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“Out of the night that covers me,
Black as the pit from pole to pole,
I thank whatever gods may be
For my unconquerable soul.

In the fell clutch of circumstance
I have not winced nor cried aloud.
Under the bludgeonings of chance
My head is bloody, but unbowed.

Beyond this place of wrath and tears
Looms but the Horror of the shade,
And yet the menace of the years
Finds and shall find me unafraid.

It matters not how strait the gate,

How charged with punishments the scroll.
I am the master of my fate;

Iam the captain of my soul.”

Invictus - William Ernest Henley
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Abstract

This work is dedicated to the study of the structure of attractors of dynamical systems
with the objective of estimating their fractal dimension. First we study the case of expo-
nential global attractors of some generalized gradient-like semigroups in a general Banach
space, and estimate their fractal dimension in terms of the maximum of the dimension of the
local unstable manifolds of the isolated invariant sets, Lipschitz properties of the semigroup
and rate of exponential attraction. We also generalize this result for some special evolution
processes, introducing a concept of Morse decomposition with pullback attractivity. Under
suitable assumptions, if (A, A*) is an attractor-repeller pair for the attractor </ of a semi-
group {T'(t) : t = 0}, then the fractal dimension of </ can be estimated in terms of the fractal
dimension of the local unstable manifold of A*, the fractal dimension of A, the Lipschitz
properties of the semigroup and the rate of the exponential attraction. The ingredients of
the proof are the notion of generalized gradient-like semigroups and their regular attractors,
Morse decomposition and a fine analysis of the structure of the attractors. Also, making use
of the skew product semiflow and its Morse decomposition, we give some estimates of the

fractal dimension of the pullback attractors of non-autonomous dynamical systems.
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Resumo

Este trabalho é dedicado ao estudo da estrutura dos atratores de sistemas dinamicos com
o objetivo de obter estimativas de suas dimensdes fractais. Primeiramente estudamos o caso
de atratores globais exponenciais de alguns semigrupos gradient-like generalizados em um
espaco de Banach geral, e estimamos suas dimensdes fractais em termos da méaxima di-
mensdo das variedades instdveis locais dos conjuntos invariantes isolados, a propriedades
de Lipschitz do semigrupo e da taxa de atracdo exponencial. Também generalizamos este
resultado para alguns processos de evolu¢oes especiais, introduzindo um conceito de de-
composicao de Morse com atracdo pullback. Sob hip6teses apropriadas, se (A, A*) é um par
atrator-repulsor para o atrator «/ de um semigrupo {7'(f) : t = 0}, entdo a dimensao fractal de
</ pode ser estimada em termos da dimensao fractal da variedade instavel de A*, a dimen-
sdo fractal de A, as propriedades de Lipschitz do semigrupo e a taxa de atracdao exponencial.
Os ingredientes da demonstragdo sdo a nocao de semigrupos gradient-like e seus atratores
regulares, decomposi¢do de Morse e uma anaélise fina da estrutura dos atratores. Além disto,
fazendo uso do skew product semiflow e sua decomposicao de Morse, damos estimativas da

dimensao fractal dos atratores pullback de sistémas dindmicos ndo-auténomos.
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Introduction

Over the last forty years, the study of qualitative properties of semigroups in Banach
spaces has received very much attention (see for instance [2], [15], [17], [25] and [46]). In par-
ticular, the study of global attractors has created a deep area of research and greatly improved
the understanding of qualitative properties of solutions for these infinite dimensional dy-
namical systems.

A particular aspect that has called the attention of many researchers, and for which a
very nice theory has been developed, is the fractal dimension of attractors. Starting with the
pioneering works [30] and [31], the theory has grown considerably and new strategies to find
bounds for the fractal dimension have been proposed (see for example [46} 18, 25} [15] and
references therein).

If we consider a compact set K in a metric space (X, dx) we have the notions of topo-
logical dimension (dimt(K)), Hausdorff dimension (dimy(K)) and of the fractal dimension
(c(K)) of K (we will define all these notions in Chapter [3), and we know that dim7(K) <
dimg(K) < ¢(K). Then one might ask why to study the fractal dimension, since it is the worst
estimate for the dimensions of the same compact set K, and one particular result that makes

the fractal dimension a very interesting object of research is the following result (see [31]):

Theorem 0.0.1. Given a Banach space X, a compact subset K of X with fractal dimension
¢(K) < oo and a finite dimensional subspace Y with dimY > 2¢(K) + 1, if (X, Y) is the sub-
space of £ (X,Y) of the projections with range Y, the set {P € (X, Y) : P|k is injective} is of
second category in (X, Y).

The inverse of the projection restricted to K is continuous. In fact, in some situations,

this inverse is Holder continuous (see [20, 41]). Another aspect is that the fractal dimension

computation is fairly easy when we compare it with the computation of the Hausdorff and



topological dimensions.

If a gradient semigroup {7'(n) : n € N} has a global attractor « and its set of stationary

solutions & is finite, then

=Wk,
ee&

where we recall that
W (e) = {x € X : thereis a global solution ¢ : Z — X through x such that ¢(n) T e

For gradient semigroups we know that the local unstable set ngc(e) is the intersection of
W¥(e) with a neighborhood of e. Assume that ng‘c(e) is the graph of a Lipschitz map with
domain in a finite dimensional afine linear manifold e + Q.(X) where Q. is a projection with
finite dimensional rank.

We know (following [12]) that, using the results on the Hausdorff dimension dimy(-), we

have

dimpy (W, (e)) = rank(Q,) < oo, foreach e€ &,

oc(@), n=0.

dim g (T(m) W, (e)) < dimp(W,

ocC

It is not difficult to see that W"(e) = U2, T(n)Wlf)‘C(e) and, from the o—sub-additivity

property of the Hausdorff measure it follows that

rank(Q,) = dimpy (W, (€))
< dimpy(W"(e))

= dimH(U T(n) ngc(e))
n=0

< supdimpy (T (n) W, (e))

neN
< dimp (W ()

=rank(Q,),

and therefore dimy (W% (e)) = rank(Q,), for all e € &. Hence, since «f = J,ce W (e), we have
that
dimy (&) = maxrank(Q,). (%)
eeb

In particular «/ is homeomorphic to a subset of RY where N =2 m%x rank(Q.) + 1.
ee

It would be very nice to be able to prove a similar result to () for the fractal dimension,
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and this will be indeed one of our main objective in this work. Nonetheless, such result
would not be expected since the manner in which the unstable manifold of a given equilibria
accumulates on other equilibria may be at a slow rate causing the dimension to increase (like
it happens with the set {% : n € N*} U {0}). However, if we take the sequence {zin :neN}u {0},
it is not difficult to see that the Hausdorff and fractal dimension coincide. Inspired by this,
we seek a bound for the fractal dimension of regular attractors with exponentially attracting

local unstable manifolds.

The result will be proved for generalized gradient-like semigroups in Chapter 3 and will
make use of the Morse decomposition of a generalized gradient-like semigroup. In Section
[L.4.Ilwe introduce the basic concepts and results needed to prove the main result. Section
[3.1lis dedicated to obtain an estimate on the fractal dimension of global attractors for gen-
eralized gradient-like Lipschitz semigroups for which the local unstable set of an isolated
invariant set is the graph of a Lipschitz map over a finite dimensional subspace of the phase
space.

In Chapters[Iland 2l we give a brief introduction to the theory of semigroups and evolu-
tion processes, respectively. Some of the results are quite recent, as the stability of gradient

semigroups under perturbations, and can be found in [1].

In Chapter[lwe will apply the estimates seen on Chapter[3/to non-autonomous dynami-
cal systems, and to this end we will study the skew product semiflows and the behavior of a
Morse decomposition for this object. More precisely in Section4.Ilwe recall and state some

of the basic definitions and set the notation we will use throughout the chapter.

In Section [4.2] we construct a Morse decomposition for the global attractor of the skew
product semiflow {I1(¢) : t = 0} given a Morse decomposition for the global attractor of the
driving system {O(t) : ¢ = 0}, using the lift of this Morse decomposition. We also verify under
which conditions a given Morse decomposition in the global attractor of the skew product
semiflow {I1(#) : £ = 0} generates a Morse decomposition in the global attractor of the driving
system {O(f) : £ = 0}.

In Section [4.3] we construct a Morse decomposition for the pullback attractor of a non-
autonomous dynamical system and we obtain some dynamical properties of this Morse de-
composition, such as forward convergence, pullback convergence and the existence of a Lya-

punov function.

In Section 4.4l we describe how a Morse Decomposition of a pullback attractor is stable

under perturbation on the parameter of the associated driving system.

Finally, in Section[4.5lwe present some applications of our theory, such as a non-autonomous



differential equation defined only for £ =0

{XZfUJLt>Q

x(0) = xp € R",

an asymptotically autonomous (backward and forwards) non-autonomous differential equa-
tion, i.e.

X=f(t,x), teR,

x(0) = xp € R,
where

sup | (£, X) - fo()llgn — 0, and  sup|lf(£,x) - fi(X)lgn —0,

xeR™ x€R”
for suitable functions f; and f,, and also a master-slave example, i.e. a system of partially

coupled equations
v=f(u,v) t>0
u=gw), t>0
u(0) = up e R", v(0) = vy e R

in which the second equation for u(#) acts as a driving system for the unknown v(#). Finally
we present a more concrete example to illustrate the use of the abstract theory, studying the

behavior of an planar system of ODE’s given by

d
E(x’y)_F(t)(x’y))’ IER’

where F : R x R? — R? has some special properties.
It is worth to point out that Chapters [3] and [4] describe the results obtained during the

development of this thesis.



Chapter

1

Semigroups

In this first chapter our goal is to introduce the concept of semigroups and its properties.
This concept is very common in the literature, and it has been extensively studied by many
authors (see [2,[15,17,[18,25,136]). We can see in these references that the object that plays a
fundamental role in the study of asymptotic dynamics for a semigroup is the global attractor,
which we will see in the following section. Our purpose here (and also in Chapter [2) is to
make a brief introduction to the theory of semigroups (evolutions processes in Chapter [2)
and therefore we will not give the proof of all the results, only the ones that are essential for

the purpose of this work.

1.1 Attractors for semigroups

In this section we introduce the basic concepts and results that lead us to the characteri-
zation of the semigroups which possess a global attractor.

Let X be a metric space and d : X x X — [0,00) its metric. Denote by ¢ (X) the set of all
continuous maps from X into itself.

We will write T to denote either the set of the integers Z or the set of real numbers R,
Tr={teT:t=20, T ={teT:t<0}, T, =¢t+T and Ty =¢+T".

Given K < X and r > 0, the r—neighborhood of K is the set defined by 0,(K) :={x € X :
dx,K)<r}.

Definition 1.1.1. A semigroup is a family {T(t) : t € T*} « €(X) such that
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(i) TO)x=x, forallxe X,
(i) T(t+8)=T(OT(s), forallt,seT™,

(iii) T x X3 (t,x)— T(H)x€ X is continuous.

In the case that T = Z, the third condition is automatically satisfied and, since T'(n) =
T(1)", taking T := T(1), the semigroup can be rewritten as {T" : n € N} and will be simply the
family of operators {T" : n e N} c €(X).

Given a semigroup {T(¢) : t € T*} < ¥ (X) and a subset B of X, we define:

(@) Foreach te T*, the image of B under T(f) by

T()B={T(t)x:x€ B};

(b) The positive orbit of B by
Y™ (B) = U T(1)B;

teT™

(c) The partial orbit between two numbers ¢, t' € T™ with ¢ < ¢’ by

Yen®B= U TOB;
se[t,t'INT+
(d) The orbit of T(t)B by
yiB = Ts+0B= |J T()B.

seT* seT}

For each x € X, the function T* 3 t — T(f)x € X is the solution through x of the semi-

group {T(r):te T}

Definition 1.1.2. A semigroup {T(t): t € T*} is said eventually bounded if for every bounded
set B < X there exists a tg € T" such that vy} (B) is bounded. We say that {T(t): t€ T*} isa

bounded semigroup if y*(B) is bounded for all bounded sets B < X.

Remark 1.1.3. The fact that T € € (X) does not imply that T takes bounded subsets of X
into bounded subsets of X, since bounded subsets of X are not necessarily precompact. If we
assume that T is bounded in bounded subsets of X, considering the semigroup {T" : n € N},

we have that y[+n " (B) is bounded for each bounded subset B of X and n,n’ € N. In the case
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that Tt =R, to obtain that {T(t) : t = 0} is bounded, we need to assume that {T(t) : t = 0} is

eventually bounded and that}/f:)yTB] (B) is bounded for all Tg = 0 and for all B c X bounded.

The set where the orbit of B accumulates is called w—limit set and plays an important

role in the study of the asymptotic behavior of a semigroup.

Definition 1.1.4. The w-limit set of a subset B of X is defined by

w(B)= () y{(B).

teT*
Remark 1.1.5. Here, for a subset K c X, K denotes the closure of K in X.

Definition 1.1.6. A global solution of {T(t) : t € T*} through x € X is a continuous function
¢: T — X such that $p(0) = x and T(£)p(s) = Pp(t+5), forallt € T* and s € T. A constant global
solution will be called stationary solution and its value is called an equilibrium point or a
fixed point. Since T(t) is not necessarily injective, if there exists a global solution, it does not
need to be unique. When a global solution ¢ : T — X through x € X exists, we define the global
orbit of x relative to the global solution ¢ by y(x) := {p(t) : t € T}. In this case, for t € T we

write (yg); (x) := {¢p(s) : s < t, s € T} and define the a—limit set of x relative to ¢ by

ap(x)= [ (re); ().

teT™

The following characterization for the w—limit set will be frequently used in the upcom-

ing results and its proof is very straightforward.

Proposition 1.1.7. If B c X, then w(B) is closed and

w(B) = {y € X : there exist sequences {t;} neN In T and {x,} pen in B

such that t,, o and y = r}im T (t,) xn}.
—00

If¢: T — X is a global solution of the semigroup {T(t) : t € T*} through x € X, then ay(x)

is closed and

ap(x) = {v € X: there exists a sequence {t,} peN In T* such that t,, "% 0o and o(—t,) — vl
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In what follows we define the notions of attraction, absorption and invariance under the
action of the semigroup {T(¢) : t € T*}. To this end, we remember the definition of the Haus-

dorff semidistance d (A, B) between two subsets A and B of X

dg (A, B) =sup infd(x,y).
xeA YEB

We will denote by dist(A, B) the usual distance between sets; that is,
dist(A, B) = inf infd(x, y).
xX€eA yeB

Let X be a metric space and {T(¢) : t € T*} < € (X) be a semigroup.

Definition 1.1.8. If A and B are subsets of X, we say that A attracts B under the action of
{T(t):teT*}if

lim dy (T (¢)B, A) =0.

t—o00

If there exists to € T* such that T(t)B < A forall t = ty, t € T, we say that A absorbs B. In

particular, if A absorbs B then A attracts B (the converse is not true).

The notion of invariance, given below, plays an important role on the study of the asymp-

totical dynamics of semigroups.

Definition 1.1.9. We say that a subset A of X is invariant (or positively invariant) under the
action of {T() : te T }if T()A= A (or T(H)Ac A) forall t € T*. An invariant unitary set cor-
responds to an equilibrium point of {T (t) : t € T*}; that is, a point x* € X such that T(t)x* = x*

forallteT™.

Finally, we are in condition to define the global attractor for a semigroup.

Definition 1.1.10. A set.of is called a global attractor for {T(¢) : t € T} if it is compact, invari-

ant and attracts bounded subsets of X under the action of {T(t): t€ T"}.

Note that the global attractor for a semigroup {T(¢) : t € T*} is unique. Indeed, if o and

</ are global attractors for this semigroup,
disty (o, of) = disty (T (1) st 8) =20,

and thus «f c . Analogously </ c o and we have the result.
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Remark 1.1.11. Let{T(¢): t € T"} be a semigroup in a metric space X. Assume that {T(t): t €
T*} has a global attractor <f . We claim that, given x € </, there exists a bounded global solu-
tion gy : T — X such that ¢p,(0) = x. Indeed, T* 3 t — ¢(t) := T(t)x € X is always well-defined,
now let x € of = T (1)<, hence there exists x_1 € &/ such that T(1)x_, = x and proceeding in-
ductively, we obtain a sequence {x_, : n € N} such that xo = x and T(1)x_,—1 = x_,, for all

n € N (remember that the sequence {x_,} nen i not uniquely determined). Define

Tx, t=0
be(t) =
T(j+0x_j, te[-j,—j+1)NnT, j=1,2,3,-
which is a bounded global solution in <f through x int = 0.
Conversely, each bounded global solution ¢ : R — X for {T(t): t € T*} is such that ¢(T)

&/ . Having this, we conclude that

o ={x € X : thereexists a bounded global solution through x}. (1.1.1)

The next concepts are crucial in the characterization of the semigroups that possess a

global attractor.

Definition 1.1.12. A semigroup {T(t): t € T"} is said asymptotically compact if, for any non-
empty, closed and bounded subset B ¢ X, such that T(t)B c B, for all t € T*, there exists a

compact set ] © B which attracts B.

Definition 1.1.13. We say that a semigroup {T(t) : t € T*} is point dissipative (bounded dis-
sipative/compact dissipative) if there exists a bounded subset B c X which attracts points

(bounded subsets/compact subsets) of X.

Remark 1.1.14. In the definition above, we can change the word attracts by the word absorbs

without changing the meaning of the concepts.

The following theorem characterizes the semigroups which have global attractors.

Theorem 1.1.15. A semigroup {T(t) : t € T*} is eventually bounded, point dissipative and

asymptotically compact if and only if {T(t) : t € T*} has a global attractor </ .
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1.1.1 Upper and lower semicontinuity of attractors

In this section we define the continuity of attractors relative to some perturbations of the

semigroup.

Definition 1.1.16. Let X be a metric space, d(-,-) : X x X — R™ its metric, A a metric space and

{1} ren a family of subsets of X and A € A.

(i) Wesay that {<f)} e is upper semicontinuous at A if

dp (), y,) = sup dist(xl,,gflo)ljo 0.

Xy €y

(ii) We say that {<Z)} e is lower semicontinuous at Ag if

du(yy, <)) = sup dist(x, <)) A=l

xed;to

To prove the upper and lower semicontinuity we often use the following characterization

result:

Lemma 1.1.17. Let A a metric space and {<f)} yep a family of subsets of X.

1. If any sequence {x,,} with x) € o), An "2 Mo, has a convergent subsequence with

the limit belonging to <), then {<f)} e is upper semicontinuous at Ay. Conversely, if
{2} ren Is upper semicontinuous at Ay, any sequence {x,,} with x,, € </, has a con-

vergente subsequence with the limit belonging to <.

. - . k—
2. If o), is compact and, for any x € <), and A, "2 Ao, there exists a sequence An, ey

Ao, and sequence {x,lnk} with X, € gﬁnk which converges to x, then {<f)} e is lower

semicontinuous at Ay. Conversely, if {<f)} ren 1S lower semicontinuous at Ay, A, nze Ao
. k— .

and x € <y, there exist subsequence A, = A and sequence {x,lnk} with X, € ‘d/lnk

which converges to x.

Definition 1.1.18. We say that the family of semigroups {T,(t) : t € T*}, n € [0,1], is continu-

-0
ousatn=0 ian(t)xn—> To (1) x uniformly for (t, x) in compact subsets of T* x X.
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The upper semicontinuity of attractors is true in almost every case, as we can see with

the next result.

Theorem 1.1.19 (Upper semicontinuity). Let{T,(f): t € T*},n€(0,1], bea continuous family
of semigroups atn = 0. If{T,(t) : t € T*} has a global attractor <, for each n € [0,1] and

Unelo,119% Is compact, then the family {<#, : ) € [0, 11} is upper semicontinuous atn = 0.

The lower semicontinuity is not as common as the upper semicontinuity, and it is also
harder to verify in the applications. It requires a finer study of local structures (the local
unstable sets of invariant sets), in particular of the local unstable sets of equilibria, as we will
see below.

Given a semigroup {T(f) : t € T*} and A an invariant bounded set under the action of
{T(¢r): t € T*}, we have already seen that there exists a bounded global solution through
a, for each a € A. The simplest global solutions are the constants; that is, the equilibrium
points. The class of global solutions that converge to an equilibrium y* as t goes to —oo form

a set that we call unstable set W (y*) of y*; that is,

W"(y*) = {y € X : there exists a global solution ¢, : T — X
such that, ¢,(0) = y and ¢, () i yL

Given a neighborhood V of y*, the set of points y of V such that there exists a global
solution ¢y, : T — X such that ¢, (0) = y, ¢,(1) guin y*and ¢, (1) € Vforall 1€ T~ is called a
local unstable set of y* and is denoted by W' (y*).

With this object and some additional assumptions, we can obtain the lower semiconti-

nuity of attractors.

Theorem 1.1.20 (Lower semicontinuity). Let{T;(t):t € T*},n € [0,1], be a continuous family

of semigroups atn = 0 which satisfies
(@ {T(1):te T*} has a global attractor oy, for eachn € [0,1].

(b) If&, denotes the set of the stationary solutions of {T, (1) : t € T*}, thereexistsap € N such

that &, > {y;"n, o ,y;’"},for alln € [0,1].

(c) IfW(S”(y;’n) ={ye @’5()/;’17): there exists a global solution ¢, : T — X such that, ¢, (0) = y,

¢y (1) g y* and ¢y (1) € @’5()/;’7’) forall t € T}, Assume that, for some 6 > 0 suffi-
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ciently small,

Wy'(y;"nelo, 11
is lower semicontinuous atn =0, foreach j=1,---,p.

() =0 W)

Then, {<#y, :n € (0,11} is lower semicontinuous armn = 0.

1.2 Gradient semigroups

In this section we will consider the gradient semigroups. This class of semigroups ap-
pear naturally in several applications and its characteristics allow us to describe with great
accuracy the structure of its attractors.

We remember that y* € X is an equilibrium point for the semigroup {T(¢) : t € T"} if the
set {y*}is the orbit of a constant global solution; thatis, T(#)y* = y*, forall t € T*. We denote
by & the set of equilibrium points of the semigroup {T(¢): t€ T*}.

Definition 1.2.1. A semigroup {T(t) : t € T*} is said to be a gradient semigroup if it possesses
a Lyapunov function; that is, if there exists a continuous function V : X — R with the following

properties:
() T* > t— V(T (1)x) is decreasing for each x € X;

(i) IfxissuchthatV(T(t)x)=V(x) forallte T*, thenx€&.

For gradient semigroups we have the following characterization result:

Lemma 1.2.2. If{T(t): t € T"} is a gradient semigroup, then w(x) is a subset of & for each

x € X. If there exists a global solution ¢ : T — X through x then ay(x) is a subset of £ .
If{T(t): t € T*} is gradient, has a global attractor «f and & has only isolated points, then

& is finite and for each x € X, w(x) is an unitary set. In this case, ifx€e «/ and¢: T — < isa

global solution through x, then ay(x) is an unitary set.

