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Abstract

Megrelishvili defines light groups of isomorphisms of a Banach space as the groups on
which the weak and strong operator topologies coincide and proves that every bounded
group of isomorphisms of Banach spaces with the point of continuity property (PCP) is
light. We investigate this concept for isomorphism groups G of classical Banach spaces X
without the PCP, especially isometry groups, and relate it to the existence of G-invariant
LUR or strictly convex renormings of X. We give an example of a Banach space X and an
infinite countable group of isomorphisms G < GL(X) which is SOT-discrete but such that
X does not admit a distinguished point for G, providing a negative answer to a question
of Ferenczi and Rosendal. We also prove that every combinatorial Banach space is (V)-
polyhedral. In particular, the Schreier spaces of countable order provide new solutions to
a problem proposed by Lindenstrauss concerning the existence of an infinite-dimensional

Banach space whose unit ball is the closed convex hull of its extreme points.

Key-words: Light groups. LUR renormings. Distinguished points. Combinatorial spaces.
Polyhedrality.






Resumo

Megrelishvili define grupos leves de isomorfismos de um espago de Banach como os grupos
em que as topologias fraca e forte do operador coincidem e prova que todo grupo limitado
de isomorfismos de espagos de Banach com a propriedade do ponto de continuidade (PCP)
é leve. Investigamos esse conceito para grupos de isomorfismos de espacos de Banach
classicos sem PCP, especialmente grupos de isometrias, e o relacionamos com a existéncia
de renormagoes G-invariantes LUR ou uniformemente convexas. Damos um exemplo de
um espago de Banach X e um grupo enumeravel infinito de isomorfismos G < GL(X)
que é SOT-discreto mas tal que X nao admite ponto distinto em relacao a G, fornecendo
uma resposta negativa a uma questao de Ferenczi e Rosendal. Também provamos que
todos espacos de Banach combinatérios sao (V)-poliedrais. Em particular, os espagos de
Schreier de ordem enumeravel fornecem novas solu¢oes para um problema proposto por
Lindenstrauss sobre a existéncia de um espago de Banach de dimensao infinita cuja bola

unitaria seja igual a envoltéria convexa fechada de seus pontos extremos.

Palavras-chave: Grupos leves. Renormacoes LUR. Pontos distintos. Espacos combi-

natoérios. Poliedralidade.
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Introduction

The purpose of this thesis is to investigate geometric properties of Banach spaces,
especially light groups of isomorphisms, convexity of norms, distinguished points for group
actions and polyhedrality. Chapters [1], [3] and [] are part of a joint work with Valentin
Ferenczi, Sophie Grivaux and Christian Rosendal [AFGRI17]. The results of Chapters
and [p| are part of a joint work with Kevin Beanland and Hung Chu [ABC19], obtained
during the author’s doctoral exchange program (Programa de Doutorado Sanduiche no
Exterior — PDSE-CAPES) in Washington and Lee University, under the guidance of Prof.

Kevin Beanland.

A frequent problem in functional analysis is to determine under which conditions
weak convergence and norm convergence coincide. For example, it is well-known that
conditions of convexity of the norm of a Banach space ensure that weak and strong con-
vergence are equivalent on its unit sphere. The corresponding problem for isomorphisms
of Banach spaces (or more generally of locally convex spaces) was studied by Megrelishvili
in [Meg01]. He calls a bounded group of isomorphisms of a Banach space G < GL(X)
light if the Weak Operator Topology (WOT) and the Strong Operator Topology (SOT)

coincide on G.

Megrelishvili proves that if X is a Banach space with the Point of Continuity
Property (PCP) and if G < GL(X) is bounded in norm, then G is light. In particular, if
X is reflexive or if it is a separable dual space, then every bounded subgroup of GL(X)
is light. For example, the isometry groups of ¢; and L,|0, 1], for 1 < p < oo, are light.

A natural question that arises from Megrelishvili’s result is in which respect it is
optimal and whether “smallness” assumptions on GG or weaker assumptions than the PCP
on X could imply that G is light. To investigate this question, we classify the isomorphism
groups (especially the isometry groups) of classical Banach spaces in terms of being light.
In Chapter 1] we classify the isometry groups of ¢, L1]0, 1] and C'(K'). We also prove that
every SOT-compact group is light.

In Chapter [2| we classify the isometry group of Schreier spaces of finite order. This
problem motivated the characterization of the isometry group of these spaces, that was
obtained later by Kevin Beanland and Hung Chu using properties of extreme points of

Schreier spaces. We also reproduce their proof, with minor modifications.

We start to connect the concept of light groups with other geometric properties of
Banach spaces in Chapter [3] We study the relation between light groups and the existence

of locally uniformly rotund (LUR) renormings invariant under the action of the group.
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Kadec proved in [Kadh9] that every separable Banach space admits an LUR renorming.
If, in addition, X has the Radon-Nikodym property (RNP), Lancien showed in [Lan93]
that this LUR renorming can be taken in such a manner that it preserves the original
isometries of X. In this case, we say that X admits an isometry invariant LUR renorming.
In general, if G < GL(X, || -||) is a bounded group of isomorphisms on X, the norm on
X defined by

|l = sup ||gz[], = € X,
geG

is a G-invariant renorming of X. In other words, G < Isom(X, | - ||). So a consequence
of Lancien’s Theorem is that whenever X is a separable space with the RNP and G is a

bounded group of isomorphisms on X, there exists a G-invariant LUR renorming of X.

In Theorem we prove that if a Banach space X admits a G-invariant LUR
renorming, then G is light. In fact, this is true even if the norm is LUR only on a dense
subset of Sy. We also show that the converse assertion is false: although the isometry
group of C[0,1] is light, C[0,1] admits no strictly convex isometry invariant renorming
(Corollary . In particular, Lancien’s result cannot be generalized to every separable
Banach space. Another consequence of Theorem is that the isometry group of ¢ is
light, due to the existence of an isometry invariant LUR renorming of ¢y provided by Day
in [Day55].

In Chapter [] we will connect the concepts of light groups with the concept of
distinguished point, defined by Ferenczi and Rosendal in [FRII]. Ferenczi and Galego
investigated in [FG10] groups that may be seen as the group of isometries of a Banach
space under some renorming. Among other results, they prove that if X is a separable
Banach space with LUR norm || - || and if G is an infinite countable isometry group of X
such that —Id € G and such that G' admits a point € X with inf 4 ||gz — || > 0, then
G = Isom(X, | - ||) for some equivalent norm |- || on X. A point z satisfying the condition

Inf llgz — = >0
is called in [FR11] a distinguished point of X for the group G. In Theorem we prove
that if G < GL(X) is such that G has a distinguished point for X, but G does not act as
an SOT-discrete group on X*, then G is not light. In particular, the isometry group of ¢
is not light (Corollary . A consequence of this fact is that every infinite dimensional
separable C'(K') admits a non light renorming (Corollary , i.e., a renorming such that

the corresponding isometry group is not light.

It is clear that if G is an isometry group with a distinguished point then G is
SOT-discrete. Ferenczi and Rosendal proposed the following question in [FR11]: if G is
an isomorphism group of X which is SOT-discrete, should X have a distinguished point
for G?7 We give in Proposition an example of a group G < GL(cy) that provide a

negative answer to this question. In addition, this group is not light.
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In Chapter [5| we return to the study of Schreier spaces, initiated in Chapter
We provide a characterization for the extreme points of the dual of Schreier spaces of
countable order (Proposition . In fact, this result holds for any combinatorial space,
i.e., for any sequence space in which the norm is defined by a compact, hereditary and

spreading family of finite sets of N.

We will also prove that the Schreier spaces of countable order provide new solutions
for a problem of Lindenstrauss [Lin66] concerning polyhedrality. A Banach space X is
called polyhedral if the unit ball of every finite dimensional subspace of X is a polytope
(i.e. has finitely many extreme points). Some examples of polyhedral spaces are ¢y and

C(K) spaces for K a countable, compact, Hausdorff space.

Lindenstrauss proved in [Lin66] that every infinite-dimensional space has a two-
dimensional quotient space whose unit ball is not a polygon. In particular, no infinite-
dimensional dual space (including reflexive spaces) is polyhedral. A consequence of Krein-

Milman Theorem is that if X is reflexive, then
BX = @(ext BX)

This led Lindenstrauss to ask whether there exist a polyhedral infinite-dimensional Banach
space whose unit ball is the closed convex hull of its extreme points. The first solution
to this problem was provided by De Bernardi in [DB17], using a renorming of ¢q. In
fact, De Bernardi proves that ¢y with this renorming satisfies a stronger condition, called
(V)-polyhedrality.

The unit ball of Schreier spaces of countable order are the closed convex hull of
their sets of extreme points, since they have the convex series representation property
(CSRP). In Theorem we will prove that these spaces are also (V)-polyhedral and
hence provide new answers to Lindenstrauss’s problem. We also prove (Corollary
that the dual space of every combinatorial space has the CSRP, i.e., every point of the
unit ball of X% can be expressed as an infinite convex combination of extreme points of

X%,

We summarize the classification of groups in terms of being light cited in this
thesis in page [69

In this thesis all Banach spaces are assumed to be real spaces and all isometries

are assumed to be linear and surjective.






1 Light groups

A frequent problem in functional analysis is to determine when a weak convergence
implies a strong convergence. Megrelishvili studied this problem in [Meg01] focusing in
the continuity of group representations in locally convex spaces, especially in Fréchet
spaces and Banach spaces. For this reason, he considered bounded groups of isomorphisms
T : X — X in which the weak operator topology and the strong operator topologies

coincide. These groups are called light.

1.1 Operator topologies

Let X and Y be normed spaces and let B(X,Y’) be the space of bounded linear
operators T': X — Y. When X =Y we will denote B(X, X) simply by B(X). The closed
unit ball of X, {z € X : ||z|| < 1} will be denoted by Bx and the unit sphere of X,
{z € X :||z|| = 1} will be denoted by Sx.

Recall that
|T|| = sup [|Tz]
(EEBX

defines a norm in B(X,Y) and this norm is complete if Y is a Banach space. Thus, we
can consider the norm topology in B(X,Y') defined by this norm. However, we will be

interested in this chapter in weaker topologies in B(X,Y).
The strong operator topology in B(X,Y) is the topology generated by the

family of seminorms
f: : B(X)Y) = Y
T — Tux,

with x € X. In other words, SOT is the topology of pointwise convergence. The weak
operator topology in B(X,Y) is the topology generated by the family of seminorms

foy : B(X,)Y) — K
T — y'Tx,

with x € X and y* € Y*. In other words, the WOT is the topology of pointwise conver-
gence in B(X,Y), when Y is equipped with the weak topology.

A useful way to characterize these topologies is using nets (for definitions and
properties of nets, see [Meg98, Chapter 2]). A net (7,)aer C B(X,Y) converges to 7' in
SOT if, and only if, for every € > 0 and every x € X there exists ay € I such that

ara) = |[|[Thwr—Tz|| <e.
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In the same way, a net (T,)aer C B(X,Y) converges to T in WOT if, and only if, for
every € > 0, every x € X and every y* € Y* there exists ay € I such that

ara) = YT —yTz| <e.

Since the inequality
" T —y"Sa| < [ly*|l - [ Te = Szf| < [ly™[[ - 1T = S| - [l=]],

holds for every x € X, y* € Y* and S, T € B(X,Y), we can conclude that WOT is indeed
a weaker topology than SOT and that SOT is weaker than the norm topology.

1.2 Light groups

Let X be a locally convex space. Megrelishvili calls a group of isomorphisms G <
GL(X) light in [Meg01] if the weak and the strong operator topologies coincide on G (a
set G C GL(X) with this property is called a Kadec subset by Glasner and Megrelishvili
in [GM14]).

We will be interested in bounded groups of isomorphisms, i.e., groups G < GL(X)
such that
sup ||T]| < 0.
TeG
Example 1.1. Let H be a Hilbert space. We say that an operator T': H — H is unitary
if
T"T=1d=TT",

where T™ is the adjoint operator of T'. Notice that every unitary operator T is an isometry

in H, since for every x € H we have
|IT||* = (T2, Tz) = (x, T"Tx) = (z,2) = ||=||*.

The set of unitary operators on H defines a group, called unitary group of H and denoted
by U(H).

We claim that U(H) is light. Notice that it suffices to show that for every net

(TW)aer in U(H) such that T, YO Id we have T, 225 1d.

Let (Th)aer in U(H) such that T, “23 Id. For every z and y € H we have
(Tow,y) = (z,y)  and  (y, Tox) = (y,2).
Hence, for every x € H we have:

Tz — x||2 = (Tor —x,Tox —z) = (Tyx, Tox) — (v, Tox) — (Tox,x) + (v, 2) — 0,

ie., T, 2% 1d.
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Example 1.2. A locally compact group G is called amenable if it admits a left invariant
mean on L*(G), i.e., there exists a Borel measure p with u(G) =1 and p(gA) = p(A) for
every g € G and A C GG measurable. It is a well-know fact that every uniformly bounded
continuous representation of an amenable group on a Hilbert H space is equivalent to
a continuous unitary representation (see [Pie84 Corollary 17.6]). Hence, every bounded

representation of an amenable group on H has light image.

In fact, Megrelishvili proves that every bounded group (amenable or not) G <
GL(X) of a Banach space with the Point of Continuity Property is light.

1.3 Banach spaces with PCP and RNP

Let C' be a norm-compact subset of a Banach space X. It is easy to see that the
weak topology 7,, and the norm topology 7. coincide on C. However, if C'is only weakly
compact, the identity map (C,7,) — (C, 7)) is not continuous, in general. Namioka
studied in [Nam67] how the points of continuity for this map were distributed in C, in

particular if the extreme points of C' are points of continuity.

