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Resumo

Seja f : T3 ! T3 um difeomorfismo C2 parcialmente hiperbólico, homotópico a
um automorfismo de Anosov linear e preservando a medida de volume m. Provamos
que se f é Kolmogorov então f é Bernoulli.

Estudamos as características da desintegração atômica da medida de volume
quando esta ocorre. Provamos que se a medida de volume m tem desintegração
atômica nas folhas centrais então a desintegração tem um átomo por folha cen-
tral. Apresentamos uma condição, a qual depende apenas do expoente de Lyapunov
central do difeomorfismo, que garante desintegração atômica da medida de volume.
Construímos uma família aberta de difeomorfismos satisfazendo esta condição, o que
gerou os primeiros exemplos de folheações que são mensuráveis e ao mesmo tempo
minimais. Nesta mesma construção damos os primeiros exemplos de difeomorfismos
parcialmente hiperbólicos com expoente de Lyapunov central nulo e homotópico a
um Anosov linear.
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Abstract

Let f : T3 ! T3 be a C2 volume preserving partially hyperbolic diffeomorphism
homotopic to a linear Anosov automorphism A : T3 ! T3. We prove that if f is
Kolmogorov, then f is Bernoulli.

We study the characteristics of atomic disintegration of the volume measure
whenever it occurs. We prove that if the volume measure m has atomic disintegra-
tion on the center leaves then the disintegration has one atom per center leaf. We
give a condition, depending only on the center Lyapunov exponent of the diffeo-
morphism, that guarantees atomic disintegration of the volume measure on center
leaves. We construct an open family of diffeomorphisms satisfying this condition
which generates the first examples of foliations which are both measurable and min-
imal. In this same construction we give the first examples of partially hyperbolic
diffeomorphisms with zero center Lyapunov exponent and homotopic to a linear
Anosov.
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Chapter

1

Introduction

Given an ambient manifold M and a function f : M ! M , the concept of the
dynamics of f may be seem as the behavior of the orbit of a point x through f . This
“behavior” can be analyzed and classified from several different aspects and angles.
We can classify and distinguish dynamics of a system by algebraic properties, topo-
logical properties, metric properties, etc. One example of distinguishing dynamics
by topological properties of its orbits is the concept of minimality of an orbit. Given
a point x what happens with the distribution of {fn

(x)}n? Is it minimal, i.e, dense
on the manifold M?

Another way of classifying dynamics is through statistical and geometric prop-
erties of invariant measures of systems in measurable spaces. The study of such
properties constitutes the ergodic theory of dynamical systems. Consider an ambi-
ent manifold M endowed with a probability measure µ, and a function f : M ! M

invariant by the measure µ, that is, µ(f�1

(A)) = µ(A) for all measurable set A. We
can analyze how unpredictable is this system from the point of view of the measure
by saying that the only sets from which the orbits never scapes, have measure zero
or one. This property is called ergodic property of the system.

Although ergodicity is a form of saying that the system is unpredictable from
the point of view of the measure, we may find several “degrees of unpredictability”.
These different degrees of unpredictability constitute what we call ergodic hierarchy.
Intuitively speaking the ergodic hierarchy distinguishes systems by how fast they
mix sets along the time. Between those fine ergodic properties, we cite for example:

1



2 Chapter 1. Introduction

Bernoulli property, Kolmogorov property, mixing, ergodicity.
The Bernoulli property is the strongest type of unpredictability in terms of mea-

sure, meaning that we can find a symbolic representation of the system equivalent
to a shift, that is, we can find a finite partition of the system where the symbolic
representation generated by this partition is measurably equivalent to a standard
Bernoulli shift. If we look at this definition in terms of information of orbits, it tells
us that with respect to this finite partition, even if you are given all the future and
all the past information of an orbit you still cannot say to which element of the
partition the initial point belongs! This is the extreme degree of unpredictability,
or “chaos in terms of measure”. Natural examples of Bernoulli automorphisms are
the linear toral automorphisms without eigenvalues of norm one [61]. Mixing and
ergodicity are also very well known properties. The Kolmogorov property is not
as intuitive as the other properties but it is an extremely important property and
can be described by the notion of entropy. Roughly speaking, an automorphism f ,
preserving a measure µ, is Kolmogorov if for every non-trivial finite partition of the
space the µ-entropy of f with respect to the given partition is positive, that is, every
finite partition gives some information of the dynamics.

Once we have defined a hierarchy of ergodic properties and a concept of extreme
unpredictability (the Bernoulli property), several natural and important questions
arise. For example:

• How can we classify all the Bernoulli automorphisms?

• For which class of automorphisms the hierarchy is strict?

• What are the natural examples of transformations which are Bernoulli?

• What kind of structures gives rise to a Bernoullian dynamics?

Ergodic theory has two main strands: abstract ergodic theory and smooth er-
godic theory.

Abstract ergodic theory studies intrinsic ergodic properties of automorphisms
in a given measurable space taking into consideration measurable characteristics
of the automorphism such as metric entropy and other invariants (here invariance
is with respect to measurable isomorphism). On the other hand, smooth ergodic
theory also studies the ergodic properties of systems for which we have some type
of smooth structure. Thus, the basic setting of smooth ergodic theory is usually a
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diffeomorphism f : M ! M , where M is a manifold, preserving a given measure µ

on M .

While the first question (the classification of Bernoulli automorphisms) is a ques-
tion inside the scope of abstract ergodic theory, the other three questions were de-
veloped using the intersection of the two strands of ergodic theory.

In the seventies D. Ornstein [38], [40] made a major contribution to abstract
ergodic theory proving that Bernoulli automorphisms are completely classified by
their entropy, answering the question of the first item. As cited before, Y. Katznel-
son [61] showed that linear ergodic automorphisms on tori are Bernoulli and in [14]
Ornstein-Weiss proved that the geodesic flow on a negatively curved Riemannian
surface is Bernoulli, and to do so they used the fact that the geodesic flow in this
kind of surfaces are Kolmogorov. The smooth structure exhibited by these exam-
ples were fundamental to obtain Bernoulli property, what shows the importance
of smooth ergodic theory inside abstract ergodic theory. This shows natural ex-
amples of Bernoulli automorphisms. In light of this result and the technique used
by Ornstein-Weiss, it was clear that the presence of hyperbolic structures together
with some degree of uncertainty (in this case this degree is given by the Kolmogorov
property) implies extreme unpredictability, i.e, the Bernoulli property.

Both the ergodic linear automorphisms on tori and the time-1 map of the geodesic
flow on negatively curved surfaces are examples of partially hyperbolic diffeomor-
phisms which is a concept more general than hyperbolic diffeomorphisms. A system
is called absolutely partially hyperbolic if it has expanding and contracting directions,
and a center direction where we may have some degree of expansion and contraction
but dominated by the other directions. We denote by PHr

µ(M) the set of Cr abso-
lutely partially hyperbolic diffeomorphisms of M preserving the probability measure
µ. If an absolutely partially hyperbolic diffeomorphism f : Tn ! Tn is homotopic
to a linear Anosov automorphism A : Tn ! Tn we say that f is a Derived from
Anosov (DA) diffeomorphism. In this thesis we will always work with the class of
absolutely partially hyperbolic diffeomorphisms, and for simplicity we will omit the
term “absolutely”.

Pesin showed in [62] that for a compact Riemannian manifold M , given a Kol-
mogorov diffeomorphism f : M ! M , if f preserves a non uniformly hyperbolic
smooth measure µ then (f, µ) is Bernoulli. That is, the presence of some type of
hyperbolic behavior indeed provides the equivalence of Kolmogorov and Bernoulli
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property. Pesin’s result was obtained by making a non-trivial and far reaching gen-
eralization of Ornstein-Weiss’s ideas. The results of Ornstein-Weiss and the results
of D. Rudolph on extension of Bernoulli shifts ( [54], [53]) have been used by sev-
eral authors (for example [13], [35], [49], [50], [17]) to obtain Bernoulli property
for different types of dynamical systems using the Kolmogorov property. However,
the methods of Ornstein-Weiss do not apply when we have a center direction with
non-trivial behavior as for diffeomorphisms in PHr

m(T3

), r > 1.

In a recent paper A. Avila and M. Viana [2] studied the occurrence of Bernoulli
property for C1 perturbations of ergodic linear automorphisms of T4 with two com-
plex eigenvalues of norm 1. They prove that ergodic linear automorphisms of T4 are
stably Bernoulli, that is, every C1 diffeomorphism C1 close to the linear one is also
Bernoulli. The technics developed by Avila-Viana to prove Bernoulli property in
this case is the so called invariance principle. In this thesis, we study the Bernoulli
property for partially hyperbolic diffeomorphisms (not necessarily close to a linear
automorphism) on T3.

1.1 Equivalence of Kolmogorov and Bernoulli prop-

erty

For a long time, mathematicians studied the difference or equivalence between
Kolmogorov and Bernoulli properties in general settings. It was also D. Ornstein [41]
who constructed the first example of a Kolmogorov but not Bernoulli automorphism
and it is not a natural automorphism (that is, it is constructed specifically for
this purpose). Later, a much more natural example was given by S. Kalikow [28].
Although Kalikow’s example is natural, it is not a smooth function, and it was
A. Katok [30] who constructed the first C1 example in a smooth manifold that is
Kolmogorov but not Bernoulli.

Knowing that Kolmogorov and Bernoulli properties are not equivalent has impli-
cations on a very important and deep problem in dynamics, the smooth realization
problem. The smooth realization problem deals with the problem of obtaining mea-
sure conjugacy of measure preserving systems with a smooth diffeomorphism in a
smooth compact manifold. By a result of Y. Pesin [62], every smooth diffeomorphism
of a surface with positive entropy is Bernoulli, showing that positive entropy is not
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a sufficient condition for smooth realization, since Kalikow’s example has positive
entropy but is not Bernoulli.

After these results, most of the Kolmogorov diffeomorphisms appearing in the
literature that admit some kind of hyperbolic behavior was shown to be Bernoulli.
As cited before, many natural and important dynamical systems admit some type
of hyperbolic behavior but are not non-uniformly hyperbolic, for example the time-1
map of a geodesic flow in a negatively curved surface.

Since the results of Ornstein [14] and Pesin [62] used in a strong way the non
uniformly hyperbolic structure of the given dynamics, those results do not extend
to partially hyperbolic dynamics and thus we are left with the following question:

Question 1.1.1. Are Kolmogorov and Bernoulli properties equivalent for the class of

absolutely partially hyperbolic diffeomorphisms of a compact Riemannian manifold

M? Is the time-1 map of the geodesic flow on negatively curved surfaces stably

Bernoulli?

Let m be the Lebesgue measure (volume measure) on T3. The Main Theorem of
this thesis is a theorem proved jointly with A. Tahzibi and R. Varão [46] where we
used geometric measure theory, ergodic theory and foliation theory to prove that for
a large class of partially hyperbolic diffeomorphisms on T3 the Bernoulli property
occurs.

Theorem A. ( [46]) Let f 2 PH2

m(T3

) be homotopic to a linear Anosov. If f is

Kolmogorov, then f is Bernoulli.

For C2 partially hyperbolic diffeomorphisms on T3, the Kolmogorov property is
equivalent to a very well known property, the essential accessibility property (see
section 2.3.1), so that Theorem A could be also stated substituting “Kolmogorov”
by “essentially accessible”. This answers a specific case of a question raised by K.
Burns during the congress Recent Progress in Dynamics - 2006, held in the Clay
Mathematics Institute (see [23, section 11]).

In view of Theorem A and the leaf-conjugacy result proved by A. Hammer-
lindl [19], the only remaining case to complete the equivalence of Kolmogorov and
Bernoulli property for partially hyperbolic diffeomorphisms on T3 is the case of
compact center leaves.
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Conjecture 1.1.2. Every C1 volume preserving Kolmogorov diffeomorphism of T3

is Bernoulli.

A very special case in the literature is the case of the time-1 map of the geodesic
flow on negatively curved surfaces. It was shown by D. Ornstein [41] that this system
was Bernoulli and K. Burns, C. Pugh and A. Wilkinson [11] showed that it is stably
Kolmogorov. The natural final question to complete the ergodic classification of this
map is:

Question 1.1.3. Is the time-1 map of the geodesic flow on a negatively curved

surface stably Bernoulli?

As pointed out in [11] this question is still open. A result that may help to
obtain conclusions in this direction is the dichotomy proved by A. Avila, M. Viana
and A. Wilkinson [3], where they prove that a perturbation of the time-1 map of the
geodesic flow is itself a time-1 map of an Anosov flow (thus Bernoulli), or the center
foliation is atomic, that is we can find k 2 N and a full measure set intersecting each
center leaf in exactly k points.

Conjecture 1.1.4. The time one map of a geodesic flow on a surface with negative

curvature is stably Bernoulli.

1.2 Disintegration of volume measure and patholog-

ical examples

The results of Ornstein and Pesin use in an essential way that the unstable and
stable manifold of f are absolutely continuous. In the partial hyperbolic setting we
still have absolute continuity of unstable and stable directions but we have no in-
formation on the center direction, that is, the disintegration of the volume measure
along the center direction is not known. This fact makes necessary a deeper analysis
of this disintegration before trying to show the equivalence between those proper-
ties. More specifically, we show that the proof of the equivalence can be divided
in two cases: pieces of collapsed center manifolds have full or zero volume. In the
first case we prove that the disintegration is atomic and we show that actually the
disintegration is mono-atomic.
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Also joint with A. Tahzibi and R. Varão [45] we proved a result concerning atomic
disintegration that is more general than the one used in the proof of Theorem B. We
prove that the atomic disintegration in the case of any ergodic DA diffeomorphism
is actually mono-atomic.

Theorem B. ( [45]) Let f 2 PH2

m(T3

) be an ergodic DA diffeomorphism on T3.

If the volume measure m has atomic disintegration on the center leaves, then the

disintegration is mono-atomic.

This result is interesting in its own since it classifies the atomic disintegration
in the DA case. Together with A. Tahzibi [44] we constructed an open class of
partially hyperbolic diffeomorphisms satisfying the conditions of Theorem B, thus
yielding an open set of diffeomorphisms with minimal and measurable foliation,
giving the first example of a minimal foliation of T3 that is measurable. Also, this
class of diffeomorphisms shows a stronger type of Fubbini’s nightmare phenomenon,
since all occurrences of this phenomenon in the literature had bounded leaves.

Theorem C. ( [44]) There exists a C1-open set U ⇢ PH1
m (T3

) such that for any

f 2 U , f is ergodic, f is homotopic to a linear Anosov and for almost every point

x 2 T3 we have

�c
f (x)�

c
A < 0,

where A : T3 ! T3 is the linearization of f .

Theorem D. ( [45]) Let f 2 PH2

m(T3

) be homotopic to an Anosov linear automor-

phism A : T3 ! T3. If

�c
f (x)�

c
A < 0,

for Lebesgue almost every point x 2 T3, then volume has atomic disintegration on

F c
f , in fact the disintegration is mono-atomic.

In the construction of Theorem C we also construct diffeomorphisms with zero
center Lyapunov exponents and non-compact center leaves (see chapter 3). This is
the first example of this type.
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Theorem E. ( [44]) There exist C1 volume preserving partially hyperbolic diffeo-

morphism f : T3 ! T3, homotopic to linear Anosov automorphism, with zero central

Lyapunov exponent for Lebesgue almost every point of T3.

1.3 Structure of the thesis

In Chapter 2 we state some fundamental background concepts and results in
partially hyperbolic dynamics, ergodic theory and measure disintegration theory.
In Chapter 3 we prove Theorem E showing how to construct examples of partially
hyperbolic diffeomorphisms with zero center Lyapunov exponent Lebesgue almost
everywhere, but homotopic to a linear Anosov. In the same construction we prove
Theorem C, giving examples of diffeomorphisms where the local asymptotic behavior
on the center direction is opposite to the global asymptotic behavior.

In Chapter 4 we study the disintegration of volume along center foliation of
ergodic DA diffeomorphisms and we prove Theorems B and D. The results of this
chapter together with the construction of the pathological example yields an open
class of diffeomorphisms having minimal foliation with only one atom per leaf, being
the first examples of this type. These examples exhibit a surprising contrast between
metric (measurable) properties and topological properties of foliations, showing how
the theory of partially hyperbolic dynamics can help us to understand abstract
problems and relations between the metric and topological theory of foliations. In
Chapter 5 we prove Theorem A, showing that Kolmogorov DA’s on T3 are actually
Bernoulli.



Chapter

2

Preliminaries

2.1 Partially Hyperbolic Dynamics

The ergodic theory of “beyond uniformly hyperbolic dynamics” is an extensive
research area and has connections to many other topics. Partial hyperbolicity is
a form of relaxing the uniform hyperbolicity condition with natural interesting ex-
amples (see [10], [24]). One of the amazing issues which comes up in the study
of ergodic properties of partially hyperbolic dynamics is the existence of invariant
foliations and their topological and metric properties. A complete comprehension
of invariant foliations in partially hyperbolic dynamics is also an important tool for
the classification of these dynamics and the manifolds which support them.

Let M be a compact smooth manifold. A diffeomorphism f : M ! M is partially
hyperbolic if there exists a Df -invariant splitting of the tangent bundle

TM = Es � Ec � Eu

such that Df uniformly expands all vectors in Eu and uniformly contracts all vectors
in Es, while vectors in Ec are neither contracted as strongly as any nonzero vector
in Es nor expanded as strongly as any nonzero vector in Eu. f is called absolutely

partially hyperbolic if the domination property between the three mentioned sub
bundles is uniform on the whole manifold. More formally:

Definition 2.1.1. Given a smooth compact Riemannian manifold M . A diffeomor-

9



10 Chapter 2. Preliminaries

phism f : M ! M is called partially hyperbolic if the tangent bundle of the ambient

manifold admits an invariant decomposition TM = Es�Ec�Eu, such that all unit

vectors v� 2 E�
x , � 2 {s, c, u} for all x 2 M satisfy:

kDxfv
sk < kDxfv

ck < kDxfv
uk

and moreover kDf |Esk < 1 and kDf�1|Euk < 1. We call f absolutely partially

hyperbolic, if it is partially hyperbolic and for any x, y, z 2 M

kDxfv
sk < kDyfv

ck < kDzfv
uk

where vs, vc and vu belong respectively to Es
x, E

c
y and Eu

z .