In a gradient semigroup the innner structure of the global attractor is known and it is

given in the next theorem.
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Theorem 1.2.3. Assume that {T(t): t € T*} is a gradient semigroup, eventually bounded and
asymptotically compact for which the set of equilibrium points & is bounded. Then {T(t):t €
T*} has a global attractor of = W* (&), where

W™(&) :={y € X : there exists a global solution ¢(-) : T — X

through y (¢(0) = y) such that ¢(t) g &}

is called the unstable set of . If & = {e},---, ey} is finite, then of = U;_ W"(e7).

1.3 Generalized gradient-like semigroups

We introduce now the concept of generalized gradient-like semigroupsusing the essential
dynamical properties of gradient semigroups with a disjoint family of isolated invariants,
and as a particular case, we obtain the gradient-like semigroups (see Carvalho-Langa [10]).
We state similar results as in Carvalho-Langa [10], which prove that the properties defining

gradient-like semigroups are stable under small perturbations.

Definition 1.3.1. We say thatV = {Z7],---E,} is a disjoint family of isolated invariants if there
exists 6 > 0 such that Os(Z;) N Os(Ej) = &, 1 < i < j <p, and =; is the maximal invariant set

of O5(Z;) :={z€ X :dist(z,Z;) < 5}.

Let {T(t): t € T} be a semigroup with a global attractor </ which contains a disjoint

family of isolated invariant sets ¥ = {Z;,--- Z}. We define:

Definition 1.3.2. Let 6 be as in Definition[l.3.1 and fix ey € (0,6). ForE€ V¥ and e € (0,€p), a
e—chain from = 1o Z is a sequence{Z,,,--- ,Z¢,} < ¥, a sequence 1,01, -, ly, O, With t; > 0,
1<i<k, k<p, along with a sequence of points u;, 1 < i <k, such that u; € 0:(Z¢,), T(0;)u; ¢

Oco(UX_ | (B¢) and T(1))u; € Gc(Ey,,,), 1< i<k, withE=E,,, =Z¢,. Wesay thatE€ ¥ is

chain recurrent if there existeg € (0,0) and e—chains from Z to E for each e € (0,¢€).

Definition 1.3.3. Let {T(t) : t € T*} be a semigroup with a global attractor /. We say that
{T(1): t € T*} is gradient-like relative to a disjoint family of isolated invariants ¥ = {Z;, -+, 5}

(or a generalized gradient-like semigroup) if,
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(GG1) For each global solution ¢ : T — X in of thereexist1 < i, j <p such that

tlir_n dist(&(¥),E;) =0 and tlim dist(¢ (1), Z;) = 0.

(GG2) Noelementof¥Y ={Z4,--+,E,} is chain recurrent.

We introduce the definitions of unstable and stable sets.

Definition 1.3.4. Let {T(t): t € T*} be a semigroup. The unstable set of an isolated invariant

set = is given by

WY(E) ={{ € X : thereexists a global solutioné : T — X

such that¢(0) = ¢ and lim_dist(¢(r),Z) = 0}.

The stable set of an isolated invariant set = for {T(t) : t € T*} is given by
WiE)={(eX: tlir+n dist(T(1)(,Z) = 0}.

Given a neighborhood V of Z, the set of points y of V for which there exists a global
solution ¢, : T — X through y such that ¢ (t) "22°= and $y() eV forallt € T~ is called a

local unstable set of = and it is denoted by W,! (£). Analogously we define alocal stable set.

The hypotheses (GG1) and (GG2) carry important dynamical properties of a semigroup
with a Lyapunov function and a family of isolated invariants (see also Lemmas [1.3.7] and
3.8 below). From (GG1), we have that «f = u’l?:lwu(zi), since if x € &/ then there exists a
global solution ¢ : T — X in o and thus x € W¥(E;), for some 1 < i < p and conversely, if
x € W¥(E;) for some 1 < i < p then, since «f attracts points, there exists a bounded global
solution through x, hence x € «f. Also, hypothesis (GG2) says that no collection of orbits can
produce a closed path.

The following results are fundamental for the upcoming theory of gradient-like semi-
groups.

The first lemma is an immediate consequence of the continuity of the semigroups and it
ensures that, given an isolated invariant = of a semigroup {T(¢) : t € T"} and a point y near

=, the finite orbit yo ;1 (£) = {T(s) y: 0 < s < t} remains near = for large values of t.
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Lemma 1.3.5. Let {T(t) : t € T*} be a semigroup and = an isolated invariant in V. Given
te T* ande > 0 there exists § > 0 such that {T(s)y:0< s<t, y€Os(Z)} c O(Z).

The second of them in an important result which is used in several occasions to obtain

properties for there semigroups.

Proposition 1.3.6. Assume that {T(t) : t € T"} is an asymptotically compact semigroup. Let
{0k} ken be a sequence in T™ with o koo 00, {urren a bounded sequence in X and, for Ji. =
(seT: -0 <s<oo}, define &k : I — X by E8(s) = T(s+ o) ur, s € Jk. IFIT(Sug: k €
N, s € T} is bounded, there exists a bounded global solution ¢ : T — X of {T(t):te T} and a

subsequence of {£ ky xen (Which we again denote by {£ ky keN) Such that
klim &k s) = &(s), VseT.

The third result guarantees that, for a generalized gradient-like semigroup {T(¢): t € T*},
given a bounded set B of X and a neighborhood & (W) of the disjoint family of isolated in-
variants P, there exists fy = fy(B,0(¥)) € T* such that all the solutions which begin in points

of B, must reach G (¥) before the time £.

Lemma 1.3.7. Let{T(t): t € T"} be a semigroup with a disjoint family of isolated invariants

VY = {&,--+,Ep} and a global atiractor «f. If{T():t€ T*} satisfies (GG1), given § < §y =

1 min dist(Z,=;) and B ¢ X bounded, there exists a to = t0(0,B) > 0 such that {T(t)ug : 0 <

2 1<i,j<p
i#]
t<to}nUY_ 05(E;) # O forall ug € B.
Finally, the fourth result establishes that, if {T'(¢) : t € T*} is a generalized gradient-like
semigroup, given a neighborhood 6 (Z) of an invariant set = € ¥, there exists another neigh-
borhood 0, (Z) of y* such that if a solution starts in @, (Z) and leaves 0»(Z), then it never

returns to 0, (2).
Lemma 1.3.8. Let {T(¢): t € T*} be a generalized gradient-like semigroup. If¥ = {Z,,---,Z;}
is the disjoint family of isolated invariants and </ its global attractor, given0 < 6 < 0y, there ex-
ists ' > 0 such that, if for some1 < i < p, dist(uy, Z;) < &' and, for some t; > 0, dist(T (t1) ug, Z;) =
8, thendist(T () ug, Z) > &' forallt = ty.

Now we prove that, for a generalized gradient-like semigroup, the w—limit set of a point

lies in one single isolated invariant. We note that condition (GG1) is imposed only for solu-

tions in the attractor.
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Lemma 1.3.9. Assume that {T(t) : t € T*} is a generalized gradient-like semigroup with a
disjoint family of isolated invariants ¥ = {Z,,---,Zp} and a global attractor &/ . Given u € X
there exists =; € ¥ such that

THu' =2 =;.
Proof: It follows from Lemma [[.3.8 that, given § € (0,0,) there exists 6’ € (0,0) such that
d(v,Z;) < ¢’ andifforsome 1,5 >0, d(T(t,5)v,E;) =6, thendist(T (1) v, Z;) > ' forall t = 1,,5.
On the other hand, since y* () is bounded, it follows from Lemma[I.3.7 that, given &’ there

exists a ty = ty(y" (1)) € T such that, for each v € y* (u),

[TOv:0<t<tyinU_ Oy (E) # 2.

i=

From the fact that ¥ is finite follows that there exist an Z; € ¥ and, for each 6 € (0,6y), a

s5 € T* such that T(s)u € O5(Z;) for all s = s5. This completes the proof. [

Definition 1.3.10. Let {T(t) : t € T*} be a semigroup with a disjoint family of isolated in-
variants ¥ = {Z,,---,Zy} and a global attractor «/. A homoclinic structure in < is a set
{Eey,+ B} < ¥ along with a set of global solutions {é(i) T — X, 1<i<k}ind such that,

takingZ,, ., =&y,
lim {9 =5,, lim (=5, 1<is<k
t——o00 t—+oo

Now we can prove the following result, which relates (GG1) and (GG2) to the non-existence

of homoclinic structures.

Lemma 1.3.11. Let{T(t):t € T"} be a semigroup with a disjoint family of isolated invariants
V¥ = {Z,---,Ep} and a global attractor of. If {T(t) : t € T*} satisfies (GG1), then (GG2) is

satisfied if and only if of does not possess homoclinic structures.

Proof: If o/ has a homoclinic structure and = is an isolated invariant in this structure it is
easy to see that = is chain recurrent.

On the other hand, if = € V¥ is chain recurrent, there exist 6 < d¢, {Z¢,,-**,Z¢,,,} < ¥ and

foreach N> k > %, points y{“,--- ,yfﬂ, t{“ > T’f,--- ,tf > r’,c such that

1 1
dist(y¥,=,,) < o dist(T(t5)y¥, w) > 6, dist(T(t5)y¥,=,,,,) < o lsisr
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Choose OZ.C > 0 such that dist(T(Uf)yllC,Egi) =0 and dist(T(t)yf,E[i) <d,forall0<st< OZ.C.
From Lemmal[L.3.5]it follows that Uf P o

For t € [-0¥,00) let £"%(1) = T(a¥ + ) y¥.

From Proposition [[.3.6, there exists a global solution ¢ : T — X. Since each ¢ must
converge to an isolated invariant as t — +oco and as t — —oo and since £V (f) € G5(= ¢;) forall
t <0 we have that (1) — Z,, as t — —co. We can assume that, between -0 and 1} - o,
the solution é ki remains away from W\{Z,,,Z,, } otherwise we could insert more points in
the e—chains until this holds. From Lemmal[l.3.8] ¢ @) i SR

The set {Z¢,,---,=Z¢,} © ¥ and the set of global solutions {f(i) :T— X, 1<i<k}aresuch

that,
lim_dist(@}),E¢) =0, lim dist};,Z,,,)=0, 1<i<k,
with =4, = =Z/,. Therefore & has a homoclinic structure. n

Corollary 1.3.12. If {T(¢): t € T*} is a generalized gradient-like semigroup and <f its attrac-
tor, there exist isolated invariants =, and Z,, such that =, has a trivial stable set in <f ; that is,

Wgs{ (o) = 24 Where
WS (Eq) = {y € oA : such that T(D)y == 24}

and =, has a trivial unstable set; that is, W*(Z,) = Z,,.

In the following we consider a family of semigroups {T;,(¢) : t € T*};[0,1j. We denote by

&, the set of equilibrium points of {T;)(¢) : t € T*} for each n € [0, 1].

Definition 1.3.13. We say that a family of semigroups{T;(t) : t € T"};¢(0,1) is collective asymp-
totically compact at n = 0 if, given sequences {n}ren With N koo 0, a bounded sequence
{urtren in X and a sequence {ti}ren in T with 1 koo oo and {Ty, () uy : k € N} bounded,

then{T;, (tx) uy : k € N} is precompact.

Now we state the result of stability of the generalized gradient-like semigroups under
some kind of perturbations, as done in [10]. This allows us to characterize the attractors
of semigroups given as a small perturbation of generalized gradient-like semigroups, and if
we perturbe again the resulting semigroup we are still able to give a characterization of the

attractors.
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Theorem 1.3.14. Let {T;(1):t€ T*}, n€[0,1], be a continuous and collective asymptotically

compact family of semigroups atn = 0. Suppose that
(@ {T(1):te T*} has a global attractor oty for eachn € [0, 1] and Uyeo,1)¢, is bounded.

(b) There exists p € N such that <f; has p isolated invariant sets W,y = {Z1 -+, Zp 5} for all

- = - = n—0
n€0,1] andsup,;<p[du(Eip, Ei0) + du(Ei, Eip)] — 0.

(€) {To(r) : t € T} is a gradient-like semigroup relative to the disjoint family of isolated

invariants Wo = {210, -, Zp,0}-

Then there existsny > 0 such that, for alln < no, {T,(?) : t € T*} is a gradient-like semigroup
relative to the disjoint family of isolated invariants \¥,. Consequently, there exists 1o > 0 such
that

ey =U"_ W (E;p), Y€ [0,m0).

In the case where each E; consists of a single point; thatis Z; = { ylfk },itis clear that each ylf“
is an equilibrium point of the semigroup {T'(¢) : ¢ € T*} and we say simply that the semigroup

is gradient-like.

1.4 Gradient-like semigroups are gradient semigroups

The Fundamental Theorem on Dynamical Systems, suggested in [34] from the results in
[16], establishes that in any compact metric space an attractor can be described by isolated
invariant sets and the connections between them. In the terminology of [16], this decompo-
sition is called Morse decomposition (see Definition[I.4.8), and it was considered in different
contexts, in the case of groups by [16] and in the case of semigroups by [44], or even in a topo-
logical space, compact or not, in [21}, 35, 36]. For a complete understanding of the subject,

we refer to [1], where all these results are proven in detail.

1.4.1 Morse decomposition of gradient-like semigroups

Let X be a metric space with metric d : X x X — R*. In what follows we present the notion
of a Morse decomposition for a global attractor «f of a gradient-like semigroup {T'(#) : ¢ = 0}.

We begin with the notion of attractor-repeller pair.
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Definition 1.4.1. Let {T(t) : t = 0} be a semigroup with a global attractor «/. We say that a
non-empty subset Z of <f is alocal attractor if there exists € > 0 such that w(O¢(Z)) = E. The

repeller =* associated with the local attractor Z is the set defined by

Zr={xed wx)NE =0}

——
= =

The pair (£,Z%) is called an attractor-repeller pair of {T'(t) : t = 0}.

Remark 1.4.2. Note that, if Z is a local attractor, then Z* is closed, invariant and ZNE* = &.

Observe that = is a local attractor if and only if it is invariant and attracts O, (=) for some
€ > 0. Also, the above definition differ a little from the usual definition since we require that
the local attractor attracts a neighborhood of Z in X and not in « as in [16}44]. We prove

that both definitions coincide.

Lemma 1.4.3. Let {T(¢) : t = 0} be a semigroup in X with global attractor «. If E is a com-
pact and invariant set for {T(t) : t = 0} and there exists € > 0 such that E attracts O;(Z) N
of then, given § > 0 there exists 6' > 0 such that y* (05 (Z)) c Os(Z), where y* (Os(Z)) =

Uxeay ) Urso T (D x.

Proof: Given 0 < § < ¢ if there is no 6’ > 0 such that y*(Os (Z)) < Os(Z), there exist x € E,
X3x, = xand R 3 , == 0o such that d(T(t,)x,, =) = 6 and T(H)x, € Os(Z), £ € [0, t,,].
Since {T'(t) : t = 0} has a global attractor, it is not hard to see that there exists a global solution
¢:R— Xsuchthat(,:[-t,,00) — X given by ¢, (f) = T(¢t, + t) x, satisfying &, (1) = &(t) for
each t e R. Clearly ¢(1) € mﬂd cO.(E)N« forall t <0, d(£(0),E) =9, and consequently

= cannot attract 0. (Z) N </ ]

Lemma 1.4.4. If{T(¢):t = 0} is a semigroup in X with a global attractor «f and S(t) = T(1)| o,
clearly{S(t) : t = 0} is a semigroup in the metric space <. IfZ is a local attractor for {S(t) : t = 0}
in the metric space ¢ and K is a compact subset of «f such that KNZ* = &, then E attracts K.

Moreover E is a local attractor for {T(t): t 20} in X.

Proof: Let K be a compact subset of & such that KNE* = &. If E = w(0(Z) N «/) does not

attract K and 0 < § <¢, there exista §’ € (0,6), a sequence {f,},en in T+ with 1, = 0o, xeK
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and K 3 x,, — x such that d(T(£)x,, =) = 6',0 < t < t,,. This implies that d(T(¢)x, =) = §' for
all £ = 0 and, consequently, w(x) N Z = @ and therefore x € =* which is a contradiction.

For the remaining part of the result, note that, from Lemmal[l.4.3] there exists a ' € (0,¢€)
such that w (05 (Z)) € 0.(Z) N </ and hence w (05 (E)) NZ* = &. From the invariance of
w(Os (Z))and from the property that = attracts 0. (=) N o/, we have that w(0s (Z)) < E. Since

w (O (Z)) attracts Og (Z) the result follows. ]

Lemma 1.4.5. Let{T (1) : t = 0} be a semigroup in X with a global attractor «/ and an attractor-

repeller pair (£,2%).

1. A global solution & : R — X of {T(f) : t = 0} with the property that E[R) N E* # & must

satisfy d(&(1),E%) "==°0.

2. A global solution ¢ : R — X of {T(¢) : t = 0} with the property that {(t) € Os5(Z™) for all

t <0 and somed >0 such that Os(Z*) N E = @ must satisfy d(¢ (1), E* 220,
Proof: If the conclusion of 1 is not true, there exist a ' > 0 and a sequence ¢ "% 00 such
that d(é(—t,),2%) = 6’ and, for some t € [—-t, —1,—1t,), d(&(1),2*) < 6'. This contradicts the
fact that = attracts the compactset K = {z€ of : d(z,Z*) = 6'} of .
To prove 2 we observe that if m NZ* = @, from Lemma [[.4.4] we have that m c =
which lead us to a contradiction. On the other hand, if m NZ=* # @, it follows from 1 that
a(n,=" 222°0. This completes the proof. [

Lemma 1.4.6. Let{T(¢): t = 0} be a semigroup in X with global attractor &/ and an attractor-
repeller pair (Z,2%). If : R — X is a bounded global solution for {T(t) : t = 0} through x ¢

ZUZ¥, thené(t) Tr= and (1) guan oy L3 Moreover, if x € X\ then, T(t)x TX=yuzEr.

Proof: Since x ¢ =* we have that w(x) N Z is non-empty and, from the fact that = is a local
attractor, we have that &(1) ‘% =. On the other hand, if {(#) does not converge to Z* as
t — —oo we divide the proof in two steps: if m NE* = &, then ¢(R) is invariant and, from
Lemma 4.4} is attracted by = which is a contradiction. Thus, &(R) N Z* is non-empty and
from Lemmal[l.Z.5lwe have that d(&(1),Z%) 270,

For x € X\« we prove that T(f)x i Uz=*. Ifmm = # @ we have that T'(¢)x —P=,

On the other hand, if there exists § > 0 with y*(z) N 0s(Z) = & we state that T(f)x TR = qf
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our statement is false, there exist a v > 0 and a sequence ¢, "% oo such that d (Tt x,2%) =
v. Considering the sequence of functions ¢, : [-£,,00) — X defined by ¢,(f) = T(f + t,)x,
t = —t,, we construct a global solution ¢ : R — «f such that d({(0),Z*) = vand d({(?),E) =

for all ¢ € R. Therefore w(¢(0)) NZ = @ and &(0) € Z* which is a contradiction. [

Corollary 1.4.7. If{T(¢t): t = 0} is a semigroup in X with a global attractor «f and (£,Z*) isan
attractor-repeller pair for {T(t) : t = 0}, then {T () : t = 0} is a gradient-like semigroup relative

to the disjoint family of isolated invariants {Z, =

With this we can begin the construction of a Morse decomposition for the attractor of a
gradient-like semigroup relative to an invariant family of isolated invariant sets. We begin

fixing the definition of Morse decomposition we will use here.

Definition 1.4.8. Given an increasing family @ = Apc Ay c---c A, =<, of n+1 local attrac-
tors, defineZ; := Ajn A;f_l,forj =1,---,n. The ordered n-tuple ¥ = {Z,,=,, - ,Z,} is called
a Morse decomposition of </ .

In what follows, our goal is to show that if {T'(¢) : ¢ = 0} is a gradient-like semigroup rela-
tive to a disjoint family of isolated invariants = = {Z,---,=,} and with a global attractor &/,

then some reordering of = is a Morse decomposition of «/. The next result plays an impor-

tant role in this process and its proof is straightforward.

Lemma 1.4.9. Let{T(?): t = 0} be a semigroup with global attractor o and = c &« an isolated

invariant set. Then Z is a local attractor if and only if WY (2) = E.

Lemma 1.4.10. Let {T(t): t = 0} be a gradient-like semigroup relative to a disjoint family of
isolated invariants WV = {=,,--- ,Z,}. Then thereexists1 < k < n such thatZ;. is a local attractor
for{T(t):t=0}in X.

Let {T(¢) : t = 0} be a gradient-like semigroup relative to a disjoint family of isolated in-
variants ¥ = {Z,,---,Z,}. If (after a possible reordering) =, is a local attractor for {T(¢) : ¢ = 0}

and

El={aced w@nE, =02},

then each Z;, i > 1 is contained in Z] and for each a € «#/\{Z; U Z]} and global solution
¢ : R — o with ¢(0) = a we have that

—_ [——00 [—00 —

B 000 =2 ).
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Considering the restriction T7(¢) of T(f) to = _1 0= 1 we have that T;(¢) is a gradient-like
semigroup Z] relative to the disjoint family of 1solated invariants {=Z,,---, Z,} and we can
assume, without loss of generality, that =, is a local attractor for {T1(#) : £ = 0} in Z}. If 25
is the repeller associated with the isolated invariant set =, of {T1(¢) : t = 0} in _T we can
proceed and consider the restriction {T3(#) : ¢ = 0} of the semigroup {73 (#) : ¢ = 0} to =5 ; and
{T>(1) : £ = 0} is a gradient-like semigroup in =; | relative to the family of isolated invariants
{Z3,+, Enl.

Proceeding with this reasoning, after a finite number of steps, we obtain a reordering of
{E1,---,Entinsuch away that =; is a local attractor for the restriction of {T'(¢) : £ = 0} to E}'f,j_l
(-1 =),

With this construction, if a global solution ¢ : R — «f satisfies

N =00
o 8 () = Er (1.4.1)
then ¢ > k.
In order to see this, firstly we observe that if (2, =*) is an attractor-repeller pair, any global

solution ¢ : R — X with £(0) € Z* satisfies ¢ () € Z* for all £ € R. From the convergence of ¢(-)

to Zg, necessarily ¢(0) € = But in invariant and contains only the isolated

Er- 1,k-2" Bk 1,k-2
invariants {Z¢, Z41,...,2,}. Thus it follows immediately that ¢ > k.

We prove now that this reordering of {Z,,---,=,} (which we denote the same way) is a
Morse decomposition for o/ with a sequence carefully chosen Ag < A; € Ay < ... € A, of local
attractors.

