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Abstract

We address the problem of existence and uniqueness (or finiteness) of ergodic
equilibrium states for a natural class of partially hyperbolic diffeomorphisms homo-
topic to Anosov. We propose to study the disintegration of equilibrium states along
the central foliation as a tool to develop the theory of equilibrium states for par-
tially hyperbolic dynamics. For a large class of low variational potentials we obtain
existence and uniqueness of the equilibrium state and we also obtain a dichotomy
between finiteness of ergodic equilibrium states and hyperbolicity of such measures.

We also prove that the measure of maximal entropy for accessible partially hy-
perbolic diffeomorphisms of 3-manifold having compact center leaves can be written
locally as the product of three measures defined on the local stable, central and
unstable foliations provided that such measure is unique. We verify that the local
product structure does not hold when the number of measures of maximal entropy

is larger than one.

Keywords: Equilibrium states, disintegration of measures, local product structure,

partially hyperbolic diffeomorphisms, measure of maximal entropy.
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Resumo

Abordamos o problema de existéncia e unicidade (ou finitude) dos estados de
equilibrio ergédicos para uma classe natural de difeomorfismos parcialmente hiper-
bolicos homotdpicos a um Anosov. Propomos estudar a desintegragao dos estados
de equilibrio ao longo da folheagao central como uma ferramenta para desenvolver
a teoria de estados de equilibrio para sistemas parcialmente hiperbolicos. Para uma
classe de potenciais com variacao pequena obtemos existéncia e unicidade de esta-
dos de equilibrio e também obtemos uma dicotomia entre finitude dos estados de
equilibrio ergddicos e hiperbolicidade de tais medidas.

Obtemos também que as medidas de maxima entropia para difeomorfismos par-
cialmente hiperbolicos acessiveis definidos numa 3-variedade tendo folhas centrais
compactas podem ser escritas localmente como o produto de trés medidas definidas
nas folheacoes stavel, central e instavel locais sempre que tal medida é tinica. Veri-
ficamos que a estrutura de produto local nao é valida quando o ntimero de medidas

de maxima entropia é maior que um.

Palavras-chaves: Estados de equilibrio, desintegracao de medidas, estrutura de
produto local, difeomorfismos parcialmente hiperbdlicos, medidas de maxima en-

tropia.
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Chapter

1

Introduction

An equilibrium state for a continuous map f : M — M with respect to a
potential ¢ : M — R is an invariant Borel probability measure p that maximizes
the quantity h,(f) + [ ¢du among all invariant measures. In the particular case
¢ = 0, such maximizer is called measure of maximal entropy (if it exists). It is
an old and very important problem to know about existence and uniqueness of
equilibrium states. For hyperbolic dynamics and expanding endomorphisms this
problem was extensively studied by Sinai [52], Ruelle [50], and Bowen [5], [6].

In the other hand, considerable research was done for non-uniformly hyperbolic
systems. For one dimensional systems we mention the important contributions made
by Keller [28], Hotbauer [24|, Buzzi [13], Buzzi and Sarig [15], Pesin and Senti [40],
Bruin [9], Bruin and Keller [10], Bruin and Todd [11], Iommi and Todd [27], among
others. In dimension bigger than one, Oliveira [36], Oliveira and Viana [38], and
Varandas and Viana [58], considered non-uniformyly expanding maps, Arbieto and
Prudente [1], Rios and Siquiera [45], Leplaideur, Oliveira and Rios [33], considered
partially hyperbolic horseshoes, Climenhaga, Fisher and Thompson [16], considered
the robustly transitive diffeomorphisms of Mané and Bonatti-Viana, Pesin, Senti
and Zhang [41], [42], considered the Katok map and towers of hyperbolic type; for
a more complete picture of equilibrium states for non-uniformly hyperbolic see the
survey [18].

We also mention that R. Spatzier and D. Visscher [53] proved uniqueness of
equilibrium state for frame flows on closed, oriented, negatively curved n—manifold,
n odd and (n # 7) and potentials induced by potentials defined on unit tangent
bundles, i.e constant on the fibers of the bundle FM — SM where FFM and SM
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are respectively frame bundle and unit tangent bundle.

1.1 Equilibrium states for partially hyperbolic diffeo-
morphisms in T?

We consider partially hyperbolic systems, i.e., diffeomorphisms of compact man-
ifolds f : M — M with an invariant spliting of the tangent bundle TM = E° &
E¢® E*, such that vectors in £ are exponentially contracted under iteration, vec-
tors in K" are exponentially expanded, while vectors in E° are neither contracted
as strongly as any vector in £° nor expanded as strongly as any vector in £". For
those class of diffeomorphisms, it is well known that there are foliations F? tangent
to the sub-bundles FE? for ¢ = s,u. In general, it is not true that there is a folia-
tion tangent to the central sub-bundle E* (see for instance [47]). However, by Brin,
Burago, Ivanov [7] all absolutely partially hyperbolic diffeomorphism on T? admit a
foliation tangent to E°, the center foliation.

It is well known that all entropy-expansive maps have equilibrium states with
respect to any continuos potential. By the work of Diaz, Fisher, Pacifico and Vieitez
[20] all partially hyperbolic diffeomorphisms with 1-dimensional center direction are
entropy-expansive. Therefore, all partially hyperbolic diffeomorphisms on T? have
equilibrium states with respect to any continuous potential. However, we can ask

the following.

Question 1.1.1. Do all absolutely partially hyperbolic diffeomorphisms on T? have

a unique equilibrium state associated to Holder continuous potentials?

J. Buzzi, T. Fisher, M. Sambarino and C. Vasquez [14] showed that the Mané’s
example has a unique measure of maximal entropy, and R. Ures in [57| proved the
same property for any absolutely partially hyperbolic diffeomorphisms homotopic
to a linear Anosov diffeomorphism of T3. We call this class of diffeomorphisms as
Derived from Anosov diffeomorphisms (see Definition 2.2.7).

F. Rodriguez Hertz, A. Rodriguez Hertz, A. Tahzibi and R. Ures in [49] showed
that partially hyperbolic diffeomorphisms on T? with compact central leaves have
finitely many ergodic measures of maximal entropy. In fact they show that “typi-
cally” ([49], Theorem 1), there is more than one measure of maximal entropy.

By a work of Hammerlindl [23], the absolutely partially hyperbolic diffeomor-

phisms on T? are classified into two groups of diffeomorphisms mentioned above



(Derived from Anosov and diffeomorphims with compact central leaves). Then, we

can ask the next.

Question 1.1.2. Do all Derived from Anosov diffeomorphisms have a unique equi-

librium state associated to Holder continuous potentials?

By a recent work of Climenhaga, Fisher and Thompson [16], the Mafié’s example
has a unique equilibrium states with respect to Hélder continuous potential satisfying
some technical conditions.

Let f : T® — T3 be a derived from Anosov diffeomorphism, it is well known that
f is semi-conjugated to a linear Anosov diffeomorphism A on T? by a semiconjugacy
H. Let ¢ : T> — R be a potential Holder continuous and considered the potential
¢ definded by ¢ =1 o H.

In this thesis we study equilibrium states for Derived from Anosov diffeomor-
phisms on T? associated to potential ¢ = 1) o H, for which we make to use of
disintegration of measures along the central foliation of these diffeomorphisms.

Our first result gives a partial answer to the question 1.1.2. We denote by C' the

set of points where H fails to be injective.

Theorem A. Let f : T3 — T3 be a Derived from Anosov diffeomorphism and let
W T3 — R be a Hélder continuous potential. Define ¢ = 1 o H and let u be an

ergodic equilibrium state for f with respect to ¢:
1) If n(C) = 0, then p is the unique equilibrium state.

2) If u(C) =1, then u is virtually hyperbolic (see 2.3.9) and there exists neces-
sarily another equilibrium state n for (f, ¢).

The proof of the above theorem enables us to conclude a dichotomy between

finiteness of ergodic equilibrium states and hyperbolicity of such measures.

Theorem B. Let f and ¢ be as in Theorem A. Then either there is an ergodic

non-hyperbolic equilibrium state or the number of ergodic equilibrium states is finite.

Recall that f has a unique measure of maximal entropy. Moreover, we can
show that under small variation hypothesis of the potential, the equilibrium state is
unique.

Let A1, Ay and A3 be the Lyapunov exponents of A such that A3 < 0 < Ay < Ag.



Theorem C. Let f and ¢ be as in Theorem A. If the potential satisfies supys ¢ —

infrs ¢ < Ao, then there exists a unique equilibrium state for (f, ).

The “small” variational condition in the above theorem is common in the liter-
ature to achieve uniqueness of equilibrium states and it has been considered by K.
Oliveira and M. Viana [38| for non-uniformly expanding maps on compact manifolds,
by I. Rios and J. Siqueira [45] for partially hyperbolic horsehoes, by F. Hofbauer
and G. Keller [25] for piece wise monotomic maps, by H. Bruin and M. Todd [12]
for interval maps, and by M. Denker, M. Urbanski [19] for rational maps on the
Riemann sphere.

Our approach to study the uniqueness (or finiteness) of the equilibrium states
for Derived from Anosov diffeomorphisms is based on using the disintegration of
equilibrium state along the central foliation. To prove Theorem A, we prove in
Lemma 3.1.1 that the conditional measure for equilibrium states along central foli-
ation are monoatomic, that is, it consist of a unique atom per leaf. Similar results
were studied by Ponce, Tahzibi and Varao in [43], [44]. Since that each center leaf
has a unique atom, we can construct another equilibrium state which is also virtually
hyperbolic. To show finiteness of ergodic equilibrium states when such measures are
hyperbolic (see Theorem B) we supposse that there exist an infinite number of such
measures, since such measures are virtually hyperbolic (see Lemma 3.1.1) is possible
to construct an hyperbolic ergodic equilibrium states. To prove the uniqueness of
equilibrium state for Derived from Anosov associated to potential with small vari-
ation (see Theorem C), we prove in Proposition 3.3.1 that the metric entropy of f

with respect to equilibrium states is less or equal than A;.