Notation: Given 1  r  1 and a probability measure µ on M , we denote
by PHr

µ(M) the set of Cr absolutely partially hyperbolic diffeomorphisms of M

preserving the probability measure µ.
Along all the thesis, we will denote by m the Lebesgue measure on T3. Thus

PHr
m(M) is the set of Cr absolutely partially hyperbolic diffeomorphisms of M

which are volume preserving.
The set of absolutely partially hyperbolic diffeomorphism is C1 open inside the

set of all diffeomorphisms of M .

Definition 2.1.1. Given an orthogonal splitting of the tangent bundle of M

E � F = TM

and a real constant � > 0, for each x 2 M we define the cone centered in E(x) with

angle � as

C(x,E, �) = {v 2 TxM : ||vF ||  �||vE||, where v = vE+vF , vE 2 E(x), vF 2 F (x).}

Absolutely partial hyperbolicity conditions can be expressed equivalently in terms
of invariant cone families (see [64], pg.15).

Let f : T3 ! T3 be a diffeomorphism. Then, f is absolutely partially hyperbolic
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if, and only if, we can find a continuous orthogonal splitting of the tangent space

TxT3

= Es
(x)� Ec

(x)� Eu
(x)

a real number 0 < � < 1 and constants

0 < µ
1

< �
2

 µ
2

< �
3

, µ
1

< 1, �
3

> 1

for which the families of cones

Cs
(x, �) := C(x,Es

(x), �), Cu
(x, �) := C(x,Eu

(x), �)

Ccs
(x, �) := C(x,Ecs

(x), �), Ccu
(x, �) := C(x,Ecu

(x), �)

where Ecs
(x) := Ec

(x)� Es
(x), Ecu

(x) := Ec
(x)� Eu

(x), satisfy

Df�1

(x)(C⌧
(x, �)) ⇢ C⌧

(f�1

(x), �), ⌧ = s, cs;

Df(x)(C (x, �)) ⇢ C (f(x), �), = u, cu;
(2.1)

and

||Df�1

(x)v|| > µ�1

1

||v||, v 2 Cs
(x, �);

||Df�1

(x)v|| > µ�1

2

||v||, v 2 Ccs
(x, �);

||Df(x)v|| > �
3

||v||, v 2 Cu
(x, �);

||Df(x)v|| > �
2

||v||, v 2 Ccu
(x, �).

(2.2)

We will use the characterization of absolutely partially hyperbolic diffeomor-
phisms by cone families in Chapter 3.

Remark 2.1.2. In this thesis we always deal with absolutely partially hyperbolic

diffeomorphisms, so we will omit the word “absolutely” and will refer to them only

as partially hyperbolic diffeomorphisms.

It is well known that for partially hyperbolic diffeomorphisms, there are foliations
F ⌧ , ⌧ = s, u, tangent to the sub-bundles E⌧ , ⌧ = s, u, called stable and unstable
foliation respectively (for more details see for example [64]). On the other hand, the
integrability of the central sub-bundle Ec is a subtle issue and is not the case in the
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general partially hyperbolic setting (see [26]). However, by a result of M. Brin, D.
Burago, S. Ivanov [7], all (absolutely) partially hyperbolic diffeomorphisms on T3

admit a central foliation tangent to Ec.

Let f : T3 ! T3 be a partially hyperbolic diffeomorphism. Consider f⇤ : Z3 ! Z3

the action of f on the fundamental group of T3. f⇤ can be extended to R3 and the
extension is the lift of a unique linear automorphism A : T3 ! T3.

Definition 2.1.3. Given f : T3 ! T3 a partially hyperbolic diffeomorphism. The

unique linear automorphism A : T3 ! T3 with lift f⇤ : R3 ! R3 as constructed in

the previous paragraph, is called the linearization of f .

It can be proved that the linearization A of a partially hyperbolic diffeomorphism
f , is a partially hyperbolic automorphism of torus ( [7]). It is not difficult to see
that f and A behave similarly in large scale (see [20], corollary 2.2). More precisely,
for each k 2 Z and C > 1 there is an M > 0 such that for all x, y 2 R3,

kx� yk > M ) 1

C
<

k ˜fk
(x)� ˜fk

(y)k
kAk

(x)� Ak
(y)k < C.

where ˜f : R3 ! R3 is the lift of f to R3. The examples in the open set U of Theorem
C show that in infinitesimal scales opposite behaviors can occur.

A. Hammerlindl proves that any absolutely partially hyperbolic diffeomorphism
f on T3 is leaf conjugated to its linearization (for higher dimensions see [19]).This
means that there exist an homeomorphism H : T3 ! T3 such that H sends the
central leaves of f to central leaves of f⇤ and conjugates the dynamics of the leaf
spaces. In particular the central leaves of f are all homeomorphic.

It is easy to see that a linear partially hyperbolic diffeomorphism of T3 is either
Anosov or all of the leaves of F c are compact, i.e, homeomorphic to S1. In the latter
case the center eigenvalue is equal to one. In Theorem C we give an example of
partially hyperbolic diffeomorphisms with zero central Lyapunov exponent almost
everywhere and non compact center leaves.

Definition 2.1.2. We say that f : T3 ! T3 is derived from Anosov or just a DA

diffeomorphism if it is partially hyperbolic and its linearization is a hyperbolic auto-

morphism (no eigenvalue of norm one).
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2.1.1 Franks-Manning semi-conjugacy

If f : T3 ! T3 is a DA diffeomorphism, then by results of J. Franks [16] and A.
Manning [34] there is a semi-conjugacy h : T3 ! T3, which we will call throughout
the thesis the Franks-Manning semi-conjugacy, between f and its linearization A,
that is,

h � f = A � h.

Moreover, this semi-conjugacy has the property that there exists a constant K 2 R
such that if ˜h : R3 ! R3 denotes the lift of h to R3 we have k˜h(x)� xk  K for all
x 2 R3, and given two points a, b 2 R3, there exists a constant ⌦ > 0 with

˜h(a) = ˜h(b) , k ˜fn
(a)� ˜fn

(b)k < ⌦, 8n 2 Z.

Using this characterization of the semi-conjugacy and the quasi-isometry property
(see definition 4.2.1) on the center foliation proved by A. Hammerlindl [19], R.
Ures [59] proved that h takes center leaves of f onto center leaves of A, that is,

F c
A(h(x)) = h(F c

f (x)).

Also by Franks [16] and Manning [34], if f is an Anosov diffeomorphism then h

is actually a conjugacy between f and its linearization A.

Definition 2.1.4. An f -invariant measure µ is called a measure of maximum en-

tropy for f , or an entropy maximizing measure, if the metric entropy of f with

respect to µ is equal to the topological entropy of f , that is,

hµ(f) = htop(f).

Remark 2.1.5. We remark that the name “entropy maximizing measure” is mo-

tivated by the variational principle, which states that the topological entropy is the

supremum of metric entropies (see Chapter 4 of [31] for more details on entropy

and on the variational principle).

Also in [59], Ures concluded that f is intrinsically ergodic, that is, there is a
unique entropy maximizing measure µ for f and this µ is natural in the sense that
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it satisfies
h⇤µ = m,

where h is the Franks-Manning conjugacy between f and its linearization A. Fur-
thermore, (f, µ) is measurably conjugated to (A,m) so that (f, µ) is Bernoulli.

In this context, although f is intrinsically ergodic it is not known yet if f 2
PH2

m(T3

), homotopic to linear Anosov, must be ergodic for the volume measure.
In this direction, A. Hammerlindl and R. Ures proved in a recent paper that non-
ergodicity implies topological conjugacy with the linear Anosov automorphism.

Theorem 2.1.6 (Propositions 4.2, 4.4 and Theorems 1.1, 6.1 and 7.2 of [22]).

Let f : T3 ! T3 be a C2 volume preserving partially hyperbolic diffeomorphism,

homotopic to a hyperbolic automorphism A. Assume f is not ergodic. Then,

• Es � Eu integrates to a minimal foliation;

• f is topologically conjugate to A and the conjugacy carries strong leaves of f

to the correspondent strong leaves of A;

• the central Lyapunov exponent of f is zero for almost every point.

2.2 Measurable partitions and disintegration of mea-

sures

Let (M,µ,B) be a probability space, where M is a compact metric space, µ a
probability measure and B the borelian �-algebra. Given a partition P of M by
measurable sets, we associate the probability space (P , eµ, eB) by the following way.
Let ⇡ : M ! P be the canonical projection, that is, ⇡ associates to a point x of M
the partition element of P that contains it. Then we define eµ := ⇡⇤µ and eB := ⇡⇤B.

Definition 2.2.1. Given a partition P. A family {µP}P2P is a system of conditional

measures for µ (with respect to P) if

i) given � 2 C0

(M), then P 7! R

�µP is measurable;

ii) µP (P ) = 1 eµ-a.e.;



Chapter 2. Preliminaries 15

iii) if � 2 C0

(M), then
Z

M

�dµ =

Z

P

✓

Z

P

�dµP

◆

deµ.

When it is clear which partition we are referring to, we say that the family {µP}
disintegrates the measure µ.

Proposition 2.2.2. [15,51] Given a partition P, if {µP} and {⌫P} are conditional

measures that disintegrate µ on P, then µP = ⌫P eµ-a.e.

Corollary 2.2.3. If T : M ! M preserves a probability µ and the partition P, then

T⇤µP = µT (P )

, eµ-a.e.

Proof. It follows from the fact that {T⇤µP}P2P is also a disintegration of µ.

Definition 2.2.4. We say that a partition P is measurable (or countably generated)

with respect to µ if there exist a measurable family {Ai}i2N and a measurable set

F of full measure such that if B 2 P, then there exists a sequence {Bi}, where

Bi 2 {Ai, Ac
i} such that B \ F =

T

i Bi \ F .

Proposition 2.2.5. Let (M,B, µ) a probability space where M is a compact metric

space and B is the Borel sigma-algebra. If P is a continuous foliation of M by

compact measurable sets, then P is a measurable partition.

Proof. This proposition has been proved in a preprint by Avila, Viana and Wilkin-

son. We put the argument here for the sake of completeness. Let {xi} be a countable

dense subset of M. For each xi and n � 1, define V (xi, n) as the points z 2 M such

that Pz intersects the closed ball of radius 1

n
around xi. It is easy to see that V (xi, n)

is closed and hence measurable. Here we use the continuity of foliation. By defi-

nition V (xi, n) is a saturated subset, i.e it contains whole leaves of its points. For

any two different leaves Px and Py, take a large n and xi such that Px intersects

the closed ball B(xi,
1

n
). By compactness of leaves, if n is large enough ( 2

n
is smaller

than the distance between the leaves) then B(xi,
1

n
) \ Py = ;.

Theorem 2.2.6 (Rokhlin’s disintegration [51]). Let P be a measurable partition

of a compact metric space M and µ a borelian probability. Then there exists a

disintegration by conditional measures for µ.
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In general the partition by the leaves of a foliation may be non-measurable. It
is for instance the case for the stable and unstable foliations of a linear Anosov
diffeomorphism. Therefore, by disintegration of a measure along the leaves of a
foliation we mean the disintegration on compact foliated boxes. In principle, the
conditional measures depend on the foliated boxes, however, two different foliated
boxes induce proportional conditional measures. See [3] for a discussion. We define
absolute continuity of foliations as follows:

Definition 2.2.7. We say that a foliation F is absolutely continuous if for any

foliated box, the disintegration of volume on the segment leaves have conditional

measures equivalent to the Lebesgue measure on the leaf.

For the stable and unstable foliations of a partially hyperbolic diffeomorphis, it
is well known (see [5], [64], [9], [47], [48]) that they are absolutely continuous and
furthermore, the holonomy map between two transversals is absolutely continuous
with Jacobian going to one as the transverses approach each other. We will make
this statement more clear below.

Definition 2.2.8. Let T : X ! Y be an invertible measurable transformation be-

tween two measure spaces (X, ⌫) and (Y, µ). We say that G is absolutely continuous

if T⇤⌫ is absolutely continuous with respect to µ. In this case, we define the Jacobian

of T at a point x to be the Radon-Nikodym derivative

Jac(T )(x) =
dµ

dT⇤⌫
.

If X is a metric space we have that for µ-almost every x 2 X

Jac(T )(x) = lim

r!0

µ(T (B(x, r)))

⌫(B(x, r))
.

Let M be a compact Riemannian manifold and f : M ! M be a C1+↵ partially
hyperbolic diffeomorphism. For fixed x 2 M , r > 0, consider the family of local
manifolds (see section 4.3, and [5], or [64], for more details)

L(x) = {Ws
loc

(w) : w 2 B(x, r)}.
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Choose two local disks, D1, D2 transverse to the family L(x).

Definition 2.2.9. The holonomy map generated by the local stable manifolds is the

map ⇡s
= ⇡s

(x) : D1 ! D2 defined by setting

⇡s
(y) = D2 \Ws

loc

(w) if y = D1 \Ws
loc

(w), w 2 B(x, r).

Given any submanifold D of M , we denote by mD the Riemannian volume on
D induced by the restriction of the Riemannian metric to D.

Theorem 2.2.10 (see Theorem 8.6.1 of [5], Theorem 7.1 of [64]). Let f be a C1+↵

partially hyperbolic diffeomorphism of a compact smooth manifold M . Given x 2 M

and two transverse disks D1 and D2 to the family L(x) of local stable manifolds

Ws
loc

(y), y 2 B(x, r), the holonomy map ⇡s
: D1 ! D2 is absolutely continuous with

respect to the Riemannian measures mD1 and mD2 of D1 and D2, and we can find

a constant K such that

| Jac(⇡s
)(y)� 1|  K�(D1, D2

),

where �(D1, D2

) is the C1 distance of the two transversals. In particular, F s is

absolutely continuous in the sense of definition 2.2.7. The same statement is true

for the unstable foliation.

Definition 2.2.11. We say that a foliation F has atomic disintegration with respect

to a measure µ if the conditional measures on any foliated box are a sum of Dirac

measures.

Although the disintegration of a measure along a general foliation is defined in
compact foliated boxes, it makes sense to say that the foliation F has a quantity
k
0

2 N of atoms per leaf. The meaning of “per leaf” should always be understood
as a generic leaf, i.e., almost every leaf. That means that there is a set A of µ-full
measure which intersects a generic leaf on exactly k

0

points. Let’s see that this
implies atomic disintegration. Definition 2.2.1 shows that it only make sense to talk
about conditional measures from the generic point of view, hence when restricted to
a foliated box B, the set A \B has µ-full measure on B, therefore the support of
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the conditional measure disintegrated on B must be contained on the set A. This
implies atomic disintegration.

It is worth remarking that the weight of an atom for a conditional measure
naturally depends on the foliated box, but the fact that a point x is an atom is
independent of the foliated box where we disintegrate a measure and by Corollary
2.2.3 the set of atoms is invariant under the dynamics. For a more detailed discussion
about dependence of disintegration on the foliated box see Lemma 3.2 of [3].

2.3 Ergodic Hierarchy

In this section we will briefly state some basic facts of ergodic theory and we
refer to Chapter 7 of the book [29] for a more detailed discussion. Though most
of the concepts involved here are fairly well understood and can be found in any
standard ergodic theory book, we opted to put them here to make more clear the
context we are working with and the problems involved in this context. Since in
smooth ergodic theory the Kolmogorov property is not so explored in its essence,
we will focus more on this property providing some standard results of ergodic
theory relating Kolmogorov property with entropy and also the results relating the
Kolmogorov property with the presence of hyperbolic structures.

Ergodic hierarchy is a way of classifying the different degrees of mixing that a
system can have. Usually five hierarchy classes are studied, which we define below.

Definition 2.3.1. • Given {P!}!2⌦ a family of �-algebras of the same space

X, the join of the �-algebras P! , denoted by

_

!2⌦

P!,

is the �-algebra generated by the family of sets

(

n
\

i=1

P!
i

: P!
i

2 P!
i

, wi 2 ⌦
)

.

• Given two finite partitions ↵, � of the same space X, the join of ↵ and �,

denoted by ↵ _ �, is the partition into sets A \ B, A 2 ↵, B 2 �.
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• Given an infinite family of finite partitions {↵!}!2⌦ of partitions of the same

space X, the join of the partitions ↵!, denoted by

_

!2⌦

↵!,

is the smallest �-algebra containing all the elements of the partitions ↵!, ! 2
⌦.

Definition 2.3.2. Let (X,µ) be a probability measurable space with �-algebra A and

T : X ! X a µ-preserving measurable transformation.

1. T is ergodic with respect to µ if: given any A 2 A with T (A) = A then

µ(A) 2 {0, 1}.

2. T is weakly mixing with respect to µ if given A,B 2 A

lim

n!+1

1

n

n�1

X

i=0

|µ(A \ T�i
(B))� µ(A)µ(B)| = 0.

3. T is mixing with respect to µ if for any A,B 2 A one has

lim

n!1
µ(T�n

(A) \B) = µ(A)µ(B).

4. T is Kolmogorov with respect to µ, or simply a K-automorphism, if there is a

sub-�-algebra K ⇢ A such that

• T�1K ⇢ K;

• W1
i=0

T iK = A and,

• A 2 T1
i=0

T�iK ) µ(A) 2 {0, 1}.

5. T is Bernoulli with respect to µ, or simply a Bernoulli automorphism, if it is

isomorphic to a Bernoulli shift.
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Theorem 2.3.3 (see for example, Chapter 7 of [29]).

Bernoulli ( Kolmogorov ( Mixing ( Weak Mixing ( Ergodic.

The diagram in Theorem 2.3.3 is intended to indicate that every Bernoulli au-
tomorphism is a Kolmogorov automorphism, every Kolmogorov automorphism is
Mixing, and so on. As one can note, the relations on Theorem 2.3.3 are strict. In
Chapter 7 of [29] the reader may see a detailed construction of examples that belong
to a hierarchy class but not to the inferior one. We describe the basic examples here
following [29] and omitting the proofs.

Example 2.3.4 (Ergodic but not weakly mixing). Given any irrational number

↵ > 0 the rotation R↵ : S1 ! S1 on the circle is ergodic but not weak mixing.

Example 2.3.5 (Weakly mixing but not Mixing). This example is constructed by a

simple cutting and stacking process (for details on cutting and stacking see Chapter

2 of [29]). Let T
1

be a tower having one rung; the interval [0, 1). Having constructed

Tn, construct Tn+1

as follows. Break Tn into n+1 equal width columns C
1

, ..., Cn+1

.