Define Ay =9, Aj=Z,andfor j=2,3,---,n
Aj=Aj- UWYE) =ul_ W E). (1.4.2)
Itis clear that A, = o/ and each A; is compact.

Theorem 1.4.11. Let {T(f) : t = 0} be a gradient-like semigroup relative to a disjoint family
of isolated invariants ¥ = {Z,,---,E,} reordered in such a way that Z; is a local attractor for

the restriction of {T(t): t = 0} to E Then Aj defined in (L4.2) is a local attractor for

] Lj-2°
{T(t):t=0}inX,

_] _A]nA] T

and V¥ is a Morse decomposition of </ .
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Proof: From Lemma(L.4.4} is sufficient to prove that A; = A;_; U wY(= ) is alocal attractor
for {T(¢) : t = 0} restricted to the global attractor <.

Choose d > 0 such that @’d(U{ZI WHED)N (U?:j+1 Z;) =@. Ifthere exist 6 <d and 6’ < 6
such that y* Os(Aj)NA) cOs(Aj) N, then w(Os (Aj) Nf) attracts Os(Aj) N/ and (since
w(Os (Aj)) N /) is invariant) is contained in Aj, proving that A; is a local attractor in of. If
this is not the case, there exist a sequence {xi} in «/\ A; with d(x, A;) koo 0, for each x; a
global solution ¢ : R — «f through x; and a sequence f koo oo, such that d(¢r (1), Aj) <6
for all € [0, fx] and d({x(#), A;) = 6. In this way, we construct a global solution ¢ : R — «f
such that d(¢(2), Aj) <6 forall <0 and d(S(0), A;) = 6. This gives us a contradiction.

To prove that Z; = A; n A}f_l note that A; o U{ZIE,- (see (1.4.2)) and A;_l ={ze oA :

w(z)NAj_1 =2} > U?:]. =;. Therefore, given z € Aj N A;f_l we have that a global solution
¢ : R — o through z must satisfy

—_ [——00 [—00 —
Ep — &) — Eg.

with k < £ < j (from the fact that z € A;) and j < k < ¢ (from the fact that z € A}'T). This and
from the fact that {T'(¢) : £ = 0} is a gradient-like semigroup relative to the disjoint family of
invariants {Z;,---,Z,}, we obtain that z € Z;. Thus A; N A}'T_l c E;. The other inclusion is

straightforward from the definition of A; and A;f_ B [

Proposition 1.4.12. Let{T(¢): t = 0} be a gradient-like semigroup relative to the disjoint fam-
ily of isolated invariants ¥ = {E,,--- ,E,} reordered in such a way that it is a Morse decompo-

sition of /. Then,

n n
@uan=UE;
=0 j=1

J
Proof: Clearlyu;?:1 Ejc ﬂj:O(Aj UA;). Now, let z € ﬂ?zo(AjuA;f) and k€ {1,---,n} such that
z€Aj,k<j<nandze A}f, 1< j < k-1. It follows from Theorem[L.ZIT]that z € AkmA,”;_1 =

Zk. This completes the proof. [

1.4.2 Lyapunov functions and stability for gradient semigroups

Inspired in the work of Conley (see [16, 44]) we state the equivalence between gradient
semigroups and gradient-like semigroups relative to a disjoint family of isolated invariants

VY = {E,,---,E,}. The gradient-like semigroups relative to ¥ were presented in Definition
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[[.3.3land now we present the gradient semigroups relative to V.

Definition 1.4.13. We say that a semigroup {T(t) : t = 0} with a global attractor </ and a
disjoint family of isolated invariants ¥V = {Z,,---,=Z,} is a gradient semigroup relative to ¥ if
there exists a continuous function V : X — R such that [0,00) 3 t — V(T (t)x) € R is decreasing
for each x € X, V is constant in Z; for each 1 <i < n, and V(T(t)x) = V(x) forall t =0 if

and only if x e U | ;. A function V with such properties is called a Lyapunov function for

{T(1):t=0}.

We have the following equivalence between generalized gradient semigroups and gener-

alized gradient-like semigroups.

Theorem 1.4.14. Let {T(f) : t = 0} be a semigroup with a global attractor «f and a disjoint
family os isolated invariants ¥V = {Z,,--- ,Z,}. Then {T(t) : t = 0} is a gradient semigroup
relative to VY if and only if it is a gradient-like semigroup relative to'VY. Moreover, the Lyapunov
functionV : X — R of a gradient-like semigroup relative to'V can be chosen such thatV (Z,,) =

m-1,m=1,---,n.

The equivalence between gradient semigroups and gradient-like semigroups relative to
a disjoint family of isolated invariants along with Theorem [[.3.14}, prove that the gradient
semigroups relative to a disjoint family of isolated invariants are stable under certain pertur-

bations; that is:

Theorem 1.4.15. Let {T,(t) : t € T*}, n € [0,1], be a continuous and collective asymptotically

compact family of semigroups atn = 0. Assume that
(@ {T,(?) : t = 0} has a global attractor <fy, for eachn € [0, 1] and Uye0,1)%, is bounded.

(b) There exists n € N such that <, has n isolated invariant sets =, = {Z] . ,E;,n} forall

n€[0,1] andsup,<;<, [dH(:Z,,, Eig)t dH(:}k,o’:zn)] —0

(¢) {To(?):t =0} isagradient semigroup relative to Z.

Then there exists 1o > 0 such that, for alln <no, {T;)(¢) : t € T*} is a gradient semigroup relative

to .
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1.5 Exponential global attractors

In this section, we will consider a class of semigroups {7'(¢) : ¢ = 0} with a global attractor
&/ and a disjoint family of isolated invariants = = {Z,,---,=,}. If the unstable sets of these
isolated invariants have the property of exponential local attraction and a Lipschitz condi-
tion (uniform in bounded sets and exponential growth in #), then the global attractor <«
exponentially attracts bounded sets of X. The results presented here extend the results in [2]
for gradient semigroups and they can be found in [9].

In [2] the authors consider a C'*# gradient semigroup with global attractor </ for which
the set of equilibrium points & is composed only by hyperbolic equilibrium points (there-
fore, a finite set). For this semigroup, they prove that </ attracts compact subsets exponen-
tially (see Section 5.7 and Remark 7.11 in [2]).

In what follows, we extend the results of [2] in a broad perspective since we do not assume

that the isolated invariant are equilibrium points and not even assume hyperbolicity.

1.5.1 Gradient-like semigroups with exponential global attractors

The next result is a simple consequence of the definition of gradient semigroups relative

to a disjoint family of isolated invariants were firstly proven in [9].

Lemma 1.5.1. Let {T(t) : t € T} be a gradient semigroup relative to the disjoint family of
isolated invariants = = {E,,--- ,Z,}. If V: X — R is the associated Lyapunov function, Z € =
and V (2) is not a minimum value for V in any neighborhood of Z, then there exists a global

solutioné: T — X such that&{(T) ¢ ZE and é(t) e W(E) forall teT.

The two following lemmas are natural extensions of Lemmas[I.3.7land[I.3.8] for gradient-

like semigroups relative to a disjoint family of isolated invariants.

Lemma 1.5.2. Let {T(t): t € T*} be a gradient-like semigroup relative to a disjoint family of
isolated invariants ¥V = {Z1,--- ,Z,}.
GivenZ € ¥ ande > 0, there exists 0 > 0 such that, if v € O5(Z) and for somet; >0, T(t))v ¢

O¢(E), thenT(t)v ¢ Os5(E) forall t = 1.

Proof: Assume that there exist an € > 0, a sequence {vy} in X with vy i =, sequences {T}

and {#;} in T+ with 7 > ;. > 0, dist(T(T) Vg, Z) koo 0 and dist(T(f) v, Z) = €. Then E is
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chain recurrent in W, which is a contradiction. n

Lemma 1.5.3. Let {T(¢): t € T*} be a gradient-like semigroup relative to a disjoint family of
isolated invariants ¥ = {Z,,---,E,}. If B is a bounded subset of X, given € > 0 there exists

to € T* such that
{Tx:te0<t<t}nO(UL,E)#@, forall xeB.

Proof: Assume that there exist sequences {x;} < B, i koo oo such that {T(s)x; : 0 < s <
N0 (U, E) =92.

Choose 7 = the largest integer less than or equal % Then there exists a subsequence
of {T(7x)xx} (which we will denote the same way) convergent to a certain x € X. It is easy
tosee that {T(H)xp:t€TT}INO, (U;’: | 2)=0 and this contradicts the fact that U;?ZI = attracts

points. [

Definition 1.5.4. Let{T(t): t € T*} be a gradient-like semigroup relative to the disjoint family
of isolated invariants E = {Z,,--- ,2,}. We say that a local unstable set of Z € ¥ is exponen-

tially attracting if there exist positive constants Cy, oo and o, such that
dist(T (1) ug, W¥.(2)) < Coe @', (1.5.1)

when uy € 05,(Z), te T and {T(s)up:0< s< t} < Op,(Z).

Theorem 1.5.5. Let {T(t): t € T"} be a gradient-like semigroup relative to the disjoint fam-
ily of isolated invariants ¥ = {Z,...,E,} and with a global attractor «f. Let V be a closed,
bounded and positively invariant neighborhood of «f and assume that the restriction T(t)|y
of T(t) to V is a Lipschitz continuous function with Lipschitz constant ce™ (L > 0), for each
t € T*. Assume that each set = € ¥ has an exponentially attracting unstable set.

Then, there exist a constanty > 0 and, for each v € V, a function T 3 t — 1i(t) € of and a
constant ¢ > 0, such that

d(T(Hv,am)<ce’, teT". (1.5.2)
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Furthermore, the constant ¢ can be chosen independently of v in bounded sets of X and,

consequently, for each B c X bounded there exists a c(B) > 0 such that

dy(T(H)B, ) <c(B)e ', teT . (1.5.3)

Proof: We know that
d(T(Hw, T(Hw,) < ceLtd(wl, wy), Ywy,wreV, teT™ . (1.5.4)
Choose 8§,y >0 and ¢ > 0, such that
A(T()w, Wy, (E)) < ce ' forall j=1,...,p, (1.5.5)

whente T e {T()w:0<s< 1} cOs5(E)).

From Lemmal[l.5.2, choose 6’ < § such that, if v € g (E i), and for some 1, € T,
T(nh)ve¢Os(E)),

then
T(Hv¢Os (=), forall £ = 1.

Now, from Lemmal[l.5.3] there exists fp € T* such that, forall ve V

p
{Tv:0<t<tin|JOsE) #2.
j=1

: : - m + 1m =. .1m
Therefore, given v € V, there exist sequences {t; G e {ti(j) i and {Z; ])}jzl such that

i(jlefl,...,ph,1sjsms<p,

» + . + _
tigy < Toy 0<fiy =ty St 2<j<m, t; =400,

i(m)

T(Hve @’5(5,‘(]')) for all ti_(j) <t<th

iG)? T(tF ))UE@’@(E,‘U‘)) and je{l,...,m}.

i(j
Given v € V, the positive orbit of v visits neighborhoods of the invariant sets belonging
to V. We reorder and rename this sets Z1,...,Z,,, m < p, using the order in which the §'-

neighborhood of them is visited by the orbit of v.



28 Semigroups

Now choose a point y; € E; and for each tj_ <t< t]JF choose () such that
dist(T (v, W (E) =d(T(@)v,y (D), 1<j<m.

Define it : T — «f by

y,0st<1t,
w(), i St<tf,

T(r—t] Dalt] ), tj  <t<x}, 2<j<n,

w(b), 1<‘}<t<tf,2<j<n.

where k? € (t7,17]is given by

2

Yi_ L+2y;i_

Y1:=7, yjzj—l e qumin{¢t7,tf}, j=2,...,m. (1.5.6)
L+2)’j_1 J L+)/j_1 I

By hypothesis we have that

d(T(t)v, @(t)) <supd(v,yy)e’™e "' =ge ™, 0<s <1y,
veV

AT v, i) <ce V") <ce’e M g0, 1y <t<tf.

Let c; = max{¢, ¢;}. We show that, for each j =2,..., m, the following statement is true

if @) d(T(O)v,a() < cj1e”V77, 17, <t < ;. , withsome ¢;_1 >0,

then(i) d(T(D)v, a(0) < cje” ', t;_, <t <tj with some ¢; > 0.

Firstly note that, by hypothesis, if /| <t < K(])

i)

A(T(0)v,a(0) < ce™ ™V dT v, all )

(é) ccj_leL(f—f;_l)—}’j_lt}-_l. (1.5.7)

L(t—t;)-vi_1t;
<ccj_le(Lﬂ/)toe ( ]) Yi-1t;

and for K(]). <t< tj+,

AT v,yp(D) <ce ™5 <ee ), (1.5.8)
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Taking a closer look at (IL5.7) and (I.5.8) we can note that, if tj— < K? < t;f, we have thaIH

LS =) =yjt; ==y ja1 &)= 17) = =y x5 (1.5.9)

: L=t7) =y 7
=0 k0,0
(t] ) i ( i )

-yt
WGy

~yj=1)

WGy ja )

Figure: Determination of k? andy;.

Indeed, we claim that

Lt—1)=yj1t] <=yjt, 1 <<k} (1.5.10)
- 0
—Yj(t— )< -yt K <t<{]. (1.5.11)

Now we are ready to complete the estimate. From (I.5.7) and (I.5.10) we obtain that, for

- 0
. <l<K;
J J

d(T(1)v, @(D) < ccjy et P0e i,

while (I.5.8) and (I.5.11) ensure that, for K(; <t< t;.“,

A(T(Dv, (1) < ce V715 < e Vit

IThe first equality in (IL5.9) determines Ic? in terms of y;_; and t]T; and, once determined k°, the second
equality in (L5.9) determines y; in terms of y;_1. As a result we have the expressions presented in (L.5.6).
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From (I.5.7), for t;.r_l <t< t].‘,

. +
A(T(O, @(1) < cejq e 00 < oo Mgyt (1.5.12)

and (ii) holds with

¢; =max{c, ccj_ el M0},

and completes the proof. [



Chapter

2

Evolution processes

Let X be a metric space and d(:,-) : X x X — [0,00) its metric. Recall that T denotes R
or”Z (TT;r ={seT:s=1}, T, ={seT:s=<t}), ¥€X) denotes the set of continuous maps
from X into itself and & = {(t,s) € T2 : t = s}. An evolution process in X is a family of maps

{S(t,5):(t,s) € 2} in € (X) with the following properties
1. S(t,r)=1,forall teT,
2. S(t,s)=S(t,7)S(1,s),forall t =1 =,
3. Zx X3(t,s,x)— S(t,s)x € X is continuous.

If X is a normed vector space and S(t, s) is linear for each (¢, s) € 22 we say that {S(¢,s): t =
s e T}is a linear evolution process . This chapter is done following basically [6] and the reader

can also check [7] for more details.

2.1 Pullback attractors

In this section we present the notion of pullback attractors, the notions necessary to
present this concept and its relation to the global attractors of semigroups. For an evolu-

tion process {S(t, s) : (t, s) € 22} and a subset B c X, we define:

(a) Foreach (t,s) € 2, the image of B under S(t, s),

S(t,s)B={S(t,s)b:be B}.
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(b) The orbit of B starting at time s€ T

y*(B) = S(t,9)B.

r=s

(¢) The pullback orbit of B at time t€ T,

yp(B, 1) = S(t,5)B.
S<t
Definition 2.1.1. Let {S(t,s) : (t,5) € £7} be an evolution process. Given t € T, we say that a
set B(t) c X pullback attracts (pullback absorbs) bounded subsets of X at time t under the

action of {S(t, s) : (t,s) € 2} if
SEI_rloodistH(S(t, $)D,B(t))=0 @T=T(D)<tsuchthatS(t,s)Dc B(t), Vs<T).

for each bounded subset D of X. A family {B(t) : t € T} pullback attracts (pullback absorbs)

bounded subsets of X under the action of {S(t, s) : (¢, s) € 22} if B(t) pullback attracts (pullback

absorbs) bounded subsets of X at time t under the action of {S(t,s) : (t,s) € 27}, foreach t € T.
If the exists a family {B(t) : t € R} of bounded subsets which pullback attracts (pullback

absorbs) bounded subsets of X we say that{S(t, s) : (t,s) € 22} is pullback bounded dissipative.

Remark 2.1.2. In this definition, the final time is fixed while the initial time goes to —oco. Note
that this is not the same that go back in time. The evolution is always until the future instant

t starting at an initial time s going to —oo.

Note that, if a set pullback absorbs bounded sets at time ¢ then it pullback attracts bounded

sets at time ¢.

Definition 2.1.3. Let{B(f) : t € R} a family of subsets of X. We say that this family is invariant

under the evolution process {S(t,s) : (t,s) € 2P} if

S(t,s)B(s) = B(t), forall(t,s) e 2.
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Definition 2.1.4. Let {S(t,5) : (t,s) € 2} be an evolution process in a metric space X. We say
that a family {</ (t) : t € R} of compact subsets of X is apullback attractor for{S(t, s): (t, s) € 7}
if it is invariant, pullback attracts bounded sets of X and is the family of closed sets which is
minimal with the property of pullback bounded dissipation; that is, if another family {C(f) :

t € R} of closed sets pullback attracts bounded subsets of X, then A(t) < C(t), forallt € R.
Remark 2.1.5.

1. We remark that the requirement of minimality in Definition[2.1.4 is additional relative
to the theory of global attractors for semigroups. This requirement is essential to ensure
the uniqueness of pullback attractors. The addition of the requirement is related to the
weakening of the invariance property imposed by the non-autonomous nature of the
evolution processes along with the possibility of the pullback attractor being unbounded
at —oo; that is, we allow that Us<; 4 () is unbounded for all t e R. If{T(t): t = 0} and
{T(t—s):(t,s) € PP} is the associated non-autonomous evolution process, there might
be a family {</ () : t € T} of compact invariant sets which pullback attracts bounded
subsets of X and it is not minimal. In fact, if T(t—s) = e %, x0 €T, (t,5) € P,

t

the family {[—e”",e” "] : t € T} is invariant, [-e~ ", e”"] is compact and pullback attracts

bounded subsets of T at timet foreachteT.

2. The requirement of minimality in Definition may be eliminated if we ask that
Us<r < () is bounded forall t € T.

Definition 2.1.6. We say that a solution ¢ : T — X of an evolution process {S(t, s) : (t, s) € 2P}

is bounded backwards if there exists T € T such that the set {{(t) : t < T} is bounded.
Remark 2.1.7.

1. Itis not hard to see that if an evolution process {S(t, s) : (¢, s) € 22} has a pullback attrac-
tor{d (t):tet andl: T — X is a bounded backwards solutions, then &(t) € </ (t) for all

teT.

2. Also, if {4 () : t € T} is a pullback attractor for the evolution process {S(t, s) : (t,s) € 2}
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and U<y <4 () is bounded for all t € R, then </ (t) is given by

(1) ={&(1)| ¢: T — X isaglobal solution
(2.1.1)
bounded backwards for {S(t,s) : (t,s) € 2}, VteT.

The next result relates the pullback attractors of autonomous evolution processes and
global attractors for semigroups. This result shows that the concept of pullback attractor
extends, in a natural way, the concept of global attractors for semigroups to the evolution

processes.

Theorem 2.1.8. If{T(t): t = 0} is a semigroup and S(t,s) = T(t—s), (t, s) € & is the associated
evolution process then {T(t) : t = 0} has a global attractor of if and only if {S(t,s) : (t,s) € 2P}

has a pullback attractor {4 (t) : t € T}. In any one of the cases </ (t) = <f forall teT.

2.2 Existence of pullback attractors

As in the autonomous case, the notion of w—limit will play an importantrole in the theory

of pullback attractors for evolution processes. Recall that T, ={s€ T,s < 1}.

Definition 2.2.1. Let{S(t,s) : (t,s) € 2} be an evolution process in a metric space X and B a

subset of X. The pullback w-limit of B is defined by

wB,10 = U Ss)B.

O<tSsO
For each subset B of X, we have that

k—o0

w(B, t) = {y € X : there exist sequences {Si}ren In T, S — —00
(2.2.1)
and {x¢}xen in B, such that y = klim S(t, sp) Xkl
— 00

Clearly, if {S(?) : t = 0} is a semigroup and S(t, s) = S(£—5s), (¢, s) € 2 we have that w(B, 1) =
Nss0Ur=s S(r)B is independent of ¢ and coincides with the definition of the w—limit w(B) of
B for semigroups (see [17, /46, 25]).

The result about the existence of pullback attractors is a generalization of an analogous

result to autonomous processes (see [2,[17, 25} 42} [46]):
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Theorem 2.2.2. Let{S(t,s): (t,s) € 22} be an evolution process in a metric space X. Then, the

following statements are equivalent
(@) {S(t,s):(t,5) € 22} has a pullback attractor {<f (t): t € T}.

(b) There exists a family of compact sets {K(t) : t € T} which pullback attracts bounded sub-

sets of X under the action of {S(t, s) : (t, s) € }.

In any of the cases

o (1) =|J{w(B,0: Bc X, B bounded}. (2.2.2)

2.3 Gradient-like evolution processes

2.3.1 Definition and main properties

In this section we extend the concept of gradient-like semigroups to evolution processes.
Note that a process will not, in general, possess any equilibrium point. Hence, a general-
ization of the concept of gradient-like semigroups to processes will require a structure that
replaces the role that an equilibrium has for a gradient-like semigroup. Those structures are
the isolated invariant families which we define next inspired by the definition of isolated

invariant sets given in Definition [.3.11

Definition 2.3.1. Let = = {Z(¢) : t € T} be an invariant family for the evolution process {S(t, s) :
(t,8) € 22}, The family Z is called isolated if there exists a 0 > 0 such that any global solution
E() withé(t) € Os(Z(1)) forallt € T mustbeinZ(-), i.e. &(t) € E(t) forallt € T. Acollection ¥ =
{E1,---Ep} of isolated invariant sets is said a disjoint collection of isolated invariant families

ifeach =7 is an isolated invariant family and there exists a 6™ > 0 such that for every t € R
Os+(Ei(1)NOs+(Ej(1)) =2 forall i#]j.

Remark 2.3.2. Let X be a Banach space, {S(t) : t = 0} be a nonlinear semigroup on X, {S(t, ) :
S(t,s) = S(t—s), (t,5) € P} be the associated nonlinear evolution process. If ] is an isolated
invariant set for {S(t) : t = 0}, then ¢ ={J(t) c X : J(t) = ], t € R} is an isolated invariant
family for {S(t,s) : (t,s) € PR}.
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Definition 2.3.3. Ler {S(t,s) : (£,5) € Pr} be an evolution process and let ¥ = {Z1,---Z,} be
a disjoint collection of isolated invariant families in the pullback attractor {</(t) : t € R}. A
homoclinic structure in ¥V is a non-trivial set of orbits between elements of ¥ that form a

cycle: a nonempty set of global solutions {¢; : R — X}f:1 such that

tlir_n dist(¢; (1), Z¢, (1)) =0 and tlir+n dist(&;(8),Zp..,) =0, l<i<k,

i+l
whereZy,(-)eY andZy, () =Z¢, ().