1.2 Local product structure

The local product structure of measures of maximal entropy for uniformly hy-
perbolic diffeomorphisms was showed by the work of Ruelle and Sullivan [51], and
Leplaideur in [32] showed that the unique equilibrium states associated for Holder
continuous potential for such diffeomorphisms has local product structure. Roughly
speaking such property means that locally the measure can be written as the prod-
uct of two measures defined in the stable and unstable manifold. For non-uniformly
hyperbolic diffeomophisms it was showed by Barreira, Pesin and Schemling [4] that

hyperbolic measures have “almost” local product structure and using this property
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of hyperbolic measures they prove the long-standing Eckmann-Ruelle conjecture in
dimension theory of smooth dynamical systems.
Since absolutely partially hyperbolic diffecomorphisms in T have measures of

maximal entropy and there exist stable, central and unstable foliations, we can ask:

Question 1.2.1. Can the measures of maximal entropy for absolutely partially hy-
perbolic diffeomorphisms in T3 be written locally as the product of three measures

defined on the local stable, central and unstable foliations?

The previous question was enunciated by F. Rodriguez Hertz in a context more
general (see [46], Section 4).
Our next result answer the above question for such diffeomorfisms with compact

central leaves, more specifically we prove:

Theorem D. Let f : M — M be a CY® partially hyperbolic diffeomorphism of a
three dimensional closed manifold M. Assume that f is dynamically coherent with

compact one-dimensional central leaves and has the accessibility property. Then

1) If p is the unique measure of mazximal entropy for f (see item 1, Theorem
4.0.4), then for each x € M, there are measures ps, pt and uS defined in
2 .(x) (local stable manifold of x), F}t.(x) and Ff

loc

(x) respectively, such that

[ = Pufly X pig X fy (1.1)

on 90( li)c(x) X l%c(x) X l%c(w)) ’UJheT'G 2 li)c(aj) X lcoc(x) X lqéc(x) — M is
defined by

(2, t,w) = Floo(Fioe(2) N Fe(t)) N Flon(w)

2) If u is a hyperbolic ergodic measure of mazimal entropy for f (see item 2,
theorem 4.0.4), then do not exist measures defined in the local stable, unstable

and central manifold such that (1.1) is true for .

We also verified that the local product structure does not hold for equilibrium

states of derived from Anosov diffeomorphisms which are virtually hyperbolics (see
Theorem 4.1.6).



1.3 Structure of the thesis

This work is organized as follows:

In Chapter 2 we state some fundamental background concepts and results in
equilibrium states, partially hyperbolic dynamics, ergodic theory, measure disinte-
gration theory and local product structure of measures.

In Chapter 3 we study equilibrium states for Derived from Anosov diffeomor-
phisms. In the Section 3.1 we prove Theorem A showing ergodic equilibrium states
are virtually hyperbolic and that is used to construct twin measures. The construc-
tion of the above result is used to prove in the Section 3.2 Theorem B. In the Section
3.3 we prove Theorem C showing that equilibrium states associated to potentials
with small variation are not virtually hyperbolic. In the Section 3.4 we study the
center Lyapunov exponent of equilibrium states, showing an inequality between such
exponent and the center Lyapunov exponent of the linear part.

In Chapter 4 we study local product structure of measures of maximal entropy
for partially hyperbolic diffeomorphisms in 3-dimensional manifold, dynamically co-

herent with compact one-dimensional central leaves and with accessibility property.



Chapter

2

Preliminaries

2.1 Equilibrium states

Let (M, i, B) be a probability space, where (M, d) is a compact metric space, p
a Borel probability measure and B is the Borel o-algebra. Let f : M — M be a

measurable transformation. The measure p is said to be f-invariant if
f(B) = p(f~1(B)) = u(B), for all B € B.

We denoted by M(f) the set of f—invariant Borel probability measures. If f : M —
M is a continuous transformation, then M(f) # 0.

An f-invariant measure is called ergodic if f~'(B) = B, implies u(B) = 0 or 1.
The ergodic measure set is denoted by M.(f).

Let P be a finite partition of M. The entropy of the partition P is defined by

H,(P) == u(P)log u(P).
PeP

We denoted by f~'(P)={f"YP): PeP},PVvQ={PNQ:PeP,Qe Q}and
P = V120 f(P).

Definition 2.1.1. Let f : M — M be a measurable transformation preserving
a probability measure  in M. The metric entropy of f with respect to p and a
measurable partition P of M is defined by

ho(f,P) = Tim ~H,(P™).

n—oo M,

And the metric entropy of f with respect to u is defined by
h(f) := sup{h,(f,P) : P is a partition of M}.

7



Let f: M — M be a continuous transformation of a metric space (M, d) and
let K C M be an any compact subset. Let n € N and € > 0. We say that a subset
E C K is (n,e)-separated if for z,y € E, x # y, there exist i € {0,1,--- ,n} such
that d(f*(z), f{(y)) > €. Defined

ho(f, K €) :=sup{#F : E C K is (n,€) — separated }

and
1
h(f, K) := limlim sup - log h,,(f, K, ¢€).

=0 nooo

Definition 2.1.2. Let f : M — M be a continuous transformation of a compact

metric space M. The topological entropy of f is defined by

htop(f) = h(fv M)

Theorem 2.1.3 (Variational Principle). If f : M — M is a continuous transfor-

mation of a compact metric space, then

htop(f) = SUP{hu(f) tpe M(f)}

Definition 2.1.4. An f-invariant probability measure p is called a measure of max-

imal entropy for f if
hyu(f) = hiop(f)-

Theorem 2.1.5 (Ledrappier-Walters Variational principle, [30]). Let M and N be
compact metric spaces and f: M — M, g: N — N, 7 : M — N be a continuous

maps such that 7 is surjective and wo f = gomw. Then

sup hu(f) = hulg) + /N B, 7 (9))do(w).

T s =V

Definition 2.1.6. Consider a continuous map f: M — M on a compact manifold
M. We say that an f—invariant Borel probability measure p is an equilibrium state
for f with respect to a potential ¢ € CO(M,R) if it satisfies

half) + / odu = sup{h(f) + / bdn - n € M(f)).

Remark 2.1.7. In the above definition we can change M(f) by M.(f). This is a
consequence of the affine property of the metric entropy (that is hg_pu+u(f) =
(1 —t)h,(f) +thy(f), for 0 < t < 1) which was generalized by Jacobs for ergodic

8



decomposition (see 2.3.11). Let u € M(f) and {up : P € P} its ergodic decompo-
sition. By theorems 2.3.10 and 2.3.11, we have

+ [ o= [ (i + [ odue) aap)

sup{h,(f /¢du p € M(f)} < sup{h,(f /d)du pE€ M(f)}.

So,

Lemma 2.1.8. Let X be a compact metric space and let ¢ : X — [—00,00) a map.

The following are equivalent:

1. v 15 upper semicontinuous.
2. {z 1 (x) < ¢} is closet set for each c € R.
3. If x,x, € X and lim,,_, x, = x, then limsup,,_, . ¥(z,) < P(x).
Proof. See [|29], Lemma 4.1.5]. O

We define the entropy function that is denoted by h : M(f) — [0, 00) and defined
by
h(p) = hu(f).
Proposition 2.1.9. If the entropy function is upper semicontinuous, then f has an

equilibrium states with respect to any potential continuous ¢ : M — R. Moreover,

the equilibrium states set for (f,¢) is compact and conver subset of M(f).

Proof. Defined P, : M(f) — R by Pys(p) = hu(f) + [ ¢dp. Since that the entropy
function is upper semicontinuous, we have P, and as M(f) is compact then, P, has

maximum, i.e., there exist 4 € M(f) such that

half) + / b > sup{hy () + / odn < € M(P)}.

Then p is an equilibrium states for (f, ¢). On the other hand, for each k € N we
define the sets

Fit={n: o) > P(6) — 1)
where P(¢) = sup{h,(f) + [ ¢dn:n € M(f)}. Since that P, is upper semicontin-

uous, we have that each Fj, is closed (compact) set in M(f) (see 2.1.8). Hence,

() Fe= bl + [ o= PGo

keN

the equilibrium states set for (f, ¢) is compact. ]

9



Let f: M — M be a continuous transformation of a metric space (M, d). Given
e >0 let
I (2) :={y € M :d(f*(), f*(y)) < ¢ for all k > 0}.

If f is invertible we define
Do(z) :={y € M :d(f*(z), f*(y)) < e for all k € Z}.

The map f is called e—expansive if T'.(z) = {x}. Define
() == sup h(£. T (2).
zeM

Definition 2.1.10. Let f : M — M be a continuous transformation of a metric

space (M, d). f is called entropy expansive (or h-expansive) if exist some € > 0 such
that
h(e) = 0.

And f is called asymptotically h-expansive if

lim h(e) = 0.

e—0

Remark 2.1.11. e—expansive = entropy expansive (or h-expansive)= asymptoti-

cally h-expansive.

The next theorem gives a relation to the entropy function and asymptotically

h-expansive.

Theorem 2.1.12 (Misiurewicz, [35]). If f: M — M is asymptotically h-expansive.

Then the entropy function is uppersemicontinuous.
Corollary 2.1.13. If f : M — M s asymptotically h-expansive. Then f has an

equilibrium states with respect to any continuous potentialp : M — R.

2.2 Partially hyperbolic diffeomorphisms

Definition 2.2.1. Let M be a closed manifold. A diffeomorphism f : M — M is
called partially hyperbolic if the tangent bundle T M admits a D f-invariant descom-
position TM = E* & E° & E" such that all unit vectors v’ € E(o = s,c,u) for all
x € M satisfy:

I Df(@)o® [[<|| Df(x)o” <]l Df (x)o* |

10
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<land| Df™'|g|< 1.
We called f absolutely partially hyperbolic, if it is partially hyperbolic and for any

and moreover || D f

x,y,z € M
| Df(x)o® [[<|| Df(y)v” [[<[| Df(z)v" |

where v* € E;, v° € Ej and v" € EY.

