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RESUMO

QUEIROZ, E. C. DE. Comportamento caético em sistemas acoplados difusivamente.
2022. 147 p. Tese (Doutorado em Ciéncias — Matematica) — Instituto de Ciéncias
Matematicas e de Computacdo, Universidade de Sao Paulo, Sdo Carlos — SP, 2022.

Estudamos o comportamento oscilatério emergente em redes de equagdes diferenciais
ordindrias ndo lineares difusivamente acopladas. Partindo de uma situagdo em que
as dindmicas isoladas em cada né sdo as mesmas e possuem um ponto de equilibrio
globalmente atrativo. Pesquisas recentes mostraram que redes gerais podem apresentar
oscilagdes periddicas devido ao acoplamento difusivo sob condi¢des brandas no campo
vetorial isolado. Nesta tese, fornecemos condi¢gdes no campo vetorial isolado e no grafo
correspondente tais que a rede tenha uma variedade central e mostramos que o campo
vetorial reduzido tem coeficientes de Taylor ndo nulos sempre que o campo vetorial
original é genérico. Além disso, mostramos que quando a dimensao do campo vetorial
isolado é de pelo menos quatro é possivel encontrar matrizes positivas-definidas ser-
vindo como acoplamentos de forma que a rede tenha uma singularidade nilpotente que
corresponde a existéncia de uma variedade central tridimensional. Como consequéncia,

a rede apresentara um comportamento caodtico.

Palavras-chave: Grafos verséteis, Caos, Variedade central, Orbita homoclinica de Shil-
nikov, Redes. .






ABSTRACT

QUEIROZ, F. C. DE. Chaotic behaviour in diffusively coupled systems. 2022. 147 p.
Tese (Doutorado em Ciéncias — Matematica) — Instituto de Ciéncias Matematicas e de
Computagdo, Universidade de Sdo Paulo, Sao Carlos —SP, 2022.

We study emergent oscillatory behaviour in networks of diffusively coupled nonlinear
ordinary differential equations. Starting from a situation where the isolated dynamics
at each node are the same and possess a globally attractive equilibrium point. Recent
research has shown that general networks can present periodic oscillations due to
diffusive coupling under mild conditions in the isolated vector field. In this thesis, we
provide conditions on the isolated vector field and the underlying graph such that the
network has a center manifold and we show that the reduced vector field has non-
vanishing Taylor coefficients whenever the original vector field is generic. Moreover, we
show that when the dimension of the isolated vector field is at least four its is possible
to find positive-definite matrices serving as couplings such that the network has a
nilpotent singularity which corresponds to the existence of a three-dimensional center
manifold. As a consequence, the network will present a chaotic behaviour.

Keywords: Versatile graphs, Chaos, Center manifold, Shilnikov homoclinic orbit, Net-

works. .
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CHAPTER

INTRODUCTION

Coupled dynamical systems play a prominent role in biology (IZHIKEVICH,
2007), chemistry (KURAMOTO, 2003), physics (STANKOVSKI et al., 2017), and other
fields of science. Understanding the emergent dynamics of such systems is a challenging
problem as it depends starkly on the underlying interaction structure and has attracted
plenty of attention (NIJHOLT; RINK; SANDERS, 2019; PEREIRA; STRIEN; TANZI, 2020;
DIAS; LAMB, 2006; GOLUBITSKY; STEWART; TOROK, 2005; LI; XIA, 2021; RICARD;
MISCHLER, 2009).

In the early fifties, Turing thought of the emergence of oscillatory behaviour
due to diffusive interaction as a model for morphogenesis (TURING, 1952), that is, the
process of creation of patterns in the development of an embryo. One of his models
corresponds to dynamical systems coupled with first-neighbor interaction serving as a
biological model to study the mechanism of diffusion of chemicals through cells that

are disposed on a ring.

While diffusion was usually considered as trivializing the dynamics, in the
mid-seventies, Smale (SMALE, 1976) proposed an example of diffusion-driven oscilla-
tions. He considered two 4th-order diffusively coupled differential equations which by
themselves have globally asymptotically stable equilibrium points. Once the diffusive
interaction was strong enough, the coupled system exhibited oscillatory behaviour.
Smale proposed a problem to find conditions under which globally asymptotically
stable systems being diffusively coupled will oscillate.

Tomberg and Yakubovich (TOMBERG; YAKUBOVICH, 1989) proposed a so-
lution to this problem for the diffusive interaction of two Lur’e systems with scalar
nonlinearity. Pogromsky and co-authors (POGROMSKY; GLAD; NIJMEIJER, 1999)
showed that Turing instability occurs as a result of an Andronov-Hopf bifurcation and

presented conditions to ensure the existence of oscillations for general graphs. While
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this provides a good picture of the instability leading to periodic oscillations, there is
evidence that the Turing instability may also originate chaotic oscillations.

Kocarev and Janic (KOCAREYV; JAN]JIC, 1995) provided numerical evidence that
two diffusively coupled Chua circuits may present diffusion-driven chaotic oscillations.
That is, starting from a situation when the two isolated circuits have a globally stable
tixed point, numeric simulation suggests that once the two circuits are diffusively

coupled a strange attractor seems to appear.

In the same line, Drubi and co-authors (DRUBI; IBANEZ; RODRIGUEZ, 2007)
studied two diffusively coupled Brusselators. Again starting from a situation where
the isolated systems have a globally stable fixed point, they proved the unfolding of
the diffusively coupled system can display a homoclinic loop, and this system has a
limiting set with positive entropy. It remains an open question whether such Turing

instability in general networks can generate chaotic oscillations.

In this thesis, we provide conditions for general diffusively coupled identical
systems to undergo a transition due to coupling that generates chaotic oscillations.
Starting from a situation where the isolated system has dimension four or higher,
possesses an exponentially stable equilibrium point, and satisfies a skewness condition,
we prove that there is a diffusive coupling matrix such that the coupled system has
a nilpotent singularity and thus a nontrivial center manifold. See Shilnikov and co-
authors (SHILNIKOV et al., 1998) for center manifold theory. After reduction to the
center manifold, we prove that the unfolding of the singularity, when the dimension of
the manifold is three, contains the existence of chaotic solutions.

1.1 The model

We consider nonlinear ordinary differential equations x = f(x) with f € €=(U,R")
with n € Nand an open set U C R". We assume f has a globally exponential stable fixed
point in U, which we assume without loss of generality to be the origin. Note that
this behaviour is robust, in the sense that small perturbations of f give topologically
equivalent behaviour.

We wish to study exponentially stable dynamical systems coupled together in a
graph structure by means of a diffusive interaction. More precisely, to each vertex in
the graph, we associate a vector field f € € (U,R") with an exponentially stable fixed
point at the origin. We couple N such systems together as a function of their difference,
processed through a positive-definite matrix. That is, a matrix D satisfying x” Dx > 0 for

all non-zero vectors x.

The problem under consideration can thus be represented by the following
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network equation:

N
%= f()+a) wiDxj—x), i=1,...,N, (1.1)

j=1

where o > 0 is the coupling strength, # = (w;;) denotes the adjacency matrix, D is the
positive-definite matrix, the difference of the states (x; — x;) represents the diffusive
coupling and by A = Df(0) the corresponding linearized system. Note that, if the
coupling strength « is equal to zero, then the diffusion is absent and the uncoupled
systems keep their original stable behaviour. Likewise, for & > 0 small, this behaviour
persists.

1.2 Informal statement of main results

Exponentially stable dynamical systems are robust systems, in the sense that
small perturbations do not change the qualitative behaviour. When the interaction
strength is large enough we show that the diffusive coupling of such systems presents
highly non-trivial dynamics in the network.

The main result of this thesis can be summarized by:

Suppose the matrix A has m positive entries on the diagonal, with respect to
some orthogonal basis. Then, there exists a positive-definite matrix D such that the
System (1.1) has a center manifold of dimension at least m for some value of the
coupling parameter o0 > 0. For certain large classes of networks, the center manifold
may be assumed of dimension precisely m, with no general restrictions on the Taylor
expansion of the corresponding reduced dynamics.

The observation that the Taylor expansion of the reduced system has no general restric-
tions allows us to predict generic bifurcation scenarios in these coupled-cell systems. In
particular, we obtain the main corollary:

In case of 4-dimensional stable isolated dynamics, the system of Equations (1.1)

can be arranged to have a 3-dimensional center manifold on which chaos emerges in
a generic 3-parameter bifurcation.

1.3 Statements of the main results

In this section, we concern with understanding the main results of this thesis. To
do this we start with definitions.
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1.3.1 Definitions

We show that a system of diffusively coupled stable systems can nevertheless
display a wide variety of dynamic behaviour, including the onset of chaos. In fact, we
show that as the coupling strength o increases, a non-trivial center manifold can emerge
with no general restrictions on the Taylor coefficients of the reduced dynamics.

Note that we may alternatively write Equation (1.1) in terms of the Laplacian:

N
xl:f(xl)_aZlUDxJ’ lzl,,N (12)
j=1

Let X := col(xy,...,xn) denote the vector formed by stacking x; fori =1,...,N in a single
column vector. In the same way we define F(X) := col(f(x1),..., f(xn)). We obtain the
compact form for Equations (1.1) and (1.2) given by

X=FX)-a(LoD)X. (1.3)
In order to analyze systems of the form of Equation (1.1), we allow f to depend

on a parameter ¢ taking values in some open neighborhood of the origin Q C R?.

i=f(xe), &=0. (1.4)

For simplicity, we assume the fixed point at the origin persists:
f(0;€)=0 VeeQ. (1.5)

Then, from Equations (1.4) and (1.5), the compact form of Equation (1.3) has now the

nonlinear diagonal map F depends on the parameter € as well:

X=F(X;e)—a(L®D)X :=H(X;¢). (1.6)

In what follows, we define an important object of our study:

Definition 1 (Local center manifold parameterized). Let H € €= (U" x Q,R"™) be a full
system with a non-hyperbolic fixed point at the origin. Let E¢ and E” be the correspond-
ing center and hyperbolic subspaces. A local center manifold parameterized is locally the
graph of a function ¢ : E€ x Q — E":
E6.(0) = {(x,&,y) EExQxE" | ¢(x,€) =y, ¢(0,0)=0, D$(0,0)=0
x| < &1, le] < &}

for sufficiently small 6,6, > 0.

We start with our working definition of center manifold reduction.
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Definition 2. Let
H:R™NxQ—R™WN (1.7)

be a family of vector fields on R™, parameterized by a variable € in an open neigh-
borhood of the origin Q@ C R?. Assume that H(0;€) = 0 for all € € Q, and denote by
E¢ C R™ the center subspace of the Jacobian Dy H (0;0) in the direction of R™. A (local)
parameterized center manifold of the system of Equation (1.7) is a (local) center manifold
of the unparameterized system H on RN x Q, given by

H(X;e)= (H(X;¢),0) e R"™ x RY, (1.8)

for X € R™ and € € Q. We will say that the parameterized center manifold is of dimen-
sion dim(E€), and is parameterized by d variables. Under the assumptions on H, it can be
seen that the center subspace of A at the origin is equal to £¢ x RY. One can furthermore
show that the dynamics on the center manifold of Equation (1.8) is conjugate to that of

a locally defined system
R(xi€) = (R(x::€),0), (1.9)

on E¢ x Q, where the conjugation respects the constant-¢ fibers. The map R moreover
satisfies R(0;€) = O for all € for which this local expression is defined, and we have
Dy .R(0;0) = DxH(0;0)|gc : EC — E€. We will refer to R : E€ x Q — E€ as a parameterized
reduced vector field of H.

In the definition above, the constant and linear terms of the parameterized
reduced vector field R are given. Motivated by this, we will write H>?! for any map H
to denote the non-constant, nonlinear terms in the Taylor expansion around the origin

of H, up to terms of order p. In other words, we have
H(X) = H(0)+ DH(0)X + HZPI(X) + &(||x||P*).

Given vector spaces W and W/, we will use Wé(W;W’ ) to denote the linear space of
polynomial maps from W to W’ with terms of degree 2 through I. It follows that H> ¢
PLW W) forH: W — W',

We are mostly interested in the situation where the domain of H involves some parame-
ter space Q, in which case H>*! involves all non-constant, nonlinear terms up to order
p in both types of variables (parameter and phase space). For instance, if H is a map
from R x Q to R with Q C R, then H23 (x;€) involves the terms

a1 X%, arxe, a3, asx’,asx’€, agxe” and a7¢€>,

with some constants a; depending on Taylor expansion coefficients. Of course, a condi-
tion on H might put restraints on H>*! as well. For instance, if H(0,&) = 0 for all € € Q,

then H123(x;€) does not involve the terms €2 and 3.

We present the definition here of an important class of graphs.
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Definition 3 (p-Versatile Graphs). Let G = (V,E) be a graph and p € N a positive integer.
We say that G is p-versatile for the eigenvalue-eigenvector pair (u,v) with pu > 0, if
the Laplacian matrix L has a simple eigenvalue p with corresponding eigenvector
v =(vy,...,VN), satisfying

N
Y vi#£0, Vi=2,...p+1. (1.10)
i=1

In Chapter (2) we will explore p-Versatile Graphs in several examples and we
show how to construct such graphs.

1.3.2 Main results

We are now ready to formulate the main Theorem, along with an important
Corollary. We always assume a network to have at least one connection, so that its

underlying graph is not the disjoint union of individual nodes.

Theorem 4 (Main Theorem). For any a > 0, consider the e-family of network dynamical
systems given by
X=F(X;e)—a(LoD)X. (1.11)

Denote by A = D, f(0;0) the Jacobian of the isolated dynamics. If there exist m
mutually orthogonal vectors vy, ...,v,, such that (v;,Av;) > 0, then there exists a positive-
definite matrix D together with a number o* > 0 such that the system of Equation (1.11)
has a local parameterized center manifold of dimension at least m for o = o*.

Suppose furthermore that the graph G of the network is p-versatile for the pair (u, v).
After an arbitrarily small perturbation to A if needed, there exists a positive-definite
matrix D and a number a* > 0 such that the following holds:

1. The system of Equation (1.11) has a local parameterized center manifold of dimen-

sion exactly m for a = a*.

2. Denote by R : E¢ x Q — E€ the corresponding parameterized reduced vector field,
then R(0;¢) =0 for all € € Q and D, R(0;0) : EC — E€ is nilpotent.

3. The higher order terms R*P! can take on any value in 225 (E¢ x Q;E€) (subject to
RP2P1(0;€) = 0) as f?P] is varied (subject to f2(0;€) = 0).

In what follows, as a straight consequence of the Main Theorem, the Corollary
answer the proposed question.
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Corollary 5 (Chaos). Assume the conditions of Theorem (4) to hold for m =3 and p = 2.
Then, in a generic 3-parameter system we have the emergence of chaos through the
formation of a Shilnikov loop on the center manifold. In particular, chaos can form
this way in a system of 4-dimensional nodes with stable internal dynamics, coupled

diffusive to form a network.

The 4th-dimensional system is the minimal dimension needed due to the stability
required. See Remarks (11) and (57) for details. We will see, Remark (71), we may have
instead looked at a 2-parameters and considered o around a* as the third implicit
parameter needed to unfold. Hence, chaos also emerges in a 2-parameter system along

the coupling parameter o.

The main result requires two main hypotheses, namely, the linearization of
the isolated vector field A is skewed and the eigenvectors of the corresponding graph
Laplacian are non-degenerate (in the sense of versatility). Thus, the assumption imposed

on A to create a center manifold for the whole network excludes symmetric matrices.

To obtain the genericity of the Taylor coefficients in the center manifold, the
network structure comes into play via the eigenvectors of the corresponding Laplacian
matrix. Our class of versatile graphs appears naturally for star graphs and more gen-
erally for graphs with heterogeneous degrees. Symmetry in the graph seems to be the

main obstruction to the versatility condition.

We notice that while Pogromsky and co-authors used a similar assumption on
the linearization of the isolated vector field (POGROMSKY; GLAD; NIJMEIJER, 1999) to
obtain diffusion-driven oscillations via Hopf bifurcation, the versatility condition played
no role in their derivation. They did not use the eigenvector structure of the graph, but
rather the spectral conditions on the Laplacian. Moreover, although two symmetrically
coupled systems have a corresponding graph Laplacian that is not versatile, Drubi and
co-authors (DRUBI; IBANEZ; RODRIGUEZ, 2007) were able to prove chaos in coupled
Brusselators. While this construction does not require versatility it is particular to the
Brusselator model.

Although the structure of the graph played no role in the works mentioned, in
(DIAS; LAMB, 2006) it is proved that the structure of the network can affect its local
bifurcations for the case of a network of symmetrical connected coupled cells having
a symmetrical abelian group. Here, the existence of all self-loops guarantees a free

passage for eigenvalues of codimension one to cross the imaginary axis.

For general vector fields, it remains an open question whether the genericity
of the Taylor coefficients of the reduced vector field would hold if the graph is not
versatile. Moreover, whether graph symmetries would impose conditions on the Taylor

coefficients, thus forbidding the existence of limiting sets of positive entropy.
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CHAPTER

VERSATILITY AND SKEWNESS CONDITIONS

In this chapter, we show that the conditions of Theorem (4) are entirely natural,
by constructing multiple classes of networks that are p-versatile for any p € N, as well
as by giving examples of matrices A that satisfy the conditions of the theorem.

In Section (2.1) we define what we call p-Versatile Graphs. In Subsection (2.1.1)
we present a geometric way of constructing p-Versatile Graphs using the so-called
complement graph. In Subsection (2.1.2) we then show using direct estimates that
star graphs are natural candidates for p-versatility. Finally, in Section (2.2) we present
examples of matrices that satisfy the conditions of Theorem (4). In particular, matrices
having all eigenvalues with strictly negative real parts are not an obstruction. We call it

Hurwitz matrices.

The main concepts of this chapter like p-Versatile Graphs and the Skewness
condition are new and they were created to help solve the main problem of this thesis
formalized in Main Theorem (4).

2.1 Versatile graphs

We are interested in a well-behaved class of graphs G, by which we mean a class
whose structure induces a special property of the associated Laplacian matrix. This
property will be the existence of an eigenvector where the sum of certain coordinate
powers is nonvanishing, corresponding to a simple eigenvalue of L. To this end, we
begin with graph concepts:

A graph G is an ordered pair (V,E), where V is a non-empty set of vertices and E
is a set of edges connecting the vertices. We assume both to be finite. The order of the
graph G is |V| = N, its number of vertices, and the size is |E|, its number of edges. The

degree of a vertex is the number of edges that are connected to it.
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An important concept related to graphs is the adjacency matrix # . This matrix
represents the connectivity structure, we can define it by:

1, if vertexiis connected to vertex j;
wii =
Y 0, otherwise.

We define the vertex degree, denoted by k; as the sum of all the connections it receives,
N
ki=) wij, (2.1)
j=1

fori=1,...,N. Let # = diag{ky,...,kn} be the diagonal matrix of vertex degrees.

We only consider undirected graphs G with no self-loops, meaning that a vertex i is
connected with a vertex j if and only if it is vice-versa, and there are no edges connecting

any vertex i to itself, respectively. Thus, the adjacency matrix % is a symmetric matrix.
In this context, there is another important matrix related to the graph G, which
is the well-known Laplacian discrete matrix L. It is defined by:
Lo=2 -V,
so that each entry /;; of Lg can be written as
lij = &ijki—wij, i,j=1,...,N, (2.2)
where 9;; is Kronecker delta. The matrix Lg provides us with important information

about the connectivity and synchronization of the network.

In what follows G = (V,E) is an undirected graph with |V| = N vertices, # =
(wij)nxn is the corresponding adjacency matrix and Lg = (/;;)nxn is the corresponding
Laplacian matrix. Let Spec(L¢) := {A1,...,An} be the spectrum of L, ordered such that
0=2A <X <---<Ay_1 <Ay, and let {v!,...,v"} be the corresponding eigenvectors.

In what follows, we define the important class of graphs in this work:

Definition 6 (p-Versatile Graphs). Let G = (V,E) be a graph and p € N a positive integer.
We say that G is p-versatile for the eigenvalue-eigenvector pair (u,v) with u > 0, if
the Laplacian matrix Ls has a simple eigenvalue u with corresponding eigenvector
v =(vi,...,VN), satisfying

N
Y vi#0, V=2, .p+1. (2.3)

i=1
Note that any eigenvector v = (vy,..., vy) for a non-zero eigenvalue necessarily
satisfies YN | v! = 0. This is because Vv is orthogonal to the eigenvector (1,...,1) for the

eigenvalue 0.
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2.1.1 Versatile graphs by means of the complement graph

We next introduce a method for generating p-Versatile Graphs, for any p € N.

Our construction involves the definition of the complement graph, given below.

Definition 7. Given an undirected graph G, we define the complement graph G° as the
graph obtained from G by leaving out all existing edges and adding all edges between
different vertices that were not there in G.

As we are not considering graphs with self-loops, as such edges will turn out to
be immaterial in our set-up (because they are in the construction of the Laplacian). We
will therefore always have that (G°)° = G*° = G.

Theorem 8. Let G be a graph consisting of precisely two disconnected components,
each of a different order. Then G° is a connected graph whose Laplacian has a simple,

largest eigenvalue whose eigenvector v satisfies Zﬁoll vi#0forall ¢ > 1.

More precisely, suppose the two disconnected components have the number of
vertices s and ¢. Then the largest eigenvalue of the Laplacian of G° is equal to s+t and a

corresponding eigenvector is given by

(t,t, .t —S,—S,...,—S).
—_—— —————
s times t times

Here the entries are ordered so that the vertices of the first component of G (which has s
vertices) are enumerated first, after which those of the second component of G (which

has ¢ vertices) are listed.

Proof: The proof uses a result that relates the eigenvalues and eigenvectors of the
Laplacian of a graph to those of the Laplacian of its complement graph. This result is
known, see e.g. (ZHANG, 2011), but incorporated here for completeness. Suppose the
two components of G have s # 0 and ¢ # 0 vertices, respectively, where s # ¢. First of all,
recall that the Laplacian L¢ is a symmetric matrix whose eigenvalues satisfy.

O=A < <A< <Ay, (2.4)

with N = s+t the total number of vertices. In fact, as the dimension of the kernel of L
equals the number of connected components of G, we see that A, = 4; = 0. We denote

Lv213, ... W a corresponding set of orthogonal eigenvectors such that

by v
LoV =2y Vi=1,...,N. (2.5)

Because
span(v' V) ={veR" |y =... =y Tl = =} (2.6)



28 Chapter 2. Versatility and Skewness conditions

where the entries are grouped according to the connected components, we see that may

choose
vi=1=(1,...;,1) and v} = (1,t,...,1,—5,—s5,..., =) (2.7)
—_—— ————
s times t times

which we assume from here on out. Note that indeed v! 1 v?. Let Lg- be the Laplacian
matrix associated with the complement graph G°. We note that we have the identity

N—-1 -1 —1
-1 N-—-1 --- —1
Lo+ Lg = . . . . =N-Id—-E, (2.8)
—1 -1 -1 N-1 NxN
where
1 1 1
E=1 . . . : (2.9)
1 1 1 1 NxN

As we have v! LV for all i = 2,...,N, where v! =1, it follows that Evi = 0 for all

i=2,...,N. From Equation (2.8) we get
Lgo=—Lg+N-1d—E (2.10)
and evaluating at the eigenvectors v for i = 2,..., N gives

LeV' = —LgV'+N-1dv' —EV'
= —AV +NY
= (N—=L)V. (2.11)

Thus, for each i = 2,...,N we find that (N — 4;) is an eigenvalue of Lg-, with a corre-
sponding eigenvector given by v'. As we also have Lg-v' = 0, we see that the spectrum
of Lge is given by

N-AQ>N-A3>-->N-Ay>A =0 (2.12)

The largest eigenvalue of Lg- is therefore equal to N —0 = N = s+ ¢, with a corresponding

eigenvector given by
2

V=v"=(s,S,...,8—t,—t,...,—1). (2.13)
Note that by assumption A3 > 0, the eigenvalue N is indeed simple. Next, using that
st #0and s #t, we find forall £ > 1

N

t
vaz Zsfi
i=1

Y (s £ = st(s" £ £0. (2.14)
i=1 =1

i
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Finally, we argue that G° is a connected graph. Indeed, if x,y € G are in different
connected components, then they share an edge in G° by definition of this latter graph.
If on the other hand x and y are in the same component of G, then in G° they both share
an edge with some node z from the other component of G. This completes the proof.

Example 1. Let G = (V,E) be an undirected graph with V = {1,2,3} and two discon-
nected components of a different order s = 1 and ¢ = 2, see Figure (1). Then G° is a
connected, non-regular graph with

1 0 -1
Leo=| 0 1 -1

-1 -1 2 353

We have Spec(Lg-) = {3, 1,0} with simple and largest eigenvalue 1L = s+t =3 whose
corresponding eigenvector v = (1,1, —2) satisfies Y3_, v/ #0 for all £ > 1.

Example 2. Let G = (V,E) be an undirected graph with V = {1,2,3,4,5} and two dis-
connected components of a different order s =2 and ¢ = 3, see Figure (2). Then G° is a

connected graph with

30 -1 -1 -1
o 2 0 -1 -1
Lgc=1]1 -1 0 3 -1 -1
-1 -1 -1 3 0

-1 -1 -1 0 3 Sus

Here Spec(Lge) = {5,4,3,2,0} with simple and largest eigenvalue u = s+t =5.Its
corresponding eigenvector v = (2,2,2, -3, —3) satisfies Z?: | vf #0forall /> 1.

Example (3) below shows that the standard star graphs are p-versatile for any
p > 0. These graphs consist of a single hub node connected to all other nodes, which in
turn have degree 1, see Figure (3). We will explore the p-versatility of more general star
graphs in Subsection (2.1.2).

Example 3 (Star graphs). Let G = (V,E) be an undirected graph with node set V =
{1,...,N+1} and two disconnected components of order s = 1 and t = N, see Figure (3).
If the largest component of G is complete, then G° is a connected graph with Laplacian
matrix given by

N+1 -1 - —1
—1 1 - 0
LGo: .
—1 0 1

N+1xN+1
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The spectrum Spec(Lgo) = {N+1,1,...,1,0} has one simple and largest eigenvalue
A =s+1t =N+ 1. The corresponding eigenvector is given by v = (N+1,-1,...,—1)
which satisfies the property Y~ | v/ # 0 for all powers £ > 1. Note that we may easily
generate more examples of graphs G° with the same simple largest eigenvalue v and
with corresponding eigenvector v = (N+1,—1,...,—1), namely by allowing the largest
component of G to be merely connected, instead of complete.

D—& 1 2
)— 1 2 / |M\
\ / 3 3
5 <85
3 3 e 4
G G° G G°
Figure 1 — G consists of precisely two disconnected Figure 2 — G consists of precisely two disconnected

components of order 1 and 2. The comple- components of order 2 and 3 and its com-
ment G° is a connected and non-regular plement G° is connected.
graph.

\ (§))

N

G G°

Figure 3 — G consists of precisely two disconnected components of different sizes N and 1. The complement G° is a
connected and non-regular graph known as a star graph.

In what follows we turn to negative examples. The first of them shows us the
importance of starting with connected components of a different order, whereas the

second one shows us what goes wrong if we start with more than 2 components.

Example 4. Let G = (V,E) be an undirected graph with V = {1,2,3,4} and two discon-
nected components, this time of the same order s =t = 2, see Figure (4). Then G° is a

connected graph with

2 0 -1 -1
0o 2 -1 -1
-1 -1 2 0
-1 -1 0 2

Lo =

4x4

Here Spec(Lg-) = {4,2,2,0} with simple and largest eigenvalue u = 4. However,

there are no eigenvectors satisfying Y+ , v/ # 0 for all £ > 1, except multiples of 1 =
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(1,1,1,1). In fact, the eigenvectors for the other eigenvalues all satisfy ¥’} v/ = 0 when-
ever / is odd. This example seems to indicate that symmetry can sometimes get in the
way of p-versatility.