Definition 2.3.4. Let X be a Banach space and {S(t, s) : (¢, s) € Pr} be an evolution process in
X which has a pullback attractor {</ (1) : t € R}. Wesay that{S(t, s) : (t,s) € Pr} isageneralized

gradient-like process if the following two hypotheses are satisfied:

(H1) Thereis a finite set ¥V = {E; : R — X : 1 < i < p} of isolated invariant families in {</(t) :

t € R} with the property that any global solution ¢ : R — X in {</ (t) : t € R} satisfies
tlil_n dist(¢(1),Z; (1)) =0 and tlim dist(¢ (1), Z;(1) =0,

forsomel <i,j<p.
(H2) ¥ ={&4,--+,E,} does not contain any homoclinic structure.

When {S(t,s) = S(t —s) : (t,5) € PPr} we say that {S(¢) : t = 0} is a generalized gradient-like

semigroup.

Next we introduce the definitions of unstable and stable sets:

Definition 2.3.5. Let {S(t,s) : (t,s) € Pr} be an evolution process. The unstable set of an iso-

lated invariant family E is the set

WYE") ={(1,0) eRx X : there exists a global solution ¢ :R — X

such that&(r) = and tEI_n dist(é(8), Z(1)) = 0}.

Also, WY(E")(1) ={{e X : (1,{) e WY (E")}.
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Remark 2.3.6. We note that when the evolution process {S(t,s) : s = t € R} comes from a non-
linear semigroup {S(t) : t = 0} (S(t,s) = S(t—5), forall (t, s) € Pg), the above definition of stable
e unstable set coincide with the usual definition of a unstable set of an invariant set.
Unfortunately, in the case of a general evolution process {S(t, s) : (t,s) € Pr} this may not
hold. To make the usual definition of unstable sets for an invariant family {Z(t) : t € R} coin-

cide with Definition[2.3.5 we ask the following additional condition

If a solution ¢(¢) stays inside a suitably small neighborhood of I'; for all 7 in an inter-
val of the form (—o0, #y] (respectively, [#y,00)), then dist(£(¢), Z(t)) gy (respectively,
dist(€(1), 2(1)) =% 0).

This condition is automatically satisfied in the case when the evolution process is given

by a semigroup, as seen in the next lemma.

Lemma 2.3.7. Let{S(t): t = 0} be an asymptotically compact semigroup, ZE c X be an isolated
invariant set and ¢ : R — X be a global solution for {S(t) : t = 0}. Assume that U,V are open
subsets of X with U c V e such that Z c U, Z being the maximal invariant set contained in
V. If there is a ty € R such that (t) € U for all t = ty (respectively, t < ty), then (1) =r=

(respectively, &(t) '==° ).

Proof: Let us prove the case () € U for all ¢ = . The other case is completely similar. We

argue by contradiction assuming that

limsupdist(¢(#),Z) > 0.
t—o0
Then, there exist € > 0 and a sequence f; — oo such that dist(¢(#;), Z) = €. From the asymp-
totic compactness of the semigroup, this sequence has a convergent subsequence (which we
denote the same). If y = limj_.o, {(#x), then dist(y, Z) = € and y belongs to the set w—limit set
of xo = £(0). Thus y € w(xy) < U and w(xp) is invariant under {S(#) : ¢ = 0}. That contradicts

the assumption that Z is the maximal invariant subset of V' and concludes the proof. ]

2.3.2 Gradient-like processes under perturbation

We are now ready to state the main result of this section
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Theorem 2.3.8. Let X be a Banach space, 1 € [0,1] be a parameter and {Sy(t, s) : (¢, s) € 2} be

a nonlinear evolution process in X with a pullback attractor {<,(t) : t € T}. Assume that,

(@) Upeo,1) Urer (1) is compact.

(b) So(t,s) =S(t—s), t=sand{S(t):t =0} is a generalized gradient-like nonlinear semi-

o . . — -
group with isolated invariant sets {7 j,---Z} o}

(© {S;(t,5):t=s€eR} has finitely many isolated invariant families \V,, = {Ef,n(')’ B ()
with
lim supdistH(E;‘n(t),EfO(l‘)) =0, foreach1<i<n.
n—0] ter ’ ’

d 1S,(t+7,)u—So(t+7,7)ullx i 0 uniformly fort € R and for (t, u) in compact subsets

of T x X.

(e) There exists 6 > 0 and 1, > 0 such that for all n € (0,1m1), if ¢, is a global solution in
{oty (1) : t € T} such that if limsup dist(¢, (1), E;n(t)) <0 then

t—+o00

dist(fn(t),E;‘Yn(t)) —0ast— +oo.

Then there exists o > 0 such that, for alln <no, {S;(z, s) : (¢, 5) € Pr} is a generalized gradient-

like nonlinear evolution process. Consequently, there existsng > 0 such that

(1) = U?ZIW”(E;U)(I), forall teR andn e [0,n0].

Theorem [2.3.8 generalizes the characterization result in [8] to perturbation of autono-
mous generalized gradient-like nonlinear semigroups. Hence, the limit problem does not
need to have a Lyapunov function, and Z; does not need to be an equilibrium point. Of
course it remains to prove in applications the continuity of the isolated global solutions E;n
at 1 = 0, which is known to hold for example for normally hyperbolic global solutions.

Observe that Theorem [2.3.8/implies that the pullback attractors for {S; (¢, s) : (#, s) € P}
may be, in some situations, characterized as the union of the unstable sets of isolated global
solutions. Hyperbolicity is not required up to this point. Nonetheless, the persistence of the
isolated global solutions will require some kind of hyperbolicity (in general normal hyper-

bolicity).



Chapter

3

An estimate on the fractal dimension

We know begin the main part of this work, and use the structure of the global attractor
to estimate its fractal dimension. Before we proceed, let us briefly recall the definitions of
topological, Hausdorff and fractal dimension.

If K is a topological space, we say that K has finite fopological dimension if there exists a
natural number d such that, for every open covering % of K, there is another covering %' of
K refining % with the property that each point of K belongs to at most d + 1 sets in %’. In
this case, the topological dimension dim7(K) of K is the minimum d with this property. With
this notion, a subset of R” with non-empty interior has topological dimension n and, if K is
a compact metric space with topological dimension dim7(K) < oo, then it is homeomorphic
to a subset of R” with n = 2dim7(K) + 1 (see [33], [41]). For a more detailed discussion, the
reader can see [6].

Next we introduce the notion of Hausdorff dimension. For a given metric space (X, p),

a>0,e>0and Ac X let
i (A) = inf{ Y (diam(B;)*: Ac U, B;, diam(B;) < e} ,
i=1

with the convention inf @ = co. Since ,uéa) (A) increases as € decreases, we define
(a) A =1i (a) A
p(A) = hrn (A).

€

We have the following property of the set function p® : 2X — [0,00] (Where 2X = {A: Ac
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X}):

Proposition 3.0.9. Given a metric space (X, p) and a > 0, u'® : 2X — [0,00] is a metric exterior

measure; therefore is a Borel measure.

Definition 3.0.10. For A c X, the Hausdorff dimension of A is defined by
infla=0:p“(A) =0} =sup{a =0: u'Y(A) = oo}.

It is known (see [41]) that dim7(K) < dimg(K).
Finally we introduce the notion of fractal dimension. If K is a compact metric space let
N(r, K) be the least number of balls of radius r necessary to cover K. The fractal dimension

(or also known as capacity or box-counting dimension) c(K) of K is defined by:

log N(r,
¢(K) =limsup M.
r—o log(1/r)

Alternatively, ¢ = c(K) is the least real number such that, for all € > 0 there exists a 6 > 0 with

c+e
N(r,K)s(;) , 0<r<é.

From this, it is easy to see that

dimg(K) < ¢(K). (3.0.1)

The fractal and Hausdorff dimension may differ significantly. One can easily see that the
set {% : n € N*} U {0} is a compact subset of R with zero Hausdorff dimension and fractal
dimension equal to % It may even happen that the Hausdorff dimension is zero with the

fractal dimension being infinite (see [31] for such an example).

3.1 Anestimate on the fractal dimension of attractors for gradient-

like semigroups

Recall that, from the definition, if K < G are both compact subspaces of X, then ¢(K) <
c(G).
Now assume that X, Y are Banach spaces, K € X, G c Y compact subsets and f : K —

G a Lipschitz function with Lipschitz constant Ly > 0. Then c(f(K)) < ¢(K). In fact, since
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N(e, f(K)) < N(e/ Ly, K) we have that

) InN(e, f(K)) .. InN(e/Ly,K)
K)) =1 —F— <l _
D =lmeup =] e <SP e
) InN(e/L¢,K) InN(e/L¢, K)
=limsup ————— =limsup

e—o+ In(Lg/Lge) e—o+ In(Lg/e)—In(Ly)
1 1nN(€/Lf,K)
<

<

=limsu
emort 1@ In(Ly/e)
ln(Lf/E)

As a consequence of this result, if we assume the above hypotheses and in addition X = Y
and K c f(K), then ¢(K) = ¢(f (K)).

Throughout this section we are interested in the calculation of the fractal dimension of
the attractor, in terms of the fractal dimensions of the unstable manifolds associated to the
isolated invariant sets. First we need to start with some results concerning the isolated in-
variant sets for a given gradient-like semigroup {T'(¢) : t = 0}. The results of the following

section are taken from [3], which is a product of this work.

Definition 3.1.1. Let {T(t) : t = 0} be a generalized gradient-like semigroup with global at-
tractor o, and ¥ = {Z,,---,E,} a family of associated isolated invariant sets. We say that an

isolated invariant set Z; is a source, if Wlso .

(E)ng =E;; and asink if WY(E;) = E;. Other-
wise, we say that Z; is a saddle.
Theorem 3.1.2. Let{T(t): t =0} be a generalized gradient-like semigroup with global attrac-

torof andV¥ = {E,,---,E,} the associated isolated invariant sets. Then, there is at least one

source and at least one sink.

Proof. Assume there are no sources. Then given Z;, there exists a Z; (j # i) and a global
solution ¢ such that

— [——00 [—00 —
=z — &) — Zj.

Inductively, we can construct a homoclinic structure since there is a finite number of isolated
invariant sets, which leads us to a contradiction. A similar argument proves the existence of

a sink. O

Remark 3.1.3. Assume that{T(t): t =0} is a generalized gradient-like semigroup with global

attractor « and V¥ = {E,,---,E,} the associated isolated invariant sets. We can easily show
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that the attractor of of {T(t): t = 0} coincides with the attractor &' of the discrete generalized
gradient-like semigroup {S" : n € N}, where S = T(1). In fact, it is clear that «f < <f'. Con-
versely, the attractor &' is given as the union of unstable manifolds of the isolated invariant
sets, and given a point z € &', there exists an isolated invariant set Z; and a global solution &
such that ¢(0) = z and E(—n) nzpe Z;. Now, we can define ¢(—t) for all t = 0 as follows: given
neN, define

¢(—t)=Tn—-1)é(—n), forall0< t < n.

This obviously gives us a global solution ¢ of {T(t) : t = 0} such that $(0) = z and {(—t) Fzgo Zi,
which proves that o/ = of'.

Due to this remark, we can now consider only the case of discrete generalized gradient-

like semigroups and we begin stating our first result on fractal dimension.

Proposition 3.1.4. Let {T" : n € N} be a discrete semigroup with global attractor «f. Let S =
T\, and assume that S is Lipschitz continuous with Lipschitz constant L > 1. Let (A, A*) be an
attractor-repeller pair in <, and assume that there exist constants M = 1 and w > 0 such that,
for all K compact subset of « with KN A* = &, we have disty(S"K, A) < Me™ ", forall n e N.
Assume also that there is a neighborhood B of A* in of such thatBn A= @.

Then

c(B) < c(«f) < max

{ w+1In(L) }
———c(B),c(A) ;.
w

Proof. Clearly, since B c «f, c¢(B) < c(</). We only have to prove the right inequality. For this,

we divide the proof into four steps:

Step 1: Define Q,, = S"(«/ \ B) \ "1 («# \ B), for all n € N. Note that Qy = («/ \ B)\ S(«/ \ B) c

S(B) \ B c S(B) and therefore c(Qg) < c(S(B)) = c¢(B), because B c S(B) and S is a Lipschitz
continuous function.

Now we obtain an estimate on the minimum number of r-balls N(r,Qj) necessary to
cover Q in terms of the numbers of balls necessary to cover Q. Let ng’k = N(r/LF,Qy) and

{x1,..., xnr,k} a finite sequence of points in Qg such that
0

rk
y

Qo c | Blx;, r/L5).
i=1
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Set, for each i = 1,...,n6’k, &= Sk(xi) € Q. Then, for each y € Qj there exists z € (y such

Ik and we have

that y = Sk(2), z€ B(x;, r/L¥) for some i = L...,n,

ly—¢&ill= 1S%(2) = S*(xp)ll < LF)z = x;1| < r, for all y € Q.

rk
So, we just proved Q. c u'?f B(&;, 1), which gives N(r, Q) < n’k.
J p i=1 g 0

Step 2: Given r > 0, since disty(S"(</ \ B), A) < Me " for all n = 0, there exists a ny(r) =

[L1n(2)] such that

UACG,(A),

G(r)::( U @

Jj=no(r)

N(r,A)
i=1

i=1,...,N(r,A), then 0, (A) c Ué\i(lr'A)B(xi,Zr) therefore N(2r,0,(A)) < N(r, A). We conclude

where 0, (A) denotes the r-neighborhood of A. So, if Ac u B(x;,r) with x; € A for all

that N (r,G(§)) < N(, A).

Step 3: From Step 1, if H(r) := U;’g(o” Q; we have

N(r, Hr) <ng(r) max N(/LF,Qp) = ngNr/L™",Qp),

=0,...,19(r)

since L > 1.

Step 4: First, note that for each r > 0, we have that «f = Bu G(g) UH (g) and therefore

N(r,e) <3max{N(r,B); N(r,H(r/2)); N(r,G(r/2))}
<3max{N(r,B); N(r/2,H(r/2)); N(r/2, A)}

<3max{N(r, B); no(r/2)N(r/L™"'? Qq); N(r/2, A)}.

Since the logarithm function is increasing, we obtain

InN(r, o) <In3 +maxiln N(r, B); Inng(r/2) + In N(r/L™"'? Qg); InN(r/2, A)}.
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Hence
InN(r,«/) __In3 {lnN(r,B).lnnO(r/Z) lnN(r/L”O(”Z),QO)'lnN(r/2,A)}
In(1/r)  In(1/r) In(1/r) * In(1/7) In(1/7) " In(l/7)

Obviously, li
Ny A P In(1/n)

= 0. Now, we compute the other terms:

(@)
. Inng(r/2) . Inl/ow . In(n(2M/r))
limsup ———— =limsup +limsup ——=0;
r—o+ In(1/7) roor In(l/r) o+ In(1/r)
(b)
lim su InN(r/L™"'? Qq) sy InN(r/L™"'D Q)
meup In(1/r) — P (Lot 72) )
 limsup 1 InN(r/L™"'2), Q)
N . (r/2)InL (r/2) ’
r—0 1—% In(L™" 9 /)
but
limsup —————=—— =limsu (M
MU T wame TSP T ’

In(L"0072) /1)

and since %ln(¥) <np < %ln(%) +1,

) no(r/2)In(L) ) w+In(L)
limsup| ———+1|=——,
0+ In(1/7) w
which shows that
InN(r/L™'2 Q In(L
limsu n v o < @+ In( )C(Qo).
r—0+ ln(llr)
(©
. InN(r/2,A) . InN(r/2,A)
limsup———— =limsup ————
r—0* In(1/r) r—o+  In(2/2r)
. 1 InN(r/2,A)
limsup < c(A).

In(1/2)
r—o+t 1+ (/) 1n(2/r)
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Putting together (a), (b) and (c), we obtain

w+In(L)

c(f) < max{ c(B),

w+In(L)
c(Q), c(A)} < max{ T

c(B),c(A) } .

Here we use the fact that c(Qg) < c(B). The proofis now complete. O

Now, using this proposition we can estimate the fractal dimension of a global attractor of
a discrete generalized gradient-like semigroup {T" : n € N} in terms of the fractal dimensions

of the local unstable manifolds of the isolated invariant sets.

Theorem 3.1.5. Let {T": n € N} be a discrete generalized gradient-like semigroup with global
attractor of and ¥ = {Z,,...,E,} the associated isolated invariant sets. Assume that the re-
striction T, to & of the operator T is a Lipschitz continuous function with Lipschitz constant
L>1 and assume also that there exist constants M > 1 and w > 0 such that for every attractor-

repeller pair (A, A*) in o« and every compact subset K c «f with Kn A* = & we have
disty(T"(K), A) < Me™ ", foralln = 0.

Finally, assume that the local unstable manifolds {W}

1oc(Ei),i,..., p} are given as graphs of

Lipschitz functions. Under these conditions

U o w+In(L) U o
max c(Wloc(:i)) < c(ef) S ———— max c(Wloc(:i)).
i=1,.,p w i=1,..,p

Proof. Since {T" : n € N} is a discrete gradient-like semigroup, there exists at least one
source. Let Z; be one of these sources and B; a neighborhood of E; in &« such that B; c
WIL(‘)C(E,-) and T(B;) Wzbf)c(Ei)’ so that ¢(B;) = ¢(T'(B;)) = C(WZL(‘)C(E,-)). Now, it is easy to see

that Z; = A;‘, where A; = Uj#inLéc(Ej). By Proposition[3.1.4]

w+1In(L)

c(B)) <cl) < max{ C(Bi);C(Ai)}y

thatis

0 e w+1In(L)
c(W,(E))) sclod) < max{—

c(W;;C(Ei)),c(Ai)}.

Now, restrict the operator T to the attractor A;. Thus, we have a discrete generalized gradient-
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like semigroup with attractor A and =l = ¥\{Z;}, which has atleast one source =, with k # i.

We can use the same argument above to prove that

c(W); .(Er)) < c(A;) < max

w+In(L) "y o
——— (W}, (Ep)), c(Ax) ¢ -

And joining these two results, we obtain

maxc(Wjg, (2,) < ¢(s#) < max

w+In(L)

+In(L
{w—ll()c(wllgc(zi)),

(W (Ex)), c(Ap) } :

This process must stop, since there are just a finite number of isolated invariant sets, and

proceeding inductively we obtain the desired result. O

Remark 3.1.6.

(a)

(b)

The proof of this theorem suggests a certain order in the family of isolated invariant sets
and, after a possible index rearrangement, we can assume that¥ = {Z1,...,Z,} and in
the proof, the first source in of to be chosen is £, the second is £, and so on. Such an
ordering can be used to form a new family N ={M,..., Nn} with m < p called energy
level decomposition for the attractor «f, which is a Morse decomposition for «/. For
more details see Section 5 of [I]. Using this decomposition we can see that the fractal
dimension of the sets W} (=) is a non-increasing function of the index i, and we have
that

w+1In(L)

c(Wp (ED) s cld) < c(W} _(E1)).

We already knew that in this case the Hausdorff dimension of </ is finite and thus the
topological dimension of «f is also finite, which allows us to embed < in R?4M7()+1,
Now we can embed <f in an Euclidian space of higher dimension, but with a projection

with Holder continuous inverse.

Our next result is an immediate corollary of the preceding theorem, once we recall some

basic facts concerning discrete gradient-like semigroups {T” : n € N} with an attractor «/

and a finite set & = {ey, ..., ep} of fixed hyperbolic points. First, the reader can check (see

[19] for a proof) that the local unstable (stable) manifold Wl‘(‘) C(ei) (Wlso C) is given by a graph

of a Lipschitz function. Now, in these conditions it is easy to see that there are only a finite
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number of attractor-repeller pairs (A, A*), namely, the pairs (A, A*), with

A= | wWHe.

iel

Using this fact and the exponential attraction of each fixed point, we can prove that there
exist constants M = 1 and w > 0 such that for every attractor-repeller pair (A, A*) and every

compact subset K of «f with Kn A* = &, we have
disty(T™(K), A) < Me ®", forall n=0.

From these two facts it follows the next result:

Corollary 3.1.7. Let {T" : n € N} be a discrete gradient-like semigroup with an attractor <
and a finite set & = {ey,..., ep} of fixed hyperbolic points. Assume that the restriction of T to
& is a Lipschitz function with Lipschitz constant L > 1. Let M = 1 and w > 0 be two constants
such that for every attractor-repeller pair (A;, A}), with A; = Ujx; W (e;) and every compact

subset K of o with Kn A* = & we have
disty (T"(K), A) < Me ", foralln=0.

Then

" w+In(L) u
max c(W,,(e;)) < c(ef) S ——— max c(W};_(e;)).
i=1,.,p w i=1,..,p

Under similar, although appropriately modified, hypotheses it is possible to show an

analogous result to Proposition[3.1.4} but using now local stable manifolds.

Proposition 3.1.8. Let {T" : n € N} be a discrete semigroup with global attractor <. Let
S = T, and assume that S is invertible with inverse S™! a Lipschitz continuous map, with
Lipschitz constant L > 1. Let (A, A*) be an attractor-repeller pair in <f , and assume that there
exist constants M = 1 and o > 0 such that, for all K compact subset of «f with KN A=, we
have distyy (S7""K, A*) < Me™", for all n € N. Assume also that there is a neighborhood B of A
in<f suchthatBn A* = @.

Then

¢(B) < c(f) < max{ #

c(B),c(A") } .
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Additionally we can also establish the next result.

Theorem 3.1.9. Let {T": n € N} be a discrete generalized gradient-like semigroup with global
attractor of and ¥ = {Z,,...,Z,} the associated isolated invariant sets. Assume that the re-
striction Ty, to <f of the operator T is invertible with its inverse T™! a Lipschitz continuous
function with Lipschitz constant L > 1 and assume also that there exist constants M > 1 and
w > 0 such that for every attractor-repeller pair (A, A*) in </ and every compact subset K c of

with KN A= & we have
disty(T™""(K), A*) < Me ™", foralln=0.
Finally, assume that the intersection of the local stable manifolds {Wlso c(Ei)’ i,...,p} with the

global attractor </ are given as graphs of Lipschitz functions. Under these conditions

s — w+In(L) s —
ax c(W;, (E))ne) <clod) s ——— max c(W;, (E;)Nn).
i=1,..,p oc w i=1,.,p oc

Remark 3.1.10. If the hypotheses of Corollary[3.1.7 are satisfied, S is invertible and the hy-

potheses of exponential attraction for the inverse to the local repellers are also satisfied then

w+InL

c(A) smin{ max c(W} _(e;), max c(Wlsoc(ei)n.szf)}.
i=1,p

w l:],...,p

This can be easily seen if we return to the proof of Proposition[3.1.4 If S is Lipschitz continuous
with Lipschitz constant L > 1, then S™ is also Lipschitz with Lipschitz constant 1/L < 1, and

the proof'in this case is modified. More precisely, in Step 3,

N(r, H(r)) < noN(r,€o).

