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Abstract

Resende, R. O. Regularity of almost minimizing sets. 2019. 120 f.
Thesis (Master) - Institute of Mathematics and Statistics, University of
Sao Paulo, Sao Paulo, 2019.

This work was motivated by the famous Plateau’s Problem which
concerns the existence of a minimizing set of the area functional with
prescribed boundary. In order to solve the Plateau’s Problem, we make
use of different theories: the theory of varifolds, currents and locally fi-
nite perimeter sets (Caccioppoli sets). Working on the Caccioppoli sets
theory, it is straightforward to prove the existence of a minimizing set
in some classical problems as the isoperimetric and Plateau’s problems.
If we switch the problem to find the regularity that we can extract of
some minimizing set, we come across complicated ideas and tools. Al-
though, the Plateau’s Problem and other classical problems are well set-
tled. Because of that, we have extensively studied the almost minimizing
condition ((\,r)-minimizing sets) considered by Maggi (|[Mag12]|) which
subsumes some classical problems. We focused on the regularity theory
extracted from this almost minimizing condition.

Keywords: Caccioppoli, almost minimizing, minimizing, geometric mea-

sure theory, regularity theory, locally finite perimeter, finite perimeter.
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Symbols List

E¢=R"/E

int(E) is the topological interior of £
F is the topological closure of E

OFE = E \ int(E)
E,={z€eR":(2,t) € £}

l,xre FE

0,z € E°
G(u) denotes the graph of u

E C R" then 1g(x) = {

Lip (u) is the Lipschitz constant of u

supp f = {z € dom(f) : f(z) # 0}

For U C R™ open set C*(U,R™) =

={f:U — R™: the i-th derivate f(i) is continuous whenever 0 <i <k}
For U C R" open set C*(U,R™) = {f € C*(U,R™) : supp f € U}

J f is the Jacobian of f

fr9: X =Y then {z € X : f(z) = g(2)} ={f =g}

B(z,r)={yeR": |z —y| <7}

D, ={zeR":|z| <r}

p: R" — R" ! is defined as p(x1,...,1,) = (21, .., Tn_1)

q: R" — R is defined as q(z1, ..., x,) = x,

W-v =Y Uy, where u = (uy, ..., uy), v = (vg,...,0p)

u, v, w € R then (u @ v)w = (v-w)u

|z||, = max {|proj,z|, |proj,.z|} where proj is the euclidean orthogonal projection
Cle,r,v) = {y € R : |ly — o, <7}

{1 a measure, then E & F < p(EAF) =0

i a measure on R”, then p 4 denotes the restriction to A

sptp ={x € R" : Vr > 0, u (B(z,r)) > 0} is the support of the measure p
ofp is the push-forward of p by ¢

|| is the total variation of the measure p

|A| is the Lebesgue measure of A

w, = |B(0,1) | is the volume of the ball B(0,1)



vi



Introduction

Geometric measure theory (GMT) has roots going back to ancient
Greek mathematics. Ancient Greek mathematicians worked on the isoperi-
metric problem (to find the planar domain of given perimeter having
greatest area) which leads naturally to questions about spatial regions
and boundaries. The so-called Plateau’s problem (to find the minimal sur-
face with prescribed boundary), named in honor of the Belgian physicist
Joseph Plateau, also belongs to the roots of GMT and has been studied
since the 18th century. Despite its elderly roots, GMT has evolved, in
the 20th century, into a modern theory which is in a confluence zone
between Geometry and Mathematical Analysis. The name “geometric
measure theory” owes its origins to Federer’s masterpiece published in
1969 ([Fed96]).

A basic idea in GMT is to generalize the classic differential-geometric
notion of surface in order to enlarge the set of possible solutions to
Plateau’s and similar variational problems'. According to the strategy
used to generalize the notion of surface, the development of the the-
ory has taken different paths, among which we may identify three main
branches:

De Giorgi: The theory of Caccioppoli sets (or locally finite perimeter
sets), named after the Italian mathematician Renato Caccioppoli,
who introduced those sets in [Cac27]. In this formalism, a hyper-
surface is defined as the boundary of a Caccioppoli set. De Giorgi
made important contributions to this theory, which can be found
in [DG54], [DG5B5], [DG61a] and [DG61b|. We also refer the reader
to H. Federer’s book ([Fed96]) and more recent references, such as
Lawrence C. Evans and Ronald F. Gariepy ([LCE92|), Leon Si-
mon ([Sim83]), Luigi Ambrosio, Nicola Fusco and Diego Pallara
([LA00]), Fanghua Lin and Xiaoping Yang (|[FLO03]), Enrico Giusti
(|Giu84]), Francesco Maggi (|[Mag12]) and Frank Morgan (|[Mor00]).

Federer and Fleming: The theory of normal and integral currents ([FF60],
|[Fed96]). Federer and Fleming defined a k-dimensional surface in
R™ as a k-current, i.e. a continuous linear functional on the space
of k-forms endowed with an inductive limit topology of Fréchet
spaces. Those objects generalize the theory of Schwartz’s distribu-
tions. This method is extensively studied in [Fed96] and it gener-
alizes the theory of finite perimeter sets (which may be identified

'making it possible to apply the so-called direct method of the Calculus of Varia-
tions.
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with a particular type of normal currents) to codimensions bigger
than 1.

Almgren and Allard: The theory of varifolds, which was introduced
by Almgren (|[ALMG65]) and Allard ([A172], [All87]). They defined a
k-dimensional varifold as a Radon measure on R™ x Gr(n, k) where
Gr(n, k) denotes the Grassmann manifold of the k-hyperplanes in
R™. They have also shown that the varifolds are a more general
concept than that of currents.

Each one of the above methods is adequate to study variational prob-
lems such as the classical Plateau’s problem and the isoperimetric prob-
lem. In this work, we will focus on the theory of Caccioppoli sets. In this
framework, one can easily show the existence of minimal solutions to the
aforementioned problems by means of the direct method of the calculus
of variations. The study of the regularity of such solutions, however, is
really tough.

There exist certain minimizers in geometric variational problems with
volume-constraints, potential-type energies and the like, that do not sat-
isfy the usual minimality condition, i.e. without constraints. In order to
encompass such problems into the framework, it arises the interest to in-
troduce a notion of almost minimality, i.e. a relaxed notion of minimality.
There are many ways to introduce such a relaxed notion; one of them
was originally presented on a highly general context by Almgren in 1974
([Alm76]) aiming to solve elliptic variational problems with constraints.
One year after Almgren’s work, Massari introduced another notion of
minimality with constraints in [Mas75|. Indeed, if we set P(FE,-) the
perimeter measure of the Cacciopoli set F and we define the functional
T, in the class of Caccioppoli sets depending on g € LP(Q2),p > n,Q C R”
by

T,(B) = P(EK)+ [ gla)da (0.1)
KNE
where K is a compact subset of (2, then F' will be a minimizer in Massari’s
concept ([MasT75]) if
T,(F) < T,(E)

for all K compact subset of 2 and all Caccioppoli set E such that EAF C
K. Massari’s minimizers also satisfies

P(F,K) <P(E,K)+ ||gll,|EAF|

Another almost minimality condition was introduced by Tamanini in
1984 (|[Tam84|). Tamanini defined an almost minimizing set in Q C R"
as a Caccioppoli set F' such that for all A € Q exist t € (0, dist(A, Q)
and « : (0,t) — [0,00) non-decreasing function with lim, o+ a(r) = 0
which satisfy

P(E,B(x,r)) < P(F,B(z,7)) + alr)r"! (0.2)

for every x € A,r € (0,t) and E Caccioppoli set with FAF € B(x,r).
In this work, we will adopt the concept of almost minimality proposed in
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[Mag12]. Instead of consider either 0.1 or 0.2, Maggi introduces a (A, r)-
manimality condition, which we define rigorously in Definition 1.1.

The regularity problems which will be the main goal of this work
are widely spread in the literature (|Giu84|, [Magl2|, [Alm76], [Mas75],
[Sim83], [LA0O], [Fed96], [Tam84], [DG61b]), with some minor variations
on the definition of almost minimality adopted. In fact, regularity theo-
rems can be proved under weaker minimality conditions than the (A, r)-
minimality. For instance, Massari (|[Mas75]) asserted that the minimizer
of the functional defined in 0.1 has reduced boundary 2 N 0*F of class

CH"%" with the restriction on the dimension p > n > 8. On the other
hand, Tamanini (|Tam84|) established that the minimizer of 0.2 has re-
duced boundary Q N 9*F of class C' under some forced conditions on
Q.

We aim to exploit the regularity that can be extracted from the class
of minimizers defined in ([Magl2]). For this purpose, the notion of reg-
ularity will come up in many ways. The main tool that we will discuss
is the excess which is used to measure the oscillation of the measure-
theoretic outer unit normal of a Caccioppoli set. The precise definition
of the excess can be found in Definition 2.1. The smallness of the excess
allows us to collect technical results about the Caccioppoli set as the
Height Bound (Theorem 2.17) and the Lipschitz Approzimation (Theo-
rem 3.3), which are the main tools to prove the regularity theorem that
we will presented in this work. That is, the C'-reqularity of the almost
minimizing sets Theorem.
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Prologue

The propose of this introductory chapter is to fix some notation and
terminology. Furthermore, we will also state some well known results on
geometric measure theory which will be used in the deployment of the
almost minimizing sets theory. For more basic notation, one can check
the Symbols List (see page v).

0.1 Functions of bounded variation

Let (U, 3, 1) be a measurable space, then we define the space of locally
p-integrable functions Lj (U, n),1 < p < oo as follows, if f: U — R is
measurable,

reth e ([1ram) <o vKeu

If the right side on the inequality holds for U, i.e.

(/Ulf\”du); < o

we write f € LP(U, 1) to denote the space of such functions. The space
LY (U, ), 1 < p < oo with the following norm, f € L7 (U, ),

loc loc
- Pd ’
111, = ([ 17 an)

is a Banach Space. For the sake of brevity, we set L} (U,|-|) = Lj,.(U)

and LP(U,|-|) = LP(U) for any U C R"™ where | - | denotes the Lebesgue
measure on R".

We call the functions in L}

(U) (respectively, L' (U)) by locally integrable
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functions (resp., integrable functions). We will use the notation, for all
A BcCU,
A—B

to describe that 14 — 1p in L'(U).
If U C R™ denotes an open set, we say that f € L} (U) has locally
bounded variation in U, if

Sup{/K f(z)divg(z)dz : ¢ € CHK,R™), |¢| < 1} < 00

for all K € U. The space of the locally bounded variation functions is
denoted by BVj,.(U). We also establish the notation BV (U) to denote
the space of bounded variation functions, i.e. f € L'(U) such that

sup {/Uf(x)dwqb(x) dz : ¢ € CHU,R"), |¢| < 1} < 00

We recall the Structure Theorem for BV, (Theorem 5.1 in [LCE92])
which states, for each f € BV,.(U), the existence of a Radon measure
pron U and a pp-measurable function vy : U — R™ such that |vs(z)| =1
fp-almost everywhere o € U and

[ t@aivswyde =~ [ o-vpdus voeClURY
U Rn

For bounded variation functions, we have the Lower Semicontinuity The-
orem (Theorem 5.2 in [LCE92|) which establish that, if { f;};en € BV(U)
and f; — fin L}, (U),

py(U) < liminf pp, (U)

1— 00

If we consider the norm, f € BV (U),

1By = [1fll =+ e (U)

we find that BV (U) N C*(U) is a dense subspace of BV (U). If we now
consider U open, bounded and with Lipschitz boundary, we can state a
sort of compactness, i.e. if {f;} € BV(U) with

sup | fill By < o0

we can take a subsequence {f;, } and f € BV(U) such that f;, — fin
LY(U) (Theorem 5.5 in [LCE92]).
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0.2 Caccioppoli sets

If E,U C R" with U an open set and 15 € BVj,.(U) (resp., BV (U)),
we say that E is a set of locally finite perimeter (resp., finite perimeter)
in U. Hereafter, we set

VIE = Vg
pg(r) =P(E,")
HE = VigHig

where v, 111, are given by the Structure Theorem for BV,,.(U) which we
mentioned before. We notice that ug is a R™valued Radon measure on
U. The sets of locally finite perimeter are also called Caccioppoli sets in
many books of Geometric Measure Theory. Accordingly, we will use this
terminology. We call by perimeter measure the Radon measure P(F,-)
on U and it holds that

P(E,-) = |usl(-)
i.e. the perimeter measure is the total variation of the measure pug. We
notice that
pe = Dlg
where we denoted by D1g the distributional derivative of 1. Now, we

shall prove a result that is simple calculation, but we have not seen its
proof in the literature.

Proposition 0.1. Let E be a Caccioppoli set in R™. If F' is equivalent
to B, i.e. |[EAF| =0, it follows that

(i) F is a Caccioppoli set;

(i) pr = pE

Proof. (i) By the definition of Caccioppoli set, we have
sup{/ divT(z)dx : T € CHR",R"),spt T C K,sup|T| < 1} < 00
E R™
for every K C R"™ compact set. Since F' and E are equivalent, we find

/E divT (z) dz = / divT (z) dx

F

Then, for every K C R" compact set, we conclude that
sup{/ divT(z)dx : T € CHR",R"),spt T C K,sup|T| < 1} < 00
F R"

Therefore, F' is a Caccioppoli set.
(ii) Since 1p and 1p are equal as elements of L}, ., we can ensure that

the distributional derivatives D1 and D1 will also be equal and thus
UE = HF- O
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The converse of the last proposition is also true. However, we will
not prove it here. The last proposition provides a type of invariance of
e and the perimeter measure under modifications on sets Lebesgue-null
sets. Since for any Caccioppoli set E in R™ we have

sptpup ={r € R": 0 < |[ENB(x,r)| <w,r", Vr >0} COFE

we can show the existence of F Lesbegue FE such that
spt up = OF

and then pup = pp. If E and F are Caccioppoli sets in R™ (resp., finite
perimeter), we have that E N F and E U F are also Caccioppoli sets in
R™ (resp., finite perimeter) and it holds that

P(EUF,)+P(ENF,) < P(E,-) + P(F,")

The isoperimetric inequality in the euclidean space R"22 i.e.

n

nwe|E|"" < P(E,R") VE CR" with |E| < oo

is an indispensable tool in geometric measure theory. It can be also stated
in balls (Proposition 12.37 in [Mag12|) for any Caccioppoli set E in R™
such that

|[ENB(z,r)| <t|B(z,r)|

whenever n > 2,2 € R",r > 0,t € (0,1). Indeed, under these assump-
tions on F, exists ¢(n,t) depending only on n and ¢ such that

c(n,)|ENB(z,r) | <P(E,B(z,r))

0.3 Hausdorff measure

We now set diam to be the diameter function on R™. For k € [0, c0),
the k-dimensional Hausdorfl measure of €2 C R" is defined as follows

He(Q) = lim H2(Q)

§—0

where, for § € (0, o0],

HI(Q) = %inf{Z(diam(Qi))k : diam(Q;) < 6,9 C U QZ}

9k
1€EN €N
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The k-dimensional Hausdorff measure has some good properties, for in-
stance, the behavior under translation and homotheties. Indeed, Vx €
R™ A > 0, we have

Hi(AQ +2) = N Hp(Q)  for any Q C R™

Since the k-dimensional Hausdorfl measure is defined in function of the
diameter, we can also ensure that

Hi(f(Q)) < (Lip () Hi()

for all Lipschitz function f and €2 C R™. One of the main results regarding
the Hausdorff measure is that

Ha(Q2) = |Q]  VQ CR" Borel set

To finish this section, let us state the Coarea and Area formulas. If f :
R" — R™ and g : R™ — R" are Lipschitz functions, n > m, for each
A CR", B C R™ Lebesgue measurable sets, we have

(Coarea Formula) /A Jf(x)de = - Hom(AN F(y))dy

(Area Formula) / Jg(y)dy = Ho(BNg H(x))da
B Rr

0.4 The reduced boundary

The reduced boundary 0*E of a Caccioppoli set E is the set of points
x € R™ such that = € spt up and

vep(z) = lim pe(B(z, 7))

n—1
I BB €5

The vector vg is called the measure-theoretic outer unit normal to . We
use 0.1 and the definition of reduced boundary to be able to consider sets
with

O*E = spt up = 0

One of the main theorems in geometric measure theory is the De Giorgi’s
Structure Theorem (Theorem 4.4 in [Giu84]) which asserts, for a Cac-
cioppoli set E, that

pE =VE Hn-1LoE
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and

P(E,-) = |up|(-) = Hoa (07BN
We define the points of density ¢ € [0, 1] of a set £ C R™ as follows

EY = {x er: lim EOBEO] t}

t—0+ Wpr™

Now, we recall the definition of the measure theoretic boundary of a set
E CR" ie.

O°E =R"\ <E<1> U E(O))
For any Caccioppoli set E C R", the well known Federer’s Theorem

states that
O*E c EV? c o°F

Moreover

Hp1 (0°E\O'E) =0
which can be found on Section 5.8 in [LCE92].



The almost minimizing sets

1.1 Definition of the almost minimizing con-
dition

Let us precisely state the almost minimizing condition that we will
consider in this work.

Definition 1.1. Let A C R"™ be open and E is a Caccioppoli set (or
locally finite perimeter set) in R™. Then E is called a (A, r)—minimizing
in Aifsptug =0E, N> 0,7 >0 and for all Caccioppoli set F' such that
EAF € AN B(x,s),s <r,xz € A it holds

P(E, B(x,s)) < P(F, B(z,s)) + A|EAF| (1.1)

r 18 also called the scale and F' is called competitor.

Note that the condition spt up = OF is not restrictive, since we can
choose an H,-equivalent set with this property (by Proposition 12.19 in
[Mag12]).

In the definition it holds |EAF| < w,s", i.e. the "error" factor is always
bounded above by the volume of the balls where the competitors are
different from E and it decreases faster than the scale. Recalling the
De Giorgi’s structure theorem (Theorem 4.4 in [Giu84]) which states
P(E,:) = Hn-1 (0*E N -), it makes sense to keep in mind that the "error"
factor behaves like a higher order perturbation.

Before the examples, let us explain why it will henceforth be considered
the hypothesis Ar < 1 in this work. For this purpose, suppose that E is
a (A, r) —minimizing set in A and F' is a competitor, it follows from the
euclidean isoperimetric inequality that

1 n—1 EAF RTL
|EAF| = |EAF|=|EAF| < (wnsn)%P(—l’) ="
nwn,

—* %P(EAF,B(x,S)) < %(P(F,B(z,s)) +73(E,B(:17,s)))

where (%) follows from FAF & B(x,s) and (*x*) is consequence of the
perimeter property (Fy, Fy being Caccioppoli sets, then P(E, U Ey, -) <

11
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P(Ey,-) + P(E2,-)), P(E,") = Hp1 ("EN-) = Hp1(0°EN-) and
0°(EAF) C 0°E U 0°F. Therefore

P(E,B(z,s)) < P(F,B(x,s)) + A|EAF| <

< P(F,B(z,s)) + A% (P(E, B(z,s)) + 'P(F,B(:LS)))

It follows

A A
(1 - —5> P(E,B(,5)) < (1 + —S) P(F.B(z,s)  (12)
n n
which is clearly trivial if n < As, i.e. when the scale "s" é too large. In
the non-trivial case, As < n, the scale s is bounded, in general, we will
fix "1" as the upper bound for As intending to help with some proofs

ahead.