The set of absolutely partially hyperbolic diffeomorphism is C' open inside the
set of all diffeomorphisms of M.

For partially hyperbolic diffeomorphisms, it is well known that there are foliations
F7 tangent to the sub-bundles £ for o = s,u. The leaf of F7 containing x will be
called F?(z), for o = s,u. In general, it is not true that there is a foliation tangent

to the central sub-bundle E*.

Definition 2.2.2. A diffeomorphism f : M — M partially hyperbolic is called
dinamically coherent if there exist invariant foliations F°° tangent to E for o =

S, U.

Note that by taking the intersection of these foliations, we obtain an invariant
foliation F°¢ tangent to E° that subfoliates F° for ¢ = s,u. Hertz-Hertz-Ures
[47] gave an example of partially hyperbolic diffeomorphism on T?® which is not
dinamically coherent. However, Brin, Burago, Ivanov [7| showed that all absolutely

partially hyperbolic diffeomorphism on T? admit central foliation tangent to E°.

Theorem 2.2.3 (Brin, Burago, Ivanov [7] ). All absolutely partially hyperbolic dif-

feomorphisms on T? are dynamically coherent.

Definition 2.2.4. A partially hyperbolic diffeomorphism s called accessible if one
can join any two points in the manifold by a path which is piecewise tangent to either
E?® or B*.

Theorem 2.2.5 (Hertz-Hertz-Ures [48]). For all 1 < r < oo, accessibility is open
and dense in the of C" partially hyperbolic diffeomorphisms on a compact Rieman-
nian manifold M, preserving a smooth probability measure m, with one dimensional

center bundle.

Let f : T% — T3 be a partially hyperbolic diffeomorphism. Consider f, : Z* — Z3
the action of f on the fundamental group of Z* . £, can be extended to R? and the

extension is the lift of a unique linear automorphism A : T3 — T3,

11



Definition 2.2.6. Given f : T? — T3 be a partially hyperbolic diffeomorphism, the
unique linear automorphism A : T3 — T3 with lift f. : R> — R® as constructed in

the previous paragraph, is called the linearization of f.

It can be proved that the linearization A of an absolutely partially hyperbolic
diffeomorphism f, is a partially hyperbolic automorphism of torus (see [8]).

A. Hammerlindl in [23], proves that any absolutely partially hyperbolic diffeo-
morphism f on T? is leaf conjugated to its linearization. This means that there
exist an homeomorphism G : T? — T? such that G sends the central leaves of f to
central leaves of f, and conjugates the dynamics of the leaf spaces. In particular
the central leaves of f are all homeomorphic. As a consequence of Hammerlindl’s
result, we have that absolutely partially hyperbolic diffeomorphism f on T? fall into

distinct groups:

1. If f is homotopic to a linear Anosov, then every center leaf is dense in T? and

is homeomorphic to a line.

2. If f is not homotopic to a linear Anosov, then every center leaf is homeomor-

phic to a circle S.

Definition 2.2.7. Let f : T3 — T3 be an absolutely partially hyperbolic diffeomor-
phism. [ is called Derived from Anosov (DA) diffeomorphism if is homotopic to a

linear Anosov A : T® — T3,

Definition 2.2.8. A foliation F defined on a manifold M is quasi-isometric if the
lift F of F to the universal cover of M has the following property: There exist

positive constants Q, Q' such that for all x,y in a common leaf of F we have

dp(z,y) <Qllz—y |+

where dz denotes the Riemannian metric on F and || x — 1y || is the distance on the

universal cover.

For absolutely partially hyperbolic diffeomorphisms on T? the stable, unstable

and central foliations are quasi-isometric in the universal covering R? (see [23], [7]).

12



2.2.1 Geometry of the center foliation

Let f: T%® — T2 be a Derived from Anosov diffeomorphism. By a well-known
result of Franks [21]| f is semiconjugated to A. More specifically, there exists H :
T3 — T3 homotopic to the identity such that

Hof=AoH.

Moreover, this semi conjugacy has the property that there exists a constant K > 0
such that if H : R® — R? denotes the lift of H to R? we have ||H(z) — z|| < K for

all z € R?, and given two points a, b € R3, there exists a constant 0 > 0 with
H(a) = H(b) | f*(a) — f*(a) ||< Q for all n € Z.

Using this characterization of the semi conjugacy and the quasi-isometry property
on the center foliation proved by A. Hammerlindl [23], R. Ures proved the following

result.

Proposition 2.2.9 (Ures [57]). For all z € T3, the pre-image H'(2) is a compact
connected subset (i.e. an arc or point) of the center manifold with uniformly bounded

length.

Proposition 2.2.10 (Ures [57|). The H-image of a center manifold of f is a center
manifold of A, that is,
H(Fy(z)) = Fa(H(z)).

C

Conversely, observe that Proposition 2.2.9 implies that H ! (F5(z)) is contained
in F§(z) for any z € H'(x). Moreover, we have that H~'(F§(z)) = F7(2).

Lemma 2.2.11 (Ures [57]). If v is an A—invariant measure and v f-invariant

measure such that v = H,pu. Then

Proof. By Ledrappier-Walters variational principle [30], we have

s () =)+ [ WG @)v) 2.)
Since that H~!(y) is a compact connected interval (including the case of just a point)
of the center manifold with uniformly bounded length, we have h(f, H '(y)) = 0,
for all y € T3. Therefore of 2.1

ha(f) < sup hu(f) = h(A),

wHp=v

The other inequality is immediate since that f is semiconjugated to A. m

13



2.3 Disintegration of measures

In order to prove uniqueness (or finiteness) of equilibrium states, we propose to
study the conditional measures of equilibrium states on the leaves of central foliation.
In what follows we review some basic properties of disintegration of measures.

Let (M, u,B) be a probability space, where M is a compact metric space, p
a probability measure and B the borelian o-algebra. Given a partition P of M
by measurable sets, we associate the probability space (]\7[ = M/P, p, g) by the
following way. Let m : M — M be the canonical projection, that is, 7 associates a
point x of M to the partition element of P that contains it. Then we define 1 := 7,
and B := 7.B.

Definition 2.3.1. Given a partition P. A family {up}pep is a system of conditional
measures for p (with respect to P) if

i) given ¢ € C°(M), then P+ [ ¢dup is measurable.
it) pp(P) =1 pi-a.e.
i) p = / ppdfi, e if ¢ € CO(M), then/ ddu = / / ddupdfi.
M M mJp

When it is clear which partition we are referring to, we say that the family

{up} disintegrates the measure pu. There exists an equivalent form of writing the

It =/ Hadp
M

by considering the conditional measures p,,x € M where p, = p, if y € P(x). In

disintegration formula above:

this work we use both formulation to simplify the notations whenever it is necessary.

Proposition 2.3.2 ( [22|, [55]). If {up} and {vp} are conditional measures that

disintegrate u, then up = vp fi-a.e.

Corollary 2.3.3. If T : M — M preserves a probability i and the partition P, then
Tipp = pir(py, fi-a.e.

Proof. Tt follows from the fact that {Tiup}pep is also a disintegration of p and

essential uniqueness of system of disintegration. O

Definition 2.3.4. We say that a partition P is measurable (or countably generated)

with respect to p if there exist a measurable family {A;}ien and a measurable set

14



F of full measure such that if B € P, then there exists a sequence {B;}, where
B; € {A;, AS} such that BNF =), BiNF.

Theorem 2.3.5 (Rokhlin’s disintegration [55]). Let P be a measurable partition of a
compact metric space M and p a Borel probability. Then there exists a disintegration

by conditional measures for .

Let us state a simple but usefull remark which comes from essential uniqueness

of disintegration.

Remark 2.3.6. Let (M, B, 1) be a probability space, P a measurable partition of M
and X C M a measurable subset of positive measure. Then X is called P—saturated
if for any x € X then P(z), the atom of partition containing z, is contained in X.
Let p|x be the normalized (probability) restriction of x on X. For any P € P such
that P C X, the conditional measures of y and p|x coincide, that is up = (u|x)p.
More generally, if X C M is a measurable subset with positive measure then P

induces a measurable partition on X. Namely,
PX = {Px|PX :PﬂX7P€P}

is a measurable partition of X. So, by Rokhlin theorem we consider the conditional
measures (u|x)py, } obtaining by disintegration of the probability 1|X on the atoms
of partition Px. We will use later in the thesis the following fact which can be
verified using the essential uniqueness of conditional measures: (u|x)p, = (pp)|py

and consequently up < (u|x)p, on Px C P.

2.3.1 Atomic disintegration along foliations

In general the partition by the leaves of a foliation may be non-measurable. It
is for instance the case for the stable and unstable foliations of Anosov diffeomor-
phisms with respect to measures of non vanishing metric entropy (see [17], Theorem
3.1). Therefore, by disintegration of a measure along the leaves of a foliation we
mean the disintegration on compact foliated boxes. In principle, the conditional
measures depend on the foliated boxes, however, two different foliated boxes induce

proportional conditional measures. See [3| for a discussion on this issue.

Definition 2.3.7. We say that a foliation F has atomic disintegration with respect
to a measure p if the conditional measures on any foliated box are sum of Dirac

measures.
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Equivalently we could define atomic disintegration as follows: there exist a full
measurable subset Z such that Z intersects all leaves in at most a countable set.

Although the disintegration of a measure along a general foliation is defined in
compact foliated boxes, it makes sense to say that a foliation F has a quantity
ko € N atoms per leaf. The meaning of “per leaf” should always be understood as
a generic leaf, i.e. almost every leaf. That means that there is a set A of p-full
measure which intersects a generic leaf on exactly ko points.

In the atomic disintegration case, it may happen that almost all leaves intersect
a full meaure set in a non finite but countable number of points.

Let us state a recent result of Yang-Viana' [59].

