lyapunov exponents with different signs.

Observation 1.11. Notice that by number 4 of theorem 1.8, hyperbolicity of i as a Borel
probability measure on M implies the hyperbolicity of i € ./\/lf(Mf). (Its corresponded

measure on M/ through proposition 1.1)

1.3 Nonuniform-Hyperbolicity and Pesin Sets

In the nonuniform version of hyperbolicity (Pesin Theory), instead of prescribing
bounds for the expansion and contraction of vectors, we measure the asymptotic ex-

ponential behavior of points through long term derivatives.

Definition 1.12 (Non-Uniformly Hyperbolic Set). Let f : M — M be a C? endo-
morphism of a compact smooth Riemannian manifold M. An f—mvam’ant Borel subset
I c M/ is said to be non-uniformly hyperbolic if exists

(a) numbers A, p such that 0 < A <1 < p;

(b) a number € and Borel functions C, K : T' — (0, 00);

(c¢) subspaces E*(%,n) and E*(%,n) for each & = (x,) € R, which satisfy the following
conditions Vn € Z:

1. T, M = E*(Z,n) ® E“(z,n),

3. the subspace E*(Z,n) is stable:
forv e E*(Z,n) and m > 0, |da, f(V)|| < C(F)AmemtnD]|y||;

4. the subspace E"(x) is unstable:
forve E*(Z,n) and m <0, e, f™ ()| < C(3)pmecImiHnD|y||;

5. L(B*(#,n), B*(7,n)) > K(&);

6. C(fm(@) < C@e™, K(fm(7) = K(@)e .

In above definition if E%(%,n) is trivial, then we call I a non-uniformly expanding
set. By Multiplicative ergodic theorem or Oseledet’s theorem we could guarantee that

for every ergodic hyperbolic measure v the set of Lyapunov regular points with nonzero

exponents contains a non-uniformly hyperbolic set of full measure. From now on we
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suppose R to be this full measure set of reqular points with non-zero Lyapunov ezponents
that is non-uniformly hyperbolic. Moreover for the sake of simplicity we always suppose
our measures to be ergodic. let

M*

erg

(f) := The space of all ergodic hyperbolic measures.

Definition 1.13 (Non-Uniformly Expanding Measure). We call an ergodic measure
i a non-uniformly expanding measure if both of the Lyapunov exponents are positive in

p—a.e.

For a u € M?, (f)let introduce the Pesin Blocks. They let the behavior of Lyapunov

erg

exponents along the orbit of their points become under good controls. In other words ” As
we will see in next chapter under some metric change, they can be supposed as objects

indicating uniformly hyperbolic behavior.”

Assume

A(&)<0 A(&)>0

Definition 1.14 (Pesin Blocks). Given A\, u,x,>> € > 0,1 < k < dim M and for all
[ > 1, we define a Pesin block A;l(}\,u,e) of M/ consisting of ¥ = (x,) € M/ for which
there exists a sequence of splittings T, M = E*(Z,n) @ E“(z,n), n € Z, satisfying:

o dim E"(Z,n) =k ;
o d, f(E*(Z,n)) = E*(&,n+1), d,, f(E*(Z,n)) = E*(Z,n+1);

o form >0, forve E*(z,n) and w € E*(Z,n);

X

.., f™ ()| < €'t e=A=Ti0)mel 5D ||v]|, Vi € Z,n > 1

1(dy o £ B (3memy) " Hw)|| < €lT08 e~ T0)™ (G5 "D |00 ||, Vi € Z,m > 1;

Tn—m

and if 1 <k <dimM — 1 then

o sin Z(FE*(&,n), E*(&,n)) > e 'woe(wo)nl,

Pesin blocks have some nice properties:
3t they are closed and therefore compact (due to compactness of MY);
Tt A’;’l C A;Hl and fi(A];’l) C A;Hl;

Lt the subspaces E°(Z,n) and E*(Z,n) of T,,, M depends on & continuously over Ail
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Observation 1.15. In compare with definition 1.12 we see that in definition 1.1/, we
have X = e~ ~100), iy = e~ W"100) and € = x/100. Moreover, as we deal with hyperbolic
ergodic measures with "SRB property” (see definition 1.34). By ergodicity assumption the
Lyapunov exponents become a constant value for fi—a.e. point T € R. Therefore in the

rest of the work we can suppose the x in definition of a Pesin block to be
X = min [\;(x)], forl <i<2(=dimM).

Since dim M = 2 by SRB property assumption of the measure, the k in definition 1.14
15 always equal to one or two. Except chapter 3 in proof of theorem B that Pesin blocks
become two dimensional and we will mention that k is not one, we are assuming k = 1
in the rest of the work. With no creating of ambiguity we may ignore x and k from the
notation of Pesin blocks and show them by A,. Moreover we are always assuming the

Pesin blocks having positive measure.