1.2 Basic properties of the almost minimiz-
ing sets

Proposition 1.2. Let E be a (A,r) — minimizing set in A, then E° is
a (A, ) — minimizing set in A.

Proof. Since 1+ 1g. = 1, E€ is also a Caccioppoli set and the distribu-
tional derivatives satisfies
Dlg = —-Dlge = HWE = —UEe
Thus
Spt pupe = spt g = OE = 0(E")

Now, we take F' a competitor to E°, i.e. E°AF € ANB(x,s),s <r,x €
A, by the definition of the perimeter measure of E, i.e. P(E,-) = |D1g|(+),
we find that

P(ES,-)=P(E,") (1.3)

It is straightforward to verify that
E°AF = EAF° (1.4)

what ensures that F° is a competitor to the almost minimality of F.
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Therefore, we have that
P(E,B(z,s)) = P(E,B(z,s)) < P(F,B(z,s)) + A|EAF"|
Since 1.3 is valid for F' in place of E, the last inequality becomes
P(E,B(x,s)) < P(F,B(x,s)) + A|[EAF|
O
Let us define the blow-up of a arbitrary set X C R™ at x at scale

r > 0 as follows
EF—=z

r

Now, we aim to prove the compatibility of the blow-up with the almost
minimality condition.

Ex,r =

Proposition 1.3. Given y € R",rg > 0. If E is a (A,r) — minimizing

set in A, we have that E,,, is a (AT, L) — minimizing set in Ay, .
5 0 )

Remark 1.4. If we consider T : R® — R"™ a linear isometry, we have
that (Proposition 2.51 in [VOL])

prey = Tipe  |pr@E)| = Thluel

We call attention to the argument of this proof which can be easily ad-
justed to ensures that, if E is a (A,r) —minimizing set in A, then T(E)
is a (A, r) — minimizing set in T(A).

Proof. Take F' a Caccioppoli set with E,, AF C A,,, N B(z,s),z €
Ay, s < 7. We set

p(z) =roz+y VzeR"

Clearly, ¢ is a diffeomorphism,

¢(B(I75)) :ToB(ﬂf,S>+y (15)
and
(Eyry) =10Eyr +y=FE (1.6)
Analogously, we prove
P(Ay,r) = A (1.7)

Taking into account E,, AF C A, ,, N B(x,s), we find that
Oy ) AO(F) € 6(Ay ) 1 6Bz, 5)
Then, by 1.5, 1.6 and 1.7,
EA@(F) € AN (reB(z,s) +y) = ANB(¢(x),709)

Since x € Ay, and s < =, we have ¢(z) € A and ros < r. Therefore,



14 THE ALMOST MINIMIZING SETS 1.3

¢(F) is a competitor to E, then
P(E,¢(B(z,s))) < P(o(F), p(B(z,5))) + A|EAG(F)| (1.8)

We intend to turn 1.8 into 1.1 for £, ,,. To this end, since ¢ is a diffeo-
morphism and |J¢| = r{, we ensure that

[EAG(F)| =" |¢(Ey s AF)| =

; (1.9)
= TO |Ey)TOAF‘

Now, we focus on the term P(FE,roB(x,s) + y). Let us recall that

8*E—y_a*(E—y

To To

) =B

By the nice properties of the Hausdorff measure under translations and
hometheties (Proposition 2.49 in [LA00]), the De Giorgi’s Structure The-
orem and the last inequality, we obtain that

P(E,p(B(x,s))) == P(E,rB(x,s) +y) =

Ho 1 (FEN (roB(x,8) +y) =10 Hos (<3‘€—(:y) N B(z, s)) =
16 Hno1 (0% (By) NB(w,5)) = 157" P(Ey, Bl 5))
(1.10)

We can apply the same argument to find that
P(S(F), 6(B(x,5))) =15~ P(F, Bz, s))
By the last equality, 1.10 and 1.9, we can turn 1.8 into
16 P(Ey e, Bz, 8)) <1  P(F,B(, 8)) + 1| By AF|

that is
P(Eyry,B(z,s)) < P(F,B(x,s)) + Arg|E, ,, AF]|

what conclude the proof. m

1.3 Density estimates

Now, we will start to progress with the theory and some meaningful
theorems on the theory of the almost minimizing sets. One of the main
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theorems is the Density Estimates which makes it possible to prove both
the compactness and closure theorem and other further results as well.
The density estimates, by their own, put us in position to extract some
geometric information about the almost minimizing sets. Indeed, the es-
timates show that the almost minimizing sets, and its boundary, have a
quite good behavior whereas it is not obvious.

Theorem 1.5. (Density estimates) Let n > 2, exists ¢(n) positive
constant such that for all set E which is a (A, rg) — minimizing in A
with Arg < 1, it follows

1 ENB 1
_Swgl__ (1.11)
4n W™ 4n
E,B
c(n) < P(’—(II’T)) < 3nwy, (1.12)
reT

whenever v € ANIJE, B(xz,r) C A and r < 1.

Remark 1.6. The upper inequality in 1.12 is true for all xt € A, i.e. the
restriction x € OF is not necessary. we intend to make this clear within
the proof.

Proof. The upper estimate in 1.11 is a consequence of the lower estimate
in 1.11, because E° also is (A,rg) — minimizing in A (by Proposition
1.2), thus

1 < BN B(x,r)| - |ENB(z,7) |

4n = Wy T™ B Wy ™
From the estimates in 1.11 and the relative isoperimetric inequality (Propo-
sition 12.37 in [Mag12| putting ¢ = 1 — 7;) that is

n—1

P(E,B(z,7)) >c1(n)|[ENB(x,r)| =

we can prove the lower estimate in 1.12 as follow

P(E,B(x,r)) S a (n) |ENB(z,r) | .G (n) { wur™ 2 B
Tn—l - Tn_l = rn—l An =
(m)wn™
c1(n)wn” .
- 4n—1 = C<n)

Therefore, it is sufficient to proof the other two inequalities. For this
purpose, fix x € A, define d = min {ry, dist (x,0A)} and m (r) = |[EN
B(z,r)|,¥r € (0,d), then

m (r) = |ENB(z,r)| =" /U Hoa(EOOBE )=

=m' (r) =H,_1 (ENIB(x,71))

for almost all » € (0,d), where the equality (x) is a consequence of the
Coarea formula (Theorem 3.12 in [LCE92|). Since pp = Hp_119+p is a
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Radon measure, it follows that, for almost all r € (0, d),
Hp1 (OFENOB(z,7)) =0

Being r taken satisfying this equality, we aim to create a competitor
of E to use the (A,rp)-minimality of E. Let F' = E \ B(z,r). Clearly
EAF € B(x,s) € A, Vs € (r,d), thus, by 1.2,

n

(1 - ﬁ) P(B,B(x,s)) < (1 + %) P(F,B(z, s)) (1.14)

Moreover, from the operations with Caccioppoli sets (Theorem 16.3 in
[Mag12]) and from the choice of r, it follows

> *

P(F,B(z,s)) = P(ENB(z, 7)), B(z,s)) = P(E, (B(z,r))" N B(x,s)) +

+P(B(z,r), EY NB(z,s)) +5{n_1 ({1e = pB@rn } N B(z, s)y

Note that in (%), we have B(z, s) N (B(z,r)%)"”) ¢ B(x,s) \ B(z,r), and
in (xx) apply the De Giorgi’s structure theorem to come up with

P(F,B(x,s)) < Hop1 (BEY N0B(z,7))+P(E,B(x,5)\B(z,7)) (1.15)
Taking s — r*, it follows from 1.14 and 1.15 that

(1 — ﬂ) P(E,B(z,7)) < (1 + %) Hoot (EW N OB(x,7))  (1.16)

n

Using that H,_1 (EW NOB(z,r)) < Mot (0B(z,7)) = nw,r"!, and

Ar
since iA”T < 3, by n > 2 and Ary < 1, the upper inequality in 1.12 is

done for almost all 7 € (0,d). So, given r € (0,d), we choose a increasing
sequence {r; };en such that r; — r and the upper inequality in 1.12 holds
true for r;, Vi € N. By the continuity from below of the measure P(E,-)
(Theorem 1.8 in [Fol99]) and the continuity of r"~!, we obtain that

P(E,B(z,r)) P(E,UienB(z,1;)) _ limyo P(E,B(x,r;))

n—1
i

rn—l =1 lim; oo 7
P(E,B(z,1;))

n—1
i

= lim
1—»00 r

< 3nw,

Then, the upper inequality in 1.12 is validated for all » € (0,d) and,
along with this proof, we have only used that x € A. Thus, the Remark
1.6 is also verified. Finally, we will prove the lower inequality in 1.11. To
this end, suppose that x € AN OF, then the function m also satisfies

0<m(r) <wy,r™,Vr € (0,d) (1.17)

because x € OE = sptpp. Adding (1 —22) H,_; (EW NOB(z,r)) to
both sides of 1.16 and using the operations with Caccioppoli sets (The-
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orem 16.3 in [Magl2|, we obtain

(1 — M) P(ENB(z,7),R") <2H, 1 (Y NOB(z,r))  (1.18)

n

n—1

1
By the isoperimetric inequality P(ENB(z,7) ,R") > nwy |ENB(x,r) | =,
since 1 — % < 2, from 1.13 and 1.17, it follows that

nwn% m’ (r)
< — (1.19)
4 (m 7")) n

Integrating 1.19 in the interval (0,7), we get that (by Theorem 4.14 in
r / t T d

[Gor94]) / Ll)l dt = / — (nm (t))% dt = nm (7’)%, it follows
0 (m (t)) n 0 dt

1

Tnj:n <nm (7’)% =n|ENB(z,7) |%

Putting up the power of n the proof is done. n

We recall the definition of the essential boundary of a Caccioppoli set
E, also called measure theoretic boundary, as follows

r€0E < eR\ (E(l) U E<0>)

The following corollary is a stronger version of the well known Federer’s
Theorem (Lemma 5.5 in [LCE92|) in the context of almost minimizing
sets. The Federer’s Theorem guarantees that 0°F and 0*E are H,_i-
equivalent for any Caccioppoli set E. For the almost minimizing sets
this result can be refined, ensuring the equivalence between the reduced
boundary and the topological boundary. Here it is possible to conclude
that the almost minimizing sets possess a kind of extra regularity, i.e.
H,,_1-almost everywhere it is possible to define a normal vector to OF.

Corollary 1.7. Let n > 2 and E be a (A, o) — minimizing set in A
with Arg < 1. Then

Mot (AN (DE\OE)) =0

Proof. 1t is sufficient to note that 1.11 ensures that Vo € ANIJE,Vr < r

4n = Wy ™ - 4n
|[ENB(z,r) |

Thus, 0 < lim sup
r—0+ WpT™

we get that x € AN O°E. Therefore, ANJE C AN O°E. Then, since
0*E C OF, the Federer’s Theorem concludes the proof. n

< 1. By definition of essential boundary,
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Corollary 1.8. Let n > 2 and E be a (A,rg) — minimizing set in A,
with Arg <1, then

¢(n) < P(E, C(x,r,v)) < \/T_l?mwn

rnfl

whenever x € ANOE, 2r < 1y, B(a:, \/57”) C A.
Proof. Tt follows directly from 1.12, using that B(z,r) C C(z,r,v) C

B(x, \/57“) O

1.4 Compactness theorems

In the excess theory and the approximation theorems, some construc-
tions with sequences of almost minimizing sets will naturally appear for
us. Hence, we shall work on it. For this purpose, we will extract a kind of
compactness for the space of almost minimizing sets. As a consequence of
the compactness of the sets of finite perimeter and the density estimates,
the first result will ensure that for a sequence of almost minimizing sets,
under some assumptions, we can find a set of finite perimeter which will
be the limit set of the sequence.

Theorem 1.9. (Pre-compactness of the space of the almost min-
imizing sets) Let n > 2 and (E}),oy be a sequence such that each Ej,

is (Ap, ) — minimizing in A with Apr, < 1 and liggolf ry, > 0. Then

VAg € A open set with finite perimeter, exists a set with finite perimeter
E C Ay and a subsequence (E ), oy such that

AyNEy = E and g, — 1e (1.20)

Proof. Given Ay € A open with finite perimeter, fix € Ay and consider

B(z,7) € Aand 0 < r < liminfjcy 7, such that H,,—1 (0*E, N 0OB(z, 1)) =
0, that is possible, since H,,_iL9-g, is Radon. The operations with Cac-

cioppoli sets (Theorem 16.3 in [Mag12|) ensures the following equality

P(E,NB(z,r),R") =

=P(EnBla,1)") + PB(w,7), BY) + s ({vm, = v }) <
<* P(Ep,B(z,7)) + P(B(z,r) ,R") <** 3nw, " + nw,r"
where (x) follows from B(z, )" = B(z, r), E,(Ll) C R™ and

Mot ({vB, = VBwn }) < Huo1 (7B, N O"B(x,7)) = 0
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while, in order to apply the density estimates (1.12) in (**) and Remark

1.6, we assume that h is sufficiently large, i.e. we fixed a M € N such

that r < infj>p 7. In short, if £ € OE N Ag,r < lign inf ry,, it follows
—00

sup P(E, N B(z,7),R") < 4nw,r" " < oo (1.21)
h>M

Since Ao has compact closure in A, we can choose a finite family

{B; = B(z;,7;)}

Jj=1

which covers Ay with B; € A,z; € Ag and r; < lif{n inf rj,. From 1.21 and
—00

E, N B;j C Bj, we are able to use the theorem of compactness for finite
perimeter sets (Theorem 12.26 in [Magl12]), for each j, then, applying for
j =1, exists F} C B finite perimeter set and E},, subsequence such that

BlﬂEhl —)Fl

Now, applying for the new subsequence Ej,, with j = 2, we got another
subsequence. Using this idea successively until j = N, we have obtained
the last subsequence Ej = E;, of the initial sequence and finite perime-
ter sets {F; C Bj}jyzl with

when h' — oo for each 1 < j < N. Finally, define F = AgN (Ujvzl FJ>
Then, by construction

Lebesgue

and the family {Bj};.v:l covers Ay. Since E is defined by unions and in-
tersection of sets of finite perimeter, it has finite perimeter. It is straight-
forward to verify the formula for the characteristic function of a finite

union. So, in order to prove that Ay N £y — E, we note that

]-AoﬂEh/ = 1A0ﬁ(U§\Ile]‘ﬂEh/> = 1A01U§yleJQE}L/ -

= Lag <1 N Z (=1 1mj€KBijh’) =

Kc{1,.,N}
(e Y ) -
Kc{1,..,N}

- ]'AO]'U;-V:le = ]‘E
then Ay N Ej — E what implies that pa,ng,, N O

The next theorem gives information about the limit set of a sequence
of almost minimizing sets. Indeed, if the sequence locally converges in L!
sense to a finite perimeter set, it is possible to state that the limit set
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will be an almost minimizing set as well.

Theorem 1.10. (Closure theorem for sequence of almost mini-
mizing sets) Let n > 2 and {Ep}, oy be a sequence with each Ej, be-
ing (Ap,ry) — minimizing in A, Aprp, < 1, ligninfrh > 0. If Ay € A
— 00
1s an open set with finite perimeter and Ao N E, — E, E with fi-
nite perimeter. Then E is a (A,r9) — minimizing set in Aoy, where
A =limsup Ay, 7o = liminf ry.
h—o00 h—o0
Proof. Let F be a competitor of E, i.e. F'is a Caccioppoli with EAF &

B(z,r)NAp,0<r< h}{n inf r, = rg, we aim to construct one competitor
— 00

for each Ej, from F. For this purpose, let us state a claim which will be
proved later

Claim 1: If y € Ay, d, = min{ro, dist (y,0Ao)}, for almost all r €
(0,d,), it holds

Hpo1 (0B(y,r) NO"F) = H,—1 (0B(y,r) NO"ER) =0,Yh e N (1.23)

lim inf H,,- <8B(y,r) N <E<1>AE,§”)) =0 (1.24)
—00

Since EAF is compactly contained in B(z, )N Ay, it is possible to choose
a finite family {B; = B(yj,rj)}j.v:l such that y; € A and r; € (0,d,,)
satisfying 1.23 and 1.24 and also satisfying

N
EAF € G =|JB; € B(z,r) N A (1.25)

J=1

Now, we are able to construct the competitor of Ej, that we have looked
for. Define

F, = <Eh \ G) U(G N F) for each h € N (1.26)

that is, F}, inside G is equal to F' and outside G it is equal to Ej,. Thus,
it follows
EhAFh @B(LC,T)QAO @B(;U,Th)ﬂAg (127)

where h is being taken sufficiently large to guarantee r < infj, >y 7, and
ensure the second inclusion. Since the space of finite perimeter sets is
closed under intersection, union and complement, we have that Fj, is a
set of finite perimeter and, since 0G C Ujvzl 0B;, from 1.23

Ho1 (GG N 6*F) =H,.1 (GG N G*Eh) =0 VheN (128)

Claim 2: EM NaG = FY N oG
The claim and 1.24 ensure that

lim inf #,_; (aG N (F<1>AE,§”)> =0 (1.29)

h—o00
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Since Ag € A, from 1.27, for each h sufficiently large, F}, is a competitor
for the (Ap, rp)-minimality of Ej in A, thus

P(Eh, B(CE, T)) S P(Fh, B(SL’,’T’)) + AhlEhAFhl

The equalities in 1.28 allows to apply the comparison theorems for Cac-
cioppoli sets (Theorem 16.16 in [Magl2|). Hence, it follows the equality

P(Fy, B(x,7)) = P(F,G)+P(Ep, B(x, \G)+H, 1 (0°G 0 (B AFD))

Adding this equation to the minimality condition of Ej, and, noting that,
since F, N (B(z,7)\ G) = E, N (B(z,r)\ G), we have P(E,, B(z,r) \
G) = P(F,,B(x,7) \ G), then it follows

P(En,B(z,1)) <

< P(F,G)+P(Fy, B(z,r)\G)+Hp_1 (a*G N (E,(Ll)AF(l)) ) A B AR
thus, we find that

lim inf P(E}, B(x, 1)) —|—li}£r_1>g1f(— P(F,Q))+liminf(— P(F,, B(z,7)\ G))

h—o00 h—o0

+ lim inf(—Ah ’EhAFhl) S
h—00

lim inf (P(Eh, B(z,r)) — P(F,G) — P(Fp,B(z,7) \ G) — Ah|EhAFh|>

h—o00

<liminfH, 1 (G (BPAFD)) =0

h—o0
where in (*) we have used 1.29 and 0*G C JG. Since — liminf(—ay) =
— 00

lim sup ay, for any (ay), we obtain
h—o0

liminf P(Ey,, B(z,r)) < P(F,G) + limsup P(F,, B(z,7) \ G)

h—o00 h—s00

+limsup Ay | ER A F)|
h—o00
By the definition of F, (1.26), we have E,AF, = G N E,AF. Hence,
since B, N Ay — E and G € Ay (1.27), we conclude that E,AF, —
G N EAF = EAF. Then, it follows that

liminf P(E), B(z,7)) <
h—o0

-~ (1.30)
< P(F,G) + limsup P(Fy,B(z,7) \ G) + (limsup Ah) |[EAF|

h—o0 h—o0
We note that Fj, — F follows directly by the definition of Fj, and 1.25
(i.e. outside G the set F is equal to E), then g — pp. As a conse-
quence of this weak-star convergence (Theorem 1.40 in [LCE92|) and the
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compactness of B(x,r) \ G, it holds that

limsup P(Fy,, B(z,7) \ G) < limsup P(F),, B(z,7) \ G) <

h—o0 h—o00

< P(F,B(z,r) \G) =" P(F,B(z,7)\ G)

where (*) follows from 1.23 and H,—1 (L)s.p (1) = P(F,). The last

inequality together with P(E,B(z,r)) < li}{n inf P(Ep, B(z,r)) (lower-
—00

semicontinuity of the perimeter, Theorem 5.2.2 in [FL03]) and 1.30 im-

plies

P(E,B(z,1)) < P(F,B(z,1)) + (limsup Ah) |EAF|

h—o0

and the proof is done. Let me prove the claims.