Also, with the reversed hypotheses

w+InL

c(A) smin{_nllax c(Wp (e)), max c(Wlsoc(ei)n.szf)}.
i=1,,p i=1,,p
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Remark 3.1.11. Consider the autonomous equation
ut:uxx+ﬂt(u—,6u3) (3.1.1)

for x € [0, ] with Dirichlet boundary conditions. We consider the family of attractors {<f), :
A > 0}, varying with the parameter A. Note that our argument implies that if we approach
a bifurcation point A = n?, n € N, our estimate on the fractal dimension of the attractor <),
explodes, since the rate of exponential attraction w approaches to zero (see [22] where it is
proved that this attraction is in fact polynomial). However, we know that the fractal dimension
of the above Chafee-Infante equation is finite and of order v/A for all values of A = A, (the first
eigenvalue of the Laplacian operator) (see, for instance, [46,|41)]). Despite of this fact, if we
choose ' near A (A" > 1), then the estimate is finite, as we have the exponential attraction to
hyperbolic equilibria. Moreover, for any sequence {A, : n € N} such that A, is away from the

endpoints of the interval (n?, (n+1)?), uniformly for n € N, our estimate is of order \/A,,.

3.2 Non-autonomous dynamical systems and attractor-repeller
pairs

In this section we are interested in obtaining an estimate for the fractal dimension of a
pullback attractor for a gradient-like evolution process. We now will define attractor-repeller
pairs for evolution processes and extract some of their properties. For this purpose we fol-
low the ideas in [24], and some demonstrations are omitted since they can be found in this

reference.

To make the theory a little bit more general, we will consider non-autonomous dynamical

systems (which we define below).

Definition 3.2.1. Let (X, dx) and (P,dp) be metric spaces. Anon-autonomous dynamical sys-
tem (INDS), denoted by (0, @) or shortly ¢ when there is no confusion, consists of two ingredi-

ents:

(i) A model of the non-autonomous driving system, namely a dynamical system 6 on P
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with timesetT =7 orR; i.e.

Oop=p, forallpeP,
3.2.1)

O0isp=0:0sp), forallpe P, t,seT,

and the map (t, p) — 0, p is continuous.

(ii) A model of the non-autonomously perturbed system, namely a cocycle ¢ over 0; i.e. a

continuous mapping
@:T"xPxX—X, (t,p,x) — @(t, p, X)

such that the family ¢(t, p,-) = @(t, p) : X — X of self-mappings of X satisfies the cocycle
property:

@(0,p) =idx, forallpe P,
(3.2.2)

@(t+5s,p)=@(t,0;p)o@(s,p), forallt,s,e T*, peP.

P is called the base space and X is the state space.

Remark 3.2.2. Given an evolution process {S(t, s) : (t,s) € 22}, then we can construct a non-

autonomous dynamical system with base space P = R by setting
@(t,s)=S(t+s,s), forallt =0 and s € R,

thus the non-autonomous dynamical systems are a generalization of evolution processes, and

every result done from now on can be applied for evolution processes.

Definition 3.2.3. A family of subsets D = {D(p)} pep Of X is called a non-autonomous set. If
each fiber D(p) is closed/compact/open, then D is called anon-autonomous closed/compact/open

set.

Definition 3.2.4. A non-autonomous set D is said to be forward invariant under the NDS ¢ if
@(t,p)D(p) < D@;p) forallp € P and t = 0. It is said to be invariant if ¢ (t, p) D(p) = D(@;p)
forallpe Pandt=0.
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Definition 3.2.5. Assume that D is a non-autonomous set, then the ( pullback) omega-limit

set of D, wp, is defined by

wp(p) = Ue(s,6-)DO-sp), foreach p € P.

t=0s=t

To simplify the notation, we will write wp instead of w .
Definition 3.2.6. Given two non-autonomous sets D and A, we say that A pullback attracts D
if
tllrélodiStH((p(t,Q_tP)D(Q—tP);A(P)) =0
holds for all p € P, where d(A, B) stands for the Hausdorff semi-distance between two sets A

and B, i.e. d(A, B) := sup, 4 infyep dx(x, y). As usual, we set d(J, A) = 0 and d(A, @) = oo, for

a nonempty set A.

Remark 3.2.7. 1. Clearly x € wp(p) if and only if there exist sequences t, — oo and x, €

D(0_,, p) such that ¢(t,,0-;, p)x, — X as n — oo.

2. For any two non-autonomous sets Dy and D,, we have

wp,up, (p) =wp, (p) Vwp, (p),

foreach p e P.

3. Ifanon-autonomous closed setE pullback attracts another D, thenwp( p) < E(p) forall

peP.

Definition 3.2.8. Let ¢ be a NDS. For a fixed p € P and x € X, a mappingo.(p) : R — X is

called an entire p-orbit through x of ¢ if it satisfies the cocycle property

oo(p)=x

Os(p) =@(t,05p)os(p), forallt=0, seR.

By the cocycle property of o, it is clear that for arbitrary £ = 0 and p € P we have

o(p)=@(t,ploo(p).
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Lemma 3.2.9. Assume that D is a forward invariant non-autonomous compact set, then for
any p € P and any point x € wp(p) there exists an entire p-orbit o.(p) through x such that

o:(p)€wp@;p) forall t eR.

Proof: Let p € P fixed and x € wp(p). Define o¢(p) = x and for £t =0, o4(p) := @(t, p)oo(p). It
is clear that o+(p) € wp(0;p) for all ¢ = 0, by the invariance of wp. Now, by definition of the
omega-limit set, there exist sequences ¢, — oo and x,, € D(0_;, p) such that ¢(z,,0_;, p)x, —

X, n — oo. By the forward invariance of D, for each k € Z~, there exists Ny € N such that
@ty +k,0_;,p)x, € D(Okp), forall n= Njy.

Using the compactness of D and a diagonalization process, we can find a subsequence

nn — oo and points X € D(0yp) such that
(P(tnm + k)e—l’nm p)xnm - X'k,

for each k€ Z™. Define, for k <t < k+1, 0,(p) = @(t — k,0;p) Xf. In this way it is easy to see
that o.(p) : R — X is an entire p-orbit through x such that o;(p) € wp(8;p) for all t € R. [

Corollary 3.2.10. Assume that D is an invariant non-autonomous compact set. Then for any
p € P and any point x € D(p) , there exists an entire p-orbit o.(p) through x that lies in D, i.e.
o:(p)eD@;p) forall t eR.

Definition 3.2.11. Assume that ¢ is an NDS with base space P and state space X. An universe
9 is a collection of nonempty non-autonomous sets which is closed with respect to set inclu-

sion, i.e. iff)l €9 and D,c D, thenD, € 9. A non-autonomous compact setSe D is called a

A

2 -pullback attractor of ¢ if
i) Sis invariant;
(ii) S isP-pullback attracting, i.e. S pullback attracts every D € 9.

A continuous function ¢ : P — X is called a global solution for the non-autonomous dy-

namical system ¢ if it satisfies

@(t,0_p)éO_;p)=E(p), forall te T and pe P
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Proposition 3.2.12. Given an attraction universe 2, the pullback attractor with respect to 2

is unique.

Proof. Let A and A’ be two pullback attractors with respect to the attraction universe 2.

Since A’ € 2, we have for every p € P that
dist;(A'(p), A(p)) = lim disty;((2,0-:p) A'(0-1p), A(p)) =0,

and since A'(p) and A(p) are both compact, it follows that A'(p) € A(p). Analogously we

show that A(p) € A'(p) which concludes the result. O

Definition 3.2.13 (Pullback absorbing set with respect to an attraction universe). Let % be
an attraction universe of a NDS ¢. A non-autonomous set B € 9 is called pullback absorbing

with respect to @ if for each D € 9 and p € P there exists a ty = 0 such that
@(t,0_;p)DO-;:p) < B(p), forall t = t.

Theorem 3.2.14 (Existence of a pullback attractor with respect to an attraction universe). Let
¢ be a NDS and assume that the non-autonomous compact set B is pullback absorbing with
respect to an attraction universe%. Then there exists a pullback attractor A with respect to 9,

where for each p € P, the fibers A(p) are defined by
A(p) =wpg(p). (3.2.3)
Proof. Let Abe defined by (3.:2.3). Firstly, we will show that for every p € P
}ngodistH(w(t,9—:P)B(9—zp),A(P)) =0.

Assume to contrary that there exist a p € P, a sequence {f,,} >0 < [0,00) with t,, - coas n —

00, a sequence {x,},>o with x,, € B(0_;, p) and an € > 0 such that

distg (@ (t,,0-1, p)xn, A(p)) =€, for every n = 0.
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Since B is an absorbing family with respect to 9 ,Be % and t, — 0o as n — oo, We can assume
that y, = ¢(¢,,0_;,p)x, € B(p) for every n = 0. By the compactness of B(p), we can also

assume that there exists y € B(p) such that the sequence {y,},>0 satisfies y, — y as n — oco.

But disty (y,, A(p)) = € for every n = 0 and so distg(y, A(p)) = €, which is a contradiction
since y € wp(p) = A(p).

Now let D € &. The above calculation gives us that, given p € P and € > 0, there exists
tp = 0 such that

disty(@(t,0-:p)BO_;p), A(p)) <e, forall ¢ = t,.

Now, the family B is pullback absorbing with respect to & and so, for the f, given above, there

exists f; = 0 such that ¢(£,0_;44,p)D(O_;+4 p) < B0y, p) for every ¢ = 1;.

Thus, for t = 1 we have

distg(@(1,0-p)DO-;p), A(p)) = distg (@ (1,01 p)p(t — 15,0 p) DO, p), A(p))

< disty(@(f,0-,p)BO-4p), Alp)) <€,

which proves that A pullback attracts every family D € 2.
The compactness of A(p) follows since A(p) < B(p) and A(p) is closed, for every p € P.

It remains to show the invariance of the family A. Let x € A( p) and ¢ = 0. Then there are
sequences {f;},>0 < [0,00) and {x,},>0 such that #,, — co as n — oo, x,, € B(0_;, p) for every

n=0and ¢(t,,0_;, p)x, — x as n — oo. Using the continuity of ¢(z, p), we have that

QU+ 10,0_-1,0:p) X0 = Q(E+ 13,0_1, D) X = P(t, P)P(Lr,0_1, P)Xn — @(L, p)X, s 1 — 00,

which proves that ¢(t, p)x € A@;p).

Now if x € A(0;p), there exist sequences {f,},>0 < [0,00) and {x,},>0 such that t;, — oo as
n — oo, X, € B(0;-;, p) for every n = 0 and ¢(t,0;-;, p)x, — x as n — oo. Since f, — oo as
n — oo, we can assume that t,, = ¢ forall n = 0.

We have then ¢(t,,0;—;,p)x, = (¢, p)p(t, — 1,0, p) X, and since B is absorbing, we
can also assume that the sequence {¢(f, — ,0;_;, p)Xn}n=0 is contained in B(p). But B(p)

is compact, and we can assume that there exists y € B(p) such that ¢(t, — £,0,—;, p)x, — .
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Thus y € A(p) and, by the continuity of ¢(t, p), we have ¢(t, p)y = x, which concludes the

invariance of A and also the theorem. O

We now introduce the concepts of local attractivity and repulsion, following [38] (see also
[24]).
Definition 3.2.15 (Local pullback attractivity). Let ¢ be a NDS with a pullback attractor < .
A compact invariant family A with A c of is called alocal pullback attractor if there exists an

1 > 0 such that
tlim disty (@(1,0-:p)O,(AO-;p)), A(p)) =0, forallpe P, 3.2.4)

where Oy(A(q)) = {x € A (q) : disty(x, A(q)) <n}, for q € P. The supremum of alln > 0 for

which the above relation holds is called local pullback radius of attraction of A.

Remark 3.2.16. We see that a local pullback attractor is a pullback attractor with respect to

the attraction universe 9 defined by all the families {O(A(p)): p € P} wherel€(0,n].

Definition 3.2.17 (Local backward repulsion). Let ¢ be a NDS with a pullback attractor .
A compact invariant family A* with A* c & is called alocal repeller if there exists > 0 such
that

}LrgodistH((p(— t, )0, (A" (p), A*(0-:p)) =0, forallpe P, (3.2.5)

where(—t, p)B:= [¢(t,0_,p)] "' B is defined as the inverse image of B by the map ¢(t,0_,p) :
A O_;p) — <« (p). The supremum of alln > 0 such that the above relation holds is called local

radius of repulsion of A*.

Remark 3.2.18. We emphasize that the relations (3.2.4) and (3.2.5) do not hold, in general,

whenmn >0 is the local radius of attraction and repulsion, respectively.

Theorem 3.2.19 (Existence of attractor-repeller pairs). Let @ bea NDS with a pullback attrac-
tor of and A* alocal repeller. Then, there exists a uniquely determined local pullback attractor
A, which is the maximal local pullback attractor outside A* in the sense that A( pPINA*(p) =9
for all p € P and any local pullback attractor A' with A' D A has nonempty intersection with
A*; i.e., thereexists p € P such that A'(p) N A* (p) # @. The pair (A, A*) is called an attractor-

repeller pair.
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Proof. Since A*isalocal repeller, if n* > 0 is the local radius of repulsion of A* and ne 0,n%),
we have that

lim disty;(¢(~1, p)Oy(A* (p)), A*(6-,p)) =0, forall pe R (3.2.6)

Consider the universe of attraction containing all the families D¢ for ¢ € (0,17] which are
defined by
D (p) = o (p)\ G (A* (p)), forall p e P

Now we will show that the family D" is pullback absorbing with respect to & (note that
D" is a compact family). Choose ¢ € (0,1] and p € P arbitrarily. Equation (3.2.6) gives us a
tp = 0 such that

disty(@(—t, p)O,(A* (p), A*(0-:p)) < g forall £ = 1,

which means that ¢(—t, p)0;) (A* (p)) € G/2(A* (0, p)) for all ¢ = 15. Thus, we obtain

p(—t,p)D"(p) = p(—t, p) (L (p) \ Oy (A" (p)))
= oA (0_,p) \ @(~1, )0y (A" (p))

-} D((H_tp), for all £ = 1.

Applying ¢(t,0_;p) in both sides we obtain the relation ¢(¢,0_; p)D( (O-:p) < D"(p) for all
t < ty which proves that the family D" is pullback absorbing with respect to 9.
Theorem[3.2.14guarantees the existence of a pullback attractor A with respect to & with
Ac D". Now, since A(p) < D”/Z(p) for all p € P we have that 0,,2(A(p)) € D"(p) forall p € P.
But D" € & and since A pullback attracts D", A pullback attracts {0;)2(A(p)) : p € P}, which

shows that A is a local pullback attractor.

Now, if 7 € [,n7*) then using the same process we construct another local pullback at-
tractor A. But by construction and by the attraction property, we can see that A = ;1, which
means that the local pullback attractor does not change if we vary i € (0,n%).

If A’ is another pullback attractor with A’ D A, there exists a py € P such that A'(pg) D
A(po). Let x € A'(po) \ A(po) and a.(py) an entire py-orbit through x. Since A’ is a local
pullback attractor and x € A’(pg) (then o5(pg) € A’ (Bspo) for all s € R), there exists ) > 0 such
that
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lim distz (@ (1,0 po) (01 (Po)), A'(po)) = 0.

Claim: If C < &/ (po) \ A(po) is a compact set then
tllrglo disty(p(—t, po)C, A" (0-;pop)) = 0.

Indeed, if € € (0,7), since Aisa pullback attractor with respect to 9 and Df € @, there

exists 7y < 0 such that

distg (C, A(po))
2

distg (¢(t,0-¢po) D (O—¢po), A(po)) < , forall < 1y,

which implies that Cne(t,0_:po) D (0_;po) = @ for all ¢ < ty. Hence, D(0_;po)N@(—t, po)C =
@ for all t < tp, which means that disty (¢(—t, po)C, A* (0_;po)) < € for all ¢ < £y and proves
our claim.
Now, by our claim, }ifglodiStH(U—t(Po)» A*(0_-;po)) =0, and so for each n = 0 we can find
tn > nand x, € A*(0_;, po) such thatlim,, .o, disty (o4, (po), X») < 7). In this way, x,, € G5 (0 (60—, po))
and

lim distyy (@ (20,0, po)xn, A' (1)) = 0.

Since x, € A* (60—, po) and A* is invariant, the sequence {p(tn,0-1,P0)Xn}n=0 is in A* (po). By
the compactness of A*(py) we can assume that there exists z€ A* (po) such that ¢(t,,0_;, po)x, —
z as n — oo and then it is clear that distg(z, A'(pg)) = 0, and by the compactness of A'(py),

we have that z € A’(py), which proves that A'(py) N A* (pg) # & and completes the proof. O

It is important to remark that the existence of a local pullback attractor does not guaran-

tee the existence of a local forward repeller (see [38]).

Theorem 3.2.20 (Dynamics of attractor-repeller pairs). Let ¢ be a NDS with a pullback at-

tractor < . Let (A, A*) be an attractor-repeller pair. The following statements hold:

(i) Thereexists a f > 0 such that

Op(A(p))NOp(A*(p)) =2, forallpe P.
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(ii) Let pg € P be a fixed real number and C < </ (po) \ A(po) a compact set. Then

lim distz(p(=1, po)C, A" (0~ po)) = 0.

(iii) LetK bea compact non-autonomous set with K c o andliminf,_., d(K(0_, p),A*(O-¢p)) >
0. Then
tlim disty (¢ (t,0-;p)K(O-;p), A(p)) =0, forallp e P.

Proof. Letn > 0and 2 as in the proof of TheoremB.2.19} i.e., i is the local radius of repulsion

of A* and 9 is the attraction universe containing all the families DY, with ¢ €(0,n].

(i) It was shown in the proof of Theorem B.ZI9 that A < D". This assertion then follows
2 |
by taking = 3.

(ii) Thisis the Claim in the proof of Theorem[3.2.19

(iii) Choose( < min{n,lilgninfd(K O_;p), A*(O_;p))}. There exists fy = 0 such that
d(K@_-;p), A*(O_;p)) =, forall t = 1,

which implies that K(0_,p) < D*(0_,p) for all t = t,. This finishes the proof since D¢ €

9 and A is a pullback attractor with respect to .
O

Proposition 3.2.21 (Nonuniqueness of attractor-repeller pairs). Let ¢ be a NDS with a pull-
back attractor «f . Let A* and R* be two local repellers such that their corresponding attractors,

A and R respectively, are equal; i.e., A= R. Then,
tlim disty(A* (0, p), R"(0_;p)) =0,

forallpeP.

Proof. Arguing by contradiction, assume that there exist p € P and sequences {f,},>0 <
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[0,00), {Xn}n=0 and € > 0 such that ¢, — co as n — oo, x, € A*(0_,, p) and
disty (x,, R*(0-;,p)) =€, forall n = 0.
Applying Theorem [3.2.20] (iii) for the attractor-repeller pair (R, R*), since
li’ﬂglfdistH(xn,R* O-;, p)=e>0,

we have that

,}EgodiStH(w(tnre—tn p)xn, R(p)) = 0.

Since ¢(t,,0-;, p)x, € R*(p) for all n = 0 and both A*(p) and A(p) = R(p) are compact sets,

it follows that R(p) N R*(p) # &, which is a contradiction and proves the result. O

3.3 Morse decomposition for non-autonomous dynamical sys-
tems

The definition of a Morse decomposition via finite attractor-repeller pair sequence is ba-

sically the same as in the autonomous case.

Definition 3.3.1. Let ¢ be a NDS with pullback attractor <f. Assume that there exists a se-

quence of attractor-repeller pairs (A;, A;‘), fori=0,---,n, satisfying
G=A,(p) CA,1(P) S-S Ag(p) =< (p),

forall p € P, and also

@ =A(p) CAI(p) S-S An(p) =< (p),

for all p € P. The collection {My, My, -+, My} defined by
M;(p) = Ai(p)n A}, (p), forallpe Pandi€(l,---,n}

is called a Morse decomposition. Each family M; is called a Morse set.
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Note here that, unlike the autonomous case, we need to impose the condition & = Ay(p) C
A1 (p) € --- € Au(p) = &/ (p) on the local pullback attractors, since Proposition [3.2.21] indi-
cates that local pullback attractors of the attractor sequence may coincide.

The definition of a Morse decomposition is a generalization of an attractor-repeller pair
in the sense that, if (A, A*) is an attractor-repeller pair such that @ C A - o, then {A, A*}isa
Morse decomposition.

We now present a proposition that summarizes the general properties of a Morse decom-

position.

Proposition 3.3.2. Let ¢ be a NDS with a pullback attractor <. The Morse sets of a Morse
decomposition {My,-- ,Mn} are nonempty, invariant and isolated; i.e., there exists a f > 0

such that, fori # j
Op(M;(p))NOp(M;(p)) =, forallpe P, andi # j.

Proof. Firstly, choose an arbitrary Morse set M; = A;n A;.“_l. Since A;_; - A; there exist
po € P and a point x € A;(po) \ Ai—1(po). But x € A;(py), so we can find an entire pgy-orbit
0.(po) through x such that o,(pg) € A;(@;po) for all £ € R and since A; is a local pullback

attractor, for n > 0 being the local radius of attraction, we have that

Lim disty; (¢(2,0-¢po)On(0-1(po)), Ai(po)) = 0.

Since x ¢ A;_1(po), Theorem [3.2.20) (ii) gives that tlim disty(0-4(po), A7_{(0-¢po)) = 0, and

given n € N we can find sequences {f,} >0 with t;, — oo and u, € A;‘_l (0, po) such that

N3

dx (0 _1,(po), pn) <
But then u, € ;) (0—4,(po)) and if y;,, = @ (1,0, po) by We have that
,}i{godiStH(J/n,Ai(Po)) =0.

Since A;‘_l (po) and A;(pg) are both compact, we can assume that y,, — yp € A; (po) N A;‘_l (po)

we have that M;(po) = A;(po) N A]_, (po) # 2.
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Furthermore, ¢(t, p) M;(p) < ¢(t, p) Ai(p)N@(t, p)A7_ (p) = Ai(0:p)NA;_, (0:p) = M;(0;p)
forallpe P, r=0andi€{l,---,n}. Now, if x€ M;(0:p) = A;(0,p)NA]_,(0;p) and 0.(0;p) isa
6, p-orbit through x then, by the invariance of A; and A’ |, 0.(0;p) € M; and thus o0_,(6,p) €

Ai(p)n A7_;(p). Therefore x = oo(0;p)p(t, p)o—(0,p) € @(t, p) M;(p).
Choose now another Morse set M;. We can assume without loss of generality that j > i

and then

Finally the isolation property is a straightforward consequence of Theorem[3.2.20/(i). O

The Morse decompositions are not uniquely defined, as in the autonomous case.