In [Bou80] Bourgain says that a Banach space has the property (*) if for each non-
empty, bounded, closed and convex subset C' C X, the identity map Id : (C, 7,) = (C, 7))
has a point of continuity. This property is currently called convex point of continuity
property . If Id : (C,7y) — (C, 7)) has a point of continuity for every non-empty,
bounded and closed subset C' C X, we say that X has the point of continuity property

[Pon).

Remark 1.3. Sometimes in literature the condition “closed” in the definition of PCP
is replaced by “weakly-closed” (cf. [PieQ7, p. 229] and [FLPOI, p. 636]). However, both
definitions are equivalent. Indeed, let’s denote by PCP’ the Banach spaces that satisfy
this second definition. It is immediate that PCP = PCP’, since every weakly closed
subset of X is norm closed. On the other hand, suppose that X has the PCP’ and let
F be a norm closed, bounded and non-empty subset of X. Let G be the closure of F' in
the weak topology. Then, there exists a point of continuity zy € G for the identity map
Id: (G,7,) = (G, 7). Since z¢ is a limit point of F' in the weak topology, there exists a
net (z4)aer in F such that

Tw
Lo — Tg.

By the weak-to-norm continuity of Id in x,

Tl

Lo > Lo

and, since F' is norm closed we have zy € F. Therefore x( is a point of continuity of

Id : (F, Tw) — (F, T||'H) and X has the PCP.
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Remark 1.4. The PCP is a hereditary property, i.e., if X is a Banach space with the
PCP and Y is a closed subspace of X, then Y has the PCP. Indeed, if C' is a non-empty,
bounded and closed subset of Y, then C' is a non-empty, bounded and closed subset of X.
Since the weak topology of X, 7, , restricted to Y coincides with the weak topology of
Y, 7wy, and since the norm topology of X, 7., restricted to Y coincides with the norm

topology of Y, 7)., then the existence of a point of continuity for
Id = (€ 7wy ) = (€7 1x)
is equivalent to the existence of a point of continuity for

Id: (O, 7wy ) = (g )-

Examples of Banach spaces without PCP are ¢q and L]0, 1] (see [EW84, Table 1]).
By Remark , any space that contains a copy of ¢y also fails the PCP, for example C'(K)
for any infinite, compact and metrizable set K (see [FHHT11) p. 273, Exercise 5.26]).

Bourgain proves in [Bou80] that every space with the Radon-Nikodym property
has the PCP. A Banach space has the Radon-Nikodym property if a version of the
Radon-Nikodym Theorem holds for X. More precisely, a Banach space X has the RNP
with respect to a space of finite measure (2,3, u) if for every vector measure continuous

with respect to g with bounded variation G : ¥ — X there exists g € L1(X, u) such that

G(E) = /Egdu,

for every E € 3. If X has the RNP with respect to every finite measure space, we simply
say that X has the RNP. This definition was given by Chatterji in [Cha68]. See [DUJ77,
p. 218] for other equivalent definitions of RNP.

Diestel [DUJTT7, p. 218] gives as examples of Banach spaces with the RNP:

1. Reflexive spaces;

2. Separable dual spaces;

3. Weakly compactly generated (WCG) spaces;
4. Duals of WCG spaces;

5. Locally Uniformly Convex (LUC) spaces;

6. Dual spaces with differentiable Fréchet norm;
7. Spaces with a boundedly complete basis;

8. £1(I"), for every set I'.
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1.4 Megrelishvili's results

The main result of [Meg01] is the following:

Theorem 1.5 (Megrelishvili). If X is a Banach space with the PCP and G < GL(X) is
bounded, then G is light.

The proof of this theorem involves the concept of fragmentability. We say that a
subset A of a Banach space X is fragmented if for every B C A and every € > 0 there
exists a weakly open set W C X such that BNW # () and diam(B NW) < . We say
that X is bound-fragmented if every bounded subset of X is fragmented.

Megrelishvili proves that if G < GL(X), 7 : G x X — X is a group action and
x € X is such that:

1. For every T € G there exists a neighborhood U of T such that U~! is uniformly

equicontinuous;
2. There exists a neighborhood V' of Id such that Vx is a fragmented subset of X;
3. The orbit of x under the action of G
2:G — X
g — gz
is continuous, if G is equipped with the WOT;

then 7 is continuous with G equipped with the SOT. The result then follows from the fact
that a Banach space X has the PCP if, and only if, it is bound-fragmented (see [JR85]).

Notice that, by Theorem [I.5] every bounded group of isomorphisms of reflexive
spaces (including Hilbert spaces) or separable dual spaces is light. The objective of this

chapter is to investigate the following question:

Question 1.6. Can Theorem|[I.5be improved? In other words, can we replace the condition
of X has PCP by a weaker one?

For this purpose, we will classify in terms of being light several bounded groups
of linear isomorphisms of Banach spaces without the PCP, focusing on isometry groups
of classical sequence spaces and function spaces. Since we are primarily interested in

surjective linear isometry groups, we define:
Definition 1.7. A Banach space X is light if its isometry group
Isom(X) ={T € GL(X) : ||Tz|| = ||z||, Vz € X}

is light.
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Recall that if K is a non-empty compact Hausdorff space, C'(K') denotes the space

of every continuous function f: K — K and C'(K) is a Banach space with the norm

[flloe = max{|f(z)[; = € K}.

Megrelishvili gives in [Meg01] as an example of a non-light bounded group the following;:
Proposition 1.8 (Megrelishvili). The group Isom(C[—1,1]%) is not light.

Megrelishvili uses in the proof of this proposition a Helmer construction [Hel80] of
a group action on [—1,1]? that is separately continuous, but not jointly continuous and
the equivalence between pointwise compacity and weak compacity on bounded subsets
of C(K). Using the same construction, we can prove that C'(K) is non-light, for every

infinite, compact and connected subset K C R"™ that contains a k-dimensional region,

with k& > 2. This raises the new question:

Question 1.9. For every compact set K (Hausdorff, separable), is C'(K) non-light? Is
C'0, 1] non-light?

We will give the answer of this question in Proposition [I.15

1.5 Non-light classical Banach spaces

In this section we will give some examples of classical Banach spaces that are not
light, namely, /., Li[0,1] and C({0,1}"). The proofs consist in concrete examples of
sequences of isometries of these spaces that converge in WOT but not in SOT. Thus, our

examples are simpler than the one provided by Megrelishvili in [Meg01].
Proposition 1.10. The space {, is not light.
Proof. Consider the sequence (T,) in Isom(/,) defined by
Tn(xh oy Tn1,Tpy Tni, - - ) = (xh vy Tpn1, = Tn, Tnyl,y - - - )
SOT
Obviously T,, — 1d, since
IT.(1,1,...) = (1,1,...)]|ec = 2,

for every n. On the other hand, T, YOI 14. Indeed, if this was not the case, there would

exist ® € 0%, x € {, € > 0 and infinite indices ny,ng, ..., ng, ... such that

|©(Tny (2)) — B(2)] > &
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for every k. For each k € N define A\ by

\ = 10T @ — )
2@ (, (@) — o)

and for each N € N define x by

Ty = ;; Me(Th, () — ).

Notice that for every N we have ||zy|lcc < 1. Indeed, the coordinates of zn =

(xn(1),2n(2),...) are given by

O, ifk‘;«énl,ng,...
zy(k) =
Hence,
o < max 2] = 15 <
5 ]
On the other hand,
Y |9(Ty () — 2) Ne
O(xy) = "k (T, (x) —x) > ,
2 () 1) 3Tl
for every N € N, which contradicts ® € ¢%_. Therefore, T, YU 14 and Isom(/+,) is not
light. O

A similar proof of Proposition can be used to show that the space C'({0, 1})
is not light:

Proposition 1.11. The space C({0,1}Y) is not light.

Proof. For each integer n > 1, let N,, be the basic open set of {0, 1} defined by
N, ={(z1,29,...) € {0, 1} 2= =2, =1, x,=0}

Define the sequence (T},) in Isom(C'({0, 1}Y)) by

—f(x), if x € N,,,

L(f)(x) = ,
f(z), otherwise.
SOT
Then, T,, —/ 1d, since taking f =1 we have ||T,,(f) — f|lc = 2 for every n. On the other
hand, the same proof of Proposition m shows that T, 23 1d. O

It is worth noticing that the spaces ¢, with 1 < p < oo, are light by Theorem [I.3]
since they are separable dual spaces and hence have the RNP. Although /; is light, the

same does not occur to L4[0, 1].
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Remark 1.12. [0, 1] is not isometrically isomorphic to any dual space, since it has no
extreme points [Meg98, Example 2.10.11]. Moreover, L;[0,1] does not have the PCP (see
[EW&4]).

Proposition 1.13. The space L]0, 1] is not light.

Proof. For every n € N;n > 1 define ¢, : [0,1] — [0, 1] by

1 — cos(2"mx)

Notice that ¢, is a differentiable bijection, with ¢! > 0. Hence, the linear operator
T, : L1]0,1] — L]0, 1] defined by

T.(f)(x) = @n (@) f (en(z))

is an isometry, since

1T, = [ Ih@) et = [ 17@)ldz = 1

SOT
for every f € L1]0,1] and it is onto. Moreover, T,, —/~ Id because taking f = 1 we have

. n 2
|T,(1) — 1]|; = || sin(2"7z)||; = = >0,

for every n.

We claim that

[ Tath@g@ide = [ f@gtar

for every f € L1[0,1] and g € Loo[0,1] (ic., T, “23 Id). Indeed, it is well-known that the

sequence sin(mnz) converges weakly to zero in L4[0, 1] (Riemann-Lebesgue Lemma — see

[Rud87, p. 103]). Hence, the claim holds for constant functions f = ¢, since

1 1
/ c(1+sin(2"mx))g(z)dx —>/ cg(x)dx
0 0
for every g € L0, 1]. Consider now f as the characteristic function

X[ 25 20501 withm >1and 0 < k< 2™ — 1.
2m

m

2k 2(k+1) . 2k 2(k+1)
2m’  m 2m’  m

Since @, : [ ] is a bijection, then

X[@ 2<k+1>](90m(1’)) = X[& M] (fﬂ)-
2m .y om 2m  om
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Therefore,
1 1
T (X200 @@z = [l
0 21 2T 0
_ /1 (
- [
1
= [ Xz 20 ()9 @)de +
0 2m T om
1

+ /()Sin(Q”ﬂx)X[% M](x)g(q:)da:

om T ogm

0 (n(2))g(x)da

2
2k 2(k+1)] (m)g(az)daz

s o

x)X[
x)X[

AS

and by the weak convergence of sin(2"7zx) to 0 in L0, 1], it follows that

1
/0 T, (X{;};g(ﬂn]) x)dx —>/ ﬂyQ(}c+1) (x)g(z)dx.

The general case follows from the linearity of 7;, and by density of staircase functions in
L4]0,1]. O

1.6 Light classical Banach spaces

Recall that Megrelishvili proved that C[—1,1]? is not a light space. In fact, his
proof can be generalized to show that C'(K) is not light, if K is a connected compact
subset of R", with n > 2. However, as we will see in next proposition, this is not the case

for n = 1.

In the examples that we provided in last section, it was enough to find a sequence
of isometries that converge in WOT but not in SOT to prove that those spaces were not
light. However, to show that a space is light we need to verify that every net (7,) that
converges (without loss of generality, to Id) in WOT converges also in SOT. Hence, we

need a characterization of the isometries of these spaces.

Fortunately, the characterizations of isometries of many classical Banach spaces
can be found already in Banach’s book [Ban32], although some proofs are not given
completely and the theorems are stated in less than full generality. For example, the
isometries of C'(K) were characterized by Banach for K compact metric space. Stone

generalized Banach’s proof for compact Hausdorff spaces. Other generalizations can be
found in [EJO3].

Theorem 1.14 (Banach-Stone). If K and Q) are compact Hausdorff spaces and T is an
isometric isomorphism of C(Q,R) onto C(K,R), then there is a homeomorphism ¢ from
K onto Q and a continuous function h : K — R, with |h(z)| = 1 for every x € K and
such that for each f € C(Q),

TF(t) = hit) f((t)), for t € K.
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Proof. See [FJ03|, Theorem 2.1.1. O

Using Banach-Stone Theorem we can now prove that C[0, 1] is light.
Proposition 1.15. The space C0,1] is light.

Proof. Let (T,)aer be a net in Isom(C[0,1]) such that T, YOr 14. By Banach-Stone

Theorem, for every a € I there exists a homeomorphism ¢, : [0,1] — [0, 1] and h,, € C0, 1]
with |h(x)| = 1, for every x € [0, 1], such that

To(f)(x) = ha(2) f(alz)),

for every f € C[0,1] and = € [0,1]. Since T, 25 Id, taking ®, € C[0,1]* given by
O, (f) = f(x), it follows that T,,(f)(z) — f(z) for every x € [0,1]. In particular, taking
f =1d, we see that

To(1d)(x) = ha(2)@alr) = ,

for every x € [0, 1]. Without loss of generality, we may assume that ¢, is an increasing
homeomorphism and h, = 1, for every a. We claim that for every o > 0 there exists ag €
such that

a = ay = |pa(r) — x| <0,

< ¢ and there exists

n—1

for every = € [0,1]. Indeed, there exists n € N, n > 1 such that
1
< ona T for k=0,1,...,2" — 1 and « > ay. Since @, is

kY _ &
Polon | = on
k41

an increasing function and on <zr< ST for some k, it follows that

as € I such that

E+1\  k
_ < o -
a2l < o ("50) - 5
_ LA SN LS
S |Pealon | T | TP\ Ton on | T gn
1
<
2n—1
< 0.

Finally, by uniform continuity of f € C[0, 1] we have

[Te(f) = flloo = max [f(pa(x)) — f(x)] =0,

0<z<£1

i.e, T, 9% 1d. O

It is interesting to notice that actually C([0, 1] x F') is light for every finite set F,
while C'([—1,1]?) is not light.