1.4 Pesin Stable-Unstable Manifolds

After the works of Pesin on developing a general theory on stable and unstable mani-
folds for diffeomorphisms [BP1],P.-D Liu and M. Qian developed a rigorous related theory
for random diffeomorphisms and using similar techniques as given in [LQ], Sh. Zhu proves
an unstable manifold theorem on non-invertible differentiable maps of finite dimension.
Here we bring some important parts of Sh. Zhu work and we introduce the global stable
and unstable sets useful in next chapters.[QXZ],[QZ]

Definition 1.16 (Local Unstable Manifold). For & € R, \(&) > 0, we call W (%) a
local unstable manifold of f at & when exists a k—dimensional C* embedded sub-manifold
of M, such that there are numbers A > 0, 0 < € < A/200, 0 < C, and for any yo € W.(Z),
there exists a unique § = {Yn tnez € M7 such that ©(j) = yo and Vn € N,

d(y—nu x—n) < Ce A9 d(o, yO)
Moreover we define the local unstable set off at T = (x,) as
/—‘/I\}:lléc(j> = {g € Mf - Yo € VVlZc(j% d<y—n>x—n) S Ce_n(k_e) d(‘rO)yO)}'

Observation 1.17. It is remarkable that by above definition W(@C(f)) = Wi.(Z).
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W ()

Figure 1.1: Unstable set and unstable manifolds of different trajectories .

Definition 1.18 (Unstable Manifold). The unstable manifold of f corresponding to
i€ R is defined as

— 1
W(z) = {yo € M|3y € M with 7 = yo, and lim,_, o —logd(z_,,y_,) < 0}} (1.8)
n
and we will write

— _— 1
W*(z) = {g € M/ [lim,,_, o ﬁlog d(x_p,y_n) <0} (1.9)

Notice that the unstable manifold corresponded to a trajectory & € R can be defined as

the union of an increasing sequence of images of C' embedded disks:

W(&) = | f1 (W (f (@) (1.10)

Definition 1.19 (Global Unstable Set). We define the global unstable set of f at a

pownt T, as

W) = |J ~W“(;ﬁ). (1.11)

zer—H(z)NR

For x € M and r > 0, let define T, M (r) = {n € T, M| ||n|| <r}.
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Proposition 1.20. For any Pesin block A; on M7, there is a continuous family of C*
embedded k- dimensional discs {W}3.(Z) }3ca, on M, together with positive numbers Ay, € <
A /200, 7 < 1, oy, By such that the following properties hold for each T € A

e There is a C' map h; : Oz — E%, where Oz is an open subset of E¥ which contains
{n € E¥: |n| < oy} satisfying
(a) hz(0) =0, Dh;(0) = 0;
(b) Lip(hz) < B;; Lip (Dhz) < 5, where Dhg(.) : 1 — Dhz(n);
(c) {Wis(2)} = exp,, (Graph(hz)).

o Let W_(2) = WE(f &) then W_pq1 C fW_, (&) for alln > 1. Let py > 0 be a
positive real number such that the exponential map exp, : T, M (po) — B(zo, po) :=
{y € M|d(y,x) < p}) is a C* diffeomorphism for every x € M. Then exist numbers
r € (0,p0/4), € € (0,1) such that

o For any r € [ry/2,71] and each & € A, if 7 € BA, (Z,er) = {§ € A d(&,7) < er},
then Wk .(21) N B(xg,r) is connected and the map

Z— We.(2) N B(xo,r)

is continuous from BAZ(QT:, er) to the space of subsets of B(xo,r)(endowed with the

Hausdorff topology);

Observation 1.21. By above proposition we assume Y& € /A, the size of W (%) is
bounded away from zero and exists some oy > 0 such that size(W}.(Z)) > .

Theorem 1.22. For any & € R that Xi(Z) < 0 for some 1 < i < dim M, there exists a
sequence of C* embedded dim E*(%)—dimensional discs {W,}2% satisfying some similar

results as proposition 1.20 for stable manifolds(sets)such as:
e For each n € Z* there exists a C? map
hjna) : On(E) = E“(f"(£)),

where O, (Z) is an open subset of F5, , ., such that hz(0) = 0, Dhz(0) = 0 and

W () = CXP fn(z) (graph(hz));

@)’

o fWo(E) C Wyoa();

o Vi € A the size of W .(Z) is bounded away from zero and exists ay > 0 such that
size(Wi (7)) > au.
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fHf)
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[ (f=)

Figure 1.2: Stable sets and local stable manifolds.

and we may define
— 1
We(z) ={y € M|lim, 1 —logd(f"y, f"x) <0}, if Ni(x) <0 forsome 1l <i<dimM
n

and otherwise W*(&) = {zo}. In the other word for every & € R with M\(Z) <0
+oo
W) = [J 7" (W),
n=0

Observation 1.23. We call W*(z) the Stable Set of f corresponded to & € =~ '(z) (for
some base point x € M ). Notice that V& € 7' (x) all trajectories have the same forward
orbit. This means that in fact stable sets are independent of the choice of pre-images and
for any § € 771 (x) we have

W*(g) = W* ().