Definition 3.3.3. A Morse decomposition {Ml, e ,Mn} is said to be finer than the Morse de-

composition {Ny, - ,Nm} if
}LrglodistH(U?lei(B—rP), Ul N;(0-:p)) =0,

forallpeP.

Remark 3.3.4. Let {M,,---, M,} be a Morse decomposition given by the local repellers
G=A,CA G CA =4,
and its corresponding local pullback attractors
G=ACAC---CA,=4.

Assume we have a new local repeller B* and its corresponding local attractor B satisfying
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and

A

G=ACACCALICBCACCAy=4d,

Then, the Morse decomposition (My,---, M n} i finer than the Morse decomposition defined by

. . . . A _ A . Ak A ~x
the new sequence, and this is seen simply noting that M; = A;n A;_, < BN A7_,.

To finish this section we show a result of uniqueness of the local pullback attractors in a

Morse decomposition under stronger convergence hypotheses.

Proposition 3.3.5. Let ¢ be a NDS with pullback attractor </ and {M,,---, M,} be a Morse

decomposition obtained by the finite sequence of local repellers

A

d=A242- 24, =02

Moreover, assume that for all p, x € of (p) and o.(p) a p-orbit through x thereisani € {1,---,n}
with

}irgodistH(a_r(p),Mi(f)_tp)) =0.

Then, the representation
Ai(p)={xed(p): tlim disty(o—:(p), U§'=1Mf (0_-¢p)) =0, for all entire p-orbits o.(p) through x}

holds for all i € {1,---,n}; i.e., the local pullback attractors of the Morse decomposition are

uniquely defined.

Proof. (<€) Let p € Pfixed, x € A;(p) and 0.(p) an entire p-orbit through x. By the hypotheses,

choose j € {1,---, n} such that
}L%lodiStH(O—z(P),Mj(e—tp)) =0.

Then,

tllrgodiStH(O'—t(p)rA;_l(e—tp)) < lim disty(0—¢(p), M;(0-;p)) =0.

Now, if j > i, then tlim disty(o—¢(p), A7 (6 p)) = 0 since A;f_l (p) < A} (p), which contradicts
Theorem[3.2.201 (i) since o_;(p) € A;(O_;p) for all t e R.
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(2)Fixpe P,letx€ o/ (p)\A;(p) and o.(p) be an entire p-orbit through x. Then, Theorem
3.2.20] (ii) implies
tlim disty(o-:(p), A7 (6-:p)) = 0. (3.3.1)

If lim disty; (0 (p), u;ﬁ:lM]- 0_;p)) =0, then
}LrgodistH(U_t(p),Ai(B_tp)) =0,

since M i< Ai for j € {1,---,i}, which contradicts (3.3.1I) in view of Theorem [3.2.20] (i). O

3.4 An estimate on the fractal dimension of pullback attrac-

tors

Let us begin this section by stating an abstract result concerning the fractal dimension of

a pullback attractor of a nonlinear evolution process.

Proposition 3.4.1. Let {T(t,s) : t = s} be a nonlinear evolution process with a pullback at-
tractor {4 (t) : t € R}. Let also {A*(t) : t € R} be a local repeller in of and {A(t): t € R} its

corresponding local pullback attractor. Assume that the following conditions are satisfied

(a) Thereis a constant L > 1 such that, forall t € R, T(t,t—1)|oz(1—1) is a Lipschitz mapping

with Lipschitz constant L;

(b) Therearea family {B(t) : t € R} and constants cy, ¢, = 0 such that B(t) is a neighborhood

of A*(t) in </ (t) forall t e R, B(t) N A(t) = & and

c1 <c(B(t) <c, forallteR;

(c) There are constants M,w > 0 such that if {K(t) : t € R} is a family of compact sets with
K(t)cal(t) and K(t)n A*(t) = &, forall t € R then

dist(T(t,)K(s), A() < Me®C™D, forall s< t.
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Then, for all t € R, we have that

+InL

c1 < el (1) smax{w cz,c(A(t))}.

Proof. Letus fix t € R and, for n € N, we define the compact sets
K,=4(t—n)\B(t—n)
and also we define subsets K,, K, by
Ky =Ky\T(t—n,t—n-1)Kp41, forneN.

Clearly we have that K,, ¢ &/ (t — n) and K, N A*(t —n) = & forall n e N.

We also note thatif z€ K, then z€ K,,, but z ¢ T(t —n, t —n—1)K,+1. However z € of (f —
n=Tt-nt-n-1)G(t-n-1),and L (t—-—n-1)=(L(t—n-1)\B(t—n-1)uB(t—-n-1)
andhenceze T(t—n,t—n—-1)B(t—n—-1). Thus, K,c T(t—n,t—n-1)B(t—-n-1).

By the precedent estimates we have that
C(Kn) <c(T(t—-n,t—-n—-1)B(t—-n-1))<c(B(t—-n-1)),

because T(t—n, t—n—1)|y—n-1) is a Lipschitz mapping for every n € N, and, in this way we
obtain c¢(K,,) < ¢, forall n e N.

Now, let us define Q,, by
Q, =Tt t-nKk,, forall neN.
Also, since K,  K,,, by the hypotheses (c) we have that
distz(Q,, A1) < Me ", forall n e N.

Claim: It holds that o/ (£) \ B(t) < (U;=0Q,) U A(2).
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Indeed, let x € o/ () \ B(t). We have two possibilities for x:
(i) x¢ T(t,t—1)Kj and, in this case, x € Q¢ = (L (1) \B()\ T (¢, t — 1) K;;
(ii) xe T(¢t,t—1)K; and, in this case, thereis y; € K; suchthat x=T(t,t—1)y;.
For y; we also have two possibilities
(iii) y;¢ T(r—1,t-2)K, and, in this case, y; € Ky and x = T(t,t—1)y; € T(t,t — 1)Ky = Q;

(iv) y1€ T(t—1,t-2)K, and, in this case, there is y» € K such that y; = T(t—1,t—2)y, and

sox=T(t,t—-2)y,.

Now, applying this reasoning inductively, we obtain two possibilities for x: either x € Q,
for some n € N or there is a sequence {y,}en satistying y, € K, x=ypand y, = T(t—n, t —
n—1)yp+ forallneN (and so x = T(¢t,t — n)y, for all n e N).

In the first possibility, clearly we have x € U,50Q,,. Now, if the second possibility happens,

using the hypothesis (c), we have for all n e N:
disty(x, A(r)) = disty (T (t, t — n)y,, A()) < disty (T (t, t — n)K,, A(t)) < Me™ ",

and it follows that distg(x, A(t)) = 0 and, since A(f) is compact, x € A(t), which concludes
the proof of our claim.

We define now, for every r >0 and k =0,
Ny = N(r/ck,Kk);

i.e., there are x{c, e Xk € K such that K Ui.\ir’lkB(xlk, riL%).

In this way, if z € Qk, then there is x € K such that z = T(t,t - k)x, and there is i €
{1,-++, Ny,i} such that || x—x¥|| < r/L*. Now, if we define ¢¥ = T(¢, t—k)x¥ foralli =1,---, Ny,
we have

lz=&N =Tt t—k)x— Tt t-k)xF| < LFlx—xFl <,

thus Q. c ui.\i"l’“B(cff, r) and so N(r,Q) < Ny k.
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With the same arguments used in the autonomous case, namely in Proposition[3.1.4} we
know that, from hypothesis (c), if n(r) = [%ln(]\—r’[)] and G(r) = (Ujzn(+1Qi) U A1), we have
that G(r) c 0, (A(t)) and hence N2r, G(r)) < N(@2r, A(t)) < N(r, A(1)).

If we define now H(r) = U?:(:))Qi it follows that

N(r,H(r)) <n(r). max N(rQ;)<n(r). max N,;,
i=0,---,n(r) i=0,-,n(r)

where N,; = N(r/L,K;).
From the previous claim we see that «/(t) = B(t) U G(r/2) u H(r/2) for every r > 0, and

therefore

N(r, (1)) <3max{N(r,B(t)); N(r,G(r/2)); N(r, H(r/2))}
<3max{N(r,B(8)); N(r,G(r/2)); N(r/2, H(r/2))}

smax{N(r,B(t));N(r/Z,A(t));n(r/Z). max Nr/zyi}.
i=0,---,n(r/2)

Since the logarithm function is increasing we have, choosing r > 0 small so thatIn(1/r) >

In N(r, & (1)) In3 InN(r,B(t)) InN(r/2, A(%))
< +max ; ;
In(1/7) In(1/7r) In(1/r) In(1/r) (3.4.1)
Inn(r/2) In Ny o, i o
—————+ max .
In(1/r)  i=0,,n(r/2) In(1/7)

We now compute the last term on the right hand side of (3.4.1):

InN;j2; InN(r/2L',K)

In(1/r)  In(1/r)
_InN(r/2L% K;) (ilnL+ln2+ln(1/r))
~ In@Li/r) In(1/7)

InN(r/2L}, K;) (n(r/Z) In2 )
< - . InL+ +1],
In2L'/r) In(1/r) In(1/r)

and using the calculation from Proposition[3.1.4] taking limsup for r — 0" in both sides of
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(3.4.1), we have that

w+InL

c(<f (1)) smax{c(B(t)),c(A(t)), .supc(Kn)}

n=0

and thus

w+InL
c( (1)) Smax{c(A(t)), .cz}.

The first inequality is straightforward and we conclude the proof of this proposition. O

Corollary 3.4.2. Let{T(t,s): t = s} bea nonlinear evolution process in a Banach space X with
pullback attractor {<f (t) : t € R}. Assume that the process possesses a Morse decomposition
{My,---, M} given by the finite sequence of local repellers «f = Ay 2 A7 2 --- 2 A}, =3, and
its associated local pullback attractors & = Ag C Ay C - C A, = /. Assume that the following

conditions hold:

(@) Thereis a constant L > 1 such that, forall t e R, T(t,t—1)|o(—1) is a Lipschitz mapping

with Lipschitz constant L;

(b) Foreachie€{l,---,n} thereisafamily{B;(t): t € R} such that B;(t) is a neighbourhood of
M;(t)in A; (1) forallt e R, B;(t)NA;_1(t) = O and assume also that there exist constants

1, 2, independent of i, such that
cr<c(Bi(t) <cy, forallteRandie{l,---,n};

where we set M1 = .

(c) There are constants M,w > 0 such that if {K(t) : t € R} is a family of compact sets with
K(t)c Aj(t) and K(t)n M;(t) = &, forall t € R then

distg (T(t, )K(s), Ai—1() < Me®S™0, foralls< tandic{l,---,n}.

Then, for all t € R, we have that

InL
o1 < clet (1) < 20

Co.
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Proof. Firstly, on account of hypothesis (b) i = n, we have that there is a family {B,(f) : t € R}
such that B, (1) is a neighborhood of M,,(1) = A,() N A, (1) =L ()N A;_, (1) =A;_,(?) in
A,(t) =< (t) forall teR, B,(t) N A;,—1(t) =, and

c1 < c(By(t)) <co, forall teR.

Hypothesis (c), for i = n, implies that

disty (T (¢, $)K(s), Ap1 (1) < Me®®™ forall s<t,

for every family {K(¢) : t € R} of compact sets satisfying K(t) c A,(t) = </ (f) and K(f) n
M, (t) = K(t)n A;_,(t) = @ for all € R. Then, we can apply Proposition3.4.T]to obtain

w+InL

c1<c(A (L) < max{c(An_l(t)), .cz}, forall r eR.

Now define S(t,s) = T(t,5)la,_, (s for all s < t. Note that the important fact in Proposition
[3.4.1lis that the process is defined on a compact invariant family {</(¢) : ¢ € R}, and it does
not matter if this family is a pullback attractor or not. Then, we can apply this proposition to

the evolution process {S(¢,s) : t = s} as long as we can verify the hypotheses.

To check the hypotheses we take i = n — 1. We have the following:

(i) The pair (A,—2, Mj,—1) is an attractor-repeller pair of the evolution process {S(t,s): t =

s}, since A;,_»(t) c Ap_1(8) and My, () = A1 (D) N A;’;_Z(t) forall t e R;
(i) S(z,t—1)is a Lipschitz map with constant L > 1 for all 7 € R;

(iii) There is a family {B,_;(t) : t € R} such that B,_; () is a neighborhood of M,,_; () in

Ay () forall teR, B,_1(H)NA,_2(t) = D and

c1<c(By_1(t) <cy, forall te R;



3.5 Example 69

(iv) Hypothesis (¢), for i = n—1, implies that

disty (T (¢, $)K(s), Ap_z()) < Me®®™ forall s<t,

for every family {K(#) : ¢ € R} of compact sets satisfying K(¢) c A,—1(¢) = &/ (t) and
K()nM,_1(t) = forall te R.

Hence, we can apply Proposition3.4.1]to the process {T'(t,s) : t = s} defined in the compact

invariant family {A,—(?) : t € R} and the attractor-repeller pair (A;-2, M,,—1) to deduce

w+InL
ca<c(A,_1(1) < max{c(An_g(t)), .cz}, for all te R.

Joining these two results we obtain

w+InL

cgsclA) < max{c(An_g(t)), .cz}, forall e R.

Arguing now inductively, since Ay (¢) = @ for all ¢ € R, we finally arrive at

+InL
o <clt () <28

.Cp, forall t e R.

3.5 Example
To illustrate our results, consider the following non-autonomous logistic equation

Ur= uxx+/lu—[3(t)u3, (3.5.1)

for x € [0, 7] with Dirichlet boundary conditions. We assume that there are positive constants
B1, B2 such that 0 < B, < B(1r) < B for all £ € R. The existence of global pullback attractors for
this equation is already known (see, for instance, [29]).

We consider the positive cone within Hé (0,7),

¥+ ={ueHy0,7): u(x)=0forae. xeQj.
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For (3.5.1), we can define an order with respect to 7 *. Thatis, ug < vgif vo—uge 7*.
In order to investigate further the behavior of positive solutions the following definition

([27]) is crucial.

Definition 3.5.1. A positive function with values in C() is non—degenerate at oo (respectively
—00) if there exists ty € R such that u is defined in [ 1y, 00) (respectively (—oo, ty]) and there exists
aCl(Q) function @y (x) > 0 in Q, (vanishing on 0Q) in case of Dirichlet boundary conditions)

and satisfying % <0, such that
u(t,x)=@o(x)  forall xeQandallt=t

(respectively for all t < t,).

From [27], we know that there exist two extremal (minimal and maximal) bounded global

solutions, ¢, (-) and & (+) for B.5.1), i.e. if w(-) is any bounded global solution for S(z, s) then
Em(t) =w(t) <Epm(2), forall reR.
Moreover, (3.5.1) has a pullback attractor A(¢) with
A(t) < [Em(D),Epm(D)], forall £ eR,

with &,,(8),Ep(8) € A(2) forall £ € R.
As a direct application of the results in [27], [28] we obtain the following description of

the pullback attractor within the positive cone.
Theorem 3.5.2.

a) IfA <Ay thenépy(t)=0 forall t eR.

b) IfA > Ay then (1) is strictly positive and is the unique non-degenerate global solution

at —oo and +oo.

¢) The pullback attractor for 3.5.0) in the positive cone satisfies <™ (t) < [0,&p (8)]. In par-

ticular, any global solution in </ (t) is no non-degenerate at —oo.

d) &y (1) pullback attracts exponentially fast every bounded set B< intV™.
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As the linearization around the zero solution of (3.5.1) coincides with that of the au-
tonomous case f(t) = 1, if we suppose that A € (11,A,) we know from Henry [19] that 0 is
an unstable equilibria with associated unstable manifold included in the positive cone of
codimension 1. From our point of view on Morse decomposition, we can conclude that 0 is
a local repeller in «¢*(£). Now, by Theorem[3.5.2] item d), we obtain &,,(¢) as the associated
local attractor in the positive cone.

Thus, a direct application of Corollary[3.4.2]yields

+InL
ool (1) < %

with w the exponential rate of attraction to ¢ (f) (see [27, 28] for estimation of this param-
eter) and L the Lipschitz constant for T'(¢, s; ug) = u(t, s; up) with respect to the initial data

Uop.

Remark 3.5.3. Observe that, since the nonlinear term is odd, if u is a solution of (3.5.1) then
so is v = —u. As a consequence, the behaviour of solutions in the positive and negative cones
are symmetric and thus, if we denote by ¢y;(t) the maximal bounded solution in the positive
cone, the minimal bounded solution in the negative cone is just —&;(t), so that we get in this

infinite dimensional dynamical system a similar behaviour as in Example[4.1.10



72

An estimate on the fractal dimension




Chapter

4

Skew product semiflows and Morse

decompositions

Recently, the analysis of qualitative properties of evolution processes (non-autonomous
dynamical systems) in general phase spaces (infinite-dimensional Banach spaces or general
metric spaces) has received much attention (see, for instance, [24], [12], [15], [42], [37]). In
particular, the study of pullback attractors has started to develop a wide and deep research
area, providing qualitative information for the asymptotics of an increasing number of non-
autonomous models of phenomena from different areas of Science as Physics, Biology, Eco-
nomics, Engineering and others.

One of the drawbacks of the theory of pullback attractors is that it requires the vector
field to be defined for all times in R, and many models only consider the phenomenon after
a given initial time. Of course one can artificially define the vector field for times preceding
the given initial one and study the behavior of such system. But then, the pullback attractor
would change for each extension and the object “pullback attractor” would loose its impor-
tance in the study of the forwards dynamics.

This approach was followed by Chepyzhov and Vishik [15] in their seminal work on the
asymptotic behavior of non-autonomous problems. The crucial point here is to understand
that the dynamics of a non-autonomous evolution process is (as a general rule) related to un-
derstanding the dynamics of many (possibly infinite) non-autonomous evolution processes.
Once one realizes this feature, it becomes clear how rich and difficult is the subject “dynam-

ics of non-autonomous dynamical systems”. We already have some insights of that difficul-
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ties when we look at a simple concept like hyperbolicity. Indeed, in the autonomous case
we choose an equilibrium, linearized it and we can compute the spectrum of the linearized
operator to decide whether we have hyperbolicity or not. In the non-autonomous context,
we have no way to single out which solutions will be hyperbolic and, if we were able to single
out these solutions, how to verify that they actually are hyperbolic. Even the simple mat-
ter of obtaining a hyperbolic global solution from a hyperbolic equilibrium involves highly

non-trivial results on the roughness of exponential dichotomies (see [11],[12]).

In this chapter we use a different approach to deal with the structure of the pullback
attractor of a non-autonomous dynamical system and use it to give some estimates of their
pullback attractor. To this end we begin with the study of the skew product semiflow and this

study is a result of [4], which is a product of this work.

Let us now consider a general non-autonomous differential equation to illustrate the ap-

proach we will carry out in this paper. Consider the initial value problem

{xzf(t,x), t>0 (4.0.1)

x(0) = xp e R,

where f:R* xR" — R" is a “nice” function which belongs to a metric space 4. Assume that,
for each xy € R", the solution of (4.0.1) is defined for all ¢ = 0; that is, for each xo € R", there
is a function R 3 r — x(t, f, xo) € R" satisfying (£.0.1).

Now, following [45] we define the skew product semiflow associated to (4.0.1) in the fol-
lowing way
I :R*"x€ —-R"x€

H(t)(xOyf) = (x(trfer)yft)r

where f;(s,x) = f(t+s,x) for all t,s =0 and x € R". Suppose that the map R* x ¢ x R" 3

(t, f,x0) — (x(t, f, x0), fr) € R x € is continuous. It is easy to see that
X(t+ S)f) xO) = X(t,fs,X(S,f, xO))-

From this, it is clear that

H(t+ S)(x()’f) = (X(t+ S)f) xO))fl'+S) = (X(t,fg,X(S,f, xO))’fl‘(f:s‘))
=I(5) (x(s, f, x0), f5) = TN(DIL(s) (x0, f)
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and that R™ x @ x R" 3 (t, f, xo) — I1(t)(xo, f) € R" x € is continuous, which means that the
family {I1(¢) : ¢ = 0} forms a semigroup with phase space Z =R" x ¢

Assume that {I1(t) : £ = 0} possesses a global attractor «f in Z. Then, it may seem that we
have found a proper way to study the asymptotic dynamics of (4.0.1). In fact, the set o/ pos-
sesses dynamics associated to {I1(#) : £ = 0} but it has no dynamics immediately associated
to (A.0.1I). An element of «f is an element of R” x %, that is, an initial condition y, € R” and
avector field g (which is not f in general) and I1(#)(yy, g) = (x(£, &, o), &) has no straightfor-
ward relation to (4.0.I). Let us try to unravel a little the connection of the points in &/ with
@0.J).

The first step to study the dynamics of (4.0.I) is to understand the attraction property of
{I1(¢) : t = 0} as t — oo relatively to the solution operator of (4.0.1).

Given a bounded subset B of R” x ¢, we have that «f attracts B under the action of {TI(f) :
t=0}if

lim dy(M(H)B,s4) = 0.

If, for a given bounded subset B < R”, we only consider a bounded subset B of the form

B x {f}, this attraction property can be written as
th dH(X(t,f,B) X {ft})d) = thm dH(X(t,f,B),A(t)),

where A(t) = {x e R": (x, f;) € &/} (note that A(f) x {f;} € «). This means that the compact
set ofpn 1= tgoA(t) c R" attracts bounded subsets of R”.
Although the set o/z» does not have any dynamical property with respect to the problem
(4.0.1), we will see that some families in it are crucial to understand the dynamics of (4.0.1).
Essentially, note that, given a non-autonomous differential equation such as (4.0.1), we

can refer to three different but closely related dynamical systems:

o The driving system {O(t) : t = 0} associated to the dynamics of the time-dependent
terms appearing in the equation, and which is defined by O(¢) f(:, x) = f; (-, x) = f(t +

) X),
o the skew-product semiflow {I1(¢) : t = 0} defined on the product space Z =R" x %,

« and the associated non-autonomous dynamical system (¢, 0) gn ¢ With @(t,0,f)xy =
x(t+s, f, xo) (see Definition[4.1.1).

The aim of this part of the work is to describe the internal structure and dynamics (in the

sense of Morse Decomposition and Lyapunov functions) of the global attractor for the skew
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product semiflow and the pullback attractor for the associated non-autonomous dynamical
system. This description will be determined by the asymptotic configuration of the given
driving system ©(#). Indeed, we will show how a Morse Decomposition of the global attrac-
tor for ©(t) produces a Morse Decomposition for the attractors both of the skew-product
semiflow and the non-autonomous dynamical system. We will pay special attention to the

dynamical properties inherited by this description.