Proof of Claim 1: Lets start with the proof of 1.24, to state that
1.24 is true almost everywhere in (0, d,), note that

0= Jim [B(yd,) 1 (BAB )| = fim [Bly.d,) 0 (BN ) -
h—o00 h—o00

dy

= lim [ Moy (8B(y,r) N (EU)AE,(}))) dr

h—o00 0

where () follows from the convergence of Ay N E;, — E and B(y,d,) C
Ap, (xx) is directly checkable from |EAFE)| = |EAE,51)| = |E(1)AE}(LI)|
and (* * %) is a consequence of the coarea formula, then, by the Fatou’s

lemma .
0

h— 00

dy
< lim [ Hp (BB(y,r) N (E“)AE}?))) dr =0

h—o00 0

thus, 1.24 is valid almost everywhere in the interval. Let I be the sub-
set of (0,d,) such that (2.13) is valid and denote by m be the Lebesgue
measure on the real line. Since H,_iLp+(.) is a Radon measure, we have
m ({r € (0,dy) : Hp—1 (0B(y,r) NO*E,) =0}) = 0 for each h > —1,
where £/_; = F. But,

J = (m ( () {r€(0,d,): Hooy (0B(y.7) N O"Ep) = 0})>c =

h>-1

=J°U ( U {re(0,dy) : Hy—1 (0B(y,r) NO"E}) = O}C) =

h>—1
=m(J)=0

thus, the intersection has total measure in the interval (0,d,), therefore
1.23 and 1.24 are true almost everywhere in the interval.

—< C

Proof of Claim 2: Take x € 0G N EW, then 3U C (EAF) open
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set with € U, thus 1g|p= 1p|p= = € FY, therefore G N EM C
0G N FW | analogous argument for the reverse inclusion. m

Proposition 1.11. Let {Ey}, o, Ao and E as chosen in the previous
theorem, then

HAGNEy, = HE (1'31)
g, | = lpsl in A (1.32)

Moreover, it is true that

(1) If xj, € Ay € OEy, xp, — x and © € Ay, then x € AgNIE;

(2) If v € Ay N OE, then exists {xy}, oy such that x, € Ay N OE), and
Th — T.

Proof. Since E, N Ay — E, the convergence in 1.31 follows from the
Representation Theorem (Theorem 5.2.1 in [FL03|) which states that
[1adivgdH, = — [ ¢d(vapua) for all ¢ € C?(R™) and all A’ finite

perimeter set.

Proof of 1.32: First of all, let us suppose that |png, | — ¢ in Ao,
we contend that p = |ug| in Ap. Indeed, it holds p (U) > |ug| (U),YU
Borel set of R™ (from Proposition 4.30 in [Mag12]). To show the reverse
inequality, we will use the construction made in Theorem 1.10. Take sy <
ro such that x € Ay, B(z,s9) € Ap and fix M such that sy < infp>p 7.
Define for each h > M

F, = <EﬂB(x,s)> U(Eh\B(x,s)> (1.33)
where s € (0, s0) is such that

Hp1 (0B(z,s) NO'E) = Hpq (0B(x,8) NO"ER) =0 h>M (1.34)

h— 00

lim inf H,,_, (8B($,s) a <E<1>AE,§”)> =0 (1.35)

The fact that the conditions above hold for a.e. s € (0, sg) follows from
the same argument in the proof of claim 1 in Theorem 1.10. On the other
hand, since E,AF), € B(x,s9) € Ag € A, we have

P(Eh, B(Z’, S)) S P(F}” B([L’, S)) —+ Ah‘EhAFh‘ (136)

Therefore, as in the proof of Theorem 1.10, by 1.34, we can use the
operations of Caccioppoli sets (Theorem 16.16 in [Mag12]) for B(z, s;) €
B(z, s) where we fixed s; € (0, so) such that 1.35 holds true. Then

P(Fha B(I> S)) = P<E7 B(Z‘, 81)) + P(Efw B(Ia 8) \ B<I7 51))
+Hn (8B(3:,51) N (E(l)AE}(Ll)>)
Arguing as in the proof of Theorem 1.10, by 1.35, we obtain that

liminf P(Fy, B(z, s)) + li}{n inf —P(E,B(z, s1))
—00

h— 00
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- li}fn inf — P(Ep, B(z,s) \ B(z,s1)) <

< liminf H, 1 (9B(z,51) 0 (EVAEY))

h—o00

=
liminf P(Fy, B(z, s)) < P(E,B(z,s1))+limsup P(Ey, B(z, s)\B(z, s1))

h—o0 h—o0

We continue to follow through the steps made in Theorem 1.10. By
B(z,s) \ B(z,s1) C B(z,s) \ B(z,s;), the compactness of B(z,s) \
B(z, s1), the characterization of weak-convergence of Radon measures
(Theorem 1.40 in |[LCE92|) and P(E,0B(x,s)) = 0 (that is 1.34), we
find that

liminf P(Fy, B(z,s)) < P(E,B(x,s))

h—o00

By the minimality condition (1.36) and the last inequality, we have that

liminf P(E,, B(z, s)) + liminf —Ap|E,AF,| <
h—o00 h—00

< lignian(Fh,B(x, s)) < P(E,B(z,s))
=
liminf P(Ey, B(x,s)) < P(E,B(x,s)) + limsup Ap| E,AF}|

h—o00 h—o0

By the definition of F}, (1.33), we get E,AF, = E,AE N B(z,s). Then,
we conclude that

thllpAh’EhAFh’ = hhm Ah’EhAFh’ =0
—00

h—o00

because Ey, N Ay — E and B(z,s) C Ag. Thus,

lim inf P(Ep, B(z,s)) < P(E, B(z, 5)) (1.37)

Since B(zx, s) € Ay, we have that
P(Ehv B(ZL', S)) = ‘MEhﬂA0’ (B(x, 3))

Taking into account |pa,ng, | — ¢ (again with Theorem 1.40 in [LCE92]),
the last equality and 1.37, we establish that

p(B(z,5)) < P(E,B(z,5)) = [ug| (B(z, s))

Since we have already proved the reverse inequality, given sg < ry such
that B(x, sq) € Ay, for almost all s € (0, s¢), it follows

el (B(z,5)) = p (B(z,s)).

Then, for almost all x € spt uN Ag, the Radon-Nikodym derivative exists
and, from the last equality, it is equal to 1, i.e.

(DH|:U’E|) =1
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Since p1 > |pp| in all Borel sets of R”, it is clear that |ug| < p, thus
|| has no singular part with respect to p. Therefore, by the Lebesgue-
Besicovitch Differentiation Theorem

el = (Dulpel) p=p in Ao

Since HE, LAOZ HE,NAo LAO directly implies |/’LEh| LAOZ ’MEhﬁAo| LA07 we find
that |pa,nm,| —p = |ug| in Ag. Tt remains to prove the existence of
a Radon measure p in Ap such that |payng, | S in Ag. That follows
directly from the compactness criterion for Radon measures (de la Val-
lée Poussin’s theorem - Theorem 1.41 in [LCE92]). In order to apply
the aforementioned theorem, we must verify that supy,~; |1m,na,| (K) <
00, VK compact subset of Ag. Indeed, given K C A, compact, we obtain
that

P(E,N Ay, K) <P(E,N Ay, R") <" P(E), Ag) + P(Ag, R") <

N
<" P(En B;) + P(Ao,R") <
=1

N
<M 3nwn—q Zr?_l + P(Ag, R") < 3Nnw, 175! + P(Ag, R") =
j=1

= sup P(E, N Ap, K) < 00
h>M
where in (x) it was used the operations with Caccioppoli sets, in (k)
it was taken an open cover of Ay by balls B; = B(z;,r;), all of them
compactly contained in A with z; € Ay C A,r; < sy < 19 and sy as
previously chosen. And in (* % %) we have used the upper inequality in
1.12 and the Remark 1.6.

Proof of (1): For each h € N, we take z;, € 0E;, N Ay with 2, — x €
Ap. Let s € (0,79),B(z,5) € Ag. We set M € N in view of s < infp>p 7p
and B(zy,, £) C B(z, s). Therefore,

P(E,B(ZL’, 8)) Z* thU_pP(Eh,B(l’,S)) > thUpP(Eh,B(ZE,S)) >

h—o0 h—o00

> limsupP(Eh,B<xh, f)) > ¢(n) (f)n 1 > 0

h—o0 2 2
where, since B(z,s) is compact, (x) follows from 1.32 and the char-
acterization of weak-convergence of Radon measures (Theorem 1.40 in
|[LCE92]). Since z;, € OE), and each Ej, is a (A,r9) — minimizing, (xx)
follows from the lower density estimate in 1.12. So, by the last inequality
and the arbitrariness of s, we have that P(E,B(z,s)) > 0,Vs € (0,7),
thus, x € spt ug = OF.

Proof of (2): We would like to highlight this argument because it is
independent of the minimality condition of the sets Fj, i.e. we will only
use the weak convergence of the Radon measures. We fix x € 0E N Ay
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and suppose that exists € > 0, h > 0 such that (spt pe,, N Ao) NB(z,€)
0,vh' > h, ie. x is not in the support of the measure ug,,Vh' >
h. From 1.31 and the characterization of weak-convergence of Radon
measures (Theorem 1.40 in [LCE92]), it follows that pj, (B(z,¢)) <
hhr’ri}o%f 15,04, (B(z,€)) = 0,Vj € {1,...,n} where we have used the fol-

Vol

lowing notation p = (u',...,u"). Thus, = ¢ spturp = OF what is a
contradiction with our choice of x. Then, exists a subsequence with the
aimed properties. O



Excess theory

2.1 Excess and its basic properties

In this section, we will define and prove results on the Excess theory.
This theory is a fundamental point and one of the most significant tools
in the regularity theory. The Geometric Measure Theory has evolved
along three main branches, they are Currents, Varifolds and Caccioppoli
sets. In all of them, the excess turns out to be the main tool used in the
regularity theory of minimal or almost minimal sets.

Definition 2.1. Let E C R" be a Caccioppoli, x € R", v € S" ! and
r > 0. It is called cylindrical excess of E in x with direction v in scale r
the following number

2
e(E,JL‘,T‘, I/) = 1_1 / Md/}{nfl (y>
r C(z,r,v)NO*E 2

Remark 2.2. The cylindrical excess of E in x with direction v in scale
r > 0 can be seen, intuitively, as a measure of how much the reduced
boundary of E is far from being a hyperplane passing through x with
normal vector v inside a cylinder of radius r. If we consider the problem
of finding the direction in which E is nearest to being a hyperplane, the
spherical excess shows the answer

Definition 2.3. Let E C R" be a Caccioppoli, x € R", v € S" ! and
r > 0. It is called spherical excess of E in x of scale v the following
number

1 _ 2
e(E,z,r) = min lv—v5 (y)I AHn_1 (y)
1 p»n—1 2

vesnt T B(z,r)No*E

Henceforth, we will prove and comment on some basic properties of
the excess which will be used recurrently in this work. Unless otherwise
explicitly stated, we will refer by excess the cylindrical excess and will
make it evident and clear when talking about the spherical excess. The
next result is the precise statement of the idea in Remark 2.2.

27
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Proposition 2.4. Let E C R" be a Caccioppoli with sptup = OF,
x€0E,r>0andv € S" !, then

e(E,z,r,v)=0< ENC(x,r,v) e~ {ye C(z,r,v): (y—x) v <0}

Proof. (<) Since both sets are equivalent, we have 1 = [i{ycc(e,rv):(y—z)v<0}
(by Proposition 0.1) what implies

(9*EﬂC(x,r,I/)Hn~_1{yEC(I,T,I/):(y—x)~V:0} (2.1)

what ensures that vp = Viyec(e,rv):(y—2)v—=0y = v holds H,_;-almost ev-
erywhere in *EN{y € C(z,r,v): (y—z)-v =0} NC(z,r,v), then it
follows from the definition of excess that

1 _ 2
e(E,z,r,v)= s / % dH, 1 (y) =
C(z,r,v)NO*E

/ v —vf?
eC@rv)ly-nyv=0} 2
(=) Since e(E,z,r,v) = 0 it follows that vy = v pg-almost everywhere

in C (z,r,v). So, by the same argument used in the proof of Proposition
15.15 in [Magl2], there is o € R such that

_21 1
Tn—l

danl (y) =0

ENC(z,rv) Lebesgue {ye C(z,mv): (y—2z)-v<a}.
If @ < 0 (respectively, « > 0), Iry > 0 such that |[E N B(z,7)| = 0
(respectively, |E N B(x,ry) | = w,r{) what is a contradiction with the
fact that

resptug =0E={yeR": 0 < |ENB(z,7)| <wpr™ forallr >0}
(Proposition 3.1 in [Giu84]). Then o = 0. O

Proposition 2.5. (Ezxcess and Changes of Scale) Let E C R" a
Caccioppoli, v € R",r > s> 0 and v € S"!, then

S

n—1
e(E,x,s,v) < (C) e(E,x,r,v)

Proof. Since C (z,s,v) C C(z,r,v), we have

1 V—v 2
— / ﬂd%n—l (y) <
S C(z,s,v)NO*E 2

1 V—v 2
< — / lv—ve () M1 (y)
s C(z,r,v)NO*E 2

It suffices to multiply and divide by 7"~! on the right side of the inequal-
ity. O

Proposition 2.6. (Ezcess and Blow-up) Let E C R" be a Cacciop-
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poli, v € OFE,r >0 and v € S* L, then, for all s > 0

rT—1x9 T

T—x9 T
E = Ex sy T 9 T Ea ) = Ex sy T T
e(E,z,r,v) e( o T V) e(E,z,r) e( o . s)
Proof. Note that |v —vg|> = (v—vg)- (v —vg) = 2 — 2V - vg. Let
¢ (2) = sz + xp,Vz € R", one consequence of the definition of push-
forward is

pe =s""'tue,, . |pel =" o, (2.2)

Putting it all together

e(E,l’,’f’, V) = yn—1 /(;( oy (1 — U VE) d%n—l -

—* rnll (’,UE’ (C(z,r,v) —v-pp (C(z,m, V))) -

*k 1 n—
= <S "ot .

,,nn—l

(C (e v)) — " - Gt (C (or, u)))

(607 (C(z,1,v)) = v pp,y, (671 (C (2,7, V)))) B

S n—1
= (;) (|/vi10,5
wee (1 n-l T—To9 T T—Tg T
= E |/’LE10,S C S 7;7” _V.ILLEI(),S C S 7;7”
- e( B, L= f,y>
s S

where (*) is a consequence of the De Giorgi’s Structure Theorem, (xx) fol-
lows from 2.2, (s#x) it is easy to see that C (z — o, %, v) = ¢~ (C (2,1, v))
and (x %) it suffices to reproduce the same argument used in the firsts
two equalities. To prove the second equality, note that |v — vg|? reaches
the minimum in v = vg, thus

e(E,z,r) = min 1 - <|,uE| (C(x,r,v)) —v-pup(C(x,r, V)))

vesSn—1 ri—
It holds

o(F. g — el B ) [ |ueBla,r)|
) (1 |uE|<B<x,r>>) (2:3)

Tn—l

Note that

ot Bl =B

S S

With the same argument, we can conclude the proof of the second equal-
ity on the Proposition. O]

Proposition 2.7. Let E C R" be a Caccioppoli, v € OE,r > 0,v € S*~!
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and T : R™ — R™ an isomelry. Then
e(T'(E),z,rv) =e(E, T (),r, T (v))
Proof. Since

1

Tnfl

e(E,z,r,v)= <|,uE| (C(z,r,v) —v-vgHp1 ("ENC (2,1, 1/)))
pr) = Tipe and |purg | = T pe| (Proposition 2.51 in [VOLYJ), we can
verify that

e(T'(E),z,rv) =

1
rnfl

(lMT(E)| (C(z,r,v)) = v v Hot (FT(E) N C (z, T, y))) -

5 (Tﬁmm (C (2,7, 1)~ T(vpoT ™) Hor (" ENT™H(C (a,7, V>>>) =

Tn—l

1

Tn—l

(’/LE’(Tl(C (z,7,v)))=T ' (v)vgoT ' H, 1 (8*E NTHC (x,r, 1/)))) =

=e(E, T ' (2),r,T"'(v))

where in (*) we have used that H, 1 (T'(A)) = H,,—1 (A) for any A C R”
which follows from the properties of the Hausdorff measure (Theorem 2.2
in [LCE92|) and that T is an isometry. O

We pointed out that the reduced boundary can be seen as the regular
part of the boundary. The next result provides a new interpretation of
this fact. Indeed, if we choose a point x of the reduced boundary, the
spherical excess at x tends to zero as the scale goes to zero. Then, we
can find both a direction and a scale provided the excess at x is as small
as we want.

Proposition 2.8. Let E C R" be a Caccioppoli and x € 0*E. Then
lim e(E,z,7) = 0. Moreover, Ve > 0, Jv € S" 1, Ir > 0 such that

r—0t+

e(E,x,r,v) <e.

Proof. By the Remark of Definition 5.4 and (iii) of Theorem 5.14 both
in [LCE92|, we have that

. e (B(z, 1))
1 = =1
A e By )]
r—0t Wyl r—0t Wy rt1

Joining these two limits in 2.3, it follows that lim, .o+ e(E,z,7) = 0.
Moreover, given € > 0, take r such that e(£, x,r) < e. Since

C (x, %,y) C B(z, s)
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is valid for all s > 0, in particular, for r, we obtain that

n—1
| — ugl? _
e(E,w,L,y> s\ = / v = vel’ M, < V2" e
\/5 V2 B(z,r)NO*E 2

]

Up to now, we did not state anything about how the excess behaves
with changes of the direction. For this purpose, we will be able to state
some result only in the case of the almost minimizing sets as follows.

Proposition 2.9. (Change on the direction) If n > 2, exists a con-
stant C'(n) such that for all E (A, ro) —minimizing set in A with Arg <1
and for all v € OE N A, \/2r < ry, B(x,2r) € A, v,y € S, it holds

e(E,z,r,v) < Cy4(n) (e(E,x, \/57’, 1/0> +|v— 1/0|2)

Proof. Since f(x) = |z|* is a convex function, taking * = vy — vg,y =
v—1up,t = % in the inequality f(tz + (1 —t)y) <tf(z)+ (1 —¢) f(y) and
C (z,r,v) C C (z, V2r, ), then

e(E,z,r,v) <

2 vo—vel? v —1l?
n—1 / (| : E‘ + | 0’ )d%n—l =
r C(m,ﬂr,yo)ﬂa*E 2 2

=* 2\/§n_1 (e (E,x, V2r, Vo) + P(E;((j\g;;;{zﬁi’ VO)) lv — 1/0|2) <

e 31w,
< 924/2 1(6(E,.17,\/§T7V0>+ m; 1|V—V0|2)

where in (%) it was used that the function in the integral is constant
together with the De Giorgi’s Structure Theorem and (xx) follows from

Corollary 1.8. It suffices to take Cy (n) = 22" 3nw,_1. O

The next result, shortly, state that when restricted to the almost
minimizing sets, it is possible to affirm that the excess can not be small
in two opposite directions.