Theorem 2.3.8. Let f be a DA diffeomorphism and i1 an invariant measure with

h, > A\ then the disintegration of p along central foliation can not be atomic.

Let f be a derived from Anosov (or more generally any partially hyperbolic

diffeomorphism) diffeomorphism.

Definition 2.3.9. An f-invariant measure p is called virtually hyperbolic if there
exists a full measurable invariant subset Z such that Z intersects each center leaf in

at most one point.

The above definition was given in [34] in the context of algebraic automorphisms
and the existence of such measures in partially hyperbolic diffeomorphism also had
been noticed by (see for instance [54]|, [43]). If p is virtually hyperbolic, then the
central foliation is measurable with respect to p and conditional measures along
center leaves are dirac. Indeed the partition into central leaves is equivalent to the
partition into points.

We can deduce from Rokhlin’s disintegration theorem the ergodic decomposition
theorem (see [37], Theorem 5.1.3).

Theorem 2.3.10 (Ergodic decomposition). Let M be a complete separable metric
space, f: M — M be a mesurable transformation and p be an invariant probability
measure. Then exist a measurable set My of M with (My) = 1, a partition P of
My into measurable subsets and a family {up : P € P} of probability measure on

M, satisfying.

"'We thank J. Yang for awaring us on the existence of this result when we were working on this
project on the same time.
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i) pp(P) =1 for i—almost every P € P.
ii) P — pup(F) is measurable, for every measurable set E C M.
i11) up(P) is ergodic and f-invariant for fi—almost every P € P.
) p(F) = / up(E)dp, for every measurable set E C M.
P

The next result due to Jacobs is the generalized the property afim the metric

entropy for ergodic decomposition, for a proof see for instance (|37], Theorem 9.6.2).

Theorem 2.3.11 (Jacobs). Let M be a complete separable metric space, f : M —
M be a mesurable transformation and p be an invarint probability measure. If {pp :

P € P} is the ergodic decomposition of u, then

) = [ By 1)

2.3.2 Lyapunov exponent

Let M be a compact manifold and f : M — M be a diffeomorphism. Given
x € M and v € T, M, define the Lyapunov exponent

1
Mz, v) =limsup —log || Df™v ||
n

n—oo

For every € M the function A(z,.) takes on finitely many values A\;(x) > --- >
Ai(x) where d = dimM. If p is a f-invariant measure, then by Osedelec’s theorem
(see for instance [39]), there exist A with p(A) = 1 such that these numbers exist in
A and are called the Lyapunov exponent of (f, x1). The functions \;(z) are Borel and
are invariant under f; in particular, if p is an ergodic measure, then \;(z) = A\;(u)

is constant almost everywhere for each i =1,---  d.

Definition 2.3.12. Let M be a compact manifold, f : M — M be a diffeomorphism
and pv be an f—invariant measure. If none of the Lyapunov exponent of (f,u) is

equal to zero, then p is called a hyperbolic measure.

Let A : T® — T3 be a Anosov linear diffeomorphism with three invariant sub-
bundle T(T?) = E*@E@ E* and A\ > Ay > 0> A3 (or A\; > 0 > Ay > \3) are three
Lyapunov exponents of A. Let v be an A-invariant measure and £ be a measurable
partition of T3 with respect to v. We say that £ is v-subordinate to the foliation F

(=F§* or FY4.) if for v-almost every x, we have
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1) &(x) C F(x);
2) &(x) contains an open neighborhood of x inside the leaf F(z).

Let Br(x,€) denote the open ball in F(x) centered at x of radius e. Let £ be a

measurable partition subordinated to F with conditional measures {v,}. For x € A

define
5% () = lim (282 BF(@.€)
e—0 log e
This number is well defined independent of ¢ (see [31], Proposition 7.3.1). 67 is
called the dimension (or pointwise dimension) of v on F—manifold.
The next result is due to Ledrappier and Young and holds in much more gener-

ality than the stated below. See [31].

Theorem 2.3.13. Let A : T? — T3 be an Anosov linear diffeomorphism with three
invariant subbundle T(T?) = E*@&E°@E® and Ay > Ay > 0 > A3 are three Lyapunov

exponents of A. Let v be an A-invariant measure, then

ho(A) = A6 + Ap(6° — 5%

where 5 = 67 and 6% = §7".
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Chapter

3

Equilibrium states for derived from
Anosov diffeomorphisms

The existence of equilibrium states for partially hyperbolic diffeomorphisms with
1-dimensional center direction associated to any continuous potential is guaranteed
as a consequence of the work of Diaz, Fisher, Pacifico and Vieitez. In fact, they
proved that these systems are entropy expansive (see 3.0.1) and Misiurewicz proved
that for entropy-expansive systems the entropy function is upper semicontinuous
(see 2.1.12). By Proposition 2.1.9 we have the existence of equilibrium states for

these systems with respect to any continuous potential.

Theorem 3.0.1 (L. Diaz, T. Fisher M. Pacifico J. Vieitez, [20]). Let f: M — M
be a partially hyperbolic diffeomorphisms with D f-invariant descomposition T M =
E° & E°® E* such that dimE° = 1. Then f is entropy expansive.

In particular we have the existence of equilibrium states for partially hyperbolic

diffeomorphisms on 3-torus associated to any continuous potential.

Corollary 3.0.2. All partially hyperbolic diffeomorphisms on T® have at least one

equilibrium states with respect to any continuous potential.

Question 3.0.3. Is it true that any Hélder continuous potential admits a unique

equilibrium state for a derived from Anosov diffeomorphism?

R. Ures proved that when the potential is constant all derived from Anosov

diffeomorphisms have a unique equilibrium state with respect to this potential.

Theorem 3.0.4 (Ures, [57]). Let f : T*> — T2 be a DA diffeomorphism. Then, f

has a unique measure of maximal entropy.
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Climenhaga, Fisher and Thompson in a recent work answered the above question
positively for a especial class of derived from Anosov diffeomorphisms. More specif-
ically, they proved uniqueness of equilibrium states for natural class of potentials in
the setting of Mané and Bonatti-Viana class of robustly transitive diffeomorphisms
(see 3.0.5). We observe that in one hand their result is more general, as it treats
non partially hyperbolic setting. On the other hand, the class under consideration
in their result is the special type of systems which are localized perturbations of
uniformly hyperbolic dynamics. In fact their result “give a quantitative criterion for
existence and uniqueness of equilibrium state involving the topological pressure, the
norm and variation of the potential, the tail entropy, and the C? size of the pertur-
bation from the original Anosov map for the Mané and Bonatti type examples”. If
the potential is far from being constant, then the localized perturbation should be

small.

Theorem 3.0.5 (V. Climenhaga, T. Fisher and J. Thompson [16]). Let fa : T —
T3 be a Mané example diffeomorphism and let ¢ : T3> — R be Hélder continuous po-
tential. Then in any C°-neighborhood of fa there exist a C'-open set U C Dif f(T?)
which contains diffeomorphisms from the Mané family of examples, and for every

g € U we have:

e g is partially hyperbolic diffeomorphism and not Anosov.

o The system (T2, g, ¢) has a unique equilibrium state.

We give a partial answer to the question 3.0.3. In the setting of derived from
Anosov diffeomorphisms we study the uniqueness (or finiteness) of ergodic equilib-
rium states associated to potentials defined for the Anosov (action on homotopy)
model. More specifically, let f : T? — T be a derived from Anosov diffeomorphism.
By a well-known result of Franks [21] f is semiconjugated to a linear Anosov A.

More specifically, there exists H : T? — T% homotopic to the identity such that
Hof=AoH (3.1)

Let ¢ : T — R be a potential Holder continuous and considered the potential ¢
defined by ¢ =1 o H.

T3 > 70

P

T_ AT YR
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We study uniqueness (or finiteness) of ergodic equilibrium states for DA diffeo-
morphisms with respect to the potential ¢ =1 o H.

Let f : T3 — T3 be a Derived from Anosov diffeomorphism. By corollary 3.0.2
there exists equilibrium state for f with respect to any potential continuous. In our
case, when the potential is ¢ = 1 o H the existence of equilibrium states for (f, ¢)

follow directly the existence of equilibrium states of (A, ).

Lemma 3.0.6. If v is an equilibrium state for (A, @), then any p € M(f) such that
H.u = v is an equilibrium state for (f,¢ = o H).

Proof. We claim that {y € M(f): H.po = v} is not empty. In fact,

T(poH) = /¢dy

defines a positive linear funtional in {p o H : p € C°(T?)} C C°(T?) and T can be
extended to C°(T?), still positive. Since that T'(1) = T'(1o H) = 1, by Riezs theorem
there exists 1 probability Borel measure in T® such that T is identified with n. In
particular H,n = v. We considere the sequence p,, = ZZ 0 fzn By compactness
let p such that lim,,, o ftn, = p, then p is a f—invarlant and H.pu = v.

On other hand, by Lemma 2.2.11, we have

sup{h(f / b :ne M(f)} = sup{hu.o(4)+ / GdH.n :n € M(f))
< sup{he(A /wds £ € M(A)}
< )+ [ v

By the last inequality, we have that any measure y € M(f) such that H,pu = v is
an equilibrium state for (f,¢ =1 o H). O

Remark 3.0.7. Reciprocaly, if p is an equilibrium state for (f, ¢ =1 o H), then H.u
is an equilibrium state for (A, ) and it is the unique one as 1 is Hélder continuous
(see [5]).
Let
C={reT:#H 'H(z) > 1}.

We denoted by N'(z) := H 'H(x). By the discussion in the section 2.2.1 each N'(z)
is a compact connected interval (including the case of just a point) in F¢(x). We say
that A/ (z) is a collapse interval if #N (z) > 1. Then C is union of these intervals
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c= |J N (3.2)

#N(z)>1

We call C, the set of collapse intervals.
Lemma 3.0.8. C is an f-invariant set and H1H(C) = C.

Proof. Let y € C, then y € N(x) for any x. Since that #N (z) > 1 we can suppose
x#vy. H(x) = H(y), by (3.1) we have

fly) e N(f(z)). As, x # y then #N(f(z)) > 1. Therefore
f(e)y==c.