Example 5. Let G = (V,E) be an undirected graph with V = {1,2,3,4,5,6} and three
disconnected components of order s = 1, t =2 and r = 3, see Figure (5). Then G° is a

connected graph with

4 0 -1 -1 -1 -1
o 3 0 -1 -1 -1
-1 0 4 -1 -1 -1
-1 -1 -1 4 0 -1
-1 -1 -1 0 4 -1
-1 -1 -1 -1 -1 5

LGo =

6x6

We have Spec(Lg-) = {6,6,5,4,3,0} with non-simple and largest eigenvalue A o = 6.
However, the two corresponding eigenvectors are given by (—1,—1,—1,0,0,3) and
(—2,-2,-2,3,3,0), which both satisfy Z?:l vf # 0 for all powers ¢ > 1.

M) 1 2 D—&L 1 2\
\,/7 / 6 | 6
T y & 5 SO\ :
4 4 4~ 4
G G° G G°
Figure 4 — G consists of two disconnected compo- Figure 5 — G consists of three disconnected com-
nents both of the same order 2 and the ponents, each of a different order. The
complement G° is connected. The Lapla- complement G° is connected, but the
cian Lge has a simple and largest eigen- largest eigenvalue of its Laplacian is

value. However, there are no eigenvec- non-simple.
tors giving the p-versatility condition
for p > 1, except for multiples of 1.

2.1.2 Versatile graphs by means of the degree distribution

We next investigate another pathway to p-versatility, namely by looking at the

degree distribution of the nodes in the network. To this end, we will prove:

Proposition 9. Let r < B be two positive integers and suppose G = (V,E) is a network
consisting of one node of degree B and N nodes of degree at most r, where N > 1. If

B+1
PN, (2.15)

r
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then the largest eigenvalue of Ls is simple and every corresponding eigenvector v

satisfies

N

Y vi#0, forall¢> 1. (2.16)

i=0
The proof of Proposition (9) uses the well-known result that for any graph G with at
least one edge, the largest eigenvalue u of L satisfies u > d + 1, with d the largest degree
of any node in G. See for instance (ZHANG, 2011). In the setting of Proposition (9), we,
therefore, have u > B+ 1.

Proof: Let u be the largest eigenvalue of Lg and write v € RV™! for a corresponding
eigenvector. In general, we will write v = (v;)Y ; for the components of a vector v € RV*1,
where the 0-component vy corresponds to the unique node of G with degree B. By
re-scaling v, we may assume that |v;| <1 foralli € {0,...,n}. The condition that (u, V)

is an eigenvalue-eigenvector pair for L gives

N

Z(L(;)LjVjZ‘LLV,‘ forallie {O,...,n}. (2.17)

j=0

We therefore find

N
Y (Le)ijvj= (u—di)vi, (2.18)
j=0
J#i

where d; denotes the degree of node i. From our observation that 4 > B+ 1 we see that
(u —d;) is always positive. For i # 0 we therefore get from Equation (2.18)

N N

B+1-—nvi|<(u—d)lvil = | Y (Lo)ijvi| < Y [(La)ijllvil < di <r. (2.19)
J=0 J=0
j#i i#i

We thus find

r 1 1
AU el Ty S

Summarizing, we see that the condition |v;| <1 for all i € {0,...,n} yields |v;| < 1 for

(2.20)

all i € {1,...,n}. This is only possible if vy # 0, which therefore has to hold for any

eigenvector v of u.

Now suppose v and v’ are two eigenvectors for . By the foregoing, there exists
a nonzero scalar s such that the vector sv — v’ has to vanish the zeroth component. As
nevertheless Lg(sv — V') = u(sv —v’), we conclude that sv — v/ =0 and so v/ = sv. This
shows that the eigenvalue  is simple.

To prove the p-versatility claim, we re-scale the eigenvector v such that |v;| <1
for all i € {0,...,n}, with v; =1 for at least one j. By the foregoing, this means that
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necessarily vp = 1, with the other v; satisfying Equation (2.20). We conclude that for all
p > 3 we have

=1-N"PB3>1-N0=0.

1+ ) vP

‘ N
i=1

N
>1-) vilP >1-
i=1

N
(VN)P
Therefore, ngz 0 vlp # 0 for all p > 3. As we clearly have Zé\': o VZ > 0, the result follows.

Example 6. Examples of connected networks satisfying the conditions of Proposition (9)
can easily be constructed. Let r,N > 0 be given numbers such that

N
VN+1'

We first construct a graph G’ consisting of N nodes, all of which have a degree at

r< (2.21)

most r — 1. The graph G is then obtained from G’ by adding a node no, together with
B > (v/N+1)r edges between nj and different nodes of G'. Note that Condition (2.21)
guarantees that (v/N + 1)r < N so that we are not demanding that g is connected to
more nodes than G’ contains. It follows that all nodes in G apart from n have a degree

at most r. Finally, the degree B of ng satisfies

B+1>B>(VN+1)r, (2.22)
so that
B+1
P UN+1. (2.23)

r

The graph G is connected if an edge was added from ny to at least one node from every
connected component of G'.

To conclude our discussion on p-Versatile Graphs, we fix values n,p € N with
n>2 and define .#} as the set of all symmetric (n x n) matrices with a simple largest

eigenvalue, whose corresponding eigenvector v satisfies

ivf;ﬁOforaMe{z,...pH}. (2.24)
i=1
It follows that . is an open subset of the space of symmetric matrices. Heuristically
speaking, if G is a graph such that L € ., then we therefore expect Ly € .} for any
graph G’ obtained from G by a small perturbation.
In fact, as matrices generically have simple eigenvalues, and as Equation (2.24) is
likewise valid for generic (eigen)vectors, we expect Lg € .% for "most" graphs G. Of
course, these statements will have to be made precise, which we do not attempt here.
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One common obstruction to Lg € ., seems to be symmetry in the graph G. An
explanation for this is that symmetry often forces eigenvalues with high multiplicity.
Moreover, if an eigenvalue p of L is simple, then the span of a corresponding eigenvec-
tor v forms a 1-dimensional representation of the symmetry in question. For any finite
group symmetry, a one-dimensional real representation is either trivial or generated
by v — —v. In the latter case, the graph symmetry contains a transformation « such
that for any node n of G, the corresponding coefficients v, and v, of v are related
by Vi, = —Vg(n). This means that for any value ¢ € R there is an equal number of nodes
n such that v, = c as there are nodes m such that v,, = —c. As a consequence, we then

necessarily have

Y vi=0forall odd ¢ > 0. (2.25)
i=1

This is a common observation; imposing additional structure on a graph (such as for
instance symmetry) induces high dimensional center subspaces and restrictions to the
Taylor-coefficients of reduced vector fields in the associated dynamical systems. This

generally leads to more elaborate bifurcation scenarios.

2.2 Skewness condition

In this section, we will define what we call the Skewness condition. This is
a property about a class of square matrices that are not symmetric and are not anti-
symmetric. The most important consequence since that condition is imposed in a matrix
A will be to ensure the existence of zero eigenvalues via the existence of a positive-

definite matrix D.

Definition 10 (Skewness condition). Let A be a n by n matrix. We call by Skewness

condition as the following property is satisfied
(vi,Avj) >0 foralli=1,...,m. (2.26)

for the existence of vy, ..., v, mutually orthogonal vectors.

We will give examples of Hurwitz matrices A such that there exist m > 0 mutually
orthogonal vectors vy,...,v, satisfying Definition (10). We will see, therefore, that a

Hurwitz matrix is not an obstruction for the Skewness condition.

Remark 11. Note that any Hurwitz matrix A has a negative trace, as this number equals
the sum of its eigenvalues. It follows that Equation (2.26) can then only hold when
m < n, where n is the size of A. Consequently, we highlight that if our goal is to find a
number 3 of zero eigenvalues we must consider matrices A of n by n with at least n = 4.
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We start by looking at the case n = 2.

Example 7. A general 2 by 2 matrix A is of the form

a b
AZ(C d)’ (2.27)

with a,b,c,d € R. It follows that A is Hurwitz if and only if a+d < 0 and ad — bc > 0. This
can easily be arranged if in addition a > 0, by first choosing d < 0 such that a+d <0, and
then choosing b and ¢ such that ad — bc > 0. It follows that we can construct examples
of Hurwitz matrices A such that Equation (2.26) holds with m = 1 and v; = (1,0)7. In
fact, the set of all such matrices forms a non-empty open subset of the space of all 2 by 2

matrices. A similar observation of course holds when d > 0.

Example 8. Consider the 3 by 3 matrix

a+b+c e d
A= c at+e b+d |, (2.28)
c b+e a+d

for a,b,c,d,e € R. Using the theory of network multipliers, it is shown in (DEVILLE;
NIJHOLT, 2021) that the eigenvalues of A are givenby a+b+c+d+e,a—b, and a+b.
It is therefore clear that for certain choices of a through ¢ we can arrange for A to be
Hurwitz. Moreover, these eigenvalues do not change if we apply the transformation
crc—20 (2.29)
d—d+96
e e+ 0

for any 6 € R, while keeping a and b the same. Hence, if A as given by Equation (2.28)

is Hurwitz, then so is the matrix

a+b+c—28 e+96 d+6
As = c—26 at+e+d b+d+6 (2.30)
c—26 b+e+d6 a+d+o

for any 6 € R. Choosing 6 large enough, we see that Equation (2.26) holds for m =2 and
V1 = (O, 1,0)T, V) = (0,0, I)T.

Example 9. Consider the matrix

1 1 0 0
-1 1 1 0

A=
0 -1 1 16.94

1 —424 —424 —17.94

It can be shown that A is Hurwitz. Moreover, it is clear that Equation (2.26) holds for
m = 3 and the vectors v; = (1,0,0,0)7, v, = (0,1,0,0)” and v3 = (0,0,1,0).
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Finally, we show:

Proposition 12. Let V = {vy,...,v,_1} be a set of n — 1 mutually orthogonal vectors in
R", where n > 1. Denote by /7 the set of all (n x n) Hurwitz matrices A such that

(vi,Av;j) >0 foralli=1,...,.n—1. (2.31)

Then, /) forms a non-empty open subset of the space of all (n x n) matrices.

Proof: As the set of all Hurwitz, matrices is open, and because the same holds for the
set of all matrices A for which Equation (2.31) holds, we see that 7 is likewise open.
It remains to show that J7)' is non-empty. We will first show this when E consists of
the first n — 1 standard vectors e; = (1,0,...,0)7, e, = (0,1,...,0)T and so forth, up to
en1=(0,...,1,0)7. Given numbers by, ...,b, € R, we define the (n x n) matrix

by by ... b,
by by ... b
Apyooby = L _n
by by ... b,

As Ay, . p, has rank 1, we see that it has an (n — 1)-dimensional kernel. The remain-
ing eigenvalue is given by by + --- + b, with eigenvector (1,...,1)7. Let us choose
by,...,by—1 >0and b, < —(b; +---+b,—_1). We also choose a € R such that

0 <a<min(by,...,b,_1).

As a result, we see that the matrix

bl—a b2 bn

b bry—a ... b

Apyopp—ald,= [ 1 2T
by b, ... by—a

has eigenvalues by +---+b, —a < 0 and —a < 0. Moreover, because b; —a > 0 for all
ie€{l,...,n—1}, we conclude that A, _, —ald, € 7 where E = {e,...,e,_1}.

To show that .74 is non-empty for general V, we pick V = {vj,...,v,—1} and
extend it to an orthogonal basis {vi,...,v,_1,v,}. Let U be the matrix such that Ue; = v;
forallie {1,...,n}.Itfollows that UT U equals a diagonal matrix C with positive diagonal
entries given by (v;,v;) = |vi||?. In particular, we have UT = CU~!. Now suppose we
pick an element A € J#2. It follows that UAU ~! is Hurwitz as well. Moreover, for all
ie{l,...,n—1} wefind

<vl~,UAU_1v,~> = <UTVZ',AU_1V,'> = <CU_1VZ',AU_1V,'>
= (Ce;,Ae)) = ||vil|*(ei,Ae;) > 0. (2.32)
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This shows that J# is likewise non-empty, which concludes the proof.

Note that we have A € J# — cA € £ for all ¢ € R.. Taking the union over all the
sets J7,', we arrive at:

Corollary 13. Given n > 1, the set of all (n x n) Hurwitz matrices A for which some

orthogonal vectors vy,...,v,_ exist satisfying
(vi,Av;) >0foralli=1,....n—1, (2.33)
is open and non-empty.

We will see in Proposition (56) of Subsection (8.1.1) that the Skewness condition
for a number m of mutually orthogonal vectors is the necessary and sufficient condition
for the existence of a positive-definite matrix D such that A — D has a non-trivial kernel

of dimension equal to m.
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CHAPTER

CENTER MANIFOLD THEORY

In this chapter, we will introduce the fundamental concepts concerning Center
Manifold Theory. Our main objective is proof of the Center Manifold Theorem. We
know from the Hyperbolic Theory that a dynamical behaviour of a system around its
hyperbolic fixed point is completely solved by the Hartman-Grobman Theorem, which
means that the behaviour of the nonlinear dynamical system is topologically conjugated
to its linearized system at the hyperbolic fixed point, which means that the nonlinearities
do not cause any effect in the system and so, it can be avoided. The Center Manifold
Theory generalizes the studies of stability for dynamical systems around non-hyperbolic
tixed points (eigenvalues with zero real parts). In this case, the nonlinearities of the
system are indispensable for an understanding of the behaviour. The reasons why the
Center Manifold Theory is important are, first, to reduce the dimension of the original
system, and second, every relevant behaviour of the original system is captured by the
center manifold like bounded solutions (fixed points, homoclinic and heteroclinic orbits,
periodic orbits), therefore can display Chaos. The fundamental concepts are supported
by (GUCKENHEIMER; HOLMES, 2013; WIGGINS; WIGGINS; GOLUBITSKY, 2003;
LAWRENCE, 1991) we will present the Local Center Manifold Theorem and it will be
proved following very much (CARR, 1979; BRESSAN, 2003).

3.1 Statements of the center manifold theorem

The main objective of this section will be to introduce the necessary definitions,
notations, and tools to provide the background to construct the center manifold. Several
of these will be quickly recognized from hyperbolic theory but adapted to the general
case. To the proof the Center Manifold Theorem, the Contraction Mapping Principle is
essential, therefore it will be stated and proved for the completeness of this chapter. We
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will present the Local Center Manifold Theorem and it will be proved following very
much of excellent textbooks (CARR, 1979; BRESSAN, 2003).

We assume f € €*t1(R") be a k+ 1 (k > 1) continuously differentiable vector
field f : R" — R” with fixed point at origin 0, that is f(0) = 0. We consider an Ordinary
Differential Equation in the Taylor expansion around the fixed point:

x= f(x) =Ax+g(x) (3.1)

where A = Df(0) is the (n x n) Jacobian matrix and g(x) are nonlinear terms ¢'(|x|?) with
g(0) =0 and Dg(0) = 0. Given any point x € R” we denote the unique solution of the
System (3.1) starting at x (r = 0) defined in the maximal interval of R containing 0 by

x(t,x) (3.2)

such that (0, x) = x. We denote, for the system of Equation (3.1) linearized at the fixed
point:
X =Ax (3.3)

the unique solution crossing x by (¢, x) = e’x, where, it is known that

+o0 Aktk

r_
eA — Z 7.
k=0
In the study of the dynamic behaviour of the solutions of the System (3.3), the
spectral properties of A play an important role. Therefore, we denote the Spectrum of A

by o(A) :={A € C| 4 is eigenvalue of A}. We also denote the subsets:

o.(A) = {A€0o(A)|Re(A)=0}
o5(A) = {A€0(A)|Re(A) <0} (34)
ou(A) = {A€0(A)|Re(A)>0}

called Center, Stable and Unstable parts formed by numbers c, s, and u of eigenvalues
with zero real, negative real, and positive real parts respectively such that n = ¢ +s+u.
Clearly, 6(A) = {o.(A),04(A),04(A) }.

From Linear theory there exists linear invariant subspaces, namely E¢, E* and
E" corresponding to center, stable and unstable subspaces generated by eigenvectors
corresponding to eigenvalues in 6.(A),0s(A), and o,(A) whose dimensions are c, s and
u respectively. In the case when ¢ = 0, it implies that 6. = 0 and then all dynamics of the
System (3.1) is completely solved by Hartman-Grobman Theorem, as a consequence,
we do not influence its nonlinearities g. Otherwise, when ¢ # 0, the Linear theory is
not enough to conclude about stable properties of the system, and in this case, the
nonlinearities play an important role in the study of the stability and primordial to
Bifurcation Theory.
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Naturally, we have in the general case the full space decomposed into the sub-
spaces given by direct sum:
R"=E‘@E ®E". (3.5)

For each x € R" we can project it on in the center, stable and unstable components:
x=nx+n'x+ n'x (3.6)

where ¢ : R" — E¢, n° : R" — E® and 7" : R" — E* are such projections. We note that,
ker(n¢) := {x € R"| ¢ =0} = ES®E" = E" ker(n*) := {x € R"| ’°x =0} = ECQE" =
E and ker(n") := {x € R"| nx = 0} = E* ® E° = E*. We also denote, " = n° + 7" by
projection into hyperbolic space E". Moreover, the projections are commutatively related
to A then also are concerning solutions of the System (3.3):

net =M. (3.7)

In order to study the exponential behaviour of the solutions of the system of
Equation (3.3) in the linear subspaces E¢, E* and E* we define

B- := max{Re(d)| A €oy(A)}
B+ := min{Re(1)| A €0,(A)}
B = min{—-B_,B+:}>0 (3.8)

where f is called the Spectral gap. The following lemma gives us growth estimates for
solutions in E€ and E" :

Lemma 14. For each € € (0, 8) there is a constant depending on €, M, > 0, such that

¥ 7e|| < Meetll, vreR; (3.9)
1M 7’| < Mge B9 vi>o0; (3.10)
||| < MgelP=8" v <o. (3.11)

In what follows, we define the cut-off function (or Bump function) which is an
indispensable tool for a modification of g having a compact support.

Definition 15 (Cut-off function). Let 2" : R” — R be a smooth function. The cut-off
function has the following properties:

MO<Z(x) <1
(2) Z'(x) =1, if [[x][ < 1

3) 2 (x) =0, if ||x]| > 2.
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An example of a cut-off function:

Example 10. Let 2" : R — R be a function given by:

ﬁ?@jzz{elﬁ xe(~1,1)

0 otherwise.

The support of 2 is defined as being a closure set of all points x € R such that 2" (x) # 0.

More precisely,

supp(2) ={x e R| Z'(x) #0}.

In this example we see that the support is a compact set.

We remember that a Banach space is a completed normed vector space, which
means, every Cauchy sequence of vectors converges to a well-defined limit inside this
space.

Definition 16. Let X and Y be Banach spaces and k € N. We define

CrHX,Y) = {weE"X,Y); |w|;:=sup||D/w(x)|| <o, V¥ 0<j<k} (3.12)
xeX

with norm defined in ¢} (X,Y) by

HM&y=&g§MU (3.13)

Next, we present the main result of this section which is very important for

subsequent results:

Theorem 17 (Contraction Mapping Principle). Let X, Y be Banach spaces. If @ : X xY —

Y is a continuous map such that:

10(x;y1) = O(x:y2) || < Clly1 — 2] (3.14)

for all x € X and y;,y» € Y with a constant C < 1 independent of variables. In these
conditions, @ is a strict contraction. Then the following holds.

(1) For every x € X, there exists a unique y(x) € Y such that
y(¥) = O(x;y(x)). (3.15)
(2) For every x € X, y € Y one has

b=yl < 5y~ Ol (3.16)
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(3) If ® is Lipschitz continuous with respect to variable x :
[1©(x1,y) = O(x2,y)[| < L[x1 — x2] (3.17)

for all x;,x € X, y € Y. Then, the map x — y(x) is also Lipschitz continuous:

() =)l < Tlln | 3.18)

for all x;,x, € X.

(4) Consider any convergent sequence x,, — xo in X. Then, for every y, € Y the sequence

of iterates
Ynt1 = OXn5yn) — yo := y(x0). (3.19)

Proof: To the Item (1) we fix any y € Y and for each x € X we construct the iterate

sequence:
Yo:=y, yi:=0(xy0), ... Ynr1:=0(xyn). (3.20)

For all n > 0, the previous sequence is a Cauchy sequence. Indeed,

[[ynr1 = Yull = (106 Y1) = O ya—1)[| < Cllyn —yu—1l] < -+ < C"|[y1 = yol| (3.21)

as C < 1 and the strict contraction is valid for all y € Y, then the sequence is a Cauchy
sequence. Since that Y is Banach space, y, € Y converges to a limit point in Y. Let y(x) be
the limit point such that y, — y(x). The continuity of ® implies:

y(x) = lim y, ) = lim ©(x;y,) = O(x; lim y,) = O(x; y(x)). (3.22)

Therefore, y(x) = O(x;y(x)). Suppose we have y; (x) = O(x;y;(x)) and y»2(x) = O(x;y2(x))
two fixed points. We calculate

[1y1(6) =y2(0) ] = [1O0(x; 31 (x)) = O(x;y2(x)) || < Clly1 (x) =1 (x| (3.23)

since that C < 1 we only have y; = y;. Therefore, for a strict contraction there, exists a

unique fixed point.

Item (2). By Inequation (3.21) and Equation (3.22) we have:

yo=y@)|l < [y =yoll + 2=yl +lys =y2l [+ -+ llyn =y )|+

= Z |[Yns1 —yal|
=0

< C"[ly1 —yol|
j=0

1
= 1= ll®k:yo) —ol| (3.24)
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Therefore, as y := yp we get the required item.

Item (3). By Inequation (3.24), we take y = y(x’) and we calculate:

@) el < 1 alOE) )
= olO0y(X) - Oy
L
<
- 1-C

Therefore, the map x — y(x) is also Lipschitz continuous.

[l =]

Item (4). Let x, — X be a convergent sequence in X, and we consider the iterate sequence
defined by y,+1 := ®(x,;y,) in Y. We want to prove that y, — y(¥) = ©(%;¥). By continuity,
we have

ky = ||O0n;7) —OEF)|| =0 as  n—s ool

We calculate, by strict contraction that

[Ynt1 =3I = [Ox;30) — O )|
< ||®(xn;yn)_®(xn;)7)||+||®(xn;)7)_®<)ay)||
< Cllvn—3ll +kn. (3.25)

Using Inequality (3.25) iteratively, we get:

llyn =3l < Cllyn—1 =3/ +kn-1
< C?lyn_z — 5l + Chn—a +ky_1
S C3Hyn—3 _)7“ +C2kn—3 +Ckn—2 +kn—1
< C"lyo =3I +C" ko +C kg 4 A

= Clyo—7ll+ ) " kj1.
j=1

Since that C < 1 we have C" — 0 and Z?:] cJ— ﬁ and k, — 0 as n — . Thus,
limsup ||y, —y|| =0 as n— oo.

Therefore, we conclude ®(x,;y,) — O(%;y) provided that x, — % and j(X) = O(%;y).

3.2 Center manifold theorem

Definition 18 (Local Center Manifold). Let f € €**!(R") be k+ 1 (k > 1) continuously

differentiable function defined with a non-hyperbolic fixed point at zero. The Local
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Center Manifold is locally the graph of a function ¢ : E — E” near to fixed point:
Goc0) = {(x,y) € E X E" y = 9(x), $(0) =0, D$(0) =0, |x| < 8} (3.26)
for some 6 > 0.

Remark 19. The Definition (18) says that the Local Center Manifold cross-origin at
fixed point ¢(0) = 0 and it is tangent to Center subspace E¢ locally given by condition
D¢ (0) = 0. We highlight that when we have the nonlinear term identically zero, g = 0,
the center subspace and manifold agree. The proof of the Center Manifold Theorem
concerns the existence and uniqueness of a globally center manifold where is strongly
used Contraction Mapping Principle (17) and a modification of g by a cut-off function,
Definition (15). We also highlight that the uniqueness relies on the cut-off function,

therefore there is no guarantee of the uniqueness for the local center manifold.

First of all, we prove a characterization of all points in the linear subspace E°.
We assume the solution of the System (3.3) given by

%(t,x0) = eMx,
for points denoted by x. € E€.

Lemma 20. The following sets are the same

E€ = {x € R"|sup||7"%(t,x)|| < oo} (3.27)
teR
and, for each € (0,) :
EC = {x e R supe” | |x(z,x)|| < oo}. (3.28)
reR

Proof: We prove the following inclusions

E€ C {x € R"|sup||n"%(t,x)|| < oo} ne(CO’ﬁ) {x e R"|supe M| |%(z,x)|| < oo} C EC.
teR teR
First inclusion, given any x. € E€ we know that 7"x(t,x.) = ne*'x, = eA'hx. = 0.
Therefore, nhf(t,xc) is bounded for all # € R. Second inclusion, given any x € R" and
a solution ¥(¢,x) € R” such that ||7"%(t,x)|| < M; for all t € R. Given 1 € (0,) and by
Lemma (14) we have

IA

1] + || "5 (2, %) |
Mzemt|||x|| +M1
(Mo ]| +M1)e™"!
Ml

[%(z, %)

IN A

IA



46 Chapter 3. Center manifold theory

where M = Ms||x|| +M; > 0 is a constant independent of 7. Therefore, we have that
e |%(t,x)|| < M for all r € R. Third inclusion, given any x € R” such that [|%(t,x)|| <
Me for allt € R and n € (0, B). We calculate, for 7 > 0 and & > 0 we have,

17°x]] = [l ze ]|
= [le" 7’| [le™x]|

— Mge_(ﬁ_g)tMent
_ M Bemy

we take € € (0, B) such that € < B —n. Thus, ||7*x|| = 0. Similarly, forr <0 and € > 0 we
have
[7x]] = [|e"me x|
=l 7] [le x|
= Mge B9 pge
— MgelP—e-n)
we take € € (0, ) such that € < B — 1. Thus, ||7"x|| = 0. Therefore, since we have a direct
sum, we only have 7°x = x which implies x € E€.
|
From now on, we consider the system of Equation (3.1) with ¢ # 0 and we
highlight the assumption g # 0.

In what follows we define a modification of g which will allow us to get local
properties from global properties. Thus one can suppose to have compact support and

its norm as small as we like. From Definition (15), for each p > 0 we define
go(x) =g(x)Z (p~'x) forall xeR" (3.29)

the support of g, is the closure set of all points x € R" such that g, (x) # 0. More precisely,
it is defined as the following set

{xeR" gp(x) # 0} = {x e R" [ 0 <|x]| <2p} = B(0,2p) — {0} (3.30)

which is an open punctured ball at origin and radius 2p. Thus, it support is B[0,2p], a
compact set. We also note that, for all x € R” such that |[x|| < 1 we have g, (x) = g(x).

The next lemma plays an essential role in the main proof. This guarantees that the non-
linearity g modified by g, is in ¢}(R"), that is bounded and k continuously differentiable

can be considered as small as we want.
Lemma 21. We consider Definition (16) with j = 1. Then, g, € €}(R") and

lim |&,|; = 0. 3.31
pli%‘gp’l ( )
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Proof: For each p > 0, using the Chain rule applied to g, with respect to x we get

Dgp(x)=g(x)DZ (p~'x)p~ '+ Dg(x) Z (p~'x). (3.32)
Then we calculate,
&pl1 = sup [|Dgp(x)]|
[lx[|<2p
= H SHup2 lgx)D2Z (p~'x)p~" +Dg(x) 2 (p~'x)]|
x||<2p
< sup |lg(x)]| sup [[DZ (p~'x)|lp~"
lIx[|<2p |Ix[|<2p
+ sup [|Dg(x)]| sup [[.2°(p~ )l
|Ix[|<2p |Ix][<2p
< sup |lg@)||-[Zhp '+ sup |[Dg(x)]]
llx[|<2p [lx]]<2p
< sup sup ||x||-||Dg(tx)||- |2 [1p~" + sup ||Dg(x)||
[lx||<2p r€[0,1] |Ix[|<2p
< sup ||x||- sup [IDg(x)||-|Z 1p~ "+ sup ||Dg(x)||
[[x|]<2p llx]|<2p []x]]<2p
< (1+2[Z|1) sup [[Dg(x)]|.
[|x]]<2p

As we have Dg continuous and Dg(0) = 0 then the limit

hm ]gp|1 zhm sup ||Dg(x)||=0. (3.33)
P=0)1|<2p

Now we announce and prove the main theorem of this chapter.