Stack the columns vertically, starting with C
1

, ..., Cn+1

. Put a single spacer between

Cn and Cn+1

. Normalize to a probability measure and denote the system this cutting

and stacking construction converges to by (X, T ). This (X, T ) is weakly mixing but

not mixing.

Example 2.3.6 (Mixing but not Kolmogorov). The example we show here is due to

T. Adams [1]. Define a system by cutting and stacking as follows. Let T
1

= [0, 1).

We view this as a tower having a single rung. To get T
2

from T
1

, cut T
1

into two

sub columns and stack them, putting a spacer in between. To get T
3

from T
2

, cut T
2

into three sub columns and stack them, putting one spacer in between the first two

sub columns and two spacers between the last two sub columns. Having constructed

Tn�1

, cut it into n sub columns C
1

, ..., Cn and stack them, putting i spacers between

Ci and Ci+1

. This gives Tn; denote its height by hn. Finally, normalize the measure;

the resulting system (X,A, µ, T ) is called the staircase. The staircase is a mixing

system with zero entropy, thus it is not Kolmogorov.
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The class of Kolmogorov systems was introduced by Kolmogorov in 1958 and
until 1969 it was not known if every Kolmogorov system was a Bernoulli system.
The first example of a Kolmogorov but not Bernoulli automorphism was presented
by D. Ornstein [41]. Ornstein’s example is not easy to exhibit and not natural.
The example we show below is known as (T, T�1

) process. This natural example
arose in 1971, and mathematicians at that time knew that it was a Kolmogorov
automorphism, but the question of whether it was Bernoulli or not remained open
until 1982 when S. Kalikow proved in [28] that this automorphism is not a Bernoulli
automorphism. Though the definition of this process is very simple the proof that
it is a Kolmogorov non-Bernoullian system is far from being easy.

Example 2.3.7 (Kolmogorov but not Bernoulli). The system we construct here is

called the (T, T�1

)-process. The construction is simple and is described in several

standard books of ergodic theory.

Let � : ⌃ ! ⌃ the shift map in ⌃ = {0, 1}Z. Let µ be the standard Bernoulli

measure given by the probability vector (1/2; 1/2). Define f : ⌃⇥ ⌃! ⌃⇥ ⌃ by

f({xn}n, {yn}n) = (�({xn}n), �({yn}n)), if x
0

= 0

f({xn}n, {yn}n) = (�({xn}n), ��1

({yn}n)), if x
0

= 1.

This process (f, µ⇥ µ) is often called a random walk on a random scenery.

2.3.1 Kolmogorov property and partial hyperbolicity

Though Kolmogorov property is not as intuitive as the other ergodic properties,
one can see the Kolmogorov property using entropy. The following Theorem of V.
Rokhlin and Y. Sinai shows that Kolmogorov property is a sufficient condition to
have uncertainty of a system in the sense that every finite partition generates a
positive information.

Theorem 2.3.8 (Rokhlin-Sinai, [52]). Let (X,µ) be a Lebesgue space (i.e, isomor-

phic to ([0, 1], Leb) ). An automorphism f : (X,µ) ! (X,µ) is Kolmogorov if,

and only if, it has completely positive entropy, that is, given any non-trivial finite
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partition A of X we have

hµ(f,A) > 0.

Definition 2.3.9. Let (X,µ) be a Lebesgue space and T : (X,µ) ! (X,µ) a measure

preserving automorphism. The family ⇡ defined by

⇡ = {A ⇢ X : hµ(T,↵) = 0,↵ := {A,X � A}}

is a �-algebra called the Pinsker �-algebra of T .

An immediate consequence of Theorem 2.3.8 is:

Theorem 2.3.10. T : (X,µ) ! (X,µ) is a Kolmogorov automorphism if, and only

if, the Pinsker partition ⇡ of T is trivial, i.e, every A 2 ⇡ has µ(A) 2 {0, 1}.

The Kolmogorov property got a new status in smooth ergodic theory after the
works of Pesin [63] and Ledrappier-Young [33] where they related the Pinsker par-
tition of a partially hyperbolic diffeomorphism with the invariant foliations of this
diffeomorphism.

Definition 2.3.11. Given two �-algebras C,D in a measurable space (X,µ), we

write C $ D to say that given any C 2 C we can find D 2 D such that

µ(C�D) = 0.

In [9], M. Brin and Y. Pesin showed that for a C1+↵ partially hyperbolic diffeo-
morphism f : M ! M (M a compact Riemannian manifold), every element of the
pinsker �-algebra is essentially bi-saturated. In [33] F. Ledrappier and L. Young
proved the following:

Theorem 2.3.12 (Ledrappier-Young [33]). Let M be a compact Riemannian man-

ifold and f : M ! M a C2 diffeomorphism preserving a Borel probability measure

µ. Then

Pinsker � � algebra of f $ Bu $ Bs,

where B⌧ denotes the �-algebra of F ⌧ saturated sets, ⌧ = s, u.
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We remark that Theorem 2.3.12 was proved by Y. Pesin in [62] for C2 partially
hyperbolic diffeomorphisms preserving a smooth probability measure µ.

The characterization of the pinsker partition obtained by Brin-Pesin and Ledrappier-
Young is very useful to find ergodicity using Hopf-like arguments, as done for ex-
ample in [12] and [25]. This characterization is used together with the definition of
accessibility or essential accessibility which we define below.

Definition 2.3.13. Given a partially hyperbolic diffeomorphism f : M ! M and a

point x 2 M . The accessibility class of x, AC(x) is the set of all points y 2 M such

that we can find a finite number of points

x
0

= x, x
1

, x
2

, ..., xk�1

, xk = y,

such that for i = 0, ..., k � 1,

xi+1

2 Fu
(xi) [ F s

(xi).

Definition 2.3.14. We say that a partially hyperbolic diffeomorphism f 2 PF r
(M)µ

is accessible if for any x 2 M we have

AC(x) = M.

We say that f is essentially accessible if any measurable union of accessibility

classes have either measure zero or one.

Definition 2.3.15. Let f : M ! M be a partially hyperbolic diffeomorphism. We

say that f is center bunched if there exists a certain Riemannian metric and real

constants ⌫, �, �̂, ⌫̂ with

⌫, ⌫̂ < 1, , ⌫ < � < �̂�1 < ⌫̂�1

max{⌫, ⌫̂} < ��̂,
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and such that for any x 2 M and any unit vector v 2 TxM

||Df(x)v|| < ⌫, if v 2 Es
(x) (2.3)

� < ||Df(x)v|| < �̂�1, if v 2 Ec
(x) (2.4)

⌫̂�1 < ||Df(x)v||, if v 2 Eu
(x). (2.5)

Remark 2.3.16. Here we are always working with absolute partial hyperbolicity.

In the non-absolute case the definition of center bunched is similar, but involving

functions instead of constants (see [12]).

The following Theorem by K. Burns and A. Wilkinson shows that under the hy-
pothesis of being center bunched, essential accessibility of a C2 partially hyperbolic
diffeomorphism guarantees that the system is Kolmogorov.

Theorem 2.3.17 (Burns-Wilkinson [12]). Let f be C2, volume-preserving, partially

hyperbolic and center bunched. If f is essentially accessible, then f is ergodic, and

in fact has the Kolmogorov property.

For the one-dimensional center case, a stronger type of center bunching hypoth-
esis is trivially satisfied and the C2 condition can be weakened to C1+↵ (see [12] for
details).

Corollary 2.3.18 (Corollary 0.4 of [12]). Let f be a C1+↵, volume preserving and

partially hyperbolic with dim(Ec
) = 1. If f is essentially accessible, then f is ergodic,

and in fact has the Kolmogorov property.

Corollary 2.3.19. Let f : T3 ! T3 be a volume preserving C1+↵ partially hyperbolic

diffeomorphism. Thus f is Kolmogorov if, and only if, it is essentially accessible.

Proof. By [62] we know that Kolmogorov property implies that every u-saturated

set has measure zero or one. Since union of accessibility classes are in particular

u-saturated they must have zero or full measure, thus it is essentially accessible. The

other way is a consequence of Theorem 2.3.17 since f is trivially center bunched.
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The following Theorem by F. Hertz, M. A. Hertz and R. Ures shows that for
the one dimensional center case, the accessibility hypothesis (consequently the Kol-
mogorov hypothesis) is Cr open and dense in the set of volume preserving diffeo-
morphisms, for any 1  r  1.

Theorem 2.3.20 (Hertz-Hertz-Ures [25]). For all 1  r  1, accessibility is open

and dense in the set of Cr partially hyperbolic diffeomorphisms on a compact Rie-

mannian manifold M , preserving a smooth probability measure m, with one dimen-

sional center distribution.

As we have seen above, the Kolmogorov and Bernoulli property are not equivalent
in general. However, D. Ornstein and B. Weiss [14] proved that the geodesic flow in
a negatively curved surface is Bernoulli and the technique they used was generalized
in [43], and by Y. Pesin in [62].

Theorem 2.3.21 ( [14]). Let M be a Riemannian surface with negative curvature

and X its unit tangent bundle. Then, the geodesic flow � : X ! X is Bernoulli,

that is, the time one map �
1

is Bernoulli.

Theorem 2.3.22 ( [62], Theorem 9.1 of [5]). Let f be a C1+↵ diffeomorphism

of a smooth compact Riemannian manifold M preserving an absolutely continuous

hyperbolic measure ⌫ (that is, for ⌫-almost every point x, the Lyapunov exponents

at x are non zero). Assume that f is a Kolmogorov automorphism. Then f is a

Bernoulli automorphism.

The argument used by Ornstein-Weiss, is essentially the only method (that is,
it is the basis) to obtain equivalence of Kolmogorov and Bernoulli properties in the
smooth ergodic theory context. The results of Ornstein-Weiss and the results of D.
Rudolph on extension of Bernoulli shifts ( [54], [53]) has been used by several authors
(for example [13], [35], [49], [50], [17]) to obtain Bernoulli property for different
types of dynamical systems using the Kolmogorov property. However, the method
of Ornstein and Weiss does not apply when we have a center direction with non-
trivial behavior as for diffeomorphisms in PHr

m(T3

), r > 1. The advantage of
working with DA diffeomorphisms is that we can compare the behavior of the linear
diffeomorphism with the behavior of the diffeomorphism itself by using Franks-
Manning semi-conjugacy. We use this semi-conjugacy to obtain informations on the
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center behavior of the diffeomorphism and then use an adaptation of Pesin’s proof
to conclude Bernoulli property.



Chapter

3

Pathological Dynamics

In this chapter we introduce some new “pathological” examples of partially hy-
perbolic diffeomorphisms. We study the relationship between central Lyapunov
exponents and topology of leaves of central foliation of a partially hyperbolic diffeo-
morphism and its linearization. More precisely, we find an open set of partially hy-
perbolic diffeomorphisms f : T3 ! T3 homotopic to linear Anosov diffeomorphisms
A such that the central Lyapunov exponent of f is positive almost everywhere while
the central bundle of A is contracting. This opposite behavior in the asymptotic
growth (manifested by the sign of Lyapunov exponent) which is a local issue con-
trasts with the compatible behavior in the large scale between f and A (see Section
2.1).

We also obtain examples of partially hyperbolic diffeomorphisms homotopic to
Anosov with non compact central leaves and zero central Lyapunov exponent almost
everywhere. This is also a contrast between the global topology of central leaves of
non linear and linearization of a partially hyperbolic diffeomorphism. We recall the
statements of the theorems proved in this chapter.

Theorem C. ( [44]) There exists a C1-open set U ⇢ PH1
m (T3

) such that for any

f 2 U , f is ergodic, f is homotopic to a linear Anosov and for almost every point

x 2 T3 we have

�c
f (x)�

c
A < 0,

where A : T3 ! T3 is the linearization of f .

27
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Theorem E. ( [44]) There exist C1 volume preserving partially hyperbolic diffeo-

morphism f : T3 ! T3, homotopic to linear Anosov automorphism, with zero central

Lyapunov exponent for Lebesgue almost every point of T3.

Another interesting aspect of the diffeomorphisms inside U is related to absolute
continuity of central foliation. We do not know whether the central foliation of
diffeomorphisms with zero central exponent in Theorem E is absolutely continuous
or not. We believe that it is not the case and formulate the following question.

Question 3.0.23. Let f : M ! M be a partially hyperbolic diffeomorphism of M =

T3 with absolutely continuous central foliation F c and central Lyapunov exponent

equal to zero at Lebesgue almost every point. Is it true that the leaves of F c are

compact?

We remark that A. Tahzibi and F. Micena [36] gave an affirmative answer to
question 3.0.23 assuming F c satisfies a uniformly bounded density condition which
is a regularity condition stronger than leafwise absolute continuity.

The idea of the proof of Theorems C and E is to take a family of hyperbolic
linear automorphisms fk : T3 ! T3 with eigenvalues �s

k < �c
k < 1 < �u

k in such a
way that

�s
k ! 0,�c

k ! 1,�u
k ! 1

as k ! 1 and moreover the corresponding unitary eigenvectors converge to a fixed
orthonormal basis. Then we apply Baraviera-Bonatti [4] method of local perturba-
tions and by the choice of the Anosov automorphisms, we are able to show that this
local perturbation yields a new partially hyperbolic diffeomorphism with positive
central Lyapunov exponent on average. By a continuity argument we find some ho-
motopic to Anosov and partially hyperbolic diffeomorphism with vanishing integral
of central Lyapunov exponent.

Finally, by Theorem 2.1.6 the diffeomorphisms obtained in Theorem C are er-
godic and so almost every point have the same center Lyapunov exponent. For
diffeomorphisms obtained in Theorem E, with vanishing average of central expo-
nent, even without proving the ergodicity we obtain vanishing Lyapunov exponent
almost everywhere as a consequence of Theorem 2.1.6. Later we prove that they are
indeed ergodic.
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3.1 Local Perturbation

In this section we describe briefly a local perturbation process introduced by A.
Baraviera, C. Bonatti [4]. For any partially hyperbolic diffeomorphism f

0

they con-
struct a C1�arc of diffeomorphisms {fr} for which the integral of central Lyapunov
exponent of fr is strictly bigger than integral of the central exponent of f

0

.

In [4], this perturbation procedure is made in a general case. Here we will use
the perturbation argument just for the linear case.

Let f : T3 ! T3 be a volume preserving, linear partially hyperbolic diffeomor-
phism. Denote by �s < �c < �u the eigenvalues of f and its unitary eigenvectors
by es, ec, eu respectively. Thus, the directions of es, ec, eu are the directions of the
subbundles Es, Ec, Eu. Let p be a non-fixed point. We take a C1�local coordi-
nate system on a neighborhood V centered at p such that {es, ec, eu} are directed
by @

@x
, @
@y
, @
@z
. Moreover, the expression of volume form on T3 coincides with the

Lebesgue measure on R3.

Let B
1

(0) be the unit ball of R3. Given any ball Br(p) inside V we denote by
'r : Br(p) ! B

1

(0) the diffeomorphism which in local coordinates is a homothety of
ratio 1

r
. More precisely, if ⇡ : V ! R3 is the mentioned coordinate system 'r(x) :=

⇡(x)
r
.

Let h : B
1

(0) ! B
1

(0), h 6= Id, a volume preserving diffeomorphism which pre-
serves the x-direction, and equal to the identity in a neighborhood of the boundary
of B

1

(0).
We define the diffeomorphism hr : T3 ! T3 by:

hr(w) =

⇢

w , if w /2 Br(p);
'�1

r � h � 'r(w) , if w 2 Br(p).
(3.1)

Finally, we define the arc of diffeomorphisms {fr}r2[0,1] by:

fr := f � hr. (3.2)

Also, we take h to satisfy
||h� Id ||C1 < 1.
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Since h preserves the direction of es we can write

Dh(p)eu = hu
(p)eu + hc

(p)ec. (3.3)

Lemma 3.1.1 ( [4]). Let h be as above, then

I(h) :=

Z

B
1

(0)

log hu
(p)dm(p) < 0.

Consider nr the least positive integer such that

fn
r

(Br) \ Br 6= ;.

Denote by �u
r (p) the unstable Lyapunov exponent of fr at p and define:

�u
f
r

=

Z

log Ju
f
r

(p)dm(p), �c
f
r

=

Z

log J c
f
r

(p)dm(p)

where J⌧
f
r

(p) denotes the Jacobian of fr on E⌧
f
r

(p), that is, the modulus of the
determinant of the restriction of Dfr(p) to E⌧

f
r

(p), ⌧ = s, c, u.

Lemma 3.1.2 ( [4]). Let �u
f
r

and �c
f
r

be as above, then

log �u � �u
f
r

� m(Br)(�I(h)� C↵n
r

)

where ↵ = �c/�u, and C = maxx2B
r

hc

r

hu

r

·maxx2B
r

||Proju(ec)|| with Proju(ec) denot-

ing the projection of ec over Eu parallel to the new center bundle.

Observe that by (3.3) the perturbation hr preserves the center unstable bundle
and the center-unstable jacobian of hr is equal to one. So the integral of the loga-
rithm of the jacobian of fr in the center-unstable direction is the same of the one
for f (see [4], pg.1664). Thus, we have the following corollary.

Corollary 3.1.3. With the previous notations, the difference between �c
f
r

and log �c

is bounded from below as follows:

�c
f
r

� log �c
= log �u � �u

f
r

� m(Br(p)) ·
✓

�I(h)� C ·
✓

�c

�u

◆n
r

◆

.
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3.2 Family of Linear Anosov Automorphisms

In order to realize a perturbation that changes the sign of the central Lyapunov
exponent, it is reasonable to take a diffeomorphim with central exponent close to
0 and big unstable exponent (so that we can borrow some hyperbolicity from the
unstable direction). For each k 2 Z define the linear automorphism fk : T3 ! T3

induced by the integer matrix:

Ak =

0

@

0 0 1

0 1 �1

�1 �1 k

1

A .

The characteristic polynomial of Ak is

pk(x) = x3 � (k + 1)x2

+ kx� 1.

Lemma 3.2.1. For all k � 5, Ak has real eigenvalues 0 < �s
k < �c

k < 1 < �u
k and

�s
k ! 0,�c

k ! 1,�u
k ! 1

as k ! 1.