On other hand, suppose that H'H(C') € C. There exist y € H'H(C) such that
y ¢ C. then, H(z) = H(y), with x € C and H(f(x)) = A(H(z)) = A(H(y)) =
H(f(y)). Asy ¢ C and f(C) = C, we have y = x € C. This is a contradiction and
proves that H1H(C) = C. O

Let u € M(f) be an equilibrium states for f with respect to ¢y o H and by remark
2.1.7, we can suppose that p is ergodic. The next result gives a partial answer for

the question 3.0.3, more specifically we showed the following result.

Theorem A. Let f : T3 — T3 be a DA diffeomorphism and let ¢ : T3> — R be a
Hélder continuous potential. Define ¢ = ¢ o H and let p be an ergodic equilibrium

states for f with respect to ¢:
1) If u(C) =0, then p is the unique equilibrium state.

2) If uw(C) =1, then p is virtually hyperbolic (see 2.3.9) and there exists neces-
sarily another equilibrium state n for (f, ¢).

Remark 3.0.9. Observe that clearly the first item of the above theorem implies that
in the second case (if it occurs) any other ergodic equilibrium state give total mass

to the union of collapse intervals C.
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3.1 Equilibrium states and virtual hyperbolicity

Observe that the partition into central leaves is not necessarily a measurable
partition and we are not allowed apriori to apply Rokhlin disintegration result to this
partition. However, the preimage by h of the partition into points is a measurable

partition (see [43]).
Lemma 3.1.1. If u(C) =1, then u is virtually hyperbolic.

Proof. The similar arguments appear in [44] and here we repeat for completeness.
Under the hypothesis of the lemma we just consider the partition into collapse
intervals:

N = {N(z): N(z) is anon trivial closed interval}

So we can speak about disintegration of p along collapse intervals. We denote by
Hn(z) the conditional measure supported on the collapse interval containing x. Of
course, if N'(z) = N (y) then pn(z) = fiv)-

We claim that the disintegration is atomic. In fact, suppose that this is not the
case. Fix an orientation for the central leaves and for each collapse interval (any
element of the partition A/) and consider the left extreme point of them. It can
be proved that the left extreme point of collapse intervals form a measurable set
(see [44]). We call these sets as point zero, that is if z € C then 0, means the left
extreme point associated to the segment N (z) where N'(z) € N which contains .
If y € N(x) then [0,,y] stands for the segment inside the center leaf which contains
0, and y.

We now consider the set

Ha = {y : [Oazay] C N(l’) ’ ,u./\/(x)([oxyy]) < Ck}

observe that H, is an invariant set. This comes from the fact that f(N(z)) =
N(f(x)) and fipin@) = fn(f(z))- Hence H, is an invariant set. From the definition
of disintegration and H, notice that u(H,) < a. By ergodicity we have u(H,) =0
for all & < 1. On the other hand, if o, = 1 — - then H,, C H,,,,. Since we are

assuming that we are not in the atomic case, we have
C\{l,:z€C} CU,H,,

where 1, denote the right extreme point associated to the segment N(x). Therefore

p({ly : x € C}) =1, and this is a contradiction since pup(z)(1z) = 0.
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Thus, the disintegration is indeed atomic. In fact there exist at most one atom
in each collapse interval. Indeed, let A,, be the set of atoms with weight belonging to
the interval [n%l, 1). As disintegration is unique and p is invariant, A, is invariant
and by ergodicity and usual measure theory argument we get that all of the atoms
have full weight. Consequently there is at most one atom in each collapse interval.
So, we get a full measurable subset M C T? such that intersects each center leaf in
at most a countable number of points. Observe that H restricted to M is injective.

Now the idea is to use theorem B of [43] and conclude that we have exactly
one atom per (global) leaf. Although their result is for volume measure, it applies
also in our setting. Let us review the main arguments. First of all we show that
the number of atoms on central leaves is bounded. By this we mean that there
exist a full measurable subset which intersects all center leaves in a finite (uniformly
bounded) number of points.

By contradiction, suppose that this is not the case. So every full measurable
subset of M intersects any typical center leaves in infinitely many points. Define
v = H,u and observe that it is an invariant measure by the linear hyperbolic
automorphism. Any measurable subset of H(M) of v—full measure intersects almost
all center leaves in an infinite (countable) number of points.

Let { R;} be a Markov partition for A and consider the partition P := {F5(z),z €
R; for some i} where F5(x) denotes the connected component of F¢(z) N R; and
contains x in its interior. The partition P is a measurable partition and by Rokhlin
theorem we can disintegrate v along the elements of this partition. As v is an equilib-
rium state for Anosov automorphism, it gives zero mass to the boundary of Markov
partition. Let v, be the conditional measure supported on F§(z). Observe that,

as H (M) intersects typical leaves in a countable number of points, the conditional

measures v, should be atomic.

Proposition 3.1.2. There is a natural number ag € N such that for v—almost every

x, Uy contains exactly oy atoms.

Proof. Firstly we observe that:
Lemma 3.1.3. A,v, < wvaw) restricted to the subsets of Fj(A(x)).

Observe that A.v, and v, are probability measures defined respectively on
A(Fg(x)) and F5(A(x)). Fix an element of Markov partition R;. By Remark 2.3.6,

vy, x € R; coincides with the disintegration of the normalized restriction of v on R;
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which we denote by v|g,. As v is invariant A, (v|g,) = v|a(r,), by essential uniqueness
of disintegration, A,v, coincides with the disintegration of v|4(g,) along the partition
A(Fg(x)), x € R;.

For any j such that A(R;) N R; # 0, by Markov property A(R;) crosses R;

completely in the center-unstable direction and so for all z € R;,

Fr(A(x)) € A(Fg(x)).

Again by remark 2.3.6 we conclude that A,v, < va) on Fg(A(x)).

Given any 0 > 0 consider the set K5 = {x € T® | v,({z}) > §}, that is, the set
of atoms with weight at least 6. If x € K then

5 < vel{2}) = Ava({A@)}) < v ({A@))).

Thus A(Ks) C Ky, and by the ergodicity of A we have that v(Kj) is zero or one,
for each 6 > 0. Note that v(Ag) = 1 and v(A;) = 0. Let dy be the critical point for
which v(As) changes value, i.e, dg = sup{d : v(Ks) = 1}. This means that all the
atoms have weight dy. Due to the atomicity of disintegration, the value of §y has
to be a strictly positive number. Since v, is a probability we have an ag := 1/d

number of atoms as claimed. O

In particular the above lemma shows that given a fixed length L € R there exist
N € N such that the number of atoms in any typical center plaque of size L is
at most N. Recall that we had supposed that H(M) intrinsically intersects center
leaves in infinitely many points. So, take a center plaque D C F¢ with more than
N atoms. By backward contraction along central leaves by A we get a large n > 0
such that the length of A="(D) is less than L. As v is invariant and disintegration
is unique we get a center plaque with length less than L containing more than N

atoms which is absurd. The proof of lemma is complete.
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3.1.1 Proof of Theorem A

1. If n is another equilibrium state for (f,¢ o H), then H,u = H.n (see remark
3.0.7). Let ¢ : T — R be any continuous map. Since H'H(C) = C, implies
n(C) = 0. Hence,

/cpdp = / godu:/ gpoH_loHd,u:/ wo H 'dH, i
T3\C T5\C T8\C

= poH 'dH.n = pdn
T3\C T3\C

= /s@dn

This implies, pu = n.

2. We have seen that if ;(C) = 1 then central foliation is measure theoretically
equivalent to the partition of T® into points and consequently measurable. We denote
by (M, i) the quotient space T3/F¢ equipped with the quotient measure. Observe
that by virtual hyperbolicity proved above, any element # € M can be considered
as a unique collapse interval inside the center leaf F°(z). From now on we denote
this collapse interval by N (Z). We denote by f : M — M the induced map on the
quotient space. Clearly as p is invariant by f then fi obtained by natural quotient
is invariant by f .

Now, by Lemma 3.1.1, we have that
p= [uadi(a)

where a(Z) € N (%) and N () is the collapse interval corresponding to Z. Let
b(Z) # a() be the left extreme point of N'(z). We define

n:/&@@@>

n is well defined because {b(Z)} is a measurable set. We claim that n is f—invariant
measure and H,u = H,n, and ergodicity of p implies ergodicity of 1. To show that

7 is invariant take any continuous ¢ and observe that:

/Eofdn = //gofdab@dﬁ

- / E(F(b(7)))dfi = / EO(F(2))dp

— /g(b(:z;))d/z = /édn-
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where the third equality comes from the invariance of collapse intervals and that
f preserves orientation on center foliation. The fourth equality is consequence of
invariance of fi by f.

To prove the ergodicity of 1, consider any invariant subset D with n(D) > 0.
Observe that /i is ergodic as an invariant measure of f. As f(b(%)) = b(f(Z)) and
D is invariant we have that {Z : xp(b(#)) = 1} is an f invariant subset of M. So,
ergodicity of fi implies that it has full measure. This implies that n(D) = 1.

By essential uniqueness of disintegration 7 # p.

On the other hand, as H(a(z)) = H(b(Z)) and ¢ = 1 o H we have:

[ oin= [ owandi= [ oa@)ai= [ o

This implies that 7 is an equilibrium state for (f, ¢).
O

Question 3.1.4. Is there any ¢ = 1 o H with ¢ : T?> — R Hélder continuous such

that its equilibrium states satisfied the case 2 of the above theorem ¢

Currently we do not know ¢ = 1 o H with ¢ Holder continuous that satisfies
item 2 of the above theorem, although continuous examples exist. Indeed, let v be
a ergodic measure A—invariant such that v(H(C)) = 1. By a result of Ruelle [50],
there exist a continuous map 1 : T® — R such that v is an equilibrium state for
(A, ). Hence, if p is f—invariant such that H,pu = v, then u(C) = 1 and p is an
equilibrium state for (f,¢ = o H).