Proposition 2.10. Let E be a (A, rg) — minimizing in A, v € OF,v €
Sty <y, C(z,r,v) C A, then

e(E,z,r,v)+elE,x,r,—v) > 2c(n)
where ¢ (n) is the constant from the density estimates.

Proof. Note that (vg —v) - (vg +v) = 0, by Pitagoras’ Theorem |vgp —
v|> + |vg + v|?* = 4|v|? = 4, then

1

4
e(E,x,r,v)+e(E,xr—v)=—7: / —dH,_1 =
T 0*ENC(z,r,v) 2
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2P(E,C(x,r,v)) S

Tn—l

> 2P(E,B(x,r))

Tn—l

>*2c(n)
where (x) it was used the lower inequality in (2.2). O

One result that will be used frequently and, usually, together with
the compactness and closure theorems, is the lower semi-continuity of
the excess. That is, what we can extract of the excess of a sequence of
almost minimizing sets under some assumptions. For this purpose, let me
state a preliminary result which deal with the continuity of the excess
under some restrictive conditions.

Proposition 2.11. Let A, Ay open sets of R™ with Ag € A, P(Ag, R") <
00. Suppose that {Ey}, oy is a sequence of (A, ro) —minimizing sets in A
with Arg < 1 and such that Ay N Ey — E. Then, for all C(z,r,v) € Ay
satisfying

Hp1 (O"ENOC (x,r,v)) =0

it holds

e(E,x,r,v) = lim e(Ey,z,7,V)
h—o0
Proof. We have stated in Proposition 1.11 that
HANE), = HE

[agnm, | — 1B in A

By Theorem 1.40 in [LCE92], H,_; (0*ENIC (x,r,v)) = 0 implies
0] (G (7.)) = I |, [ (C (.1 0)

and
p (C (x,1,v)) = lim pp, (C (2,7, ))

Since C (z,r,v) € Ay it holds

HAoNE), (C (I, T, V)) = UE, (C (.T, Ty V))

Putting it all together and combining with the fact that, VF' Caccioppoli

e(F,z,rv) =

(el (€ ) = v e (€ o))

the result follows. O

Theorem 2.12. (Lower semi-continuity of the excess) Let A, A
opens of R" with Ay € A, P(Ag,R") < oo. Suppose that {Ep}, oy is a
sequence of (A, r9) — minimizing sets in A with Arg < 1 and such that
AoNE, — E. Then, for all C(xz,r,v) € Ay it holds

e(E,x,r,v) <liminf e(Ey, x,r,v) (2.4)

h—o0
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Proof. Recalling the following equalities

o1 / (1 — V- l/E) dHn_l =
r C(z,r,v)NO*E
1

— (el @) = v e (€ (7))

By the continuity from below of the measure H, _1_9-r (Theorem 1.8
in [Fol99]) and the continuity of r — r"7' it is easy to see that r +—
e(E,z,r,v) is left-continuous, that is

e(E,x,rv) =

e(E,z,r,v) = lim e(E, x,s,1)
S—rT
Since Hp—1L9-5(C (z,7,1)) < oo, exists a sequence {rj}, .y such that
ry, — v~ and H,—1 (0*ENOC (z,1t,v)) = 0,Yk € N. The changing of
scale of the excess (Proposition 2.5) yields

r

n—1
e(Ep,x,ry,v) < (—) e(Ep,x,r,v) (2.5)

Tk

From the previous proposition and the choice of the sequence {74}, oy, it
holds for each k
e(E,z,r,v) =e(Ey,x, 1, V)

The thesis is achieved by taking the lilgn inf in the inequality (3.4), the
-—00
left-continuity of r — e(F,z,r,v) and applying the last equality. ]

2.2 Bounded excess consequences

In this section, our goal is to describe locally (in general, up to H"-
equivalence) the almost minimizing sets under the assumption, which is
crucial for the development of the regularity theory, of the boundedness
of the excess. Under this assumption, how much information is it possible
to infer concerning the local regularity of both topological and reduced
boundaries? The first result of this section describes the almost mini-
mizing sets with bounded excess inside a cylinder. From now on, we will
always suppose that n > 2 and e, = (0,0,...,0,1) € R™.

Theorem 2.13. (Small-excess position) Given t, € (0,1), exists a
positive constant w(n, ty) such that, for all E being a (A, o) —minimizing
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in C(0,2,e,) with Arg <1, 0 € OF and

e(E,0,2,e,) <w(n,toy)

it holds:
lgz| <ty Vze C(0,1,e,) NOE (2.6)
{xe C(O,l,en)ﬁE:qx>to}:(Z) (2.7)
{xe C0,1,e,) \E:qr< —to} =0 (2.8)

Proof. This proof will be done by contradiction. That is, given t, €
(0, 1), for each constant w(n,ty) > 0, exists F in the conditions above (in
the hypothesis of the theorem) such that E does not satisfy one of the
equations 2.6, 2.7 or 2.8. Therefore, we will take a sequence of positive
constants tending to zero, wy (n,ty), and Ej, the set in the conditions
above referent to this constant. It holds:

Arg < 1 lim e(E;,0,2,¢,) = 0 0 € dE,,Vh € N
—00

at least one of the equations 2.6, 2.7 or 2.8, does not hold to an in-
finite number of Ej,, otherwise the sequence will not be infinite. Since

C (0, 5, € ) € C(0,2,e,) and P(C ( ,5,€ ) R™) < o0, the pre-compactness
theorem (Theorem 1.9) can be applied and ensures the existence of a set

F' of finite perimeter such that, passing to a subsequence if necessary:

mmc<ag%>%F

note that, since 0 € 9E, N C (0, 2, e,), it follows (from Proposition 1.11)
that 0 € 8F Besides, since C (O, 3, € ) e C (0 2 ) follows from the

) 37
lower semi-continuity of the excess:

4 4 3\"!
e(F,O, —,en) < liminfe(Eh,O, -, en> < (—) lim e(E},0,2,e,) =0
3 h—o0 3 2 h—o0

where, in (*), it was used the change of scale of the excess. It then follows
from Proposition 2.4 that:

4 ebesgue 4
Fﬂc<0737 n)LbNg {yec(oagaen>:(y_o)'en:qygo}

(2.9)

An infinite quantity of £} does not satisfy 2.6: Take a sequence

xp € C(0,1,e,)NIE), such that tg < |qz,| < 1. Let 2 € C(0,1,e,)NIOF
the limit point of this sequence, it holds zqg € C (0, g, ) N OF with
|gzo| > to. On other hand, by the equivalence in 2.9 follows:

4 4
C (0, 3 en> N{z:qr=0}=C <O, 3 en) M SPt {z:qu<o} =



2.2 BOUNDED EXCESS CONSEQUENCES 35

4 4
=C <O,§,en) Nspt up = C (0,5,(2”) NoF

what contradicts the existence of xy. So, there exists Jhg such that Vh >
ho the set Ej, satisfies 2.6. It follows that, for all A" Borel set of R" (by
Theorem 16.3 in [Mag12]):

P(C(0,1,e,) N Ey, A) = P(C(0,1,e,), BV N A)+
=0, when A’={z€C(0,1,en):to<|qz|<1}by 2.9

+ P(-Eha C <O’ ]-7 6n>(1) N A/) + Hn—l ({VC(O,I,en) = VEh} N A,)

Since

P(C(0,1,e,), BV n{z € C(0,1,e,) : to < |qz| < 1}) =

= H, (a*c (0,1,en) NEY N {z € C(0,1,e,) : to < |qz| < 1})
and 0*C (0,1,¢e,) N C(0,1,¢e,) = 0, we have that:

P(C(0,1,e,), BV n{z e C(0,1,e,) : to < |qz| < 1}) =

=Hn1 ({Veien) = Ve, } N{z € C(0,1,6,) : to < |qz| < 1}) =0

. Thus, it holds P(C (0,1, e,)NEy, {z € C(0,1,¢e,) : to < |qx| < 1}) =0,
what ensures (*) that comes in the next equation, where we set ¢ €
CX({xeC(0,1,e,) : ty < |qx| < 1}):

/ ]‘0(071,6,L)IAIE},IV¢ dx = / ¢VC(O,1,e")ﬁEh dHTL—l -
9*(C(0,1,en)NER)

= /deMC(o,l,en)mE,,, =*0

Since {x € C(0,1,e,) : ty < |qz| < 1} is a connected open set, 1c(o,1,e,)nE,
is constant almost everywhere in {z € C(0,1,¢,) : ty < |qz| < 1} (by
Lemma 3.2 in [(au09]).

Analogously, it holds 1¢(o,1,e,)nE, 1S equivalent to some constant in
{x € C(0,1,e,) : to < |qz| < 1}. By 2.9 follows 1¢(0,1.¢,)nE, 1S equivalent
to 0, in the first case, and equivalent to 1, in the second case. Putting all
together:

laz| <ty Vxe C(0,1,e,) NOE (2.10)
{xEC(O,l,en)ﬂE:qx>to} =0 (2.11)
{xGC(O,l,en)\E:qm<—to}‘ =0 (2.12)

If exists y € {x € C(0,1,e,) N E : qr > to}, by 2.10, it follows that y €
int (), what is a contradiction with 2.11, ensuring 2.7. The proof of 2.8
is analogous. [

From the theorem above, it was possible to show where the almost
minimizing sets with bounded excess is situated or not inside a cylinder.
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As a consequence of the last result, it will be possible to prove some
formulas and then define the excess measure. For this purpose, we will
prove how the perimeter measure of the cylinder can be written.

Lemma 2.14. Let r > 0 and a < b. We define
C={"z,) eR": 2| <rja<ux, <b}
then:
po =V Hpy 108D, x(a,b) T€n Hn1LD, x {8} —€n Hn—1LD, x{a}
where v (z) = (2’ /r,0).

Proof. Firstly, we note that

oC = (9D, x js})U(aDT x {b})U 2.13)
00D, x (a,b)U(D, x {a})U(D, x {b})
and
Hn-1 (No) =0 (2.14)

Since Ny is a closed set and 2.14 holds true, we can say that C' has
almost C'-boundary and N is the regular part of 9F. From Theorem 9.6
in [Magl2], for every ¢ € C}(R"),

/C Vo = /N dve dHo s

He = Vo anl‘—N (215)

Thus, we conclude that

Accordingly with the definition of N, we obtain that

Ho—1ien= Hn-11@0D, x(ap)+ Hno1L @, xfap)+ Hno1tm, xpy)  (2.16)
It is straightforward calculation to show that

(«'/r,0), if v € ID, X (a,b)
vo(x' x,) = en, if x €D, x {b}
—en, ifz €D, x{a}

Finally, by 2.15, 2.16 and the last equality, we conclude the proof. O

Theorem 2.15. If E is a Caccioppoli with 0 € OE and M = C(0,1,e,)N
O*E such that 3ty € (0,1) satisfying:

lgx| <ty Vze C(0,1,e,) NOE (2.17)

—0 (2.18)

{xE C(O,l,en)ﬂE:qx>t0}
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{xe C(O,l,en)\E:qx<—t0}’ =0 (2.19)

Then, for all G C Dy Borel set, ¢ € CO(Dy) and almost all t €
(—1,1), it holds:

Hoo1 (G) < Hpt (M Np™ ' (G)) (2.20)

Hn—l G = Vg - €p dHn_l 2.21
-/ e (221)

/D o= y o (pr)vE () - e dHy— (x) (2.22)

/D - o= I ¢ (px)ve (x) - e, dH, 1 (x) (2.23)

Proof. To prove 2.22 and 2.23, it suffices to prove for all ¢ € C! (D),
since it is possible to use the Dominated Converge Theorem together with
the density of C! (D) in C? (D). Since H,_1Lsg is a Radon measure
and, in particular, H, 1 (0*ENC(0,1,e,)) < oo, it follows that, for
almost all r € (0,1):

Ho1 (0°EN (0D, x [0,1])) = 0 (2.24)

It also holds that:
/ / Lpnm x(s)) (¥, 8) dHp—1 (y) ds =~ / Lnm: x(to)) (¥) dHny =70
[to,1] JR—1 R

where (*) follows from the Fubini’s Theorem and (**) follows from 2.18.
Therefore:

Ho 1 (EN(Dy x {s})) =0 for almost all s € (ty,1) (2.25)
Analogously:

Ho1 (EN(Dy x {t})) = Hpo1 (Dy)  for almost all t € (—1,—1)
(2.26)
On the other hand, since H,,_1Lg+g is a Radon measure

Hoy (0°EN (D, x {s})) =0

holds for almost all s € R. Thus, fix » € (0,1) satisfying 2.24 and
s € (to,1) such that 2.25 and H,_ (0*E N (D, x {s})) = 0 are satis-
fied. Given t € (—1,s) such that H,_ (0*E N (D, x {t})) = 0, define
F=FEN(D, x (t,s)). Since the intersection of sets with finite perimeter
provides a set with finite perimeter, we have that F' has finite perimeter.
By Theorem 16.16 in [Magl2]:

=*0

A

pr (1) = g ((Dr x (t, S))ﬁ~>+u<mx<t,s>> (DN Hor ({ve = vo,x9 } N7)
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where (*) follows from:
{VE = V]D),«X(t,s)} C O'ENo* (Dr X (t, S)) C

COEN@OD, x [0,1]UD, x {t}UD, x {s})

together with 2.24, the choice of s and ¢. Note that v (x) —I is the
normal vector to the cylinder ID; x R for all z € 0D; x R. Sjo by the
previous lemma, it follows:

B, x(ts)) () = en Hno1 (Dr x {s}) N ) +

+v Hpo1 (0D, X (t,8)) N ) — e Hpo (D x {t}) N )
Keeping in mind that v (z) - e, = 0, then, for almost all t € (—1, s):

Enftr <> = EnlE <(D7‘ X (t> 5)) N ) + entl(D, x(t,5)) (E(l) N ) =
= EnllE <(DT X (t,5)) N ) +;-Ln—1 (E WA (]D x {s})n- )

—Hne 1( EYN N (D, x {t}) N )
=(en vE)Hn 1 (OEN(D, X (t,8))N-) — Hpy (E(l) N, x {t})N-)
(2.27)

where (*) follows from the choice of s (satisfying 2.25) together with

{xGC(O,l,en)ﬂE:qx>to}=®

what is directly obtained from 2.17 and 2.18, indeed, if exists y such that
ye{reC(0,1,e,) NE:qr>ty}

by 2.17, it follows that y € int (E), what is a contradiction with 2.18.
Given ¢ € C! (D), define the following vector field T (z) = ¢ (px) ey,
r € R™. Clearly divT = 0, if we choose ¢ € C!(D;) such that p(z) =
1,Vx € U where U is an open neighborhood of F', we obtain that

/en¢0pdup z*/wenqbopdupz/wfdm:

= / div(T) dH, =" / divT dH,, =0
F F
where (**) follows from the choice of ¢, i.e. ¢ = 1 in F, which, since

spt up C OF, also ensures (*).
Joining this equality to 2.27 ensures that, for almost all ¢ € (—1, s):

O:/ (en'VE)gboden—l_/ ¢oden—1
8*EN(Dr X (t,s)) EMND,x{t})

By the Dominated Convergence Theorem and taking r,s — 1~ along
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suitable sequences follows, for almost all ¢t € (—1, 1), that:

/ 6= / bopdH, 1 —
(BW),nDy EMWN(Dy x{t})

_ / (en - vE) 60 pdH,_, =
0 EN(Dy x (£,1))

:/ (en'VE)gboden—l
Mn{qz>t}

Lesbegue Lesbegue
~Y ~Y

Since, by Fubini’s Theorem, F EM = E, Et(l) for almost
all ¢, the proof of 2.23 is concluded. Taking t € (—1, —ty) follows: M N

Lesbegue

{qz >t} = M and, by 2.19, (E(l))t Feshoue E, 7~ D; and the proof
of 2.22 is done. By the Cauchy-Schwarz Inequality, 2.21 implies 2.20.
Lastly, we focus on the proof of 2.21. Firstly, we prove for G’ € D; Borel
set. For this purpose, we denote ¢, = 1. * 1¢» where € > 0 and 7, is the
standard mollifiers. Since 1o € L*(D;), by Theorem 4.1 in [LCE92|, we
have that ¢ € C2°(Dy), . = 1o H,—1-almost everywhere in Dy as e — 0
and
Pe —7 1l in L1<D1)

Therefore, we can apply 2.22 for ¢, and ensure that

Hn_1 (G,) = / 1G’ dHn_l = / lim (,Dl/n dHn_l =
D, D, o0
(2.28)
=" lim P1/n d%n—l = lim (VE : 6n>@1/n © den—l

n—oo Dl n—o0 M

where in (*) we used the dominated convergence theorem. Since 1/, —
lgr Hp—1-almost everywhere in Dy, by the dominated convergence the-
orem and the convergence 1/, op — lgrop = 1p-1g) Hpo1-almost
everywhere in Dy, we turn 2.28 into

H, 1 (G")=lim [ (vg-e,)popdH, 1=

n—oo M

= / (UE . €n) lim Sol/n o den,1 = / (I/E . en) danl
M n—oo Mnp~—1(G")
that is 2.21 for any Borel set compactly contained in ;. In order to
conclude the proof for any Borel set G C D, we take {G,};en a sequence
of Borel sets with G; € Dy, G; C G471 and G; — G, thus

anl (G) = li}n anl (Gz) = lim (VE : en) d%nfl =

00 Mnp=1(Gs)
1—00

= / lim 1p_1(Gi)<VE . €n) d/Hn,1 = / (I/E : en) danl
M Mnp—1(G)

in (*) we have used the continuity from below of the measure #,,_,
(Theorem 1.8 in [Fol99]). O
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Corollary 2.16. (Ezcess measure) In the conditions of the above the-
orem, the function
n—1
C: 22 SRy

defined by:
C(G> = P(E7 C(O’ 1, en) N p_l (G>> —Hp (G) -

= Hnt (M0 p™ (G)) — Hui (G)

is a Radon measure in R"™! concentrated in Dy and such that ¢ (D) =
e(E,0,1,e,)

Proof. The equality ¢ (D) = e(F,0,1,e,) follows from the definition of
¢, De Giorgi’s Structure Theorem, i.e. P(E,-) = H,_1Ls-p(-), and

1

e(E,z,r,v)= " <|,uE| (C(z,m,v)) —v-up(C(z,r, l/))) (2.29)

Since R"! is locally compact Hausdorff space (LCH) and ( is clearly a
Borel measure on R"™! finite on compact sets, by Theorem 7.8 in [Fol99],
we conclude that ¢ is a finite Radon measure on the Borel sets of R,
Then, by the Carathéodory construction, ¢ induces a exterior Radon
measure on R"1, O

Starting from an almost minimizing set with bounded excess at the
origin, we have been building up some control of the distance, within
a cylinder centered in 0, between the topological boundary and the hy-
perplane defined by e,. The control, which we have developed, assists
to prove the Height Bound, which, starting from a bounded excess in
a arbitrary point xy of the boundary , allows us to bound the distance
between all points of the boundary, inside a cylinder, and zy by the size
of the excess. In the literature, we can find the Height Bound stated in
euclidean spaces of dimension bigger than 2, i.e. n > 2, in fact, the proofs,
which we have checked, are not completely correct. It is due to the fact
that the "Isoperimetric Inequality on Balls" is requested to be applied in
dimension n — 1, thus, it demands n — 1 > 2. We are working to exhibit
a proof which includes the case n = 2. However, we have not achieved
this goal at the time of writing.