Proof. First of all note that :

• pk(1/2) =
k
4

� 9

8

> 0, 8k � 5;

• pk(1) = pk(k) = �1, 8k;

• pk(k + 1) = k(k + 1)� 1 � 1, 8k � 1.

So, for all k � 5, pk has a root �u
k 2 (k, k+1) and a root �c

k 2 (1/2, 1). Denoting

by �s
k the other root we have:

0 < �s
k =

1

�c
k · �u

k

< �c
k < 1 < k < �u

k .
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Now, given any 0 < " < 1 we have

pk(1� ") = k(1� ")"� "(1� ")2 � 1

which is trivially positive for large values of k. That is, �c
k ! 1 when k ! 1. Also,

since k < �u
k and �s

k · �c
k · �u

k = 1 we conclude that

�c
k ! 1,�u

k ! 1, and �s
k ! 0

as k ! 1.

Next, we evaluate the stable, central and unstable directions of fk.

Ak ·
0

@

a
b
c

1

A

=

0

@

�a
�b
�c

1

A)
0

@

a
b
c

1

A

=

0

@

a
�a
1��

�a

1

A .

So the directions are v⌧k := (1,�⌧
k/(1 � �⌧

k),�
⌧
k) where ⌧ = s, c, u. Let ek⌧ :=

v⌧k
||v⌧k ||

,

⌧ = s, c, u. Then we have:

eks !
0

@

1

0

0

1

A , ekc !
0

@

0

1

0

1

A , eku !
0

@

0

0

1

1

A ,

as k ! 1.
The following step is to apply local perturbations to each fk. The aim of the next

section is to define a family of functions hk that we will use to do the perturbation.

3.3 Proof of Theorems C and E

For a linear partially hyperbolic automorphim with eigenvalues �s < �c < �u,
Corollary 3.1.3 implies that the following quantities are relevant to the amount
of change of the central Lyapunov exponent after local perturbation method of
Baraviera-Bonatti:

• ↵ = �c/�u;
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• C = max

x2B
r

hc
r

hu
r

·max

x2B
r

||Proju(ec)||;

• m(Br) and the return time nr;

• I(h) =
R

B
1

(0)

log hu
(p)dm(p).

We consider the family fk constructed in the previous section. Recall that for
each k there exists an adapted inner product (which gives an adapted metric) where
esk, e

c
k, e

u
k form an orthonormal set. As these eigenspaces are converging to the canoni-

cal basis the adapted metrics are close to the euclidean metric when k is large enough.
By euclidean metric we mean the usual inner product coming from euclidean inner
product of R3. We will take a non-fixed point p (fk(p) 6= p) and 0 < r < 1. We take
a local coordinate ⇡k : Bk

r (p) ! Br(0) ⇢ R3 such that the adapted inner product is
the pullback by D⇡k of the euclidean inner product. Here Bk

r is the ball of radius r
with respect to the adapted metric.

Take an arbitrary point

p 2 F := P ((0, 2/3)⇥ (0, 1)⇥ (5/6, 1))

where P : R3 ! T3 is the canonical projection. Take fixed small r such that Bk
r (p) 2

F for large k. It is possible to find such r > 0, because for large k all the adapted
metrics are close to the euclidean metric. It is easy to see that f�1

k (F ) \ F = ; so
fk(F ) \ F = ; and fk(Bk

r
0

(p)) \ Bk
r
0

(p) = ;, 8k � k
0

.
We take h : B

1

(0) ! B
1

(0) such that 0 6= kh � IdkC1 < ⌘ (⌘ will be defined
later). Let ⇡k : Bk

r (p) ! Br(0) ⇢ R3 be a local coordinate which is isometry and
the derivative of ⇡k sends esk, e

c
k, e

u
k to the canonical basis of R3. Let ⇠ : R3 ! R3,

⇠r(x) :=
1

r
x be the homothety of ratio 1

r
, then we define 'k,r(x) := ⇠r � ⇡k(x) and

like in section 3.1 we construct hk,r : T3 ! T3 as follows:

hk,r(w) =

⇢

w , if w /2 Bk
r (p);

'�1

k,r � h � 'k,r(w) , if w 2 Bk
r (p).

(3.4)

Now the idea is to consider the arcs of diffeomorphisms fk,r := fk �hk,r and show
that for some positive r and all large k, hk,r is partially hyperbolic with positive
central Lyapunov exponent almost everywhere.

We need to guarantee that these arcs are composed of partially hyperbolic dif-
feomorphisms.
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Even knowing that the set of partially hyperbolic diffeomorphisms is open in C1-
topology, we do not know the “size” of this set. To construct our desired examples
in Theorems C and E we need the sequence {hk} to be “far from” Id, so it is not
obvious that the composition fk,r = fk � hk,r is partially hyperbolic. However, in
our case this is not a serious issue. As k grows, the domination between invariant
sub bundles of fk is getting better and the expansion and contraction of respectively
expanding and contracting bundles increase. We observe that when the domination
between bundles is bigger, one can take wider invariant cones in the definition of
partial hyperbolicity by cones (see section 3.3.1). So it is reasonable to expect that
we can do bigger perturbations of fk and still remain in the partially hyperbolic
diffeomorphisms set.

Lemma 3.3.1. Let {fk} be the sequence of linear partially hyperbolic automorphisms

defined before and 0 < r < 1. There exist ⌘ > 0 and K
0

such that if h : B
1

(0) !
B

1

(0) is a diffeomorphism satisfying ||h � Id ||C1 < ⌘ and equal to the identity on

a neighborhood of the boundary of B
1

(0) then, for k � k
0

, fk � hk,r is absolutely

partially hyperbolic.

Proof. To make the reading easier we do the technical part needed to prove this

lemma in section 3.3.1. In that section for any linear partially hyperbolic diffeomor-

phism f we estimate the size of the C1-neighborhood of f inside the set of absolutely

partially hyperbolic diffeomorphisms. Here we are dealing with a sequence fk and

the claim is that a same estimate for the size of neighborhood works for all large

enough k.

Now by Remark 3.3.5 the size of permitted perturbation (i.e the number ") in

Lemma 3.3.4 depends increasingly on the ratio ⇥k := min

n

|�u

k

|
|�c

k

| ,
|�c

k

|
|�s

k

|

o

. When k grows

this ratio also grows. So we take the same " for all fk. We should emphasize that

the size of permitted perturbation is measured in the distance corresponding to the

adapted metric of fk.

So let " be as above and take any ⌘  ". We have k⇠�1

r � h � ⇠r � IdkC1 
rkh� IdkC1  kh� IdkC1  ". By definition of adapted metric for each fk we have

that D⇡k preserves norms and angles and consequently the distance (adapted norm

corresponding to fk) between (⇡k � ⇠r)�1 � h � (⇡k � ⇠r) and the identity is also less
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than " and we can apply Lemma 3.3.4 taking g := hk,r.

By the lemma above it follows that fk,r is partially hyperbolic for large enough k.
Also, since the same family of invariants cones works for both fk,r and fk, the angle
between the new center bundle and Eu

f
k,r

is uniformly bounded. That is, the norm
of the projection of Ec

f
k,r

over Eu
f
k,r

parallel to the new center bundle is uniformly
bounded.

Now let nr(k) be the least positive integer for which (fk)nr

(k)
(Bk

r (p))\Bk
r (p) 6= ;.

Then we have
�c
f
k,r

� log �c
k � m(Bk

r (p)) · (�I(h)� Ck↵
n
r

(k)
k )

where
↵k =

�c

�u
, and Ck = max

x2Bk

r

hc
r,k

hu
r,k

·max

x2Bk

r

||Proju(ec)||.

As maxx2Bk

r

||Proju(ec)|| is uniformly bounded, it follows that Ck is uniformly
bounded, say Ck < D, 8k. Thus, since nr(k) � 2 for all k, we get:

�c
f
k,r

� log �c
k � m(Bk

r (p)) · (�I(h)�D↵2

k).

Observe that ↵k ! 0 when k ! 1. So, for large values of k we have

�I(hk)�D↵2

k �
�I(h)

2

which implies

�c
f
k,r

� log �c
k � �m(Bk

r (p)) ·
I(h)

2

! �m(B(r, p))
I(h)

2

> 0.

Observe that the volume appearing in the above equations is the euclidean vol-
ume on the torus and as k is large enough the volume of Bk

r (p) is close to Br(0).

Thus since log �c
k ! 0, for large values of k we get

�c
f
k,r

� log �c
k > � log �c

k ) �c
f
k,r

> 0.

Here we conclude the proof of Theorem C. We have obtained fk,r homotopic to
Anosov such that the average of central Lyapunov exponent is positive. Indeed,
Hk : [0, 1] ⇥ T3 ! T3, Hk(s, x) = fk � hk,sr is an isotopy between fk and fk,r.
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By continuity we conclude that there exists an open subset of volume preserving
diffeomorphisms U containing fk,r such that for any g 2 U we have �c

g > 0. By
Theorem 2.1.6 we conclude that all g 2 U are ergodic and so the central Lyapunov
exponent of almost every point is positive.

Now we prove Theorem E. Again from the continuity of �c, there is some 0 <

r
0

< r for which �c
f
k,r

0

= 0. That is, we found a partially hyperbolic diffeomorphism
g := fk,r

0

: T3 ! T3, homotopic to an Anosov diffeomorphism and with �c
g = 0.

Using again Theorem 2.1.6 we obtain the following:

Corollary 3.3.2. The diffeomorphism g obtained above has zero central Lyapunov

exponent almost everywhere.

Proof. Indeed, if g is ergodic then the Lyapunov exponents are constant almost

everywhere. So we have �c
g = �c

g = 0 almost everywhere. In the other case, that is,

if g is not ergodic, then by Theorem 2.1.6 (third item) we have that �c
g = 0 almost

everywhere.

To finish the proof we note that, since g is homotopic to a linear Anosov au-
tomorphism, it follows from [19] that all central leaves are homeomorphic to R.
⌅

Remark 3.3.3. Until this point we have not proved that the diffeomorphism g con-

structed above with zero center exponent is ergodic because we don’t need to use

ergodicity to obtain zero exponent almost everywhere due to Theorem 2.1.6. How-

ever, we will use the absolute continuity of the center-stable foliation to prove later

that this example is indeed ergodic.

3.3.1 Size of perturbation among absolutely partially hyper-

bolic diffeomorphisms

In this section we develop the technicalities used to prove Lemma 3.3.1. The
idea is to find an estimative for the size of the C1-neighborhood around a linear
partially hyperbolic automorphism inside the set of absolutely partially hyperbolic
diffeomorphisms. In order to do so, we use the characterization of absolutely par-
tially hyperbolic diffeomorphisms by invariant cones families (see section 2.1 in the
preliminaries).
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Given a partially hyperbolic diffeomorphism f : T3 ! T3 with invariant splitting

TM = Es � Ec � Eu

there is an adapted inner product (and then an adapted norm) with respect to which
the splitting is orthogonal (see [64]). Thus, given � > 0 we can define standard
families of cones centered on the fiber bundles E⌧

(x) with angle �, C⌧
(x, �), ⌧ =

s, c, u, cs, cu.

Consider f : M ! M a partially hyperbolic diffeomorphism. By using the
adapted norm || · ||, the invariant splitting

TM = Es � Ec � Eu

is an orthogonal splitting, and there exist numbers

0 < �
1

 µ
1

< �
2

 µ
2

< �
3

 µ
3

, µ
1

< 1, �
3

> 1

for which
�
1

 ||Df(x)|Es
(x)||  µ

1

�
2

 ||Df(x)|Ec
(x)||  µ

2

�
3

 ||Df(x)|Eu
(x)||  µ

3

.

For the linear case, that is, if f is linear, we can get some more precise and interesting
conclusions regarding the relation of the constants of (2.1) and (2.2) and the Lya-
punov exponents of the function. In what follows, for a linear partially hyperbolic
diffeomorphism, we find an explicit relation between the angle of the invariant cones
families and the ratio of domination between unstable, stable and central bundles.

Consider f : T3 ! T3 a linear, volume preserving, partially hyperbolic diffeo-
morphism of T3. Denote by �s,�c,�u its eigenvalues, where

|�s| < |�c| < |�u|, |�s| < 1 < |�u|.

Put
⇥ := min

⇢ |�c|
|�s| ,

|�u|
|�c|

�

(3.5)
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Then we can choose a constant � > 0 such that

1 < (1 + �)2 < ⇥. (3.6)

Therefore, by the definition of �, we have

(1 + �)|�s| < |�c|
1 + �

< (1 + �)|�c|, (1 + �)|�s| < 1 <
|�u|
1 + �

.

Consequently we can find constants µ
1

,�
2

, µ
2

,�
3

such that

(1 + �)|�s| < µ
1

< �
2

<
|�c|
1 + �

< (1 + �)|�c| < µ
2

< �
3

<
|�u|
1 + �

, µ
1

< 1 < �
3

.

(3.7)
Now, it is straightforward to verify that with the constants defined by (3.6)

and (3.7), the families of stable, unstable, center-stable and center-unstable cones
satisfies (2.1) and (2.2). For example, if we take v = vs + vcu 2 Ccu

(x, �) then

||Df(x)vs|| = |�s|||vs||  �|�s|||vcu|| < �|�c|||vcu||  �||Df(x)vcu||

that is
Df(x)(Ccu

(x, �)) ⇢ Ccu
(f(x), �).

Furthermore,

||Df(x)v||2 � ||Df(x)vcu||2 � |�c|2||vcu||2.

But by (3.7) we know that |�c| > (1 + �)�
2

. So,

||Df(x)v||2 > (1+�)2(�
2

)

2||vcu||2 � (�
2

)

2

(||vcu||2+�2||vcu||2) � �2

2

(kvcuk2+kvsk2) = (�
2

||v||)2

) ||Df(x)v|| > �
2

||v||.

The argument for the other cones is similar.

Lemma 3.3.4. Let f : T3 ! T3 be a linear partially hyperbolic diffeomorphism,

volume preserving, with eigenvalues �s,�c,�u, where |�s| < |�c| < |�u|. Then, there
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is a constant " > 0, " depending only on ⇥ := min

n

|�u|
|�c| ,

|�c|
|�s|

o

, such that, for every

diffeomorphism g : T3 ! T3 with ||g � Id ||C1 < " (adapted norm corresponding to

f), the composition f � g is an absolutely partially hyperbolic diffeomorphism.

Remark 3.3.5. It is easy to see from the proof that " is an increasing function of

⇥. Bigger ⇥ permits bigger perturbations. However we emphasize that the distance

between g and identity is considered in the adapted metric.

Proof. Let f be as in the statement and denote the invariant splitting of f by

TxM = Es
(x)� Ec

(x)� Eu
(x).

Consider the adapted norm || · || with respect to which the invariant splitting

is orthogonal. Now, since f is a linear partially hyperbolic diffeomorphisms we can

choose constants

0 < �
1

 µ
1

< �
2

 µ
2

< �
3

 µ
3

µ
1

< 1 < �
3

and a real value � > 0 as in (3.6) and (3.7).

For v 2 M we can write v = vs + vc + vu with v⌧ 2 E⌧
(x), ⌧ = s, c, u.

• If v 2 Cu
(x, �) then ||vcs||  �||vu||, where vcs = vs + vc. Thus,

||Df(x)vcs|| < µ
2

||Df�1�Df(x)vcs|| = µ
2

||vcs||  µ
2

�||vu|| < µ
2

�(�
3

)

�1||Df(x)vu||.

) Df(x)v 2 Cu
(f(x), (µ

2

/�
3

) · �).

• If v 2 Ccu
(x, �) then ||vs||  �||vcu|| where vcu = vc + vu. Thus,

||Df(x)vs|| < µ
1

||Df�1�Df(x)vs|| = µ
1

||vs||  µ
1

�||vcu|| < µ
1

�(�
2

)

�1||Df(x)vcu||

) Df(x)Ccu
(x, �) ⇢ Cu

(f(x), (µ
1

/�
2

) · �).
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• If v 2 Es
(x) then ||vcu||  �||vs||. Thus,

||Df�1

(x)vcu|| < ��1

2

||Df�Df�1

(x)vcu|| = ��1

2

||vcu||  ��1

2

�||vs|| < ��1

2

�µ
1

||Df�1

(x)vs||

) Df�1

(x)Cs
(x, �) ⇢ Cs

(f�1

(x), (µ
1

/�
2

) · �).

• If v 2 Ecs
(x) then ||vu||  �||vcs||. Thus,

||Df�1

(x)vu|| < ��1

3

||Df�Df�1

(x)vu|| = ��1

3

||vu||  ��1

3

�||vcs|| < ��1

3

�µ
2

||Df�1

(x)vcs||

) Df�1

(x)Ccs
(x, �) ⇢ Ccs

(f�1

(x), (µ
2

/�
3

) · �).

Define

� := max

⇢

µ
2

�
3

,
µ
1

�
2

�

< 1.

So we have

Df�1

(x)(C⌧
(x, �)) ⇢ C⌧

(f�1

(x), � · �), ⌧ = s, cs;

Df(x)(C (x, �)) ⇢ C (f(x), � · �), = u, cu.

Observe that by (3.6) and (3.7), � and � depend only on the ratios |�u|/|�c|, |�c|/|�s|.

Now, since the invariant splitting is constant, we can take an " > 0 depending

only on the ratios |�u|/|�c|, |�c|/|�s| such that, if ||g � Id||C1 < " then

Dg(x)C⌧
(x, � · �) ⇢ C⌧

(g(x), �) , ⌧ = u, cu

Dg�1

(x)C (x, � · �) ⇢ C 
�

g�1

(x), �
�

, = s, cs
(3.8)

and
l

L
> �, L <

1

µ
1

,
1

�
3

< l

with

l||v||  ||Dg(x)v||  L||v||.
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Figure 3.1: ( [44]) The grey cones denote the cones with angle � · � and the wider
ones are the cones with angle �.

Thus we have (see figure 4.1)

D(f � g)(x)(C⌧
(x, � · �)) ⇢ C⌧

(f(g(x)), � · �), ⌧ = u, cu;

D(f � g)�1

(x)(C (x, �)) ⇢ C (g�1

(f�1

(x)), �), = s, cs.

Now, we need to show uniform contraction and expansion on these families.

• If v 2 Cu
(x, � · �) then

||D(f � g)(x)v|| � �
3

||Dg(x)v|| � �
3

· l · ||v||.