4.1 Preliminaries

In this section we state the definitions and some known results which will be used through-
out the following sections. In particular, we pay special attention to the concept of pullback

attractor.

4.1.1 Non-autonomous dynamical systems and pullback attractors

We recall the definition of an non-autonomous dynamical system, but here we will use a

more general one, where the driving system is only a semigroup rather than a group.

Definition 4.1.1. Consider two metric spaces (X, dx) and (P, dp). Anon-autonomous dynam-

ical system (NDS), denoted by (¢, ) x,p), consists of two ingredients:
(i) Adriving semigroup {©(¢): ¢ =0} in P.

(ii) Acocycle ¢ :R* x P x X — X over O, that is, a continuous map such that the family of

mappings ¢(t, p) : X — X satisfies the cocycle property:

1) ¢,p)=1Ix forallpeP,

2) p(t+s,p)=@t,06)p)e(s,p) forallt,s=0andp € P.

The associated skew product semiflow (SPSF) {I1(¢) : t = 0} € € (X x P) is given by

II(5) (x, p) = (¢, p)x,0(1) p).

Itis clear that {II(#) : ¢ = 0} is a semigroup with phase space X x P.
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Remark 4.1.2. Given an NDS (¢, 0)x,p) and an invariant set R c P under the action of {O(f) :
t = 0}, we can consider the restriction ©(t)|g : R — R and the restriction @|g+xgxx : R*xRx X —
X, so that we have a new NDS. In this case, the associated skew product semiflow {I1(#)|xxg :

t = 0} possesses X x R as its phase space.

Definition 4.1.3. Given a global bounded solutionn : R — P of the driving system {O(¢) : t =
0}, a family of subsets f)n = {Dy(D)}ser of X is called a non-autonomous 7n-set. If each fiber
Dy, (1) is closed/compact/open, then DT, is called a non-autonomous closed/compact/open

1-set.

Definition 4.1.4. A non-autonomous 1-set f)n is said to be forward invariant under the NDS
(@, 0)x,p) if 9(£,1(8))Dy(s) € Dy(t+s) forall s € R and t = 0. It is said to be invariant if
@(t,1(8))Dy(s) = Dy(t+s) forallseRand t = 0.

Definition 4.1.5. Given two non-autonomous 1-sets ﬁn and An, we say that An n-pullback
attracts Dy, if

tlim du((t,n(s—1))Dy(s—1),Ay(s)) =0, foreach s € R.

Definition 4.1.6. A n-universe @n is a collection of nonempty non-autonomous n-sets which
is closed with respect to set inclusion, i.e. iff),l7 € @n and DTZI(t) c D}I(t) forall t € R, then f),z] €

@,7. A non-autonomous compact 1-set Sn € @,7 is called a @,7 -pullback attractor of (¢, ©) x,p)

if
(i) Sn is invariant;
(ii) Sn n-pullback attracts all families ﬁn € @,7.

Remark 4.1.7. The above definitions are a simple rewriting of the known definitions for the
non-autonomous setting given in [12] for the case of a non-injective driving system {O(t) : t =

0}, where there may be more than one global solution through a given point p € P.

Another important fact is the relationship between the global attractor of a skew prod-
uct semiflow and the pullback attractors of the evolution processes it may contain. Such a

relation is expressed in our next result.
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Theorem 4.1.8. Assume that the skew product semiflow {I1(t) : t = 0} possesses a global at-
tractor </, the driving system {O(t) : t = 0} has a global attractor </ andn(-) : R — P is a global

bounded solution for {©() : t = 0}. Then, the evolution process {Ty(t,s) : t = s} given by
Ty(t,s)x =@(t—s,n(s))x, x€ X,

possesses a@n—pullback attractor {7, (t) : t € R} with the property that <7, (t) = {x € X : (x,n(1)) €
o}, where @n is the collection of all non-autonomousn-sets f)n such that rURDT’(t) is bounded
€

in X. Of course,

of = {U,an(t) x {n(1)}, n(-) is a global bounded solution for {I1(t) : t = 0}}
teR

Proof: Define K = m, which is a compact set in P and invariant under the action of {O() :
t = 0}. Thus the semigroup {I[Ix(#) : t = 0} given by the restriction g (#) = I1(#)|xxx : X x
K — X x K is well defined and has a global attractor «/x. By Theorem 3.3 in [5], the non-
autonomous associated set {@x(p)} pex is a pullback attractor of the NDS (¢, ) x ), hence
the family {27, ()} ;er given by .27,(1) = @/x (n(1)), for all £ € R, is the pullback attractor for the

evolution process {T,(t,s) : t = s}. The last assertion is straightforward. n

With this result, we can state the following (and its proof is a direct consequence of The-
orem|[3.1.5):

Theorem 4.1.9. With the hypotheses of Theoreml4. 1.8, assume that the skew product semiflow
{I1(¢) : t = 0} is a generalized gradient-like semigroup with the family of invariant sets ¥ =
{E1,...,Ep} satisfying the hypotheses of Theorem|3.1.5, then for any bounded global solution
n():R— P of{0O(r) : t 20} in o, if {7, (1) : t € R} is the pullback attractor of {T;)(t,s) : t = s}

given by T (t, 8)x = @(t — s,1(s)) X, x € X we have that

w+1In(L)

c(ay (1) < max c(W; (E;), forallt € R,

i=1,.,p

wherew, L > 0 are the constants given in Theorem|(3. 1.5
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4.1.2 Time dependence and translations

We now describe the set of functions which lead to the phase space P for the driving

system O(t). For a more detailed approach, we refer to [45].

For any two Banach spaces V,W we will let C(I, W), C(V, W) and C(I x V, W) denote the
spaces of continuous functions defined on, respectively, I, V and I x V, and taking values on
W, where I denotes an interval on the real line, and our primarily interest is in two cases:
I =R* and I = R. In addition to these spaces, we define Cy,(V, W) (and Cy(I x V,W)) to be
the collection of all f € C(V, W) (and C(I x V, W)) such that for every bounded set B < V (and
every compact set J c I), thereis a Ky = 0, such that || f(u)[lw < Ko (and || f (£, w)lw < Kp), for
all ue B (and (t,u) € ] x B).

These spaces of continuous functions are Frechét spaces with a metric topology which is
described by the uniform convergence on bounded sets. The metric in this case is generated
by a countable family of pseudonorms || - || as follows: Let By be the closed neighborhood of

the origin in V of radius k, and set Iy = I n [k, k]. Define

Ifle=sup If(wlw

ue By, tely

A sequence f;, is said to converge to f,i.e. f = lim f;,, whenever
n—oo
lim || f— fullx =0, forall k= 1.
n—oo

It turns out that C, (I x V, W) is a complete metric space with this metric.

We now restrict our attention to the cases I = R™ or I = R. For each f € C(I x V,W), we

define the translate f; by
fr(t,w)=f(t+7,u), ueVandt,tel.
Note that f; € C(I x V,W) =€ for all T € I. Furthermore, the mapping (f,7) — f; is a contin-

uous map of € x I into ¢, where ¢ has the topology defined by the uniform convergence on

compact sets. Next, we define the positive orbit and the full orbit through f by

Y () ={fr: TeERY} and y(f) = {fr: TERL.
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Similarly, the positive hull and the full hull are defined by
+ B~ rr~a
P=H" (f)=y*(f) and P=H()=y() .

Example

In this subsection we develop an example in which we can describe the structure for
the closure of a given non-autonomous function. Note that one of the motivations of our
main results is to derive qualitative properties of non-autonomous dynamical systems from

a detailed description of the limit points on this structure.

Example 4.1.10. Given two continuous functions f, g :R" — R", we definer : R* x R" — R by
r(t,x) = h(z) f(x) + (1 - h(1))g(x),

where h:R* — R is defined as follows:

Let{ay},{bn},{cn}, {d,} be sequences of real numbers with
(i) ao=0;
(i) an<b,<cyp<dp<aps forallneN;
(i) Ift,=b,—anandt,=d,—cy, then t,, T, — 0o asn— oo;

(iv) Ifyn=by,—cnand A, = aps1 —dy, theny,, A, — oo as n — oo.

Now, we define the function h in such a way that is smooth, 0 < h< 1, h(t) =1 if t € [an, b,]
forsomeneN and h(t) =0 ift € [cp, dy] for somen e N.

IfO(Or(,x) =r(t+-,x) foreach t =0 and x € X, let P = H* (r) be the positive hull of r.
Then {©(f): t =0} is a semigroup in P.

First, we choose the sequence t,, = a, + %”, thus
Q()r(s,x)=r(s+1t,,x) = f(x),

ifselo, %”]. Hence ©(t,)r — f as n — oo in the uniform convergence on bounded sets, which
shows that f € w(r), the omega-limit set of r. Choosingt;, = c,+ %” we can see that®(t;)r — g

as n — oo, which shows that g € w(r) in a similar way.



4.1 Preliminaries 81

Choosingy;, = b, + % we see that
Oy )r(t,x) =r(t+y,,x).

Using the Arzela-Ascoli theorem and a diagonalization process, we can see that there exists
a function &* : R x R" — R" and a subsequence {yy, } of {y,} such that ©(y; )r — &* in the
topology of uniform convergence on bounded sets. Also, since ©(y;)r(t,x) = r(t+vy;,x), we
can seethat ift € [-y;, by, =], thenO®(y;)r(t,x) = f(x) forall x e R". Thusé(1) tlo?f, where
&(t) =&*(t,+) and, analogously, ¢(t) gy g. Itis clear that ¢ is a global solution for the driving
system {O(t) : t =0}, therefore is a connection between f and g.

With the same reasoning, we can construct a connection v between g and f. In this way

we can have some description of what happens in P = H(r).

In this example, we can see that, if we want a Morse decomposition for the global attrac-
tor of {©(7) : £ = 0}, then f and g would be both in the same Morse set, and this will be used
in Section[4.5]

4.1.3 Homoclinic structures in w-limit sets

Atlight of Example[4.1.10, we can state a more general result concerning w-limit sets and
homoclinic structures of a given gradient-like semigroup with a finite number of stationary

points.

Proposition 4.1.11. Let {I1(¢) : t = 0} a semigroup with a global attractor &/ with a finite set
of stationary points &. Let z € Z and assume that there exist x,y € w(z) such that x € & and

x #y. Then x is a chain recurrent point.

Proof: It is straightforward from the definition of the w-limit set. [

Proposition 4.1.12. Let {I1(t) : t = 0} be a semigroup with a global attractor <, a finite set of
stationary points & and assume that it satisfies (G1). Let z € Z and assume that there exist
X,y € w(z) N& with x # y. Then, there is a finite collection {{,,- -+ ,¢,} of global solutions and

points{zy, -+, zp41} €&, with z1 = x and z,+1 = y such that

t——00 —o0 .
zi ~— ¢i(t) — zjq1, fori=1,---,n.
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Proof: See [11, Lemma 2.2]. n
This last proposition generalizes the case of Example[4.1.10land gives us some informa-

tion about the structure of the w-limit sets of gradient-like semigroups.

4.2 Morse decomposition for a skew product semiflow

In this section we will describe the relationships between the Morse decompositions of
the skew product semiflow, the driving semiflow and the pullback attractors associated to
evolution processes related to the global solutions of the driving semiflow.

Indeed, our primary interest is to obtain a Morse decomposition for the global attractor
&/ of the skew product semiflow {II(#) : ¢ = 0} in terms of a Morse decomposition of the

global attractor o7 of the driving system {©(#) : ¢ = 0}.

4.2.1 The lift of a Morse decomposition from P to X x P

Definition 4.2.1. Given any R c P and @ c X x P, we define the subset R? c X x P by
R? ={(x,p)€PD: peR.

The set R? is called thelift of R in 9.

Remark4.2.2. Ifwy,: X x P — P is the projection on the second coordinate, that is, W, (x, p) = p

forall (x, p) € X x P, then we can see that R? = wgl (R)N9D.

We can now prove the main theorem of this section:

Theorem 4.2.3. Let (¢,0)x,p) be a non-autonomous dynamical system and {I1(?) : t = 0} the
associated skew product semiflow. Assume that {I1(t) : t = 0} possesses a global attractor <f
and also that the driving system {©(t) : t = 0} has a global attractor </ with a Morse decompo-
sition {My,---, M,,}. Assume also that [©(1)] " (M;) c M;, forallt =0andalli=1,---,n. Then,
the family (M, ... ,M,;ﬂ} is a Morse decomposition for the global attractor «f of {I1(t) : t = 0}.
Moreover, the sets Ml.“” coincide with the global attractors of the semigroups {I1;(t) : t = 0}

defined on X x M; by I1;(t) =I1(8) |xxpm, foreachi=1,---,n.
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Proof: First we prove the non-emptiness of each Mf“ . Let p € M; (since it is non-empty, such
p exists) and take x € X. Since & attracts points of X x P under the action of {II(¢): ¢ =0},
we have that

}er,lodH(H(t)(x’ p), ) =0.

Since &« is compact and non-empty, we know that there exists a sequence {#,} ,en and a point
(X0, Po) € & such that #, — oo and I1(#,) (x, p) — (X0, po). But I1(2,) (x, p) = (@ (£, p)x,0(tn) p),
and thus ¢ (¢, p)x — xp and ©O(t,) p — po. Since M; is closed and invariant, py € M; for some

i €{l,...,n}. Hence (xg, po) € «/ and py € M;, which shows that (x, po) € Ml:‘”.

Now we prove the invariance of each M;d under the action of {I1(¢) : = 0}. Let (x,p) €
Mf“ . Then

(D) (x, p) = ((t, p)x,0(1) p),

and, since « is invariant by I, (¢(¢, p)x,©(f) p) € o/ . From the invariance of M;, O(f)p € M;
and thus I1(#)(x, p) € M;d . Now, if (y,q) € Mf“ , from the invariance of 7, there exists (x, p) €
&/ such that

H®Ox,p) =, q),

which implies that y = ¢ (¢, p)x and O(t)p = g € M;. Thus p € O]~ (M;) € M;, so pEM;

and hence (x, p) € Mf“

Since Ml:‘” c &/, to show that it is compact it remains to show that it is closed. Assume that
{(xn, pn)tnen is a sequence in Ml.“” such that (x,, pn) — (x, p) as n — oo. Clearly (x, p) € «/ and

since {pplnen © M, p € M; and thus (x, p) € M.

Now, if (x, p) € Mf“ N M}‘?{, with i # j, then it implies that p € M; n M}, which is a contra-

diction because they are disjoint. Therefore Mf“ and M}‘” are disjointif i # j.

Now, given a global solution ¢ : R — & for {II1(#) : t= 0} we have that
E(n) = (x(1),n(D), forall £ =0,

where 77: R — o7 is a global solution for {©(¢) : t = 0} and x : R — X satisfies ¢(t,7n(s))x(s) =
x(t+s) forall £ =0and s e€R. Since {M,,---, M} is a Morse decomposition for <7, there exist
1<i< j<nsuchthat

M; 20 =2 M,

We will show now that ¢(t) — Mf{ . For this purpose, assume that this is not the case, that is,
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assume that there exist ¢y > 0 and a sequence {#,},en With £, — oo as n — oo and
d(&(ty), M) = €, forall n e N.

But {¢(t;)}nen © &/ and we can also assume that ¢(t,;,) — (x,p) € «. Since n(t,) — M;, it
follows that p € M; and thus (x, p) € Mf“ , but

d((x, p), M) = ¢y,

and since Mf“ is compact, this is a contradiction.
Analogously, ¢(f) — M}‘?{ as t — —oo. In a similar way, we can prove that there are no ho-
moclinic structures in {M<,--- ,Mﬁ“ }, as there are no homoclinic structures in {Mj,---, M,,}.
To prove the second statement, fixi = 1,---, n and let «¢; be the global attractor of {I1;(z) :
t = 0}. It is easy to see that «f;  «/. Now if (x, p) € o}, then p € M; and thus (x, p) € M‘lf”.
Conversely, if (x, p) € Mf{ , then (x, p) € &, and thus there exists a global solution ¢ : R — 7.
But, by the invariance of M;, we have that ¢(t) € «f; for all £ € R, and hence (x, p) € «;. n

4.2.2 The projection of a Morse decomposition from X x P to P

We are now interested in the opposite problem. Indeed, we investigate when a given
Morse decomposition on the global attractor «f of the skew product semiflow {I1(#) : ¢ = 0}
generates a Morse decomposition in the global attractor .o/ of the driving system {©(¢) : ¢ =
0}.

Definition 4.2.4. Given any% c X x P and R c P, we define the subset 2 by
Dr={peR: (x,p) €D for somex € X}.

The set D is called the P-projection of 2 over R.

Remark 4.2.5. Notice again that ify, : X x P — P denotes the projection on the second coor-

dinate, then it is clear that g = ¥»(2) N R.

Lemma 4.2.6. Let 2 c X x P be an invariant set under the action of {Il(¢): t =0}, Rc P an

invariant set under the action of {©(t) : t = 0} such that [0(t)] 'R c R forall t = 0. Then, the
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projection Dy is invariant under the action of {O(t) : t = 0}.

Proof: Let p € Yg. Then, by definition, there exists x € X such that (x, p) € 2 and by the

invariance of 2 under the action of {II(#) : t = 0}, we have that, for t =0,
(p(t, p)x,0(0)p) =11(1)(x, p) €D,

which implies that O(f)p € YD, since O(f)p € R by invariance. On the other hand, given
q € 9r and y € X such that (y,q) € 9, by the invariance again, there exists (x, p) € 2 such
that T1(#) (x, p) = (3, q). This implies that y = ¢(f, p)x and ©(t)p = q. Thus p € [O()] 'RcR

which proves the result. L]

For the following result, we will need to assume that the maps ©(¢) : &/ — .o/ are injective,

foreach ¢ = 0.

Theorem 4.2.7. Assume that {4, -, 4"} is a Morse decomposition for the global attrac-
tor o of the skew product semiflow {I1(t) : t = 0}. Assume that the family {/%;7, e ,Jlg{} is
disjoint and that ©(t)| : &/ — < is injective for all t = 0. Then, {4}, --- ,./%;;} is a Morse

decomposition for the global attractor </ of the driving system {©(t) : t = 0}.

Proof: We know that .4 é{ is compact and non-empty for each i = 1,---, n. By Lemma[4.2.6]
each ./ é{ isinvariant under the action of {©(#) : ¢ = 0}. Now, given a global solution 7 :R — &7
of {B(7) : t =0}, we choose a point x € X such that (x,1(0)) € o/. Thus, there exists a global
solution ¢ : R — «f through (x,7(0)), and by the injectivity of ©(¢), we have that

E(1) = (x(1),n(D), forall £=0.
Since {41!, -+, 4™} is a Morse decomposition for <, we have that, for some i < j,
M2 2

which means that
j ——00 t—o0 i
./ﬁlé{ — ) — M.

Again, there are no homoclinic structures in {M 1 oM Z{} because there are no homo-

clinic structures in {41, ---, .« ™}. n
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4.3 Morse decomposition for pullback attractors

We begin this section by stating some known results about the Morse decomposition for
pullback attractors of NDS in [5], where the approach used there requires that the set P be
compact and that {@(¢) : = 0} be in fact a group over P, i.e. O(¢) : P — P is invertible, with
its continuous inverse given by (1) ™! = ©(-1).

Given a set 2 c X x P, we define the p-section of & as the set Z(p) < X as
Dp)={xeX: (x,p) €D}

In the same way, given a non-autonomous set 9 = {D(p)}pep, with D(p) c X for all p € P, we
defineY c X x P as

2= J D(p) x {p}.
peP

Also, given 2 c X x P and R c P we define the X-projection of & over R by
PRr(@)= U D(p).
PER

In this setting, we can define the pullback attractor for the NDS (¢, ©) x,p) in the following

way:

Definition 4.3.1. Let % be the collection of all bounded sets in X. A non-autonomous set S is

a pullback attractor of (¢, ®) x,p) if:
(i) Zp(S) € B and each S(p) is compact;

(i) S isinvariant under the NDS (¢,0)x.p), i.e.

@(t,p)S(p) =SO(1)p), forallt =0 and p € P;

(iii) S pullback attracts all non-autonomous sets D such that Zp(D) € %, i.e.

lim dr((2,0(-0)p)DO(-1)p),S(P)) =0, forallp € P
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Theorem 4.3.2 (Theorem 3.3 in [5]; see also Proposition 3.31 in [24]). Assume that </ is
the global attractor of the skew product semiflow {I1(t) : t = 0}. Then, the associated non-

autonomous set A is the pullback attractor of the NDS (¢, ©) x.p).

Definition 4.3.3. Let < be the global attractor of the skew product semiflow {I1(t) : t = 0}. A
non-autonomous compact pair (A, R) is called a pullback attractor-repeller pair in < if the

associated pair (A, R) is an attractor-repeller of the global attractor < of T1(t).

Definition 4.3.4. Let </ be the global attractor of the skew product semiflow {I1(t) : t = 0}. Let

(A;,R), i=1,---,n, be pullback attractor-repeller pairs in </ with
B=A(p)cAiI(p) G- < Ap(p) = (p)

and

A (p)=Ro(p) 2R1(p) 2-+- 2 Ru(p) =@

forall p € P. Then, the family M = {Mi}?zl of invariant non-autonomous compact sets, de-
fined by

Mi :Aiﬁf?i_l, l1<i<n,
is called a pullback Morse decomposition of <, and each M; is called pullback Morse set.

By Theorem[4.2.3land Theorem 5.15 in [5] we can now prove the following result describ-
ing the internal asymptotic dynamics of a pullback Morse decomposition for the pullback

attractor <f :

Theorem 4.3.5. Assume that the driving system {O(t) : t = 0} has a global attractor </ with
a Morse decomposition {Mj,---,My,}. Assume also that [0(£)]"'(M;) < M;j, for all t = 0 and
alli =1,---,n. Take the family (M ,... ,M,;"f}, which is a Morse decomposition for the global
attractor & of {I1(t) : t = 0}. Then, the NDS (¢,0)x o) has a pullback Morse decomposition
{Mj,---,M,}, where

M;(p) = {x€ X: (x,p) € M},

is the p-section of M, forallp € o andi=1,---,n. Assume that / is described by pullback

attractor-repeller pairs (Aj,R), i = 1,...,n such that Zp(A;)) N Pp(R;) = @ fori=1,...,n.



88 Skew product semiflows and Morse decompositions

Then, the collection of pullback Morse sets determines the limiting behavior of NDS ¢ on < .