Theorem 2.17. (Height Bound) Let n > 3. There exist constants
€0 (n),Co (n) such that if E is (A, ro) —minimizing set in C(xg, 470, €p)
with Arg < 1,29 € OF and

e(E, xg,4ro, e,) < € (n)

then

sup {‘qy;—oqm cy € OE N C(xo, 1o, en)} < Cp(n) e(E, xg,4r9, en)%nl*l)

Proof. Let me start with a reduction in the argument. Suppose that we

have proved the theorem for rq = % and zg = 0. Given a set E which is
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(A, r) — minimizing set in C (xg,4r, e,) with xy € 0E, A'r <1 and
e(E, xg,4r,e,) < € (n)
By Proposition 1.3, the blow-up E,, o, of E is a (A, %) — minimizing set
in C (g, 47, €n),, 9, = C(0,2,e,) with A = A'r,0 € OE,, 2. Moreover,
by Proposition 2.6
e<Ero,27'7 07 27 en) - e(E7 Zo, 4T7 en) S €o (TL)

By our reduction, since y € 9E N C (zq, 1, €,) implies

Y — X 1
E -
27’ € 8 20,21 N C (O, 2, €n>

we can affirm that

sup{@:yeﬁEﬁC(xo,r,en)} <

< CO (TL) e(Ewo,Zry 07 27 en)ﬁ

Therefore, it was possible to conclude the thesis of the Height Bound for
the set E. So, we reduced the proof to the case with ry = % and z¢y = 0.
Briefly, we want to prove the existence of Cy (n) and € (n) such that

1
lgx| < Cy(n)e(E,0,2,¢e,) ) Vee OENC (O, 37 en> (2.30)

whenever e(E, 0,2, ¢e,) < ¢ (n).
Claim 1: Exists ¢ty € (—}L, %) such that, for all z € C (O, %, en) NOFE,
lqz — to] < C'(n)e(E,0,2,e,)7 1 (2.31)

Since 0 € JF implies [to] < C (n)e(E,0, 27en)2<"1*1), from 2.31, we
obtain that

lqz| < |az — to] + |to] < 2C (n) e(E,0,2,e,)7m 0

To conclude, we define Cy (n) = 2C (n).
Proof of Claim 1: First of all, assume that

€0 (n) < w <n i) (2.32)

where the constant w (n, %) is from Theorem 2.13. If necessary, we will
appropriately reduce €y(n). So, set M =9dENC(0,1,e,), from 2.6
1
lgz| < 1 Vee M (2.33)

By the change of scale in the excess (Proposition 2.5) holds e(E, 0, 1, ¢e,) <
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2"1e(F,0,2,¢e,), then, by the properties of the excess measure (Corol-
lary 2.16) and the H,,_;-equivalence between 0ENC (0,2, ¢,) and 0*EN
C (0,2, e,) given by Corollary 1.7, it follows that

Hoo1 (C0,1,e,) NOENP " (Dy)) — Hiy (D) =
=Hp 1 (M) —H, 1 (D)) = (2.34)
=( (D)) =e(E,0,1,e,) < 2" 'e(F,0,2,¢,)

As a consequence of ( (G) < e(FE,0,1,e,), we have that
Hopot (MNP (G)) <Hpo1 (G) +€(E,0,1,e,) (2.35)

By a standard approximation argument and the triangle inequality, 2.23
ensures the first inequality that follows

<*e(E,0,1,e,) <2" 'e(E,0,2,¢,) '

where (*) follows from 2.35 taking G = D;. Note that 2.36 holds for
almost all ¢t € (—1,1). Now, we will define a function which will ensure
the existence of ¢, as it is wished. So, define f: (—1,1) — [0, H,—1 (M)]
as

f ) =Hna (M0 {qr > t})

The function f is right-continuous as a consequence of the continuity from
below of the measure H,,_1L9+g (Theorem 1.8 in [Fol99|) and, evidently,
f is decreasing. Moreover, f also satisfies

1
FO)=Hoa (M) Vi€ (-1,—]
1 (2.37)
F=0 vielp
what follows directly from 2.33. We now set
to = inf {t e(=1L1):f(t) < —Hn_;(M)}
Note that ty € (—1/4,1/4) and t, satisfies
(M
py <t B0y e
(2.38)
(M
fity = et 0Dy e 1y

Now, we contend to prove that t; is the desired value by the Claim. To
this end, we will divide the proof into two steps.

Step one: Suppose that

fto) < Ve(E,0,2,¢,) (2.39)
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Thus, if x € C(0,1,e,) NOE with qz > to, by 2.33 and |to| < 1/4, it
holds that qz —ty < %, then B(z,qz —t;) € C(0,1,¢,) € C(0,2,¢,)

what allows us to use the lower density estimate in 1.12 as follows

P(E,B(z,qr —t9)) < [ (to)
(az —to)" — (ar —t)

c(n) <

n—1

where (*) follows from the inclusion B(z,qz — ty) C C (0,1, ¢e,)N{qx > to}
and
P(E,C(0,1,e,) N{azx > to}) = Hpn1 (M N {qz > to})

Therefore, by our assumption (2.39), we get that

c(n)(qr —1t0)" ' < f(to) < Ve(E,0,2,e,) VoeC (O, %, en> NoE

(2.40)
what implies

1 1 1
qr —ty < —e(FE,0,2,e,)2m-D Ve e C <O, §,en> NOE (2.41)

¢(n)n-1

note that, if gz < to, the inequality above (2.43) is trivial. Thus, if f
satisfies 2.39, the proof of the Claim 1 is done.

Step two: Suppose that
fto) > e(FE,0,2,¢e,) (2.42)

Now, we are not able to establish the estimates in 2.40 for the constant
to. In order to obtain an similar inequality, we shall define an auxiliary
constant t; which will satisfy 2.40 in place of ¢5. Furthermore, we will
prove that ¢; and ¢, are related as follows

t—to < C°(n) e(E,0,2,e,) 71

Therefore, we set

t; = inf {t e(=1L1): f(t) < \/m}

Thus,

F() < VelE,0,2,en) Vtelt,1)
F(t) > Vel(E,0,2,e,) Vte (—1,t)

By our assumption (2.42) and recalling that f is decreasing, we have
that ¢, > to. Since f(1/4) = 0 (2.37), we also have t,; < 1/4. Then,
t1 € (to,1/4). f x € C (O,%,en) N OF with qx > t1, by 2.33 and the
choice of tq, it holds qr — t; < %, then

B(z,qr —t;) € C(0,1,e,) € C(0,2,¢,)
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what allows to use the lower density estimate in 1.12 as follows

PE.B.ar—t) _,  f(t)
(qv —t,)"" = (qr—t)"!

c(n) <

where (*) follows from the inclusion B(z,qz — t;) C C (0,1, ¢e,)N{qx > t1}
and
P(E,C(0,1,e,) N{azr > t1}) =Hp1 (M N {qzr > t1})

Therefore, by the choice of t;

c(n)(qr —t)"" < f(t) <+\/e(E,0,2,e,) VYreC (0, %,en) NOE

what implies

1 1
qr —t; < e(E,0,2, en)2<”1—1) Ve e C (O, 3 en> NOE (2.43)

c(n)n—1

note that, when qz < t¢; the inequality above is trivial. Now, we will
prove that

t—to < C°(n) e(E,0,2,e,) 71 (2.44)
To this end, by Theorem 18.11 in [Mag12|, for almost all t € R, E; has
finite perimeter and we have
Hp2 (0"ELA(O'E),) =0
from this equality we find that

Hpo (D1 NO"Ey) = Hno (D1 N (9°E),) =

=*Hn—2((C(0,1,e,) NO*E),) (245)

the equality (*) is deduced from D;N(9*E), = (C(0,1,e,) NO*E),. From
the Coarea formula for locally (n— 1)-rectifiable (Theorem 2.93 in [LA0O]
taking f = q), we deduce that

/ V1= (g en)? dHps = / Moz ((C(0,1,e,) N O*E),) dt
9*ENC(0,1,e,) R

(2.46)
Thus

%n_g (Dl N G*Et) dt :gig / 1 - (I/E . en)2 dHn—l S
C(0,1,e,)N0*

[_171]

S* \/5/ Vv 1-— Vg - €n dHn—l S** \/2 Hn—l (M) e<E707 ]-a en) S

<235 /2 (Hp_y (D)) + 21e(E,0,2,e,))/ 2" e(E, 0,2, ¢,) <

< /20 (Hor (D) 4 27716 (n))/e(E, 0,2, ¢,,)
(2.47)

where (*) follows by (a —1)> > 0 = —2a+2 > —a®>+ 1 and M o
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C(0,1,e,)N0*E, (**) is directly from Holder’s Inequality and |vg—e,| =
2 2VE en, (***) is consequence of the boundedness of the excess. Define
\/2” nlDI +2n 160( ))

Claim 2: Exists ¢’(n) > 0 such that, for almost all ¢ € [t, ;)

Hpy (D NO*E,) > & (n) Hoy (B, NDy)n 1 (2.48)

The Claim 2 combined with 2.47 yields

_92 1
Hp1 (B, NDy)n=1dt < CO (n)
[to,t1) ¢ (n)

By 2.36, for almost all ¢ € [tg, 1)

Ho1 (B;NDy) > Hpy (M N {qz >t}) —2"'e(E,0,2,e,) >

>\ /e(E,0,2,e,)—2""Le(E,0,2,¢,) >** \/e(E, 0,2, e,) (1—2"*1 eo(n))

in (*) was used the choice of t; and (**) is consequence of the boundedness
of the excess. In order to have 1 —2"7'\ /¢y (n) > 0, if necessary, we will
reduce the size of € (n). Putting together the last two inequalities, we
find that

n—2

/ < e(E,0,2,¢,) (1—2n—1 eo(n)))nldtSCl(n) e(E,0,2,¢,)
[to,t1)

what ensures that
=C%n)
C*(n)

& (n) (1 ~on-1, /e (n))ﬁ

thus, by 2.43 and the last inequality

t1 —ty <

1

c (n)nfl

qx—tos(CO(n)Jr ) (E,0,2,¢,)7 D

Applying the same arguments of both Steps one and Step two for E¢, it
is possible to conclude the same inequality for ty — qx, thus, we finish
the proof.

Proof of Claim 2: By 2.34, 2.36 and the choice of ty, for almost all
t € [to, t1), we have

Ho1 (BNDy) <Hpn (MO {gr >t}) = f(t) <

Hn—l <D1> + 2"‘1e(E, O, 2, €n> 3

< Z
- 2 4
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where we reduced, if necessary, the size of €y(n) provided that 2" 2¢y(n) <
H,—1 (Dy). The inequalities above allow us to use the relative isoperimet-
ric inequality (Proposition 12.37 in [Mag12|) for E;ND; as a Caccioppoli
in R", namely

P(Et N Dl; ID)l) Z CO (n) anl (Et N Dl)h (249)

where we used both n — 1 > 2 and H,_; coincide with the Lebesgue
measure in R"~!. We recall that

P(E,NDy, D) < P(Dy,Dy) + P(E,, D) (2.50)
Since 0*D; ND; = 0 and
P(Dl, Dl) - Hn_2<a*D1 N D1>

the first term on the right side of 2.50 is equal to 0. By the De Giorgi’s
Structure Theorem, we have that

P(Et, Dl) — Hn_g(a*Et N ]Dl)

what, by 2.49, concludes the proof of the Claim. O



Approximation theorems

In this chapter, we will use the theorems that we have proved for
an almost minimizing set F, as the Height Bound and the Small-Excess
Position, to construct a Lipschitz function u such that the graph of u
satisfies some properties. For instance, one of these properties will make
it possible to locally insert the piece of the boundary of F with bounded
excess into the graph of u. Moreover, we will be able to measure, with
respect to H,_1, how large the portion of the boundary of E will not be
contained in the graph of u. We shall prove that the function u possess
one property that will be called almost harmonicness which will allow us
to approximate the function u by harmonic functions and thus making
it possible to prove a new estimate on the excess. Henceforth, we will
use the following notations for the hypograph and epigraph of a function
uw: R R

hypo (u) = {(z,t) € R" : t > u(z)}

epi(u) = {(z,t) e R" : t <u(z)}

3.1 Lipschitz boundary criterion

The first theorem shows that, if the regular part of the boundary of
a Caccioppoli set, that is, its reduced boundary, is at least of regular-
ity Lipschitz inside a cylinder, the topological boundary has the same
regularity.

Theorem 3.1. Let E be a Caccioppoli with sptup = OE,0 € E. If
u: R — R is a Lipschitz function with Lip (u) < 1 and C(0,1,e,) N
IE C Gu)NnC(0,1,e,), then C(0,1,e,)NOE = C(0,1,¢e,) NG (u) and

47
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either

C(0,1,e,)N(E\OE) = C(0,1,e,) Nepi(u)

_ — (@), 1) or almost all z (3-1)
ve (z,u(z)) = MBI for almost all z € Dy
Or
C(0,1,e,)N(E\OE) = C(0,1,e,) Nhypo (u)
v (z,u(z)) = (Vu(z), -1) or almost all z (3:2)
5 (2, u(2)) 1+’vu(mzf Imost all z € D,

Proof. Since G(u) N C (0,1, e,) is closed, it holds
C(0,1,e,)NIOE =C(0,1,e,) NO*E C G(u) N C(0,1,e,) (3.3)

Note that u (0) = 0, because (0,0) € F. Since spt ug = OF, by 3.3, we
have that pug (C(0,1,e,) Nepi(u)) = pr(C(0,1,¢e,) Nhypo (u)) = 0.
Then, for all ¢ € C°(epi (u))

epi(u) epi(u)NO*E

analogously for hypo (u). By the connectedness of the epigraph and the
hypograph and Lemma 3.2 in [(au09], we find that 1g is equivalent to a
constant in each one of them.

If these constants are equal, we deduce that 1 is constant almost
everywhere in C (0, 1, e,) what provides that |ug| (C(0,1,e,)) = 0. On
the other hand, since 0 € 9ENC (0,1, ¢e,) =spt ugNC (0,1, e,), we have
lue| (C(0,1,e,)) > 0 what is an absurd. If 1 is equivalent to 1 in epi (u)
and equivalent to 0 in hypo (u), we can show that 1z will be truly equal
these constants in each respective set. Indeed, if 3z € epi (u)NC (0,1, ¢,)
such that 1g (z) = 0, we have x € OF. But C(0,1,e,) NOE C G(u) N
C (0,1, e,) which is another absurd. Thus, 15 is equal to 1 in epi (u) and,
analogously, it is equal to 0 in hypo (u). It concludes the proof of the
both first equalities in 3.1 and 3.2. We now turn our attention to the
proof of the formulas of vg. Since they are mostly the same, we will show
the formula on 3.1. We have proved that both

C(0,1,e,)N(E\OE)=C(0,1,e,) Nepi(u)

is valid, thus, we obtain that [(FAG(u))NC(0,1,e,)| = 0. From 0.1, we
find that

HENC(0,1,en) = HGu)NC(0,1,e,)

Thus, since the outer unit normal of G(u) N C(0,1,e,) exists almost
everywhere, we have that

vE(x) = vawy(z)  for almost all x € C(0,1,e,) NG(u)

Therefore, our problem turn into the proof of the formula for the outer
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unit normal of a Lipschitz graph. To this end, if we define f(2) = (z,u(z))
for all z € Dy, by Lemma 10.4 in [Mag12|, we conclude that

Ty(»G(u) = Vf(2)(R")

Since Vf(z) = (@j&;; ) for almost all z € Dy, we show that

vVET»HGu) & JweR"™: v=Vfz)w=(ww-Vu(z)) &

Sv-(=Vu(z),1) =0 v e (=Vu(z), 1)*

Thus, ve(z) = % for almost all z € Dj. O

Corollary 3.2. In the conditions of the theorem above, given G C Iy
Borel set, it holds

P(E, C(0,1,e,) N p~ " (G) —/G\/\Vu P +1d:

Proof. From the area formula (Theorem 3.8 in [LCE92]), we have that

Hoo1 {(z,u(2)) : 2 € G}) = /G VIVu(2) ]2+ 1dz

Since C (0,1, ¢e,)NOE = C (0,1, ¢e,)NG(u), we turn the last equality into

Ho 1eom(C (0,1,en)ﬂp_1(G)):/G\/|Vu(z) Prids (34)

In the last theorem (3.1), we have established that vg(z, u(z)) exists for
almost all z € ;. As a consequence of this existence and the properties
of the Hausdorff measure under Lipschitz maps (Theorem 2.3 in [LA00]),
we obtain that

Hy1 (f(N)) < Lip(f) Hn1 (N) =0
where we have set f(z) = (z,u(z)) and N C D, as the set of points where
ve(z,u(z)) does not exist. Note that (OE \ 0*E) N C(0,1,e,) C f(N),

therefore, 0OF N C (0,1, ¢,) g BN G (0,1, e,) what, by 3.4, implies
that
P(E,C(0,1,e,) Np~'(G)) =

= Hn 10o-5(C(0,1,e,) NP Q) = Hn1Lou(C(0,1,e,) Np Q)

:/G\/|Vu(z) 2+ 1dz
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3.2 Lipschitzian approximation

We have developed sufficient tools to state the first result which pro-
vides a kind of regularity to a piece of the topological boundary of an
almost minimizing set. Indeed, if o € OF is such that e(E, xq, 257, e,)
is bounded by a constant depending only on the dimension n, we will be
able to show that the piece of OF N C (xg,r,€,) with bounded excess,
i.e. My is a subset of the graph of a Lipschitz function I' N C (xq, r, ;).
Moreover, the result will state that the size of (OEAL')NC (xg, 1, €,), i.e.
the piece that is not contained in the Lipschitz graph I'N C (zo, 1, €,), is
controlled by the size of the excess.