• If v 2 Ccs
(x, �) then

||D(f � g)�1

(x)v|| � L�1||Df�1

(x)v|| > L�1 · µ�1

2

||v||.

• If v 2 Ccu
(x, � · �) then

||D(f � g)(x)v|| � �
2

||Dg(x)v|| � �
2

· l · ||v||.
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• If v 2 Cs
(x, �) then

||D(f � g)�1

(x)v|| � L�1||Df�1

(x)v|| > L�1 · µ�1

1

||v||.

Furthermore

0 < L · µ
1

< l · �
2

 L · µ
2

< l · �
3

.

and

L · µ
1

< 1 , l · �
3

> 1,

so that f � g is absolutely partially hyperbolic as we claimed.

3.4 Ergodicity of the pathological example

To prove that the pathological example constructed in section 3.3 has zero cen-
ter Lyapunov exponent almost everywhere we didn’t use ergodicity as observed in
remark 3.3.3 but in fact we can easily prove that the example is ergodic using a
Hopf argument for the unstable and center-stable foliations.

The first observation is the following lemma.

Lemma 3.4.1. Let f 2 PH2

m(T3

) be a DA with linearization A such that �c
A < 0.

Assume that the center stable foliation of f is absolutely continuous. Then fn is

ergodic for every n 2 Z.

Proof. Assume f is not ergodic. Then by Theorem 2.1.6 there is h : T3 ! T3

homeomorphism maping strong leaves to strong leaves and conjugating f and A.

Consider ' any continuous function of T3.

Consider two points x, y 2 T3 in the same center manifold of f . Then h(x) and

h(y) are in the same center manifold of A. Since h is a homeomophism h(x) and

h(y) are different and, since the center manifold is contracting, they have the same
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forward Birkhoff limit for the continuous function ' � h�1 with respect to A, that is

(' � h�1

)A,+(h(x)) = lim

n!+1

1

n

n�1

X

i=0

' � h�1

(Ai
(h(x))) (3.9)

= lim

n!+1

1

n

n�1

X

i=0

' � h�1

(Ai
(h(y))) = (' � h�1

)A,+(h(y)). (3.10)

By conjugacy we have h�1 � Ai � h = f thus

(' � h�1

)f,+(x) = (' � h�1

)f,+(y).

Since the same happens for the stable manifold, i.e, two points in the same stable

manifold have the same forward Birkhoff average, then every two points in the same

center-stable manifold have the same 'f,+.

Let A be the set of points x for which 'f,+(x) = 'f,�(x). By Birkhoff’s theorem,

m(A) = 1. By absolute continuity of the stable foliation for almost every x we have

that A \ F cs
f (x) has total measure in the leaf. Every point x 2 A \ F cs

f (x) ⇢ A

has the same forward and backward limit which we denote by �. Let Au
(x) be the

u-saturation of A \ F cs
f (x) and set

B = A \ Au
(x).

Then B has full measure and if a 2 B then 'f,�(a) = 'f,�(Fu
(a) \ A) = �, but

'f,�(a) = 'f,+(a) so that for every a 2 B the forward and backward limits are equal

to �.

This implies that f is ergodic contradicting the hypothesis.

Since fn satisfies the same conditions of the theorem for all n � 0 then fn is

ergodic for every integer n.

Corollary 3.4.2. Let f 2 PH1
m (T3

) be the example constructed in Theorem E.

Then f is ergodic.

Proof. By the construction of the example we know that for any x 2 T3, F cs
f (x) =
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F cs
A (x), which is a foliation by parallel planes, thus absolutely continuous. Then by

Lemma 3.4.1 f is ergodic.

Question 3.4.3. Is f essentially accessible? Is f Kolmogorov?

Although we expect the answer to be positive, we could not solve these questions
which remain open.



Chapter

4

Atomic disintegration for DA

diffeomorphisms

Let (M,µ,B) be a probability space, where M is a compact metric space, µ is
a probability measure and B is the Borelian �-algebra. Given a partition P of M
by measurable subsets, the quotient space can be equipped with a natural measure
and in general it may be a singular measure space, i.e the measurable subsets have
just measure zero or one. For example, this is the case for the partition of T2 into
orbits of irrational flow (Kronecker flow). There is an opposite situation which is
the case of measurable partitions. The word measurable here should be understood
as countably generated, as in Definition 2.2.4. In this case, the measure µ can be
disintegrated into probability (conditional) measures. See Section 2.2 for details.
A foliation is a particular case of (not necessarily measurable) partition. It is well
worth recalling that the quotient space of a foliated space may not be Hausdorff.
This is the case in the example of Sullivan [58] where all the leaves are compact
however, their size goes to infinity. Indeed, any foliation with compact leaves is
measurable (see Proposition 2.2.5).

In smooth ergodic theory, one of the natural partitions to be studied is the par-
tition into leaves of invariant foliations of a dynamical system. Some celebrated
examples are the stable and unstable foliations of (uniformly) hyperbolic dynamics.
The partition into global stable or unstable leaves is non-measurable and there are
deep results where techniques are developed to find measurable partitions “subordi-

45
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nate” to the global leaves (see for instance [33]).
Non-measurability “typically” comes with some non trivial topological proper-

ties of the leaves. For instance this is the case of stable and unstable leaves of a
transitive Anosov diffeomorphism. These foliations are minimal, i.e every leaf is
dense. Although the notion of minimality seems to be in the opposite direction to
the measurability, in this chapter we find minimal yet measurable foliations.

The results of this chapter mainly focus on the understanding of disintegration
of volume measure along the central invariant foliation of partially hyperbolic dif-
feomorphisms.

Theorem F. There exists an open subset U of volume preserving partially hyperbolic

diffeomorphisms on T3 such that for any g 2 U the central foliation is minimal yet

measurable (with respect to Lebesgue measure) as a partition.

The proof of the above result is based on a careful study of disintegration of
Lebesgue measure along the central foliation of diffeomorphisms in U which were
constructed in [44] (see Chapter 3). We consider the example of the above theorem
as a nice application of a dynamical systems argument to topological and geometrical
measure theoretic properties of foliations.

In fact Theorem F is a consequence of the construction made in Chapter 3
together with two general results (Theorem B and Theorem D) on the disintegration
of Lebesgue measure along the central foliation of ergodic Derived from Anosov
diffeomorphisms on T3 which we restate below.

Theorem B. ( [45]) Let f 2 PH2

m(T3

) be an ergodic DA diffeomorphism on T3.

If the volume measure m has atomic disintegration on the center leaves, then the

disintegration is mono-atomic.

In principle the disintegration of the Lebesgue measure along central foliation
of a DA diffeomorphism can be non-atomic even if it is singular with respect to
Lebesgue (see [60]). This makes the study of Derived from Anosov (even Anosov,
seen as partially hyperbolic systems) diffeomorphisms interesting from the point of
view of geometric measure theory.

Another relevant comment is that for a general partially hyperbolic diffeomor-
phism (not Derived from Anosov), atomic disintegration along central foliation does
not imply mono-atomicity. There exist partially hyperbolic diffeomorphisms where
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the disintegration of Lebesgue measure is atomic with finite (strictly larger than
one) atoms. There are also systems with conditional measures with infinitely many
atoms. See section 4.1 for some examples and discussion.

In the proof of Theorem F we take advantage of the fact that the sign of the
central Lyapunov exponent for any f 2 U is opposite to the sign of the central
Lyapunov exponent of its linearization (see section 2.1 for definition) f⇤. Then, the
following Theorem concludes the proof of Theorem F.

Theorem D. ( [45]) Let f 2 PH2

m(T3

) be homotopic to an Anosov linear automor-

phism A : T3 ! T3. If

�c
f (x)�

c
A < 0,

for Lebesgue almost every point x 2 T3, then volume has atomic disintegration on

F c
f , in fact the disintegration is mono-atomic.

Remark 4.0.4. It is worth to note that the previous theorem gives complete in-

formation of the disintegration of volume along center foliation having only the in-

formation of opposite signs of the center exponent of f and A. That is, alone the

opposite asymptotic behavior of the center foliations of f and A implies atomicity

and at the same time minimality of this foliation.

4.1 Disintegration of volume along invariant folia-

tions

Let f be a partially hyperbolic diffeomorphism with

TM = Es � Ec � Eu.

It is well known that the stable and the unstable foliations of f are absolutely
continuous (see section 2.2). Absolute continuity of stable and unstable foliations
imply that a set of full volume on M must intersect almost every leaf of F s (or Fu)
in a set of full Lebesgue measure of the leaf. Although the absolute continuity of F s

and Fu are mandatory for a (general) C2 partially hyperbolic diffeomorphism, this
is not the case for the center foliation F c (it is not even true that there will exist such
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a foliation, but by [7] and [8] for all absolutely partially hyperbolic diffeomorphisms
of T3 the center foliation exists as discussed in section 2.1). The center foliation
might not be absolutely continuous, at least this is not expected to happen for
diffeomorphisms which preserve volume in general (see [56], [27], [18], [57], [4]). For
many examples (some of them described below) the center foliation has atomic
disintegration. For a general partially hyperbolic diffeomorphism the geometric
structure of the support of the conditional disintegrated measures is not clear.

There exist essentially three known categories of partially hyperbolic diffeomor-
phisms on three-dimensional manifolds (see conjecture of Pujals in [6] and new
results of Hammerlindl-Potrie [21] for a better discussion), roughly speaking they
are:

• DA diffeomorphisms (see Definition 2.1.2);

• skew-product-type partially hyperbolic diffeomorphisms, and

• perturbations of time-one maps of Anosov flows.

We will briefly describe some disintegration results obtained for these three
classes.

4.1.1 Disintegration of volume along center foliation

Let B := A ⇥ Id where A :=

✓

2 1

1 1

◆

. Then arbitrarily close to B : T3 ! T3

there is an open set of partially hyperbolic diffeomorphisms g such that g is ergodic
and there is an equivariant fibration ⇡ : T3 ! T2 such that the fibers are circles,
⇡ �g = B �⇡. Moreover g has positive central Lyapunov exponent, hence the central
foliation is not absolutely continuous. In Ruelle and Wilkinson’s paper [55], we see
that there exist S ⇢ T3 of full volume and k 2 N such that S meets every leaf in
exactly k points. In Shub and Wilkinson’s example [57] the fibers of the fibration
are invariant under the action of a finite non-trivial group and consequently in their
example the number of atoms cannot be one.

For the perturbation of a time-one map of the geodesic flow on a closed negatively
curved surface (which is an Anosov flow), it was shown by A. Avila, M. Viana and A.
Wilkinson [3] that F c either has atomic disintegration or is absolutely continuous.
We emphasize that the key property for the diffeomorphisms near time-one maps of
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Anosov flows is that they are partially hyperbolic and with all center leaves fixed by
the dynamics. This implies that in the atomic case, the disintegrated measures do
have countably (infinitely) many atoms. Indeed, if f is such a partially hyperbolic
diffeomorphism f(F c

(x)) = F c
(x) and for any atom a, fn

(a), n 2 Z are atoms of
the disintegration of volume along unbounded leaves of F c.

For a large class of skew-product diffeomorphisms, Avila-Viana and Wilkinson
announced that they can prove an analogous result, i.e atomicity versus absolute
continuity.

It is interesting to emphasize that (conservative) Derived from Anosov (DA) dif-
feomorphisms on T3 show a feature that is not shared with any other known partially
hyperbolic diffeomorphisms in dimension three, they admit all three disintegration
of volume on the center leaf, namely: Lebesgue, atomic, and, by a recent result of R.
Varão [60], they can also have a disintegration which is neither Lebesgue nor atomic.
More precisely, R. Varão [60] showed that there exist Anosov diffeomorphisms with
non-absolutely continuous center foliation which do not have atomic disintegration.

Here we show a new behavior for DA diffeomorphisms (which are not Anosov) on
T3, that is the existence of mono-atomic disintegration (Theorem D). This behavior
can be verified for an open class of diffeomorphisms found by Ponce-Tahzibi in [44].

We mention that the examples of non-absolutely continuous weak foliation of
Anosov diffeomorphisms was known by Saghin-Xia [56] and A. Gogolev [18]. Baraviera-
Bonatti [4] also exhibited non-absolutely continuous central foliation for partially
hyperbolic diffeomorphisms close to Anosov geodesic flows. We are introducing
examples of non-Anosov diffeomorphisms with non-absolutely continuous central
foliation and prove atomic disintegration. The novelty in our example is that, the
sign of central Lyapunov exponent of a partially hyperbolic diffeomorphism is op-
posite to the sign of central Lyapunov exponent of its linearization. It is not known
whether the disintegration of the Lebesgue measure can be atomic in the case of
Anosov diffeomorphisms.

4.1.2 Comments on the results of this chapter

The diffeomorphisms in U are constructed homotopic to Anosov linear diffeo-
morphisms on T3. By a result of A. Hammerlindl [19], partially hyperbolic diffeo-
morphisms on T3 are leaf-conjugated to their linearization and hence the central
foliation of any g 2 U is minimal.
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As we mentioned before, any g 2 U satisfies the hypothesis of Theorem D and
consequently the disintegration of Lebesgue measure along the central foliation is
mono-atomic. The mono-atomicity implies that the partition into central leaves is
equivalent to the partition into single points and hence it is measurable. So, we get
minimal and measurable foliation.

We remark that the technical part of the proof of Theorem D is similar to the
arguments of [55].

For the arguments we use in this chapter the one-dimensional center hypothesis
is essential. Indeed, for the two-dimensional center case the disintegration of the
volume measure is not well understood.

Question 4.1.1. Let f : T4 ! T4 be a C2 volume-preserving partially hyperbolic

diffeomorphism with dim(Ec
) = 2. What are the possibilities for the disintegration

of m along the center leaves?

4.2 Proof of Theorem B

Let f be a partially hyperbolic DA diffeomorphism, then by Franks and Manning
(see section 2.1.1) we know that f is semi-conjugated to its linearization by a map
h : T3 ! T3, h � f = A � h. It follows from [59] (see section 2.1.1) that F c

(A) =

h(F c
(f)). Moreover, there exists a constant K 2 R such that if ˜h : R3 ! R3 denotes

the lift of h to R3 we have k˜h(x)� xk  K for all x 2 R3.

Definition 4.2.1. A foliation F defined on a Riemannian manifold M is quasi-

isometric if the lift eF of F to the universal cover of M has the following property:

There exist positive constants Q,Q
0 such that for all x, y in a common leaf of eF we

have

d eF(x, y)  Q||x� y||+Q
0
,

where d eF denotes the Riemannian metric on eF and kx � yk is the distance on the

universal cover.

Remark 4.2.2. The leaves of foliations under consideration are C1 and tangent to

a continuous subbundle and consequently after a change of constants we can assume

Q
0
= 0 in the above definition.
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For absolutely partially hyperbolic diffeomorphisms on T3 the stable, unstable
and central foliations are quasi-isometric in the universal covering R3 [8, 19]. First
we prove Theorem B.

Proof of Theorem B. Let h : T3 ! T3 be the semi-conjugacy between f and its

linearization A, hence h � f = A � h. We can assume that A has two eigenvalues

larger than one, otherwise we work with f�1.

Let {Ri} be a Markov partition for A, and define ˆRi := h�1

(Ri). We claim that

m

 

[

i

int

ˆRi

!

= 1. (4.1)

First look at the center direction of A. For simplicity we consider the center

direction as a vertical foliation. This means that the rectangle Ri has two types of

boundaries, the one coming from the extremes of the center foliation and the lateral

ones. We call @cRi the boundary coming from these extremes of the center foliation,

i.e

@cRi =

[

x2R
i

@(F c
x \Ri).

Since h takes center leaves to center leaves, we conclude that the respective boundary

for the ˆRi sets is @c ˆRi = h�1

(@cRi), and since
S

i @cRi is an A-invariant set,
S

i @c
ˆRi

is a forward f -invariant set. By the ergodicity of f it follows that
S

i @c
ˆRi has zero

or full measure. Since the volume of the interior cannot be zero, then the volume of
S

i @c
ˆRi cannot be one. Therefore it has zero measure. Since f is dynamicaly coher-

ent and h sends each of the invariant foliations (center-stable and center-unstable)

to the respective invariant foliations of A, that implies that the lateral boundaries

of the ˆRi are inside a finite number of center-stable and center-unstable leaves of f ,

hence they also have zero volume. We have avoided the boundary points as there

may exist ambiguity to which element of partition these points belong.

By (4.1) we can consider the partition ˆP = {F c
R(x) : x 2 ˆRi for some i} where

F c
R(x) denotes the connected component of F c

f (x) \ ˆR(x) which contains x in its

interior. Thus we can consider the Rokhlin disintegration of volume on the partition
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ˆP . Denote this system of measures by {mx}, so that each mx is supported in F c
f (x).

Lemma 4.2.3. There is a natural number ↵
0

2 N, such that for almost every point

x, F c
R(x) contains exactly ↵

0

atoms.

Proof. The semi-conjugacy h sends center leaves of f to center leaves of A. Also,

the points of the interior of the ˆRi satisfy that f(F c
R(x)) � F c

R(f(x)), which just

comes from the Markov property of the rectangles Ri. We claim that

f⇤mx  mf(x)

on F c
R(f(x)).

In fact, since f preserves volume if we normalize the measures f⇤mx on f(F c
R(x))\

F c
R(f(x)) they become a disintegration of volume on f(F c

R(x)) \ F c
R(f(x)), but

mf(x) are also a disintegration of volume on f(F c
R(x)) \ F c

R(f(x)). Hence, f⇤mx =

f⇤mx(f(F c
R(x))\F c

R(f(x)))mf(x). And because the normalization constant f⇤mx(f(F c
R(x))\

F c
R(f(x))) is smaller or equal to one we get the above inequality.

Given any � � 0 consider the set A� = {x 2 T3 | mx({x}) > �}, that is, the set

of atoms with weight at least �. If x 2 A� then

� < mx({x}) = f⇤mx({f(x)})  mf(x)({f(x)}).

Thus f(A�) ⇢ A�, and by the ergodicity of f we have that m(A�) is zero or one,

for each � � 0. Note that m(A
0

) = 1 and m(A
1

) = 0. Let �
0

be the critical point

for which m(A�) changes value, i.e, �
0

= sup{� : m(A�) = 1}. This means that all

the atoms have weight �
0

. And due to the assumption of atomic disintegration, the

value of �
0

has to be a strictly positive number. Since mx is a probability we have

an ↵
0

:= 1/�
0

number of atoms as claimed.