Theorem 22 (Center Manifold Theorem). Let f € €%+ (% ,R") k > 1 be a vector field
such that £(0) = 0 is a non-hyperbolic fixed point and A = Df(0). Let E€ and E”" be the
corresponding center and hyperbolic subspaces. Then, there exists § > 0 and a Local
Center Manifold satisfying the following properties:

(i) There exists a function ¢ : E€ — E” with 7¢¢ (x.) = x. such that

E1oc(0) == {9 (xc)| xc € EC, |xc| <O} (3.34)

(ii) The manifold &

loc

(0) is locally invariant for the flow of the System (3.1);

(iii) Every globally bounded orbit remaining in a suitably small neighborhood of the
origin is entirely inside & _(0);

(iv) The manifold &°

loc

(0) is tangent to E at the origin;
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(v) For each solution x(¢) of the System (3.1) where x(t) — 0 as t — +oo there exists

n > 0 and a solution y(7) € & .(0) such that

loc

eM|x(t)—y(t)| =0 as t— +oo; (3.35)
(vi) The function ¢ : E€ — E" is €*.
Proof: [Proof of Center Manifold Theorem]
Construction of the center manifold: Item (i).

From the characterization of points in the center subspace, we define the Banach
space of functions of slow growth. Let 8 > 0 be the spectral gap and for each n € (0, 3)
we consider the space:

Ty = {y R = B[Oy = supe V(o)) < o). (3.36)
te

We note that |[y||, > e~ l|y(¢)| and then
(@) <™yl (3.37)

forallz e Rand n € (0,B).

By the Variation of Constant Formula to Cauchy problem, for any solution
y(t) € R" with y(#9) = yo of the system of Equation (3.1) one can represent by the formula:

¥(6) = M0y (1) + [ A g(y(n)dr. (3.38)

By the direct decomposition into the center, stable and unstable subspaces we have
different times in each subspace. More precisely, the direct sum allows to transform of
the above formula into a Cauchy problem in three initial conditions:

y(t) = 7y(t) +7ry()+7ry()
() 4 [ A (y(r))dr)

(-
b w (A + [ AT

S

C

Il
S

+ 7 (é“(‘ uly(t )+ eAt 2 ((r))dr).

We set t. =0 and t;, — —oo, , — +o0. Recording that all projections commute with respect

At

to A and also e™, we get the following expression for any solution y € ¥; such that
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y(0) =x. € E°:
) = M)+ [ AIrgr(e)ar

0
+ A ry() + / " A pg(y(e))de (3.39)

~+oo
+ AT giy(s,) — AN rg(y(T))dT.
t

By Lemma (14) and the Inequality (3.37), we note that the following linear terms in the

equations above vanish due to: for € € (0, 8) we have

ATy @) < AT ()]
< MeemBeNm iy,

Therefore,
lim [A5) %y (1) = 0. (3.40)

ty—s—o0

Likewise,
A |y ()|
< Mge(B*EJ(t*tu)en\t\HyHn.

IA

ATy (1)

Therefore,
lim |eA) my(5,)] = 0. (3.41)

ty—>—+oo

Consequently, the Equations (3.40) and (3.41) applied in Equation (3.39) give us

the following expression for a solution y € ¥ :

W) = Mt [ MIagy(m)ar

+ [ A mg(y(T))dT — +°°eA<f—f>n"g(y(r))dr. (3.42)

Let x. € E€ be any point in the center subspace. We prove that there exist a unique
solution y € Y, such that 7¢y(0) = x.. Since that Y}, is a Banach space we define the map

O:E° xYy — Y, given by

O(x:y)(t) = Mxe+ /teAV—f)ncg(y(r))df

+ / A msettar— [ A nig(y(e))dr.  (3.43)

We claim O(x.;y)(t) € Yy for all r € R. Indeed, we pick up any 1 € (0,) and we choose
€ = 1 with respect to center subspace and € = 8 — 1] with respect to stable and unstable



50

Chapter 3. Center manifold theory

subspaces. For ¢ > 0 and remembering that g € % (R") and then ||g||; = sup,cx |D/g(x)|,

we calculate:

|©(xe;y) (1)]

<

1
" +/0 A7 g (v(T)ldT
t . oo N
[ 1A g@lds+ [ 1A - fg(y(m))las
t
Myl 4-Myllgllo [ e e
0
t oo
MeHgHO/ €_(ﬁ_8)(’_f)dr+MellgH0/t JB-8)i-7) g
! t
M’7|xc|en|t+Mn||gH0/0 €n|t_T|d”L’+MgHg||0/ e M=) g g

o0
Mellgllo [ e lax
t

~ t t ~+oo
M(lgllo (e"|’+/ e""fd1:+/ e_n(’—f)df—i-/ en(t—f)dr)
0 . l

3 tel —1 2
M|lgllo | e+ +=
ulld n

ol
M||g||o( k “’*”“)

n
M|[glloe™".

for some properly constant M. Therefore, sup, g e 1@ (x;y) (1) < oo.

Next, for each x. € E€ we prove that the map y — ®(x.;y) is a strict contraction.

Let y1,y> be functions in Y. By Inequality (3.37) we have

1() = y2(0)] = |1 = y2) ()] < M|y = yal[n- (3.44)

On the other hand, by Mean Value Inequality we have

201(1)) = g2 ()] < Iyi(6) = y2(0)] - llgl[1 < €™ |ly1 = yal [ - [lells- (3.45)

Now, by Equation (3.43), we calculate

|©(xe;y1) (1) =O(xesy2) (1) < /OlVeA(’%C\-!g(yl(f))—g(yz(f))\df

+ /:o A 5|- |g(v1 (7)) — g(y2(7))|dT
- /:m A g(y1 (7)) — g (v2(7))ld .

By the Equation (3.45) and the estimates of Lemma (14) we have fort >0and € > 0:

t
©(xe;y1)(1) = O(xesy2) (1)] < Ms\|g||1||y1—yz||n/068"_”6“'617

t
+ MeHngHM—yan/_ e (B=e)t=1) nltl 51

+ Mellgllily1 —y2lln / oBe)) 17l g1
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Solving the integrals, we have just like before, it is bounded by Ce"l multiplied by
some constant. Therefore,

1©(xe;y1) (1) = O(xe; y2)(1)] < Ml[gllilly1 = yal[ne™"!

where M > 0 is a properly constant independent of y; and y,. Taking ||g||1 < 55; we get

_ 1
e MO (xes y1) (1) — O(xe3y2) (1)] < EHM —y2In

for all r € R. We take the sup,. on the right side to get

1
10(xe;y1) = O(xe;y2)lIn < 5y —alln- (3.46)

Therefore, the map y — ®(x,;y) is a strict contraction. By the Contraction Mapping
Principle, for each x. € E€ there exists a unique solution y(¢) € Y, satisfying Variation of
Constant Formula such that 7¢y(0) = x.. Moreover, the map x. — y(-,x.) is a Lipschitz

continuous. Indeed, we let x.1,x. € E€ be any points and y € ¥;;. We calculate,
[©(xe1:9)(1) = O(xe2:y) ()] = [ (xe1 —x2)|
< Mpex — x|
and then we get,
¢ M@ (xer:y) (1) = O(xea:y) (1)] < Mylxet —xc2
independent of ¢, taking sup,.r on the right side, we get
||®(xcl ;)’) - (”)(Xcz;)’)Hn < My ’xcl —Xc2|-

Therefore, ® is Lipschitz continuous with respect to variable x.. Also due to the Con-
traction Mapping Principle, there exists a Lipschitz continuous map v : E — E" which
associate each x. € E¢ to a unique solution y € ¥;; defined by y(x.) = y(0) such that
ey (x.) = wy(0) = x.

We finally proved the existence of a global center manifold at the origin defined
as the graph of a Lipschitz continuous function:

E(0) :={¢(xc)| xc € E}. (3.47)
Invariance of the center manifold: Item (ii).

We have to prove that for any point xp € £°(0) the corresponding solution
x(t,x0) € Yy with X(0,x0) = xo, lies in £¢(0) for all r € R. We fix a time #; > 0 and let
%(t1,x0) = x1 be a forward point. We prove that x; € £°(0) showing that X(,x;) € ¥, for
all + € R. Indeed,

#(t.x1)| = |8(t +11.x0)| < MM+l < prenlnnlonl]
|[E(t,x1)| = |%(t +11,%0)] < <
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We note on the first inequality above, we used (¢,xp) € ¥, and therefore is bounded.
From the inequality above holds we get

e M5 (t,x1)| < oo

for all t € R. Therefore, x; € Y5 and £(0) is an invariant manifold for the flow of the

nonlinear system of Equation (3.1).
The center manifold captures every globally bounded solution: Item (iii).

We note that for each x. € E€ we associate a unique solution y € ¥ such that
n°y(0) = x, which is a globally bounded solution by construction. Since that £¢(0) is
invariant, we have that every globally bounded solution is entirely contained in £¢(0).

Tangency of the center manifold: Item (iv).

First of all, we note that the function y(¢) = 0 is trivially a globally bounded
solution for the system of Equation (3.1) since that g(0) = 0. Thus, 0 € &°(0) by the
Property (iii). Given x. € E¢ the main and basic idea to prove the tangency property
is to estimate the linear solution given by y(t) = ¢*’x, (when g = 0) and the unique
correspondent nonlinear solution y,, € ¥y as x. goes to 0. By the Contraction Mapping

Principle proved in Inequality (3.46) we also have inequality:
|1y = aelln < 2[ly = Oxe; v ) ln- (3.48)
We also note that, for y(t) = e’’x., we have the following estimate for g(y(t)) :
gO(D)] < llgll2- ()P = llgll2- [ x> < (Mee ™ fxe] gl - (3.49)

In what follows, we calculate for € > 0 such that 2¢ = n and by Inequality (3.49):

(1) = O(xesyx, ) (7)] =
_ ‘—/tef“f %) g (y(1))dT — /[ Al dr-i—/ e(y(7))dt

< [1Inlgtolas+ [ 1A mllgo(e)iae
b [T g
t t
< Me(Melxc|)*lsll2 < [elentians [ e—(ﬁ—s)(t—r)enlrldf>
0 —oo
~+oo
+ Me(Me|xe)?|Igll2 (/ e(ﬁ—s)(t—r)enrdf)_
t
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Just like before, for some properly constant M > 0 independent of x. we get the
following expression:
e My(1) = O(xeiy ) ()] < Mixe (3.50)

for all # € R. Taking the sup,.r we have

1y = Oxe;ye)ln < Mlxe|*. (3.51)

Now we get the estimate using Inequalities (3.48) and (3.51):
V(0) = y2 (0)] < ||y =y IIn < 211y = OCxcsya )l < 2M e, (3.52)

Remembering that y(0) = x, and ¢ (x.) =y, (0), using the estimate in the Inequal-
ity (3.52), we calculate the limit

lim ’(p(XC) _‘xC’
x.—0 |)CC|

< lim 2M|x.| = 0. (3.53)
x.—0
Therefore, the derivative of ¢ at x. = 0 is tangent space to the center manifold &(0).
Asymptotic approximation: Item (v).

Let x(¢) be any solution of the system of Equation (3.1) such that
x(t) >0 as t— oo

We should find a solution y(¢) € £¢(0) on the center manifold which approach x(z) as
t € 4o, For x(t) given, we can extend the solution x(¢) to a globally bounded function

x*(t) defining for all 7 € R simple in the following way:

cin ) x(), ift>0,
x)= { x(0), ifr<0. (3:54)

Notice that, x* () = x(¢) for all # > 0. Easily checked, x*() is a solution of the system:
X*(1) = Ax* (1) + g(x*(t)) + h(t) (3.55)

where £ is a correction function related to x* defined by:

hr) = 0, ifr >0, (3.56)
' —Ax(0) — g(x(0)), ifr<0. '

As x* is a solution of the System (3.55), then this can be expressed in terms of Variation

of Constant Formula:

x(1) = A0 ¥ (1) + teA(t_T)g(x*(’c))dT-i- [eA(’_T)g(h(r))dr. (3.57)

o Io



54 Chapter 3. Center manifold theory

We project x* into stable and center-unstable subspaces with starting times #p and #,
respectively:

x*(t) = wxX(t)+ 7% (t) + 7% (1)
= A0 Sy (1) + teA(t’T)nSg(x*(T))quL teA(FT)ﬂsg(h(T))dT
AT (1) + teAHzrg( “(e)de+ [ A-Dneg(n(r))ds

+ Al -l—/ (=) it g (x* dr-l—/ =Ygt (h(7))dT
and the we get the following expression writing 7 = z° + * to projection into E ® E" :

x*(t) =

t t
AT (1) + | AT (2))dT+ | AT mg(h(t))dT+
fo

f()

A (o) + eAf Ancig(x (e)de+ | AIneig(h(e))dr.  (3.58)

n
We consider the Banach space of functions forn >0andr e R:

Zn = {z: R = R"|[[z]ly := supe[z(1)]}. (3.59)
teR

We will prove that for x* globally bounded solution of the System (3.55) there
exists a unique function z € Z;, such that y = x* 4z € ¥j, is a solution of the System (3.1).
We highlight that y is in fact the solution sought on a center manifold. We assume y(t) is
a solution of the System (3.1) and we calculate Equation (3.58) for z(z). We have,

2t) = w)—x"(1)+7“0O() —x"(1))
= Y1) = wx" (1) + 7y(1) — A (1)
=~ (1) + AT (2(1) + 17 (10)) + t A Sg(2(1) +x7(1))dT

t
+ = (1) + AT (1) 2 (1) + [ AT R (2(0) +47(1))d T
3]
In summarizing, we highlight the formula obtained for z(¢) :

2dt) = —mx () + M (2(t0) +x" (19)) + t A (o(1) +x (1))de

b () 4 A g () + (1) + lleA(’T)ncug(z(f)+x*(f))d1:.
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Using the Formula (3.57) for x*(¢) applied above we get:

() = M)+ [ A (g(a(1) 17 (1)) — (1) d

Ty

— /t A g (h(T))dT

Iy

©Amgag) 4 [ AN (g(o(1) a7 (1)) — g(7)) dT

I

- / A=) g (1) )drr.

Just like before, we let ) — —eo and #; — +oo to obtain a formula for z(¢) precisely:

@) = [ AR (glelr) +x° () —g()de
- [ A Iacg(h(t))dt
b [ M gm) 40 () () e

N mg(h(7))dT. (3.60)
+o0

Where we noted in the calculation above that:

A 52 (1)] = 0 as  fy— —oo

A g ()] — 0 as 1 — +oo

exactly like we have calculated. We consider a map I': Z;; — Z, by Formula (3.60)

M) = [ 9w (e(e) +0° () - g(2)de
- f A e (h(t))dT
b [ DR (g(e(x) 5 (x) — g(e) T

~+oo

= [T A geg(hp))ar. (3.61)
~+oo

We claim that I' is a strict contraction. Indeed, let z1,z, € Z;, be functions, we calculate



56 Chapter 3. Center manifold theory

recalling the estimates of Lemma (14) and Inequality (3.45):

L) -T@O] < [ 1497 gl (®) +'(0) —ge(0) +2° (1)) de
b [ 1A fg(ar (7) 45 (0) —gla() 4 (2

t
< Myliglh [ e Pz (3) — (e ax

—00

t
+ Myllglly [P g () — (1) e

~+oo

t
< Myllgllillz —2lln / o (B-m—2) gl g

—00

t
+ ]"In|’8||1||11—Zz||n/+ eB=m (=) +nlt—1| ,—nlr] 7
< Cllgllie™ 21 — 22|y

where C > 0 is a properly constant independent of y; and y,. If ||g||1 < 5= we get a strict
contraction taking the sup,.p on the right side:

1
10(z1) =T (@2)lln = 5llz1r = zlln. (3.62)

Therefore, by the Contraction Mapping Principle, there exists a unique z € Z, such that
I'(z) = z which solves Equation (3.61). We note that y = x* + z belongs to Z;. Indeed,
recalling that x* is a globally bounded solution, then

()] < ] (0| +]z(1)] < € +e 2]
and then

supe™l[y(r)] < co.
teR

Since that Z;, C Y, we conclude that y € ¥;; and then, y is entirely contained on the center
manifold. Now, we see that for¢ > 0

() = y(0)] < [2(6)] < e e[, (3.63)
Therefore, there exists n > 0 such that

|x(£) —y(t)] = 0 as t—0.
Smoothness of the center manifold: Item (vi).

We would like to expect the map @ : E€ x ¥;, — ¥, were a €* map but this is not
true. To prove that ¢ is a 4* map we need to consider the smaller Banach subspace Y,
with a stronger norm. We will get the * smoothness for ¢ considering © : E x Y,y — Y.
Next lemma can guarantee smoothness.
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Lemma 23. Let g € ‘Ké‘“ (R") be a map. Then the map G : Y;y — Yy, defined by G(y)(r)
g(y(1)) is k times continuously differentiable map, provided that 0 < n’ < (k+1)n’ <n.

Proof: By Taylor expansion formula for g(y) around origin. See (DIEUDONNE, 2011)
Chapter VIII, Section 14.

D'g(y) 4

D2
g(y) » 7

Dg(y)
T zZ+ o Z+---+ Xl

N ( /0 %D“Ag(y%—rz)df) 1, (3.64)

gy+z) = gly)+

We calculate

L Dig(y) j

G(g(y+2)(1) —G( ) )0 =

=T

0
500 +2(0) — Y 2BV iy =

j=0 J!

|( [ Dk+1g<y<r>+rz<r>>dr)zk+1<t>| <
0

/0 = it g y(2) + w2 ) .

Since that g € Cfb"“(R") and z € Y,y we have |[g|[x+1 < €(k+1)! and [z(1)] < e”’|’|\|z\|n/.
Solving the integral we get

.
|G(g(y+z))(t)—G(Zngf_(y)zf)(m < (kil)!Hg”kHe(kH)n/'l||Z|‘lf7—/|rl

< eell|jz|f.

Taking sup, g on the right side we have:

k
1G(g(y+2)) Z Dy < ellzlfir"

Therefore, G is k continuously differentiable as a map from Y, to ¥y. |

Finally, the next corollary guarantees the smoothness sought:

Corollary 24. The operator @ : E x Y,y — Yy defined by O(x.;y)(t) = yx (t), of Equa-
tion (3.43), is [ continuously differentiable as map from E° x Y,y to ¥y, forall j =1,...,1
provided that 2In’ < n.

Proof: We decompose the operator ® = S+ K o G where G is the operator of the previous
Lemma:

O(xe;y)(1) = S(xe) (1) + K(G(y)(1)) (3.65)
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where,
S(xe) (1) = Alx,

and
KGOIW) = [ At

+oo
+ / eA(‘—T)nSg(y(r))dr—/ AT mig(y(T))d.
o t

We note that §: E“ — Y; and K : ¥;; — Y; are continuously linear mappings. By
the previous lemma, ® : E€ X Yy — Yy is [ continuously differentiable map, provided
that (I+1)n’ <. [ |

We complete the proof of the Center Manifold Theorem here. We highlight that the exis-
tence and uniqueness of the global center manifold strongly depend on the nonlinearity
g, on ||g||; being small enough and strongly depends on the cut-off function, which
means that we lost the uniqueness property when we get the local center manifold.
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CHAPTER

GENERIC UNFOLDING

The goal of this chapter will be the deeper study of a Jordan matrix, in other
words, a nilpotent singularity and its unfolding. To perform this task, we approach the
Unfolding Theory which is fundamental to the Bifurcation Theory. Following in the
same line, an important wonder is what makes an unfolding to be the most general
possible. This chapter will present the proof of the Theorem (31) which give sufficient
conditions to the miniversal unfolding of functions, supported by Thom'’s Transversality
Theorem (27), which we will call generic unfolding.

Although the Theorem (31) is well-known in the field of Singularity and Unfold-
ing Theories, its proof is not often done. Therefore, the proof that we will present here

was produced by us.

In Sections (4.1) and (4.2), we will introduce only the basic concepts necessary, as
definitions and notations, sufficient concerning the Jet space and Unfolding of functions.
In Section (4.3), we will define the transversality of a function on the manifolds. We will
introduce Thom'’s Transversality Theorem from of the point view of the Jet space. Finally,
in Section (4.4), we will prove the Theorem (31), and through Thom’s Transversality
Theorem we will provide the well-known generic condition for the unfolding of functions,

which tell us when an unfolding is generic.

4.1 Jet space

We will define only the concepts necessary to work with k-jets. The main textbook
is (GOLUBITSKY; GUILLEMIN, 2012). Let €= (U,R") be the space of smooth maps
f:U — R" where U C R" is an open set. Given f,g € €~(U,R"), we say that f and
g have k-th order contact at the point xq if both have the same value at xp and equal
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derivatives to order k :

flxo) =g(x0), f(x0)=gx0), ... .f®(x0)=2g"(x0).

The k-th order contact of f and g at the point xj is an equivalence relation denoted
by f ~k g. In other words, we can say that f ~ g, if the truncated Taylor expansion up
to k-th order of f and g around x( agree. Each equivalence class at x( is denoted by jfﬁo f
or j*f(xp) and we call the k-jet of f at xo. Let

T URY) = {5 f | f € C(UR"), fx0) =0}

be a set of k-jets at the point xp, and we define the k-Jet space as the disjoint union of all
k-jet sets:
JURY = |J I, URY.
(x,y)eU xR"
We define on k-Jet space the metricd : _#*(U,R") x _#*(U,R") — R, where
k

d(j*f.j'g) =Y. sup|lf"x) — g (x)]].

=0 x€U

Note that, if f ~ g then d(j*f, j*g) = 0. It induces a well-defined map:
7 F5URY) = U

mapping each k-jet to its origin point, 7; (X f) = x, we call the source map. On the other
hand, given f € €~ (U,R") we have canonically defined:

U — _75URY

mapping x to j5f(x) = j*f € Jé‘x f(x))(U ,R") for each x € U. Using these concepts we
can define a topology on ¢(U,R") by constructing a basis. Consider (_#*(U,R"),d) a
metric space and define, for each f € €~(U,R"),

Bs(f):={g € €~ (U.R")Vx e U, d(jif,js8) < &},

where, § : U — R} is a continuous function. The family {Bg(f)} forms a neighborhood
basis of f in the topology of (U, R") we call the Whitney ¢*-Topology.

We induce a topology on ¢(U,R") from the topology of _#*(U,R") defining for
each open setV C _#*(U,R") the set

M(V):={fe€=(UR"|jifeV}

The family of set {M(V)} form a basis for a topology on ¢ (U,R") called Whitney
¢*-Topology. For each k > 0, let W be a set of open sets of (U, R") in the Whitney
%¢*-Topology. We define the Whitney ¢*-Topology on ¢ (U,R") generated by the basis

k

w=w
=0

forall k > 0.
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4.2 Unfolding

We are interested in the phenomena that arise in the neighborhood of a nilpotent
singularity of triple zero eigenvalues, meaning Jordan matrix 3 x 3 with a 1-dimensional

kernel:
010

J=10 01

0 00O
Following (ARNOLD, 1971), the reduction process from a square matrix to its Jordan
canonical form is unstable, in the sense that small perturbations of eigenvalues can
destroy its form. Unfolding Theory allows us to study dynamic behaviour in a neighbor-
hood of this singularity and among all possible unfolding, there is one most important
that represents all known as versal unfolding. Versal unfolding is a stable reduction
process, more precisely, a versal unfolding is a family, e.g., matrices, vector fields, pa-
rameterized such that any other unfolding of the same matrix can be transformed into

the first one. Next, we will define unfolding for vector fields and square matrices.

Vector fields. Let f € € (U,R"), U C R" open, be a vector field. A parameterized
family of vector fields passing through f is a map
F f UxAN'— Rn,

where Fr(x,0) = f(x) for all x € U and A" is an n-dimensional parameter space (or
parameters basis) containing the origin. The map F} is called unfolding to n-parameters
¢ of f. Intuitively, varying the parameters we get a new system and new possible
behaviour, so an unfolding of f is able to capture systems and their behaviours close to

f
Matrices. Let Ag € M,(R) be a matrix. An unfolding of A is a parameterized
family of matrices passing through Ay defined by a map A(e) :

A:N'— M, (R)
where A(0) = Ap.

Change of bases. Let B(it) be unfolding of A for another base u € £”*. A base
change is a germ of holomorphic functions ¢ (i) = € with u € ¥ € C" around of 0

X" — A
Versal Unfolding. Let A(€) be an unfolding of Ay with parameter bases A”. We

say that A(€) is a versal unfolding, if for every unfolding B(u), u € £™, there are change
of bases ¢ and a unfolding of the identity C(u) such that:

B(u) = C(1)A(@(1))C™" ().
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When we have a versal unfolding with minimum number of parameters, we say that the

unfolding is miniversal.

Remark 25. Both Jet spaces and unfolding, we are interested in the k-jet of the unfolding;:
JFrUx A" — KU x A" R")

where we have j*Fs(x,€) € J(ngf( ))(U x A" R") C _Z5(U x A",R") for each (x,€) €
U x A". We say that two unfolding Fy and Gy from f € ¢~ (U,R") have k-th order
contact at the point (xo, &) if Fy ~; Gy with the same parameter space.

4.3 Transversality

Transversality is about how two objects intersect and it relates to stability and
genericity. Stability means that transversality is not lost by small perturbations and
moreover, a small perturbation of non-transversal objects makes them transversal,
which is what we mean by genericity. Transversality could be thought of as opposite
to tangent objects. For example, two objects tangent to each other are unstable and
non-transversal since even to small perturbation of these objects, the tangent property
is lost and they become transversal. Following (GOLUBITSKY; GUILLEMIN, 2012), we

will define it precisely.

Definition 26. Given f € ¥*(X,Y) where X,Y are finite dimensional manifolds, let
W C Y be a sub-manifold. We say that f is transversal to W at the point f(xy) = yo,
denoted by f th W, if one of the following conditions is satisfied

L yo ¢ W;

2. If yo € W, then we have T;,)Y = #m(Dy, f) + T, W.

Note that, in case we have, dim(7;,Y) > dim(.¥m(Dy, f)) +dim(T;,W) and f h W
at the point xo, then we necessarily have f(xo) ¢ W.

Thom’s Transversality Theorem plays an important role to finish our generic
property to unfolding:

Theorem 27 (Thom’s Transversality Theorem). Let X and Y be finite dimensional mani-
folds and W C _#*(X,Y) be a sub-manifold. The set given by:

Ty :={f € €=(X,Y)|j* f h W}

is a residual subset of (X ,Y) in the ¥*-Topology.
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An important relationship between the miniversal unfolding and the orbit that

passes through Ay is their transversality. Before that, we need some definitions.

The space of matrices M = M,»(C) with manifold structure, we consider the
sub-manifold Lie group G = GL,(C) of all non-singular n x n matrices. Let Ads, : G - M
defined by Ady,g = g 'Aog for all g € G be the differentiable action of G on M for a fixed
matrix Ao € M. We define the orbit of an arbitrary fixed matrix A as the image N of the
action Ady,, that is N = Im(Ady,,) := {B € M| B= g 'A¢g for some g€ G} C M.

Theorem 28. An unfolding A(€) of Ay is versal if, and only if, the mapping A is transver-
sal to the orbit of Ay at € = 0.