Therefore we may use the notation W*(z) instead of W*(Z). As it is observable in fig 1.2,

stable sets are expressed as a countable union of C' curves on M.

1.5 Absolute Continuity and Conditional Measures

An important notion behind the criteria used in [HHTU] and consequently this work,
is absolute continuity. Let ( be a partition of the manifold M. We call ( a measurable
partition if the quotient space M/( is separated by a countable number of measurable

sets. This section also plus some changes is from chapter V of [QXZ].
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We have the following definition for absolute continuity of measures:

Definition 1.24 (Absolute Continuity). Given a measurable space (X,B), we say
that for p and v two measures on (X, B), v is absolutely continuous with respect to u if
v(A) =0 for any A € B such that 1(A) = 0. The absolute continuity of v with respect to
1 1s usually denoted by v < p.

Definition 1.25. Let X be a compact metric space and P be any measurable partition
of X. Suppose m: X — P is the map associating to each x € X the atom P € P that
contains x and let fi = m.u. Then a system of conditional measures of p with respect to

P is a family (up)pep of probability measures on X such that

e up(P) =1 for i—almost every P € P.

e For any given continuous ¢ : X — R, the function P — [ ¢ dup is measurable and

Jodu= [([Pdup)di(P).

Theorem 1.26 (Rokhlin [R1]). If P is a measurable partition, then there exists some

system of conditional measures of p relative to P.

A corollary of the definition of conditional measure is the following basic proposition
from [QXZ],[LQ).

Proposition 1.27. Let (X, B, m) be a Lebesgue space and let P be a measurable partition
of X. If v is another probability measure on B which is absolutely continuous with respect
to m, then for v—almost all v € X the conditional measure vp(y is absolutely continuous

with respect to Mp(y).

Now Let Al, be an arbitrarily chosen Pesin block and z € Al. For x € A; = W(Al)
and for sufficiently small » > 0 put

Una,(Z,7) =expz{n € T.M : ||n|jz <r} (1.12)

(Definition of ||.||z is given in next chapter and exp : T,M — B(xz,r) C M.)
and Fa,(Z,r) the collection of all local stable-manifolds W .(y) passing through y €
Wi () and 7 € A,

Definition 1.28. Sub-manifold W of M is called transversal to Fa,(Z,r) if the following
holds true:
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o W C Un,(Z,7)(r can be found through 1.20) and exp;' W is the graph of a C* map.

o Wintersects W*(y) € Fa,(Z,r) at exactly one point and this intersection is transver-

sal, i.e. T,W @ T.W*(y) =T, M where z=W NW?*(y).

Moreover for a periodic point p when W is a part of p-unstable manifold intersecting the

stable set transversally, we say that exists a transversal homoclinic point. (Recall that
p=(.pf"Yp)...f(p)p,...) for m being the period of p.)

Consider now two sub-manifolds W' and W? transversal to (Z,r). By theorem 1.22,
{Wi(y) }yewp (2 1s a continuous family of C' embedded disks with size(Wj,.(y)) > a.
There exist two open sub-manifolds W' and W2 such that we can well define a so-called

Holonomy map that

W WINFa, (&, 7) — W2N Fa,(@,7) (1.13)
s o WEAWE(y). (1.14)

Whenever z = W' N Wi .(y) and y € A.

Definition 1.29. The family Fa,(Z,r) is said to be absolutely continuous if every
holonomy map constructed as above is absolutely continuous with respect to my1 and
myy2. (i.e. holonomy maps are measurable and take Lebesque zero sets of W' into Lebesgue
zero sets of W?.)

There are results from [LQ](theorem iii,5,1) that ensures the absolute continuity of
the family Fa,(Z,r).

1.5.1 Lambda Lemma

We use Lambda lemma in different places during the proof of main theorem.

Definition 1.30 (Homoclinic Equivalent Classes). Two hyperbolic periodic points p and q
are in a transversal homoclinical relation if W*(O(p)) h W*(q) # 0 # W*(O(q)) h W*(p)
and it is denoted by p ~ q. The class of all such periodic points in a transversal homo-
clinical relation with some hyperbolic periodic point p, we call Homoclinic Equivalent

Class of p and denote it by [p].
Lemma 1.31 (A—Lemma[R2]). If p is a hyperbolic fized point of map f, and 3 is

an embedded C' sub-manifold of M intersecting W (p) transversally, near p then for n

large enough f™(X) contains an embedded manifold 33, which is C'—close to W(p) where
p=(...pppp...) € M.
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1.6 SRB Property and Main Results

Let f: M — M a C? endomorphism and M closed Riemannian manifold and p €
Mg (M). The f-invariant Borel probability measure on M7 corresponding to y we denote
it with /.