Lemma 4.2.4. There are only finitely many atoms on almost every center leaf.

Proof. Suppose we have infinitely many atoms on each center leaf. Let � 2 R be a

large number (for instance much bigger than KQ where K is the distance between h
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and the identity map and Q is the quasi isometric constant in the definition 4.2.1).

Since we have a finite number of ˆRi, from the previous Lemma, we know that there is

a number ⌧ 2 R for which every center segment of size smaller then � must contain

at most ⌧ atoms. But, since on each center leaf there are infinity many atoms, take

a segment of leaf big enough so that it contains more then ⌧ atoms. Iterate this

segment backwards and it will eventually be smaller than � but containing more

than ⌧ atoms. Indeed,

h � f�n
= A�n � h

kh(f�n
(x))� h(f�n

(y))k = kA�n
(h(x))� A�n

(h(y))k

 e�n�wu

(A)kh(x)� h(y)k

As h is at a distance K to identity we have

kf�n
(x)� f�n

(y)k  e�n�wu

(A)kh(x)� h(y)k+K  �

Q

So, finally by quasi isometric property

dc(f
�n

(x), f�n
(y))  �.

The contradiction above implies that the number of atoms can not be infinite and

now we proceed as in the previous case.

Lemma 4.2.1. The disintegration of the Lebesgue measure along the central leaves

is mono-atomic, i.e there is just one atom per leaf.

Proof. We have a finite number of atoms on each center leaf and since the center

foliation is an oriented foliation we may talk about the first atom. If the function

f preserves orientation along the center direction then the set of first atoms of all

generic leaves is an invariant set with positive measure, therefore it has full measure.

If f reverses orientation, then the set of first and last atoms of all generic leaves is

an invariant set with positive measure, therefore it has full measure. This means

that almost every leaf has exactly one atom or almost every leaf has exactly two
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atoms.

Assume that almost every center leaf has exactly two atoms. Since the set of

first atoms is invariant by f 2 then f 2 is not ergodic. By Theorem 2.1.6 there exist

a homeomorphism h : T3 ! T3 mapping center (stable, unstable) leaves of f 2

onto center (stable, unstable) leaves of A2 and conjugating f 2 and its linearization

A2

: T3 ! T3, that is

A2 � h = h � f 2.

It is well known that if we require h to be homotopic to identity then such

conjugacy is unique. Thus the homeomorphism h also conjugates f and A,

A � h = h � f.

Consider Ak the set of points x such that the distance between two atoms on

the central leaf passing through x is less than k. for large k the measure of Ak

is positive and almost every point of Ak returns to it infinitely many time. Take

such x 2 Ak and a, b 2 F c
(x) the two atoms of the disintegration. By invariance

fn
i

(a), fn
i

(b) are atoms on F c
(fn

i

(x)). Taking fn
i

(x) 2 Ak, on the one hand we

have that d(fn
i

(a), fn
i

(b))  k. On the other hand

d(An
i

(h(a)), An
i

(h(b))) = d(h(fn
i

(a)), h(fn
i

(b))).

As h is injective and the left hand side of the above equation goes to infinity, we get

a contradiction.

The above Lemma concludes the proof of the Theorem B.

Question 4.2.5. Is there any ergodic invariant measure µ with atomic disintegration

and having more than one atom on leaves?

We note once again that since the work of Ponce-Tahzibi [44] (see chapter 3)
assures that the set of DA satisfying the hypothesis of the next theorem is non-
empty, we prove that these diffeomorphisms have atomic disintegration.
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4.3 A Glimpse of Pesin Theory

Before presenting the proof of Theorem D, we recall some basic notions of Pesin
theory. Let f : T3 ! T3 a partially hyperbolic diffeomorphism with splitting

TM = Es � Ec � Eu.

Call ⇤ the set of regular points (see [62], [5]) of f , that is, the set of points x 2 T3

for which in particular the Lyapunov exponents are well defined. Then, for each
x 2 ⇤ we define the Pesin-stable manifold of f at x as the set

W s
(x) =

⇢

y : lim sup

n!1

1

n
log d(fn

(x), fn
(y)) < 0

�

.

The Pesin-stable manifold is an immersed sub manifold of T3. Similarly we define
the Pesin-unstable manifold at x, W u

(x), using f�1 instead of f in the definition.

It is clear that for a partially hyperbolic diffeomorphism W s
(x) contains the

stable leaf F s
(x). In Theorem D we can assume that the central Lyapunov exponent

of f is negative (otherwise we work with f�1) and consequently the Pesin-stable
manifolds of f are two-dimensional. By Wc

(x) we denote the intersection of the
Pesin stable manifold W s

(x) of x with the center leaf F c
f (x) of x. These manifolds

depend only measurably on the base point x, as it is proved in Pesin theory. However,
there is a filtration of the set of regular points by Pesin blocks: ⇤ =

S

l2N ⇤l such
that each ⇤l is a closed (not necessarily invariant) subset and x ! Wc

(x) varies
continuously on each ⇤l (see [5] for more properties and structure of these sets).

A key property used in the proof of Theorem D is the uniform contraction locally
around points in a Pesin block:

Lemma 4.3.1. (see chapter 7 of [5]) There exists C > 0,� < 1 and rl > 0 such

that for any x 2 ⇤l (Pesin block)

d(fn
(x), fn

(y))  C�nd(x, y)

for any y 2 W s
r
l

(x). Here W s stands for the Pesin stable manifold and d is the

induced distance.
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4.4 Proof of Theorems D and F

Proof of Theorem D. First of all, as remarked before, we can assume that the

center Lyapunov exponent of the linearization A is positive and the center Lyapunov

exponent of f is negative for Lebesgue almost every point. To begin, we prove that

the size of the weak stable manifolds Wc
(x) is uniformly bounded from above for x

belonging to the regular set. In particular this enables us to prove that the partition

(mod-0) by Wc
(x) is a measurable partition.

Lemma 4.4.1. The size of {Wc
(x)}{x : �c

(x)<0} is uniformly bounded from above for

x 2 ⇤. More precisely, the image of Wc
(x) by h is a unique point.

Proof. Let ˜f : R3 ! R3 and ˜A : R3 ! R3 denote the lifts of f and A respectively

and ˜h : R3 ! R3 the lift of the semi-conjugacy h between f and A. Consider

� ⇢ fWc
(x), where fWc

(x) is the lift of Wc
(x). Thus, � is inside the intersection of

the center manifold of ˜f and the Pesin-stable manifold of ˜f passing through x.

Let us show that ˜h collapses fWc
(x) to a single point. If we prove that, it clearly

follows (from the bounded distance of h to identity) that, the size of Wc
(x) is

uniformly bounded. Suppose by contradiction that ˜h(�) has more than one point.

By semi-conjugacy ˜h( ˜fn
(�)) =

˜An
(

˜h(�)). As ˜h(�) is a subset of weak unstable

foliation of ˜A for large n the size of ˜An
(

˜h(�)) is large. On the other hand, � is in

the Pesin stable manifold of f and consequently for large n, the size of ˜fn
(�) is very

small. As k˜h � Id k  K we conclude that for large n the size of ˜h( ˜fn
(�)) can not

be very big. This contradiction completes the proof.

Corollary 4.4.2. The family {Wc
(x)}{x : �c

(x)<0} forms a measurable partition.

This corollary uses the same idea of the proof of Proposition 2.2.5. However,

that proposition is proved for continuous foliations and we adapt the proof for the

Pesin measurable lamination.

Proof. First of all we consider a new partition {Wc
(x)} whose elements are the

closure of the elements Wc
(x), that is, Wc

(x) is a bounded length center segment
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together with its extreme points. Since h collapses the manifolds Wc
(x) of f into

points, two different elements Wc
(x) and Wc

(y) cannot have a common endpoint,

so that {Wc
(x)} is indeed a partition with compact elements. Let us prove that it

is indeed a measurable partition.

Let {xj}j2N be a countable dense set of M = T3. For each xj and k, l 2 N

we define Cl(xj, k) to be the union of Wc
(y), y 2 ⇤l such that Wc

(y) intersects the

closed ball B(xj,
1

k
). By continuity of Wc

(·) on ⇤l we conclude that Cl(xj, k) is closed

and consequently measurable. Indeed, if yn 2 Cl(xj, k) converges to y then y 2 ⇤l

and moreover Wc
(y) intersects the closure of B(xj,

1

k
).

Now, we need to separate two weak stable manifolds by means of some Cl(xj, k).

Taking two elements Wc
(a) and Wc

(b) there exists l 2 N such that a, b 2 ⇤l and it is

enough to take small enough k and some xj such that Cl(xj, k) contains Wc
(a) and

not Wc
(b). It is easy to see that for each x 2 ⇤ we have Wc

(x) =
T

k,l,j Cl(xj, k)⇤

where Cl(xj, k)⇤ is either Cl(xj, k) or T3 \ Cl(xj, k).

Now, observe that if y is an extreme point of Wc
(x) then y cannot have negative

center Lyapunov exponent, otherwise it would be in the interior of Wc
(x). So, the set

of extreme points of the elements Wc
(x) is inside the set of points with non negative

center Lyapunov exponent, and therefore it has zero measure. Thus, removing

such points, the measurability of the partition {Wc
(x)} implies the measurability

of {Wc
(x)}, concluding the proof of the corollary.

Lemma 4.4.3. Disintegration of volume on the measurable partition {Wc
(x)} is

atomic.

Proof. Let Wc
(x, r) denote a ball inside Wc

(x) of radius r. By elementary Pesin

theory we know that
S

l�1

⇤l has full Lebesgue measure where ⇤l are Pesin blocks.

Here we use the fact that for x 2 ⇤l the size of Pesin invariant manifolds is bounded

from below by rl > 0. For sufficiently large l we have m(⇤l) > 1/2.

As Wc
(x) is measurable we consider the disintegration of Lebesgue measure

into conditional probability measures mx. Since Wc is f -invariant and f preserves
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volume, Corollary 2.2.3 implies

mf(x) = f⇤mx.

Let us define

J :=

[

m
x

(Wc

(x)\⇤
l

)�1/2

Wc
(x).

It is clear that m(J) > 0. Consider the set B ⇢ J that consists of points that return

to J infinitely many times. By Poincaré recurrence m(B) = m(J). Let F : B ! B

be the first return map of f.

Observe that if x 2 B and F (x) = fn
(x) then mfn

(x)(Wc
(fn

(x)) \ ⇤l) � 1/2.

By invariance of Wc we have fn
(Wc

(x)) = Wc
(fn

(x)). Using the definition of J ,

F (y) = fn
(y) for any y 2 Wc

(x) and consequently F (Wc
(x)) = Wc

(F (x)). As F

preserves volume, Corollary 2.2.3 implies F⇤mx = mF (x).

As the size of Wc
(x) is bounded from above for almost all x, we can take k such

that every Wc
(x) can be covered by at most k balls of radius rl/2. So for all x 2 B

we can choose a ball Bc
x of radius rl/2 such that mx(Bc

x) � 1

2k
and Bc

x \ ⇤l 6= ;.
Now let Bc

n,x = F n
(Bc

F�n

(x)) and observe that mx(Bc
n,x) = mF�n

(x)(Bc
F�n

(x)) �
1

2k
. As the size of the stable manifold of x 2 ⇤l is larger than rl we conclude that

Bc
n,x is completely inside the Pesin stable manifold and consequently the diameter

of Bc
n,x goes to zero with an uniform rate due to Lemma 4.3.1.

We have proved that for all x 2 B there is a sequence of sets whose diameters

decrease uniformly and these sets have mx-measure uniformly positive. By taking

a subsequence if necessary we can assume that these sets accumulate on a point.

Then, any neighborhood of such point has positive measure uniformly bounded from

below, this implies that this point is an atom. Since the set of atoms is an invariant

set with positive volume, the ergodicity of f implies that this set has full volume,

hence mx is a sum of Dirac measures.

Since the previous lemma gives us atomicity, we can apply Theorem B to get

one atom per leaf.
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Finally let us use Theorems D and Theorem C (which we proved in chapter 3)
to complete the proof of Theorem F.

Proof of Theorem F. By Theorem C there exists an open set U such that any g 2
U is volume preserving partially hyperbolic with Anosov linearization g⇤ satisfying

the following property: The central Lyapunov exponent of g is negative but the

central bundle of g⇤ is expanding. So, g satisfies the hypothesis of Theorem D and

consequently there is a subset of full Lebesgue measure which intersects almost all

center leaves in a unique point. This means that the partition into central leaves is

measure theoretically equivalent to the partition into single points of T3. This implies

measurability of the foliation. The minimality of the central foliation follows from

the minimality of central foliation of g⇤ and the leaf conjugacy between g and g⇤, as

we commented in Section 2.1.

Remark 4.4.4. We remark that all the examples of atomic disintegration known

before had compact or at least bounded leaves. The famous paradoxical example given

by Katok [37], is a foliation of N = (0, 1)⇥ [0, 1] by bounded pieces of analytic curves

which intersects a full measure subset of N in exactly one point. Our example shows

a higher degree of pathology since each leaf is dense in the whole manifold M = T3

but still it intersects a full measure set in exactly one point.



60 Chapter 4. Atomic disintegration for DA diffeomorphisms



Chapter

5

Bernoulli property for DA

diffeomorphisms on T3

In section 2.3 we briefly contextualized the Bernoulli and the Kolmogorov prop-
erties as ergodic hierarchy classes of dynamical systems. Before going to the results
we give a small historical context of the relationship between the equivalence of these
two properties and the theory of smooth dynamical systems. We refer to [42] for a
more complete account of how the theory has developed.

Bernoulli shifts are easy to define and constitute the most chaotic class of measure
preserving transformations. One of the questions which interested ergodic theorists
in the past was the classification of such systems. The first step in this direction
was given by Kolmogorov [32] when he proved that not all Bernoulli shifts were
equivalent. However, it was only in 1970 that a complete classification of Bernoulli
systems was given by two remarkable works of D. Ornstein [38], [40], who showed
that Bernoulli shifts are completely classified by their entropy. The proof of Orn-
stein’s isomorphism theorem uses a property called finitely determined (which is
equivalent to Very Weak Bernoulli property, see section 5.1) which is derived from
independence. It was observed later that the hyperbolic structure of some smooth
dynamical systems could be used to verify the finitely determined property (or the
Very Weak Bernoulli property) and thus the Bernoulli property.

The chaotic nature of system with hyperbolic structure became more evident
when D. Ornstein and B. Weiss [14] proved that geodesic flows on negatively curved

61



62 Chapter 5. Bernoulli property for DA diffeomorphisms on T3

surfaces were Bernoulli. The method developed in [14] sets the basis used in almost
all the other results proving Bernoulli property from some hyperbolic structure. In
this method, Ornstein and Weiss used in an essential way two properties satisfied
by the geodesic flow: the Kolmogorov property and the absolute continuity of the
unstable and stable foliations. With these two properties, they were able to show
that partitions by elements with smooth boundaries had the property called Very
Weak Bernoulli, which is the key tool to constructed Bernoulli partitions by “ap-
proximation”.

At this point in the history, abstract ergodic theory and smooth ergodic theory
were being quickly developed and the relationships between the structures of the
smooth and the abstract setting were arising. For example, in [14] Ornstein and
Weiss used in an essential way the Kolmogorov property to obtain Bernoulli property
for the geodesic flow. However, the relations between the Kolmogorov and the
Bernoulli property were still a little bit obscure. In the same year D. Ornstein [41]
constructed a Kolmogorov but non Bernoullian automorphism. The automorphism
constructed by D. Ornstein is not a natural one, and has no smooth structure.
It was only in 1982 that S. Kalikow proved that the (T, T�1

)-transformation (see
section 2.3, example 2.3.7) was a Kolmogorov but not a Bernoullian system, and
A. Katok [30] gave the first example of a C1 transformation in a smooth manifold
which is Kolmogorov but not Bernoulli. Katok’s example can be constructed to
be partially hyperbolic. A few years before the examples of Kalikow and Katok,
Y. Pesin [62] showed that for non-uniformly hyperbolic smooth dynamical systems
with non-zero Lyapunov exponents, the Kolmogorov and the Bernoulli property are
equivalent (see section 2.3). The natural question at this point is what happens if
the system admits zero center Lyapunov exponent?

Observe that if one wants to study the possible equivalence of Kolmogorov and
Bernoulli properties for smooth dynamical systems on 3-manifolds this is an essential
question.

Since the equivalence of Kolmogorov and Bernoulli properties is true for Anosov
diffeomorphisms, the class of DA diffeomorphisms would be the natural starting
point to try to extend the equivalence of Kolmogorov and Bernoulli properties. The
presence of a center direction that is not necessarily expanding or contracting as
the other directions, is clearly the main obstruction. Not only this direction has
a different metric behavior, but also it is not necessarily absolutely continuous, as
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are the other directions. On the other hand, for DA diffeomorphism we have the
Franks-Manning semi-conjugacy (see subsection 2.1.1) which allows us to compare
the center behavior of the DA with the center behavior of the linearization for large
subsets of T3.

We recall that all along the thesis we work with absolutely partially hyperbolic
diffeomorphisms only, so that, for the sake of simplicity, we omit the term “abso-
lutely”.

In this chapter we prove that for DA diffeomorphisms in PH2

m(T3

) the Kol-
mogorov and the Bernoulli properties are equivalent.

Theorem A. ( [46]) Let f 2 PH2

m(T3

) be homotopic to a linear Anosov. If f is

Kolmogorov, then f is Bernoulli.

The proof follows the same lines of [14] and [5], thus we made an effort to keep the
same notation and names of some objects (such as rectangles, leafwise intersection,
etc.) that we need to use in the proof.

We remark that the results of this section are true for higher dimensional cases
provided quasi-isometry (see definition 4.2.1) of strong foliations and one dimen-
sional center direction.

Theorem G. Let f 2 PH2

m(Tn
) with one dimensional center bundle, homotopic to

an Anosov automorphism A, and with quasi-isometric strong foliations. Then, if f

is Kolmogorov, f is Bernoulli.

Theorem A answers, for some specific cases, the following question raised by K.
Burns during the problems section at the congress Recent Progress in Dynamics -
2006, held at the Clay Mathematics Institute (see [23] section 11).