Remark 3.1.5. Let f be a C? DA diffeomorphism and m be the measure of maximal
entropy for f. The center Lyapunov exponent A°(m) of m is positive (see [57],
Theorem 5.1). Considered the potential ¢ = log ||Df(z)|gex)||. Note the ¢ is

Holder continuous because f is C? and the distribution E¢ is Holder. We claim that

any ergodic equilibrium state for (f, ¢) is hyperbolic with positive center Lyapunov

exponent. In fact, let u an ergodic equilibrium state for (f, ¢), we have

h(f) + A°(n) /¢du> - >+/¢dm:hm<f>+v<m>.

If A°(p) <0, then h,(f) > hp(f) + A%(m) > hyop(f). This is a contradiction and

proves the claim.

Question 3.1.6. If there is a potential that satisfied the item 2 of the above theorem.

Are there a finite number of ergodic equilibrium states associated to such potential?

27



The next theorem gives a answer positive for the above question. The proof of
the above theorem enables us conclude a dichotomy between finiteness of ergodic
equilibrium states and hyperbolicity of such measures, more especifically we showed

the next result.

Theorem B. Let f and ¢ be as in Theorem A. Then either there is an ergodic

non-hyperbolic equilibrium state or the number of ergodic equilibrium states is finite.

3.2 Proof of Theorem B

Let p, v be an ergodic equilibrium states for (f, ¢) such that u(C) = v(C) = 1.
By Lemma 3.1.1 we have that

p= [suardnta).v = [osdi(a)

the next lemma prove that the atoms a(Z),b(Z) can not be in the same Pesin stable

manifold if p # v, more specifically we prove.
Lemma 3.2.1. Let p = /(5a(j)dﬁ(i’) and v = /(5b ydp(Z) be f—invariant. If

lm (" (@(&). /() = 0. then = v.

Proof. Since f.u = p and f.v = v, we have p = fl'u = /5fn(a(5c))d/l and v = fllv =

/ O fn(b(z))dft-

Let ¢ : T — R be any Lipschitz map. Hence,

I/wdu—/s@dVI = I/ (f"(a —/go(f"(b(i:))dﬂ|
[ et @@ - (" 06a) | di
< [kl al@). £ 0(2)di

IN

This implies that / odp = / @dv, since that Lipschitz map set is dense in C(T?),
we have that last equality is holds for ¢ € C(T?). ]

Proof of Theorem B. To prove the dichotomy in the statement of the theorem,
suppose that there does not exist any ergodic equilibrium state with zero central
Lyapunov exponent. Now, by contradiction suppose that there is a sequence of

ergodic equilibrium states {u,} for (f, ¢) with negative center Lyapunov exponent.
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By theorem A we have that p,(C) = 1. By Lemma 3.1.1 all y, are virtually
hyperbolic. Observe that for all n, H,u, = v where v is the unique equilibrium
state for (A, ).

By uniqueness of disintegration we conclude that the dirac conditional measures
of u,, are push forwarded to dirac disintegration of v along central leaves of A. This
implies that [, = fi, for all n,m where i, is the quotient measure obtained from
the disintegration of p, along central foliation (see section 2.3). In other words, all
1, are virtually hyperbolic and for any two m, n there exist full measurable subsets
s Zony i (Zm) = pn(Zy) = 1 such that Z,, and Z,, intersect almost all center leaves

in a unique point and the intersection point belong to the same collapse interval.

So,
Hn = /&m(i)dﬂ

where [i stands for the quotient measure for all pu,,. We emphasize that the dirac
masses a,(Z) are in the same collapse interval for all n. Now by compactness of
collapse intervals, let a(z) € N () such that lim, . a,(Z) = a(Z). Since for any n,
{a,(%)} is a measurable invariant set it comes out that {a(Z)} is measurable and

invariant. Define,

n= / Oa(a) Afi(T)
Thus,
lim p, =n
n— oo

Since f is entropy expansive (see Theorem 3.0.1), we have
limsup Ay, (f) < hy(f)
n—oo

Hence,

limsup by, () + / b < h(f) + / il

n—oo
This implies that 7 is an equilibrium state for (f, ¢). Then, H.u, = H.n and thus
n(C) =1
Since,

Ne(j1n) = / log || Df |5-]| i

we have,

0> lim X(n,) =t [log | Df |e-]| dio = [ log | DS ||| d = X(0)

n—0o0
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We claim that \°(n) = 0. If not, \°(n) < 0 and by lim,_, a,(Z) = a(Z) there
exist ny such that a,(Z) belong to local stable manifold of a(Z), for n > ny. By
Lemma 3.2.1, we have that n = u,, which it’s a contradiction. Then A°(n) = 0.

We have that 7 is an equilibrium state for (f, ¢) with A\°(n) = 0. Using similar
argument in the proof of the second item of Theorem A. it is easy to see that n is
an ergodic measure. This yields a contradiction to our assumption. This concludes
the proof of the dichotomy. O

Recall that f has a unique measure of maximal entropy and our first result says
that if the equilibrium state gives zero mass to the collapse intervals set, then the

equilibrium state is unique. We can ask the next.

Question 3.2.2. Are there potentials whose equilibrium state give zero mass to the

collapse intervals set?

The next theorem answer the above theorem. Indeed, we can show that under
small variation hypothesis of the potential, the equilibrium state is unique.

Let A1, Ao and A3 be the Lyapunov exponents of A such that A3 < 0 < Ay < Ag.

Theorem C. Let f and ¢ be as in Theorem A. If the potential satisfies supys ¢ —

infrs ¢ < Ao, then there exists a unique equilibrium state for (f,¢).

3.3 Uniqueness of equilibrium states

Theorem C is a consequence of Theorem A and 2.3.8. However, we include a proof
which is interesting by itself. We prove in Proposition 3.3.1 that the metric entropy
of f with respect to equilibrium states with total mass to the collapse intervals set
is less or equal than A\, and such result we using to prove uniqueness of equilibrium

state for Derived from Anosov associated to potential with small variation.

3.3.1 Equilibrium states and nonatomic desintegration
Let p be an equilibrium state for (f,¢ = o H).
Proposition 3.3.1. If u(C) =1, then h,(f) < A;.

Lemma 3.3.2. Let m be a probability measure on RP x R?, m projection onto RP,
my conditional measures of m along the fibers of w. Define

1 “1BP(t
v(t) = lim inf cemon (t,¢)
e—0 log €
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and let 6 > 0 be such that at m—a.e. (s,t)
1 q
5 < lim inf 108 51(5:€)
€0 log €
Then, at m—a.e. (s,t)
log mBP*((s,t),€)
log €

d +~(t) < liminf
e—0

Proof. The proof can be find in [31], but here we write for completeness.
Fix 0 > 0, we can find Ny and a set A; with m(A;) > 1 — o such that for all
(s,t) € Ay and n > Ny,
mBi(s,2e™™) < e e,
By the Lebesgue density theorem we can find N, and a set Ay with m(As) > 1—20
that for all (s,t) € Ay and n > Ns,

1
m(A; N BPT((s,t),e ™)) > §me+q((s, t),e ™).
If (s0,t0) € Ay and n > N,, we have

mBPT((s,t),e ") < 2/ my(A; N BY(sg,e”"))m o W_l(dt)
BP(tg,e~™)

< 2™ mon 'BP(ty,e™)
because for each ¢, there exist some wu(t) with (¢,u(t)) € A; N B%(sg,e™) and thus
A; N BY(sp,e™™) N {t} C Bl(u(t),2¢7™) N 7w *{t}. The lemma follows when
n — oo and 0 — 0.
[

By Lemma 3.1.1, we have that if u(C) = 1, then p is virtually hyperbolic. Let
v = H,u and R be a Markov’s rectangle of A. We normalize the restriction of v
on A. Let F be a typical unstable leaf of A. Consider R® = R N F*. Observe
that R is foliated by strong unstable plaques and also by central (weak unstable)
plaques. Denote by v* the conditional measure of v (normalized and restricted on
R) on R,

Since disintegration of v along central foliation is mono-atomic, we have

ch = /5a(t)dyuu(t)

where a(t) is the unique atom on the central leaf of ¢ and v** is the quotient measure
on the quotient of R by central plaques. This quotient space can be identified by

a strong unstable plaque.
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Lemma 3.3.3. If 0" denote the dimension of v*, then

O™ := lim inf logv*(B""(x, €))

— 5cu
e—0 log e

where B"(x, €) denote the open ball with center x and radius € on the strong unstable

leaf of x.

Proof. The inequality

e—0 log €

is immediate by Lemma 3.3.2.
On the other hand, we define:

D ={x € R™ : Ja > 0|v™*(B""(x,€) x B°(x,€)) > av™(B"(z,€) x F°(x)), Ve > 0}

where B¢(z, €) denote the open ball with center x and radius € on the central leaf x.
We claim that v*“(D) = 1. In fact, we prove that all atom a(z) are in D. By

definition of conditional measure

_ c _ o (B (a(z), €)) x B(a(x), 7))
1= 5a(x)(B (a(z),7))) = llj% veu(Buw(a(z), €) x Fe(z))

since a(z) is the unique atom on the central leaf of z, we have that the last equality
is hold for all v > 0.

Hence,

1 - lim v (B*"(a(x),€)) x B(a(x),€))
e—0 VCU(B““(CL(:E)7€) % .FC(:E))

we take a large enough n, then there exist ¢y > 0 such that

n—1

v(B"(a(x),€) x F(x)) < v (B*"(a(z),€)) x B(a(x),€)), Ve < €

n

this proves the claim.