Definition 1.32 (Unstable Partition Sub-Ordinate to W*"). A measurable partition
¢ of M/ is said to be subordinate to W* manifolds of (f, i) if for ji-a.e. %, ((Z) has the

following properties:
o m((Z): ((T) = w(((T)) is bijective

e There exists a k(z) dimensional C? embedded sub-manifold W5 of M, such that
Wz ¢ W), w({(Z)) C Wi and 7({(Z)) contains an open neighborhood of xq in
W, this neighborhood being taken in the topology of Wz as a sub-manifold of M.

Using the local unstable sets Wgc(:z) of fin M/ it is possible to construct a suitable
measurable partition of M/ subordinate to W*%manifolds. For this purpose the following

o—algebra will be considered:
B* = {B € By(M/)| i € B implies W*(%) C B.}

Where B;(MY) is the completion of B(M/) with respect to fi. It fact it consists the

measurable subsets of M/ which are unions of some global unstable sets.

Following proposition of [QZ] shows that there exists a measurable partition of M7

sub-ordinate to W"-manifolds of f.
Proposition 1.33. There exists a measurable partition n of M/ which has the following
properties:

o fTln=1

° \/::) f‘"n 15 equal to the partition into single points.

o 5( ;:8 f"n) = B", i—mod 0, where B(n) is the o-algebra consisting of all measur-

able n-sets for a measurable partition n of M/ .

Definition 1.34 (SRB Property). We say that the f-invariant measure p has the SRB
property, if for every measurable partition ¢ of M7 subordinate to W*-manifolds of (f, j1)
we have, for fi-a.e. ¥ € M/,

m(fig) <= mi,



1.6 SRB Property and Main Results 21

W (z)

Ve M/f

0 (m(Az) << mg)

Figure 1.3: SRB Property

where {ﬂg}ier 1s a canonical system of conditional measures of i associated with C,
m(iS) is the projection of s under m¢(x) : ((T) = 7(¢(Z)) and m% denotes the Lebesgue

measure on W.(Z) induced by its inherited Riemannian structure.

In In figure 1.3, let V . M/ a Borel subset with ji(V) > 0. Suppose that V is the
disjoint union of a continuous family Wu— discs in the form of ﬁ//lzc(i) from proposition
1.33. Then f% is the conditional probability measure of fi on the element of partition

containing .

We also have the following Pesin entropy formula for endomorphisms from [QZ].

Theorem 1.35. Let f be a C? endomorphism on M with an f—invariant Borel probability
measure |1 satisfying the integrability condition (77). Then the entropy formula holds

hd5) = [ Eon(a) mio) duo) (1.15)
M
if and only if u has the SRB property.

There is an Important Remark in this work that we use it in different part of the

proves of theorems. We bold it here.

Place 1 as a measurable partition of M/ sub-ordinate to W* of f with respect to u
a hyperbolic ergodic measure with SRB property. Let {fi%} be the canonical system of
conditional measures of ji associated with partition 7 and m% be the Lebesgue measure

on Wj; induced by its Riemannian structure as a sub-manifold of M. Let
JU(T) = [det(da flpy)|

for fi—a.e € M/. Then we can define a density function pz for mii¥ with respect to m¥
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such that

By lemma VIL.9.1 of [QXZ]:

Lemma 1.36. For ji—a.e.Z,y the ©(Z,7) is well-defined Lipschitz function on n(Z) and

is uniformly bounded away from 0 and oo on n(Z).

Observation 1.37 (Important Remark). F. Ledrappier and L.-S. Young [LY] showed
first for diffeomorphisms that for measures which accept Pesin entropy formula, the densi-
ties du/dm® are given by strictly positive functions that are C' along unstable manifold.
(1 is the unstable conditional measure and m¥ the induced Lebesgue inherited from Rie-
mannian structure.) Using above lemma on endomorphisms, from now on we assume
the unstable conditional measures on M, to be similar with Lebesque W*"—conditionals

induced from Riemannian structure.

1.6.1 Ergodic Component and SRB Property

However the base of this work is settled on the assumption of ergodic hyperbolic
measures, but also in the lack of ergodicity for measures, using ergodic decomposition
theorem [KH], theorem 3.17 and proposition 1.39 we can obtain the same result. We use
Margulis-Ruelle inequality which is an important concept that connects metric entropy
with Lyapunov exponents. Following theorem II.1.1 of [QXZ] gives a version of Margulis-

Ruelle inequality for C'! maps.

Theorem 1.38. Lef f be a C' map of a compact, smooth Riemannian manifold M. If u

is an f-invariant Borel probability measure on M, then
B < [ 30N @ mile) duta),

where —00 < A\i(x) < -+ < Apa) < 00 are Lyapunov exponents of f at x and m;(x) is the
multiplicity of \i(x) for each i =1,2,.. r(x).