The orbit of Ay consists of all the matrices similar to Ay and the derivative
D.Ady, : T,G — Ty,M with respect to identity e € G is given by the Lie bracket D,Ady,C =
[Ap,C] = AgC — CAy. The subspace centralizer at Ay denoted by Z,, C T,G consists of all
matrices C such that [A,C] = 0, thus Z,, = ker(D.Ady,). The Theorem (28) tells us that
the image of the derivative of the unfolding A must be a complementary subspace to
the orbit at A to get a versal unfolding. The minimal dimension of this complementary
subspace is equal to the co-dimension of the orbit of Ap and this will be the minimal
number of parameters to miniversality. Note that for any number strictly less than its

minimum this will not be possible.

We introduced in the space M the inner product defined by (A,B) = Tr(AB"),
where B* is the conjugated transposed matrix of the matrix B and 7'r is the well-known
trace of matrices. A technical result to construct miniversal unfolding is given by the

following lemma

Lemma 29. A vector B € Ty, M is perpendicular to the orbit of the matrix Ay if and only
if [B*,Ag] = 0.

The reader can find more details and proofs in (ARNOLD, 1971), (WIGGINS;
WIGGINS; GOLUBITSKY, 2003).

Remark 30. In our case, we are interested in studying phenomena in nine-dimensional
space in a neighborhood of the Jordan 3 x 3 matrix:

010
J=10 01
0 00

We would like to know how many parameters we need to get a miniversal

unfolding of this Jordan matrix. The centralizer, orthogonal complement, and normal
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form are given respectively by the following matrices:

a b c a 0 o0 0 0 O
Zi=loawbv |, z=lbaol|, Be=| o0 o o
0 0 a ¢ b a & & €

The orthogonal complement Z; was obtained by Lemma (29), the normal form of the Zj

is given by B(¢) and we have changed a = €|, b = & and ¢ = &; to be new parameters of
the family of matrices for a miniversal unfolding of J.

4.4 Genericity

We will find the normal form and the unfolding locally, up to the second order,
for a smooth map with a Jordan matrix as its linear part. We will prove in Theorem (31)
below that, as long as a condition on the second derivatives is satisfied, its unfolding is
locally topologically equivalent in the space of smooth maps. The k-Jet theory plays an
important role, as it allows us, using Thom’s Transversality Theorem, to conclude that
the unfolding is a generic property, in the sense that the set of all unfolding of smooth
maps with certain conditions is a residual subset in the Baire space and consequently, it
is an open and dense subset. Intuitively, genericity allows us to know what dynamical
behaviour occurs for a large set of systems by studying the unfolding found.

4.4.1 Topological equivalence

We are interested in the generic unfolding behaviour of a dynamical system f
having a Jordan matrix J as seen in the Remark (30) as its linear part. We will prove
that the set of 2-jets of the unfolding of f is an open and dense subset with respect to
Whitney ¢2-Topology induced by the 2-Jet space. The main idea, in order to get this,
will be to construct a sub-manifold W C _#2(U x A",R") of the 2-Jet space and to prove
that j°Fy h W. Then, by Thom'’s Transversality Theorem, the following set:

G = {Fy € €°(U x N",R")| j*F; h W}

will be an open and dense set in the space (U x A",R"). To construct the sub-manifold

W, the following theorem will be essentially important to prove it.

Theorem 31 (Miniversal unfolding). Let f € €*(U,R") be a smooth vector field. If

f(0) =0, %(O) =J, and a; := %2;%” (0) # 0, then the normal form of f has locally a

miniversal unfolding Fr to n-parameters.

The proof of this theorem is divided into three lemmas. In the first lemma, we

will use a change of coordinates to find the normal form of f satisfying the above
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conditions and after that, we will get an unfolding Fr of the normal form obtained
in the second lemma. In the third lemma we will prove an equivalence topological
of two unfoldings, that is, any unfolding with respect to Theorem conditions, even
with different parameter numbers, has an equivalent unfolding from f. That lemma is
particularly important because it exposes us to a condition under which two unfolding
must be equivalent at least in a neighborhood.

Lemma 32 (Normal form). Given f € €*(U,R") satisfying the conditions of Theo-
rem (31), there is a change of coordinates such that the normal form of f is locally
around 0 given by

yio= »n

y2 = )3 3
: +0(y"),

ya = Ay

where %yT% y is a quadratic form with,

and o := ’9 f 7(0). The symbol * means others constants depending on Taylor coefficients
of f that we do not specify further.

Proof: We begin using the Taylor expansion of f around O:

2
1) = 70+ 2 oy 37

AT S5 O+ O ()

and we rewrite it as:

X = f(x) =Jx4+®x)+ O(|x])

where
1 32 L[
P X 55 (0)x == : 4.1
W= G5 | @)
* an nx1
and Hj is the n x n Hessian matrix corresponding to fi foreachk=1,...,n

We want to get rid of several entries of ®. In order to do this we will perturb
each H; matrix using the change of coordinates x = y+ ¢(y) for all x close to 0, where
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¢ : U — R" is a smooth quadratic vector field. The derivative with respect to # is:

-2

= 000+ 20+ 90) - S0+ O ()
— Iy +I00)+20) - 0N+ o)

= I+ 20) +I90) - SL0NU 0+ 90)

B0+ o0)+ )~ S20+ o)

= Jy+<1>(y)+J<P(y)—g—gyo(y)JH@’(lyP)-

We get a new system,
y=Jy+R(y)+O(yP) (42)

where the new vector field R is the vector field ® with a perturbation:

R(Y) = @0) +190) ~ 22 (3)1y. @3)

We need to find a vector field ¢ that cancels most terms of ®, so that we get R as desired.
Indeed, suppose that the vector field ¢ is given by:

. Y Ay
P) =3 : : (4.4)
yT Ay axl
where without loss of generality we impose Ay = A! for each k = 1,...,n. Then the
derivative of ¢ with respect to y will be:
2y" Ay
X0 1
Ty == : 4.5
2y"A,

nxn

using Equations (4.1), (4.4), (4.5) in Equation (4.3), we get:

y Hyy yl Ay 2yT ATy
RG) =5 I A N :
y! Hyy vy Any 29T Ay

nxl1
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So, we have

H +A, —2AJ
1 Hy +A3 —2A,J
R(y) = 5y" . y : (4.6)
Hy —24,7 nx(nxn)

We can arrange for the first n — 1 rows to get rid of these. So we make

Ay = —H{+2AJ
Ay = —Hy+2A,J
Ay = — n—1 +2An—1j
and then from the (n — 1)-th row we get recursively:
n—2
An=—Y 2H, g +2" 1A (4.7)

i=0
now, using Equation (4.7) into the n-th row of Equation (4.6):

n—1
A =H,—24,J =Y 2H, ],
i=0
Consequently, the first (n — 1) blocks vanish and we get the simple form for Equa-
tion (4.6):

0
RO =S| (4.8)
y)= 2y 0 Y. .
T
———
E3

Note that .7 depends on Hy for all k = 1,...,n. We denote by #;; the entries correspond-
ing to ¢ matrix. Then, we set the following expression for the # matrix:

h
%:< I *)
* X
nxn

where h; = a; = 9 fn (0) # 0. Finally, Equation (4.8) and the Equation (4.2) give us the

ox?
normal form of f forl all y in the neighborhood of 0,
i 01 -0 Vi 0
= N I Ry

Y 00 0 0 Y Wty
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or in short form,

y=Jy+Ry) + () (4.9)
equivalently,
yr. = »n
2= 3
. +0(P). (410)
yn = ' Ay
for all y close to the origin.
|

Lemma 33 (Unfolding the normal form). If o4 # 0 then there is a coordinate change
such that the normal form of Equation (4.10) of f has the n-parameter unfolding Fr(x, €)
for (x, €) in the neighborhood of the 0 :

X1 = x

X2 = Xx3 3
+ O(|x]7)

Xp = E1+EX2+EX3++ &y + 5xT Hx

where ¢ for i = 1,...,n are the parameters of the family of vector fields.

Proof: Consider the normal form of Equation (4.9) with the following general perturba-
tion by (see e.g. (MURDOCK, 2006)):

¥ =Jy+R(y)+uv+uKy+ Oy +|u* + |ully[*), (4.11)
where y close to origin, v € R", K = (kjj)nxn and u € R. Let
y=x-+uw+ ulLx (4.12)

be a change of coordinates with the new coordinates x close to origin, w € R", and

L = (l;j)nxn- Differentiating with respect to time gives:

y=d+puli=I+pL)i <= (I+uL) 'y=x (4.13)
for u sufficiently small, and we know that

(I+uLl) ' =I—puL+0(u?). (4.14)
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Using Equation (4.12) in Equation (4.11) we get:

y = Jx+pw+pLx) +R(x+ pw+ pLx) + py + pK (x + pw + pLx)
+ O +u+ 1y’ (4.15)
= Jx+u(v+JIw+ (K+JL)x)+R(x+ pw+ pLx) + O (u* + x> + pux?)

1
= Jx+u(v+Jw+ (K+JL)x)+ E(xTE3x+2,uwTE3x) + 0 +x° + pux?)

1
= Jx+u(v+Jwt (K+JL+wlE3)x) + ExTE3x+ O(u? +x° + ux?)
= Jx+u(p+Mx)+R(x)+ 0O (u?), (4.16)

where p =v+Jw and M = K +JL+w! E5. Using Equations (4.14) and (4.16) in Equa-
tion (4.13),

x = (I+uL) 'y
= (I—pL+0(u?)(Jx+u(p+Mx)+R(x) + O (1> +x° + ux*))
= Jx+R(x)+u(p+ (M—LJ)x) — uLR(x) + O(u?)
= Jx+R(x)+u(p+ (M—LIx)+0(u?)
= Jx+R(x)+u(p+Mx)+0(u?)

where p and M represent a perturbation of v and K respectively:

p = v+Jw (4.17)
M = K+wE3+[JL]=M—LJ. (4.18)

We want to get rid of as many entries of p and M as possible, to that end, we need to

tind w and L that cancel entries of v and K respectively. Using Equation (4.17) we can

find w such that p is
P1 Vi wa
p= = + ;
Pn—1 Vn—1 Wy
Pn Va 0

except for the first coordinate w; of w, we can choose w; for i =2, ..., n that cancel entries
ofv:
Wi = —Vi-1, i:2,...,l’l, Pn = Vn, (419)

and we get p in the simplest form:

r=1 . |- (4.20)
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We still get to choose the first coordinate w;. Now we must choose the L matrix such
that most entries of K are canceled to get M simplest. In fact, from Equation (4.18) M is

given by
ki1 + 1l k2 + 1o — 1 kin+ln —lin—1
ka1 + 131 koo + 132 — oy kop + 13, — o1
M: M . ’ M . ,
knfll +ln1 kn712+ln2_ln711 knfln‘{’lnn_lnflnfl
n n n
kni + Y wihit kpp4 Y wihip =l -+ knn+ Y Wihin — lyn—1
i=1 i=1 i=1

then by choosing the entries of L following the rules:
liy11 = —ki, lij—1—liy1j = kij (4.21)

fori=1,...,n—1land j=2,...,n, we will cancel the (n— 1) first rows of M. Moreover,
using Equations (4.21) and (4.19) in the last row we get:

n n
—knt — Y wihit  —kni + Y vi_thi
i=2 _ =

wy = i=2 , such that m,,; = 0.
o1 o1
n n
My = kit Y Wihia —ln = kn2 +kn_11+ Y wihia
i=1 i=1

n n
Mpn—1 = k1 4+ Y Wihin-1 = bin—2 = kn—1 + -+ ka1 + Y wihin_1
i1 i=1

n n
Mpyn = knn‘i‘zwihin_lnnfl:knn+"'+kll+zwihin-
i=1 i=1

In other words, we may write:

n—1
—kn1 + Y vihiy11
i=1
= 4.22
w1 o (4.22)
2 n
mp = Y kn-ayjj+ Y wihip (4.23)
=1 i=1
n—1 n
M1 =Y kiji+ Y wihin (4.24)
=1 i=1

n n
My = Z kjj + Z Wihin. (4.25)
=1 i=1
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So, w; depend on ky,; and V's, wa,...,w, depend on V's, so m,; to m,, are completely
independent. Therefore, we have found w and L using:

n—1

—kn1 + Y vihis1i
_ i=1 _ >
w1 o 5 Wi = —Vi—1, l=<4,...,Nn,

liv11 = —ki, lijn—lipij=kj i=1,....n—=1, j=2,...,n,
that cancel most entries of v and K. From Equations (4.19) - (4.25), p and M becomes:

0 o 0 - 0
r=| : 1| M=1: : : . (4.26)
Pn 0 mup - mpy
Returning to Equation (4.17):
X =Jx+R(x)+u(p+Mx)+0(|xP),

with Equation (4.26), we get:

) 01 --0 0 0
X1 S X1 .
= +u +
) 0 0 1 0 0
Xn Xn "
00 ---0 DPn Lo MpjX;

+ Rx)+O(xP),

or equivalently,

( .

X1 = X2
X = X3
X3 = x4 + ﬁ(|x’3)

Xn = Wpn+Umupxy 4o+ WXy + X7 Hx
we will set:
€1 =HUpn, S =UMp2 ..., & = UMpy.
As u is supposed to be sufficiently small, there is an open neighborhood of the origin in

parameters space N> C A" such that the unfolding Fr(x, &) of the normal form of f for all
X,€) € Nygog) =N1 XNy CU x A" is given by:
(0,0) & y

X1 = x

, +0(x).
Xp—1 = Xn

X, = €& +£2x2+~--+8nxn+%xT<%ﬂx
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We will write Fy : Ng o) — R" given by

R T 1 T
i=Fp(x,e)=Jx+Ee+¢ E2x+5x Ezx+---

where,

00 -0 0
00 - 0 0

El - . s EZ_ 5
1 0 0 E2n
00 -0 0
01 -0 0

Ey, = , E3= :
00 1 I

Before proving topological equivalence in the next lemma, we need to introduce
the setup and some notation.

Remember that f € =(U,R") with f(x) = (f1(x),..., fu(x)) and x = (x1,...,x,) €
% f,
T2 (0) #0.

Let G be an unfolding to m-parameters m > n, as in Theorem (31). So, we have
Gy :U x X" — R" such that

U, and we suppose that f(0) =0 and o =

x=Gpl(x, &).
The Taylor expansion of G at (0,0) :

aGf Gy 9°Gy 1 79°G

aaeé +ET Sty a0 I+ € )

Gr(x,8) =
for all (x,&) in a neighborhood of (0,0) satisfying:

Gr(x,0) = f(x):Jx+%xTE3x—|—ﬁ(]x]3)
G(0,0) = f(0)=0.

Therefore, the unfolding G of f has the form:
1
Gr(x,§) = Jxt+ A&+ & Apx+ ox! Exx+ O (xf”)
where each term is given by

G 92G A2l
Al = (aéf(OO)) Ay (agaf(00)> C

with (Al)nxm and (AZ)nx(mxn)'
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Lemma 34 (Topological equivalence). There are coordinate changes such that any
unfolding to m-parameters, m > n, of f givenby G;: U x X" — R"

1
Gr(x, &) =Jx+A& +§TA2x+§xTE3x+ O (x?) (4.27)

is locally equivalent to the unfolding to n-parameters of the normal form of f given by
Ff:UxA"—R"

1
Fy(x,€) = Jx+Eje+ €  Epx+ 5xTE3x+ o(|x]?). (4.28)

More precisely, there are maps y: U — U, y(z) =x, 0 : £ — A", 9(&) = € and a pertur-
bation Sy(z, &) for y € R sufficiently small such that,

_ Gf(Z,é) if y=0
SV(Z’@_{ Fr(y(2),9(€)) if y#0

Proof:

We will use a second coordinate change in order to get a perturbation of the
terms A; for i = 1,2. Consider
x=z+YKi& (4.29)

where y € R and the matrix K| has the same size as A;. Using Equation (4.29) in Equa-
tion (4.27) we will get the following equation for z =% :
: T T T T 1 7
¢ = Jrr (A +K)E 87 (A +y(Ki B3 + Ky B3 )+ 52 Esz (4.30)
+ O+ 8]l + &%)

Note that x depends on z by Equation (4.29), so we have a change of variables y/(z) = x.
If we set
Bi(Y) = Ai+VK (4.31)
Bay) = Ax+Y(KiEs+K[ES) (432)

then we get the simpler equation:

¢=8y(2,8) = Je+BI(NE+E Bay)z+2 Exz
+ O + €l +1&P),

for all (z,&) in a neighborhood of (0,0). The main idea will be to turn each B;(y) into E;
for i = 1,2. In other words, we must find conditions over the matrix K; and € depending
on & such that:

Eie = Bi(y)S
8TE2 = éTBz(’)/).
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Note that, if y =0 then
So(z,6) = Gr(w(2),8).

We suppose y # 0 sufficiently small and we will prove that there is a change of coordi-
nates ¥ (&) such that

Sy(z:8) = Fr(¥(2),8(5))-

The matrix B;(y) has n x m size and B;(7y) has n blocks of m x n :

By (y) Az
By(y) = : = s
By (7) Agy+ VK] (5 +T)
and foreach j=1,...,n
(Baphn = ( coli(Bay) -+ colu(Br)) )

The strategy to make B (y)§ equal to Ej € will be, from Equation (4.31), looking
for conditions over K| and & such that

Eie =B(7)§ = (A +WK)E.

So we have,

0O --- 0 € ah a}m kipn - kim &
1 -« 0 €, a}n a}lm ko kum En
where a1 are entries corresponding to A;. Equivalently, we need to find k;; and € by

the followmg relation:

0 ah + Yk - alm Ykzm &1
0 Clrll,ll +'}’an a,1171m+yknm &mfl
€1 a;l e arlzm ém

Except for first row, we found the last (n — 1) rows of K} and they must satisfies:

m

0 = Z al_y;+vkij)Ej, i=2,...,.n—1,

— kj=—— i=2..n-1, j=1,...m (4.33)

and ¢ is given by,

= Z] ai&;. (4.34)
iz
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To complete K| and € we must to use the Equation (4.32) to find the first row of K; and
the others g for i =2,...,n. To make it we will prove that

eTEy =ETBy(y)

where it means this:

E2n A2n+’yK1T(%+‘%ﬂT)
Since &7 is arbitrary, we have from the n rows:

Ay = 0 fori=1,....n—1,
e'Ey = ET(Ap+ YK (A + 7)) =ET By (7). (4.35)

Remembering the form of E,, of Equation (4.27), we have from Equation (4.35):

(0,&2,...,8,) = (ETcoly(Ban(Y)), ET cola(Ban (7)), .., ET col,(Ban(7))), (4.36)

again, as ET is arbitrary, it implies that the first column of By, () is a null-column, that
is coly (B2, (y)) = 0. So, y # 0 implies

0 = col (Ba,(Y)) = coly (A, + VKT (S + #T))

consequently,
1
col (KT (A +.T)) = —7—/c011 (A2p).

Remembering that the sizes are (K} ),x, and (€ + 5#7),«,. To get the complete first
row of K; we need to extract the first entry of each row vector of the (KT (7 + #T)).
Let (kjr)lm = (kij,-..,knj) be the j-th row vector of KT . Then, we have

kN + T | a%l
coly : = _5/ : ,
k;(%—{-%T) mxn a%“ mx1

where a?l are the entries of the first column of the last block Ay, of A;. We will highlight

the first entries of each row vector kJT (o + H#T). They are given by
a2,
kij(hij+hj;) = —? foreach j=1,...,m.

i=1
When i = 1 we will get each entry of the first row of K7, so the first row of K] is given by:
@ X k(i +hy)
y(hj+hji) (hj+hj)

kij=— (4.37)
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for each j = 1,...,m. Note that /7 is not symmetric or skew-symmetric, so hy; # hj;.
Finally, using Equation (4.33) in Equation (4.37) we have completed matrix K :

—1j . .
kij - _%’ l:2,_,,7n, ]:1,...,]’]’1
2
by = - Lok tha) .y
Y(hj+hp)  (hj+hjp)

Therefore K| depends on matrices Ay, A; and .7 while the parameter € was constructed
by Equation (4.34) and completed by Equation (4.36) and its depends on §, A}, A, K;
and 7 :

m
& = Za,lljéj, SingCOZi(an), i=2,...,n.
=1

Thus, we have found a change of variables y : U — U given by y(z) = z+ YK,& and a
change of parameters ¥ : £ — A", ©(§) = € such that Fr(y(z),%(§)) = G¢(z,&). There-

fore, the unfolding of f to n-parameters is miniversal.

4.4.2 Generic condition

We have seen in Theorem (31) that the same condition o # 0 on the second par-
tial derivatives of f € € (U,RR") is essential to prove the equivalence topological of both
unfolding, it was proved in the neighborhood of the fixed point. We call that condition
by generic condition and we will use it to decompose the 2-Jet space of unfolding into
disjoint subspaces. Consider the 2-Jet unfolding space

FUUX AR = | P, (U x A" R,
(x.€.)
we can decompose the right side into disjoint subspaces for each point. In particular,
the right side of the 2-Jet space above at the point (0,0,0) is decomposed as follows

J(ZO,O,O)(U X A" RY) = J(zo,o,o)(U x A" R", o # O)UJ(Z()’O’O)(U x A" R" oy = 0),
where

9°h,

’ 8x%

represents all 2-jets of the unfolding of maps in €*°(U,R") as a; # 0 at the point (0,0,0)

{/2H,(0,0)|h € €= (U,R") (0) # 0,H(0,0) = 0} = V{o,0,0)

and for

J(20,0,0)(U x A", R", ay =0) =

{j*Hu(0,0)|h € €= (U,R"), W(O) = 0,H,(0,0) = 0} = W 0,0)
I
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represents all 2-jets of the unfolding of maps in € (U,R") as oy =0 at the point (0,0,0).
We can extend it for all points in U x A" to get

JHU X A" R") = VUW,

where

V= U Vikey: W= U Waey:
(x,s,y) (x,e,y)

Note that W is formed for all 2-jets of unfolding from maps which can not

be transformed into j2F; as f has 821‘2;’ 0) # 0. Also note that, for f specifically from
f o] P y

Theorem (31), we have j*Fy € V(0,0,0) C V. Therefore, given f € ¢~ (U,R") with %2;%” (0)#0

we have j2F(x,€) ¢ W for all (x,€) € Q(0,0) C U x A" in a neighborhood of the origin

and consequently j2Fy h W. We define the following set:
Ty = {Fy € €7 (o), R")| j*Fy hW}

for all f € €=(U,R") Vo (0) # 0. By Thom’s Transversality Theorem (27), 9 is a

’ ax%

residual subset of €% (U x A",R") in the €*~-Topology. As ¢ (U x A",R") is a Baire
space we concludes that Zy is an open and dense subset of (U x A", R").
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CHAPTER

SYMBOLIC DYNAMICS

In this chapter we will introduce, following the excellent textbooks (WIGGINS;
WIGGINS; GOLUBITSKY, 2003; KATOK; HASSELBLATT, 1997; DEVANEY, 2018), the
Symbolic Dynamics. This concept is a fundamental resource to reach conclusions about
some phenomena in several areas of research, for example, in the study of periodic
orbits in dynamical systems. Basically, symbolic dynamics is composed of a space of
sequences of symbols, which is a set formed by sequences bi-infinite where each term of
this sequence can be chosen in a set finite of distinct symbols, together with a function
defined over this space known as the Shift map. This symbolic structure encodes only
the orbital properties of the dynamical system and the connection between these two
concepts takes place through a topological conjugation.

5.1 The structure of the space of symbol sequences

Let S ={0,1,2,...,N — 1} be a finite set of N symbols. We can produce an space
metric structure in S by defining a metric § such that §(a,b) =0 if, and only if, a = b and
0(a,b) = 1 otherwise, for any symbols a,b € S. Let Ly be a set of all bi-infinite sequences,
where each term of this sequence is a symbol of S. A bi-infinite sequence s € Xy is
written as

s:={...5_25_1@505152...} (5.1)
where s5; € S for every i and (o) means the start point of the sequence. We will produce a
structure of metric space on Xy defining a metric d. Let 5,5 € Ly be bi-infinite sequences
givenby s ={...s_os_jesps152... }and §={...5_25_1 50515, ... }. We define the metric
by:
d: EyxXy — R

) =S (5.2)
(5,5) +— d(s,5)= ) Mite

[=—o0
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where 6; = |s; — §;| is defined by:

1, if 5; #35;
= b isAs (5.3)
0, if s;=3y;

Remark 35. The definition of the metric d has involved a bi-infinite series and it is

dominated by the geometric series which is convergent:

+<>°1

d(s,5) = Z T

[=—o0 [=—o0

(5.4)

2||

Therefore it converges as well.

Proposition 36. The ordered pair (Ly,d) is a metric space.

Proof: Indeed, let s, 5 and §be bi-infinite sequences. Clearly d(s,5) > 0. We have d(s,5) =0

1
l— °°2H1+5 -

As 6; does not depend on order of the s and § we have d(s,5) = d(5, s) straightly. Finally,

if, and only if, =0 for all i if, and only if, §; = 0 for all i, if and only if, s = 5.

the triangular inequality follows from the observation that:
[si = Sil < [si — 8 + |8 — 5.

Therefore, we obtain

d(s,5) < d(s,5) +d(5,3).
n

The following proposition is fundamental to give meaning to what is meant by
the neighborhood of a point s in Xy as well as a basis for the space topology of the

bi-infinite sequences.
Proposition 37. Let 5,5 € Xy be bi-infinite sequences, then
1) If s, = §; for all |i| < M, then d(s,5) < ZLM

2)Ifd(s,5) < 2LM, then s; = §; for all |i| <M.
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Proof: 1) Indeed, we assume that s; = §; for all |i| < M, then

B R B
d(s,5) = Z R

j=—oo0

=M-1 0; oW ’S,'—Sl" = 1 &

- ;o ﬂl—f—& i:ZMml—l—‘Si—Si‘ i:4§4+1m1+5i
i=—M—1 oo
1 6 1 o
e S S
S 2+ & 20+

=M-1 1 11

< Y ==+ ) =
S22 G202
i=—M—1 +oo
1 1
-y Loy L
~ 2lil+-1 Ay 2il+1
B f 2 J“Z"j 1
i=+M+1 2lil+1 i=+M+1 2/
1

Therefore, d(s,5) < 2LM Now, we will prove 2). By contradiction, if s; # § for some
|k| < M, then we have

~ 1 d(Sk,.STk) 1 1
> — = > .
ds:5) = o L+ d(sg,50) 2K+ = oM
Thus, if d(s,5) < 2M—1+1,thens,~:s',- forall |i| <M. [ ]

We should conclude from Proposition (37) that, given € > 0 there is a number
M = M(g) > 0 such that 2LM < g, then we safely define what we mean by a neighborhood
of a bi-infinite sequence s € Ly :

N(e,5):={5€Xy: d(s,5) <e}={5€Xy: si=35 forall |i| <M}. (5.5)
Much of the structure of Xy is inherited from S. Next, some properties are listed:

Proposition 38. The metric space (Zy,d) is:
1) Compact;
2) Totally disconnected;
3) Perfect.

Proof: Indeed, 1) and 2) come from the compactness of S which is a finite set of symbols,
and by Tychonov’s Theorem, the space of bi-infinite sequences Xy is also compact, and
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due in fact S is totally disconnected and it also surely by Cartesian product. We know
that every finite set is a closed set, so for 3) we need to prove that every point in Xy is
a limit point. Given s = (...s_2s5_1 ®505152...) € Xy and € > 0, then there is M > 0 such
that .4 (¢,s) is a neighborhood of 5. Let § € Xy be a bi-infinite sequence such that §; = s;
for all |i| < M but we have

_ smy1+1=s" if sy 1 #N—1
SM+1 = . : (5.6)
SM+1—1:S, lfSM+1:N—1
Therefore, we get a sequence
S= (0o s S Me—2y 8™ S My ey S_1 880,81,y SM,S 3 SM42,- -+ ) (5.7)
which is an element from ./(g,s) and s # 5.
|

As every compact metric space is complete, we can conclude that the space of bi-
infinite sequences of symbols is uncountable through the following theorem attributed
to Hausdorff.