Proposition 1.16. If F' is a finite set, then C([0,1] x F) is light.
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Proof. Let F' = {y1,...,yn} be a finite set equipped with the discrete topology and

let (T)acs be a net in Isom(C([0,1] x F) such that T, “>% Id. By the Banach-Stone

Theorem, for each o € I there exists a homeomorphism ¢, : [0,1] x F' — [0,1] x F' and
he € C([0,1] x F) with |ha(z,y;)| = 1 for every (z,y;) € [0,1] x F such that

To ()@, yi) = ha(z, yi) [ (Pal(T, yi))

for every f € C([0,1] x F) and every (z,y;) € [0,1] x F. Since T, 25 Id, we have
To(f)(x,y;) — f(z,y;) for every (z,y;) € [0,1] x F. In particular, considering g €
C([0,1] x F) defined by g(z,y;) = x + i we see that

To(9) (@, yi) = halz,¥i) 9(@al®, ¥i) — = +1,

for every (x,y;) € [0,1] x F. Therefore, we may assume that for every a and ¢ we have
h, =1 and
gpa(x, ?Jz) = (Spa,i(x)u yz)7

where ¢, : [0,1] — [0, 1] is an increasing homeomorphism. We conclude that Ty, 5% 1d

proceeding as in the proof of Proposition [1.15] O

A similar proof works also for the space Cy(R). Recall that if K is a locally compact
Hausdorff space, then Cy(K') denotes the space of functions on K that vanish at infinity,

i.e., the space

Co(K)={f: K —R;¥e >0,3Q C K compact ;x ¢ Q = |f(z)| < e}.
Co(K) is a Banach space with the norm || f|| = sup,eg | f(2)]-

The version of Banach-Stone Theorem for Cy(K') spaces was given by Novinger:

Theorem 1.17 (Novinger). Let K and Q be locally compact Hausdorff spaces. If T is a
linear isometry from Cy(Q) onto Co(K), then @ and K are homeomorphic. Furthermore

for allt € K, where h is continuous on K such that |h(t)| =1 for allt € K and ¢ is a

homeomorphism of K onto Q.

Proof. See [EJ03| Corollary 2.3.12] O
Proposition 1.18. The space Cy(R) is light.
Proof. Let (Ty)aer be a net in Isom(Cy(R)) such that T, YO 1d. By Novinger’s Theorem

for each o € I there exists a homeomorphism ¢, : R — R and a continuous function
he : R — R with |h,(x)] =1 for every x € R such that

To(f)(@) = ha(2) f(palz))
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for every f € Cy(R) and = € R. Let f € Cy(R) and let € > 0. There exists K > 0 such
that | f(x)] < % whenever |z| > K. Let g € Cy(R) be such that:

a) g(z) = f(x), if 2| < K;

b) g(z) =0, if || > K + 1 and
5

) I1f = glle < =

Proceeding as in the proof of Proposition [1.15] we see that || T,(g) — g|lcc — 0, i.e., there
£
exists o € I such that [|T,(9) — glle < 3 for every a = ap. Therefore,

IT6(f) = fllso < NTalf) = Talg)lloo + [1Ta(9) = glloo + If — 9gllc <&,

ie., T, 2% 1d. O

1.7 SOT-compact groups

We finish this chapter presenting a condition on groups G < GL(X) that implies
the lightness of G-

Proposition 1.19. Let X be a Banach space and let G < GL(X). If G is SOT-compact,
then G is light.

Proof. Let (T,)aer be a net in G such that T, WOT' 1d and suppose, by contradiction,

that Ty, i)g Id. Then, there exists an SOT-open neighborhood U of Id such that T,, ¢ U
for infinite indices o € I. Let J = {a € I; T, ¢ U}. Notice that J is a directed set and
hence (T4,)acs is a subnet of (T, )aes. Since G\ U is SOT-compact, then (7,).c; has an
accumulation point 7' € G \ U. Therefore, T is also an accumulation point of (T}, )aes in
WOT, which is a Hausdorff topology. Hence, T = Id, which is a contradiction, since T' ¢ U
and Id € U. ]

Questions and comments

Bellenot proved in [Bel86] that any separable real Banach space (X, ||-||) admits an

equivalent renorming || - || such that Isom (X, || - ||) = {Id}. Jarosz generalized Bellenot’s
result in [Jar88], proving that any Banach space (X, || -||) (separable or not, real or
complex) admits an equivalent renorming || - || such that

Isom(X, || -])) = {Ald: A e K, [A] = 1},

where K = R in the real case and K = C in the complex case. Obviously the group
{Md : X € K, |A| = 1} is light. Therefore, even if (X, || - ||) does not have the PCP, X
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admits an equivalent renorming || - || such that Isom (X, || - ||) is light (and still fails the
PCP).

Although Megrelishvili has defined the concept of light groups only for locally
convex spaces, we can expand his definition to quasi-normed spaces, even if they are not
locally convex. One could ask whether the isometry groups of non-convex quasi-normed
spaces are light /non-light in general, but the spaces ¢, and L,[0,1], 0 < p < 1 show that
we do not have such general result. The space L,[0, 1] is not light, since (L,[0, 1])* = {0}
for 0 < p < 1 (see [KPR84, p. 18]). On the other hand, by Banach-Lamperti Theorem,
each T' € Isom(¢,), 0 < p < 1, has the form T'(z,) = (€,%0()), Where €, € {£1} and
o : N — N is a bijection. Using the fact that the dual space of ¢, can be isometrically
identified with (o, where ® = (yo,¥1,...) € ls acts in an element = (xg, x1,...) € £,
by the formula ®(z) = Y%, y;x; (see [KPR84, p. 21]) we can verify that Isom(¢,) is light.

Proposition was generalized by Grivaux in [AFGR17], proving that if K is
an infinite compact connected space, then C'(K) is light if K is homeomorphic to a finite
union of segments of R, and C'(K) is not light if K contains an n-dimensional region for
some n > 2, C(K).

In the next chapters we provide more examples of light /non-light groups of isome-
tries, but using different techniques. Namely, we will show that ¢ is not light, while ¢ is

light, as well as the Schreier spaces of finite order.

We were able to classify the isometry groups of £,, with 0 < p < oo and of L,]0, 1],
with 0 < p < oo in this chapter. However, it remains to verify whether L.[0, 1] is light or

not.

Question 1.20. Is L0, 1] light?

Another interesting space which could be investigated in this context is the Gurarij
space, whose isometry group possesses a very rich structure. For example, the isometry
group of the Gurarij space is a universal Polish group, i.e, every Polish group embeds

there homeomorphically.

Question 1.21. Is the isometry group of the Gurarij space light?

The Holmes space is another interesting space to be investigated (see [Hol92]). It
is the Banach space spanned by the universal Urysohn metric space. Urysohn space is
universal for the separable metric spaces and has the property that any isometry between

finite subsets can be extended to an isometry for the whole space.

Question 1.22. Is the isometry group of the Holmes space light?
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The main difficulties to answer these questions are to get characterizations of the

isometry groups of these spaces, as well as a nice characterization of their duals.



2 Isometries of Schreier spaces

In Chapter [1| we classified several classical Banach spaces in terms of being light,
i.e., sequence spaces or spaces of continuous functions which norms are defined by an
explicit formula. The purpose of this chapter is to classify Banach spaces in which norms
are defined by a family of finite sets of natural numbers which are compact, hereditary
and spreading. These spaces are called combinatorial spaces. More specifically, we are

interested in classifying the Schreier spaces in terms of being light.

2.1 Schreier spaces

Banach and Saks proved in [BS30] that every bounded sequence in L?, with p > 1,
has a subsequence such that its arithmetic means converge in norm. This property is
currently called Banach-Saks property. They also asked whether this property is also valid
for the space of continuous functions. This question was answered negatively by Schreier
in [Sch30], constructing a sequence of functions (f;) in C]0,1] that converges weakly to
0 but has no subsequence whose arithmetic means converge in norm. In his construction,

Schreier considered finite sets of natural numbers F' such that card F' < min F'. The family
S ={F € [N]**:card F < min F} U {0}

is now called Schreier family, and its elements are called Schreier sets.

Nishiura and Waterman showed in [NW63] that every space with the Banach-Saks
property is reflexive. On the other hand, Baernstein [Bae72] gave an example of a reflexive
space that does not have the Banach-Saks property. In [Bea79] Beauzamy used a variation
of Baernstein’s construction to define the space X, as the completion of cyg in respect to

the norm

|z]|xs, = sup S lawl, = (x1,..., Tk ... ) € coo.
€51 keF

This space was called Schreier space, in [BL84]. Beauzamy proved that the interpolation
space ({1, Xs,)op, for 0 < 0 < 1and 1 < p < oo is a reflexive space that does not have the

Banach-Saks property, providing simpler examples than the one obtained by Baernstein.

Alspach and Argyros defined in [AA92] the higher order Schreier spaces as follows.
Let A,, denote the set of finite subsets of N with cardinality less than n. Letting Sy = A;

and supposing that S, has been defined for some countable ordinal «, we define

Sa+1:{UEiln<E1<E2<“'<EnandEi€SOé}U{®}7
=1
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where n < E; denotes n < min £} and E; < E;,; denotes max F; < min F; ;. If a is a
limit ordinal then we fix a;,, o and define S, = {0} U{F C N: forsomen > 1,F €
S.,, and n < F'}. We may assume (see for example [Caul7]), that for each n € N we have
Sa, C Sapis-

order o, denoted by Xg_, is defined as the completion of cyy with respect to the norm

We say that S, is the Schreier family of order a. The Schreier space of

|z xs, = sup Z lzk|, = (z1,..., %k, ...) € Coo-
€Sa keF

We can verify by transfinite induction that each family S, is:

1. hereditary (F € S, and G C F = G € S,);
2. spreading ({l1,1l2,...,l,} € Sy and [; < k; = {k1, ks, ..., kn} € Sa);

3. compact, seen as a subset of {0, 1} with the natural identification of P(N) with
{0, 1},

A collection F of finite subsets of N satisfying these three properties is called a
reqular family in [BDHQI§|. Given a regular family F, the combinatorial Banach space

X is defined to be the completion of ¢y with respect to the norm

|z||x, = sup Z x|, = (x1,79,...) € Coo-
FEF jep
Combinatorial Banach spaces were first defined by Gowers in his blog [Gow09), for
a system of natural numbers A that contains all the singletons and is hereditary. A more
restrictive definition was given by Beanland, Duncan, Holt and Quigley in [BDHQ1§],
using regular families, with the objective of studying problems related to the cardinalities

of the sets of extreme points of Banach spaces, especially Schreier spaces.

2.2 Decompositions and spreads of Schreier sets

In this section we will recall some useful properties of Schreier sets of finite order.
We say that a set F' of a regular family F is maximal if there is no set G € F that contains
F properly. We denote by F™** the collection of maximal sets of F.

Proposition 2.1. Let n € NU {0} and let E € §M*. Then, for each 0 < m < n there
exists a unique finite sequence By < Ey < --- < Ey in 8™ such that E = %, E;.

Moreover, {min E;}¢_, € Smax .

Proof. The proof of this proposition is by induction over n. It is clear that it holds
for n = 0. Suppose that it holds for 0,1,...n € NU {0} and let £ € S)?}. By the
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definition of maximal Schreier sets, we can write F in a unique way as %, E;, with
By <Ey<---<EjeS8™™ and {minE;}¢, e SP™ Let 0 <Km<n+1Ifm=n+1,
the result is immediate. If 0 < m < n, by induction hypothesis each F; can be written as
E; = UL, By, with By < Eip < -+ < Ejo, € S5* and {min E; ;}j-, € S5 . Hence, E

can be written as the union of
Ein< - < By <BEy1 < - < FByg << Eg1 < < Eyg,.

Moreover, by the maximality of these sets, this decomposition is unique. Also, since
{min{min £; ;}92,}¢_, = {min E;}{_, € S it follows that
d

{fminE£;; :1<i<d,1<j<a}=J{min E;;}i2, € S,
i=1

The converse of Proposition [2.1] also holds:

Proposition 2.2. Let E = | E;, such that By, < By < --- < Ey is a finite sequence in

Smax gnd {min E;}¢ | € S, with m,k > 0. Then, E € S1%%,.

Proof. We will proceed the proof by induction over k. For k£ = 0 it is immediate. Suppose
that the result holds for some £ € NU {0} and for every m € NU {0} and let £} < --- <
E, € 82 be such that {min E;}¢ | € SP%. If m = 0, the result is immediate. If m > 1,
by Proposition [2.1{ we can write {min £;}{, = Uj_, F}, with [} < --- < F, € S and
{min F}}7_, € S, For each 1 < j < r, define
Gi= U E.
min B, € F}
Since E; € Sp* and {min F; : min E; € F;} = F; € SP™, it follows that G; € S»%3.
Moreover, since £ = U;_, G and {min G;}’_, = {min F};}7_,; € S, by the induction

hypothesis it follows that E € 5% 1. O

We say that G = {ly,...,l,} C Nis a spread of F = {ky,...,k,} CN (written in
increasing order) if m = n and k; < [; for each 1 < ¢ < n. Recall that the Schreier families
are spreading, i.e., if F' € §,, and if GG is a spread of F', then G € §,,. In fact, we have a

more general result:

Proposition 2.3. Let n € N, E € §™ and F C N such that F' is a spread of E,
min ¥ < min F and card E = card F. If j > min E, then {j}UF € S,,.