More precisely, we have:

(i) For any singleton non-autonomous set X in szf, by writing X = Upep x(p) x {p}, if

n
du(x, | JOR) >0,
i=1

we have

n
tl{{p du(p(t,0-p)xO-p), |J Mi(p)) =0.
® i=1

(ii) Ify is invertible on <f then, for any singleton non-autonomous set % in <f with

n
dp (%, (JoA) >0,

i=1

we have

n
tli}gl du(p(=t,0,p)x0;p), U M;(p)) =0.
o0 i=1

(iii) Moreover, under the hypotheses of Theorems[4.3.2 and the family {M;(p)} pem; is

the pullback attractor of the NDS (¢, ®) x,um,). In particular, we have that

lim sup dy(p(t, p)B, Py, (M‘ff)) =0,
Z—*OOpeMl_

forall Bc X bounded.

We can now state the main new result of this section, concerning the asymptotic behavior

of the solutions for the NDS (¢, ©)x,p) as t — oo and for any p € P.

Theorem 4.3.6. Let (¢,0)x,py be a non-autonomous dynamical system and {I1(t) : t = 0}
the associated skew product semiflow. Assume that {I1(t) : t = 0} possesses a global attrac-
tor o/ and also that the driving system {O(t) : t = 0} has a global attractor </ with a Morse
decomposition {My,---, M,}. Assume that O] Y(M;) c M;, forallt=0andalli=1,---,n.

Let (M ,---, M’} be the corresponding Morse decomposition for the global attractor </ of
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{I1(2) : t=0}. Then, given (x,p) € X x P, thereexistsi =1,---,n such that
lim dp (1, p)x, Ppg, (M) =0.

Proof: Let (x,p) € X x P, and consider the solution ¢ : R* — X x P for the skew product
semiflow {I1(#) : ¢ = 0} through (x, p). We know that

E(D) =T1(x, p) = (@(t, p)x,0(1)p), forall £ = 0.

Since {M;,---, My} is a Morse decomposition for the global attractor .7 of the driving system
{O(t) : t =0}, there exists i = 1,---,n such that @(¢)p — M; as t — co. We claim that {(t) —
Mf“ . Assume, by contradiction, that this is not the case, i.e. there exist €y > 0 and a sequence

{t,}nen such that £, — oo as n — oo and
d(&(ty), M) = €, forall neN.

But d(é(ty,),<f) "~%° 0 and we can assume that there exists (x0, po) € & such that ¢(t,) —
(x0, po). But this implies that py € M;, which in turn implies that (xg, po) € Mf“ and gives a

contradiction, since
0= d((xo, po), M) "= d(& (1), M) 2 €9 > 0.

Thus, é(1) —»le‘”, and then ¢(t, p)x — Py, (Mff). n

Our last result in this section provides the equivalence between the existence of Morse
decomposition and Lyapunov function for the skew product semiflow {I1(#) : ¢ = 0} from the
existence of a Lyapunov function (and thus a Morse decomposition) for the global attractor

of the driving system {O() : £ = 0}.

Theorem 4.3.7. Let X and P be metric spaces, ¢ :R* x P x X — X be a cocycle, ® :R" x X — X
be the driving system with global attractor </ and Il : R* x X x P — X x P be the associated
skew product semiflow. Assume that I1 possesses a global attractor «/ and that {O(t) : t = 0}
has a global attractor <f . If there is a Lyapunov function for {©(t) : t = 0}, then there is a
non-autonomous Morse decomposition M < = {M;Q{ 41! | and a continuous Lyapunov function

L: X x P — R* with the following properties:
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(i) L(p(t,p)x,B(0)p) < L(x,p) forany (x,p) e X x P and t = 0.

(i) L(p(t, p)x,0(1)p) = L(x, p) when x € U M;(p) for all t =0, and L takes different con-

stant value on different Morse sets.

(iii) L(p(t,p)x,0(t)p) < L(x, p) when x € X\ U?ZlMi(p) forall t > 0.

Proof: The Lyapunov function for {©(f) : ¢ = 0} generates a Morse decomposition for its
global attractor /. This Morse decomposition generates a Morse decomposition for the
global attractor «f in the phase space X x P. So the result follows from [1, Theorem 3.4 and

Proposition 3.5]. u

With these results, returning to the problem of the estimate of the fractal dimension, we

can state the following

Theorem 4.3.8. Let X and P be metric spaces, ¢ : R* x P x X — X be a cocycle, ® :R" x X —
X be the driving system with global attractor </, a Morse decomposition {M,---, My} and
[1:R" x X x P— X x P be the associated skew product semiflow with global attractor «f. Let
n:R — & be a bounded global solution for {O(¢t) : t = 0} and {T(t,s) : t = s} the evolution
process defined by T(t,s) = @(t—s,1n(s)). We know that{T(t,s) : t = s} has a pullback attractor
{< (1) : t € R} with a pullback Morse decomposition given by M (1) = {M;d(t)}?:l, forteR.

Assume that {T(t,s) : t = s} satisfies conditions (a), (b) and (c) of Corollaryl3.4.2 Then

o < e(e (1) < 2L

Co.

4.4 Small non-autonomous perturbations

We can see also how these structures behave under small non-autonomous perturba-

tions. The results below follow from [11]:

Theorem 4.4.1. Let X and P be metricspaces @ :R* x Px X — X bea cocycle, ® :R* x X — X be
the driving system and 11 : R* x X x P — X x P be the associated skew product semiflow. Assume
that 11 has a global attractor <, {O(t) : t = 0} has a global attractor </ and that py € <7 is a
fixed point of ©. If o/ (p) = {x € X : (x, p) € &/}, assume that the following conditions hold:
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(a) Thereexistsd >0 suchthat |J </ (p) is precompact.
d(p,po)=6

(b) {p(t, po): t =0} isagradient-like semigroup relatively to the set of equilibria &y = {yi",o, e ,y;';,o}.

(c) Foreach p sufficiently close to py, there exists a global solutionn, :R* — P of © through
p such that {p(t — s,m,(5)) : t = s} possesses n isolated global solutions é?y’; R—-Xi=
1,2,---,n, and sup supd(f?y’;'*(t),yli“’o) P=Rog.

1<i<n teR

(d) Foreach compact set K < R* x X and the global solutionn, : R™ — P of © through p,

sup sup d(g(f—s,1m,(8)x,@(t— s, po)X) PZR0.
seR (1,x)eK
(e) There exist u > 0 such that, if {, : R — X is a bounded solution of {¢(t — s,1,(s)) :
t = s} with p sufficiently close to py so that, if there are ty € R and i € {1,---,n} with
supdist(§ (1), &7, (R)) < p (resp. supdist(Sp(1),&;7" (R)) < p), then lim d(&,(1),¢;7" (1)) =

<ty =0y

0 (resp. tlll})lod(fp(t),f?f;,’*(t)) =0).

Then, for all p sufficiently close to po, {p(t—s,1,(8)) : t = s} is a non-autonomous gradient-

like evolution process with respect to the disjoint set of isolated invariant families 8;,’” = {f?z*, e ,57{}, ).

Theorem 4.4.2. Let X and P be metric spaces ¢ :R* x P x X — X be a cocycle, ® :R* x X — X
be the driving system and I1 : R* x X x P — X x P be the associated skew product semiflow.
Assume that 11 has a global attractor </, {O(t) : t = 0} has a global attractor </ and py € <7 is a

fixed point of ©. If o (p) = {x € X : (x, p) € «}, assume that the following conditions hold:

a) Thereexistsd >0 suchthat U </ (p) is precompact.
d(p,po)=6
b) {@(t,po) : t = 0} is a generalized gradient-like semigroup with isolated invariant sets

{FT,O""FZ,O}'

¢) For each p sufficiently close to py, there exists a global solutionn, : R* — P of © through

p such that {p(t —s,1,(s)) : t = s} possesses n € N isolated invariant families

n =Tp* =Tp*
\Ppp = {:l,pp (')y"' r:'n,pp ()}r
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. E L%
with traces {F?f’p e ,FZf’p

. . I kN PP
Po (suplsign[dlst(FZ’;*,FiyO) + d1st(Fl.,O,F?,’;*)] —°0).

}, which behave upper e lower semi-continuously as p goes to

d) For each compact set K c R* x X and the global solutionn,:R* — P of © through p,

sup sup d(g(f—s,1,(8)x, @t~ s, po)X) PZE00.
SER (t,x)eK
e) There exist i > 0 such that, if {, : R — X is a bounded solution of {¢(t — s,1,(s)) :
t = s} with p sufficiently close to py so that, if there are ty € R and i € {1,---,n} with

n

supdist(ép(t),riy’;’*) < u (resp. supdist(cfp(t),rzl;'*) < W), then rli»r—nood(é”(t)’E?f;,’*(t)) =

<ty =1

. —Mpr* _
0 (resp. }l,rgod(él’(t)’:i,; (1) =0).
Then, for all p sufficiently close to po, {9(t — s,np(s)) : = s} is a generalized gradient-like

. . . . . 3 K3 p— }* p— Y*
evolution process with isolated invariant families ‘PZ’” = {:117’; (), ,:Zf’p ().

4.4.1 Asymptotically autonomous evolution processes

In this section we will consider asymptotically autonomous evolution processes. Loosely
speaking, an evolution process is asymptotically autonomous if it is very close to an au-
tonomous evolution processes when the initial times are very large. This idea leads to the

following definition (for a similar definition see [32]).

Definition 4.4.3. Let {S(¢,s): t = s} be an evolution process and {Sy(t) : t = 0} be a semigroup

in a metric space Z. We say that

* {S(¢,s): t = s} is asymptotically autonomous at —oo if

S(t+s,8) Uy’ —° So(1) o

* {S(t,): t = s} is asymptotically autonomous at +oo if

S(t+s,8)ug s So(Dug

uniformly for t in bounded intervals of [0,00) and for uy in compact subsets of Z.
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In order to obtain information about an asymptotically autonomous evolution process
using the results of the previous sections it is convenient to introduce a new evolution pro-

cess which is close, for all initial times, to an autonomous evolution process.

Let T € R, {S(¢,s) : t = s} be an evolution process and {T(¢) : t = 0} be a semigroup, and

construct the following truncated evolution processes:

* Forward truncation at time 7

S(t,s), ifs<t<r,
S;(t,8)=< T(t—1)8(1,9), ifs<t<T1,

T(t-ys), iftr<s<t.

* Backward truncation at time 1

T(t-ys), ifs<t<r,
S:(t,8)=1 S(t,1)T(t—9), ifs<sT<T*

S(t,s), ifr<ss<t.

We have the following property for the truncations:

Theorem 4.4.4. If{S(t,s) : t = s} is an asymptotically autonomous evolution process at —oo
(at +oo) and {Sy(?) : t = 0} is the associated semigroup. Assume that the semigroup satisfies a
uniform continuity condition, i.e. given ¢ >0, a bounded interval I c R™ and a compact set
K c Z there exists 6 = 6 (¢, I, K) such that ||So(t)u— So(H)vl <€, iflu—vl <6, u,veKk, forall
t € I. Then the forward (backward) truncation of {S(t,s) : t = s} satisfies ||S; (¢t +r,r)u— So(t+
rNullz — 0 as T — —oo (1t — +00) uniformly for r € R and for (t,u) in compact subsets of

R* x Z.

Proof: We first deal with the case of the forward truncation evolution process. We know that

for each 7 € R, the forward truncation at 7 is given by

S(t,s), ifs<t<rT,
S;(t,8) =< So(t—1)8(7,9), ifs<T<{,

So(t—y9), iftr<s<t.
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Now given € > 0, a bounded interval I ¢ R™ and a compact set K < Z, from the uniform

continuity of {Sy(?) : = 0}, there exists 0 < 0 < € such that
1So(Hu—So(viz<e, if|lu—viz<d,u,veK, forall t€ J,

where J=[0,2M] and M =sup .
Now, since the process {S(t, s) : t = s} is asymptotically autonomous at —oo, for the § > 0

above, there exists ro < 0 such that, if r < ry,
IS(t+rru—Se(Hullz<0, forallte I and u € K.

Now we have for 7 < ry,

S(t+r,nu—Sy(Hu, ift+r<rt,
S;(t+r,Nu—So(Du=<X So(t+r—-1)ST,Nu—-Sp(t+r—1)So(t—nu, ifr<st<t+r,

0, ifr<r,

which implies@ that

sup|S;(t+r,r)u—So(Hullz<e, forall te I and u e K.
reR

The case for asymptotically autonomous evolution process at +oo follows analogously,
just reminding that for each bounded interval I ¢ R* and each compact set K c Z, the set
UIS (1)K is also compact, since we have the uniform continuity property. [
te

We can state the following result:

Theorem 4.4.5. Let X and P be a metric spaces @ :R* x Px X — X bea cocycle, ® :R* x X — X
be the driving system and I1 : R* x X x P — X x P be the associated skew product semiflow.
Assume that 11 has a global attractor <f , {©(t) : t = 0} has a global attractor </ and that py € </
is a fixed point of ©. Assume also that there exists a bounded global solutionn: R — <7 such
thatn(s) — po as s — —oo and that

a’) Thereexists sy < 0 such that U <f (n(s)) is precompact.

S<So

1Here, for the estimate of the term ||So(t+ 7 —7)S(7, r)u— So(t+r —7)So (T — r) ul| z, is where we have the need
to use the interval J for the uniform continuity property, since t+r —7 doesnotneed tobein I, but t+r—7 € J.
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b) IfT(t) := @(t, po), forall t =0 then{T(t) : t = 0} is a generalized gradient-like semigroup

with isolated invariant sets {I'] j,---T'} 1.

c) IfS(t,s):=@(t—s,n(s)) forall t = s, the evolution process {p(t — s,1(s)) : t = s} possesses

n € N isolated invariant families
V={=10),--, =200}
which behave upper e lower semi-continuously as s — —oo, that is

sup [dH(E;‘(s),F;O) + dH(r?,o»Ei(S))] S22,
1<is<n
d’) There exist u > 0 such that, if ¢ : R — X is a bounded solution of {p(t — s,n(s)) : t = s} so
that, ifthereare ty € R andi € {1, , n} withsupd(&(£),TY) < u, then tlir_n d(1),Z2; (1) =

<ty

0.

Then, there exists 7o < 0 such that, for all T < 1, the forward truncated evolution process

{S;(t,s): t = s} is a generalized gradient-like evolution process.

Proof: Since n(s) — pgy as s — —oo, the evolution process {S(¢,s) : t = s} is asymptotically
autonomous at —oo, and thus the truncated process satisfies also item (d) of Theorem [4.4.2]
which gives us the result. [

With this result, we can look more closely to the behavior of solutions ¢ : R — X of the

evolution process {S(t, s) : t = s} at —oo.

Theorem 4.4.6. Under the hypotheses and notations of Theoreml4.4.3, if{ : R — X is a bounded
global solution for the evolution process {S(t,s) : t = s}, then there existsi = 1,---, n such that

&(s) _’F;,o as s — —oo.

Proof: Let¢:R — X be a bounded global solution for the evolution process {S(z, s) : £ = 0}.
Then, for each 7 € R, the function ¢; : R — X defined by

'f ~
s%(t):{m)’ 1 t<T,
T(t—-1)(), ift=71
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is a bounded global solution for the forward truncated evolution process {S;(t,s) : ¢ = s}. By
Theorem[4.4.5] there exists 7o <0 and i = 1,---, 7 such that dg (¢, (s),Z} (s)) — 0 as s — —o0
and since dH(E;k (s), F?,o) — 0as s — —ooand &, (s) = £(s) for s < 7, the result follows. n

Analogously, we can state the result:

Theorem 4.4.7. Let X and P be metricspaces @ :R* x Px X — X bea cocycle, ® :R* x X — X be
the driving system and 11 : R* x X x P — X x P be the associated skew product semiflow. Assume
that 11 has a global attractor </, {O(t) : t = 0} has a global attractor </ and that py € <7 is a
fixed point of ©. Assume also that there exists a bounded global solutionn : R — <7 such that

n(s) — po as s — oo and that:

a’) Thereexists sy > 0 such that U < (n(s)) is precompact.

$=80
b) IfT(t) := @(t, po), forall t =0 then{T(t) : t = 0} is a generalized gradient-like semigroup

with isolated invariant sets {I'] j,---I'} 1.

c) IfS(t,s) :=p(t—s,n(s)) forall t = s, the evolution process {p(t —s,1(s)) : t = s} possesses

n € N isolated invariant families
Y= {El ()y e yEn()}y
which behave upper e lower semi-continuously as s — oo, that is

sup [dp(E; (s),T; )+ du (T g, Zi(s)] = 0.
1<is<n
d’) There exist u> 0 such that, if ¢ : R — X is a bounded solution of {¢(t — s,1(s)) : £ = s} s0
that, if thereare ty € R and i € {1,---, n} withsupdist(¢(£),T'}) < u, then tlim di(1),2; (1) =
=1 —00
0.

Then, there exists 1o > 0 such that for all T = t( the backward truncated evolution process

{S:(t,5): t = s} is a generalized gradient-like evolution process.

Theorem 4.4.8. Under the hypotheses and notations of Theoreml4.4.7, if{ : R — X is a bounded
global solution for the evolution process {S(t,s) : t = s}, then there existsi = 1,---, n such that

¢(s) =~ T7, ass— oo.
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4.5 Applications

Let us now analyze several examples which can be useful for applications.

Example 4.5.1. Consider

x=r(t,x), t>0,
(4.5.1)

x(0) = xp € R™,

with r(t, x) from Examplel4.1.10, i.e., we have a smooth function r :R* x R" — R" given by
r(t,x)=h() f(x)+ Q- h(1)g(x), forallt e R" and x € R",

where f, g : R — R" are continuous functions.

We have already shown that f, g € H(r) and also that there is a connection between [ and
g, and a connection between g and f. Thus we cannot have a Morse decomposition in H(r)

which separates f and g, since each one is connected to the other.

Nevertheless, we can choose one of these global solutions, for example &, and restrict our-
selves to K = ¢(R) c H(r), which has a non-trivial Morse decomposition, i.e. My = {f} and
M, = {g}, and thus generates a Morse decomposition for the associated skew product semiflow

and non-autonomous dynamical system related to (4.5.1).

Example 4.5.2. Consider a function f : R x R” — R" and the non-autonomous dynamical
system

X=f(t,x), teR
(4.5.2)

x(0) = xo.

Assume that there are functions fi, f> : R" — R" such that

supllf(£,%) — fo(¥)llgn —=0, and supllf(t,x)— f(X)lgn — 0.

xeR”? xeR®
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Now considering the space Cp(I x R",R") (see Subsection[4.1.2), we can see that

10 f(s,%) - fo@) = sup [If(£+5,%) —fox)lgn —0,

XEBy,s€I}

and

10 F(50 - fitdle= sup f(t+50-fr0len =70,

x€Bk,S€Ik

forall k € N, which means that0(t) f iy foandf(t) f 2o f1 in the uniform convergence on
bounded sets, thus H(f) = {0(t) f}1=0U{f1, fo} and this set has a Morse decomposition {M,, My}
given by

M, ={fi} and M, ={f5}.

If the skew product semiflow {I1(t) : t = 0} given by I1(t)(x9, g) = (x(t, g, X0), &) in the phase
stateR™ x H(f) has a global attractor «f, then (M, Mf } is a Morse decomposition for <f . In

this case, if Ay = {xeR": (x, f1) e 4} and A, = {x e R": (x, [>) € &/} then
M = Ay x{fi} and M5 = A, x{fo}.

Therefore, the solution x(t, f, xo) of the problem (4.5.2) converges to A, as t — oo and A, as
t — —oo. Moreover, we know that Ay (A2) is the global attractor of the problem x = fi(x)
(x = fo(x)), and if Ay (A2) has a Morse decomposition {MAI,--- ,M,‘;‘,l} ({MA2,--- ,M;;‘Z}) then
Theorem(4.4.8 (Theorem[4.4.6) guarantees that there existsi =1,---,m (j =1,---, p) such that

x(t, f, xo) converges to M;‘l ast— oo (M]A2 ast — —oo).
Example 4.5.3. Consider the system of autonomous differential equations

v=f(u,v) t>0
Su=gw), >0 (4.5.3)

u(0) = up e R, v(0) = vy e R",

where the u component is decoupled, so the system (4.5.3) generates a skew product semiflow.

The u-component here may be considered to represent an independent system that drives the



4.5 Applications 99

v-component of the system in the sense that
v=f(u(),v)

for any given solution u(t) of it = g(u). Assume that the system tu = g(u) generates a semigroup
{O(1) : t =0} inR", that is, ©(H)up = u(t, up), where u(-, up) is the unique solution for t > 0 of
the problem

u=gw), t>0
u(0) = up.

Assume also that{O(t) : t =} has a global attractor o/ with a Morse decomposition {M,---, My},
that the property of backward uniqueness of {O(t) : t = 0} in </ holds and also that the gen-
erated skew product semiflow {I1(t) : t = 0} has a global attractor <f. Then we have that for

every pair of points (ug, vo) € R" x R", the solution v(t, vy, ug) of the problem

v(t) = f(O()ug, v(1), t>0

v(0) = vo,

satisfies v(t, vo, ug) —> P, (Mf:), for some ig = 1,-+-, n, where iy is such that ©(Huy —=

M;

0°

Example 4.5.4. This last example illustrates how we can use the general theory in a more

concrete case. Let us consider the planar system
d
SN =F (t,(x, ), teR. (4.5.4)

Assume that F(t, (x,y)) — F1(x,y) as t — —oo and that F(t,(x,y)) — Fa(x,y) as t — oo, where
F|,F,:R?> > R? satisfy

1. Fi(x,y) = (f(x),g(x,y), where f(x) = x— x> and g(x,y) = (1 - x*)y— y3. Clearly they
satisfy the conditions of Example[4.5.3;
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2. F, is given in polar coordinates by

F>(rcosO,rsin0) =G(r,0) = (—-r(r-1)(r-2),1).

From the Example[Z.5.3, we know the Morse decomposition {M:’ ,Mf“ ,Mf } for the global

attractor <f of the planar system

x=fx)

y=8y)
given a Morse decomposition {My, My, M} for the global attractor <7 = [—1,1] c R of the equa-
tion x = f(x), where My = {—1}, M} = {1}, M = {0}. Indeed, it is not hard to see that the Morse
decomposition is this case is given by MY = {(-1,0)}, My’ = {(1,0)} and My’ ={(0,y): y €
[—1,1]}.

Now, we already know that the system %(x, y) = F2(x,y), t > 0 generates a generalized
gradient-like system, with invariant sets given by Z¢ = {0}, 2, = {(1,0) : 0 € [0,27]} and =2, =
{(2,0):0€10,2m]}.

Thus, by Example[Z.5.2, we know that every solution ¢ : R — R? of the system satisfies

(a) g‘(t)—»le‘”forsomei: 1,---,nast— —oo,

(b) ¢(t) — E; forsome j=0,1,2 as t — oo.

Asymptotic behaviors for solutions &,y of (4.5.4).
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