Theorem 3.3. (Lipschitzian Approximation) Let n > 3, there exist
constants Cy (n), €1 (n) and & (n) such that if E is a (A, ro)—minimizing
set in C(xg, 257, e,) with Arg < 1,z¢ € OF and

251 < 1, e(E, xg, 251, e,) < € (n)
there exists a Lipschitz function v : R"™1 — R with Lip (u) < 1 and

sup ] < C1(n) e(E, xg, 257, en)2<"1—1>
R T

(3.5)
such that, if M = C(xg,7,e,) NOE and

My = {y €M: sup e(E,y,s,e,) <o (n)}
0<s<8r

it holds
MycCc MNT (36)

where I' = (zg + G(u)) N C (o, 1, €,). Moreover

H,_, (MAT)

rn—1 S 01 (n) B(E, o, 25Ta en) (37)

Proof. Suppose that we have proved the existence of constants C (n) , €; (n)
and Jdp (n) in the case that E'is a (A, 1)) —minimizing set in C (0,25, e,,)
with A'r(; < 1,0 € OF and

25 <ry, e(F,0,25,e,) <€ (n)

Thus, if £’ is in the conditions of the theorem, we have that, by Propo-
sition 1.3, £ = E| is a (A, 1)) — minimizing set in C (0,25, e,) with
A" = Ar and rj = "2, Moreover, we have that A'rjg < 1,0 € OF and, by
Proposition 2.6, e(E, 0,25, ¢e,) = e(E’, xg, 251, e,) < €1(n). Therefore, by
our assumption, exists u : R"! — R with Lip (u) < 1 with the properties
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above. Taking u,(z) = ru(2), we have

sup Jur] = sup |u| < Ci(n)e(E, 0,25, en)2<n1*1> = Cy(n)e(E', xg, 25r, en)2<"1*1>
rRr T Rr

We set M' = C (xg,r,e,) NOE" and

M(’] = {y e M : sup e(E,y,s,e,) < d (n)}
0<s<8r

By Proposition 2.6, it is straightforward to verify that M = = M, (Mg)z,» =
M, and F_TO L= (rG( )+20)NC (20,7, €n) = (G(u,)+20)NC (20,7, €) =
I',. Then, since My C M NI, we deduce that M C M’ﬂf-xo . = M'NT,

that is 3.6. Taking into account the properties of H,,_1 with respect to
translations and homotheties (Proposition 2.49 in [LA00]) and

M'AT, = (M'nTS) | J(MenT,) =

3=

= ((MQFC)U(MCHF)) = (MAT) -

—zg 1 r

we can conclude 3.7. From now on, we shall prove the theorem for F

being a (A',r() — minimizing set in C (0,25, e,) with A'r{ < 1,0 € OF
and

25 <ry,  e(FE,0,25,e,) <€ (n) (3.8)

To this end, take the constants ey(n), Co(n) given by the Height Bound
(Theorem 2.17). Assume that €;(n) < €g(n) in order to apply the Height
Bound for F (taking ro = 2> and A = A’). Therefore

2 2
Sup{lqy|ry€8EﬂC (0,—5,en>} < 5(“:1)( n) e(E,0,25,¢,)7 0

4
(3.9)
where we will still denote the constant %O(n) by Co(n). Recalling 2.32
where we asked that ey(n) < w(n, 1), and, if necessary, reducing € (n)
in order to have e(E,0,2,e,) < (£)"'e(F,0,25,e,) < e(n), we are
able to apply the Small-excess position theorem (Theorem 2.13) which
provides 2.17, 2.18 and 2.19. Thus, from Corollary 2.16, we have that

0 S anl (M N P71<G>) - 7—Lnfl (G) S e(E, 07 17 en) S

3.10
< 25" 'e(E,0,25,e,) forall G CD; borel set ( )

where we used Corollary 1.7 (because, in Corollary 2.16, M is defined as
C(0,1,e,) NO*E). Let us start the construction of the wished Lipschitz
function, fix y € My, x € M and let ||v, = max{|pv| lqu|}, Vv € R™
It is straightforward to verify that 0F,, . Therefore, since
y € M C OF, we have that

ly—2llen = Ty—alen

0 € 0Ly jy—al., (3.11)

By Proposition 1.3, we find that E, j,_g., is a (Ay 4,7y 2) — minimizing
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set in

C ( Yy, 25]ly — ||} ) with Ay .7y » < 1where A, , = N|ly—z|le,, 7y =
Since y,x € C (0,1,e,), we have that 4[|y — z||., < 8, thus, by

he &eﬁnltlon of My and Proposition 2.6

e(E%”y_IHEn,O, 4, en) =e(F,y,4|ly — x|e,, en) < do(n) (3.12)

We may assume that dp(n) < €y(n) in order to apply the Height Bound
for Ey,lly*IHen' Since, by 3.8

!
"o

25 25
———— > — and C(0,4,e,) CC (—y, —,en)
ly = zlle, ~ 2

T =
o ly = lle,

we also have that Ey j,_g., is a (Ay, 1) —minimizing set in C (0,4, e,,).
Then, applying the Height Bound (Theorem 2.17), we find that

_ 1
sup {|qu| : v € OBy jy—)., N C(0,1,en)} < Co(n)e(Byy-sj.,, 0,4, €n) 7 <

< C’O(n)50(n)72(n1—1>

Tr—

We want to apply this inequality for To—zlor . For this purpose, it is suf-
ficient to recall that x € M = C(0, 1, en) ﬂ ‘DE. Then

_1
4y — qz| < Co(n)do(n)* @y — 2|,

—Co(n)é("*l) in order to have ||y—z||., = |[py—pz|,

by the definition of | - ||, . Putting it all together, we conclude that

We may consider dy(n) <

=Lp
A

lqy — qz| < C’o(n)do(n)ﬂnl*l) lpy —px| forall ye My, x € M (3.13)

By 3.13, we can deduce that py = pz implies y = zx for all z,y € M,.
Then, the function u : p(My) — R given by 4 = qo p~! is well defined
and also satisfy

u(py) — u(pz)| < Lplay — qz| Yy, z € M,

From Whitney-MacShane Extension Theorem (Theorem 2.3 in [J.05]),
we find an extension u : R* — R of @ with Lip (u) < L, < 1. For each
x € My it holds u(pzr) = qz, that is

MyCcT =Gu)NnC(0,1,e,) (3.14)

what concludes the proof of 3.6 provided we prove 3.5, but 3.5 can be
checked by 3.9 and truncating u. Let us prove 3.7. To this end, by the
definition of Mj,, we have that

ye M\ My yeM and3s, € (0,8) such that do(n) < e(E,y, sy, e,)
(3.15)
Applying the Besicovitch’s Covering Theorem (Theorem 1.27 in [LCE92])

for the family of balls {B(y, ﬂsy)}yeM\Mo, we find N, (constant de-
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pending only of n) countable families of disjoint closed balls Fi, ..., Fy,

such that N
M\Myc|J|J B

1=1 BeF;
Thus we set k such that it maximizes )5 » H, 1 (B). Denoting F. by

{B(yh, ﬂsh)}heN, we have that

Hoor (M \ M) < Z > Haa (B) <

=1 BeF; (316)

<N, Z”H,n,l (B (yh, \/§8h>>

heN

Since y, € C(0,1,¢,) and s;, < 8, we find that B(yh, \/§sh) C C(0,25,¢,).
In order to apply the density estimates (Theorem 1.5) at the inequali-
ties below, note that B(ys, (1 + 1)v/2s,) € C(0,25,¢,). Recalling the
‘H,_1-equivalence between OF and O0*E, we have that

Moot (M M) < N, S H,0y <B (91 ﬁsh)) <

heN

< Nan_l( (yh,(1+ )fsh)) < 3nann(\/§(1+%))n_IZSZ‘l

heN heN

By 3.15, the last inequalities and M \T" C M\ My (from ??), we conclude
that

Hn—l (M \ F) S %n—l (M \ MO) S 3nann (\/5(1 + %))n_l 32_1

heN
n—1
3nN,w, (\/5(1 + %))

< n—1 E N

heN

(3.17)

Since C (yp, Sp,en) C C(0,25,¢,), we can state that

> sile(E, yn, snoen) < Z/ E_Te"PdHn_1 <

heN heN YhsSh, en 08*

lvg —e lve — en?

2
< lve — enl” dH,—1 < / ———dH,
2 C(0,25,60)N0* E 2

/UheNC(yh,Sh,en)ﬁa*E
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Thus, by 3.17, we can show that

~C7 (n)

3nN, 25" LW, (\/5
do(n)

We can calculate the area of a graph (of codimension 1) of a Lipschitz
functions (Theorem 9.1 in [Magl2]) as follows

Mo 1 (TN M) = / JIE VP dH,
p(T\M)

(1+ %))n_
Hoy (M\T) < e(E,0,25,e,) (3.18)

Recalling that Lip (u) < 1, we can conclude that

Myt T\ M) < V2H, (p(I'\ M)) <

<ONV2H, (M NpH(p(T\ M))) (319)

We now notice that x € M Np !} (p(I'\ M)) = x € M and 32 € T\ M
such that pz = px. If we assume z € ', we can write x = (pz, u(px)) =
(pz,u(pz)) = z that is a contradiction, because z ¢ M and = € M. We
have then x € M \ I" what implies

MAp~(p(T\ M) C M\T

From 3.19, the last inclusion and MAT' = (I'\ M)U (M \T'), we conclude
the proof of 3.7 as follows

Hoot (MAL) < Hyoy D\ M) + Moy (MAT) <

V2H oy (MA\T) +H,_y (M\T) <18 V20 (n)e(E, 0,25, ¢,)
O

The next result will state that the function u, from the last theorem,
has interesting estimations over Vu which will allow us to approximate
u by Harmonic Functions as a consequence of some results that we will
show in the next section.

Proposition 3.4. (Almost harmonicness of the approximation)

The function u and the constant Cy (n) in the last theorem also satisfy
that Yo € C!(D,)

1
prn—1 /D)r |VU’2 < Cl (n) e(EVxO? 257”, en) (320)
1
| [ v ve| < o 961 (el e+ 4r) 2
D, D,

Proof. We will use the same reduction that we have done in the proof of
the Lipschitz Approximation Theorem (Theorem 3.3). By Theorem 4.3
in [Sim83| and the fact that 0*E and OF are H,_j-equivalent, we find
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for H,_1-almost everywhere x € M NI that T,0*FE = T,I" what implies

(—Vu(p:v), 1)
V14 [Vu(pz)?

Taking Lip (u) < 1 into account, we find out that

Vul? g/ |Vu|2+/ Vul? <
Dy p(MAT) p(MAT)

< / V2| Vu|?

~ Jpwnr) /14 |Vul?
Since Lip (p) = 1 and 3.7 holds true, due to the behavior of Hausdorff
measure under Lipschitz maps (Theorem 2.3 in [LCE92]), we can properly

estimate H,,—1 (p(MAT')). Then, by Theorem 9.1 in [Magl2|, we have
that

ve(z) = with A\, € {1, -1} (3.22)

+ Hpo1 (P(MAL))

2|V 2
Vul2 < Cy(n)e(E, 0,25, ¢,) + M
Dy ver 1+ [Vuop| (3.23)
= Ci(n)e(E,0,25,¢e,) + \/§‘PVE\2
MAr

Since (a —1)? > 0 implies 1 —a > 15

be—eal® _y_,, . >—1_(”E'€”)2
- n

ok 2
2 = 2 =" lpve|

where (*) follows from |vg|* = |pve|? + |que|?. Using the last inequality
in 3.23 and the change of scale in the excess (Proposition 2.5), we can
conclude the proof of 3.20 as follows

2
P MAT 2

< max{C}(n), 25" 'V2}e(E, 0,25, e,)
i 1 <
In order to prove 3.21, since W < 1 and 3.7 is validated, we notice

that it suffices to prove

Vu- V(b
o VIT N

for all ¢ € C}(D;). For H,,_;-almost everywhere x € M N T, notice that

Vu(pz) - Vé(pr)
1+ |Vu(pz|?

cln >sup|v¢|( 1 (MAT) +Ar)

(Ve - Vo) (vE - en) = (3.24)

what follows from 3.22, we also note that we can suppose supy, |V¢| =1
without loss of generality. Let us state a claim which will be proved later.
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Claim 1:

[ e Vo e

< C°(n) (”Hnl (MAT) + Ar)

By the connectedness of p~!(z) N C(0,1,e,),Vz € Dy, together with
Theorem 2.13, p(M) and Dy are H,,_;-equivalent what ensures that

Vu-Vo

D /14 |Vul?

/ Vu-Vo | _
p(M) /14 |Vul?]

*

Vu-Vo
B /p(MmF) V14 |Vul?|
Vu- Vo
/p<Mmr> V1+[Vu?
where in (*) we have used that | 2“¥2_| < 1 and the behavior of the

v/ 1+|Vul?

Hausdorff measure under Lipschitz maps (Theorem 2.3 in [LCE92]). From
the last inequality and Theorem 9.1 in [Magl2|, we have that

/ Vu- Vo .
p(M\I) \/ 1+ [Vul?

<Hp 1 (M\T)+

Vu-Vé
Dy v/ 1+ |Vul|?

Then, by 3.24 and with the help of Claim 1, we obtain that

Vuop- -Vopop
a0 1+ [Vuop|?

anl(M\rH‘/M

Vu-Vo

Dy \/1+ |Vul?

< H,_1 (MAT) + C<(n) (%n_l (MAT) + Ar)

<

< Hay (MAT)+ ] [RZRT

choosing wisely the constant depending only on the dimension n, we
conclude the proof of the proposition. Now, we turn our attention to the
proof of Claim 1.

Proof of Claim 1: We recall our assumption on ¢, i.e. supy, |Vo| =
1, then, the Mean Value Theorem (in several variables) yields

sup [¢| < sup |z|sup [V¢| = 1
Dy D1 1

Now, we choose av € C°((—1,1)) with
0<a(s) <1,Vse (—1,1)

and 11
:1 —_—— —
als) =1,Ys € [, 4]

Then, fix ¢t € (—#, ) and define

gi(s) = s +ta(s),Vs € R
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In order to ¢; be invertible on the real line, we require that |o/(s)| <
5,Vs € R. Indeed, we have for each ¢t € (—1/5,1/5) that
gi(s)=1+1td(s) >0,Vs € R
Hence, if we define
fi(z) = x + ta(qr)p(pr)e, VreR"
and ¢ = (2/,x,), we obtain that fi(z',z,) = (2, Gipey(2n)). For any

¥ € RLt e (=1/5,1/5), since tp(a’) € (—=1/5,1/5), we have that
Gis(x) 18 invertible on R. Thus, f; is invertible as well and we note that

o fidgaa |00

Then, {ft}te(—%,%) is a one-parameter family of diffeomorphisms. In or-
der to prove that f;(E) is a competitor for the almost minimality of
E, we remind that, since f; is a diffeomorphism, f;(F) is a set of finite
perimeter and f;(0*FE), 0* f;(E) are H,_i-equivalent (Proposition 17.1
in [Mag12]). Denote by supp the support of a function (i.e. supp f =
{z € dom(f) : f(x) # 0}). By the definition of f;, suppa € (—1,1) and
supp ¢ € Dy, we find that

supp(f; — idgn) C supp(ao q) Nsupp(¢op) € C(0,1,¢e,)  (3.25)
whenever ¢ € (—1, £). Then, we conclude that
fi(E)AE C supp(f; —idgn) € C(0,1,¢,)

Therefore, using the almost minimality condition of E, for all Vt €
(_%’ %)7
P(E,C(0,1,¢e,)) < P(f:(E),C(0,1,¢e,)) + AN'|f:(E)AE)| (3.26)

From Lemma 17.9 in [Magl2], 3.25 and the compactness of supp(aoq)N
supp(¢ o p), we obtain the existence of constants K (n) and ¢ < £ such
that, for all ¢ € (—eq, €),

|fi(E)AE| < K(n)[t| P(E,supp(e o q) Nsupp(¢ o p)) <
< K(n)lt|P(E,C(0,1,e,))
what, along with 3.26, provides

P(E,C(0,1,e,)) <P(fi(E),C(0,1,e,))+

+A'K(n)[t| P(E,C(0,1,e,)) Vt € (—e€o,€0) (3:27)

Putting into account f;(0*F) g & f(E), M eSS olate (0,2, €e,) and

fi(C(0,1,e,)) = C(0,1,e,) (because of 3.25), we get that

P(f(E),C(0,1,e,)) —P(E,C(0,1,¢,)) =
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= H, 1 (' fA(E)NC(0,1,e,)) — Hp1 (FENC(0,1,e,)) =
== 7‘[7171 (ft(ﬁ*E NC (O, 1, en))) — anl (M)

By the area formula for countably (n — 1)-rectifiable sets (Theorem 11.6
in [Magl2]), we find that

P(fi(E),C(0,1,¢e,)) — P(E,C(0,1,e,)) =
_ M _ _
= /a*mo,l,en) I frdinoy = Ho (M) (3.28)

:/ (JMf —1)dH, 1

whenever t € (—%, £). Since a(s) = 1,Vs € [—
(from 2.6), we obtain that

fi(z) =z + to(p(x))en

It is straightforward to verify that, for all v = (v, v,) € R",

ivﬂ and qr < i,v.?c eM

D(ft)zv = idgnv + t(v' - Voo p(x))e, =

= idgnv + t(e, @ Vopop(x))v whenever x € M

Since 0 # |Vo o p(z)] < 1 and |t| < 1/5, we have |t| < |[V¢ o p(z)]~t.
Thus, if p; denotes the orthogonal projection onto (vx)=, i.e.

p(Voop)=Voop— (Voop-vg)rg

by Lemma 23.10 in [Magl2], we find out that
JMf(z) — 1 = Jre@)” <ian (z) +te, ® ¢ o p(l‘)) —1<

< tp, (Vo op(x)) - e, + L(n)[tVe o p(z)[”

for H,_1-a.e. x € M. Note that, if |V¢ o p(x)] = 0, the inequality
above is trivially verified because of that JM f,(z) = 1. Therefore, since
supp, [Vé| =1 and e, - Vg o p = 0, we have that

JMf, —1 < —t(vg - en)(ve - Vo) + L(n)t?
for H,_1-a.e. x € M. The last inequality and 3.28 ensure that

P(ft(E)u C (07 17 €n>> - P(Ev C (O> 17 en)) S

<1 /M (e - en) (Vs - V) dHy +L(n)E oy (M)

We can find a upper bound L'(n) of H,_1 (M) by the density estimates
(Corollary 1.8), then

PU(E), C(0,1,60)—P(E,C (0,1, ) < —t / (Vi-en) (v-V &) dHyy +L ()12

M
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Finally, we put this inequality into 3.27 to produce, for all ¢ € (—eg, €),

P(E,C(0,1,,)) < P(E,C(0,1,6,)) — t/M(yE cen) (i - V) dHo 1 +

+L'(n)t? + NK(n)|t| P(E,C(0,1,e,))

We have already noticed that H, 1 (M) = H,—1 (*ENC(0,1,¢,)) =
P(E,C(0,1,e,)) what guarantee that L'(n) also bounds P(FE,C (0,1, e,)),
thus

" /M (Ve - ) (s - Vo) Mot < L (n)E2 + N K (n) L' (n)t]

~C<(n)

A\

< ﬁlax{Ll(n), K(n)L'(n)} (t2 + A’\t|>

since it holds for all ¢t € (—¢g, €), we have that

i

/M(VE cen) (Ve - Vo) dH

< C%(n) (t2 + A’|t|)
Dividing by [t| on both sides and taking
0 < |t| < min{eg, Hn1 (MAT) + A’}

we conclude the proof of the Claim. O

3.3 Approximations results on harmonic func-
tions

We will gather two technical results about Harmonic Functions that
will be used together with the idea presented in the last chapter about
the almost harmonicness of the Lipschitz approximation. First of all, let
us remember the mean value property of harmonic functions, that is, v
harmonic function on B(0, 1) C R™, then

vi)= F vdHia=_f v VBrr)€B0.1) (329

the proof for this result can be found in [Fol95] (Theorem 2.8 and Corol-
lary 2.9) .
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Lemma 3.5. If v is a harmonic function in B(0,1) and w (x) = v (0) +
xz-Vov(0),Vz € B(0,1), then

sup ‘VU| S H(”)HUHLQ(HOJ)) (330)
B0,3)

and Vo € (0, %]

;up) v —w|* < H(n)a?|| Vvl 2o,y
0,

Proof. Let v be harmonic in B(0,1) ,z € B(0,1) and n € S*'. We claim
that 7 - Vo is harmonic in B(0, 1), indeed

div (V(n-vm) — div((&l(n-VU),...,E)n(n-Vv))) -

= iaf(n - Vo) = i 150,070 =
=1

1,j=1

= anﬁj(Av) =0
7=1

We are now able to apply the mean value property for n- Vv (3.29), thus

1
- Vo@l = | [ neVe| =l [ W)=
T Wn B(0,r) T7Wn B(0,r)
e/ my
= —1n" Ugn-1| = — v - Vgn—1| <
"W, 8B(0,r) I Wn | JoB(0,r)

1 1
<o [ el [ @) )
™ Wn JaB(o,r) T"Wn JoB(0,r)
whenever r < % what put us in position to apply in (*) the divergence
theorem (Theorem 0.4 in [Fol95]). Applying the mean value property on
the last inequality ensures that

1
v(2) Hp1 (2) | Hin <
el L C I

Hno1(z) < H
ot [ P M ()< H bl

where in (*) we have used the Holder’s inequality (6.2 in [Fol99, p. 174]).
To conclude the proof of 3.30, it is suffices to set n = %. As we have
noticed above, n - Vo is harmonic on B(0,1), then we can apply 3.30

leading to

n- Vo(z)] <

n—1

Wy

sup ]Vzv\ < Hl(n)HVvHLQ(B(O,l))
50.)