If x € D and since that hSv™ = v** (h¢ is the central holonomy in R“*), then
v (B*(x,€) x B(x,€)) av®(B"(x,€) x F¢(x))

>
> av"™(B"(x,¢))

S0,
log v"*(B""(x,€)) 4 log «

5 < lim inf (34)
e—0 log e
By (3.3) and (3.4) the lemma is proved.
[l
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Proof of the Proposition 3.3.1. By Ledrappier and Young’s formula (see 2.3.13)
and h,(A) = h,(f), it comes out that

hu(f) = A1 + A2 (8 — 61)

where 07 is the dimension the measure on the strong unstable leaf. By Lemma 3.3.2,
we have ; < 0“* and by Lemma 3.3.3, we have §; < .

So,
5””()\1 — )\2) Z (51(/\1 — /\2)

by Lemma 3.3.3,

5" Ay > My + Ao (6 — 6y) = hy(f)

since §** < 1, we have h,(f) < A. O

3.3.2 Proof of Theorem C

Proof of Theorem C. We claim that if the potential ¢ satisfies the low variational
hypothesis of the theorem then the entropy of any equilibrium state of ¢ is larger
than A;. To see this it is enough to take p as any equilibrium state of ¢ and 7 the

measure of maximal entropy.
ba$)+ [ oduz b+ [ odg =i+ 2+ [ oy
So,
ulF) 2 N0 da k([ odn = [ 6du) = M+ e = (supo — inf6) > Ao

By Proposition 3.3.1, we have that all ergodic equilibrium state that satisfies the low
variational hypothesis give zero mass to the union of collapse intervals C'. Hence,
by item 1 of Theorem A, if the potential ¢ satisfies the low variational hypothesis,
then (f, ¢) has a unique equilibrium state. ]
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3.4 Center Lyapunov exponent and equilibrium state

In this section we study the center Lyapunov exponent of the equilibrium states.
Ures in [57], showed that the center Lyapunov exponent of the measure of maximal
entropy is greater or equal to the center Lyapunov exponent of the linear part.
The Theorem 3.4.1 generalizes the previous result for equilibrium states and the
corollary 3.4.3 showes that the center Lyapunov exponent of the unique equilibrium

state associated to potential with small variation is positive.

Theorem 3.4.1. Let p be an equilibrium state for f w.r.t. a potential ¢ = 1o H.
If X(u) > 0, then
Ao < X(p) + sup ¢ — inf ¢.

The proof of this result is similar to arguments of Ures ([57], Theorem 5.1) and
it is based in a Pesin-Ruelle-like inequality proved by Y. Hua, R. Saghin and Z.Xia
in [26]. We repeat for completeness. Let W be a foliation. Let W, (x) be the ball of
the leaf W (x) with radius r and centered at x. Let

Xov(i, 1) = limsup ~ log(vol(f" (W, (x)))

n—oo

xw(z, f) is the volume growth rate of the foliation at z. Let

xw(f) = sup xw(z, f)
xeM

Then, xw(f) is the maximum volume growth rate of W under f. Let us denote

Xu(f) = xwu(f) when f is a partially hyperbolic diffeomorphism.

Theorem 3.4.2 ([26]). Let f be a C* partially hyperbolic diffeomorphism. Let p

be an ergodic measure and X(u) the center Lyapunov exponent of u. Then,

half) = xalf) + 32 X (n).

A§>0

proof of Theorem 3.4.1. We claim that

In fact, since W" is 1-dimensional the volume is the length. Then, consider
1 n
~log(vol (" (W, (2).
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Observe that y.(f) = xu(f) where f is any lift of f to universal cover. On the one

hand, since W" is quasi-isometric, we have that
1 1 : rn u(
- log(vol (f"(W}!(#))) < - log(Qdiam(f"(W;*(2)))

for some constant @. On the other hand, H(f"(W*(&))) = A*(H(W"(%))). Let
C = diam(H(W*(#))). Then, diam(A"(H(W"(z)))) < Cexp(n);). Since H is at
bounded distance from the identity we have that there exists a constant K such that
diam(f"(W*(z))) < Cexp(n);) + K. Thus,

(Q(Cexp(ni) + K))

S

Llog(wol (W (1)) <

Then, xu(f) < A1
On the other hand, We have that

)\1+>\2+/q§d77:hn(f)+/¢d77§hu(f)—i-/qﬁdu

where 7) is such that h,n = vol. Hence,

A1+>\2+/¢dn<xu(f)+AC /¢du<A1+AC /¢du

and then,
Ao < A(p /qbd,u /gbdn<)\c i) + sup ¢ — inf ¢.

Therefore the theorem is proved. ]
The proof the above theorem, we have the next corollary.

Corollary 3.4.3. If u is the unique equilibrium state for f with respect to a potential
¢ = 1Yo H with supo —inf ¢ < A\g. Then, the center Lyapunov exponent of p is

positive.

Proof. Suppose A°(u) < 0. By Theorem 3.4.2 and (3.5)

wt et [ ody=hy(5)+ [ odn <)+ [odn <t [ odu

where 7 is such that h.n = vol. Hence,

%o < [ odu— [ ody < supo—into,

This is a contradiction and proves that \°(u) > 0.
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Chapter

4

Local product structure

Ruelle and Sullivan in [51] showed that the unique measure of maximal entropy
for uniformly hyperbolic diffeomorphisms possesses local product structure, i.e., such
measure can be written as the product of two measures defined on the stable and

unstable manifold, more specifically they prove the next result.

Theorem 4.0.1 (Ruelle-Sullivan [51]). Let f : M — M be an uniformly hyperbolic
diffeomorphism, p be the unique measure of maximal entropy of f and log A be the
topological entropy of f. Then for each x € M there is a measure u on F2(x) (local

stable manifold of x) and a measure p® on F'*(x) such that
1) supp(p;) < F(x), supp(py) € F(x).
2) Ifd(xz,2") <6, then
(PE )b Fo(a) = 12| P (o)

where Py, is the unstable holonomy. Analogously we have invariance of p*

for the stable holonomy.
8) fapy = )\_1M§(x)|}‘f(f($))-
B font = i | (@)

8) [ Jelpg X pi3) = poon F(x) x F2(x).

Where [.,.] : F(x) x Fi(x) — M is defined by |y, z] = F2(y) N FX(z).
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In [32], Leplaideur showed that the unique equilibrium states for uniformly hy-
perbolic diffeomorphisms associated to Holder continuous potential possesses local

product structure, more specifically he proves the next result.

Theorem 4.0.2 (Leplaideur [32]). Let f : M — M be an uniformly hyperbolic
diffeomorphism and p be the unique equilibrium state for f associated to Holder

continuous potential ¢. Then p has local product structure.

du[y, 2]) = pe(y, 2)duy(y) x dus(2)

where p and ;. denote the contitional measures of j1 with respect to any measurable

partition subordinate to the unstable and the stable foliation; y is any point in F}°.

S

and z 1s any point in Fj .,

and p, is non-negative Borel function.
Moreover p, p and i, have pointwise dimensions, 9, 6" and 6°, jv almost every-
where constant, and

§=0"+6° (4.1)

This last equality 4.1 is a particular case of a general fact in the non-uniform
hyperbolic case that was prove by Barreira, Pesin and Schemling [4] using that
hyperbolic measures for such systems have “almost” local product structure, more

specifically they proved:

Theorem 4.0.3 (Barreira-Pesin-Schmeling [4]). Let f be a C'* diffeomorphism
on a smooth Riemannian manifold M without boundary, and p an f-invariant com-
pactly supported ergodic Borel probability measure. If p is hyperbolic then the fol-

lowing properties hold:

1) for every 6 > 0 there exist a set A C M with u(A) > 1 — 0 and a constant
k > 1 such that for every x € A and every sufficiently small r (depending on

x), we have

PO (B (o, L) B (e, 7)) < p(Bla,r)) < s (B (o, k) (B (o, k).

2) The pointwise dimension of p exists almost everywhere and it is equal to the

sum of the stable and unstable pointwise dimensions, i.e.,
0 =0"+6".

38



We are interested in studying local product structure for measure of maximal
entropy of partially hyperbolic diffeomorphisms defined in 3-manifolds. F. Hertz, A.
Hertz, A. Tahzibi and R. Ures in [49], studied measure of maximal entropy for such

systems, more specifically they prove the next result.

Theorem 4.0.4 (Hertz-Hertz-Tahzibi-Ures [49]). Let f : M — M be a C' par-
tially hyperbolic diffeomorphism of a three dimensional closed manifold M. Assume
that f is dynamically coherent with compact one-dimensional central leaves and has
the accessibility property. Then f has finitely many ergodic measures of mazximal

entropy. There are two possibilities.

1) f has a unique measure of mazximal entropy p. The central Lyapunov exponent

Ae(p) vanishes and (f, ) is isomorphic to a Bernoulli shift.

2) f has more than one ergodic measure of maximal entropy, all of which have
a non-vanishing central Lyapunov exponent. The central Lyapunov exponent
Ae(p) in non-zero and (f, u) is a finite extension of a Bernoulli shift for any
such measure . Some of these measures have a positive central exponent and

some have a negative central exponent.
We can ask the following:

Question 4.0.5. Do all measure of maximal entropy for the previous systems have
local product structure? More specifically. Can the measures of maximal entropy
be written as the product of three measures defined on the local stable, central and

unstable foliations?

Our next result gives an answer to the previous question showing that measure of
maximal entropy for accessible partially hyperbolic diffeomorphisms of 3-manifold
having compact center leaves can be written locally as the product of three measures
defined on the local stable, central and unstable foliations when such measure is
unique and we verify that local product structure does not hold when the number
of measures of maximal entropy is larger than one, more specifically we prove the

following.