Question 5.0.5 ( [23]). Let M be a compact Riemannian manifold and let f : M !
M be a C2 volume-preserving partially hyperbolic diffeomorphism. Assume f is

(essentially) accessible and center bunched. Is f Bernoulli?

As remarked in [23] the expected answer was negative, but all known examples
of Kolmogorov and not Bernoulli diffeomorphisms in the literature are not of this
type. For M = T3 and f with non-compact center leaves we show that the answer
is positive.
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5.1 The Very Weak Benoulli property

Let (X, ⌫) be a Lebesgue space. We will always assume that the measures we
consider are normalized, that is, if A ⇢ X is a measurable subset then by the
measure on A we mean the measure ⌫(A)�1⌫.

Definition 5.1.1. Let ⇠ be a finite partition of X. We say that a property holds for

"-almost every element of ⇠ if the union of those elements for which the property

fails has ⌫-measure at most ".

In order to define what is called a Very Weak Bernoulli (VWB) partition we
need to introduce a metric in the space of finite partitions.

Let ⇠i = {A(i)
1

, ..., A(i)
m } and ⌘i = {B(i)

1

, ..., B(i)
m }, 1  i  n, be two sequences of

partitions of Lebesgue spaces (X, ⌫) and (Y, µ) respectively. We write

{⇠i}n
1

⇠ {⌘i}n
1

if for any 1  ki  m and 1  i  n,

⌫

 

n
\

i=1

A(i)
k
i

!

= µ

 

n
\

i=1

B(i)
k
i

!

.

Definition 5.1.2. We say that the distance between {⇠i}n
1

and {⌘i}n
1

is less or equal

", and denote it by

d({⇠i}n
1

, {⌘i}n
1

)  "

if there exist sequences of partitions ¯⇠i = { ¯A(i)
1

, ..., ¯A(i)
m } and ⌘̄i = { ¯B(i)

1

, ..., ¯B(i)
m } of a

Lebesgue space (Z,�) such that

{⇠i}n
1

⇠ {¯⇠i}n
1

and {⌘i}n
1

⇠ {⌘̄i}n
1

,

and
1

n

n
X

i=1

m
X

j=1

�( ¯A(i)
j 4 ¯B(i)

j )  ".
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Definition 5.1.3. A partition ⇠ of a Lebesgue space (X, ⌫) is called VWB if for any

" > 0 there exists N
0

= N
0

(") such that for any N 0 > N � N
0

, n � 0, and "-almost

every element A 2 WN 0

k=N fk⇠, we have

d({f�i⇠}n
1

, {f�i⇠|A}n
1

)  ".

Let us emphasize that the partition ⇠|A is considered with respect to the normal-

ized measure.

D. Ornstein proved that the VWB property can be used to obtain Bernoulli
property for a system.

Theorem 5.1.4 ( [40]). If ↵ is a VWB partition, then the system (X,
W

+1
�1 f�i↵, µ, f)

is Bernoulli.

Theorem 5.1.5 (see [14], [39]). Let f be an automorphism of a Lebesgue space

(X, ⌫). Take ✏ to be the partition of X by points. Assume that there exists a se-

quence of VWB partitions ⇠
1

 ⇠
2

 ... such that ⇠n ! ✏. Then f is a Bernoulli

automorphism.

Given a sequence of partitions {⇠i}n
1

of a Lebesgue space (X, ⌫), we define the
sequence of integer-valued functions li(x) by the condition x 2 A(i)

l
i

(x). We call the
sequence of functions li(x) the name of the sequence of partitions {⇠i}n

1

.

Definition 5.1.6. We say that a transformation ✓ : X ! Y of Lebesgue spaces

(X, ⌫) and (Y, µ) is "-measure preserving if there exists a set E ⇢ X such that

⌫(E)  " and for every measurable set A ⇢ X \ E,

�

�

�

�

µ(✓(A))

⌫(A)
� 1

�

�

�

�

 ".

Define the function e : N ! {0, 1} by e(0) = 0 and e(n) = 1 for all n > 0.
The following lemma proved by D. Ornstein and B. Weiss in [14] makes a geo-

metric approach possible to prove the Very Weak Bernoulli property.
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Lemma 5.1.7 (Ornstein-Weiss, [14]). Let {⇠i}n
1

and {⌘i}n
1

be two sequences of par-

titions of Lebesgue spaces (X, ⌫) and (Y, µ) with name functions li(x) and mi(x)

respectively. Assume that there exists an "-measure preserving transformation ✓ :

X ! Y , satisfying
1

n

n
X

i=1

e(li(x)�mi(✓(x)))  "

for all x 2 X with possible exception for a set E ⇢ X with ⌫(E)  ". Then

d({⇠i}n
1

, {⌘i}n
1

)  16".

The proof of Theorem A is based on the construction of a function ✓ satisfying the
previous lemma. The approach used in [14] and [62] was to construct ✓ preserving
stable manifolds, so it guarantees that the f -orbits of x and ✓(x) cannot be far from
each other. In our case, due to the presence of the center manifold, it is not possible
to construct ✓ preserving the stable manifold, thus we have to work a little bit with
the semi-conjugacy to obtain good non-divergence along the center for at least large
sets.

5.2 Kolmogorov property

As in [14] and in [62] the following consequence of K-property (see section 2.3)
is used to prove the Bernoulli property.

Lemma 5.2.1 (Ornstein-Weiss, [14]). Let f be a K-automorphism of a Lebesgue

space (Y, µ), ⇠ a finite partition of Y , and B ⇢ Y a measurable set. Given � > 0,

there exists N
0

> 0 such that for any N 0 > N � N
0

and �-almost every element

A 2 WN 0

k=N fk⇠,
�

�

�

�

µ(A \B)

µ(A)
� µ(B)

�

�

�

�

 �.

This lemma allows us to find the desired almost measure-preserving function ✓

(necessary to apply Lemma 5.1.7) just locally and then to extend the function ✓ to
the whole manifold while keeping it almost measure-preserving.
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5.3 Proof of Theorem A

The proof can be divided in a few steps which we list below:

1. Use the Franks-Manning semi-conjugacy to obtain an invariant set of collapsed
arcs C;

2. Prove that either the volume of C is zero or the disintegration is atomic with
1-atom per leaf;

3. We restrict to X = {atoms}, or X = T3 \ C and note that in this set, h is a
bijection, which allow us to take an arbitrarily large compact set where h is
a homeomorphism. This helps us to control divergence of points in the same
center foliation when restricted to X;

4. Construct the partition ↵ that we want to show that is VWB and the “con-
trolling” partition of rectangles;

5. Use Ornstein-Pesin’s method to construct ✓ and restrict this ✓ to the basin of
the volume measure inside a huge compact set;

6. Conclude that the partition is VWB.

Proof of Theorem A.
Let f : T3 ! T3 be a C2 Kolmogorov partially hyperbolic diffeomorphism homotopic
to a linear Anosov diffeomorphism A : T3 ! T3.

Without loss of generality we can assume that the center Lyapunov exponent �c
A

of A is negative: �c
A < 0 (otherwise we work with f�1 which is homotopic to A�1).

Again by results of J. Franks [16] and A. Manning [34], we have a semi-conjugacy
h : T3 ! T3 between A and f that is:

A � h = h � f (5.1)

and that the C0- distance ||˜h � Id || < K is bounded by a finite constant K > 0,
where ˜h : R3 ! R3 is a lift of h. Thus, given any point x

0

2 T3 the set h�1

({x
0

}) is
uniformly bounded inside the center foliation.
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By results of R. Ures [59] we know that h takes center leaves of f to center leaves
of A, and that each set h�1

({x
0

}) is a point or a connected arc of center manifold.
Given a point x 2 T3 define the set c(x) ⇢ F c

(x) by:

c(x) = h�1

({h(x)}).

By the above discussion, the diameter of c(x) is uniformly bounded in x.
Take

C :=

[

y2{x2T3 | c(x) 6={x}}

c(y).

It is easy to see that f(C) = C, for if h(a) = h(b) then by (5.1) we have

h(f(a)) = A(h(a)) = A(h(b)) = h(f(b)),

and if h(a) 6= h(b) then by (5.1) we have

h(f(a)) = A(h(a)) 6= A(h(b)) = h(f(b)).

By ergodicity of f it follows that C has either full or zero volume.

Lemma 5.3.1. If m(C) = 1 then the partition {c(x) : x 2 C} of T3 by collapsed

arcs of center manifolds is a measurable partition.

Proof. Consider {Bi}i2N a countable basis of open sets on T3. Then, we know that

each point x
0

2 T3 can be written as an intersection

{x
0

} =

\

B⇤
i ,

where B⇤
i = Bi or Bc

i . Thus,

h�1

({x
0

}) =
\

h�1

(B⇤
i ).

Since h is continuous, h�1

(B⇤
i ) is Lebesgue measurable (since it is an open or a

closed set). The countable family {h�1

(B⇤
i )} separates the sets h�1

({x
0

}). Thus C
is a measurable partition.
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Even though the proof of the next lemma is simple, we remark that it is the key
lemma to start the proof of the equivalence of Kolmogorov and Bernoulli properties
in our setting. As we discussed before, an understanding of the behavior of volume
measure along the center foliation is necessary. The next lemma relates the set
of collapsed pieces with mono-atomicity of volume measure along center leaves.
Intuitively speaking, it says that if h is very good (the set of collapsed pieces has
measure zero) then, for arbitrarily large compact sets we can control the distance of
orbits of two points inside the same stable direction just comparing with the linear
diffeomorphism. On the other hand, if h is very bad (the set of collapsed pieces has
full volume) then each center leaf can be seen as just one point! Thus, the direction
of non-hyperbolic behavior (the center direction) does not disturbe the Bernoulli
behavior generated by the hyperbolic directions, and this implies that f is indeed
Bernoulli.

Lemma 5.3.2 (Key Lemma). If

m(C) = 1

then the disintegration along the center foliation is atomic with one atom per leaf.

Proof. By contradiction suppose that C has full volume measure and the disintegra-

tion is not atomic. Since f and f 2 are Kolmogorov (in particular ergodic), we can

assume without loss of generality that f preserves the orientation of F c (otherwise

we work with f 2).

The segments from the family C form a measurable partition by Lemma 5.3.1.

Let {mc(x)}c(x)2C be the Rokhlin disintegration of volume on the partition C, since

F c
f is not atomic, these conditional measures are not atomic on the leaf segment

c(x). Since the center foliation is orientable and f preserves the orientation of F c,

consider the following set H↵ = {y : [0x, y] ⇢ c(x) | mc(x)([0x, y])  ↵}, where [0x, y]

is the segment from the inferior extreme 0x of c(x) to y. Because volume measure

is invariant and

f(c(x)) = c(f(x)),
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these conditional measures are invariant by f , i.e.,

f⇤mc(x) = mc(f(x)),

hence H↵ is an invariant set. Notice that m(H↵)  ↵ and because we assume non-

atomicity there must be an ↵ 2 (0, 1) for which 0 < m(H↵)  ↵. By ergodicity we

would have ↵ � m(H↵) = 1, absurd.

Thus, the disintegration is indeed atomic, and by Theorem B we conclude that

we have exactly one atom per (global) leaf.

Remark 5.3.3. We remark that in the atomic case, even though each center leaf

can be in a measure sense represented by one point, the situation is not the same as

a 1-point extension of a Bernoulli transformation. This is because the leaves of the

center foliation are non-compact, so we don’t know exactly what is the space T3/F c,

thus we cannot talk about a Bernoulli dynamics in a certain basis.

Definition 5.3.4. If m(C) = 0 define

X := T3 \ C.

Otherwise, define

X = set of atoms.

5.3.1 Partition by rectangles

Take ✏ to be the partition of T3 by points. Let ↵ be a partition of T3 by
measurable sets such that the boundary of any element in ↵ is piecewise smooth
and such that each atom D 2 ↵ is an open set with boundary of zero measure. It is
easy to construct such a partition on the 3-torus.

We will prove that ↵ is VWB. Then we will take a sequence of such partitions
↵n with: ↵

1

 ↵
2

 ... such that ↵n ! ✏, concluding that f is indeed Bernoulli by
Theorems 5.1.4 and 5.1.5.

In order to do so, we follow the lines of Ornstein-Weiss [14] and Pesin [62] and
we shall consider some specific partitions with dynamical meaning which will help
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us to control the behavior of f i↵, i 2 N.
Given two points y and z close enough to each other, we know that F cs

(y)

and Fu
(z) will intersect each other and that the intersection is, locally, a single

point. We denote this point by [y, z]. Sometimes along this section we also write
W cs

(y) \W u
(z) to mean the point [y, z].

Definition 5.3.5. A measurable set ⇧ is called a �-rectangle at a point w if ⇧ ⇢
B(w, �) and for any y, z 2 ⇧ the local intersection belongs to ⇧, that is

[y, z] 2 ⇧.

The definition of rectangle here and in [62] is basically the same, the only differ-
ence being that in Pesin’s case the measure is hyperbolic, so he works with stable
foliation and we replace it by center-stable foliation. Also, since Pesin deals with
non-hyperbolicity, he needs to work inside regular level sets (see [5] for definition),
while do not need to do such restrictions here since we are working with absolutely
partially hyperbolic diffeomorphisms.

Definition 5.3.6. Let x 2 T3. The su-pseudoleaf at the point x is the set

F su
(x) =

[

y2Fs

(x)

Fu
(x).

Analogously, define the su-local pseudoleaf at x as

F su
loc

(x) =
[

y2Fs

loc

(x)

Fu
loc

(x).

The lift of a su-pseudo leaf at a point x is a properly embedded topological
hyperplane by Proposition 2.8 of [20], thus F su

(x) is locally an embedded topological
manifold.

Lemma 5.3.7. For any sufficiently small � > 0, and any x 2 T3 there is an open

�-rectangle Rx containing x.

Proof. Given x 2 T3 and � > 0. We can take �
2

> 0 small enough such that for any

y 2 B(x, �
2

) we have [x, y], [y, x] 2 B(x, �). Now take {a, b} be the endpoints of the
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connected component of Fu
(x) \ B(x, �

2

) containing x.

Similarly, take {c, d} to be the endpoints of the connected component of F s
(x)\

B(x, �
2

) containing x. Now, consider the region R containing x, delimited by the

leaves F cs
loc

(a),F cs
loc

(b), F cu
loc

(c) and F cu
loc

(d).

Figure 5.1: The “interior” region R can be closed in a bounded region by adding

two pseudoleaves to this figure.

To close this region in a rectangle format we need to add two “faces”. Take

p, q 2 F cs
loc

(a) \ B(x, �) and q 2 F c
(p). Consider the pseudoleaves F su

loc

(p) and

F su
loc

(q). These two pseudoleaves delimit a bounded open region R inside R, and by

a good choice of q we can assume that x 2 R. By taking p, q close enough to x we

have that the diameter of R is smaller then � and it is easy to see that R is indeed

a rectangle.

Lemma 5.3.8. Given any � > 0, one can find disjoint �-rectangles ⇧
1

, . . . ,⇧m each

of them having dense interior and such that

m

 

T3 \
m
[

i=1

⇧i

!

= 0.

Proof. First of all, for each x 2 T3 we construct a � -rectangle Rx, as done in Lemma

5.3.7 (that is, four faces are cs and cu leaves, and two faces are su-pseudoleaves)
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containing x such that Rx is open. Since T3 is compact we can take a finite number

of these open rectangles {R
1

, ..., Rk} covering all the space.

Now, as done in [5], if Ri \Rj is not empty, we can write this intersection as the

union of five disjoint rectangles. Given y 2 Ri \Rj, denote by V u
(y) the connected

component of Fu
(y) \ (Ri [ Rj) containing y. If Ri \ Rj 6= ; we can write Ri [ Rj

as the union of:

⇧

1

:= Ri \Rj,⇧2

= Ri \ ˜R,⇧
3

= Rj \ ˜R,

⇧

4

= (

˜R \Ri) \ ⇧1

and ⇧
5

= (

˜R \Rj) \ ⇧1

,

where ˜R =

S

y2R
i

\R
j

Vu
(y). The proof that ⇧i is a rectangle for 1  i  5 is identical

to the one in Lemma 9.5.6 of [5].

It is easy to see that if ⇧l is not an open set for some l = 2, ..., 5 then we can take

int(⇧l) which is an open rectangle. Also, it is not hard to prove that m(@⇧l) = 0 for

l = 1, 2, 3, 4, 5, because the boundaries are all small pieces of topological manifolds of

dimension two. That is, {⇧
1

, int(P
2

), int(P
3

), int(P
4

), int(P
5

)} are disjoint rectangles

whose union is equal to Ri[Rj modulo a zero measure set. This concludes the proof

of the lemma.

Remark 5.3.9. In [62], Pesin didn’t need to worry about the interior of the chosen

rectangles, but in our case this subtle choice is crucial to overcome a possible absence

of absolute continuity of the center foliation.

Definition 5.3.10. We say that a measurable set A intersects a rectangle ⇧, leafwise

if

Fu
(w) \ ⇧ ⇢ A \ ⇧, for any w 2 A \ ⇧.

Lemma 5.3.11. If E is a set intersecting a rectangle ⇧ leafwise then the intersection

E \ ⇧ is a rectangle.

Proof. Let x, y 2 E \ ⇧ and set z = W u
(x) \ W cs

(y). Since x, y 2 ⇧ and ⇧ is a

rectangle we have z 2 ⇧. Now, because the intersection is leafwise we have

z 2 Fu
(x) \ ⇧ ⇢ Fu

(x) \ E.
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Lemma 5.3.12. If C is the set of segments of center manifolds that collapses under

h, then given any point x 2 T3 \ C we have that

Fu
(x) ⇢ T3 \ C.

In particular, given any rectangle ⇧, if X = T3 \ C then X intersects ⇧ leafwise.

Proof. Let x 2 T3 \ C and assume that we can find y 2 Fu
(x) \ C. Then, there

exists a closed segment � ⇢ F c
(y) with y 2 � and � ⇢ C. Take any w 2 � \ {y} and

consider z = W u
(w) \W c

(x).

Since we assumed that the center Lyapunov exponent of the linearization A of f

is positive, the semi-conjugacy h sends strong unstable leaves of f to unstable leaves

of A. Note that stable leaves of f are not necessarily mapped to stable leaves of A.

If h(y) = h(w), then

Fu
(h(x)) = Fu

(h(y)) = Fu
(h(w)) = Fu

(h(z)).