Proposition 1.39. Almost all ergodic components of u are hyperbolic and SRB.
Proof. The hyperbolicity is easy to see because if not it is possible to find a positive

measure set, where p is not hyperbolic and this is a contradiction. For SRB property

case, we know that by ergodic decomposition and Margulis-Ruelle inequality, there exists
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a probability measure ji in the space of all probability measures with supp in ergodic
measures M( f), such that h, = fM(f) h, di(v) < [ >, A () dp counting multiplicities.
From the other side by theorem VII.1.1 of book [QXZ] i has SRB property if and only if

m(h) = [ SN duo)

They clearly imply that fi-almost every v will satisfy the entropy formula and so it has
SRB property. O
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Chapter

2

Katok Closing Lemma

In this chapter we are going to give the definition of Lyapunov metrics near regular
points which give us the facility of considering the linear parts of f along the trajectory
of such a point as a uniformly hyperbolic operator. After that we will see the Katok
version of closing lemma for non-singular endomorphisms (local diffeomorphisms), and
consequently the existence of transversal homoclinic intersection for a hyperbolic periodic
point derived from closing lemma. This construction is mostly based on Katok’s paper

[K1]. The proof is similar to diffeomorphism case.

2.1 Lyapunov charts

Let f be a C%?— endomorphism of a closed Riemannian surface M. Assume that we
have a non-empty Pesin Block A, for { > 1. We can change the metric on A; so that f A,
looks uniformly hyperbolic. This happens by replacing the induced Riemannian metric

Ix/100 i3

on T, M (& = (x,) € A;) by a new metric. It removes the need for constants e
measuring the hyperbolicity of each A;. Let choose real numbers 0 < A< [ < oo such
that

A=XA—2, fi=p— 2e (2.1)

!/

We can define the new metric < .,. >% as:

< Vg, Wy >i= Z < df™(vy), df ™ (wy) >,, €™ (2.2)
m=0
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where vg, ws € E*(%,0), and
< Uy Wy, >i= Z < df (), df ™ (wy) >4, €A™ (2.3)
m=0

where vy, w, € E*(Z,0). Now for (v,w) € T,,M that v = vy + v,, w = ws + w,, let define
< v, w >hi= max{< vg, ws >, < Uy, wy >5} (2.4)

The new metric induces a new norm ||.||% on T, M:

vslly = (O ™[ day ™ (v0) %)/,
m=0

lvalls = O ™ (duo f ™ [0 @.0) " (wa) )2,
m=0

[vll7 = max{[|vs|lz, lvallz}-

Observe that above series converges. For instance if # € A; then by 2.1 and definition

1.14 taking € = 35,

2 —2e)m m
losllz” = D XA |y 7 (0) |2
m=0

o0
< 62(A—2e)m625l6—2()\—e)m||Us||2

m=0

= [lo|Pe* (Y e )? (2.5)

=0
(o)
= [[uslls < Josller® D" ed™ < oo.

m=0

Similarly for |lv,||5. As it was mentioned in above lines, the new metric exhibits
a local "hyperbolicity” which is independent of = € A,. For example we see that for
vs € E%(2,0), v, € E*(Z,0):

_ 98
o f 0z < 0 ],
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98
o f )y = €0

Also exist the following estimate on the norms (||.|| is the induced Riemannian norm
on T, M).
1 B -
sl < lollz < @l ¥Z = (za) € A (2.6)

where a; = C e15 which C = Yoo e~ 100", The right hand estimate is observable through
2.5 and for the left hand estimate we observe that if v = (vs,v,) € T M then |[jv|?* <

(lvsll + |lva]])?. Using the definition of Lyapunov norm we have
losll < llvsllz - and [lvull < o]z
Without any loss of generality suppose that in 2.4, ||v||; = ||vs]|5. Then
o)1 < loslls” + loslls” + 2llosllz o5 = 4loll;” = %HUH < loll3-

The |.||5 is called Lyapunov Norm. The following proposition 2.3 of [K1] is about the

T

existence of Lyapunov charts.(Figure 2.1)

Proposition 2.1. There ezists a number v > 0 so that for every point & € (R = U, &)
we can find a neighborhood B(Z) around the point x = 7(&) and a diffeomorphism ®; :
B, x B, — B(Z)(B, is Euclidean closed r-disc around the origin in R). Also there ezists
a family of C' maps F; : B, x Br — R x R satisfying the following properties:

1. ©;:(0) = 7(2);
2. Fi(z) = (I)J?é) o fo®z(z) (for z = (u,v) € B, X B,);
3. F; has the form:
Fi(u,v) = (Azu+ hi(u,v), Bz v+ hi(u,v),
such that:

h3(0,0) = h3(0,0) = 0, dhz(0,0) = dh3(0,0) =0

and
|As]| < eT0X, || Bz > etoox,

(all the norms are considered as Euclidean.)
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. ]
R? / ‘\(I)f(i R?
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v, Fgc<1>fif<1>gcK

N

Figure 2.1: Lyapunov Charts

For z € B, x B, let hz(2) = (hi(2), h2(2)), then ||(dhz)., — (dhz).,|| < T apllz1 — 2|

where Y is an absolute constant.
4. the metric ||.||s depends continuously on & over any set A,.