Proof. By Proposition we can write F = UL, E;, with B} < -+ < E; € 8™ and
{min E;}¢_, € 8™ Hence, min £ = min E; = d. Since card E' = card F' and F is a spread
of E, we can write F' = Ule F; such that for each i the set F; is a spread of E;. Therefore
{i},Fi,...,Fy €8, 1 and min{j} UF, U---UF; >d+ 1. Hence, FU{j} € S,. O
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2.3 lsometry groups of Schreier spaces

In Chapter [1] we classified several Banach spaces in terms of being light. However,
all the isometry groups of those spaces were well known and could be found already
in Banach’s book [Ban32]. On the other hand, the isometry groups of Schreier spaces
were not known until very recently. During the author’s Doctoral Exchange Program
(Programa de Doutorado Sanduiche no Exterior — PDSE-CAPES) in Washington and
Lee University, we were trying to classify the Schreier spaces in terms of being light, but
we needed the characterization of their isometry groups. Kevin Beanland and Hung Viét
Chu, using properties of extreme points of Xs_, managed to prove that for every n € N,

the isometries of Xg consist only in change of signs of the coordinates.

For the sake of completeness, we will present their proof in Theorem [2.6, We will
need the following properties of Schreier sets and extreme points of Xg_ . Recall that an
extreme point of a convex set C' in a real vector space is a point in C' which does not lie
in any open line segment joining two points of C i.e., x is an extreme point of C' if for
any y, z € C such that

r=y+(1—-N\)z,

for some 0 < A < 1 we have x = y = 2. The set of extreme points of C' is denoted by
ext(C).

Theorem 2.4 (Beanland, Chu). Let 0 < a < w; and let x € Sxg . Then v € ext(Bxg, )

if and only if the following conditions are satisfied:

a) T € coo;

b) there exists a non-mazimal set F' € S, such that »  |zy| = 1;
kel

¢) for all i < maxsuppz there exists F € S, such thati € F and ) _ |xy| = 1, where
keF
supp x denotes the support of x,

suppz = {i € N: z; # 0}.

Proof. See [ABC19, Theorem 2.6]. ]

In the proof of Theorem [2.6] we will also need the following technical lemma, that

is a consequence of results in Section 2.2

Lemma 2.5. Let (k;)$2, be an increasing sequence in N. For each n € NU{0}, let p, € N
such that {k;}r € Smax.
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1. If I} < F5 < ... is a sequence of finite subsets of N such that card F; = k; and
Pn—1

k; < F; for every i > 1, then for every j > ki we have {j}U | J F; € S,;
=1

2. If G € §™* can be written as G = UGi, with Gy < -+ < Gy, € S™ and
= 1
min G; < k; for every 1 < i< m, then m < ¢,_1.

Proof.

1. For each i > 1 consider the sets E; = {k;} U F; \ {max F;}. Notice that £} < Ey <
- < E,, . € 8§ and that {min £;}J77" = {k}7{' € S™¥. By Proposition
, it follows that F = UZ' E; € SMAX Moreover, since Fj is a spread of E;
and card E; = card F; for each ¢, then F' = U{'F; € S, is a spread of E and
card E = card F. Since min £ = k; < min F', by Proposition [2.3] it follows that for
every j > min E = k; we have {j} UU ' F; € S,..

2. By Proposition 2.1} we have {min G;}*, € S'*. Suppose by contradiction that
m > ¢,_1. Since {k;}J77" € 8™ it follows that {k;}™, &€ S,_1. However, since
Schreier sets are spreading and min G; < k;, we should have {minG;}", € S,_1,

which is a contradiction.

Using these properties, we can proceed to the main result:

Theorem 2.6. Let n € N and T € Isom(Xg,). Then, there exists a sequence (g;) in
{—1,1} such that

T(x) = (eii) 2y,

for every v = (x;)32, € Xs, -
Proof. Let n € N and T € Isom(Xg,). For each i € N| let

T(e;) = fi= (fir, fiz, fizs---)

and

T Ye)) =di = (dig, dia, dis, . . .).
We will divide the proof of this theorem in eight steps:
Step 1: f1 = +e;y.

Suppose, by contradiction, that f; ; # 0, for some j > 2. Let

Y ={x=(21,29,...) € Xs, : x1 = 0}.
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Notice that, for every x € By we have
ler + x| =1 =/ f1 + Tzl (2.1)

Since T'(Y') is a subspace of codimension 1 of X, , there exists k > j such that e, € T(Y).
On the other hand, since {j,k} € S,,, by (2.1) we have

L= [lfi+exll = [frjl + |1+ fuel-
Moreover, there exist infinite k& > j such that e, € T(Y') and f; ;, — 0. Therefore,
L=|lfi+exll = [fisl + 1,

which is a contradiction. Hence, supp(T'(e1)) = {1} and since ||fi|| = 1 we must have

fi = £er.
Step 2: di1 and fr1 =0, for every k > 2

Let k > 2. By Step 1, there exists ¢; € {—1,1} such that T'(e;) = fi = €1€;. Thus, for

every k > 2 we have

ller + ekl = llerer + full =1 > |ex + fral

and
ler — ekl = [lerer — fill =1 = [e1 — fral.
These two inequalities imply that f;; = 0. In the same way we prove that d;; = 0.

Step 3: For every i € N, d;, f; € coo and there exists a non-mazximal set F; € S,
such that Y |fix| = 1.

keF;
It follows from the fact that isometries preserve extreme points, e; + e; € ext(Bx, ) for

every j > 2 and from Theorem [2.4]
Step 4: Let m € N. If j > max {maxsupp f;}, then suppd; > m.

The proof of this step is by induction over m. For m = 1, it follows from Step 2. Assume now
that the conclusion holds for every m’ < m, for some m > 2. Fix j > max {max supp f;}.
By the induction hypothesis it follows that supp d; > m — 1, so it remains to prove that

d;m = 0. By Step 3, there exists a non-maximal set I’ € S,, such that Z | frmke| = 1. Thus
keF

Fu{j} €S, and

| fm el = D0 |fmnl+ 06 =2=|lem £d],
keFU{j}
where
0, if j # k;
gk =

1, if j = k.
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Suppose, by contradiction, that m € suppd;. Since ||e,, £ d;|| = 2, there exist sets G and
H in §,, such that

2 = |djm| <D |0mi+ djil <2 (2.2)
i€G
and
2 = |djm| < D |Omi — djal < 2. (2.3)
i€eH

Notice that if m ¢ G, we would have
1< 2= |djm] < |djal <1,
ied
which is a contradiction. For the same reason, we conclude that m € H and hence

meGNH. Ifd;,, <0 by (2.2) we would have

2_|dj,m| :2+dj7m< 1+dj,m+z‘dj,i’ = 1< Z‘dj,i’7
i€G i€G
which contradicts the fact that ||d;|| = 1. On the other hand, if d;,, > 0, by (2.3) we would
have

2 — |dj,m| =2 dj,m <1-— dj’m + Z |dj7z'| — 1< Z |dj,i‘;

i€H icH
i#m i#Em
that also contradicts ||d;|| = 1. Therefore we must have d;,, = 0, i.e., m ¢ suppd;, as

desired.

Step 5: for every r € N, there exist s,t € N such that

r < suppds < supp dy.

It follows from Step 4.
Step 6: for every k > 2, supp fr < k.

By Step 5, we can find F} C N with £ = k; < min F}, card I} = k1, k1 < supp Z d; and
JjEF1
such that (d;),er, satisfies

r,s € Fi,r <s = suppd, < supp ds.

Let

ko = max supp Z d; = max supp dmax F, -
JEF

Continuing in this way, we obtain an increasing sequence (k;)?°; in N and a sequence

(F;)2, of finite subsets of N such that for every i > 1:

a) k; < Fj;
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b) card F; = k;;

c) k; < supp Z d

JEF;

d) If r,s € F; with r < s, then suppd, < suppds, .

For each n € NU {0}, let ¢, € N such that {k;}%, € Smax.
Claim: For every G € S,, we have ky ¢ G or G Nsupp d; = () for some j € Uit

Indeed, suppose by contradiction that k; € G and G supp d; # () for every j € U F;.
Without loss of generality, we may assume that G is maximal in S,,. By Proposition
we can write G = U2, G; with G; < G2 < -+ < Gy, € S and {min G, }*, € S,
Since ki € @G, it follows that minG; < k; and hence card G; < k;. The conditions
cardG; < ky = card Fy; ky < Fy; suppd, < suppds, if r < s; GNsupp d; # 0; and
Gy < Gy < -+ < Gy, implie that

G1()supp dmaxr, = 0.

Therefore, we must have G; N suppdmaxr, # 0, for some i > 1. Hence, minG; <

max supp dpax 1 Which implies that min G5 < max supp dyax 71 = ko.

Continuing in this manner we see that
Gi Nsupp dpaxr, =0 and  min G; < k;

for each 1 < 4 < m. By Lemma item 2, it follows that m < ¢,_;. However, G,, N
SUPP dmax ,, = 0 implies that G Nsupp duyax 7, = § which contradicts our assumption and

concludes the proof of the claim.

Since ||d;|| = 1 for every j, it follows from the claim that for every G' € S,, we have
Pn—1 Yn—1
Dolokr+ D0 Y diyl < Z card F;. (2.4)
reG i=1 jEF;
Therefore,

Pn—1 Pn—1 Pn—1
lew + > S dj) = sup {Z Ok + > > dj,r\} < ) card B (2.5)

i=1 jeF; Sn reG i=1 jeF; =1

Suppose by contradiction that maxsupp fr > k. By Lemma item 1, for every j €
supp fx, with j > k, we have {j} UU{" F; € S,.. Then,

Pn—1 Pn—1 $Pn—1 Pn—1

lee + > D dill = If+ D D el = [fusl + Z card F; > ) card F}, (2.6)

1=1 leF; i=1 leF; i=1

which contradicts (2.5)). Hence, we must have max supp fp < k



47

Step 7: f2 = :i:@g.
It follows from Steps 2 and 6.
Step 8: fr = *ey, for every k > 3.

This final step is proved by induction. We proved in Steps 1 and 7 that f; = 4+e; and
fa = £ey. Let k > 3 and suppose that fir = £ey for every K’ < k. If j > k, then f,;, =0
by Step 6. On the other hand, if 1 < j < k, arguing as in Step 2 we conclude that f; ; = 0.

Since || fx|| = 1 we must have |fi x| = 1, as desired. O

2.4 Lightness of X5,

The characterization of Isom(Xg, ) given by Theorem 2.6|finally allows us to classify

the Schreier spaces of finite order in terms of being light.
Proposition 2.7. Let n € N. The isometry group Isom(Xs, ) is light.

Proof. Let (Ty)aer be a net in Isom(Xg,) such that T, YO 14 and suppose, by contra-

soT
diction, that T, —~ Id. Then, there exist x = (z1,22,...) € Xs,, 6 > 0 and indices

ay, g, - -+ € I such that ||T,,x — z|| > 6, for every ¢ € N. By Theorem , for each ¢ € N
there exists a sequence (e7¢,e5%,...) in {—1,1} such that T,,e; = €;¢e; for each ¢ € N.
Since T, ~2% Id, for every m € N, e (T,,x) % Hence, for every m € N, there exists
N € N such that [ > N implies (7,,2)r = xy, for every 1 < k < m. On the other hand,
since ||T,,x — z|| > 6, for every m € N there exists F},, € S,, with supp(F,,) > m such that
S Tayx)e — zi) = D 2]wy] > g
keFp, k€Fm
Hence, x cannot be approximated by elements of coy with respect to the norm of Xg ,

which is a contradiction. O

QUGStiOI”IS and comments

It is worth mentioning that by Remark the Schreier spaces do not have PCP,
since they have an isometric copy of ¢y (see [CS89, Proposition 0.13]). Hence, we cannot
apply Theorem [1.5| to conclude that Isom(Xg,) is light.

Although Theorem was proved only for Schreier spaces of finite order, we
believe that it is valid for every Xg,_, for o < wy. Almost every step in the proof can be
reproduced in the countable case, except for Step 6, in which Lemma, [2.5[is used. For this

reason, we ask:

Question 2.8. Is Lemma valid for Xs,, o < w;? What are the correspondent versions
of results of Section 2.2 for infinite countable ordinals?
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Another natural question is whether Theorem is true for every combinatorial

space.

Question 2.9. Does there exist a combinatorial space that is not light?

It is worth mentioning that Tsirelson’s space is light, since it is reflexive. However,
Tsirelson’s space is not a combinatorial space, according to the definition that we adopted

here.



3 Convexity of norms and light groups

The purpose of this chapter is to connect the concept of light group of isomor-
phisms with the existence of smooth renormings. According to Deville, Godefroy and
Zizler [DGZ93],

Questions concerning the supply of smooth functions on Banach spaces
are of crucial importance in differential calculus. Smooth functions are
usually obtained from smooth norms and smooth norms are in turn often
constructed from dual rotund norms. The existence of equivalent smooth
or rotund norms or nontrivial smooth functions on a particular Banach
space depends on its structure and has in turn a profound impact on its
geometry.

We will show in Theorem that if G < GL(X) and X admits a G-invariant LUR
renorming in X (or just LUR on a dense subset of Sx), then G is light. Corollary

shows that the converse does not hold.

3.1 Convexity of norms in vector spaces

Let (X, -||) be a Banach space. We say that a norm || - || in X is rotund or strictly

convez if for every x,y € X such that
[zl =1yl =1 and [l +y[ =2

we have = y. The following conditions are equivalent(see [DGZ93, Chapter 2, Proposi-
tion 1.3]):

1. The norm || - || is strictly convex;
2. If z and y € X are such that 2||z||? + 2||y||* — ||z + y||* = 0, then z = y;

3. If x and y € X are such that ||z + y|| = ||z|| + |ly|| and z,y # 0, then x = Ay for
some A > (.

Geometrically, || - || is strictly convex if, and only if, the unit sphere Sx does not

contain any non-degenerated line segment.