Theorem 39. Every perfect set in a complete metric space has at least the cardinal of

the continuum.

5.2 Shift map

The Shift map is defined over bi-infinite sequences metric space 6 : Xy — Xy
taking any bi-infinite sequence and it will move the start point (e) to the next term of
the sequence:

O(...5-25 10505152...) = (...5_1S0®515253...) (5.8)

in short form (o (s)); = si+1. In the previous section, we know that Xy is a topological
space which is induced by the metric d. Next result is important:

Theorem 40. Shift map ¢ : Xy — Xy is a homeomorphism.

Proof: We should prove that o is a bijective map, continuous with its inverse map also

continuous. For the first one, o is injective. Indeed, if o(s) = o(5) then

G(...szsfl 0SOS1S2...) = (...S,1SO0S1S2S3...)
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Thus, (...5_150 ®s15253...) = (...5_150 ® 515253...) it implies that, s; = § for all i € Z.
Therefore s = 5. Surjective. Indeed, given s = (...s_2s_1 ®spsys2...) in Xy, we just need to
take §=(...5_2 05 150515 ...) also in Xy, and then we get 6 (5) = s. For the second one,
let’s prove its continuity to any s € Xy. Given € > 0 there is M > 0 such that 2M—1_1 <E.
Let’s take 6 = zM—lﬂ < 2LM If d(s,5) < 6 then, by the Proposition (37) Item 2), we get
si = §; for |i| <M and it implies that (o(s)); = (o(5)); for all |i| <M — 1. Consequently, by
Proposition (37) Item 1), we have d(o(s),c(5)) < 2M—1_1 < €. Similarly we can prove that
o l: Xy =Xy given by (671(s)); = s;_1 is also continuous.

The following theorem gives us a description of the structure of the orbits of Xy

under o.

Theorem 41. The Shift map has the following properties:

1) a countable infinity of periodic orbits of all periods;
2) an uncountable infinity of non-periodic orbits;

3) a dense orbit.

We will assume in this proof by simplicity N = 2 (space of two symbols, namely,
0’s and 1’s). For general N, the proof follows similarly.

Proof: Item 1). We remember that for each bi-infinite sequence s € X, denoted by
{...s_n...s_l.s()sl...Sn...}

the Shift map acts

G(s):{"'S—n"'s—lsO'sl"'Sn"'}-

Given a bi-infinite sequence that periodically repeats after a fixed length &,
for instance, {--- 1010 1010--- } of length 2, we will be represented by a finite length
sequence with an overline {10 e 10}. We easily see that every periodic sequence of length
k is a periodic orbit of period k for o, for instance, 6>({10010}) = 6(c({10e10})) =
{1010} for k = 2. Since that, a positive integer k is given, and there are a finite number
of bi-infinite sequences of length k which corresponds to periodic orbits for ¢ of period
k. Therefore, the Shift map has a countable infinity of periodic orbits of all periods.

Item 2). Given a bi-infinite sequence s € £, we might associate a infinite sequence in

following way:

{...an...s—l.sosl...sn...}H{.Sosl...sn...}‘
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This relation is surjective. We know that all irrational numbers in the closed
interval [0, 1] form an uncountable set. For each number in this interval, we might
decompose it on the base 2 as a binary expansion of 0's and 1’s, and each irrational
number corresponding to a unique infinite non-repeating sequence of 0’s and 1's. As a
consequence, we have a one-to-one correspondence between the uncountable infinity set
and the non-repeating infinite sequence set. Since that, non-repeating infinite sequences
correspond to non-periodic orbits for o, the Shift map has an uncountable infinity of
non-periodic orbits.

Item 3). We will construct a sequence s* € ¥, of two symbols 0's and 1’s such that its
orbit is dense in X, that is, for any s € X, and € > 0 there is a integer number M = M(¢)
such that d(o¥(s*),s) < €, where d is the metric defined in Equation (5.2).

Construction of the bi-infinity sequence s* € ¥,

We note that for each length k there is a finite number, namely, 2k of different
finite sequences of length k. To distinguish different finite sequences, we will define an

order in the following way: given two finite sequences s,t € ¥

S:{Sl...skl} t:{tl.tkz}

of lengths k; and k, respectively. We say that s < ¢, first of all, if k1 < ky. Otherwise, when
ki = ky, then s <t if s; < t; at the first i such that s; # 1;.

For instance, finite sequences of lengths 1,2 and 3 are:
Length 1: {0} < {1}
Denoted s} < s}
Length 2: {00} < {01} < {10} < {11}
Denoted s? < s3 < 53 < s3
Length 3 : {000} < {001} < {010} < {011} < {100} < {101} < {110} < {111}
Denoted 53 < 53 < 53 <s3 <2 <s3 <s3<s3
etc...

Generically we denote s’l‘ < s’é < - -sgk, < s’ék all 2* finite sequences ordered of
tixed length k.

Thus, let us consider the bi-infinite sequence:

st = -sgsgsisgsis%sé os%s%s%s?sgsgs% RN (5.9)
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The sequence s* is formed for all possible finite sequences of all lengths.
s* is a dense orbit for ¢

Indeed, let s € ¥, be any bi-infinity sequence of two symbols and € > 0. By
Proposition (37) Item 2), the e-neighborhood of s consists of all bi-infinity sequences ¢
such that d(s,7) < €. Thus, there is an integer number M = M(¢) such that s; =¢; for all
il <M. By construction of s*, the finite sequence of length 2M + 1

{S_M...S_IQSOSI...SM}

is contained somewhere in the sequence s*. Consequently, there is an integer M’ such
that d(6™ (s*),s) < e. Therefore, the Shift map has a dense orbit in X,. The proof for Ly
for any N > 2 follows similarly. This concludes the proof of the theorem.
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CHAPTER

SMALE HORSESHOE

In this chapter, we will introduce the Smale horseshoe geometrically as the
image under a prototypical two-dimensional map possessing a chaotic invariant Cantor
set. The existence of the Smale horseshoes provides a mechanism to decide when a
system display chaos, and which sense chaos is meant. We will see, in Chapter (7), an

application of the results presented in this chapter.

In Section (6.1), we will define the two-dimensional map. In Section (6.2) we
will introduce the important concepts concerning proving the Conley-Moser Theorem,
which gives sufficient conditions to exist a chaotic invariant Cantor set. In Section (6.3),
we will see the important connection between the Shift map, introduced in Chapter (5),
and the Smale horseshoe. We also show what means chaotic behaviour, and how it can
be seen through the connection with Symbolic dynamics. In Section (6.4), we present
the Sector bundles, which is a concept that will create an improvement for the Conley-
Moser Theorem in order to make it easier to apply. The main result of this section
says that the hypothesis involving sectoral bundles is a better verifiable sufficient
condition for the Conley-Moser Theorem. We follow the excellent books to present this
chapter (GUCKENHEIMER; HOLMES, 2013; WIGGINS; WIGGINS; GOLUBITSKY,
2003; WIGGINS, 2013).

6.1 Definition of the Smale horseshoe

The Smale Horseshoe Map is defined as a combination of geometrical and
analytic structures. For convenience, we will consider a unity square defined by set
U:={(x,y) €ER}0<x<1,0<y<1} on the plane R? and a map f: U — R? which it
will send horizontal lines, curves, and strips into the vertical lines, curves and strips

respectively. In other words, in an orderly way, this map will contract and expand
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strips into U on the x-direction and y-direction respectively, finally, it will fold around,
laying it back on itself. Reverse process f~! consists of reverse order sending vertical
lines, curves, and strips into horizontal lines, curves, and strips. Iterations of f will
construct ever narrower vertical strips into unity square U and reverse iterations f~!
will construct ever narrower horizontal strips into U. Intersections of all iterations f”,
n € Z, will give us an invariant set A with Cantor set features. See Figures (6) — (10).

Folding

ﬁ |

Figure 6 — First iteration of the geometric construction of Smale Horseshoes. We see two distinct horizontal strips
inside the unity square and f will work in an orderly way, firstly it will contract the strips on the x-axis
direction, secondly, it will expand the strips on the y-axis direction, and third, it will fold around itself.
Those three steps are a composition of Homothety, Expansion, and Fold which will hold the initial
topological structure. Finally, the intersection f(U)NU will keep some points from the unity square
and throw away other points.

+ Expansion —

— Contraction +

Next, Figure (7) shows us the second iteration of f on the vertical strips:

UNnfU) unfu)nfiu)

_)

Figure 7 — Second iteration. The map contracts expand and fold both vertical strips. The intersection with the unity
square is U gives four narrow vertical strips, each encoded with a distinct sequence of two symbols.
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The reverse process denoted by f~! is showed in the Figure (8):

<+ Expansion —

— Contraction +

=
E
5
S

Folding

Figure 8 — The reverse process f~! is started with two vertical strips, then we contract it in the vertical direction
and expand it in the horizontal direction. After that, we fold it around itself getting two horizontal
strips by the intersection with the unity square U.

Next, Figure (9) shows us the second reverse iteration of f -1

unfiw)nu

Figure 9 — Second reverse iteration. The map f~' contracts, expands, and folds both horizontal strips. The
intersection with the unity square is U gives four narrow horizontal strips, each encoded with a distinct
sequence of two symbols.
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The formation of the invariant Cantor set is making intersections of all backward
and forward iterations, next, we will see it for n = 0, £1, 2. See Figure (10).

AUl w)nunfU)n (V)

OO0 OO
OO0 OO
OO0 OO
OO0 OO

Figure 10 — Intersection f"(U)NU for n = 0,%1,£2 with unity square U.

Lemma 42. We have the following properties:

i) Suppose V is a vertical strip; then f(V)NU consists of precisely two strips, one in Vj
and one in Vi;

ii) Suppose H is a horizontal strip; then f~!(H)NU consists of precisely two horizontal
strips, one in Hy and one in H;.

Proof: Indeed, by definition of f, if V is a vertical strip intersecting both horizontal
strips Hy and Hj, then f(V)NU consists necessarily of two vertical strips, one in V; and
one in V;. For Item ii) the proof is similar.

6.2 The Conley-Moser Theorem

This section will present conditions to decide when a dynamic system has
chaotic behaviour through the so-called Conley-Moser conditions. The purpose of these

conditions is to guarantee the invariance of the iteration process.

6.2.1 The Conley-Moser conditions

The Conley-Moser Theorem proves the existence of a homeomorphism such that
the Shift map and Smale Horseshoe map are topologically equivalent. We begin this
subsection by defining the basic concepts to prove that.

Definition 43. Let U be a unity square. We define the curves:
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i) A u,-vertical curve is the graph of a function x = v(y) for which v: [0, 1] — [0, 1] such
that, for all y;,y, € [0, 1]

(1) =v(2)| < Wyt =2l (6.1)

ii) A uy-horizontal curve is the graph of a function y = h(x) for which 4 : [0,1] — [0, 1]
such that, for all x;,x; € [0, 1]

|h(x1) —h(XQ)‘ < uh]xl —X2’. (6.2)

Definition 44. Let U be a unity square. We define the strips:

i) Given two nonintersecting u,-vertical curves vi(y) < v, y € [0, 1], we define a u,-
vertical strip as

Vi={(x,y) €R*|x € v1(y),v2(y)]; y € [0, 1]}; (6.3)

ii) Given two nonintersecting p,-horizontal curves h;(y) < ha, x € [0, 1], we define a
Wp-horizontal strip as

H:={(x,y) €R?| y € [ (x), ha(x)]; x € [0, 1]}; (6.4)

iii) The width of horizontal and vertical strips is defined as

dH) = xgl[g)i]l\hz(x>—h1(X)|!; (6.5)
dV) = max [[va(y) —vi(y)]]- (6.6)
y€[0,1]

Next, we will present an important result that will be useful.

Lemma 45. Let V; and H, be vertical and horizontal strips respectively. Then,

) IfVi DV, D--- D V.- is a nested sequence of u,-vertical strips with d(V;) — 0 as
k — oo, then N;?_,Vy = V.o is a u,-vertical curve;

ii)If HH D Hy D --- D Hy--- is a nested sequence of u,-horizontal strips with d(Hy) — 0
as k — oo, then N7 Hy = H.. is a ,-horizontal curve.

Before proving that Lemma we observe the set of all Lipschitz functions with
fixed constant u, denoted by %), ([0, 1]) defined on the interval [0, 1], is a complete metric
space with the maximum norm. Basically, any Cauchy sequence of Lipschitz functions
with the same constant u, will converge to a continuous function at the limit with the

same constant u,.
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Proof: We will prove Item i). Let vA(y),4 be the boundaries of the p,-vertical strip V;.
We define the following sequence

1)) 0),v3 (), (), - ) (6.7)

It is a Cauchy sequence. Indeed, let {vX(y),v4(y)}ten be a sequence of elements from
%u,([0,1]). Given any € > 0, there is N > 0 such that, for all kK > N we have by hypothesis
d(Vy) < §and forall s > k

(Vi ()2 () — (), v2 ()] =

V()5 (7)) = () VB 0)) + (K 0)v5() = (4 (), v ()| <
Ie(ﬁ(z),VE(y)) — (KO EON 1050 E0) — ()5 0)] <
- +-=E¢.

2

Thus, it is a Cauchy sequence. Since that %}, ([0, 1]) is complete, this sequence
has the limit in €,,([0,1]) and due sequence of strips be nested we get all intersection of

them equal to u,-vertical curve.
For Item ii) the proof is precisely the same changing what should be changed.
|

Lemma 46. Suppose 0 < u,u;, < 1. Then a p,-vertical curve and a y,-horizontal curve

intersect in a unique point.

Proof: Letx=v(y) and y = h(x) be u,-vertical curve and p,-horizontal curve respectively.
We will prove that the equation y = h(v(y)) has a unique solution. A solution consists
of an ordered pair (x,y) € U such that each one must satisfy x = v(y) and y = h(x). We

consider the closed interval I := [0, 1] and we just need to prove that
hov:I—1 (6.8)

is a contraction mapping. Indeed, I is a complete metric space with the metric given by
the absolute value and then, we calculate for any y;,y2 €1 :

[[h(v(y1)) = R(v(2))|] < tallv(y1) —=v3)[| < atty]yr = y2l- (6.9)

By hypothesis, 0 < y,u, < 1 which means hov is a contraction mapping. By the Con-
traction Mapping Theorem, hov has a unique solution (xp,yo) such that xo = v(yo)
and yo = h(v(yo)). Therefore, the intersection between vertical and horizontal curves is

unique.

|
We will consider the complete metric spaces ¢, ([0, 1]) and %, ([0, 1]) of Lipschitz

functions with constants Lipschitz u, and p, respectively. For the next theorem, we will
consider the following hypothesis:
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H1 The function f : U — R? maps horizontal strips H; homeomorphically onto vertical
strips V; (f(H;)) =V, for i =0,...,N sending vertical and horizontal boundaries
from H; to vertical and horizontal boundaries from V; respectively. Moreover, each
pair of u,-vertical and uy-horizontal curves satisfies 0 < u,u, < 1.

H2 Let V be any p,-vertical strip contained in UjesV;. Then V N f(V;) =V is a u,-vertical

strip for every i € S. Moreover, its strip width satisfies
d(7;) < vd(V,) (6.10)

for some number 0 < v, < 1. Similarly, let H be any u,-horizontal strip contained
in U;jcsH;. Then f~'(H;)NH = H; is a y,-horizontal strip for every i € S. Moreover,
its strip width satisfies

d(H;) < vid(H;) (6.11)

for some number 0 < v;, < 1.

Theorem 47 (Conley-Moser). Suppose f satisfies Hypothesis H1 and H2. Then f has
an invariant Cantor set, A, on which it is topologically conjugate to a full Shift map o

on N symbols.

We will conclude the Theorem (47) after the proof of the following lemmas

Lemma 48. If f satisfies Hypothesis H1 and H2, then f has an invariant Cantor set A.

Proof: The invariant Cantor set A will be constructed step-by-step. We will first construct
a set of an infinity number of u,-vertical curves which will be denoted by A_.. meaning
negative iterations of f. In the second part we will construct a set of infinity numbers of
up-horizontal curves which will be denoted by A ;.. meaning positive iterations of f in
a similar way. The invariant set will be given by the intersection A := A_NA . Let
us start first the construction of A_., with a number N of u,-vertical strips inside unity
square U :

A= Ve, (6.12)

s_1€S

We remember that S is the set of N symbols, then A_ consists of N vertical strips V;_,,
each one indexed by a fake symbol s_; but only one in S. This observation will be
important to get a one-to-one correspondence between points of unity square with
a sequence of symbols. The negative index sign means backward iterations. We also
remember the mechanism to get Horseshoe presented by the definition of f, which is
taking f(U)NU and we will proceed to make iterations f*(U)NU for all n € Z. So, from
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definition of f, the second iteration is

Aon = fa)n| U v (6.13)
s_1€S
= flUv,|nl UW, (6.14)
s_1€S s_1€S
= | Ursrviy)|n| UWw, (6.15)
s_p€S s_1€S
= |J f(vs,)NVy, (6.16)
i
— U Vs,gs,y (617)
s,iES
i=1,2

Precisely, the set A_, consists of N? y,-vertical strips, each one of length two encoded
one-to-one by 2 symbols of S. This set contains all points p € V;_, C U such that f~!(p) €
Vi_, for s_j,s_5 € S. By the Lemma (42) we have a nested sequence of sets V;_,,_, CV;_,.
We also have by the Hypothesis H2 its width set is:

dVs_ys ) <vd(Vs_,) < W, (6.18)

for some number 0 < v, < 1. Just like before, we proceed to iteration again. For the third

iteration we have:

Ay = fA)n| U Ve, (6.19)
s_1€S
= |l U rve)nv, [n| U v, (6.20)
s_;€ES s_1E€S
i=2.3
= | UV |n| U rviy)|nl UWw, (6.21)
s_3€S s_p€S s_1€S
= U £V )NfVs,)NVe, (6.22)
iiﬁi,ezs,3
= U Vs,gs,zs,l- (623)
iiii,ezs,3

Again, the set A_3 consists of N> y,-vertical strips, each one of length three encoded
one-to-one by 3 symbols of S. This time, the set V;_,; ,s , contains all points p € V; | CU
such that f~!(p) € V,_, and f~2(p) € V,_, for s_1,5_2,5_3 € S. By Lemma (42) we have a
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nested sequence of sets
Vi gsasy © Voias C Vo (6.24)

We also have by the Hypothesis H2 that its width set is:
d(Vs gy 0.1) SVd(Vos ) S ViV ) S % (6.25)

for some number 0 < v, < 1. Now we want to get the expression for k — —eco. Like before,
we only need to do an extension of the previous expression: for k sufficiently large we
have:

A = fihe)n| U Ve (6.26)
s_1€S
= | U FA2m)nnrve)nve, [0 U Ve (6.27)
S_iGS 57165
=2,k

= | U~y |n-n| U rv)|nl UWv, (6.28)

S_r€S s_o€S s_1€S

= U Aveon-nfvi,)nve, (6.29)
S,l'S
i:l,ik

= U Visssos- (6.30)
SiiES
i=1,...k

Again, the set A_; consists of N* u,-vertical strips, each one of length k encoded
one-to-one by k symbols of S. The set Vs , s s ,s , contains all points p € V; | such
that f~'(p) € Vs, f2(p) € Vs, and f*(p) € Vi, for s_i,s_2,53,...,s_ € S. By
Lemma (42) we have a nested sequence of sets Vs, s .5 .5 , C--- C Vs ,. We also have by
the Hypothesis H2 its width set is:

d(vsfk“'SAszSq) << V\lf_zd(VLle) < V\lf_]d(VSq) < lezc_l (6'31)

for some number 0 < v, < 1. This proceed follows indefinitely. For k — —oo and we have
a set of infinite number of u,-vertical curves defined by:

—o0

Ao = | 0NV )nnfVe )NV . (6.32)
SiiGS
ieN

And we have the nested sequence

- C V,..s,k...s_3s_23_1 c.---C ‘/S_Qs_l C ‘/S_l (633)
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with its width
AV s 3505,) =0 as  k— —oo. (6.34)
By Lemma (45) we know that
Vfoo = m ‘/S,k...S_3S_2S_] (635)
keN

is a p,-vertical Lipschitz curve. We emphasize that the V_., u,-vertical curve is encoded
by only one infinite sequence of symbols of S.

Let us start first the construction of A .. with a number N of u,-horizontal strips
inside unity square U :
Ao = | J Hy,. (6.36)
SoES
Similarly Ag consists of N horizontal strips Hy,, each one indexed by only one fake
symbol sg in S. The positive index sign means now the forward iterations. So, from

definition of f, the second iteration is

A = | U Hs | Nf(A) (6.37)
SoES
= | UHy | s ( U HS0> (6.38)
S0ES soES
= [ UHy,|N (U f(Hsl)> (6.39)
SoES s1ES
= |J Hy,Nf(Hy) (6.40)
iigfl
= |J Hyps- (6.41)
o

Precisely, the set A; consists of N? y;-horizontal strips, each one of length two encoded
one-to-one by 2 symbols of S. This set contains all points p € Hy, C U such that f(p) € Hj,
for 59,51 € S. By Lemma (42) we have a nested sequence of sets H,;, C Hy,. We also have
by the Hypothesis H2 its width set is:

d(Hsosl) S Vhd(HS()) S Vi (642)

for some number 0 < v;, < 1. Now we want to get the expression for k — +oo. Just like
before, we only need to do an extension of the previous expression: for k sufficiently

large we have:
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Ay = (U Hs0> Nf(Ak-1) (6.43)
SoES
= (U HSO) ﬂf U Hslﬂf(Hsz)m”'ﬂfk(HSk) (644)
e =i
— (U Hs0> N (U f(Hsl)> NN (U FYH) (6.45)
SoES s1€S SKES
= U Hsomf(Hsl)m‘“ﬂfk+1<HSk) (646)
=0k
= U Hsosl..‘sk (647)
i:s6f.€..s,k

Again, the set Ay consists of N p;-horizontal strips, each one of length k encoded one-

to-one by k symbols of S. The set Hj contains all points p € Hy, such that f(p) € H,,

051---Sk
f2(p) € Hy, and f*(p) € Hy, for so,51,52,...,5 € S. By Lemma (42) we have a nested
sequence of sets Hy,..;, C -+~ C Hy,. We also have by the Hypothesis H2) its width set
is:

d<HS()51~-.Sk) << Vil;_]d(Hsoﬂ) < V/l;d<HSo> < V}If (6-48)

for some number 0 < vj, < 1. This proceed follows indefinitely. For k — 4o and we have
a set of infinite number of uj,-horizontal curves defined by:

—+oo
Ao = | JHyNf(Hy) N0 fA(Hy ). (6.49)

Sl'ES
ieN

And we have the nested sequence

« C Hygysy..5p C -+ C Hyyyy C Hy, (6.50)
with its width
d(Hyys,..,) >0 as  k— oo (6.51)
By Lemma (45) we know that
~+o0
H+oo = ﬂ Hsosl...sk (652)
keN

is a yp-horizontal Lipschitz curve. We emphasize that the H,.. i;-horizontal curve is

encoded by only one infinite sequence of symbols of S.
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Therefore, the invariant set is given by
A=A_oNAi CU (6.53)

which contains all points of the unity square U invariant by all iterations of f. By the
Hypothesis H1, each pair of vertical and horizontal curves intersect at a unique point.
Thus, A is an uncountable discrete set.

Lemma 49. There is a homeomorphism ¢ : A — Xy such that ¢ o f = c 0 ¢.

Proof: From the construction of the invariant set A we know that for each point p € A
there are only two curves, one p,-vertical and one uj,-horizontal curve whose the
intersection between them is precisely the point p. Moreover, there are only two infinity
sequences of symbols given by

co S kS _ga1-..5—1, and  soSy...Sk_1Sk--- (6.54)

to u,-vertical curve and py-horizontal curve respectively. Thus, we have a well-defined

function

d:A — Xy

p = (.S f...S_1@50S]...Sk...). (6.55)

One-to-One. Let p, p € A be any points. Suppose we have

O(p)=0(p)="(...Sk...5_10505]...Sk...). (6.56)

Thus, there are a unique p,-vertical curve which corresponds to infinity sequence
(...5_f...s_1) and a unique py-horizontal curve which corresponds to a infinity se-
quence (sosi ...Sk...). By the Hypothesis H1), the intersection between both curves is

unique. Therefore, p = p.

Onto. Given any bi-infinity sequence (...s_...5_| ®5051...5¢...) € Xy we know that
(...5_k...s_1) correspond to a unique p,-vertical curve and (sps; ...s...) correspond to
a unique p,-horizontal curve. By the Hypothesis H1) the intersection of them is only
one point p € A. Therefore, p is such that ¢(p) = (...5_¢...s_1 05051 ...5...).

Continuous. Let us prove the continuity of ¢ for any point of A. Let p,p € A be any

points and its corresponding sequences in Xy :

(P(P) = (..-S_k‘..s_lOS()Sl...sk...)

0(p) = (.5 f...5_105051...5...).

Given € > 0,if d(¢(p),0(p)) < €, where d is the metric on Ly, then there is M > 0 such
thats; = §; forall i = 0,+£1,...,£M. It means that p and p remain close to each other up
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to M-th iteration of f. Consequently, both points are at the intersection of the u,-vertical
strip and the u,-horizontal strip denoted to V; ,, s , and Hy, .. 5, respectively. So, let
y =vi(x) and y = v2(x) be u,-vertical boundaries curves with respect to its vertical strip
and let x = A1 (y) and x = hy(y) be uy-horizontal boundaries curves with respect to its
horizontal strip. By the Hypothesis H2) and the Definition (44) Item iii) we have

Vi) = max ) =) =2 —vill <" (657)
y s
d(Hsys)..sn) = max o (x) — hy (x)] = | |ha — By || < V. (6.58)

As we have seen, both p and p belong to a small closed square formed by both vertical
curves and both horizontal curves. Let p; and p, be intersection points: p; = v (y) Nk (x)
and p> = v2(y) Nha(x) are diagonally opposite points. If we denote p; = (x1,y;) and
P2 = (x2,y2) then we have

\p—p| < |p1—p2| = |(x1,y1) — (x2,32)] < |x1 —x2| + [y1 — y2]. (6.59)

We remember that u,-vertical and uj,-horizontal are Lipschitz curves at the constants
W, and w, respectively satisfying 0 < u,u;, < 1. Again, by Equations (6.57) and (6.58) we
have:

1 —xa| = [vi(y1) =v2(2)| < P1(y1) —vi(2)|+ [vi(2) = va(y2)|
< ylyr = y2|+|vi — 2|
< wlyr =yl + v (6.60)

and we also have similar,

vi—=y2| = [h1i(x1) —ha(x2)] < |hy(x1) — by (x2)| + A1 (x2) — ha(x2)|
< Hp|xr — x| + |[xr —x2]]
<l — x|+ vy (6.61)

Thus, substituting Inequality (6.60) in the Inequality (6.61) we get

yvi—yal < wpttolyr —vao| + vt vM

1 M-1_ M
= — (v, " +V 6.62
TS (M i) (6.62)

and substituting Inequality (6.61) in the Inequality (6.60) we also get

i —x2| < poptlx — xo| + vy 4+ v
1
= (v +wh). (6.63)

1 — pppty
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We sum both Equations (6.62) and (6.63):
1

[x1 —x2] + 1 —y2| < l_uh‘uv'(thViu_l+V/[1M)+1_—%'(I~LVV%+V34_1)
= 1_Lhuv-(uhvv”“+vé”+uvv£4+vé”‘l>
= o () ), (6.64)
Therefore, given € > 0 there is
=T (W (L p)vil)

which it depends on € and p € A such that,
lp—pl <8 =4d(9(p),¢(p)) <e.