By Taylor’s Theorem with Lagrange Remainder, we can find, for all z €
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B(0, @), a number ¢t € (0,1) such that
[v(z) — w(z)] < C|Vu(tz)]|z|*
By the last two inequalities, the proof is concluded. O

Let U C R"™ be a open set, then we will denote the Sobolev space by
Wh2(U) as in Definition 4.2 in [LCE92].

Lemma 3.6. For every T > 0 exists o(1) > 0 such that ifu € W2 (B(0, 1))
satisfy both ||u||L2(go1)) < 1 and

‘/ Vu - ng' < o(r) sup |Vo| V¢ e CX(B(0,1)) (3.31)
B0,1) B0,1)

there exists v harmonic function on B(0,1) such that ||Vvl|r2(go1)) <1

and
/ v — u\z <7
B0,1)

Proof. By contradiction, suppose that exist 7 > 0 and a sequence {us}, .y C
W'2(B(0,1)) in the conditions above with o4(7) = + such that for every

v harmonic function with ||Vol|2g0,1)) < 1 it holds that

/B(O o> 70 (3.32)

From the classical Poincaré inequality (Theorem 4.9 in [LCE92]), we have

that
=C5(n)
P —

1 _
o= f, il oy < w7 Calm) [V mtony

Since B(0, 1) has finite #,, measure and 2 < 2*, we have that ||-|| .2(g0,1)) <
| - Il 22" ®0,1))- Then we can conclude that

N[

|, — un || z2B0,1)) < Co(n) || Vunl| L2(s0,1y) <° Ca(n) (3.33)
0,1)

where (*) follows from our assumptions on the L*(B(0,1))-norm of uy.
Since ||Vuh||Lz(B(072)) S 1 and

V(uh - B(%ll) uh) = Vuh (334)

we find that {u, — fB0,1) Un},y is bounded in W?(B(0,1)). From the
compactness of the inclusion (Theorem 4.11 in [LCE92])

W2(B(0,1)) — L*(B(0,1))

we can extract a subsequence of

Up — Up,
0,1)
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which converges, in the L2(B(0,1)) sense, to a function u € L*(B(0, 1)).
Since [|[Vup|lr2mo2) < 1 for all h € N, ie. {Vuy}pen is bounded in
L*(B(0,1)), we can apply the Banach-Alaoglu Theorem (Theorem 3.17 in
[Rud91]) and thus, up to extract a subsequence, we find v € L*(B(0, 1))
such that Vu, convergences in the weak-topology of L*(B(0,1)) to v.
Since the weak-convergence directly implies the convergence in the dis-
tributional sense, we have that Vu = v and then u € W?(B(0,1)). We
also have that the norm is lower-semicontinuous, then

”VUHLQ(B(OJ)) S ll}ILIi})I.}f HvuhHLz(B(O’l)) S 1
We want to prove that —u + JCB(O,l) up, is harmonic, thereby obtaining
a contradiction from uj, — {1y ur — u in L?(B(0,1)) and 3.32. Since

fB(o,l) uy, is constant, it is sufficient to prove that u is harmonic. To this
end, for all ¢ € C°(B(0,1)) note that

‘/ Vu-V¢‘§‘/ Vu-Vo— V(uh—B<f uh)-V(b‘nL
B(0,1) B(0,1) B(0,1) 0,1)

+'/B(O71)V(uh—8(~,(il)uh)-v¢'

By 3.31 and 3.34, we get that ’fB(O N V(un — fro1) un) - Vol is less or

equal than § supgq ) [V@|. We recall that

u— (U — un)) - = u— (up — up))A
Jo T ) Vo= [ f w)ag

whenever ¢ € C(B(0,1)). Then, putting the last equations into ac-
count, we conclude that

1
‘/ ww‘s‘/ (== uh>>-v¢)+5supiv¢|
B(0,1) B(0,1) 0,1) B(0,1)

By w, — fmo1)un — uw in L*(B(0,1)), the Holder’s inequality (6.2 in
[Fol99, p. 174]) and letting h — oo in the last inequality, we find that
| fB(o,l) Vu-Vé| =0 for any ¢ € C2°(B(0,1)). Thus, we have proved that
u is harmonic what is sufficient to conclude the proof of the lemma as
noticed before. O



Regularity theory

We now aim to refine some estimates on the excess of an almost

minimizing set. The reverse Poincaré inequality will be required to the
refinements that we intend to do, because of that, we shall enunciate it.
Although, the proof of reverse Poincaré inequality will not be done in
this work.
The main theorem of this chapter is, of course, the C'7-regularity theo-
rem which states, for each v € (0,1/2), that the boundary of an almost
minimizing set which satisfies a boundedness condition on the excess is,
in fact, the graph of a function v € C'7. To prove the C'*-regularity
theorem, we will state two results on the excess which improves what we
have done in Chapter 2. Furthermore, this results will allow us to show
that M, is equal to M with M and M, as they were defined in the Lip-
schitz Approximation (Theorem 3.3) and hence equal to the graph of a
Lipschitz function u. The C*-regularity of u will outcome of the Excess
Improvement (Theorem 4.4).

4.1 Reverse Poincaré inequality

Let us introduce another concept similar with the excess that we will
call by flatness. The cylindrical flatness of a Caccioppoli set at z € R"
with respect to v € S"~! at the scale r > 0 is given by

f(E,z,r,v) = inf

ceR rn1 72

/ W0y () @)
C(z,r,v)NO*E

The flatness provides one way to measure how far, in L? distance, the
reduced boundary 0*F of a Caccioppoli set is from the family of hyper-
planes {y : (y—x)-v = ¢} inside the cylinder C (z,r,v). According to the
requirements of this work, we shall prove only one property of the flatness
despite it has some properties akin to the properties of the excess.

63
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Lemma 4.1. (Flatness and Changes of Scale) If E C R" is a Cac-
cioppoli, v € R",r > s >0 and v € S*!, then

n—1
fE z,s,v) < (C> fE z,rv)

S

Proof. Since C (z,r,v) C C(x,s,v) for all r > s, we have that

1 —z)-y—
inf / ‘ (y CB)Q 7 C| dHn—l (y) S
C(z,s,v)NO*E

ceR g1 r
1 — ) v —
<inf o =2 v=c gy
ceR s C(z,r,v)NO*E r
Multiplying the right side by Z:Z—:, we conclude the proof. O]

We will not prove the reverse Poincaré inequality by virtue of its very
extensive proof. In the statement of the next result, the constant w (n,t)
is the constant of the Small-excess position (Theorem 2.13).

Theorem 4.2. (Reverse Poincaré Inequality) There ezists a positive
constant C, (n) such that if E is a (A, o) — minimizing in C(xg,4r,v)
with Arg < 1, xg € OF,4r < rg and

1
e(E, xg,4r,v) <w (n, g)

then
e(E,xg,r,v) < Cp(n) (f(E,xo, 2r,v) + Ar) (4.2)

Proof. See Theorem 24.1 in [Magl2]. O

4.2 Excess revisited

In this section, we will prove the Excess Improvement by Tilting what
gives a new estimate on the excess of a almost minimizing set. In short,
under the assumption that the excess of E at xy with direction v is
bounded, the theorem provides, for each 0 < o < 2%0, a direction 1y such
that the excess at zy with direction 14 in scales reduced by « is bounded
in terms of o and the excess at xzg with direction v. This result is one of

the crucial steps in the proofs of the regularity theory as we will show.
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Lemma 4.3. (Excess Improvement by Tilting) Let n > 3. For all
a € (0,55), there exist constants € (n, o) and Cy (n) such that if E is
a (A, r9) — minimizing set in C(xg,r,v) with Arg < 1,17 < 19,9 € OF
and

e(E,xg,m,v)+ Ar < e (n,a)

then exists vy € S"~ ! such that
e(E, xg,ar,1y) < Cy(n) (a2e(E, T, T, V) + aAr) (4.3)

Proof. Let us suppose that the Lemma is proved xqg = 0,v = e,,r = 25.
If we take E a (A, 19) — minimizing set in C (zo,7,v) with Aryg < 1,7 <
ro, o € OF and

e(E,xg,m,v)+ Ar < e (n,a)

If T is the linear isometry which takes v into e,,, by 1.3 and 1.4, we know

that T(Ey,,/25) is a (55, 222) — minimizing set in C(0,25,¢,). From

2.6 and 2.7, we have that

e(T(Ey,2),0,25,¢e,) + %25 = e(FEry,z,0,25,v) + Ar =

T
0,35

e(E,xo,r,v)+ Ar < & (n,a)

Therefore, exists 1y € S*~! such that
e(T(Eq,z), 0,250, 1) < Co(n) (aQe(T(Em;S), 0,25, €,) + aAr)

Thus,
e(E7 To, QT Tﬁl(VO)) = e(T<Exo,%)7 07 25047 VO) S

< Cy(n) (aze(T(ExMrs), 0,25,e,) + aAr) =

= Cy(n) (aQe(E, xo, T, V) + aAr)

Then, the reduction that we have made allows us to prove the lemma only
considering that o = 0,v = e,,ro > 25 and E a (A, rg) — minimizing
set in C (0,25, ¢e,) with Arg < 1,25 < ry. Since 24—5 < 719, provided we
assume €(n, ) < ¢y(n) and

e(E,0,25,e,) + 250 < e (n, ) (4.4)
we are able to use the Height Bound (Theorem 2.17). Setting M = 0EN
C (0,1, e,), we infer that

1

sup {|qy| : y € M} < Cy(n)e(E,0,25,e,)2-D (4.5)

If necessary, we reduce the size of e(n,«) to be less or equal than
min{eyp(n), e1(n)} in order to apply the Lipschtzian Approximation The-
orem (Theorem 3.3 with r = 1). Therefore, we find the existence of a
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Lipschitz function u : R"™! — R™ with Lip (u) < 1 such that satisfies
Hp—1 (MAT) < Cy(n)e(E,0,25,¢,) (4.6)

where I' = G(u) N C (0,1, e,). Moreover, from Proposition 3.4, we also
find that

[Vul® < Ci(n)e(E,0,25,¢,) 7 (4.7)

D1

/ Vu-Ve¢| < Ci(n)sup |V (e(E, 0,25,e,) + 25A) (4.8)
Dy Dy

whenever ¢ € C2°(IDy). Setting

K = Ci(n)(e(E, 0,25, e,) + 25A) and up = \/%

we obtain a Lipschitz function uy which, by 4.7 and 4.8, satisfies both

Ci(n)e(E,0,25,¢e,
ol = [ [Vt < LABDZ)
Dy

and

Ci(n) (e(E, 0,25, €,) + 25A>
NG <

/ Vuyg - ng‘ < sup |V
]D)l Dl

< VK sup |[V¢|
Dy

Then uy € Wh?(D;) and we can approximate g, in L?*(ID;)-norm, by a
harmonic function v, i.e. ug is in the conditions of Lemma 3.6 (setting
7 = ") provided we assume

VE <™ \/Ci(n)ex(n, a) < o(a™?)

Thus there exists v harmonic function on Dy such that [|v||z2p,) < 1 and

|U _ u0’2 S a””
Dy

If we set vy = v Kv, we get a harmonic function vy on Dy with ||vg || L2,y <

VK and

s lvg — ul? < Ka™t? (4.9)

Since 100a < %, from Lemma 3.5, we have that

<VK

100a)2
1000) 1S ool reon <

sup |vp — w| <
D100« n

< \/?(10004)2

Wn
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where w(z) = vg(0) + Vug(0) - 2,z € Dy. By the last inequality, 4.9 and
(a+ b)? < 2a? + 2b* Va,b > 0, we conclude that

2
[ el = ol < (el vz ) <
D100a

< 2”“ - UOH%Q(DIOOQ) + 2||UO N wH%Q(DIOO") =

10002\ 2
S 2Koz"+3 + 2Hn_1 (]Dl()o&) (\/E( 000&) > =

Wn

20 100n+3an+3

_ n+3 n—1

e Gy
Therefore .

— / lu —w|? < A(n)Ka? (4.10)
o 100
where we set A(n) = 2(1 + M‘Lﬂ). We aim to prove that
(—VU()(O), ]-)

\/ 1 + ’vvo(O)P

is the direction we have searched for. For this purpose, let us state two
claims which will be proved later.

Claim 1: If K71 < o3, we have that
f(E,0,100a, 1) < A (n)Ka? (4.11)

Claim 2: If we take K71 < a3 and ey(n, @) suitably small, we

find that )
e(E,0,100a, vy) < w(n, é) (4.12)

We assume that K and e;(n, ) are satisfying the requests in the Claims.
Since 100 < 79 and C (0,100, 19) C C(0,25,¢,), E is a (A, r) —
minimizing set in C (0, 100c, v9). Then, from 4.12, we are in the condi-
tions to apply the reverse Poincaré inequality (Theorem 4.2) and deduce
that

e(L,0,25a, 1) < Cp(n) <f(E, 0,50a, vp) + 25Aa>
By 4.11, the change of scale on the flatness (Proposition 4.1) and the
last inequality

e<E7 07 250‘7 VO) <

< Cp(n) (f(E, 0, 50a, vp) + 25Aa) <

< Cy(n) (2"—1f(E, 0,100, 1/0)+25Aa) < Cy(n) (2”‘1A1 (n)Ka2+25Aa)
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Recalling the definition of K and a < 2—(1)0 < 25, we get that

e(E,0,250,1) <
~C2(n)

< max{C,(n)2" " A, (n)C\ (n), Cy(n)} (a2e(E, 0,25, en)—l—Aa2—|—25Aa> <

< 2C%*(n) (a2e(E, 0,25,¢,) + 25Aoz>

what gives the wished direction and conclude the proof of the lemma.
Let us prove the claims.

Proof of Claim 1: Suppose that Kt < o™ and set

UQ(O)

Co =
\/ 1 + |VU0(0)|2

By the H,,_1-equivalence of OF and 0*F in C (0, 25, ¢,,) and the definition
of flatness, we deduce that

1
f(E,0,1000, 1) < ——— / ly - vo — Co|27'ln—1 (y)
(100cr)"+1 MNC(0,1000,v0)

We want to estimate the right side of the inequality in order to prove
the claim. For this purpose, we will estimate the integral in both inside
and outside the graph of u, i.e. in M NT'NC (0,100c, 1) and (M \T') N
C (0,100c, vp).

Step 1: If y = (z,u(z)) € T, putting the definitions of vy, ¢y and w into
account we find that

| — 2 Vue(0) + u(z) — vo(0)? _
1+ [Vue(0)]2

|Z/'V0—Co\2 =

_ Ju() —w)P e

Therefore

1

I |y-l/0—CO|2Hn—1 (y) <
(100cr)n+1 /MmmC(o,mOa,uo)

),
(100cr)"+1 MAICNC(0,100a,10)
§4.10 A(TL)KOéz

Step 2: We shall provided an estimate for (M \T')NC (0, 100, v). Keep-
ing in mind the definitions of vy and ¢y, we find that

[u(z) —w(z)[* Haor (y) <

1

2
—_— Yy v —col" Huor (y) =
(100cr)n+1 /]\/l\FﬁC(O,lOOa,Vo) ly-vo = col 1)
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/ [ =Py Vuo(0) +ay + w(0)f ) <

(100c) (100a)™+t M\I'NC(0,100a,10) 14+ |Vug(0)? =

<L py - Voo (0)° + lay]? + [v0(0)]* Hpi (y) <
(1000)" 1 M\mc(mooam” o(0)" + lay[” =+ |vo(0)) 1(y)

1

< g Mot OO (sp (10w ) +up (Ipw- T 0 )+ 0

where in (*) we have used that W < 1, the triangle inequality and
(a+ b+ c)?* < 2a? + 2b* + 2¢2,Va, b,c > 0. By 4.5, 4.6 and the definition
of K, we have that

),
(100a)™ ™ Janrac(o,100a,00)

Ciln)el£,0,25, e, (C’O(n)ze(E, 0,25, €,) @1 +

ly - v — col* Huor (y) <

(100cx)n+1 (4.13)
+ sup (|py - wo<o>|2) . |U0(0)|2) <
yeM
AV K 1
< AWK (Kw | sup (rpy ' vUo<o>|2) . rvo<o>|2)
« yeM

where we have set A'(n) = 1 max{Cy(n)?, 1}. In order to finish this
step, we shall estimate sup,c, (|py - Vuo(0)[?) + [v(0)[*. Note that |py -
Vo (0)> < |pyl?|[Vve(0)]* < [Vue(0)]?, then we can reduce our effort to
estimate |Vvg(0)|? + v (0)[%. From the mean value property of harmonic

functions (3.29), we obtain
2
2
v v v,
wOF = | f ol < (f nl)
1 1
<* ——lv||? 1) = 2
N w72L71 HUO||L2(D1) (/Dl ) Wnp—1 ||U0HL2(D1)

where in (*) we have used Holder’s inequality (6.2 in [Fol99, p. 174]).
From 3.30, we get

[Vuo(0)* < H(n)]|voll72p,)

The last two inequalities ensure that

ié’\(n)
[0 (0)[* + [Vep(0)* < 2max{—, - lvollZ2m,) <

< A(n) (nu ol + ||u||iz<m)) <

<32 A'(n)(Ka™? 4+ Ci(n)e(E, 0,25 en) 0 < A'(n)(Ka"t3 + Kt )

Finally, by the last inequality, 4.13 and K T < "3, we conclude the
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proof of this step as follows

1 / 9
Fr——— [y - v — co|" Hno1 (y) <
(100a)™ 1 Janrac(o,100a,00)
At(n)K
< ALK (4 ot + A ) <
an

=A1(n)

A\

Y

< A'(n)(1+ A”(n)) Ka?
Proof of Claim 2: Note that 100v2a < 7o and B(0,2000) €
C (0,25, ¢e,), then, from Proposition 2.9, we find that
e(E,0,100a, vy) < Cy(n) (e (E 0,100v2a, en> 4o — en]2)

By the definition of 1, we find that

[Veo(0)]* + (1 — /1 + [Vup(0)[*)

2
Vg — €n|” =
v | 1+ [Vuy(0)]2

<

4

where in (*) we have used that W <land v1+4+s5—-1<35,Vs>0

with [Vug(0)]? in place of s, in (¥**) and (***) we took HUOH%Q(DI) <K<
n—3)(n—1)

<" [Vuo(0)]

ol < 1 into account. Using the change of scale of the excess

(Proposition 2.5) we produce e(E, 0,100 2c, en) < (10023%)%(1*7, 0,25, €e,).