The next definition is stronger than the previous one. We say that the norm || - ||

in X is locally uniformly convex or locally uniformly rotund in zp € X if
for every sequence {x,} C X such that

lim [|z,|| = [|Jzol| and  lim||zg + z,|| = 2|z0]|
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we have lim ||z,, — zo|| = 0. If || - || is LUR in every zy € X, we simply say that the norm
is LUR in X.

If 2o € Sx, we have the following equivalent definitions (see [DGZ93], Chapter 2,
Proposition 1.2].):

1. The norm || - || is LUR in x;
2. If (z,) is a sequence in Sx and lim ||z, + z¢|| = 2, then lim ||z,, — || = 0;

3. If (z,) is a sequence in X such that lim 2(||zo]|* + ||, ||*) — ||zo + zn||* = 0, then

lim ||zg — z,|| = 0.

Geometrically, the norm || - || is LUR in zy € S if taking a variable chord in Sy
with a fixed endpoint in xg, if the midpoint of the chord gets close to the sphere then the
length of the chord goes to zero.

An example of Banach space with LUR is /s, since for every x,y € ¢, we have the

parallelogram identity
2([l2l” + lyl?) = llz + yl* + ll = ylI*.

On the other hand, ¢; is not even strictly convex.

The convexity of a norm is deeply connected with the differentiability of the norm:
if the dual norm || - [|* is strictly convex in X*, then || - || is Gateaux differentiable in X;
moreover, if || - || is LUR in X*, then || - || is Fréchet differentiable in X (Propositions
1.5 and 1.6 in [DGZ93]). It also has connections with the coincidence of weak and norm

topologies on Sx.

A norm || - || on a Banach space X is said to have the Kadec-Klee property
if the relative norm and weak topologies on the unit ball Bx coincide in the unit sphere
Sx. If || ]| is an LUR norm on X, then (X, || - ||) has the KKP (see [DGZ93], Proposition
1.4).

3.2 G-invariant renormings

A common problem in geometry of Banach spaces consist in investigating condi-
tions in which a norm can be replaced by an equivalent one, but with better geometric
properties. Recall that two norms || - || and || - || in a vector space X are equivalent if there

exist constants C7 and Cy > 0 such that

Cillzll < flell < Caflll;
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for every x € X. In particular, they induce the same topology on X. We say that || - || is

a renorming of (X, || -|) if || - || and || - || are equivalent.

A fundamental result in renorming theory was proved by Kadec in [Kad59]:
Theorem 3.1 (Kadec). Every separable Banach space admits an LUR renorming.
The proof of Theorem consists of the following steps:
e If Y admits an LUR dual norm and 7" € B(Y, X) is w* — w continuous with dense
image in X, then X admits an LUR renorming;

e If X is separable, there exists T' € B(X*, {3) w*—w continuous such that 7% : /5 — X

is w* — w continuous and 7%(¢s) is dense in X;

e The usual norm of /5 is LUR.

For the full proof, see [DGZ93, Chapter 2, Theorem 2.6].

In [Lan93] Lancien proves that if, in addition of being separable the space has the

RNP, then this renorming could be taken preserving the original isometries of the space.

We say that the norm || - || on X is G-invariant , where G < GL(X), if

[T = [,
for every T' € G and every x € X. In other words, | - || is G-invariant if G is a subgroup
of Isom(X, || - ||). If || - || is an equivalent norm of a Banach space (X, || - ||) such that

Isom (X, || - ||) C Isom(X, | - ),

we say that || - || is an isometry invariant renorming of X.

Lancien proves the following;:

Theorem 3.2 (Lancien). If X is a separable Banach space with RNP, then X admits an

isometry invariant LUR renorming.

The proof of this theorem is based on the concept of dentability index 6(X) of a
Banach space. If C' is a closed and bounded subset of a Banach space X, consider the

sections
S(y,a) ={z € C;y(x) > a},

where y € X* and a € R. For € > 0, define

C! ={z € C; every section of C' containing x has diameter > c}.



52

For « ordinal, we define inductively F in the following way:
F’=F = By

Pt = (F2)

= FP if o is a limit ordinal.
B<a
Set

inf a < wy; F* = @}, if there exists;
i(X,e) =

w1, otherwise.

Finally, the dentability index of X is defined as

I(X) =supd(X,e).
e>0
Lancien proves that if X is separable and has the RNP, then §(X) < w;. Moreover,
if 6(X) < wy then X admits an LUR renorming. In addition, this renorming preserves

isometries.

In [FR11] Ferenczi and Rosendal proved that L]0, 1] does not admit any isometry
invariant LUR renorming, using the fact that the norm of L,[0,1] is almost transitive,
which implies that any isometry invariant renorming must be a multiple of the original
norm. On the other hand, the norm of [0, 1] is nowhere LUR. Hence, Lancien’s result

does not generalize to every separable Banach space.

We will give another example of a separable space that does not admit any isometry
invariant LUR renorming in Proposition [3.10, namely, the space C|0, 1]. The proof of this
theorem is based on the fact that Isom(C|0,1]) is light (Proposition [1.15) and in next

theorem:

Theorem 3.3. If a Banach space X admits a G-invariant renorming || - || which is LUR

in a dense subset of Sx, then G is light.

Proof. Let (T,)aecr be a net in G such that T, WO 14 and suppose, by contradiction, that

SOT
T, — Id. Then, there exists x € Sy such that T,z /4 x. Without loss of generality, we
may assume that there exists 0 > 0 such that ||T,x — z|| > 6 > 0 for every o and || - || is

LUR in z. By the LUR property of || - || in =, we may also assume that there exists € > 0

such that, for every o € I we have
|Tox + 2] <2 —c¢.

Let ¢ € X* such that ||¢|| = 1 and ¢(x) = 1. By the WOT convergence of T, to Id, we
have

¢(Tow) — 1. (3.1)
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On the other hand,

[¢(Toz) + 1| = max [Tz +2)| = [Tz + 2 <2 e,
lhéli=1

which contradicts [3.1] 0

Remark 3.4. In fact, the proof of Theorem gives us a formally stronger result: if X
admits a G-invariant renorming which is LUR on a dense subset of Sx then G is orbit-wise
light. Megrelishvili defines in [Meg03] a group G < GL(X) as orbit-wise light (or orbit-wise
Kadec) if for every x € X the orbit O(z) = {Tz ; T € G} is a set on which the weak and
the strong topologies coincide. It is readily seen that if G is orbit-wise light, then it is

light, but whether the converse holds is still an open question.

An example of application of Theorem is to prove that ¢ is light. Indeed, Day
defined in [Day55] the following renorming of cy:

n 2 ) %
el =sup < (32 752) .
k=1
where the supremum is taken over all permutations ¢ : N — N. By Novinger’s Theorem,

every isometry Isom(cg) can be written as

T(xn) = (€n$a(n) ),

where 0 : N — N is a permutation and (g,,) is a sequence such that |e,| = 1 for every n.
Therefore, Day’s renorming is isometry invariant. Moreover, in [Rai69] Rainwater proved
that this norm is LUR. Hence,

Corollary 3.5. The space (co, || - ||oo) s light.

3.3 Renormings in /4

Day’s norm can be defined in /., (I") in a similar way that it was defined for ¢y,
where I' is an arbitrary set. It also can be shown that it is LUR in ¢o(I'), for every I' (see

[DGZ93, p. 69-71]).

Although this norm is LUR in ¢y, it is interesting to note that the same does not
occur in /. In fact, it is not even strictly convex in c¢. For example, it is not strictly
convex in y = (1,1,...) since for every x = (x¢,x1,...) € ¢ such that [|z|| = 1 and

|z;| = 1 for infinite indices i, we have

lzllp = llyllp =

x+yH
2
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Proposition and Theorem imply that ¢, does not admit any isometry
invariant LUR renorming. In fact, a stronger result is already known: the space /., does

not admit any renorming with Kadec-Klee Property (see [DGZ93, Theorem 7.10, Chapter
I)).

Since f,, does not admit any renorming with KKP, it also does not admit any
LUR renorming. On the other hand, ., admits strictly convex renormings (see [Die75, p.
120]).

Question 3.6. Does /., admit a strictly convex isometry invariant renorming?

Next proposition gives a negative answer to this question.

Proposition 3.7. The space {o, does not admit any strictly convexr isometry invariant

TENOTMING.

Proof. Consider the points x = (1,1,0,1,0,1,0,...) and y = (—1,1,0,1,0,1,0,...) € lw.

Then,
z = Y
= =

Every T € Isom({y) can be written as

(0,1,0,1,0,1,...).

T((xn)nGN) - (Enxcr(n))neNa

where 0 : N — N is a permutation and (e,),en is a sequence in K such that |e,| = 1,for
every n € N (see [Ban32, p. 178]). Therefore, there exist 7" and S € Isom({,) such that

Tx =y and Sz = z. Hence, if || - || is an isometry invariant renorming of £,
[zl = 1Tl = llyll = [l5=] = ll=I,

which implies that || - || cannot be strictly convex. O

3.4 A light space without isometry invariant LUR renormings

In view of Theorem we may ask:

Question 3.8. Does there exist a Banach space X and a bounded light group G < GL(X)

such that X does not admit any LUR G-invariant renorming?

By Theorem if such space exists it cannot have the RNP. Therefore, we need
to look at the examples that we found previously of light groups of spaces without the
RNP. Although ¢ is light, the group Isom(cy) is not an answer to Question [3.8 since
Day’s renorming is LUR and isometry invariant. Another possibility is Isom(C[0, 1]), by
Proposition Indeed, in the same way we proved for (., we will show that C10,1]
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does not admit isometry invariant strictly convex renormings. We will need the following

Lemma:

Lemma 3.9. Let f € C[0,1] be such that f is strictly monotone in some interval [a,b] C
[0,1]. Then, there exists g € C0, 1] such that

f+y
1 =l = |55

2. |If = gl > 0;
B f+g ' ,
3. g= fop and = f o, where ¢,v : [0,1] — [0, 1] are homeomorphisms.

Proof. Let 0 < a < b < 1 such that f|j is strictly monotone. Without loss of generality,
suppose that f is strictly increasing in [a, b]. Let & : [a,b] — [f(a), f(b)] be an increasing
homeomorphism such that { # f|jy. Define g € C[0,1] and the homeomorphism ¢ :
[0,1] — [0, 1] by

§(x), ifx € a,b]; @), ifaelab];
g(z) = _ p(z) = ,
f(z), otherwise. x, otherwise.
f+g f+y
Then, o= £ 00, glle = Il = |[Zo2| - and |1/ ~ gl > 0. Morcover, fou =57,
where ¢ : [0,1] — [0, 1] is the homeomorpgi)sm defined by
= (5(““) - fm) . ifae o]
P(r) = 2
x, otherwise.
[
Proposition 3.10. Let || - || be an isometry invariant renorming of C|0,1]. Then, there
exists a dense subset of C[0,1] where || - || is not strictly convex.

Proof. Let f € C]0,1] be an affine non-constant function and let g, and v be as in
Lemma . Since f — foyand f+— f o1 define surjective linear isometries on C10, 1],
then

f+yg

Il =17 ol = 1 = 7 ol = | 55
Hence, || - || is not strictly convex in f. The result follows from the fact that the set of
piecewise linear continuous functions is dense in C|0, 1]. O

Corollary 3.11. The space C[0,1] does not admit isometry invariant strictly convex

TENOTMINGS.
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Corollary gives us a positive answer to Question [3.8] On the other hand,
Remark [3.4] suggests the following new question:

Question 3.12. Does there exist a Banach space X and an orbit-wise light group G <
GL(X) such that X admits no G-invariant LUR renorming?

The next proposition shows that the isometry group of C[0, 1] also gives a positive
answer to Question [3.12}

Proposition 3.13. The group Isom(C|[0, 1]) is orbit-wise light.

Proof. Let f € C[0,1] and let (ga)aer be a net in the orbit O(f) of f under the action
of the group Isom(C10,1]) such that g, converges weakly to g € O(f). By Banach-Stone
Theorem, there exist homeomorphisms ¢, ¢, € Hom([0, 1]) and ¢,e, € {—1, 1} such that
g=c-fopand g, =, f 0, Since g, converges weakly to g (hence, pointwise),
without loss of generality we can assume that the ¢, are increasing homeomorphisms,

e=¢cq=1forevery o € [ and g = f.

Suppose by contradiction that f o ¢, does not converge uniformly to f. Then we
can assume that there exists ¢ > 0 and for every a € I there exists z, € [0, 1] such that
|f(0a(xa)) — f(za)| > 26. We also can assume that z, — = € [0,1] and z, < z for every
«. Then by the continuity of f at the point z,

1f(pa(a)) — f(2)] > €.

Let § > 0 be such that |z —y| <§ = |f(z) — f(y)| < % Then ¢o(za) & (z — 6,7 + 8)
for every a and ¢, (z,) < x — ¢ for infinitely many indices o € I, or @, () > x + 6 for

infinitely many indices a € 1. Without loss of generality, we may assume that
Yal(To) <z —0, forevery a€l.

We also may assume that
r—0<wy<x, foreveryael

(the cases po(T4) > x + 0 and/or x < z, < x + J for every o € I are similar).

Let ay € I and let
Y11 = Pon (Tay)-

We claim that for every n > 2, there exists a finite sequence in [0, 1],
Yng <Yn2 <" <Ynop-1 <T—0

such that



57

n—k—2
€ € 1 3e
a) |f(yn,2k+1)—f($)|>€——2k+4( 2 ) >— fork=0,1,....,n—1
J:

and
£ e ("1 £
b) |f(yn,2k)—f($)|<+w(z:0 — <Z for k=1,2,...,n—1.
=

Notice that the existence of such a sequence for every n > 2 contradicts the uniform

continuity of f on [0, 1]. Hence it suffices to prove the claim in order to complete the proof

of Proposition

We proceed to the proof of the claim by induction. Since f o, converges pointwise

to f and z, — x, we can take ay = oy such that z,, < 24, <, |f(@s(y11))—fly11)| < — 16

and | (¢5(wa,)) = f(wa,)| < 55 for every = az. Let

Y21 = Spaz(yl,l)a Y22 = Par(Ta,) and Y23 = Par(Tay)-

Since ¢,, is an increasing homeomorphism and y;1 < * — 0 < 2o, < Z,,, We have

Yo1 < Y22 < Yoz and Yo 3 = Pa,(Ta,) <  — 6. Moreover,

9 € €

|f(y21) — f(w)] > e~ FRRET |f(y22) — f(@)] < 3 g © 4 E and |f(y23) — f(2)| > € - 3’

which proves the inequalities for n = 2.