Commutativity. Let f: A — A be a function, ¢ : A — Xy be the homeomorphism and
0 : Xy — Xy be the Shift map. We will prove that the square is commutative. Indeed, if
p € A then we have a unique bi-infinite sequence ¢(p) € Ly. So,

O(p)="(...5k...S_10508]...Sk...),

and
codp(p)=1(...5 f...S_150®S]...5...).

On the other hand, we note that f(p) € A has the same trajectory of the point p but with
its start point (o) moved one step forward and then, by definition of ¢, the bi-infinity

sequence associated is:

pof(p)="(...5_f...5_150®S]...5...).

Therefore, co¢(p) = ¢ o f(p) for all p € A meaning the commutativity.

6.3 The dynamics on the invariant set

Topological conjugation is an important connection between the Shift and Horse-
shoe maps allowing us to understand the dynamics of the invariant set A. The Main
Theorem above allows to study of the space with complex behaviour A through Xy
which is known. An important property of topological conjugation is that for all N € Z
the N-th iteration of f is equivalent to N-th iteration of o :

9 ooNoo(p) = N(p). (6.65)

for all p € A.
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6.3.1 Chaos

In this subsection, we will discuss the chaotic behaviour on the invariant set
A through the homeomorphism ¢. The idea is to analyze what happens with points
sufficiently close to each other. To do this we set a point p € A and we take B, (&) an
open ball of p. Let p € B,(¢), then there are only bi-infinite sequences:

¢(p) = (---5—23710S0S1S2...)
(P(ﬁ) = (...S_,QS,IOSOSlSQ...),

contained in an open Xy since that ¢ is a homeomorphism. So, there is M = M, € N such
that s; = §; for all |i| < M. Suppose that the terms of the sequences ¢ (p) and ¢ (p) of index
M +1 are 0 and 1 respectively, that is,

o(p) = (s—pm...5_25_10505152...510)
¢(p) = (F-m...5 25 105515...5ul),

this means that the points p and p in the M + 1-th iteration of f through the conjugation
¢~ 'ooMtlop = fMF! gives us that p and p are in distinct horizontal strips at a fixed
distance. Therefore, for any point p there is another point p nearby such that, indepen-
dently of € > 0, after a finite number of iterations of f such points are separated by a
minimum distance. This behaviour in a system is said to be sensitive to dependence on

initial conditions.

6.4 Sector bundles

In this section, we will define concepts of planar Sector bundles into unity
square S. Basically, a Sector bundle is a set of all vectors emanating from unstable and
stable directions for each point. We also introduce a Hypothesis H3 which depends
on derivatives of f substituting the current Hypothesis H2. The main theorem of this
section proves that Hypothesis H1 and H3 are sufficient conditions for Hypothesis H2.
If H; is a horizontal strip, then

H; (O f(H:) = Vi (6.66)

where V;; are vertical strips and
£ (H) N Hj = Hij =~ (Vij) (6.67)
foralli, j € S. We define 5" =, jcgH;j and ¥ =, jegVij and we have
f)="7. (6.68)

We assume f € ¢! mapping 7 diffeomorphically onto #". Next we define stable and

unstable sectors:
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Definition 50. Let zo = (x9,y0) € 77 be any point, a vector emanating from this
point is denoted by (u,,v;,), the stable and unstable sectors are horizontal and vertical

cones respectively defined as follows:

i) ZSO 1= (g, veo) | |uze] < Un|vgl}s

ii) Lsﬂzl:) = {<”107Vzo)| ’Vzo’ < .UV‘MZOH’-

We remark that p;, and u, are the maximum of the absolute values of the slope of
any vector in the horizontal and vertical cones measured concerning x-axis and y-axis
respectively. We also remark that for each point zp in .7 or ¥, we have one stable sector
and one unstable sector at this point. In what follows, we define the Sector bundles
making the union of all stable an unstable sectors for zo € S J 7 :

N N u .__ u

= U7 A= U
20€EH 20€H

P N u .__ u

Sy= ) S, Sh= ) S0
20€Y 20V

Since f € ¢! and maps horizontal strips .7 diffeomorphically onto vertical strips
7 we have the isomorphic map at the point z

Df(z0) : T;,U — Tr(:)U. (6.69)

Hypothesis H3. We assume Df(z9)(-7%,) C .4 and Df 1 (z0)(.5,) C .#5,. Moreover, if
(Uz95Vz9) € L5 then (upi),v5(z)) € 7 and the vertical direction must satisfies

1
Vil 2 (H) V2] (6.70)

Also, if (uz,vy) € 7 then, the image (us1(,),v5-1(,,)) € % and the horizontal direc-
tion must satisfies

1
sl = () o 671)

forall 0 < u < 1— yyu,. Now, we will introduce the main theorem of this section.

Theorem 51. Suppose that the Hypothesis H1 and H3 are holds with 0 < u < 1— upu,.
Then, Hypothesis H2 is hold with v, = v, =

u
1—pppy

Proof: We suppose H is a i,-horizontal strip contained in U;cgH;. Then we must prove,
using Hypothesis H1 along with Hypothesis H3, firstly we claim that f~!(H) N H; = H;
is a y,-horizontal strip for all i € S, and secondly we claim that the width d(H;) < v,d(H)
for some 0 < v;, < 1. Similarly, for a u,-vertical strip V contained in U;csV; we prove that
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f(V)NV; =V, is a w,-vertical strip for all i € S and, moreover, the width d(V;) < v,d(V)
forsome 0 < v, < 1.

For the first claim, we begin with H being a u,-horizontal curve contained in
UiesH,. Then, H must intersect both vertical boundaries of each V; forming a horizontal
curve inside of each V;. Hypothesis H1 ensure that horizontal boundaries of H; are
mapped by f to the horizontal boundaries of V;. Therefore, f —1 (H)NH; = H; is a hori-
zontal curve for each i € S. Remain to prove that H; is a w,-horizontal curve. Indeed, let
us denote by h(x) =y the curve H; for some fixed i. Given two points (x1,y;) and (x2,y2)
on H, as the 1, is the maximum of the absolute value of the slope of any vector in the
horizontal of the curve i(x) =y, measured concerning x-axis, then, by Hypothesis H3
and the Mean Value Theorem, we have

|h(x1) — h(x2)| < pplxr — x2.

Therefore, H; is a u,-horizontal curve. When H is a w,-horizontal strip, the proof follows
similarly applying the same previous idea to each horizontal boundary of the strip.

For the second claim, let py and p; be points with the same x-component, on the
upper and lower horizontal boundaries of H; respectively for some fixed i, of maximum

width, we mean
d(H;) = [po—p1l. (6.72)
We consider the vertical line inside H; connecting both points py and p; defined by
p(t) :=tp1+(1—1)po 0<r<I1.
The derivative concerning ¢ is

plt)=p1i—po€ Sy  VO<i<L (6.73)

Next, we consider te image of p(¢) under f defined by

By Hypothesis H1, the curve z(t) connects both upper and lower boundaries of the
Up-horizontal strip H from the beginning. We denote its endpoints by

f(p(0)) :==z0 = (x0,y0),  f(p(1)):=z1=(x1,51)- (6.74)

As H is a p,-horizontal strip, zp lies on a w,-horizontal curve that it will be
denoted by y = hp(x) and z; lies on a py-horizontal curve that it will be denoted by

y = hy(x).

The tangent vectors of the curve z(¢) are given by the equation

(1) =Df(p(t)p(t). (6.75)
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From Equation (6.73) and Hypothesis H3, z(¢) is a u,-vertical curve contained
in H. Since that, z(z) is a u,-vertical curve then, from the proof of continuity in the
Lemma (49), we obtain

1 1
[[ho — || =
1 — upy 1 — pppy

lvo—y1| < d(H) (6.76)

where d is from Definition (44) Item iii). On the other hand, the Hypothesis H3 allows

us to compare both vertical vectors, we obtain

501 = (3 ) 1ol = () or = ol 677)

and its integral concerning , is given by

[ vl < [ ja

and its solution is given by
[P1—pol| < 1|y —yol- (6.78)

Equation (6.72) and Inequality (6.76) applied to Inequality (6.78) given directly

d(i) < (1 - uv) d(H).

This concludes the proof of the Theorem.
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CHAPTER

SHILNIKOV HOMOCLINIC ORBIT

In this chapter, we study a continuous three-dimensional nonlinear system with a
hyperbolic fixed point of saddle-focus type. We call saddle-focus meaning the existence
of a fixed point O with two-dimensional spiral stable £*(0) and transversely a one-
dimensional unstable &%(0) manifolds. The local dynamic behaviour of these class
systems is well-known and fully understood by Hartman-Grobman Theorem since the

tixed point is hyperbolic.

An interesting phenomenon occurs when we assume the existence of an orbit I',
which is basically a connection non-transversely of both manifolds £&*(0) N &™(0) = po
at the point py. More precisely, it means that the orbit I' is bi-asymptotic, that is I'(t) — O
as t — oo, Formally the homoclinic orbit is a the union I'U{O}. See Figure (11). Shilnikov
(SHILNIKOYV, 1965) proved, assuming this homoclinic configuration and providing that
real eigenvalue has a larger magnitude than the real part of the complex eigenvalues,
that the flow of the system exhibits chaos, thus given the most simple way to prove the

existence chaos. More precisely,

Theorem 52 ((SHILNIKOV, 1965)). Given a three-dimensional autonomous system

x=f(x)

with a hyperbolic fixed point xy, we mean one conjugated complex eigenvalue pair
ptio with p <0 and @ # 0, and one real eigenvalue A > 0. If the value A +p is
positive, then there are countably many saddle periodic orbits in a neighborhood of the
homoclinic orbit I' of the saddle focus.

The value A + p is so-called saddle value, and it is fundamental to be positive in
this theorem. When the saddle value A + p is negative, the structure of phase space
near to homoclinic orbit is trivial leading to a single stable periodic orbit from the
homoclinic orbit. The critical value A 4+ p = 0 was studied in (BELYAKOV, 1984), where
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small perturbations lead to transitions between complex dynamics in the case A +p >0,

and trivial dynamics in the case A +p < 0.

Of course, the existence of this homoclinic orbit is a strong assumption depending
on the nonlinearities and this is not common to that class of systems. Arneodo and co-
authors (ARNEODO et al., 1985) showed numerically that the emergence of a homoclinic
connection in fact occurs from the increase of the limit circle on Hopf bifurcation until
the critical stage where a break in the limit circle occurs leading to homoclinic formation,

thus given more consistency to the theory.

=0

Figure 11 — Shilnikov homoclinic orbit.

In Section (7.1), we introduce the canonical three-dimensional system model
whose linearization has a hyperbolic fixed point of the saddle focus type. In Section (7.2),
we construct the local return map or Poincaré-map in the neighborhood to homoclinic orbit.
In Section (7.3) we are concerned to prove the existence of chaos in the original system,
in order to get this we will prove that the Poincaré map is topologically conjugated
to the Shift map, therefore, by the Conley-Moser Theorem (47), the original system
has an invariant set of positive entropy. We follow the excellent books to present this
chapter (GUCKENHEIMER; HOLMES, 2013),(WIGGINS; WIGGINS; GOLUBITSKY,
2003),(WIGGINS, 2013).

7.1 The three-dimensional system model

We consider the dynamics near to hyperbolic saddle-focus fixed point type to a

three-dimensional system governed by equations with fixed point O moved to origin:

x= px—wy + P(x.yz)

y= ox+py + 0O(x,72) (7.1)

z= Az + R(x,y,2).
The eigenvalues of the System (7.1) are, one conjugated complex pair p +iw and one
real A at the only one fixed point (0,0,0). The nonlinear terms P, Q,R are ¢ 2 such that
P,Q.R and the derivatives DP,DQ, DR vanishing at (0,0,0).
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From now on, we fix the following assumptions:

A1 The eigenvalues satisfies p < 0, ® # 0 and A > 0 such that —1 < ﬁ% <0.

A2 There exists a homoclinic orbit I" connecting the fixed point at origin to itself.

The System (7.1) linearized at the origin possesses locally one two-dimensional
stable subspace E* generated by eigenvectors corresponding to eigenvalues p +iw and
one-dimensional unstable subspace E* generated by eigenvectors corresponding to
eigenvalue A provided by Assumption A1.

xX= px—y
y= 0x+py (7.2)
1= Az

The flow of the linear system is completely solved by known techniques:

x(t) = eP'(xpcos(mt)— ypsin(wt))
y(t) = eP'(xgsin(@t)+ygcos(wt)) (7.3)
(1) = Mz

where, in fact, we have a stable trajectory spiraling on the xy-plane coinciding
with the subspace E* and an unstable trajectory repelling on the z-axis coinciding with
the subspace E"“. See Figure (12).

Eu

=

Figure 12 — Three-dimensional saddle-focus type.

ES

Next, considering nonlinear terms P, Q and R, we get stable &* and unstable &
manifolds tangent to E® and E* at (0,0,0). By Assumption A2, there exists a orbit I
connecting both one-dimensional unstable manifold &“ and two-dimensional stable
manifold &, forming the existence of an non-transversal intersection &* N & = pg

leading to existence of homoclinic orbit, see Figure (13).

We will present, in a detailed and constructive way, how the orbits around a

homoclinic orbit have a complicated behaviour meaning chaos.
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Figure 13 — Homoclinic orbit at the origin O.

7.2 The Poincaré map

In order to study the local behaviour around the homoclinic orbit, we will
construct a diffeomorphic map locally from R? to R? by the composition of the local
solution of Equations (7.3) and the orbit I' re-injected. This composition will be called

the Poincaré map or return map.

We start introducing suitable cross-sections in strategic locations. Let ITy,I1; be
planes positioned transversely in the &*,&" stable and unstable manifolds respectively.

More precisely, Iy,I1; are both defined by:

My = {(x,y.2) €R’|y=0} (7.4)
I = {(xy2)€eRz=p >0} (7.5)

where pg € II)NE* NE" and py € I1) NEX. See Figure (14).

m S
=2l

Po

Iy

Figure 14 — Cross-sections in the Poincaré map.

In order to construct a map ¢ : Ilp — I1; we use the local solution of Equa-
tions (7.3) of the system linearized that we have found before. We need to adapt this



7.2. The Poincaré map 109

solution to initial conditions from Il that will reach I1; in finite time ¢ and also con-
straints on Iy considering points around of pp which cross it just one time.

First constraint we want to know how much time 7' > 0 is needed for any point
on Iy to reach IT;. Thus, we use the third equation for z making the calculation Mz = P1,

which means

T= %log(%) (7.6)
replacing T on Equations (7.3) now for any point (x,0,z) € Iy, we define the map
¢ : Iy — IT; by

x x(2)% cos ($log(22))
0 | = | ()" sin(¢log(2))
< P

The second constraint is about those initial conditions on cross-section Il in

time 7 = 0 that return many times to I before reaching IT;. See Figure (15).

——'
<£§ — <f§%fi
_/.(ro,O,zO /.(rg,O,zO

I Iy

(a) (B)

Figure 15 — A trajectory from initial point (x9,0,z0) returns many times to Iy before reach to I1; in (A), and for
each point on Iy its trajectory will not return to Iy before to reach I1; in (B).

We must avoid the situation in Figure (15) (A). In order to get this, we look at
how much time 7j is needed for some point (xg,0,zg) € Iy returns to itself. So, we want
to know Tj such that Ty =2 = Ty = %’r and consequently the smaller radius will
be roez%p. Therefore, we have ¢(0) = (x9,0,z0) € I1p at 7 = 0 and it will return to itself
with ¢(T) = (erMTp,O,zOe%) at t = Tp. We define a sub-cross-section of Iy properly
considering the first and second previous constraints on ITy. Let HE) a subset of I, such
that:

My 1= {(x,0,2) € Ty pre’® <x<py, 0<z< pi}. (7.7)
Therefore, no point in the interior of H;) returns to itself before reaching IT;. We get a
map Qg := (P‘H() : TT, — T1; defined by:

Po(x,0,2) = <x (%) " cos (1) x (%) ‘ sin (7) ,p1> . (7.8)

where y = 2log(Z'). Before constructing the map ¢; : IT; — Hé) an understanding is

>0

important about the image of (pO(HE)). The local dynamics of the system influence the
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points of the sub-cross-section H;) shrinking in the x-axis and expanding in the y-axis
simultaneously. To see clearly, we change to polar coordinates. Let u = rcos(8), and
v = rsin(0) be the change to polar coordinates, so we have:
v
r= \/m 6 = tan~! (—)
u

and the image of ¢y is represented by equations:

oo (r,0) = <x (%)l,%log(%)>. (7.9)

Therefore, we see that each horizontal lines (z =constant) are mapped to radial lines
emanating from (0,0, p;) spiraling into I1; and, smaller and smaller for each z =constant
L
smaller because, provided that —1 < £ < 0 the radius r = x (2')* approaches zero. On
the other hand, vertical lines (x =constant) are mapped into spiral logarithmic because
L
while the radius r = x (Z1) # goes to zero as z approaches zero, 8 = log(Z) increasing

as z approaches zero. See Figure (16).
/@/
I1;

D —

/

I,

Figure 16 — Logarithmic spiral strip formation on IT;.

After understanding the transformation of the horizontal strips by ¢y. We are
ready to construct the return map ¢; from IT; to H;). We strongly use the Assumption A2
to define @; along the orbit I'. We would like to bring the logarithmic spiral from IT; in
the (x,y)-plane at z = p; to another logarithmic spiral on HE) in the (x,z)-plane at y = 0.
So, to do this we can use rotation and translation motions. Indeed, the transformation

matrix rotates and moves objects around from p; to py is given by:

a b 0
000 (7.10)
c d 0
with a,b,¢,d € R such that ad — cb # 0. We define ¢, : IT; — IT, by
X a b 0 X Po
=100 0 y |+] 0 (7.11)
41 cd o 41 0
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where ¢;(0,0,p;) = (po,0,0). We consider H/l C I; such that (pO(H6) = H/l.

We finally obtain a fulfilled bi-dimensional return map to the System (7.1) by
composition Y = @0 @ : H;) — Hz) given by

_ o\ a b [ cos(y) Po
w(x,z)—x(z) (C d> ( sin(y) >+( 0 ) (7.12)

The return map y sends horizontal strips H; in black from HE) and itself receives loga-

rithmic spiral around of py. See Figure (17).

I, I,
(a) (5)

Figure 17 — The return map image in (A) and the intersection y(H;) N H; in (B).

7.3 Chaos by means of the Shilnikov’s orbit

In this section, we are concerned to show that y : Hz) — HE) defined in the previous
section is in fact topologically conjugated to shift map of two symbols from Chapter 2.
In order to do this, we need to define horizontal strips in the sub-cross-section HL). More

precisely

(7.13)

' 27p —27m(k+1)A —27kA
szz{(x,O,Z)EHo’ pleo <x<pi, pe o <z<pje o }

We note that for k — 4o we have the horizontal strips Ry converge to a horizontal

line and consequently z converge to zero. Clearly,
' oo
HO - U Rk.
k=0
The Smale horseshoe formation depends on how much the spiral logarithmic
expands or contracts when it comes back to sub-cross-section IT,. Next lemma guaran-
tees that there are disjoint u;,-horizontal strips in HE) that are mapped over themselves

in p,-vertical strips on which the Sector bundles Hypothesis 1 is satisfied.
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Lemma 53. Consider Ry for fixed k sufficiently large. Then the inner boundary of y(Ry)
intersects the upper horizontal boundary of R; in (at least) two points for i > § where
1<oa<— %. Moreover, the preimage of the vertical boundaries of y(R;) NR; is contained

in the vertical boundary of Ry.

Proof: Let R; be a horizontal strip and let Z be the upper boundary of R; :

_2miA
®

Z=p1e (7.14)

p
. . . . . _ p T . .
By Equation (7.9), the radius r is given by expression r = x (£-) 4 . Therefore, the mini-
. . . . 2np —2m(kt1)A
mum radius r,,;, is obtained with x = pje o andz=pje” o ,so

4rmp 2rmkp

Fmin =p1€ © -e 0 . (7.15)

As ¢, is an affine map we have a radius 7y, into Hé) given by multiple of 7y, that is,

_ Anp 2mkp
Fmin = Cripin =Cpre o -e o . (7.16)
We want the spiral logarithmic expanded, so is necessary:
T'min
— > 1. (7.17)
Z
Thus,
r C S 4mp  2m(kpid) 2
. e o ¢ o Tp T 1 T .
fmin _ZPIEE 22 _Cewe o =K-cokPtid) (7.18)
¢ pire o

where K = Ce'a > 0 is a constant. We only need to control the term kp +iA to be positive
and large enough such that the ratio is bigger than 1. Let & >  be a number. Therefore,
by Assumption A1 we have

kp+ilzkp+§l:k(p+g)>0. (7.19)

We must have p + % > 0 and then it is true in the interval 1 < o < —%. Therefore, for k

sufficiently large, the ratio above is bigger than one.

Moreover, the vertical boundaries of Ry are mapped by ¢y to inner and outer
boundaries of spiral logarithmic into IT;, ¢o(Ry). Since that ¢; applies objects diffeo-
morphically into Hz, we have y(R;) = @1 o ¢o(Rx). Therefore, the preimage of vertical
boundary of y(Ry) NR; is contained in the boundary of Ry.

Theorem 54. For k sufficiently large, R, contains an invariant Cantor set, Ax, on which

the Poincaré map vy is topologically conjugate to a full shift on two symbols.
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Proof: We must find in Ry two disjoint py,-horizontal strips that are mapped over
themselves in u,-vertical strips on which the Sector bundles Hypothesis H1 and H3 are
satisfied.

For the Sector bundles Hypothesis H1 we strongly use the Lemma (53). We
can choose two disjoint p,-horizontal strips in Ry where its horizontal boundaries are
Up-horizontal curves with p, = 0. By Lemma (53), for k sufficiently large, both strips are
mapped over themselves in u,-vertical strips, where the preimage of vertical boundaries
of W(Ry) NR; for i > k are contained in R;. Moreover, 0 < p,u, < 1.

From the Sector bundles defined in Section (6.4), we remember the definitions of
the stable and unstable Sector bundles and Hypothesis H3. Let H;,H be p;,-horizontal

strips in Ri. Then, by Poincaré map y constructed, we have
W(H)NHj=Vji, HiOy~ (H))=Hj=y~ ' (Vj)
fori,j € {1,2}. We also consider

A =\ JHj, v =JVi

i,J Lj

such that y(#) = #. For each wy = (x,z0) € 7 |J 7 we want to prove that
Dy(7Y) C LY, Dy () C. 75,

where, .7”%, and .7}, are unstable and stable Sector bundles at zo while that .’ and .7,
are unstable and stable Sector bundles at y(wy) and y~!(w) respectively. We remember
the map y =@ o¢p: Hz) — Hz) given by

p
pi\* ([ a b cos(7) Do
) =x( 2 + , 7.20
vw3) x(z) <c d)(sin(y) 0 (7.20)
The differential operator

Dy (wyp) : HE) — HE)

where Dy (wo) = D@y (@o(wo)) - Dgo(wo) is given by

P .
7 wsin(y)—p cos(y)
p a b cos(y) —H5—% z 0
Dy (w) = Bl+1 - —p sin(Y)A—wcos(y) (7.21)
77 c d sin() T 0 x
where y = £1log(Z"). We note that, from Assumption A1, we have 0 < fl—’ +1 < 1and then
—(+1)

Z is large as z is small. We also note that all matrices are invertible since we have
supposed ad — cb # 0 and @ # 0.

We evaluated the differential operator of Equation (7.21) at singularity point z = 0 fixed
to obtain the eigenvalues and corresponding eigenvectors of the matrix of the operator.
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The first eigenvalue is 0 with corresponding eigenvector (1,0), the second eigenvalue

P . :
depends on z~ (111, as z — 0 the second eigenvalue becomes large as we choose strips
7,7’ — 0. Therefore, the corresponding eigenvectors remain in disjoint cones.
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CHAPTER

CHAOS ON NETWORKS

In this chapter, we will present our main contribution to this thesis. As we have
seen in the Introduction (1), our goal is to prove the emergence of chaotic behaviour
in diffusively coupled systems. By Chapters (5), (6) and (7) we understand "chaotic
behaviour" as the existence of the Shilnikov orbit which is translated, via topological

equivalence, to the existence of an invariant Cantor set whose entropy is positive.

The main goal in Section (8.1) is to present the proof of the Main Theorem (4). To
do this, we will study the linearization of the network of Equation (1.1) which represents
the diffusive coupling of N identical dynamic systems. A network is often an equation
with a high dimension, therefore, the first problem is concerning reducing it to a low
dimension. In this direction, we will prove a new important result, Proposition (56),
which gives necessary and sufficient conditions to find zero eigenvalues to the network
depending on the linearization of the isolated system. As a consequence, we can apply
the Center Manifold Theory from Chapter (3), which will play an important role in
the reduction of dimension. From these results, we also will present explicitly the low-
dimension reduced vector field defined on the center subspace, Proposition (64), in
which we will see how the nonlinear terms of the isolated system influence the nonlinear
terms of the low-dimension reduced vector field. From these results, we will be ready
to see how the p-Versatile graph structure from Chapter (2), this will be shown in the
Lemma (66). At the end of this section, with all these results on hand, we will give the
proof of the Main Theorem (4).

In Section (8.2) we approach the stability of the center manifold problem to the
network. We will prove in Proposition (67), that for some class of p-Versatile graphs,
(for instance, star graphs with one high degree node compared to others), the center
manifold is stable. On the other hand, we will give an example where the center
manifold is unstable for parameters in the interval [0, 1].
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In Section (8.3) we approach Proposition (56) in the cases m = 1,2,3. When m =
1,2 we can find a transcritical bifurcation and Bogdanov-Takens bifurcation respectively
for the low-dimension reduced vector field. In the case m = 3 and a 2-Versatile graph
we will prove the Carollary (5) finding the chaotic behaviour in the network locating
the Shilnikov orbit on the center manifold. Our conclusion is supported through the
Theorem (70) proved in (IBAAEZ; RODRIGUEZ, 2005) which ensures the existence of
the Shilnikov orbit in any generic unfolding, Chapter (4) introduces concepts related to

genercity from Thom'’s transversality theorem point view.

8.1 Proof of Main Theorem

In this section, we present the proof of Theorem (4). We start by analyzing
the linearized system in Subsection (8.1.1), after which we perform center manifold

reduction and have a detailed look at the reduced vector field in Subsection (8.1.2).

8.1.1 Linearization

In this subsection, we investigate the linear part of the system
X=F(X;e)—a(LoD)X, (8.1)

from Theorem (4). Writing A € R"*" for the Jacobian of f at the origin, we see that the
linearization of Equation (8.1) at the origin is given by

Y = (Idgy ®A — aL® D)Y. (8.2)

An important observation is the following: if v is an eigenvector of L with eigenvector
A € R, then the linearization above sends a vector v ® x with x € R" to

(Id®A—oL®D)(v®x) =vRAx — aLv® Dx (8.3)
=VRAx— aAv® Dx
=VRAX—VvRUADx=v® (A —aAD)x.

It follows that the space
vOR":={vex|xeR"} CRVQR" (8.4)

is kept invariant by the linear map of Equation (8.2). We claim that v® R" is in fact a
linear subspace. To see why, note that for all x,y € R” and r € R we have

vRX+VYRy = v®(x+y) cveR"and (8.5)
rv@x) = veamrevaR™.
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What Equation (8.3) furthermore tells us is that the Linearization (8.2) restricted to
v®R" is conjugate to the map A — a¢AD : R" — R".

Let us denote the eigenvalues of L by 0 = 4; < --- < Ay. We moreover fix a
corresponding set of orthonormal eigenvectors v!,... V¥ € RV. In other words, Ly’ =
ApvP and (VP v1) = §,, for all p,q € {1,...,N}. Finally, we write

V, =vwoR" (8.6)

for the corresponding linear subspaces of RY @ R". We thus have a direct sum decompo-
sition

N
RY@R" =PV, (8.7)
p=1

where each component is respected by the Linearization (8.2), with the restriction to
V,, conjugate to A — aA,D : R" — R". In particular, we see that the spectrum of the
Linearization (8.2) is given by the union of the spectra of the maps A — a4,D, with a
straightforward relation between the respective algebraic and geometric multiplicities.