Thus we conclude that h(z) 2 Fu
(h(x)) \ F c

(h(x)). Since W u
(h(x)) \W c

(h(x)) =

{h(x)} we can take z close enough to y and then we have h(x) = h(z), contradicting

the hypothesis that x /2 C.

Lemma 5.3.13. Given a rectangle ⇧ and � > 0, one can find N
1

> 0 such that for

any N 0 � N � N
1

and �-almost every element A 2 WN 0

N fk↵, there exists a subset

E ⇢ A, intersecting ⇧ leafwise, for which:

m(E)

m(A)
� 1� �;

and E has non-empty interior .

Proof. The argument here is equal to Pesin’s argument to prove Lemma 9.5.8 from

[5], but since we want to prove non-empty interior (which is not pointed out in
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Pesin’s proof) we repeat the argument. Given an element D 2 ↵ and k > 0, denote

by Bk
D ⇢ fk

(D) the subset that intersects ⇧ leafwise.

Consider any point x 2 (f�k
(⇧)\f�k

(Bk
D))\D. Then we have for some constants

C > 0 and 0 < a < 1:

d(x, @D)  d(x, z) =d(fk
(f�k

(x)), fk
(f�k

(z)))

Cakd(f�k
(x), f�k

(z))  C. diam(⇧)ak.

Take C
1

= C · diam(⇧), then

d(x, @D)  C
1

ak.

Consequently, if we take

Ck
D := fk{x 2 D \ f�k

(⇧) : d(x, @D) > C
1

ak},

the set Ck
D ⇢ fk

(D) \ ⇧ intersects ⇧ leafwise. Also Ck
D is open.

Now, for any N
1

> 0 and N 0 > N
1

set,

Gk =

[

D2↵

(fk
(D) \ Ck

D), G =

[

N
1

kN 0

Gk.

Since the boundary of the set D is piecewise smooth and has zero volume, it follows

that

m(Gk)  C
2

ak,

where C
2

> 0 is a constant. We now choose N
1

large enough to have

m(G) 
1
X

k=N
1

m(Gk)  �2.

Then, for �-almost every element A 2 WN 0

k=N fk↵ we have that m(A\G)  � ·m(A).

It suffices to set

E = A \Gc.
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Now,

Gc
=

\

N
1

kN 0

\

D2↵

(fk
(D)

c [ Ck
D) =

\

N
1

kN 0

\

D2↵

(int(fk
(D)

c
) [ @(fk

(D)

c
) [ Ck

D).

Since D is an open set with zero measure boundary we have that m(@fk
(D)

c
) = 0,

which implies

m(Gc
) = m

 

\

N
1

kN 0

\

D2↵

(int(fk
(D)

c
) [ Ck

D)

!

.

Since Ck
D is open, the previous equality implies that Gc is a set with dense interior.

Thus, E = A \Gc ⇢ A has dense interior as we wanted to show.

Lemma 5.3.14. Let ⇧ be a rectangle and E ⇢ ⇧ be a sub-rectangle intersecting ⇧

leafwise and with non-empty interior. Then, given any x 2 E we have

mcs
x (F cs

(x) \ E) > 0.

Proof. Take any x 2 E and consider y 2 int(E). Thus, we can take r > 0 with

Br(y) ⇢ E. Consider the set Bcs
r (y) := Br(y) \ F cs

(y). Since Bcs
r (y) is open in

F cs
(y) we have mcs

y (B
cs
r (y)) > 0. Now, take the unstable holonomy ⇡u

y,x and set

Bcs
(x) := ⇡u

(Bcs
r (y)). The unstable holonomy is a homeomorphism, thus we have

mcs
x (B

cs
(x)) > 0, and by the leafwise intersection we have that Bcs

(x) ⇢ E, therefore

mcs
x (F cs

(x) \ E) > 0.

5.3.2 Construction of the function ✓

We now proceed to the most important part of the proof: the construction of the
function ✓ satisfying the hypothesis of Lemma 5.1.7. Such function ✓ should have
the property that for most of the points x, the orbit of x and of ✓(x) has almost
the same information (asymptotically) with respect to the partition in question. In
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particular, if we get good control on the distance d(fn
(x), fn

(✓(x))) we can expect
that for most points x, fn

(x) and fn
(✓(x)) belong to the same partition element;

this will be much clearer below. In order to get this control, we need to restrict
to a compact set (where h is uniformly continuous) and then use the fact that the
center manifold of A is uniformly contracting and h sends center manifolds to center
manifolds. This is what we do in the next lemma.

Lemma 5.3.15. Given any " > 0 and any compact set K ⇢ X (see definition

5.3.4) there exists n
0

2 N such that for any two points a 2 K, b 2 F cs
(a)\K, with

d(a, b) < 1

2

we have

d(fn
(a), fn

(b)) < ", whenever fn
(a), fn

(b) 2 K and n � n
0

.

Proof. We split the proof in two cases.

First case: X = T3 \ C.

Consider the lifts to the universal cover ˜A, ˜f : R3 ! R3 and ˜h : R3 ! R3 the lift

of the conjugacy, such that ˜h(0) = 0. We know that

˜An � ˜h =

˜h � ˜fn

for all n. Thus

(e�
c

A

)

nd(˜h(a), ˜h(b)) � d( ˜An � ˜h(a), ˜An � ˜h(b)) = d(˜h � ˜fn
(a), ˜h � ˜fn

(b)).

Since h is a bounded distance from the identity, then if d(a, b) < � we have:

d( ˜An � ˜h(a), ˜An � ˜h(b))  (e�
c

A

)

n ·D,

for a certain constant D > 0. By the uniform continuity of h�1 inside h(K) we can

take n
0

big enough so that n � n
0

implies:

d(fn
(a), fn

(b)) < ".
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Second case: X = set of atoms.

In this case, we know by Lemma 5.3.2 that each leaf has only one atom, that is,

for almost every x 2 T3 we have X \ F c
(x) = {ax}. Thus, given any two points

a, b 2 X, a and b are not collapsed by h (since they do not belong to the same

central leaf). Thus the proof of the first case works for this case as well.

Lemma 5.3.16. For any � > 0, there exists 0 < �
1

< � with the following property.

Let ⇧ be a �
1

-rectangle and E a set intersecting ⇧ leafwise and such that E \⇧ has

non-empty interior. Then we can construct a bijective function ✓ : E \⇧! ⇧ such

that

| Jac(✓)(y)� 1|  �

and such that for every x 2 E \ ⇧ we have

✓(x) 2 F cs
(x).

Proof. Given � > 0, by Theorem 2.2.10 we can take �
1

> 0 small enough so that if

d(w,w
1

) < �
1

then the holonomy map ⇡u
= ⇡u

w,w
1

: W cs
(w) ! W cs

(w
1

) satisfies

| Jac(⇡u
)(x)� 1|  1

3

�. (5.2)

Since E intersects ⇧ leafwise by Lemma 5.3.11 we know that E\⇧ is a sub-rectangle,

and since it has non-empty interior we conclude by Lemma 5.3.14 that for x 2 ⇧,

mcs
x (F cs

(x) \ E \ ⇧) > 0.

Because F cs
(x)\E\⇧ and F cs

(x)\⇧ are both Lebesgue spaces (with the normalized

measures) we can construct a bijection ✓
0

: F cs
(x)\E \⇧! F cs

(x)\⇧ preserving

the normalized measures.

Now, given any y 2 E \ ⇧ we define (using that the intersection is leafwise and

inside the rectangle)

✓(y) := (⇡u
y,x)

�1 � ✓
0

� ⇡u
y,x(y).
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Figure 5.2: The larger rectangle is ⇧ and the smaller one is E \ ⇧. The red lines

represent unstable manifolds.

This ✓ : E \⇧! ⇧ is well defined and ✓(y) 2 F cs
(y)\⇧. Furthermore, by (5.2)

we have

|Jac(✓)(y)� 1|  �

as we wanted.

The proof of the following lemma is equal to the proof of Lemma 9.5.10 of
Barreira-Pesin ( [5, pg.295]), with the small difference that in Pesin’s case ✓(y) 2
F s

(y) \ E, but in our case ✓(y) 2 F cs
(y) \ E. For the sake of completeness we

reproduce the proof here.

Lemma 5.3.17. For any 0 < "0  ", one can find N
2

> 0 such that for any

N 0 � N � N
2

and "-almost every element A 2 WN 0

k=N fk↵, there exist a subset

E ⇢ A and a bijective and onto map ✓ : E ! M for which
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1.
m(E)

m(A)
� 1� 2";

2. the map ✓ is 23"-measure preserving;

3. for any y 2 E,

✓(y) 2 F cs
(y) \ E.

Proof. Given "0 > 0, choose �
1

> 0 (and �
1

< ") as in Lemma 5.3.16. Let ⌘ =

{⇧
1

, ...,⇧b} be a partition of T3 where ⇧
1

, ...,⇧b are open and disjoint �
1

-rectangles

constructed in Lemma 5.3.8 . Set

� := " ·min{m(⇧i) : 1  i  b}.

By Lemma 5.2.1 we can take N
0

> 0 such that for any N 0 > N � N
0

and �-almost

every element A 2 WN 0

k=N fk↵ we have

�

�

�

�

m(A \ ⇧i)

m(A)
�m(⇧i)

�

�

�

�

 �, (5.3)

for all 1  i  b.

Take

� := b�1" min

1ib
{m(⇧i)}.

For each rectangle ⇧i, by Lemma 5.3.13, 9N
1i > 0 such that 8N 0 � N � N

1i and

�-almost every A 2 WN 0

k=N fk↵, 9Fi ⇢ A intersecting ⇧i leafwise such that

m(Fi)

m(A)
� 1� �.

Set N
2

:= max{N
0

,max

1im N
1i}. It follows that for "-almost every A 2 WN 0

k=N fk↵,

there exists a subset

E :=

[

1ib

(Fi \ ⇧i) ⇢ A



Chapter 5. Bernoulli property for DA diffeomorphisms on T3 81

such that E intersects each ⇧i leafwise, 1  i  b. Furthermore, note that

m(Fi)

m(A)
 m(Fi \ ⇧i)

m(A)
+

m(A \ ⇧c
i)

m(A)
=

m(Fi \ ⇧i)

m(A)
+ 1� m(A \ ⇧i)

m(A)
.

Thus,

m(E)

m(A)
=

Pb
i=1

m(Fi \ ⇧i)

m(A)
�

b
X

i=1

✓

m(Fi)

m(A)
� 1 +

m(A \ ⇧i)

m(A)

◆

�b(1� �)� b+ 1 = 1� b� > 1� 2".

Claim 1: m((A \ E) \ ⇧i)  " · m(E) · m(⇧i) · (1 + 3"). Proof: Indeed since

m(E)/m(A) � 1� � then m(A \ Ec
)  �m(A). Thus, for any 1  i  b we have

m(A \ Ec \ ⇧i)  m(A \ Ec
) � ·m(A)  b�1 · " ·m(A)m(⇧i)

 "

b(1� �)
·m(E)m(⇧i)

"(1 + 3") ·m(E)m(⇧i).

4

Consider Ei := Fi \ ⇧i = E \ ⇧i.

Claim 2:
�

�

�

�

m(Ei)

m(E)

�m(⇧i)

�

�

�

�

 11 · " ·m(⇧i).

Proof: First of all, we write

�

�

�

�

m(Ei)

m(E)

�m(⇧i)

�

�

�

�

=

�

�

�

�

m(A)

m(E)

· m(A \ ⇧i)

m(A)
� m(A \ Ec \ ⇧i)

m(E)

�m(⇧i)

�

�

�

�

=

�

�

�

�

m(A)

m(E)

·


m(A \ ⇧i)

m(A)
�m(⇧i)

�

� m(A \ Ec \ ⇧i)

m(E)

+



m(A)

m(E)

� 1

�

·m(⇧i)

�

�

�

�

Recall that

m(E)/m(A) > 1� 2",

�  " ·m(⇧i)
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and that by the first claim we have

m((A \ E) \ ⇧i)

m(E)

 " ·m(⇧i) · (1 + 3").

Thus, by (5.3), applying the triangular inequality to the last equation we obtain

�

�

�

�

m(Ei)

m(E)

�m(⇧i)

�

�

�

�


�

�

�

�

m(A)

m(E)

�

�

�

�

�

�

�

�

m(A \ ⇧i)

m(A)
�m(⇧i)

�

�

�

�

+

�

�

�

�

m(A \ Ec \ ⇧i)

m(E)

�

�

�

�

+

�

�

�

�

m(A)

m(E)

� 1

�

�

�

�

m(⇧i)

 "

1� 2"
·m(⇧i) + "(1 + 3")m(⇧i) +

2"

1� 2"
·m(⇧i)

=

✓

3"

1� 2"
+ "(1 + 3")

◆

·m(⇧i)

For " < 1/3 we have
3"

1� 2"
+ "(1 + 3")  11",

which implies
�

�

�

�

m(Ei)

m(E)

�m(⇧i)

�

�

�

�

 11" ·m(⇧i),

as we wanted to show. 4

Let ✓i : E \ ⇧i ! ⇧i, i = 1, ..., b be the bijective maps constructed in Lemma

5.3.16. Define the map

✓ : E ! M, ✓(y) = ✓i(y) if y 2 Ei.

Because the Jacobian of ✓i is controlled, for a measurable set B ⇢ E we have:

�

�

�

�

m(✓i(Bi))

m(⇧i)
· m(Ei)

m(Bi)
� 1

�

�

�

�

 "0,

where Bi := B \ ⇧i. Then,

�

�

�

�

m(✓i(Bi))m(E)

m(Bi)
� 1

�

�

�

�


�

�

�

�

m(✓i(Bi))m(Ei)

m(Bi)m(⇧i)
� 1

�

�

�

�

+

�

�

�

�

m(✓i(Bi))m(Ei)

m(Bi)m(⇧i)
·
✓

m(E)m(⇧i)

m(Ei)
� 1

◆

�

�

�

�



 "0 + (1 + "0)

�

�

�

�

m(E)m(⇧i)

m(Ei)
� 1

�

�

�

�
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Note that, for " < 1/22,

�

�

�

�

1� m(⇧i)m(E)

m(Ei)

�

�

�

�

 11"m(⇧i)m(E)

m(Ei)
)

� 11"

1 + 11"
 m(⇧i)m(E)

m(Ei)
� 1  11"

1� 11"
)
�

�

�

�

1� m(E)m(⇧i)

m(Ei)

�

�

�

�

 11"

1� 11"
.

Thus

�

�

�

�

m(✓i(Bi))m(E)

m(Bi)
� 1

�

�

�

�

 "0 + (1 + "0)
11"

1� 11"
 "0 + (1 + "0)22"  23". (5.4)

Finally, observe that

�

�

�

�

m(✓(B))m(E)

m(B)

� 1

�

�

�

�

=

�

�

�

�

�

Pb
i=1

m(✓i(Bi))m(E)

m(B)

� 1

�

�

�

�

�

=

�

�

�

�

�

b
X

i=1



m(✓i(Bi))m(E)

m(Bi)
� 1

�

· m(Bi)

m(B)

�

�

�

�

�

.

Then, by (5.4) we have

�

�

�

�

m(✓(B))m(E)

m(B)

� 1

�

�

�

�


b
X

i=1

23 · " · m(Bi)

m(B)

= 23 · ",

concluding that ✓ is indeed 23·"-measure preserving. The third item is an immediate

consequence of the construction of ✓.

5.3.3 Conclusion of the proof of Theorem A

Lemma 5.3.18. The partition ↵ is VWB.

Proof. Fix " > 0, 0 < "0 < " and choose N
2

as in Lemma 5.3.17 and Y the exception

set obtained in Lemma 5.3.17, that is,

m(Y )  23", Y = union of some elements of
N 0
_

k=N

fk↵, (N 0 > N � N
2

).

Consider A \ Y = ;, A 2 WN 0

k=N fk↵ and consider E ⇢ A and ✓ : E ! M

constructed in the previous lemma. Take the sequence of partitions {⇠i}n
1

= {f�i↵}n
1
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and {⌘i}n
1

= {f�i↵|A}n
1

, that is, each ⇠i is a partition of M and each ⌘i is a partition

of A. Now take ¯✓ : A ! M given by

¯✓(x) := ✓(x), for x 2 E

and
¯✓(x) = x

0

for x 2 A \ E, (m(A \ E) < 2"),

where x
0

is an arbitrary point.

Take an arbitrary ⇣ < 1 and consider K ⇢ E\X (see definition 5.3.4) a compact

set with

m(K) > ⇣ ·m(E).

Take  the set of points of K such that the past and future Birkhoff averages

coincide and converge to m(K), that is: x 2  if x 2 K and

lim

n!�1

1

|n|
n�1

X

j=0

�K(f
j
(x)) = lim

n!1

1

n

n�1

X

j=0

�K(f
j
(x)) = m(K).

By Birkhoff’s Theorem we know that m() = m(K). Take F :=  \ ✓�1

().

Since ✓ is 23"-measure preservig, taking ⇣ close enough to one we have that

m(E \ F )  20 · ".

Now, observe that by Lemma 5.3.15 we can take n
0

� 0 such that for any x 2 

we have

d(fn
(x), fn

(✓(x))) < "0

for all n � n
0

with fn
(x), fn

(✓(x)) 2 .

Now we observe that if x 2 , i � n
0

and e(li(x)�mi(✓(x))) = 1 then either

• f i
(x) /2  or f i

(✓(x)) /2  ; or



Chapter 5. Bernoulli property for DA diffeomorphisms on T3 85

• d(f i
(x), f i

(✓(x))) < "0 and then,

d(f i
(x), @Al

i

(x)) < "0 ) f i
(x) 2 O"0(Al

i

(x)).

Set O"0 :=
Sk

i=1

O"0(Ai) and call J = {j 2 N such that f j
(x) /2  or f j

(✓(x)) /2
}, Jn := J \ [1, n].

By the definition of the function e we have

1

n

n
X

i=1

e(li(x)�mi(✓(x)))  1

n

n
X

j=1

�O
"

0 (f
j
(x)) +

1

n
#Jn.

By ergodicity the right side converges to [m(O"0) + dens(J)] for almost every x.

Thus, it follows from Lemma 5.1.7 that

d({⇠i}n
1

, {⌘i}n
1

)  10000".

Since " > 0 is arbitrary it follows that ↵ is VWB.

Corollary 5.3.19. f is Bernoulli.

⇤
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