Theorem D. Let f : M — M be a C'T® partially hyperbolic diffeomorphism of a
three dimensional closed manifold M. Assume that f is dynamically coherent with

compact one-dimensional central leaves and has the accessibility property. Then
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1) If u is the unique measure of mazximal entropy for f (see item 1, theorem
4.0.4), then for each x € M, there are measures ps, p' and ps defined in

5.(x) (local stable manifold of x), F:.(x) and Ff

loc

(x) respectively, such that

[E= ufiy X g X Hy (4.2)

on ()0< lsoc(x) X ‘Ecoc(x> X lzéc('r)) where - E%c($) X ‘Ecoc(x> X ;éc(ﬂf) — M s
defined by ¢(z,t,w) = FL(F.(2) N Fp () N F(w) (see Figure 4.1).

loc loc

FioeX) | Fiew)

Fioc(2)

T’E"ﬂf (z} n T‘:‘l’h’_‘(t)

Tﬂ
Fiel®) ne()

Floc(*)

Figure 4.1:

2) If p is a hyperbolic ergodic measure of maximal entropy for f (see item 2,
Theorem 4.0.4), then do not exist measures defined in the local stable, unstable

and central manifold such that (4.2) is true for .

4.1 Proof of Theorem D

Remark 4.1.1. F. Rodriguez Herz, A. Rodriguez Hertz, A. Tahzibi and R. Ures in

[49] showed the followings: Let M=M /F¢ be the quotient space equipped with
the quotient topology, F' be the dynamic induced on M and 7 : M — M be the

quotient map.
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1) (M, F) is conjugated to an Anosov homeomorphism of T2,

2) If m is the unique measure of maximal entropy for (M, F), then p such that

Tt = m is a measure of maximal entropy for (M, f).

3) If p is the unique measure of maximal entropy for f, then the conditional

measures of p along the center foliation are atom free.

4) If p is a hyperbolic ergodic measure of maximal entropy for f (see item 2,
theorem 4.0.4), then the conditional measures of u along the center foliation

are atomic.

The Anosov homeomorphism F' admits two topological foliations W* and W*
with similar dynamical properties as in the diffeomorphism case. If 7(z) = & with

x € M, then the leaves are topological manifolds and
We(a) = J Frwe (@), W (@) = [ P (F (@)

Where

By remark 4.1.1 we have that m,u = m and since that m is the measure of
maximal entropy for F' we have by Theorem 4.0.1 that for each n(z) = z, with
x € M there are measures m$ and m¥ defined in W} .(Z) (local stable set of ) and

W .(Z) respectively, such that

m = [.,.J.mi x m} (4.3)

on [, J(Wia(#) x Wity (2)), where [2, 6] = Wiki(2) 0 Wia().
Since 7 | 7o (2): Fipe(x) = W.(2) (0 = s,u) is a homeomorphism, we can define

the measures

T)emg (4.4)

ug = (7 7o (@)

in F2.(x) with o = s, u.
Proposition 4.1.2. u3 is c-invariant on F and p? is c-invariant on F.
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Proof. We denote by hg, the center holonomy on F** between Fj;

loc

(z) and Fi, (y)-

Since

hy o (|7 @) = (T 7))

we have that (hg,).u; = i
0

Proof of Theorem D. Firt we consider the case when there exit a unique measure
of maximal entropy. Since m,u = m and m has local product structure and the
central Lyapunov exponent of p is zero, we have by Invariance Principle of Avila
and Viana [2], that p admits a disintegration along of the central foliation {p; :
ieM } which is s-invariant and wu-invariant, and varies continuously with & on
suppm.p = M. Moreover, we have that supp(pz) = F¢(x) and the measures p; are
atom free.

Hence,

p(A) = [ pa(A)dm, 4. (45)
b
and we can define g in Ff (z) by p |7e ()
On the other hand. Let z € F} .(x) and w € F (z) fixed. We define
U2 Fioe(®) = Fioelp(z, 7, w))
———

Y

by 1(t) = @(z,t,w). Since {uz : & € M} is s-invariant and u-invariant, we have

that
Vufly = H; (4.6)
If AC p(Fp.(x) x Fi(x) x Fit.(x)), then of (4.3) and (4.5), we have

mm—@wmwm@xw>

By (4.4), we have

Fo (@) XT 7 (@)slty X ) (D)

;M>=/%mwmww -
4.7

= Hirlzs oyl mpe oy () (A)dpi X 1) (2, w).
FL (@) xFP (x) o¢ o¢

loc

On the other hand, by (4.6), we have

42



Hirlzs @ alsp o@](A) = 10 (4)
= / 1Adugcp(z,ac,w)

Floclp(z,m,w))

_ / La o 1)y (1)
- / Li o (=, £, w)dpi (1),

So, by (4.8) in (4.7), we have

WA) = / ( / Ly 0 oz, t,w)dpt () d( X 1) (2, w)
S (@)X FE () JFL (x)

loc

= (Laop(z, t,w))d(pg x pg X pig)(z, ¢, w)
T (@)X FL () x FL ()

= | Lad(pupy X pig X piy)
M
= Quiy X pg X pg(A).
Now we prove the second item of the theorem. Let us begin to prove the next

lemma.

Lemma 4.1.3. If u such that
L= Puply X g X fy

with pi, g and g defined in Fi (), Figo(2), Fio,
Fi () X Fi(x) x Fit(x) — M is defined by

loc

(x) respectively. Where ¢ :

90<Z7 tv U)) = ]'720( lcoc(z) lsoc(t)) lcosc(w>‘
Then {ut} is s-invariant and u-invariant.

Proof. Since p = . i X pus X pi, we have
o= / o(y - w)e(py X pg)dpg (w).
‘Fl%c(x)

We denote by p® the conditional measure of p on Fj (z) x Ff.(x), then

loc loc

pe = (- @)y X ) (4.9)
On the other hand, we denote by p, the conditional measure of u$° along the

center foliation. Let I be an interval in Fi .(z) with z € F? _(z), by definition of

conditional measure, we have that
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Mgzs(@('v K4 )(L? X hs (I)))
#D) = I (o) s X P @)
where hf, is the stable holonomy (h?, : Ff.(z) = Ff (), he,(t) = F.(2) NFL (1))
and Is C loc( )
So, by (4.9)
1) = lim L PEC S — 42,1,

In particular, p, = . Hence,

(RZy)wps = ps.

By the same arguments {uS} is u-invariant.
[

Now we complete the proof of the second item of theorem. Suppose that p =
Oets X pS X pd as in the above lemma. By Lemma 4.1.3 we have that {uS} is
s-invariant and u-invariant. By item 4 of the remark 4.1.1 the conditional measures
{1} of p along the center foliation are atomic with the same finite number of atoms.

On the other hand, let z,w € F (x) such that z is an atom of y, and w is not
an atom. By the accessibility property of f there exist a path A which is piecewise
tangent to £° or to K" that joins z and w. So, A can be covered by a finite number
of cubes F§ .(y) x Ff.(y) x Fi.(y). Since that {u, = S} is s, u-invariant, we have
that w is a atom of u,, which it’s a contradiction. This concludes the proof of the

item 2 of the theorem. O]

For absolutely partially hyperbolic diffeomorphisms on T® with compact center
leaves the previous theorem shows that the measure of maximal entropy can be
written as the product of three measures defined on the stable, central and unsta-
ble manifold when such measure is unique. When such measure is hyperbolic this

measure have not the above property. We can ask:

Question 4.1.4. Can the measures of maximal entropy for absolutely partially hy-
perbolic diffeomorphisms homotopic to a linear Anosov diffeomorphism of T3 (“De-
rived from Anosov”) be written as the product of three measures defined on the local

stable, central and unstable manifold?
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Currently the above question is open, but since that such measures are hyperbolic

(see [57]) have “almost” local product structure by Theorem 4.0.3.

Question 4.1.5. Do all equilibrium states of Derived from Anosov diffeomorphism
associated to potential that was studied in the chapter 3 can be written as the product

of three measures defined on the local stable, central and unstable manifold?

The next result answers negatively the above question for ergodic equilibrium
states with total mass to the collapse intervals set. Once equilibrium states associ-
ated to potential with small variation are hyperbolic (see Corollary 3.4.3), we have

that such measures have “almost” local product structure (see Theorem 4.0.3).

Theorem 4.1.6. Let f and ¢ be as in Theorem A. Let p be an ergodic equilibrium
state for (f,¢). If p is virtually hyperbolic (see item 2, Theorem A), then p can not
be written as the product of three measures defined on the local stable, central and

unstable manifolds.

Proof. Let pu be an ergodic equilibrium state for Derived from Anosov diffeomor-
phism associated to any potential as was studied in the previous chapter. Once
1(C) = 1, by Proposition 3.1.1 we have that u is virtually hyperbolic. Denote by p*
the conditional measure of ;i (normalized and restricted on Fj (z) x Ff,.(z) x Fi.(2)

) on Fp.(x) x F.(x). Since disintegration of p along central foliation is mono-

atomic, we have
Mcu _ /5a(t)d,uuu(t)

where a(t) is the unique atom on the central leaf of t and p“* is the quotient measure

on the quotient of Ff () x F“.(z) by central plaques.

loc loc

Let us assume that
= Pufly X fig X [y
with pf, p¥ and pS defined in Fj (), Fit.(x), Ff.(z) respectively. By Lemma 4.1.3,

uS is s, u-invariant. Therefore, there exist z € Ff.(z) x F:.(z) such that

loc

pe(B N FL(2) =1 (4.10)

loc

where B is the set of unique atom in the center leaf of the conditional measure of
1 along of the center foliation.
We claim that there exist a set D C Ff (z) x Fj.(x) such that DN FL.(z) =0

and p(D) > 0. In fact, let v = H,pu and R be a Markov’s rectangle of A. We
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normalize the restriction of v on R. Let F° be a typical unstable leaf of A. Consider
R = RN F and denote by v** the conditional measure of v (normalized and
restricted on R) on R“. We can suppose that Ff (z) x F.(z) € H ' (R™).
We can take n > 0 such that

AL (RS N H (Fige(2)) = 0

loc

where A, : R — R is defined by A, (w) = R N F5(A™ ™ (w)), with r7(w) :=
min{n : A"(w) € R} (for more details see [32]). Since v** gives positive measure for
all set open in R® (see [32], Lemma 5.10). In particular v“*(A_."(R*)) > 0. Hence,
D = H' A" (R™) satisfies the claim.
By the claim and (4.10), we have a contradiction and this ending the proof.
[
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