Suppose now that the inequalities hold for n. Let a,1; > «, such that z,, <

€
xanJrl < x? |f(g0ﬂ(yn77')) - f(yna"’)| < 2n+3 and |f((pﬂ(xan)) - f(xan)| <
r=1,2,...,2n—1 and every 3 = as. Let

° ¥
Jnys for every

Ynt1r = Pani1(Uny) forr=1,...2n—1,

Yni12n = Poni (Ta,)  a0d Yni12011 = Pop iy (Tay iy )-
It follows that

—k—

€
|f(3/n+1,2k+1)—f($)! > - = 2k+4 ( Z ) for k=0,1,...,n and

8 :
€
lf (Yns126) — f2)] < 3 +— 2k+3 for k=1,2,.
Since @,,,,, is an increasing homeomorphism and y, 1 < yp2 <+ < Ypon—1 < T — 0 <
Ta, < Tan,r, We have Y11 < Unt12 < - 0 < Ynt1,2n41 = Panis (Tan,,) <  — 6, which

proves the claim. O
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Questions and comments

The original proof of Theorem [3.3was obtained by Ferenczi, Grivaux and Rosendal.

We modified the proof here to include the complex case.

Megrelishvili proved that if X has the PCP, then every bounded group of iso-
morphisms G < GL(X) is light. We presented here two other conditions that imply the
lightness of a bounded group: SOT-compactness (Proposition and the existence of
G-invariant LUR renormings (Theorem [3.3).

Question 3.14. What other conditions over X and/or G imply that a bounded group
G > GL(X) is light?

We were not able to find yet an orbit-wise light group that is not light. For this

reason, we ask:

Question 3.15. Is every light group orbit-wise light?



4 Distinguished points and light groups

Bellenot proved in [Bel86] that any separable real Banach space (X, ||-||) admits an

equivalent renorming || - || such that Isom(X, || - ||) = {Id}. Jarosz generalized Bellenot’s
result in [Jar88], proving that any Banach space (X, || - ||) (separable or not, real or
complex) admits an equivalent renorming || - || such that

Isom (X, || -])) = {Ald: A e K, [A] = 1},

where K = R in the real case and K = C in the complex case. Ferenczi and Galego
investigated in [FGI0] what other groups may be seen as the group of isometries of a
Banach space under some renorming. Among other results, they prove that if X is a
separable Banach space and (' is a finite group of isomorphisms of X with —Id € G, then

X admits an equivalent norm || - || such that
G = Isom (X, [ - [}).

They also prove that if X is a separable Banach space with LUR norm || - || and if G is
an infinite countable bounded isometry group of X such that —Id € G and such that
G admits a point x € X with inf, 4 |gz — x| > 0, then G = Isom(X, | - ||) for some

equivalent norm || - || on X. A point x satisfying the condition
Inf llgz — 2| >0

is called in [FR1I] a distinguished point of X for the group G.

Ferenczi and Rosendal generalized results of [FG10] in [FR11] to certain uncount-
able Polish groups and also defined the concept of distinguished family for X in relation
to G as a finite subset F' = {z1,...,2,} of X such that
inf {max | Tx; — a:ZH} > 0.

T#1d |i<i<n

In this chapter we will investigate the relations between the concepts of distin-
guished families and light groups. In Theorem we will prove that if G < GL(X) is
such that G has a distinguished point for X, but G does not act as an SOT-discrete group
on X* then G is not light. In particular, the group Isom(c) is not light, which implies

that every separable infinite dimensional C'(K) admits a non-light renorming (Corollary
79).

It is clear that if GG is an isometry group with a distinguished point, G is discrete

in the strong operator topology. Ferenczi and Rosendal ask in [FR11] if the converse of
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this fact holds, i.e., if every SOT-discrete group has a distinguished point. In Proposition
we will see that the answer to this question is negative. We will give an example of
an infinite countable group of isomorphisms G of ¢y which is SOT-discrete but does not

admit a distinguished point for G. In addition, this group is also not light.

4.1 Distinguished family for dual actions

If G < GL(X), besides the action of G on X we also may consider the action
induced by G on X*, identifying G with ¢(G) < GL(X*), where ¢ : G — GL(X™*) is
given by

V(T (z*) =a* o T

We will show in Proposition that the existence of a distinguished family of
cardinality n in X for GG implies the existence of a distinguished family of cardinality n

in X* for G. We will need the following lemmas:

Lemma 4.1. Suppose that G < GL(X) is light. If G acts like an SOT-discrete group on
X, then G acts like an SOT-discrete group on X*.

Proof. Let ¢ : G — GL(X™) be defined by
Y(T)(z*) =a* 0T}

for every T' € G and x* € X*. We want to show that ¢ (G) is an SOT-discrete subgroup
of GL(X™). Since G is light, G is WOT-discrete. Hence, for every T' € G there exist

T1,...,Tm € Sx, o%,...,x; € Sx» and € > 0 such that

GN{S™ € GL(X); |2; (87 () — 2i (T} (xy))| <&, 1<i<m, 1< j<m}={T""}.
(4.1)
Notice that

A={® e GLIX"); [|®(z7) — o(T)(x7)|| <&, 1<i<n}
is an SOT-open subset of GL(X*). Moreover, if ¥(S5) € ¥(G) N A then
() (27) = p(T) ()] <&, for every 1 < i <n.
Therefore,
[¥(S)(@7)(x5) = ©(T)(a7) ()| < e, for every 1 <i<nand1<j<m.

Thus, |27 (S™1)(z;) — 25 (T (z;)| < e and by (4.1), we conclude that S =T and

P(G)NA={y(T)}.
Hence, ¢(G) is SOT-discrete in GL(X™). O
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Lemma 4.2. Let X be a Banach space, G a bounded subgroup of GL(X) and {z1,...,x,}
a distinguished family of X for the action of G. Let || - || be a G-invariant renorming of X
which is LUR in xy,...,z,. Then, for any ¢; € Sx« .= with ¢;x; =1, 1=1,...,n, the
family {1, ..., ¢n} is distinguished for the dual action of G in X*.

Proof. Without loss of generality, suppose that ||z;|| = 1 for every i. Let
v = ;illfdmla,x |lgxi — x;]] > 0.

If g # Id, let i be such that ||gx; — ;|| = ~. Since || - || is LUR in @y, .., z,, there exists
e > 0, which depends of v but not of ¢, such that

Hence,
|pigzi + dizi] < 2—¢
lpigr; +1] < 2—¢
di(gr) < 1—¢
g (oi) (i) — i) < —¢
e < |lg"(¢:) — ¢ill.

Lemmas [4.1] and [4.2] and Theorem [3.3] imply the following:

Proposition 4.3. Let X be a Banach space, G a bounded SOT-discrete subgroup of
GL(X) and suppose that X admits a G-invariant renorming LUR in a dense subset of
Sx. If there exists a distinguished family of cardinality n for the action of G on X, then

there exists a distinguished family of cardinality n for the dual action of G on X*.

The next theorem gives us a criterion to determine that a group is not light. We
will use this result in Proposition to prove that c is not light.

Theorem 4.4. Let G < GL(X) be such that G has a distinguished point for X, but G
does not act as an SOT-discrete group on X*. Then, G is not light.

Proof. Let xg be a distinguished point of X the action of G. Since
%Ielg HTJZ'O — iIZ'QH > 0,
T#Id

SOT
we have T,, -4 Id for every sequence (T,,) in G such that T,, # Id for every n. On the

other hand, since GG does not act as an SOT-discrete group on X*, there exists a sequence
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T on the dual representation 1(G) of G on GL(X™) such that T;* # Id for every n and
T 298 1d in ¥(Q). Therefore, for every ¢ € X*,
Tro i ©
Tro(x) —  o(x), for every x € By
oT '(x) — (), for every v € Bx
Tt Y g,
[

Proposition 4.5. There exists a subgroup G of Isom(c) that has a distinguished point,

but whose dual action on £y is not SOT-discrete.

Proof. Define G as the subgroup of isometries 1" of ¢ of the form

T((wr)ren) = (exTh)ren, (Th)ren € ¢,

where the sequence (g;)r € {—1,1}" is eventually constant. Notice that (1,1,...) is a

distinguished point for G, since

inf [T(1,1,..) = (L,1,...)] =2
T#1d

On the other hand, the dual space of ¢ identifies isomorphically with ¢y, where ¢ =

(yr)ken € £1 acts on an element x = (2 )ren € ¢ by the formula

o(r) =y hm $k+zykxk 1-
k=2

For every n € N, define the operator T,, € G by setting, for every (zy)ren € ¢,
To(T1, 72, o Tpe1, Ty Ty 1, -+ - ) = (1, Ty oo o, T, =T, Ty, - - - ).

For every x € c we have

o(Th(x)) = 1 hm e + Z Uk (T () o1 = (yl 11H1 Ty + Z Yk Th— 1) — 2Ynn,
o

which tends to ¢(z) as n tends to infinity. Thus, the inequality

[ xe < [T = ) (@) = 2fynwal < 2fynll,

x € ¢, p € lp, implies that T, tends SOT to Id, so the dual action of G' on ¢; is not
SOT-discrete. N

Remark 4.6. Since the dual action of the group G of Proposition is not SOT-discrete,
by Lemma [£.1] its action on ¢ is also not SOT-discrete.

By Theorem we also have the classification of Isom(c) in terms of being light:

Corollary 4.7. The space c is not light.
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4.2 Non-light renormings of C(K)

We proved in Corollary that Isom(c) is not light. In fact, we can use this result
to prove that every infinite dimensional separable space C'(K) admits a renorming || - ||
such that Isom(C(K), | - ||) is not light. We will need the following result:

Proposition 4.8. Suppose that Y is a complemented subspace of X. If every bounded
group of isomorphisms of X is light, then every bounded group of isomorphisms of Y is
light.

Proof. Let Z be a closed subspace of X such that X ~Y @ Z. Let G < GL(Y) be a
bounded subgroup and for each T' € G define T € GL(X) by T(z) = (T(y), z), where
= (y,z) € X ~Y @ Z. Notice that G = {T;T € G} is a bounded subgroup of GL(X)
and hence, light.

Let (Ty)aer be a net in G such that T, wor Idy. We claim that T}, wor Idx. Indeed,

for every ® = (§,9) € X* ~Y* @ Z* and every = = (y,2) € X we have

[(Ta(2)) = ()] = [E(Tuly) — ()] = 0.

Since G is light, then T}, 59T 14 x. Moreover, for every y € Y we have

ITa(y) = ylly = 1 Ta(y,0) — (y,0)||x — 0,

e, T, 2% 1dy. =

Since ¢ is isomorphic to ¢ (see, [FHHT11, p. 271, Exercise 5.16]) and ¢ is isomor-
phic to a complemented subspace of C(K) for every infinite, compact and metrizable K
(see [FHHT11, p. 273, Exercise 5.26]), and since C'(K) is separable if and only if K is
metrizable (see [FHH™ 11, p. 128, Lemma 3.102]), it follows:

Corollary 4.9. Every infinite dimensional separable C(K) admits a non-light renorming.
Proof. Let Z be a closed subspace of C'(K') such that C'(K) ~ Isom(c) & Z. Let
G={g®1ds; g € Isom(c)}.

By Propositions and [£.8| G is a bounded non-light group of isomorphisms of C'(K).
Moreover, C(K) admits a LUR renorming || - ||, since it is separable (Theorem [3.1)). Also,

lz]| = sup [|gz|]
geG

is a G-invariant LUR renorming of C'(K). Since G < Isom(X,| - ||), it follows that
Isom(X, || - ||) is also non-light. O
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4.3 Example of an SOT-discrete group without distinguished
points
If x¢ is a distinguished point of X for G < GL(X), there exists ¢ > 0 such that
Tlrelg | Tzo — ol > €.
TZId

Hence, A={T € G : ||Txo — xo|| < e} is an SOT-open subset of G that contains only the
identity and therefore G is SOT-discrete.

On the other hand, since the sets

xn,Tie — {S : ||S‘rl - sz” < 5,V1 < Z < TL}

-----

form a basis for SOT, if G < GL(X) is SOT discrete there exist ¢ > 0 and x1,...,2, € X
such that
G m VZ’1 ..... xn,Id,a - {Id}

Thus, {z1,...,2,} is a distinguished family of X for the action of G. In [FR11] Ferenczi

and Rosendal ask if we also can get a distinguished point for G in this condition.

Question 4.10. If GG is an isomorphism group of X which is SOT-discrete, should X have
a distinguished point for G?

Next proposition gives a negative answer to this question.

Proposition 4.11. For every r > 2, there exists a bounded infinite SOT-discrete isomor-
phism group which admits a distinguished family of cardinality r, but does not admit any

distinguished family of cardinality r — 1.

Proof. Let (A\g)k, A\ = (x\,i”, ceey )\gﬂ)), be a dense sequence in the unit sphere S"~! of R”
for the ¢; norm. Consider the vectors of the canonical basis of ¢y (€,)n>1 and for each
k > r define the functionals

o, = Mer + AVer + -+ 2\ e, + ey,

which seen as an element of ¢; has norm at most r+ 1. For every k£ > r define the operators
R : Co — Co by
Ri(z) = —2x}(x)ey.