Putting it all together and recalling that e(£,0,25,¢,) < %(n) (from the
definition of K'), we get that

25
e(E,0,100a, 1) < C. ———)?%e(E,0,25,e,) + C' K)<
(B,0,1000,10) < Calw) (5= e(,0,25,) + C0)K ) <
25 K
Ca(n 2 +C”nK>:KCn,a
< i) (o5 ey + €0 (n.0)
what ensures the proof of the Claim 2 provided we take €3(n, ) small
enough in order to have KC(n,a) < w(n, ). O

We aim to refine the Excess Improvement by Tilting providing a result
such that ensures the existence of a direction vy with certain properties
as exhibited before and, furthermore, also enables to control the distance
of vy from the direction v which has the bounded excess (that is 4.15. To
achieve this goal, we must replace the exponent 2 in 4.3 with a smaller
one 2 (0 < v < 3). For that reason, the constant o®” will be bigger than
a?, therefore, it makes the estimate 4.3 weaker than 4.14.

Theorem 4.4. (Excess Improvement) Let n > 3. For every v €
(0,1), there ewist positive constants ag(n,y) < 1, es(n,v) and Cs(n,7)
such that if E is a (A, rog) — minimizing set in C(xo,r,v) with Arg <
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1,7 <rg,xg € OF and
Exow (1) < €3(n,7)

where we have set &, , (s) = max{e(E,z,s,v), anf\—ﬁm} forallz e R", s >
0
0 and n € S*Y, then there exists vy € S*™1 such that

536071/0 (al (nv 7)7“) < (n7 ’7)275960,1/ (’I“) (414)
v — 2 < Cy(n,7)Erpe (1) (4.15)

Proof. Let Cy(n) be the constant provided by the Excess Improvement
by Tilting (Lemma 4.3), we define ag(n,v) = min{ 55, (201 ) =2y 27} For

2(n)
the sake of brevity denote ag = ag(n, ), then Lemma 4.3 also provides
a constant €;(n, ap) which we use to define e3(n,vy) = 62(” 20) Taking E

in the conditions above, since 2y < 1, we obtain that

Qo517 < ap€apu (1) < a5y (1)

0

In order to prove 4.14, it remains to exhibit 1 such that e(F, xg, agr, vp) <
agvgxw (r). If e(E, xo,r,v) < Ar, v, which clearly satisfies 4.15, is the de-
sired direction. Indeed, by the Excess and Changes of Scale (Proposition
2.5), we find that

2
1 o
0
re(E,xo,1,v) < S e
Qg Qg

e<E7 Zo, T, V) S

Ar <

< 0437820,11 (r)

Now, we suppose that Ar < e(E, zg,r,v), then
e(E,xo,r,v)+ Ar <2e(E,xo,r,v) <2E,,(r) <

< 2e3(n,7y) <" e2(n, ap)
where (*) follows from our choice of e3(n, ). Thus, we are in position to
apply the Excess Improvement by Tilting. Since 2C5(n) < —s, by our
)
assumption, we can conclude the proof of 4.14 as follows

e(E, o, agr, 1p) <** Cy(n) (age(E, T, T, V) + OéOAT) < (4.16)

<=1 2Cy(n)age(E, zo, 1, v) < 2Co(n)agEry, (1) < 0 Egy (1)

Let us prove that 4.15 holds true for the direction 1y provided by the
Excess Improvement by Tilting. Taking into account that (a + b)?
2(a® + b?), the triangle inequality furnishes

lv — 1/0|2 <2(|lv — 1/E|2 + |vo — I/E|2)
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Thus, by definition of the excess,

lv — 1/0|27-[n_1 (0"E N C (g, 1, 1)) <

SQ/ (|V0_VE|2+|V—I/E|2) dH,1 =
0* ENC(zo,0r,0) (417)

= 2(ar)" te(E, zq, agr, 1) + 2/ lv —vp|* dH,

0* ENC(zo,a07,10)

We note that v2aor < 2—*{)%7" < r < rgimplies

C (9, agr, vy) C B(xo, \/50407“) C B(zg,7) C C(xq,1,V) (4.18)

The first inclusion in 4.18 makes possible to apply the Density Estimates
for Cylinders (Corollary 1.8). Since

Hy1 (0°E N C (xg, o, 1)) = P(E, C (0, o1, 1))
the density estimate for cylinders ensures that
c(n)(apr)" ' < P(E, C (zq, agr, 1))
By 4.18 and the last inequality, the inequality 4.17 became

e(n)(aor)" |y — ol <

< 2(agr)" te(E, zq, agr, vo) + 2/ v —vplPdH, 1 =
0* ENC(xo,r,v)

= 2(a0r)"_1e(E,x0, agr, vp) + 2r”_1e(E,x0, r, V)

By the definition of &,,, () and 4.16, we find that
c(n)(aor)" v — w)? < 2(aor)" rag Esy . (1) + 20" te(E, xg, 7, v) <
< 2rt (ag‘_lag7 + 1) Eow (1)

2~ —-n
Set C3(n,v) = Z(C“%no)‘g’) to conclude the proof of 4.15. O
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4.3 Cl-regularity of the almost minimizing
sets

We finally have evolved all the needed tools to reach the main goal
of this work. For any v € (0,1/2), we take F an almost minimizing set
and xg € OF, if we suppose that E content a boundedness condition
(depending on 7 and the dimension n) on the excess at z, at scale 25r,
we can exhibit a function u € C'7 whose graph coincides with OF in
C (xo, 1, €,). Moreover, the Holder constant of u will depend on the excess
at xg at scale 257r.

Theorem 4.5. (C'7-regularity of the almost minimizing sets) Let
n > 3. For every v € (0, %), there exist e4(n,v) and Cy(n,v) such that
if E is a (A, ro) — minimizing set in C(xo,25r,e,) with Arqg < 1,z €
OF,25r < rg and

e(E, xg, 251, e,) + Ar < e4(n,7) (4.19)

then there exists a Lipschitz function u : R™ — R with Lip (u) < 1 such
that u € C(pxo + D,),

sup @ < Cy(n)e(E, xg, 25T, en)2<n1*1) (4.20)
C(zg,7,e,) NOE = (29 + G(u)) N C(xg, 7, €5) (4.21)

and either
C(xg,r,e,) N (E\OFE) = C(xg,r,€e,) N (x¢+ hypo (u)) (4.22)
C(xo,r,e,) N (E\OFE) = C(xg,1,e,) N (o + epi(u)) (4.23)

Furthermore, vg is a Holder function in C(xg,r,e,) N OE and both vg
and Vu have Holder constant equal to %\/e(E, xg, 257, €,) + Ar.

Proof. We should use the same notation presented in the Excess Improve-
ment Theorem (Theorem 4.4), precisely &, , (s) = max{e(E, z,s,v), ag*A—lerQ’Y}

forall z € R", s >0 and n € S" 1.

Claim 1: For any z € C(xg,7,¢e,) N OFE, there exists v(z) € S"!
such that

S

gx,u(z) (5> < C‘é(na 7) (_

r

2y
) Erpen (267) Vs € (0,12r) (4.24)

lv(z) — e,]? < C5(n,7)Exp e, (257) (4.25)
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Eren (8) S CLnyY)Ewp e, (257) Vs € (0,24r) (4.26)
Recalling the Lipschitz Approximation Theorem (Theorem 3.3), we have
My = {z € C(zg,7r,6,) NOE : sup e(E,x,s,e,) < 50(n)}
0<s<8r

We require €4(n,7) to be smaller than both €;(n) and dy(n), thus exists
a Lipschitz functions u : R* — R with Lip (u) < 1 such that 4.20 holds
true and, by 4.26,

My = C (xg,r,€,) NOE C G(u) N C (xg,1,€,)

what put us in position to apply the Lipschitz Boundary Criterion (The-
orem 3.1), then

C (zg,7,e,) NOE = G(u) N C (xo,1,€,)
and either
C ($07 T en) N (E \ aE) =C (an T en) N (950 + hypo (u))

or
C (zg,7,e,) N (E\ OF) = C (g, 7,€,) N (zo + epi (u))
holds true, that is either 4.22 or 4.23. In order to prove the Holder con-

tinuity of Vu and vg, we set

1
Vi),o=——— | Vu
Ve = T3D] o,

and we establish the last claim of this proof.
Claim 2: For any s € (0,7) and z € (pzg + D,.), it holds that

1
/ YV — (V). < K(0,7)(2)? Enyee, (257) (4.27)
z2+Ds

sn—1 r

The Claim 2 put us in position to apply the Campanato’s Criterion (The-
orem 7.51 in [LAOO]) and thus exists K'(n,~) such that

|z = 7

lu(z) —u(2)| < K'(ny)1/Eupen (257")( )7 Vz,2' € (pro+ D)

r

By the very definition of &, we set Cj(n,v) = K'(n,v) max{l, -2}
)
and then, Vz, 2’ € (pxo + D,), we have

Ci(ny)\/e(E, xg, 251, e,) + Ar

rY

u(z) —u(z)] < [z =2 (4.28)
( )

what infers that u € C'(pz+D,). From 4.21 and the Lipschitz Bound-
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ary Criterion (Theorem 3.1), we obtain

(VU(py), _1)
1+ [Vu(py)[?

ve(y) =+ Yy € C(xg,r,e,) NOE

Since

F:R"— R
(—’LU, 1)

H—
Ny

defines a Lipschitz function, if x,y € C (xg,r,e,) N OE, we immediately
deduce that

lve(z) —ve(y)| < Lip (F) [Vu(pr) — Vu(py)| <

) Cl(ny)v/e(E, xg, 257, e,) + Ar
<428 14 (F) ( 4( >\/ ( T;) ) )l T ]:y"y <
Cy(n E. xg, 257, e,) + A
< ( 4< 7)\/6( 7T’S7 r,e ) T)|TJ y|’Y

where we have chosen Cy(n,vy) = Lip (F') C}(n, 7).
Proof of the Claim 1: We fix z € C (g, r, e,)NOE, then C (x, 24r,¢,) C
C (o, 257, €,,) implies

25
e(E,x,24r, e,) < (

ﬂ)”_le(E, xg, 257, €,)

Furthermore, by the definition of £, we have

gﬁtﬁn (24r) < (§

<(3 4)”—15%,% (257) (4.29)

Since g < 1 ensures 1 < anf—luzy, we find that
0

24Ar

Ere, (24r) < e(E,z,24r,€,) + — 757 <
o)

25 24
< max{(ﬂ)"fl, W} (G(E, Zo, 257"7 en) + AT’)
0

In order to apply the Excess Improvement Theorem, we choose €4(n,y) <
max{(22)", 04;_2—14%7}63(71,7), then, by 4.19,

ga:,en (247”) S 63(72, 7) (430)

what, from Theorem 4.4, provides the existence of a direction v(x) €
S"=1 such that 4.14 and 4.15 holds true, namely

gx,ul(x) (240[07“) < agvgx,en (247.)

|V1($) - 6n|2 < 03(77’77)890,671 (24T)
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Since ag < 1, by 4.30, we get that
Eovnz) (24a0r) < Epe, (241) < €3(n, ) (4.31)

Note that C(x,24a¢r,v1(z)) C C(x,25r,e,) and thus E is (A, 1) —
minimizing in C (z,24agr, v1(x)). Therefore, 4.31 furnishes the condi-
tions to apply the Excess Improvement at the smaller scale 24agr and
direction vq(x). Iterating this process, we can show the existence of a
sequence vy, = vp(z) € S"7! such that

Ex

»Vh

(24afr) < ol e, .. (24r) (4.32)

|y, — I/h_1|2 < Cs(n,v)E: (24043_17")

yWh—1

The second inequality combined with 4.32 implies that
v — v |? < Ca(n,y)ag " VE, ., (247) (4.33)

If we set 1y = e, the inequalities 4.32 and 4.33 are valid for all h > 1. Let
us prove the existence of the limit limy,_,, v, by showing that {v, }ren is
a Cauchy sequence. Indeed, by 4.33, for all j > h > 1,

J J
vy =l <3l — vt < 37 Calm el Ve, L, (241) <
k=h k=h

_ \/03 (TL, ’7)532,6” (247“) a'y(hfl)

vy 0

J
< \JCs(m.7)Ex e, (241) Y 3"V

k=h

Thus, ap < 1 implies that {1}, }ren is a Cauchy sequence. Therefore, we
can set v(z) = limy,_,o V. Since

C Eren (24 -
\/ 3(”17_) a;n ( T) &g(h 1) (4.34)
0

lvj — ] <

we let h =1 and j goes to oo and thus, by 4.29, it becomes

2 _ 25"'Cs(n,7)

<= e (25
= 247 1(1 — o) en (257)

v(z) = el

for a suitable choice of the constant, that is exactly 4.25. Let us turn to
the proof of 4.24, we take s € (0,12r), since aJ24r = 24t and of}24r —
0, we can find hy > 0 such that 247‘046“)“ < 25 < 241”0480. Evidently,
12v/2r < 1y, then, from Proposition 2.9,

e(E,x,s,v(x)) < Cy(n) (e(E,x, V2s, I/h0> + v(z) — Vh0|2) <

247“046‘0

s
< ey

<?% Cy(n) (( )" e(E, x, 24rale, Vho) + v(z) — uh0|2) < (4.35)

247’@30

Y E,, (2Aral) + ()~ )
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24ra0 <

By our choice of hy, we have = and thus, by 4.32,

&l

24r oy on-1
ﬂ)”’lgx,yho (247"&80) < ﬁag’yhosx,en (24r)

n—1
< 2 — 2s

af ! 24rag

)27896 e, (247) <429 Cy(n, ”y)( )275360 e (257)

where we defined Cy(n,~) = C’)(n) max{ (=222 )” 1.1}. Combining 4.35

247«
and the last inequality, we find that

e(E,z,s,v(x)) < Cy(n,v) ((;)275%,6” (257) + |v(x) — Vh0|2) (4.36)

To control the second term on the right side of the last inequality, we let
j — oo in 4.34 and recall the choice of hg, then

CS (TL, P)/)gm,en (24T)

2 29h
|V([E) - Vh0| < (1 — 043)2 07 0 <
03(7%7) 2s 2y
Epe. (24r) <
(1 —y)? (247"@()) en (247) <
=Ci(ny)

coz0 BT Sg, (25
- (1—04 )224n 1+2'yoéo r Z0,6n

Taking C5(n,7) equal to the maximum between Cj(n,v) and Cy(n,7),
by 4.36 and the last inequalities, it follows that

e(E,z,s,v(x)) < Cs(n, 7)( )275330 e, (257) Vs € (0,12r) (4.37)

Since
As 25Ar
n—14+2y — n—1+2vy
o7 %)

(4.38)
by the last inequality, the definition of £ and 4.37, we conclude that
Evuta) (5) € Cs(m.7)(5)" €y, (257) Vs € (0,121)

Finally, we will prove 4.26. To this end, we note that 4.38 holds true for
24r in place of s and thus it suffices to prove

e(E,x,s,e,) < Ci(n,y)e(E, xo,e,,25r) Vs € (0,24r) (4.39)

Firstly, suppose that s € [67,24r), then © <
ensure that

tand C(z, s,e,) C C (x, 257, ¢,)

25 25
e(E, 1,5, e,) < ()" Le(E, x0, 257, €n) < ()" e(B, w0, 257, ¢,)
S
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If, otherwise, s € (0,6r), by Proposition 2.9, we have that
(. ,5,2) < ) (B VBsuv()) + o) = )

We note that v/2s < 12r. Therefore, we can take into account 4.24 and
4.25. Then

e(E,x,s,e,) < Cy(n)C5(n, ) < (g)%&m,en (257) + Expen (25r)>

In order to finish the proof of the Claim, note that s € (0,6r) implies
2 < 6.

Proof of the Claim 2: We fix s € (0,7) and z € (pzo + D), by
4.25, up to decreasing e4(n,y), we can henceforth assume that

1
— < qu(z) Ve C(xg,re,) NOE (4.40)

V2

Therefore, it is straightforward to conclude that
C (z,s,6,) C B(a:, \/53) C C(z,2s,v(x))

Thus, by the set inclusions above and the definition of excess, we can
affirm that

. 2
/ s = V@) )| < (@) (B, 25 0(x)  (4.41)
C(z,s,en)NO*E 2

whenever x € C (xg,r,e,) NOE. From 4.40, for any x € C (zg,7,€,) NOE
we have qu(x) > 0. Then, we can define

X : C(z,7,€,) NOE — R™!

pv(z)

T ()

We note that

TR = VPP Har@)F e 1

lqv(z)| lqv(z)|

Thus, we immediately deduce that

[ X(z)| <1
 X(=)
pr(z) = T X@)P (4.42)
1
qu(z) =

VI [ X (@)

To infer that | X (x)| < 1, we required the help of 4.40 and 1 = |v(z)|* =
Ipv(z)|> + |qu(z)|?. Henceforth, we assume that 4.23 holds true, if not,
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it suffices to work with —X in place of X. Since y € C(xg,r,e,) N OFE
implies y = (py, qy) € C (o, 7, e,) N (xo+ G (u)), the Lipschitz Boundary

Criterion (Theorem 3.1) ensures that

(Vu(py), —1)
1+ [Vu(py)|?

ve(y) = ve(py,u(qy)) = —

and thus, by 4.42, we find that

2
14 — VT
C(z,s,en)NO*E

2 C(z,s,en)NO*E \/1+‘VU Py \/1+’X )’ Y
1 1 ’
= / =~ T (v)
C(z,s,en)NO*E \/1+‘VU Py ‘ 1—|—’X<.Z‘)’

From 4.21, we obtain that z = (z,u(z)) € OENC (x¢,r, €,). By Theorem

9.1 in |[Magl2| and the last inequalities, we deduce that

_ 2
[ pe) VP
C(z,s,en)NO*E 2

2
1+ Vu(w)|2 dHp—1(w)+

2

/14| Vu(w)|2 dHp—1(w)

Vu(w) X(z)
VI Vuw)2 V14X (2)[2

1
3]0
.- /
2 z+Dg
We claim that

/ Vi — (Va2 —mln/ IV — of?
24D, vER™ +D.

1 _ 1
V14 Vu(w)2 V14X (2)[2

(4.43)

(4.44)

Since |Vu|?* and | X (x)|* both are less or equal than 1, by 4.44, we have

that

/ |Vu — (Vu)z,sl2 < / |[Vu — X(ZL“)|2 <
Z—‘,—DS Z“I‘Ds

S/ Vu— X(z) |?
z+Dg

——=| 1+ |Vup2 <
1+ | X ()2
Vu Vu Vu X (=)

2
VITX@E ViVl T ViV Vix@R

/z+m>s

2

1 1
< - V1+|Vul2+
L. VT X@E  yirwa| VT
Vu X(x) 2

wf |
z+Dg

V14 |[Vul? * V14X (2)]2

v/ 14| Vul?

V1+|Vul|?
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Therefore, by 4.43, we obtain that

_ 2
/ Vu - (Va).,? <2 / vely) =v@F gy
z+Dg

C(z,s,en)NO*E 2

Then, by 4.24, 4.41 and the last inequality, we finally obtain that

/ |Vu — (Vu)278|2 < 2"e(F,x,2s,v(x)) <
z+Dg

Snfl

2y
< 260 (29) < 2700, (2 250

for all s € (0,6r), what concludes the proof of the Claim 2 (4.27). In
order to prove 4.44, we note that F(v) = [ [Vu—v[* Vo € R" " is a
differentiable function and it is straightforward to calculate that

VF(v)=-2 Vu—v:2\z+ID>s|v—2/ Vu
z+Dg z+Dg
what implies that VF(v) = 0 if, and only if, v = (Vu),s. Then (Vu), s is
the unique critical point of F'. Since F'is a convex function, we conclude
that (Vu), s is the minimum point of F' which ensures 4.44. O
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