This observation motivates the main result of this subsection, Proposition (56)
below. It gives necessary and sufficient conditions on A for the existence of a positive-
definite matrix D such that A — D has a generalized kernel of a prescribed dimension.
Note that some conditions on A have to apply for such a matrix D to exist. For instance,
if A is Hurwitz and symmetric, then D — A is positive as the sum of two positive matrices.
In that case, A — D remains Hurwitz, see Lemma (60) below. In addition, note that
for A Hurwitz the trace of A — D is strictly negative so that A — D always retains at
least one eigenvalue with a negative real part. Similarly, if A is anti-symmetric then
xT (A — D)x = —xTDx < 0 for all x € R". Hence, A — D is then necessarily invisible.

In what follows, we denote by M, (R) the space of n by n matrices over the field
R. We write (x,y) := xTy for the Euclidean inner product between vectors x,y € R".

In order to prove Proposition (56) below, we will first need a technical lemma
that uses the theory of Schur complements. To this end, suppose we are given a block

M My My (8.8)
My My

matrix

with blocks M1, ..., M. If M, is invisible then we may form the Schur complement of M,
given by

M/M22 =M —M12M521M21. (8.9)
This expression has various useful properties. We are interested in the situation where
M is symmetric, so that M 1T2 =My, M IT | =M1 and MZT2 = M»,. In that case, the matrix M

is positive-definite if and only if both M»; and M /My, are positive-definite, see (ZHANG,
2006) and in particular Theorem 1.12. Using this result, we may prove:
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p— [ An An (8.10)
Ay Ax

be a block matrix and assume A3, = cId for some scalar ¢ € R~. Suppose furthermore

Lemma 55. Let

that Ay is positive-definite. Then, for ¢ sufficiently large the matrix D is positive-definite

as well

Proof: Clearly, D is positive-definite if and only if the symmetric matrix

He— DDl — A +Af] A +A7 _( Hun Hp (8.11)
' Ay +AL,  2c1d HI, Hxn

is positive-definite. Here we have set Hy; := 2cld, Hyp := A1 + AL, and Hyy := Ay +AT,,
the third of which is positive-definite as A1 is. As H» = 2cld is invisible with inverse
1/(2c)1d, we may form the Schur complement

H/H22 = H]]—H]zHilez (812)
HipHY,
= H11—2—12-
C

As H»; is positive-definite, it follows from the above discussion that H is positive-
definite if and only H/H»; is. However, as ¢ — o« we have H/H, — Hi1, so H/Hp
behaves like a small perturbation of Hjj, then it is positive-definite for ¢ > 0 large
enough. This shows that D is likewise positive-definite for large enough c.

From Definition (10), as we have promised at the end of Section (2.2), the fol-
lowing proposition proves that the Skewness condition is a necessary and sufficient

condition for the existence of a properly positive-definite matrix D. More precisely,

Proposition 56. Let A € M,(R) be a matrix. There exist m mutually orthogonal vectors

Vi,...,vm such that
(vi,Av;) >0 foralli=1,...,m, (8.13)

if and only if there exists a positive-definite matrix D such that A — D has m zero

eigenvalues, counted with algebraic multiplicity.

Remark 57. We highlight that the number m of zero eigenvalues for A — D is directly
connected with the number of mutually orthogonal vectors for the Skewness condition.
Moreover, for each m given for the Skewness condition, there is a positive-definite
matrix D to be constructed in a non-unique way. Consequently, since we have a number
m of such vectors, for each k < m we might construct a different matrix D such that A —D
have k zero eigenvalues. Finally, if we are concerned with Hurwitz matrices A, therefore,

by the Remark (11), m must be strictly less than n.
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Figure (18) shows an illustration of Proposition (56).

21 21
. Triple zero
1+ 1+ P
| ® ® ® | | | /
T T T T T T T
3 2 - 4 3 2 -
1+ 14
L]
o o1
Spec(A) Spec(A—D)

Figure 18 — An illustration of Proposition (56). Figure a) shows the eigenvalues of a particular Hurwitz matrix A,
which might be the linear part of the isolated dynamics f at the origin. The matrix A has 4 eigenvalues
all strictly on the left half of the complex plane. The existence of m = 3 mutually orthogonal vectors
satisfying (8.13) ensures that a positive-definite matrix D exists such that A — D has a 3-dimensional
generalized kernel. In other words, the subtraction of D has moved 3 eigenvalues to the origin, and an
eigenvalue farther from the origin that is given by the negative trace of the matrix A — D, Figure b).

Proof: Suppose first that we have m mutually orthogonal vectors v; such that for each
i=1,...,mwe have
<V,‘,Avi> = VI-TAV,' > 0. (814)

Note that we then also have
(vi, (A+AT)v;) = 2(v;,Av;) > 0 (8.15)

for all i. We may re-scale the v; by any non-zero factor, so that we will now assume
without loss of generality that ||v;|| = 1 for all i. We start by constructing an auxiliary
upper-diagonal (m x m)-matrix P as follows:

0 pip -+ Pim
0o 0 ...

P=Py= . . . pz.-‘m )
0O 0 -.- 0

mxm

where each entry p; ; is defined by the rule:

pij = vi(A+AT)v;, foralli< j;
pij = 0, foralli>j.

We construct D by first defining it on the mutually orthogonal vectors vy,...,v,, as:

Dvi = Av (8.16)
Dvy, = Avy—piovi

Dviy = Avip—prmVi— " — Pm—1mVim—1-
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Note that (A — D)v; = 0, whereas (A — D)v, € span(v;), (A — D)v3 € span(vy,v;) and so
forth. This shows that the restriction of A — D to span(vy,...,v,) is nilpotent. We also
point out that Equation (8.16) can be rewritten as

(A_D)nxnvnxm = anumxm; (817)
with V = (v;---v,) the (n x m)-matrix with columns given by the vectors vy, ..., v,.
To complete our construction of D, we let y,,11,...,y, € R" be mutually orthogonal

vectors of norm 1 such that y; L v;foralli=1,...,mand k=m+1,...,n. We define D
on span(y,1,-..,yn) by simply setting Dy; = cyy for all k and some constant ¢ > 0 that
will be determined later.

To show that ¢ can be chosen such that D is positive-definite, we let z € R” be any

non-zero vector. We write

z=Va+Yb
where Y = (Y41 -yn) is the (n X (m —n))-matrix with columns the vectors y;, and where
a € R",b € R"™™ express the components of z concerning basis {vi,...,Vm,Ym+1,---,Yn}-
Note that we have
VIV =luam,  YTY = Iy (nom), (8.18)

vy = Omx(n—m)7 YTV = O(n—m)xma DY = cY,
by construction. We calculate

7'Dz = (Va+Yb)'D(Va+7YD) (8.19)
= a'V'DVa+a" V' DYb+b"Y ' DVa+b"Y" DYD
= ad'VI(AV —VP)a+ad"VIDYb+b"YT(AV —VP)a+b"YTDYD
= d'(VTAV —VIVP)a+a" VT cYb+b" (YTAV —YTVP)a+bTY YD
= a"(VIAV —P)a+b"YTAVa + cb b,
where in the third step we have used Equation (8.17), and where we make use of the
Identities (8.18). We see that D is positive-definite if the same holds for the matrix

. viav—-pP 0
D= ’ . (8.20)
YTAav  cld

Next, we claim that the (m x m)-matrix VT AV — P is positive-definite. Indeed, by defini-

tion of P we have
(VTAV —P) 4+ (VTAv —P)T = vT(A+AT)V —(P+PT)
= diag(2v] Avy,..., 20T Av,),
which is a diagonal matrix and positive-definite by the Hypothesis (8.13). We may

thus apply Lemma (55) to D, so that for ¢ > 0 sufficiently large D and D are indeed
positive-definite.
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Conversely, suppose there exists a positive-definite matrix D such that
A—D hasm zero eigenvalues.
We will prove that m mutually orthogonal vectors vy, ..., v, exist satisfying
(vi,Av;) >0 foralli=1,...,m. (8.21)
By assumption, we may choose m linearly independent vectors yy,...,y, such that
(A—D)y;=0 and (A—D)y,=1ty,_ifori=2,...,m,

where 1; € {0,1} for all i > 1. Next, we apply the Gram-Schmidt orthonormalization

process to the vectors y;. That is, we set

Vi = N
V2 = Y2—021°V1

(8.22)
Vi = Yi— 01V — 0o vy— = i1 Vi1,

where each coefficient is given by
(yi,vj)
(vj,v))

It follows that (v;,v;) = 0 whenever i # j. Moreover, we see from Equation (8.22) that

Q= fOI‘j<i.

we may write
Vi=Yyi+ Z Bijyj andthus y,=v;+ Z Bi',jvj (8.23)

j<i j<i
for some coefficients f; ;, l.” ;ER. We therefore have (A —D)v; =0, and for 2 <i < mwe
find
(A—D)vi=(A-D) (yi +) ﬁi,_,-y,-) = (A-D)yi+ ) Bij(A-D)y; (8.24)
j<i j<i

=Lyi-1+ Z Bijtjyj-1= Z%}j"j?

1< j<i j<i
for certain ; ; € R. By orthogonality of the v; we get
vVi(A-D)v; = 0 and

vl-T(A—D)v,- = Z%JviTVJ':O
j<i

foralli=2,...,m. Finally, it follows that

viAv;i=vIDv; >0 foralli=1,...,m,

which completes the proof.
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Remark 58. The proof of Proposition (56) tells us that the remaining eigenvalues of
A — D may be assumed to have (large) negative real parts. More precisely, if m mutually
orthogonal vectors vy,..., v, exist such that

(vi,Avj) >0 foralli=1,...,m, (8.25)

then a positive-definite matrix D is constructed such that the restriction of A — D to
span(vy,...,vy) is nilpotent. In particular, A — D maps the space span(vi,...,v,) into
itself. It follows that the remaining eigenvalues of A — D are given by those of the ‘other’
diagonal block P;;(A—D)|y : U — U, where U is some complement to span(vy,...,v,) and
Py is the projection onto U along span(vy,...,vy). If we choose U = span(y,,+1,...,yx) as
in the proof of Proposition (56), then we see that Py (A — D)|y = PyA|y — cIdy. Choosing
¢ > 0 large enough then ensures that the remaining eigenvalues of A — D are stable.

Remark 59. It follows from the proof of Proposition (56) that A — D can generically
be assumed to have a one-dimensional kernel. In other words, whereas the algebraic
multiplicity of the eigenvalue 0 is m, its geometric multiplicity is generically equal to
1. To see why, assume ¢ > 0 is large enough so that A — D has a generalized kernel of
dimension precisely m, see Remark (58). From the proof of Proposition (56), we see that
the restriction of A — D to its generalized kernel is conjugate to P. It follows that the

dimension of the kernel of A — D is equal to 1 if
Pii+1 = v A+AT i #0 forallic {l,...,m—1}. (8.26)
This may be assumed to hold after a perturbation of the form
A|—>A+81v1vg—|—~-~—|—8m_1vm_1v,7;l, (8.27)

for some arbitrarily small ;,...,€&,-1 > 0, if necessary. As a result, the matrix A — D has

a single Jordan block of size m for the eigenvalue 0.

Example (11) below shows that the Condition (8.13) imposed on A does not
exclude Hurwitz matrices. This might seem surprising, as for any eigenvector x cor-
responding to a real eigenvalue A < 0 we have x” Ax = A ||x||> < 0. Moreover, it holds
that any positive-definite matrix D has only eigenvalues with a positive real part, see
Lemma (60) below. This result is well-known but included here for completeness.

Lemma 60. Let D € M, (R) be a real positive-definite matrix (though not necessarily sym-
metric). That is, assume we have xI'Dx > 0 for all non-zero x € R”". Then, any eigenvalue

of D has a positive real part.

Proof: Let A be an eigenvalue of D with corresponding eigenvector x. We write A = p +iv
and x = u + iv for their decomposition into real and imaginary parts. On the one hand,
we find

'Dx =5 Ax = ||x[|*A = ||x]*(u+iv). (8.28)
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On the other, we have
#'Dx = (u—iv)"D(u+iv) = u" Du+v' Dv+i(u" Dv —v" Du). (8.29)
Comparing the real parts of Equations (8.28) and (8.29), we conclude that
x>t = u" Du+v'Dv >0, (8.30)

where we use that u and v cannot both be zero. Hence, we see that indeed p > 0.

Example 11. We return to the (4 x 4) Hurwitz-matrix from Example (9):

1 1 0 0
-1 1 1 0

A=
0 —1 1 1694

1 —424 —-424 —17.94

The three canonical vectors e; = (1,0,0,0)7, e, = (0,1,0,0)” and e3 = (0,0,1,0)”
all satisfy (e;,Ae;) >0 for i = 1,2,3. We may determine the upper-diagonal (3 x 3)-matrix
P from the proof of Proposition (56) by calculating

P2 = e (A—I—AT)e2

T
1

pis = el (A+AT)es
T
2

P23 = e (A+AT)63

where
2 0 0 1
T 0 2 0 —4.24
A+AT =
0 0 2 12.7
1 —4.24 127 —-35.88

It follows that p; 2 = p13 = p23 = 0, which implies we have P = 0. As in the proof
of Proposition (56), we first define D € My(R) on span(ej,es,e3) = {x € R* | x4, = 0} by
setting:

De; = Ae
De; = Aey—pipel =Aep

Des = Ae3z—pi13el — pr3er =Aes.

Hence, D agrees with A in the first three columns. To complete our construction of D,

we have to choose a non-zero vector u such that u | e; fori =1,2,3, and set Du = cu for
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some ¢ > 0. To this end, we set u = e4, so that D becomes:

1 1 00
—1 1 1 0
D=
0 —1 1 0
1 —424 —424 ¢
It follows that
000 0
000 0
A-D=
000 16.94

0 0 0 —1794—c¢

which has a zero eigenvalue with geometric multiplicity 3 and a negative eigenvalue
(—17.94 — ¢) equal to its trace. Moreover, by the Lemma (55), D is positive-definite for
large enough ¢ > 0. Indeed, in this case, we numerically found that for all ¢ > 9.24 is

enough.
Example 12. The matrix

6 2 1 -3
2 -8 -1 -2

A= (8.31)
1 -1 -34 0

-3 =2 0 —6

is Hurwitz. However, it is symmetric and therefore negative-definite. Thus, there are no
vectors x € R* such that (x,Ax) > 0.

To control a bifurcation in the system of Equation (8.1), we need to rule out
additional eigenvalues laying on the imaginary axis. Recall that the eigenvalues of
the Linearization (8.2) are given by those of A — aA,D with A, > 0 an eigenvalue of L.
Lemma (61) below shows that generically only one of the matrices A — A,,D is non-
hyperbolic. In what follows we denote by || e || the operator norm of a matrix, induced
by the Euclidean norm on R".

Lemma 61. Let A,D € M,(R) be two given matrices with D positive-definite, and let
o* € R be a positive scalar. We furthermore assume {A,,...,Ax} is a set of real numbers
and consider the matrices A — a*A;D for i € {1,...,K}. Given any € > 0, there exist a
matrix A and a positive-definite matrix D such that |A —A||,||D—D|| < eand A — a*AxD =
A — a*AgD. Moreover, for i € {1,...,K — 1} the matrix A — a*4;D has a purely hyperbolic

spectrum (i.e. no eigenvalues on the imaginary axis).
Remark 62. From ||[A —A|,||D - D|| < € we get

1A — 0" 4iD) — (A— & A;D)) || < [|A—A]| + & ||[|[D = D|| < e(1+a"[i]),
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so that we may arrange for A — a*4;D to be arbitrarily close to the original A — o* ;D for
all i. Moreover, if A is hyperbolic then for € small enough so is A, with the same number

of stable and unstable eigenvalues. In particular, A may be assumed Hurwitz if A is.

Proof: Let 6 # 0 be given and set

Ag:=A+681d (8.32)

Ds:=D+ Id (8.33)

oAk
Note that the symmetric parts of Dg and D differ by a*L)LK Id as well, so that Dg remains

positive-definite for |§| small enough. It is also clear that

lim |[A —As|| = lim ||D—Dgs|| = 0.
lim (|4 — A5|| = lim ||D — D]

A direct calculation shows that

As—a*LiDs =A+81d—a*A; (D + Id) (8.34)

o A
=A+0Id—o*A;D— %Id
Ak

= (A— a*AD) + (1 _—i) S1d,

forallie {1,...,K}. It follows that we have A5 — a*AxDs = A — a* AgD. For i # K we see
that As — a*A;Ds differs from A — o* ;D by a non-zero scalar multiple of the identity. It
follows that for § # 0 small enough all the matrices A5 — a*A;Ds fori € {1,....,K — 1}
have their eigenvalues away from the imaginary axis. Setting A := A5 and D := Ds with
0 = 0(¢) small enough then finishes the proof.

Let us now assume A, D, and a* are given such that for a particular eigenvalue
A > 0 of L the matrix A — a*AD has an m-dimensional center subspace. We moreover
assume A is simple and, motivated by Lemma (61), that the matrices A — a*kD are

hyperbolic for any other eigenvalue « of L. It follows that the linearization
Idpy @A —a*L@ D : RN @R" — RY @ R” (8.35)

of Equation (8.2) has an m-dimensional center subspace as well.

In what follows, we write I, for the indices of all remaining eigenvalues of L
except the index s. In other words, writing 0 =4; <A, <--- < Ay for the eigenvalues
of L, we have A = A, for some s € {2,...,N} and we set [y = {1,...,N}\ {s}. We will

1

likewise fix an orthonormal set of eigenvectors v!,... V" for L and simply write v = *

for the eigenvector corresponding to our fixed eigenvalue A = A,. Arguably the most
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natural situation is given by s = N, corresponding to the situation where « is increased
until the eigenvalues of A — aAyD first hit the imaginary axis for o = o*. However, we

will not need this assumption here.

Next, given a vector u € RN we denote by ¢, : RV — RY the linear map defined
by
Oou(w) = (u,w)u. (8.36)
Note that ¢, is a projection if |ju|| = 1.

Finally, we write E¢,E" C R" for the center- and hyperbolic subspaces of A —
o*AD, respectively. It follows that

R"=E°QE", (8.37)

and we denote the projections onto the first and second components by 7€ and n" =
Id, —n¢, respectively. Likewise, we denote the center and hyperbolic subspaces of the
Map (8.35) by &¢,&" C R¥ @ R". Their projections are denoted by II¢ and IT". The
following lemma establishes some important relations between the aforementioned

maps and spaces.

Lemma 63. The spaces & and E€ are related by

E =vRE", (8.38)
and we have
"= EM P oRrR). (8.39)
iel,
Moreover, it holds that
I° = ¢, @7°. (8.40)

Proof: The Identities (8.38) and (8.39) follow directly from the fact that the linear
Map (8.35) sends a vector v/ @x to vV @ (A — a* 4;D)(x) for alli € {1,...,N} and x € R". To
show that IT¢ is indeed given by ¢, ® 7¢, we have to show that the latter vanishes on &”

and restricts to the identity on &*. To this end, note that for all i € I, and x € R” we have
(o ® nc)(vi ®x) = (pv(vi) Q7 (x) = (v, vi)v® n(x) =0. (8.41)
Given x;, € E" and x,. € E¢, we find

(g, R7)vRxy) = ¢(v) @7 (x,) =0 and (8.42)
(g RN (Vv Rx:) = Pp(v) T (xc) = (V)Y R X = VR X,

so that indeed (¢, ® )| o» = 0 and (¢, ® 7¢)| g = Idgc. This completes the proof.
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8.1.2 Center manifold reduction

In this subsection, we investigate the dynamics of a center manifold of the system

X=F(X;e)—a*(LoD)X, (8.43)

which will lead to a proof of Theorem (4). As before, we assume that for one eigenvalue
A of L the corresponding matrix A — oe*AD has a non-trivial center subspace of dimension
m, whereas for any other eigenvalue u the matrix A — o* uD is hyperbolic. We moreover

assume A is non-zero and simple.

Recall that Center Manifold Theorem predicts a locally defined map ¥ : & x Q —
&" whose graph M¢ is invariant for the system of Equation (8.43) and locally contains all
bounded solutions. The map ¥ moreover satisfies ¥(0;0) = 0 and D¥(0;0) = 0. In fact,
as we assume F(0;¢) =0 for all € € Q, it follows that (0; &) € M€, as these are bounded
solutions. This shows that ¥(0;&) = 0 for all € € Q. If F is sufficiently smooth (i.e. Ck for

some positive finite k), then we may assume ¥ is as well.

In light of Lemma (63), we may write

Y(vRx:€) =vRY(xc€)+ Z V@ Wi(xe: €), (8.44)
iel

for certain maps v : E° x Q — E" and y; : E€ x Q — R". We then likewise have y(0;¢) =
0,Dy(0;0) = 0 and ;(0;€) = 0,Dy;(0;0) =0 for all e € Q and i € .

The dynamics on the center manifold M¢ is conjugate to that of a vector field on
&° x Q given by

R(X.;€) =TI°G(X,, ¥ (X.;€);¢€), (8.45)
where we write
G(X.,Xp;€) =F(Xe+Xp3€) — " (L @ D) (Xe + Xp) (8.46)

for the vector field on the right hand side of Equation (8.43), with X, € &, X, € & h and
€ € Q. We further conjugate to a vector field R on E¢ x Q by setting

VROR(x;€) = R(vRx:E). (8.47)

In order to describe R, we first introduce some useful notation. Given X € RN @ R", we

may write
N
X=Y 0X, (8.48)
p=1
with e!,... eV the standard basis of RY and for some unique vectors X, € R". In gen-

eral, given p € {1,...,N} we will denote by X,, € R” the pth component of X as in the
Decomposition (8.48).
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Using this notation, we have the following result.

Proposition 64. Denote by 4 : R" x Q — R" the nonlinear part of f. That is, we have
f(x;€) =Ax+ h(x;€). The reduced vector field R is given explicitly by
N
R(xc;€) = (A—a*AD)x. + Z Vp R h(vpxe + W (xc @ Vi €)ps €), (8.49)
p=1

forx, € E€and € € Q.

Proof: We write G(X;¢) = G(X.,Xj;€) = LX + H(X;€) with L = DxG(0;0) and where H
denotes higher order terms. It follows that

[°G(X,, ¥ (X,:€):€) = [IL(X, + ¥ (X €)) + TIH (X, ¥(Xe; €); €) - (8.50)

We start by focusing on the first term. As L sends £° to &¢ and &" to £", we conclude
that IT°L = LII¢. We therefore find

TI°L(X. + P (X.;€)) = LI (X, + P (X.; €)) = LX, . (8.51)

Writing X, = v ® x, and using Expression (8.2) for L, we conclude that the linear part of
R is given by
Lv®x)=v®(A—a*AD)x.. (8.52)

We next focus on the second term in Equation (8.50). Note that we have
H(X;€), =h(Xp¢€) forall pe {1,...,N}. (8.53)

Now, by Lemma (63) it follows that we may write

M=

N
°x) = IT°(e” ® X)) Z (e?) @ (X))
p=1 p=1
N N
= Y nevor( Z (v m(
p=1 p=1
N
= v® Y v,r°(X,) forall X e RV @R". (8.54)
p=1
We therefore find
N
I°(H(X;, ¥ (X.;€);€)) =v® Z v h([Xe +W¥(Xc;€)]ps€). (8.55)
p=1

Next, we have (X.), = (v®x.)p = vpx,, so that we find

N
I°(H(X;, ¥ (X.;€);€)) =v® Z Vph(vpxe + W (Xe;€)ps€). (8.56)
p=1
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Combining Equations (8.52) and (8.56), we arrive at

R(X;e) = MYG(X.,¥(Xc;€);€))
N

= vQ@A—a"AD)x,+v® Z v h(vpxe + P (Xe €)ps€). (8.57)
p=1
Finally, from Equation (8.47) we get
N
R(x;;€) = (A—a*AD)x. + Z VT h(vpxe + ¥ (x. @V €) s €), (8.58)

p=1
which completes the proof.

To further investigate the Taylor expansion of R(x.;€), we need to know more
about how the coefficients of ¥ : £¢ x Q — & depend on those of F.

To this end, let us consider for a moment the general situation where G is
some vector field on R” satisfying G(0) = 0. We write L = DG(0), so that we have
G(X)=LX +H(X) for some H : R" — R" satisfying H(0) =0, DH(0) = 0. We furthermore
let £¢ and &" denote the center- and hyperbolic subspaces of L, respectively, and write
I1¢,IT" for the corresponding projections. Suppose ¥ : ¢ — &' is a locally defined map
whose graph is a center manifold M¢ for the system X = G(X). Recall that we have
¥(0) = 0and D¥(0) = 0. Moreover, as M€ is a flow-invariant manifold, we see that G|«
takes values in the tangent bundle of M¢. This can be used to iteratively solve for the
higher order coefficients of an expansion of ¥ around 0.

More precisely, the tangent space at X. +¥(X.) € M¢ is given by all vectors of
the form (V,,D¥(X,)V,) € & @ &", with V, € &¢. Invariance under the flow of G then

translates to the identity
"L¥(X,) +11"H (X, ¥(X,)) = D¥(X,)(TI°LX, + [I°H (X, ¥(X.))), (8.59)

for X, in some open neighborhood of the origin in £¢. Equation (8.59) can be used to
show that D¥(0) = 0. More generally, using ¥* to denote the terms of order p > 2 in
the Taylor expansion of ¥ around the origin, Equation (8.59) is readily seen to imply

"LYP (X,) — DYP (X )TILX, = Py (X.), (8.60)

for some homogeneous polynomial P, of order p. Moreover, P, depends only on
¥2(X,)...,%P~1(X.) and on the Taylor expansion of H up to order p. It can be shown
that for fixed L and P,,, Equation (8.60) has a unique solution ¥ in the form of a homo-
geneous polynomial of order p, see (WIMMER, 1979). As a result, we get the following
important observation:
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Lemma 65. We may iteratively solve for the terms WP using Expression (8.60). Moreover,
for fixed linearity L, the terms of order p and less of ¥ are fully determined by the terms
of order p and less of H.

We return to our main setting where R(x.;€) is the reduced vector field of the
System (8.43) as described in Proposition (64). Note that the presence of a parameter €
means that the center subspace &° in the observations for general vector fields above is
now given by ¢ x Q.

Lemma 66. Let p > 1 be given, and suppose the vector v € RV satisfies
N
YV £0, Ve=2,...p+1. (8.61)
p=1

Then the reduced vector field R(x.;€) as described in Proposition (64) can have any
Taylor expansion around 0 of order 2 to p, subject to R(0;€) = 0 if no conditions are put

on f other than f(0;€) = 0 and sufficient smoothness.

Proof: From Proposition (64) we know that

N
R(x;;€) = (A—a*AD)x. + Z Vph(vpxe + W (xc @V €)ps €). (8.62)
p=1

As we have ¥(0;¢) = 0 and %(0;€) = 0, we conclude that likewise R(0;€) = 0 for all
€ € Q. In particular, we see that D¢R(0;0) = 0, whereas Equation (8.62) tells us that
D, .R(0;0) = (A— a*AD)|Ee.