Notice that
R} = —2R;, and R,R,=0, ifk#n.

Thus
(Id+Ry)* =1d
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and if n # k we have
(Id+Ry)(Id+R,) = Id+Rr + R, = (Id+R,)(Id +Ry).

Therefore, the operators 7,, = Id +R,, generate a countable infinite abelian subgroup

G < GL(cp). Moreover, any element of G' can be written as
T=1d+ ) Ry,
keF
for some finite subset F* C NN [r,+00). Hence, for every z = (x,), € B, we have

Tl =l 2 3 af(@erl] < maxal, ma o — 203(2)]}
keF

< — — .
S max{l,rlgleax| T 2JE>T /\k: CCJ|}

< 3.

It follows that ||T'|| < 3 for every T € G, i.e., G is bounded. We will now prove that no
family {z1,...,z,_1} of ¢ is distinguished. Notice that for every k >rand 1 < s<r—1

we have

[(Id+Re)(zs) =zl = 2[[xg(zs)ex]]
= 2|)\§€1)ng) +--+ )\,(Cr)ng) + W)
< 2N 4 A2 4 220,

Since dimspan{z,...,z,_1} < r — 1 there exists y = (yM,...,y") € S"! such that
y L x, for every 1 < s < r — 1. By the density of (A)s in "1, it follows that

limkinf |(Id+Ry)xs — z4|| =0

for every 1 < s < r — 1 and hence the family {xy,..., 2,1} is not distinguished. On the
other hand, the family

{e1,...,¢e,}

is distinguished. Indeed, notice that for every T =Id+ > ,cp Ry, F # 0, and 1 < s < r
we have

ITes = el = 2 pax A7)
Since

A+ I =
; 1
there exists ¢ € {1,...,r} such that |)\,(;)| > —. It follows that
r
: 2
inf {max ||Tes —esl|} = — >0
r

TeG "1<s<r
T#Id

and {ej,...,e.} is distinguished for G. In particular, G is SOT-discrete. ]
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Taking r = 2 in Proposition 4.11], we have a negative solution to Question |4.10]

Moreover, we have:

Proposition 4.12. The groups of Proposition are not light.

Proof. For every x € ¢y,

R(z) = =2\ W2 1 \@5@ 4o A0p™) 4 g(Mye,

WOT

converges weakly to 0, i.e., T,, — Id. On the other hand, taking

T=e et te,

we have

ITu(@) = 2l = [ Ra(2)ll = 2IA0 + A2 + -+ A7),

n

By the density of sequence (\,), in S"~! we cannot have

lim ‘)\ n2)_1_..._|_)\7(1?“)’:(),
n—oo
SOT
Therefore, R, (x) does not converge strongly to 0 and T,, —~ 1d. [

4.4 SOT-discrete groups with dense orbit

A famous and still unsolved problem in geometry of Banach spaces is Mazur’s
rotation problem. This problem is motivated by the observation that the Hilbert space
H = L,[0, 1] has the following property: for every pair f,g € Sy there exists T' € Isom(H)
such that T'(f) = g. Indeed, if f = £g, then £ 1Id would be an isometry that maps f in g.
Otherwise, let Y = span{f, g}. Define an isometry 7' € Isom(Y’) such that T'(f) = g and
extend it linearly to H = Y @ Y+ using the identity in Y*. Denote by 7" this extension.
Then, for every h = (u,v) € Y & Y+ we have

1T, 0)* = (T(u+v),T(u+0))
(Tu+ v, Tu +v)
= (Tu,Tu) + (v,v)
(u, u) + (v, v)
{

U+ v, u+ v)

= Ju+vl?,
i.e., T € Isom(H). In [Ban32, p. 242] Banach attributes to Mazur the following question:

Question 4.13 (Mazur’s rotation problem). Let X be a separable infinite dimensional
space such that, for every =,y € Sy there exists T' € Isom(X) with T'x = y. Is X isometric
to H?
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In modern terminology, Mazur asks if every separable infinite dimensional transi-
tive Banach space is isometric to Ly[0,1]. A norm || - || in X is called transitive if for every
z,y € X there exists T' € Isom(X) such that Tz = y. In other words, | - || is transitive if
the orbit of a point xy € Sx (or equivalently, of every point « € Sx) by the group action
of Isom(X)

O(xg) = Isom(X)zg = {Txo; T € Isom(X)}

is equal to the set Sx. When O(xg) is only a dense subset of Sx, we say that the norm

| - || is almost transitive .

Mazur’s rotation problem motivates many works about the existence of transitive

or almost transitive renormings of Banach spaces (see, e.g., [FR13]).

Proposition gives us an example of SOT-discrete isometry group that has a
distinguished point zy € Sx. In particular, the orbit O(xg) is not dense in Sx. A natural

question that arises from this fact is the following:
Question 4.14. Does there exist a Banach space X such that Isom(X) is SOT-discrete

but whose orbit for some zg € Sx is dense in Sx?

We will give a partial answer to this question in Proposition [£.16} if such space
does exist, then its isometry group cannot be abelian. This an immediate consequence of

the following lemma:

Lemma 4.15. Let X be a Banach space such that Isom(X) acts almost-transitively on
Sx. If there exists a distinguished family {x1,...,x,} C Sx, n = 2 for Isom(X), then
Isom(X) is not abelian.
Proof. Let € > 0 be such that

inf {max | Tx; — ZL‘ZH} > €.

T#Id (1<i<n

Since

O(xy) = {Tx; T € Isom(X)}

is a dense subset of Sy, there exists T} € Isom(X) such that ||Tiz; — x| < Z Hence,
Tz, — x| = e, (4.2)
for some 1 < i < n. Let Ty, ..., T, € Isom(X) such that ||Tjx; — x;|| < Z Then,
|71 = il < | TiThws = Tl + Ty — ] < 5.
If Isom(X) was abelian, we would have for every 1 <7 < n,
[T — ]| < [|[Tha; — TV || + [|[TiTha, — il <e,

which contradicts (4.2]). ]
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Proposition 4.16. If [som(X) is SOT-discrete and acts almost-transitively in Sx, then

Isom(X) is not abelian.

Proof. Tt follows from Lemma and the fact that if G' is an SOT-discrete group, then
X has a distinguished family {z1,...,z,} for G, with n > 1. This implies also that X has
a distinguished family {z1,...,x,} for G with n > 2, because if F' is distinguished for G
then F'U {z} is also distinguished for any = € X. O

Questions and comments

The proof of Proposition is a generalization of an initial result of Ferenczi,

Grivaux and Rosendal for r = 2.

The examples presented show that there is no general relation between closed sub-
spaces and their respective isometry groups, in terms of being light, apart from Proposition
4.8 Indeed:

1. ¢ is a closed subspace of ¢, ¢ is light, but ¢ is not;
2. c¢is isometrically isomorphic to a closed subspace of C[0, 1], ¢ is not light but C0, 1]
is light.

In view of Proposition [4.16] we may restate Question in the following way:

Question 4.17. Does there exist a Banach space X such that Isom(X) abelian, SOT-

discrete but whose orbit for some xy € Sy is dense in Sx?

Finally, whether the converse to Megreleshvili’s result holds remains an open ques-

tion:

Question 4.18. Does a Banach space X have the PCP if and only if all bounded subgroups
of GL(X) are light?

The answer is positive when X has an unconditional basis: this follows from the

following facts:

1. if X is a separable Banach space containing an isomorphic copy of ¢y, then GL(X)

contains a non-light bounded subgroup G;
2. an unconditional basis whose span does not contain ¢y must be boundedly complete;

3. separable dual spaces have the RNP and therefore the PCP.
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For further references, we reproduce below the classification of light groups that

were cited in this thesis:

Light /non-

Group or property light Reference

G < GL(X) bounded, X reflexive Light [Meg01]

G < GL(X) bounded, X separable dual space | Light [Meg01]
Isom(C[—1,1]%) Non-light [Meg01]
Isorp(C’(K )), if K contains an n-dimensional Non-light [AFGRIT]
region, n > 2

Isom (/o) Non-light Proposition [1.10
Isom (L]0, 1]) Non-light Proposition [1.13
Isom(C ({0, 1}Y)) Non-light Proposition [1.11
SOT-compact groups Light Proposition [1.19
Isom(C[0, 1] x F'), F finite Light Proposition [1.16
Isom(Cy(R)) Light Proposition [1.18
Isom(Xs,), n € N Light Proposition [2.7]
G < GL(X), if X admits a G-invariant dense )

LUR renf)rn)ling Light Theorem
Isom(cy) Light Proposition
G < GL(X), if G has a distinguished point but )

has dual(aciion SOT—indiscreti ! Non-light Theorem
Isom(c) Non-light Corollary

Table 1 — Light /non-light groups






5 Polyhedrality of combinatorial spaces

Let X be a topological vector space and let A C X. We say that A is a convex
polytope if
A =7co(F),

for some finite subset F' C X, where ¢o(F') denotes the closed convex hull of F'. We say

that a finite dimensional vector space X is polyhedral if its closed unit ball By is a convex
polytope.
The concept of polyhedrality has many applications for finite dimensional spaces,

which led several authors to expand this definition for infinite dimensional spaces. Fonf
and Visely collect in [EV04] eight of these definitions:

(I) (ext Bx+)' C {0}, where

A={fex : feA\{/}"}, Acx

(IT) (ext Bx«)" C rBx«, for some 0 < r < 1;

X* ' * i i )
(III) (ext Bx+)" C B%., where BY% is the open unit ball of X
(IV) f(x) <1, whenever x € Sx and f € (ext Bx+)'

(V) sup{f(x): f € ext Bx« \ D(x)} < 1, for each x € Sy, where
D(z) ={f € S(X"): f(z) =1}

(VI) every z € Sx has a neighborhood V' such that, for each y € V' N Sy, the segment
[z, y] lies entirely in Sy;

(VII) the set M, = {z € Sx : max(D(x),v) < 0} is open in Sx for each direction v € Sx;

(VIII) the unit ball of every finite-dimensional subspace of X is a polytope.

These definitions are non-equivalent. Indeed, Fonf and Visely prove that
() = (1) = () = (IV) = (V) = (VI) = (VII) = (VIII)

and none of these implications can be reversed. The oldest and standard definition of
polyhedrality is the definition (VIII), due to Klee, in [Kle60], motivated by the problem
of existence of universal spaces for some classes of spaces, especially the existence of

a universal space for the reflexive separable spaces (which was answered negatively by
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Szlenk later, in [SzI68]). Klee proved that ¢y is polyhedral and it is universal for all
finite-dimensional polyhedral Banach spaces and asks whether there exists an infinite-

dimensional Banach space reflexive and polyhedral.

Lindenstrauss proved in [Lin66] that every infinite-dimensional space has a two-
dimensional quotient space whose unit ball is not a polygon. A consequence of this theorem
is that no infinite-dimensional dual space (including reflexive spaces) is polyhedral. Indeed,
if X = Z* is infinite dimensional, there exists Y < Z such that dim(Z/Y) =2 and Z/Y is
not polyhedral. Since (Z/Y)* isisometricto Y+ ={p € Z* : p(y) =0,Vy e Y} < Z* = X
(see [FHH™ 11, Proposition 2.6]) and dim(Z/Y")* = 2, it follows that X is not polyhedral.

Recall that By is weakly compact if X is reflexive. Since the weak and the norm
closures coincide in convex subsets of normed spaces, the Krein-Milman Theorem implies
that

By = co(ext By),

if X is reflexive. This and the previous observation led Lindenstrauss to ask the following

question:

Question 5.1 (Lindenstrauss, [Lin66]). Does there exist a polyhedral infinite-dimensional

Banach space whose unit ball is the closed convex hull of its extreme points?

Obviously ¢y is not a solution for this question, since it has no extreme points,
although it is polyhedral. However, De Bernardi gave in [DB17] the first solution for
Lindenstrauss’s problem, using a renorming of ¢y. The construction is the following: let

(n) € co, with 0 < 7, < 5 for every n and let d,, = 2v,. For each n € N, let
An = {(1 — 571)5161 R (]_ — 5n)5nen + (1 + ’Yn)En+1€n+1 PE1y -5 80+ € {ﬂ:l}},

where e, g, ... is the usual basis of ¢g. Put A =2, A, and B = co(A). Since (v,,) € co,
then {£e; £es+---£e, :n € N} C B, which implies that B,, C B. Since A is bounded,
B is the closed unit ball of an equivalent norm || - ||. Define X = (co, || - ||). De Bernardi
proved that X is (V)-polyhedral, i.e., it satisfies the fifth definition of [FV04], which is
stronger than Klee’s definition, and also showed that ¢o(ext(Bx)) = Bx.

The purpose of this chapter is to provide new examples of spaces that solve
Question . We will prove in Theorem that every combinatorial space Xr is (V)-
polyhedral. In particular, the Schreier spaces of countable order X, are new solutions to
Lindenstrauss’s problem. We also prove (Corollary that the dual space of every com-
binatorial space has the convex series representation property (CSRP), i.e., every point of
the unit ball of X7 can be expressed as an infinite convex combination of extreme points
of X7%.
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5.1 A-property and CSRP

The A-property was defined by Aron and Lohman in [AL8T7] as follows: let X be a
normed space and let z € By. If e € ext(Bx), ||yl < 1,0 <A< land z = Xe+ (1 =Ny

we say the ordered triple (e, y, A) is amenable to z. In this case, we define
A(z) = sup{\: (e,y,\) is amenable to =}

(the function A measures how close a point of the ball is close to being an extreme point
of the ball). A Banach space X is said to have the A-property if each x € By admits an
amenable triple. If X has the A-property and, in addition, satisfies

inf{\(z) : € Bx} > 0,

we say X has the uniform \-property.