5. for any z € M the decomposition T,M = d®;R x dP;zR depends continuously on &
for such & € A that =z € B(Z).

We may diminish the size of the neighborhood B(Z) and change it to R(Z) = ®z(B,, X

B,,). Let suppose
A() = max{1/2, e, } (2.7)

then for & € A,,

m = LA g pya oy,

100

For z = (u,v) € ®;'(R(¥)) using above estimation we gain the following estimate for the

non-linear part of Fj;.
(1-A()?

dhz).|| < 7T <
I(dha)-]| < Yarllal) < S

(2.8)

(Notice that 7, is not depending on ¥ € Al.)

This new R(Z) is called standard Z—box or Lyapunov chart.
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/
/
/R(5,})

Figure 2.2: unstable manifolds for Z; # &5 such that 7(#;) = (%) = x.

2.2 Admissible Manifolds

Fix some 0 < h < 1 and for some # € A; when necessary we can shrink R(Z)
uniformly to R(Z,h) = ®3(Bpy, X Bhy,). Then for 0 < <1, > 0,0 < h <1, the set of
one-dimensional admissible (s, h, Z)—manifolds and one dimensional admissible(u, h, Z)—

manifolds near the point = on R(Z, h), will be defined respectively as:
ST = {@s(graph ¢)¢ € C'(Bj,,, Bity), 10(0)] <6, [[doll <~} (2.9)

U2 = {@:(graph @)]é € C'(BY,. Biy), (O] < 6. o]l < ). (2.10)

Let d(.,.) be the distance function generated by the given Riemannian metric on M d(.,.)
the corresponding distance function on M7 as defined in 1.1 and d%(.,.) the Lyapunov

distance generated by metric < .,. >%.

Following proposition shows that for a v and any sufficiently small ¢ then U} g

f—invariant and every admissible manifold belonging to that, is expanding. For x > 0

and A = A(x), let v = y(x) = %5 we will have:

Proposition 2.2. Suppose that & € Ay, § < hm /2 and N € U;"s’h.

Sk

o J(V)NR(f(@),h) e U "

e for any two points yi,ys € N;

By (F0). Fm)) > o+ 5o, )

Proof. The proof will be similar as the proof of proposition 2.4 of [K1]. O

Lemma 2.3. For anyl > 1, 8 < 1/4,0 < h < 1 there exists a number o = «a(x,1, 3, h)
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st if &5 € Ay and d(Z,9) < o, N € Ugﬁ%hﬂm’h resp. (N € Sg’gv’hﬂm’h) then N is an

admissible (u, h, T)—manifold (resp.(s,h,T)—manifold) near the point x.

Proof. Fix a small Pesin block A, for some [ > 1 such that #,§ € A;. Using properties
of Pesin blocks and 2.1 we see that Lyapunov charts depend continuously on & over A;.
When J(fc,yj) < « then by definition of admissible manifolds we see that N not only is
an admissible (u, h,7)—manifold (resp.(s, h,7)—manifold) near the point y but also an
admissible (u, h, £)—manifold (resp.(s, h, Z)—manifold) near the point x. O
Proposition 2.4. Let & € A;, 0 < h < 1. Then any admissible (s, h, &)-manifold near
the point x intersects any admissible (u, h, T)-manifold near to x at exactly one point and

the intersection s transversal.

Proof. — (i) Existence: Let K = ®z(graph (v)), L = ®z(graph (¢v)) be an admissible

(s, h, )- manifold and an admissible (u, h, Z)- manifold near = respectively, such that:
Y € CHB(hn/2), B“(hn/2)) and 1+ € CY(B“(hn,/2), B*(hn,/2)).
Let us consider the map v o) : B(hn/2)) — B(hn;/2)). Since this map is continuous it
has a fixed point uo (by the Brower fixed point theorem). Thus, 1 (1 (ug)) = g or:
(o, ¥(uo)) = (¥ (¢(un)), ¥ (up))- (2.11)

But (ug,¥(ug)) € graphi and (¥ (1 (ug), ¥ (ug)) € graph () therefore 1.14 implies
that:
@j(UO,w(UQ)) e KNL.

(ii) Uniqueness. Let (ug,vo) € graph N graph (). If (u,v) € graph then following

inequalities hold:

[ = voll < ~llu = wo| (2.12)

lv = woll = 77| — ol (2.13)

Since v < 1, the inequalities 2.12 and 2.13 are satisfied simultaneously only for u = wy,

UV = 1.

(iii) Transversality. Once more let (ug,vo) € graph () N graph (¢). 1f 6 = (61,02) €
Tuo,w0)9raph (1) then:
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1621 < ~[164]]- (2.14)

If 0 = (01, 602) € Tugw0)9raph (1) then:

162]] > A~ 161l-

Thus if 6 € Tiugv)graph (¥) N Tiug vy graph () then by 2.13 and 2.14 we have 6 = 0.

This means that the intersection is transversal.