As a warm-up, we start by investigating the second-order terms of R. To this end, we
write

h(x;€) = Q11 (x:€) + Q20(x) + O(|(x,€) ), (8.63)
where Q| is linear in both components and Q; g is a quadratic form. It follows that
h(vpxe +¥(x. ®@v;€)p; €) (8.64)
=011(vpxe +¥(x.@v;€)pi€) + Qo o(vpxe + ¥ (x. @v3€),) + O(|(xc, €) )
=011 (vpxe; €) + Q20(vpxe) + O(|(xe,€)[)
where we use that ¥(x, ® v;€) has no constant or linear terms in (x.;€). From Equa-

tion (8.64) we obtain

N
VT h(vpxe + ¥ (x. @V €)ps €) (8.65)
p=1

N
Z] vpQ20(vpxe) + O(|(xe, €)[°)
=

N
V127Q1,1<xc;8) +7° Z VzQZ,O(XC) + ﬁ(|(xc’ 8>|3) .
1 p=1

N
=7° Z vaLl(Vpxc;S) +r¢
p=1

C

I
S|
M=

p



8.1. Proof of Main Theorem 131

As we assume Zgzl vlz,, ):]1;':1 vf, # 0, we see that the second order Taylor coefficients of

R(x.; €) can be chosen freely (except for the &(|e|?) term).

Now suppose we are given a polynomial map P : E¢ x Q — E¢ of degree p
satisfying DP(0) = ((A — a*AD)|g;0) and P(0;€) = 0 for all . We will prove by induction
that we may choose the terms in the Taylor expansion of 4 up to order p in the variables
x. and € such that the Taylor expansion up to order p of R agrees with P. To this end,
suppose some choice of & gives agreement between P and the Taylor expansion of R up
to order 2 < k < p. By the foregoing, this can be arranged for k = 2.

We start by remarking that a change to & that does not influence its Taylor
expansion up to order k does not change the Taylor expansion of ¥ up to order k. This
follows directly from Lemma (65). As a result, such a change does not influence the

Taylor expansion of R up to order k as well. We write

B k+1
h(xc;g) = h(xc;g) + Z Qi,kJrlfi(xc;g) (866)
=1

for an order k + 1 change to i, where each component of Q; ; : R” x Q — R" is a homo-
geneous polynomial of degree i in x, and degree j in €. The (k+ 1)-order terms of R in
(xc;€) are given by the (k+ 1)-order terms of

N
Z Vp T h(vpxe + ¥ (xc @V; €) 3 €) (8.67)
p=1

N k+1
= Z vy (h(vpxc +W¥(xc®v;€)ps€) + Z Qi 1-i(Vpxe + P (xc @V €)ps 8)) .
p=1 i=1
As both i and W have no constant and linear terms, we see that the (k+ 1)-order terms

of R are also given by those of

N k+1
Z v,T¢ (h(vpxc + \Pk(xc RV;E)ps€) + Z Qi ke 1—i(Vpxes 8)) , (8.68)

p=1 i=1
where W* denotes the terms of ¥ up to order k. As we have previously argued, P is
independent of the additional terms Q; s ;. Hence, we may write the order k+ 1 terms

in Expression (8.68) as

N k+1 N k1
W (xe;€)+ Z vyt Z Qik+1-i(vpxc; €) = W(xe;€) + Z vpTt° Z VpQiky1-i(xc;€)  (8.69)
p=1 i=1 p=1 i=1

kel g N

= W(Xc;e) + Z < Z V?_ )ﬂCQi7k+1i()€C;8)
i=1 \p=1

where W (x.; €) denotes the order k+ 1 terms of

N
Z Vvt h(vpxe +Pr(x. @ vs€) i)
p=1
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As ):]1;]:1 v{; # 0 forall j €{2,...,p+ 1}, we see that the order k+ 1 terms of R may be
freely chosen. In other words, we may arrange for the Taylor expansion up to order k+ 1
of R to agree with that of P up to order k+ 1. This completes the proof by induction.

Next, we present the proof of the Main Theorem of this thesis, Theorem (4).

Proof: If there exist m mutually orthogonal vectors vy, ..., v, such that (v;,Av;) > 0, then
Proposition (56) guarantees the existence of a positive-definite matrix D such that A —D
has a center subspace of dimension m or higher. Given any non-zero eigenvalue A4 of L,
we may set o* = 1/A and conclude that A — a*AD has a center subspace of dimension
at least m. As the eigenvalues of the linearization of Equation (1.11) around the origin
are given by those of the maps A — aAD for A an eigenvalue of L;, we see that the
System (1.11) has a local parameterized center manifold of dimension at least m for
some choices of D and o = o™

If the graph G of the network is p-versatile for the pair (i, v), then a choice of D as
above together with o* = 1/ guarantees A — a*uD has a center subspace of dimension
at least m. By Remark (58) we may assume this center subspace to be of dimension
precisely m. Moreover, by Lemma (61) we may assume A — a*AD to have a hyperbolic
spectrum for all other eigenvalues A # 1 of Lg, after an arbitrarily small perturbation
to A and D if necessary. It follows that System (1.11) has a local parameterized center
manifold of dimension exactly m. We argue in the proof of Lemma (66) that R(0;€) =0
for all €, and that DR(0;0) = ((A — o*uD)|gc;0). This latter map is nilpotent by the
statement of Proposition (56). Finally, Lemma (66) shows that any Taylor expansion can
be realized for R up to order p, subject to the aforementioned restrictions.

8.2 Stability of the center manifold

In this section, we investigate the stability of the center manifold of the full
network system. We know that the spectrum of the linearization of this system is fully
understood if we know the spectrum of the matrices A — a*AD for A an eigenvalue of
L¢. Proposition (56) gives conditions on A that guarantee the existence of a positive-
definite matrix D such that A — o*uD has an m-dimensional generalized kernel for
some fixed eigenvalue u > 0 of Lg. Moreover, by Remark (58) we may assume that the
non-zero eigenvalues of A — o* uD have negative real parts. Lemma (61) in turn shows
that after a small perturbation of A and D if necessary we may assume A — a*AD to have

a hyperbolic spectrum for all remaining eigenvalues A # u of L. Thus, if the matrices
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A — o*AD for these remaining eigenvalues are all Hurwitz, then the m-dimensional
center manifold of Theorem (4) may be assumed stable.

This seems most reasonable to expect when p is the (simple) largest eigenvalue
of Lg, as the matrices, A — a*A D for the remaining eigenvalues of L then "lies between"
the Hurwitz matrix A and the non-invertible matrix A — a*uD. More precisely, suppose
D is scaled such that A—D = A — a*uD. If we let o vary from 0 to a* = 1/, then for
each eigenvalue A of Lg, the matrix A — aAD is of the form A — BD for some f in [0, 1].
Let us, therefore, denote by 8 — 7(B) fori € {1,...,n} a number of curves through the
complex plane capturing the eigenvalues of A — BD. As « varies from 0 to o* = 1/, the
eigenvalues of A — aAD traverse ¥, with the "front runners" given by those of A — auD.
In contrast, for A; = 0 the eigenvalues of A — aA;D of course remain at %;(0). When
o = a* is reached, the eigenvalues of A — a*AD end up in different places on the curves
7:. Hence, if the situation is as in Figure (19), where each ¥; hits the imaginary axis only
for B =1, or not at all, then we are guaranteed that each of the matrices A — a*AD is
Hurwitz for A # u. Hence, the center manifold is then stable.

Of course B = 1 may not be the first value for which a curve ¥ hits the imaginary
axis, see Figure (20). Note that, if the matrix A — BD indeed has a non-trivial center
subspace for some value 8 € (0,1), then a bifurcation is expected to occur as o is
increased before it hits a*.

Iy

4
M 2 A
oo >0 >

Figure 19 — Sketch of a situation where the m dimen-  Figure 20 — Numerically computed behaviour of three

sional center manifold of Theorem (4) may
be assumed stable. Depicted are the eigen-
values of A— BD as B is varied. Small
dots denote starting points where B = 0,
dashed paths form a conjugate pair of com-
plex eigenvalues and are real eigenvalues.
Arrows indicate the eigenvalues evolving
as B increases to 1. Big dots denote the
endpoints where 3 = 1. Three of them go
to the origin, whereas one moves away
from it. None of them touches the imagi-
nary axis before B = 1.

of the four eigenvalues of the family of ma-
trices from Example (13). As B increases
from O to 1, three eigenvalues move to the
origin, whereas a fourth stays to the left
of the imaginary axis. For some value of
B € (0,1), two complex conjugate eigen-
values already cross the imaginary axis
away from the origin. Likewise, a real
eigenvalue crosses the origin for some
B € (0,1). Data were simulated using Oc-
tave.

The next example shows that some of the eigenvalues of A — D might cross the

imaginary axis before a high-dimensional kernel emerges at f = 1, see Figure (20).
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Example 13. We consider the matrices A and D constructed in Example (11). Here we
choose ¢ = 21 in order to guarantee that D is a positive-definite matrix. We, therefore,

have a family of matrices:

1-B 1-8 0 0
A—BD= p-1 1P =P 0 , (8.70)
0 B—1 1-8 16.94

1—B 424(B—1) 424(B—1) —21B—17.94

parameterized by the real number B € [0, 1]. We are interested in the eigenvalue be-
haviour as f is varied. We know that for f = 0 we have the Hurwitz matrix A so that all
eigenvalues have negative real parts. We would like to know if the family A — BD has
all eigenvalues with negative real parts for all § € (0,1). However, if § =  we have 3
eigenvalues with positive real part. By continuity of the eigenvalues, it means that each
of these crossed the imaginary axis for some f§ < 1. Only after this, for § = 1, do we
have the bifurcation studied in the previous chapter, due to the appearance of a triple
zero eigenvalue. Figure (20) shows the numerically computed behaviour of these three
eigenvalue branches.

If we are in the situation of Figure (20), then the center manifold can still be
stable. This occurs when the largest eigenvalue p of L is significantly larger than all

other eigenvalues. In that case, we have
A—a*AD=A—A/uD~A

for all eigenvalues A of L; unequal to p. For small enough values of A /u the matrix
A — A /uD is therefore still Hurwitz. As it turns out, this can be achieved in the situation
explored in Subsection (2.1.2). More precisely, we have the following result.

Proposition 67. Let r < D be positive integers and suppose G is a connected graph with
at least two nodes, consisting of one node of degree D and with all other nodes of degree
at most r. Let it and k denote the largest and second-largest eigenvalue of the Laplacian
Lg, respectively. Then the value k/u goes to zero as D/r goes to infinity, uniformly in

all graphs G satisfying the above conditions.

The proof of Proposition (67) uses a result about the effects of adding an edge
to the graph on the spectrum of the Laplacian. Given a graph G, we denote by G+ e
the graph obtained from G by adding some edge e that was not there before. If G and
G+ e have M nodes, then we denote by 0 =17 < --- < 1C the eigenvalues of L and by
0= 7LIG e < QLA?I” the eigenvalues of L. It can then be shown that

0=A7 =2t <Af <AFPe < < AG<AGT. (8.71)
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This result is sometimes referred to as an interlacing theorem for graphs, see (MOHAR
et al., 1991). In the proof of Proposition (67), we are interested only in the inequality
AG | < A5T¢ corresponding to the second-largest eigenvalues. Repeated use of this
latter result gives 2,1371 < QLJSLI, where G’ is obtained from G by adding any number of
edges.

Proof: Let us say that G has N + 1 nodes, and write n for the unique node of degree D.
We denote the eigenvalues of Lo by 0=AF <--- <A |, sothaty =A§ , and k = AJ. If
we have N = 1 then x = 0 so that there is nothing left to prove. Hence, we assume from

here on out that N > 1. Just as in the proof of Proposition (9), we have
1L=Ays1>D+]1. (8.72)

Next, let G’ denote the graph obtained from G by adding edges between ny and other
nodes until ng is connected to every other node. By the observation above we have
k=A% < Aﬁ/, where the eigenvalues of L are given by 0 = QLIG/ <. < ?L]%l.

Let us, therefore, consider the graph G’ instead. Because ny is connected to every other
node, we see that the complement graph G° consists of two components: {ng} and
the remaining part H, where we do not claim H itself is connected. Let us denote by
0=M<...Afl,, the eigenvalues of Ly, so that those of Lg- are given by 0 = A¢" =
M < .. Afl.,. By the techniques used in the proof of Theorem (8), we conclude that
M=N+1-2F.

Next, consider the complement H° of H. Again by the techniques used in the proof of
Theorem (8), we see that an eigenvalue of Ly is givenby N— A =N — (N+1— 28 =
1S — 1. Moreover, by the construction of H and H°, we see that this latter graph can be
obtained from G’ (or from G), by deleting ny and every edge connected to this node. In
particular, we conclude that every node in H° has a degree at most r. A straightforward
application of the Gershgorin circle theorem (GERSCHGORIN, 1931) now tells us that
all eigenvalues of Ly~ are bounded from above by 2r. In particular, we find lﬁl —1<2r

and so

K<AS <2r+1. (8.73)
Combining Equations (8.72) and (8.73), we see that

2r+1

<
~ D+1

3r
< — .
<35 (8.74)

S

K
u

from which the result follows.
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8.3 Bifurcations in coupled stable systems

Using our results so far, we show what bifurcations to expect in diffusively
coupled stable systems in 1, 2, or 3 bifurcation parameters. Note that Theorem (4)
tells us that the dynamics on the center manifold are conjugate to that of a reduced
vector field R : R™ x Q@ — R", satisfying R(0; €) = 0 for all € € Q. By Remark (59) we may
furthermore assume the linearization D,R(0;0) to be nilpotent with a one-dimensional

kernel. Other than that, no restrictions apply to the Taylor expansion of R.

Since an m-parameter bifurcation can generically generate an m-dimensional
generalized kernel, we each time consider m-parameter bifurcations for a system on R™.
In Subsection (8.3.1) we briefly investigate the cases m = 1 and m = 2. Our main result is
presented in Subsection (8.3.2), where we show the emergence of chaos for m = 3. In
most cases, the main difficulty lies in adapting existing results on generic unfoldings to
the setting where R(0,€) =0 for all € € Q.

8.3.1 One and two parameters

Motivated by our results so far, we describe the generic m parameter bifurcations
for systems R on R”, where m = 1,2, subject to the condition R(0;€) =0 for all € € Q. We
each time assume a nilpotent Jacobian with a one-dimensional kernel. We start with the

casem = 1:

Remark 68 (The case m = 1). A map R:R xR — R satisfying R(0;¢) =0 for all e € R
and D,R(0;0) = 0 has the general form

R(x;€) = x(ax+be + O((|x,€)|?)), fora,b € R.

Under the generic assumption that a,b # 0, we find a transcritical bifurcation. Returning
to the setting of our network system, this corresponds to a loss of stability of the fully

synchronous solution.

Remark 69 (The case m = 2). Consider first a two-parameter vector field R : R? x R? — R?
satisfying R(0;0) = 0 and with non-zero nilpotent Jacobian D;R(0;0). Such a system
generically displays a Bogdanov-Takens bifurcation. However, in this bifurcation sce-
nario, there are parameter values for which there is no fixed point. Hence, if we impose
the additional condition R(0;€) = 0 for all € € R?, then another (generic) bifurcation sce-
nario has to occur. This latter situation is worked out in (HIRSCHBERG; KNOBLOCH,
1991). The corresponding generic bifurcation involves multiple fixed points, hetero-
clinic as well as homoclinic connections, and periodic orbits. One striking feature is the

presence of a homoclinic orbit from the origin, which is approached as a limit of stable
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periodic solutions. In our network setting, such a periodic solution means a cyclic time
evolution of the system from full synchrony to less synchrony and back. The time at
which the system is indistinguishably close to full synchrony can moreover be made
arbitrarily long.

8.3.2 Three parameters: chaotic behaviour

In this subsection, we will prove Corollary (5), which allows us to conclude that
chaotic behaviour occurs in diffusively coupled stable systems. To this end, we will
apply the theory developed so far. Before this, we will present a detailed background

on how we will achieve chaos.

We expect to find chaos in the network through the existence of a Shilnikov homoclinic

orbit on a three-dimensional center manifold.

The Shilnikov configuration can be seen as a combination of linear and non-
linear behaviour involving a saddle fixed point. A two-dimensional stable manifold
attracts trajectories exponentially fast to the fixed point, where the eigenvalues of the
linearization are A, = —o +if3 with o > 0 and 8 # 0. Transversal to this there is a one-
dimensional unstable manifold repelling away trajectories with real eigenvalue y > 0.
The Shilnikov homoclinic orbit emerges from the re-injection of the one-dimensional
unstable manifold into the two-dimensional stable manifold, see Figure (21). Of course,
this re-injection is a consequence of nonlinear terms. L. P. Shilnikov proved that if y > o,
there are countably many saddle periodic orbits in a neighborhood of the homoclinic
orbit. The proof consists of showing topological equivalence between a Poincaré map
and the shift map of two symbols. The existence of chaotic behaviour is in the sense that
Robert L. Devaney defined deterministic systems, with sensitive dependence on initial

conditions, topological transitivity, and dense periodic points.

oD

Figure 21 — Shilnikov homoclinic orbit.

We next give a brief summary of results contained in the paper (IBafAiEZ; RO-
DRiGUEZ, 2005). The authors studied the three-parameter unfolding of nonlinear vector
fields on R? with linear part conjugate to a nilpotent singularity of codimension three.
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After making several coordinate changes, the following normal form is presented:
2

y%+z%+(l—y+vz—%+ﬁ’(1c))a% (8.75)
where the parameters are given by 7 = (4, v, k). The parameter k is introduced by
means of a blow-up technique, and the term

d
ya +2z a—y

denotes the nilpotent singularity of codimension three on R?. Equation (8.75) has two
hyperbolic fixed points for A >0 and v = 0, namely p; = (—v24,0,0) with local be-
haviour given by a two-dimensional stable and one-dimensional unstable manifold
and p, = (+v22,0,0) with local behaviour given by a two-dimensional unstable and
one-dimensional stable manifold. Knowing there is a solution x(z) for a specific pos-
itive parameter A = A* such that x(t) — p; as t = —e and x(¢) — py as t — +oo, the
authors proved analytically the existence of another solution, also for the parameter
A*, connecting both two-dimensional stable and unstable manifolds and thus forming
another heteroclinic orbit. Theorem 4.1 of (IBAiiEZ; RODRIGUEZ, 2005) states that in
any neighborhood of the parameter 1) = (Ao, Vo, ko) = (1*,0,0), where the heteroclinic
orbits exist, there are parameters 7 = (1, v, k) such that the heteroclinic orbit breaks and

a Shilnikov homoclinic orbit appear.

For completeness, we state Theorem 4.1 below in a slightly altered form.

Theorem 70 (Theorem 4.1 (IBAAEZ; RODRIGUEZ, 2005).). In every neighborhood of
the parameter 1) = (49, Vo, ko) = (1%,0,0) there exist parameter values 7 = (1, v, k) such

that the equation
) ) x? )
ya ‘|—Za—y+ (l —y—f—VZ—E-f—ﬁ(K)) oz
has a homoclinic orbit given by the intersection of the two-dimensional stable and
one-dimensional unstable invariant manifolds at the hyperbolic fixed point p;.

As was the case for m = 2, we cannot immediately use this existing result, as
the parameter-dependent systems on the center manifold of our network ODE satisfy
R(0,€) = 0 for all € € R?. It remains to show that with this existing restriction, we
may still reduce our system to the family given by Equation (8.75). This then proves

Corollary (5) as a consequence of Theorem (4).

We therefore start with a parameterized vector field R : R? x R? — R satisfying
R(0,€) =0 for all £ € R3. After a linear coordinate change, we may assume the Jacobian
DR(0;0) to be given by

~
I
c o o
o o =
©c - o
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We thus get the system
X1 = x + (x; 8)
X = x3 —+ hz(x;&‘) , (8.76)
X3 = h3(x;€)

with x = (x1,x2,x3), and where hy, hy, h3 are the higher order of R(x; €). Note that we have
/’l] (0;8) = hz(O;&‘) = /’l3(0;8) =0forall e € .Q., and Dh1 (0;0) = th(O;O) = D/’l3(0;0) =0.

To bring our system in the form of Equation (8.75), we will proceed very much
like in the paper (IBAAEZ; RODRIGUEZ, 2005). The first step is to get rid of the nonlinear
terms h; and h; by means of a coordinate transformation. To eliminate #; we consider
the following change of coordinates

yio= X
y2 = Xx2+hi(x;€) (8.77)
y3 = X3.

Applying it to System (8.76), we get

Vi X1 =x2+h(x;€) =y

2 b %) +th1(x;£)x

x3 +hy(x;€) 4+ Dy hy (x;€) (X2 + hy (%3 €))
Dy, hy(x;€)(x3 + ho(x;€)) + Dyy by (x5 €)h3(x; €)
y3 +ha(x;€) + Dy by (x;€) (%2 + 1 (x5 €))
Dy, hy(x;€)(x3+ ho(x;€)) + Dy hy (x5 €)h3(x; €

X3 =hs (x; 8)

+

+

)

3

We, therefore, get the new system

o= »n
Y2 = y3+ha(y:ie) (8.78)
5’3 = 713()’28)7

with y = (y1,y2,y3), and where i, and &3 are uniquely defined by the relations

ho(y;€) = hy(x;€) + Dy, hy (x5€) (X2 + y (x; €))
—I—D)th (x; 8)()63 + hz(x; 8)) +Dx3h1 (x; 8)/13 (x; 8)
h3(y;€) = hs(x;€). (8.79)

Note that 7, and /3 again have vanishing linear terms, and moreover satisfy ,(0;€) =
h3(0;¢) =0 for all €.
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To eliminate /1, we consider the change of coordinates

i1 = N
2 = M (8.80)
3 = y3+h(ye).

Applying it to System (8.78), we obtain

11 = N=n=2
o= =y3+h(ye) =2z (8.81)
o= y3+Dyh(y;e)y

= 13(y;€) + Dy, o (y:€)y2 + Dy o (v €) (v3 + Mo (y:€)) + Dy o (v €) s (3 €) -

We thus get the new system

21 = 22
2 = Z3 (8.82)
i = Iy (z;€)

with z = (z1,22,23), and where 13(z; €) is locally defined by

hi(z;€) = h3(y;€)+Dyha(y;€)y2
+ Dy, hy(y:€)(y3 +ha(y;€)) + Dy, o (y; €) A3 (v3 €) - (8.83)

Note that /i3 again has no linear terms and satisfies /13(0;€) = 0 for all €. Moreover, in
case of hy = h, =0 we would find x =y =z and h3 = h3, which shows that no other
restrictions apply to /3. Writing

h3(z;:€) = ©1(€)z1 + Oa(€)z2 + O3(€)z3 + O(|2]*) (8.84)

for some locally defined ©; : R? — R, we therefore see that generically we may redefine
€ = (€1,&,8&) so that

hi(z:€) = e121+ 82220 + 8323 + O(||2]|?) . (8.85)

It follows that we may write

i1 = 2

22 = 23 (8.86)
. — 2 2 2

3 = 8121+ &0+ &3 +aiz] +axz; +asz

+  asz172 +asz1z3 +agnzz + ﬁ’(HzH3 + €]l HZHZ),
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for some coefficients ay,...,a¢ € R. We will assume that a; # 0, so that the System (8.86)
locally has two branches of steady states: z(¢) = (0,0,0) and z(¢) = (Z;(€),0,0). A straight-
forward calculation shows that

= €1
Zi(e) = —a—]+ﬁ(He||2). (8.87)
Motivated by this, we perform the change of coordinates:
b o EL
L= ats
wy = 22 (8.88)
w3 = Z3.

Applying this to System (8.86), we get

Wi = 21=2=wW (8.89)
Wy = 22=23=WwW3
£ €
w3 = Z3=¢€(w — —1) +ewr + 8wy +aj(w — —1)2 —|—a2w% —|—a3w§
2a; 2a,
€1 € 3 2
+ as(w) — =—)war+as(w) — — )wz +agwrws + O(|z]° + |€]|z])
2ay 2ay
2
! 2 2 2
= —E+82W2+83W3+alwl—|—a2W2+Cl3W3
1
asew asew
o agwiwy — =2 L aswiwy — = agwows + O(|2* + |e]|2?).

ai
We have left the remainder term &(|z|> +|¢||z|?) as is, which will benefit us later. Rear-

ranging terms, we get the new system

Wi = ws (8.90)
Wy = w3
2
, € as4€ asé€| 2 2 2
w = —— EH——)w E3——)w aiw arw asw
3 4a1+(2 2a1)2+(3 2a1)3+11+22+33

+  agwiwy +aswiws +aegwows + ﬁ(|2\3 + €] |Z|2) .

Similar to the paper (IBAAiEZ; RODRIGUEZ, 2005), we now introduce a blow-up param-

eter ¥ € R and write

wp = K3I/t1 & = K3’}/1 (891)
wy = K4u2 & = K'2’)/2 f =Kt
w3y = K5u3 & = K73.
Note that we get
& 3 N
— o — - 8.92
a=wisg - <u1 2a1) (8.92)

4
D=wr =K U

3=w3 = K5M3,
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so that we may write ||z|| = 0(k3). Applying it to Equation (8.90), we get

du1 . ldwl_ldwl_ldwl_l
i k¥ di  KSkdt & d
duy  ldwy 1dwy 1dw 1
i kbt di  tkdt K dt K
dus  1ldws 1dws 1 dws
di k> di  KSkdt «k° dt’

where furthermore

dws _
dt

4611

Summarizing, we find

du

— = U

di 2

duy

— = U

dt 3

du3 ,)/2 2

ﬁ = —ﬁ+’}’2u2+73u3+(11u1+ﬁ(1<).

Wo =

u

= Sw3=u3

2
=W3 = K (—L+qu2+’}’3u3+a1u%) +ﬁ(l{7).

(8.93)

We next focus on the parameter y». We assume henceforth that y» < 0 and perform the

following change of coordinates

where

v = —2r3u1 v2:—2r4u2

vy = —2r5u3 T=r 'f,

Applying it to System (8.93), we get

dV1
drt
dvy
drt
dV3
drt

du1 du1

(—21’3)E = (—2r4)ﬁ = —2r*uy =w
(—2r4)% = (—2r5)% = —2ru3 =3
(-27) 32 = (292

(—2r°) (_g + iy + Yauz +ajud + ﬁ(K))

2
PO A V2 V3
| 2r)< 4611+Y2(—2"4)+Y3(—2"5)+a1<

2r6 2

);171 +pvor? +Y3V3r—alv§1 + 0'(x)

,y12 1’6 V2

2—m—vz+}/3\/3r—a131+ﬁ(1<).

(8.94)

(8.95)

(8.96)
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We thus get the new system

V/ = dV1 = M
1= - =
dt
dV2
V/2 = E = V3 (897)
dvs }/2r6 v
Vi = = zl—al—vz—l—)@vy—a]?l—l—ﬁ(ic).

Finally, we make the following change of coordinates:

X = aiv
= amwm (8.98)
X = aivs.
This gives
X = apy=am=y (8.99)
yl = alv'2:a1V3:Z
2.6 2
Z = alv/3=%Tr—alvz—l—}@alvy—a%%—{—ﬁ(lc)
2r6 X2
— YIT—y—l—}@rz—?—i—ﬁ(K).

2.6
Setting A := YlTr and v := p3r, we arrive at the vector field

d d x? d
:y$+za—y+(l—y+vz—?+ﬁ(1<))£ (8.100)

from Theorem (70). Note that A = @ is necessarily non-negative. However, this may
be assumed in the setting of Theorem (70), as A* > 0. This theorem thus predicts chaos
in the setting of our coupled cell system, provided m = 3 and the network in question is
at least 2-versatile.

Remark 71. Instead of considering € € R?, we may have instead looked at £ € R? and
considered o0 = o* +- & as the third parameter needed to unfold the nilpotent singularity
of co-dimension three. Here & € R is a small deviation from o*. Note that {8D | B € R}
constitutes a direction transversal to the conjugacy class of A — a*AD. This is because
the tangent space to a conjugacy class of matrices lies in the space of matrices with
zero traces and by assumption Tr(D) # 0. From the calculation above, we see that
only a three-parameter unfolding of the linear terms is necessary for the emergence of
chaos. Hence, chaos also emerges in a two-parameter system, if in addition the coupling
parameter « is seen as an implicit parameter.
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