]

2.3 Katok closing lemma for Endomorphisms

Let p be an ergodic invariant measure for an endomorphism f : M — Mwith non-zero

Lyapunov exponents.

Lemma 2.5. (Main Lemma-) Let f be a C? endomorphism of a compact Riemannian
surface M. For any positive numbers 1,0 there exists a number o = o(l,0) > 0 such that

if for some point & € A, (Pesin block) and some integer m one has

&) e and d(E, f™(2)) < o, (2.15)
then there exists a point = € M and z € M7 such that z = 7(Z) and

o f(2) ==z and fm(i) =Z;

o dl (x,2) < d;( d!, is defined as df (x,z) = maxo<icm_1 d(fiz, fi2).)

e the point z is a hyperbolic periodic point for f and its W} _(x) and W}*.(Z) manifolds

are admissible manifolds near the point x respectively.

Let fix some number 3 > %O(X), and for some 0 < h < 1 assume that d(z, f™(&)) < o.

Where o = a(x, [, 5,h) comes from lemma 2.3. Remember that for a Pesin block, the
Lyapunov metrics depend continuously on Z. Then for any 0 < 7 < 1, we can find the o
in a way that for Vi, 92 € R(Z, h):

(91, 9o) 1

T —— 0 <T

- (2.16)
d/fm(gz) (91, G2)
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Proof. The proof of closing lemma for an endomorphism of a compact connected surface
M in general is similar to the diffeomorphism case. Using the same method as in Katok’s

paper summarizing some details, we try to give the general idea of the proof in 3 steps.
e Step 1: Define ¢;(0) = = and denote by Ay and By the following manifolds:
0,h ,0,h
Ao = q)fm(i)(ma X {O}) S S;rg(f)’ By = CI)A{()} X ma) € Ugo :

Ao and B, are respectively admissible (s,h,f™(%)) and (u,h,Z) manifolds near x
(Lemma 2.3). Notice that they can be extended to some By € UJ™" and A, ec

Sg’o’h for some small v > 0 and we continue denoting them by Ay and Bj.

Lets choose some Lyapunov charts made through the forward orbit of £ and back-
ward orbit of fm( ) lets define the manifolds Aj, By for i = 1,2,...,m — 1 as:

(4 = ff:i (Ao) N R(f"= (&), D),

A3 = F7h (AN N R(F2(E). h),

\ Al = fjiﬂ s )(Al 1)0R(fm “Z),h), fori=1,2,...m—1

B} =
B2 =

Bi = f(Bi' N R(fY(&),h)), fori=1,2,...,m—1

And let

A= ftfl(i)(AgH) N R(Z,h) (2.17)
By = f(By* )N R(Z,h) (2.18)

Notice that f~'AY may have different pre-images. We take the one which has
intersection with chosen Lyapunov chart and to be more clear, in context we are
denoting it as f};i(i). Moreover again by Lemma 2.3 when d(z, f™(x)) is small

enough then A; and B; become admissible manifolds near z. (figure 2.3)

Now using induction we can define A,, AL, .., A" B, Bl .. B™' n=12..

n

in the following way
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Figure 2.3
(41 = iy (An) O R(FH@), b)),
Ai = =1 (APY N R(f™UE), R,
4, i1y (A NVR(fH(), h) (2.19)

(A1 = f};}l(i)A;”—l NR(z,h), i=2,..,m—1

B?'ll :f(BnmR(j’h))
B = f(B'NR(f"Y(Z),h)), i=2,.,m—1

(2.20)

| Bt = F(BI ) NR(E )

A,., B,, are respectively admissible stable and unstable manifolds near to x. By
Proposition 2.4 we know that every admissible (s, h,Z)—manifold Ay, k& > 1 near
the point z, intersects any other admissible (u, h,Z)—manifold B;,I > 0 near z in
exactly one point and their intersection is transversal. We denote this points of

transversal intersections by zj;. Obviously x = 219 and f™(z) = 2z01. (Figure2.3)

Lemma 2.6. ]f/{? Z 1, l Z 0 then fm(ZkJ) = Zk—1,1+1-
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Proof. We need to show that

L Mz € Ap—

2. [Tz € By

By definition 2, ; = Ay N B; which means z;,; € Ay, that implies [z, € f™A; C
f’”*lA’,Z“__l1 C ... C Ag_1. For 2, it is enough to show that for i =1,...,m — 1:

fiZkyl C Blz

If this happens then f™~ 'z, C B" " and f™z,; C f(f™ 'z.) C f(B" ). But
since fMzr; C Ag—1 C R(Z,h) then f™z,, € By = f(Blm’l) N R(z,1). To see
that f’z,, C B}, by induction on 4, suppose f"'z,; € Bj~' and use the definition
2.20. ]

Assume we choose 7 in 2.16 to be
7> (1/2+41/2X) 710
(A = A(x) is the same as, in the proposition 2.1.) For every ki, ks > 1,1 > 0:

A5 (2ky 05 Zhp) < Nds(2ky 10415 Zhy—1.041) (2.21)

where N = N(x,m) = (1/2 + 1/2)\)—m+1/100 <1

Through the construction of z; we have fiz; € Bi N R(f'(Z),h). The B'is an

admissible (u, h, Z)— manifold near the point x. Remind that by Proposition 2.2,

1—X
for yi, 42 € U;(X)’a’h where § < h1;/2 and v = 2_0;

0oy (F), F(12)) > (1/2X+1/2)d}(y1, v2). (2.22)

Now using 2.22 and lemma 2.16 and the fact that fiz,; € Bi N R(fi (%), h):

d%(zklﬂ,lﬂ, Zk271,l+1) > Td/fmj(zqu,lﬂ, Zszl,lJrl)
Z 7(1/2 + 1/2)\)md;~c(2k171, Z]@,l)
> ),\Ad;z(zkl,l, Zhol)-

In a similar way is possible to see that 2.21 works for £ > 0,[;,l > 1 and we have
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the following two inequalities:

A5 (Zry 1y Zhot) < Ndo(Zky—1.0415 Zhy—1.041)

(2.23)
A (Zhays 2kty) < NAo(Zkt100-15 Zht110—1)
Lemma 2.7. limy o0 d (25 k-1, 2k—1x) = 0.
Proof. By triangular inequality we have that
A5 (Zep-1, Zk—1k) < ds(2k k15 Zh—14—1) + do(Zh—1.k-15 Zh-1k)- (2.24)

Let estimate each term in the right-hand part of inequality:
The points zp -1 and zx_1 -1 belong to the admissible (u,h,Z)—manifold By_;.

From lemma 2.6 we have f™zj; = z5_1 141, then:

E—1 _
fm( )Zkfl,kfl = 20,26—2 € Bokr—2

(2.25)
=Dz 1 = 21,952 € Boj_o.
For every ¢ =0, ...,k — 2 by 2.23:
A5 (Zh1—, k14 Zh—i, k—1+i) < N dg(Zh—2—i, ktir Zh—1—i, k+i)
and so:
d5(Zk k-1, Zh—1k-1) < )/\k_ldﬁz(zl,zkﬁ, 20.2k—2) < 2771h5\k_1 (2.26)
di(Zp—1 k-1, Zk—14) < MLl (2ap—1, Zak—n0) < 2mh AR
Going back to 2.24 reminding that A’ < 1 implies:
lim ds(2k, k-1, 2k—1,%) = 0.
k—o0
]

Using above lemmas, when £ — oo, the two sequences z,_1; and zp -1k = 1,2, ...

converge to some z € R(Z,h). In other words
fmZ = lim fmzk k—1 — lim Zk—1k = lim Zkk—1 = %.
k—o0 ’ k—o0 ’ k—oo

Consequently we have z = (...z f(z) .../™ (2) z ...) which is periodic with the same
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period. This proves the first item of the Main Lemma.

Step 2: Since we had fiz,; € f~'(BY) = Bi N R(fi(&), ) and f is continuous,

Consequently (for a chosen p-ergodic measure and x =
is considered to be a constant not depending on # € A = U, Ai(x, 1)) taking
n(f (@) =r,

d’fi(j)(fix, f'z) < 2hn; < 2hr.

The M is compact and 2.6 estimate says that exists K = 1/2 thus for any § € A

and every two points wy, ws € R(Z, 1):
d(wy, wa) < K~'dj(wy, ws).
Therefore:

dl(x,2) < max d(fz, fz) < d;;i(i,)(f"x, f'2) <2K 'hr

T 0<i<n-—1

Now taking h < g we obtain the second item of the Main Lemma.

Step 3: The last step of the proof is showing the hyperbolicity of d, f". As z stays
near to the Pesin block along its orbit, hence a natural conclusion is that, he picks
up enough hyperbolicity, even may belong to A;. To show this fact Katok uses cone
method that to avoid of prolonged calculations we shall omit the counts and may

bring some parts in Appendix A.

Assuming the hyperbolicity of d,f" (Appendix), we need to show that the local
stable- unstable manifolds of z are admissible manifolds. Katok shows for diffeo-
morphisms the case of local stable manifolds and the same can happen for stable
manifolds of endomorphisms too. We bring the proof for local unstable manifolds
in a T—chart view and the rest can be viewed in step 7 of [K1]. The general
idea for this part comes from looking at extended Ay, By, (k = 0,1, ...) admissible
(1,#)—manifolds with # € A;. Define the following set:
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U; : = {W;|(u, 1, ) — admissible unstable manifolds near z}

= {®z(graph(yy))| i € C°(By, 2, By j2)}-
Let Wi, W5 € Uz, then we can define the metric

p(W1, We) = 1 i [[91(u) — o (u)]
n/2
which provides a C°- topology with closure U compact. Consequently exists a sub-
sequence By, (I =1,2,...) of B, (n =0,1,..) such that converges to some manifold
B C U; in this C%topology. Showing that B is contained in the local unstable
manifold o