Aron and Lohman prove that many classical Banach spaces have the A\-property
or the uniform A-property. For example, they prove that every finite dimensional normed
space has the uniform A-property. Also, if X is a strictly convex normed space, T' is a
compact metric space and Cx(T') is the space of continuous X-valued functions on T’
endowed with the sup norm, then:

1. Cx(T) has the uniform A-property, if X is an infinite dimensional space;
2. Cx|0,1] has the uniform A-property, if X is a real space with dim X > 2;
3. Cx|0,1] does not have the A-property, if X is a real space with dim X = 1;
4. ¢1(X) has the A-property but not the uniform A-property;
5. s (X) has the uniform A-property;
6. ¢(X) has the uniform A-property, for X infinite-dimensional;
Among other useful geometric implications for these properties, the authors prove

the following:

Theorem 5.2 (JAL8T], Theorem 3.3). Let X be a Banach space satisfying the \-property.
Then,
BX = @(ext(BX))

They also observe that if X has the uniform A-property, then each x € Bx admits

an expansion as an infinite convex combination of members of ext(By), i.e., there exist
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a sequence of positive numbers (A\x) with >72, Ay = 1 and a sequence of extreme points
(ex) of Bx such that

00
r = Z )\kek.
k=1

This property is called convex series representation property in [Loh&89]. On the
other hand, it is not hard to see that the CSRP implies the uniform A-property. Actually,
in [ALS91] the authors prove that the CSRP implies the A-property and, hence, both

properties are equivalent.

In [ST90], Shura and Trautman prove that the Schreier space Xgs, has the A-
property. Beanland and Chu extended this result in [ABC19]:

Theorem 5.3 (Theorem 3.1, [ABC19]). Let a be a non-zero countable ordinal. Then:

1. The space Xs, has the A-property.

2. For p € (1,00), the space X§ has the uniform A-property, where X§ denotes the

p-convezification of Xs,, i.e., the completion of cop under the norm

1
x = su x;|P)7;
2 xz Feg(gl il”)7;

By Theorem [5.2] it follows that:

Corollary 5.4. For every non-zero countable ordinal o,

Bx

Sa

— @ (ext(By,))-

Hence, the Schreier spaces of countable order are possible candidates to give a
positive answer to different than the one provided by De Bernardi. In fact, in Theorem
.12 we will prove that every combinatorial space is (V)-polyhedral.

5.2 Characterization of the dual of combinatorial spaces

We will prove in Theorem that for every regular family F the combinatorial
space Xr is a (V')-polyhedral space. In order to prove Theorem we need a character-
ization for the extreme points of the dual of Xr. Gowers [Gow(09 states in his blog the

following;:

(...) a long time ago I proved a result I quite liked, motivated by the
question of showing that explicit spaces contained cy or ¢,. However,
the result isn’t quite what you would expect, because it includes a lot of
spaces that aren’t even definable. Let us call a space combinatorial if it
is defined by means of a system A of finite sets in the following simple
way: [|z]| = supac 4 D nea |Zn|- I showed that every combinatorial space
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contains ¢g or £1. (We need to assume that 4 contains all singletons just
to make sure we’'ve got a norm and without loss of generality if A € A
and B C A then B € A.) I also generalized this observation somewhat. I
never published the result, because I gave a talk about it at a conference
and someone pointed out to me that it was known that spaces for which
the unit ball of the dual space has only countably many extreme points
must contain ¢g. My result was an easy consequence of that: if you have
a nested sequence A; C Ay C ... of sets in A, then the basis vectors in
the union of the A; generate ¢1, and if you don’t have such a sequence,
then every element of A is a subset of some maximal element A, and all
the extreme points of the dual space are sequences that take
the value +1 on a maximal set and 0 outside it. So I had proved
(by a similar method) a special case of a known result.

In Theorem we will give a proof for this characterization of ext(Bx: ) stated
by Gowers but before that we will provide a characterization of the whole unit ball By:.
It is a well-known fact that the unit ball of dual spaces can be characterized by norming

sets. A set A C By~ is called a norming set for X if

| z]| = sup |¢(z)],

peA

for every x € X.
Proposition 5.5. A C Byx- is a norming set for X if, and only if,

Bx+ =@ (A),
where ©6"*(A) denotes the weak*-closed convex hull of A.
Proof. Suppose that A C By« is a norming set for X and suppose by contradiction that

Bx« #t"*(A). Let f € By« \ @"“*(A). By the Hahn-Banach separation theorem, there
exists ® € (X*, w*)* such that

sup{|®(g)| : g € 0" (A)} < @(f).

Since (X*,w*)* can be identified with X (see [FHH™ 11, Proposition 3.22]), there exists
x € X such that

sup{lg(z)] - g € 0™ (A)} < f(x) = [ ()] < I - Nzl = [l

which contradicts the fact that A is a norming set. On the other hand, suppose that
Bx+ = c0"*(A) and suppose that A is not a norming set. Then, there exists x € X such
that

sup [ ()] < [|]]-
pEeA

Hence, for every ¢y,...,9, € A and every ay,...,a, > 0, with > ; a; = 1, we have

n

1D~ aipi(@)] < D ailei(x)] < sup |o(x)
i=1 i=1 EA
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and therefore

su )| < ||r|]| = max )|,
o )] < el = ama fe(a)

which contradicts the w*-density of co(A) in Bx«. O

We will use Proposition [5.5] to give a characterization of the ball of dual of combi-

natorial spaces:

Theorem 5.6. Let X5 be a combinatorial space and let

Wr={9=)> e :FeF}

keF
Then,

i=1

i=1

Proof. Notice that for every x € X N cog we have

lelly = sup > aul = sup |f()]

keF feWr

and by density of cgg in X7 the same holds for any z € X, i.e., Wx is a norming set for
X 7. By Proposition it follows that

BX} = @w*<W}').

Thus, we need to show that

0 (Wr) = {f =Y Aifir fie Wr,liz0and Y\ < 1}-
i=1

i=1
Let f € co"*(Wx) and let (f,)22, be a sequence in co(Wx) such that

fo == 1,

i.e., f, converges pointwise to f. Each f, can be written as

dp,
= Z An,mfn,m?
m=1
dn,
with A, ,,, = 0, Anm = > 1 and f,,, € Wg. Also, each f,,, has the form
m=1

fn,m: Z 5£ka)neka

kEFy m

where F, = {k1 < ko <--- <k} € Fand e, = (1) ... )y € {—1,1}". Then,

n,m?
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(k) « (k) «
fi = M1 Y. 511)€k+>\12 >, 612)% A Y 51d16k

keF1 1 keFy o keF 4,

fro= ax X 8216&*‘)‘22 > 522€k SRR DY 52d2€k
keF> 1 kE€Fs o kEFs 4,

f?’b — Z 5 16k )\’Vl,2 Z 877,,26]6 + cee —I— )\n’dn Z 6n,dnek
k:an 1 keFy 2 keFy 4,

We want to show that

f=w" hmfn—/\lzél ek+)\2252 ek—l—)\gzegk)ez—i- . (5.1)

ke Fy keFy keFs
for some \; > 0, F; € F, e ¢ {=1,1} for every i € Nand k € F; and 32, \; < 1

Let
={t eN; f(e:) # 0}

and denote by P the class of pairs
P={(Fe):F={ky<ky<---<k}eFande=(e®) ™ k) ec{ 11}}.
In P, we will say that (G,d) is an extension of (F,e) and we will denote
(Fle) C (G.9)

lfF:{kl < v <k’l} QG:{ll < - <lj} and&?(kt) :5(kt) forevery k. € F.
For each j € N, define P; to be the class of pairs (F,¢) of P such that:

1. FCWN;

2. card(F) = j;

3. there exists the limit ji(pe) = lim ( > /\n,m>;
1<m<d,
(F.e)C(Fn,m-en,m)

4. K(Fe) > 0.

We will say that (F, ., En.m) is @ mazimal extension of (F,¢) and we will denote

max

(F7€) E (Fn,magn,m)

if:
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1. <F7 8) E (Fn7m)€n,m);

2. (F, 8) € Pj — (G, 5) ,IZ (Fn,magn,M)u for any (G75> S Pj-i-l'

The elements (F,e) € U2, P; will be used to define the sets I and the signs e in
(5.1). It still remains to define the coefficients A;. This will be done as follows: let (F},&;)32,

be an enumeration of |J;2; P;. Let

v =t (X ) =gm (X ),

1<m<d, neNy 1<m<d,
max max
(Fva) [ (Fn,mvan,m) (Fva) C (F7L,m757z,m)
where /Ny is an infinite subset of N. In the same way we define (g, c,), A(Fye,), - - -, taking

infinite subsets Ny, N3, ... of N such that

N1 DNy DNsD ...

Notice that

o0

Z )‘(Fi,6¢) < 1.
=1

Indeed, if Z)‘(Fi,ai) > 1, there would exist r € N such that ZA(Fv‘E) > 1. Hence, for
i=1 i=1
sufficiently large n € N,., Z Anm > 1, since each (F,, €nm) I8 @ maximal extension

1<m<dn
dn,
of at most one pair (F;, ¢;), which contradicts the fact that Z Anm = 1.
m=1

For each 7 € N define

k) x
9(Fies) = Z 61( )ek’
keF;

Let -
g = Z )‘(Fi,Ei)g(szEi)'
i=1
We claim that f(e;) = g(e;) for every t € N and hence
f=g

Indeed, suppose by contradiction that f(e;) = M and g(e;) = L, with M # L, for some
teN. Let

n

Mt = limsup( Z )‘n,m> = nh_)r&( Z )\n,m>,

1<m<dn neN’ \1<m<d,

t€EFn,m t€Fn,m
t t

E'EL?m:l 5'EL,>m:1

where N’ is an infinite subset of N, and let

- . + 1:
M~ =M-M _nlggo< 3 An,m)
neN’ 1<m<d,
t€EFn,m

() _

Enm=—1



Hence,
fle) = lim fu(e,) = lim ( > ,\nmgg)m> M+ — M-
tan,m
On the other hand,
er) = > ANEendFenle) = > /\(pi,gi)egt) =Lt - L,
i=1 1<i<oo
teF;
where LT = Z A and L™ = z A(Fres)-
1<i<oo 1<i<o0
teF; teF;
51(‘t):1 52@:—1

Without loss of generality, suppose that Mt # LT and let
LT — Mt =¢>0.

For sufficiently large » € N, we have

| Z >\ (Fisei)

1<i<r

Mm

teF;
a§t>:1

Also, for sufficiently large n € N’,

Z )‘(Fiﬁi) - Z Anm| < 14
1<ir 1<ir
teF; 1<m<dn
(t)_l max
i (Fi»si) E (Fn,m,€n,m)
Hence,
. ¢
Lt — > Anm| < 5
1<ir
1<m<dn
max
(Fias’i) E (Fn,m»gn,m)
and then
N ¢
’M — > Anm| 2 3
1<i<r
1<m<dn,
max
(Fiysi) E (Fn,mygn,m)
i.e.,
hm ( > )\kl> — > Anym| 2 5
R \1<i<d, 1<i<r
teFy, 1<m<d
51(:)[ (Fiei) |: ( n,m,E&n, m)
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for every r € N and n € N’ sufficiently large. It means that for every k sufficiently large

we can find sets Fy,, ..., Fj,, such that t € Fii;s 5,(3], =1 and Z}‘Zl Y g,

which are

not maximal extensions of any (Fj, ;). This is a contradiction, because in the worst case

they would be a maximal extension of ({t},1).

]
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Notice that
W]-'max = {g = Z Z|Z€]>: P e fmax}.
keF

is also a norming set for X3 and hence By: = €0"*(Wmax). For this reason, we may ask:
F F )

Question 5.7. Can we replace Wz by Wirmax in Theorem [5.6]:

We will provide a positive answer to this question in next corollary. An important
consequence of this result is that the dual of any combinatorial space has the CSRP, as
we will see in Corollary [5.10]

Corollary 5.8. Let X7 be a combinatorial space. Then,

BX} _ {fzz)‘ifi c fi € Wrmax, A; = 0 and Z)‘i < 1}-

i=1 =1
Proof. Let f € Bx:. By Theorem f can be written as
i=1
with F; € F, \; > 0, Zfil)‘z < 1and

fi = Z gz(k)e;

keF;

with 55’“ € {—1,1}. For each i, take G; € F such that G; N F; = () and
H, = F;UG; € F™,

Then,

keF; keG; keF; keG;

1 1
fi= 3 (Z 55“6}24— > eZ) —|—§ (Z ggk)e};—l— > —eZ) .

For each i € N, define

foii1 = > 55“@? + ) e foi = > 51(@@1? + > e

keF; keG; keF; keG;
and \
Xoi1 = Aoy = ;
Therefore,
i=1
with \; > 0, > \; <1and f; € Wrmax for every i € N. O

Finally, we are able to prove Gowers’s statement:
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Theorem 5.9. Let X be a combinatorial space. Then,

ext(Bx;) = {Za e;: Fe F™ ande; € {—1,1}}.

i€EF

Proof. Let f € ext(Bx:) and suppose that f ¢ {Zez cFe F"™ andeg; € {—1 1}}
1€EF
Notice that

l|lz||x, = sup |f(x)| for every x € Xr.
feWr
By Proposition [5.5] it follows that
f e (Wg).

We will consider three cases:

1. If f € Wg, then f =Y ,cpeief, with FF € F\ F™* and ¢; € {£1} for every i € F.
Let i € N\ F such that F'U {20} € F. Notice that f + e} € Bx: and

1 * *
= 5[(]0 +ei) + (f =€)l
which contradicts f € ext(Bxz).

2. If f € coWx), f =X Nifi, with f; € Wx, f; not all the same, A; > 0 and
iz1 A = 1, then obviously f & ext(Bxx).

3. If f e (Wx) \ co(Wx), by Theorem f=>2Nifi, with \; >0, X2, A\ < 1
and f; € Wz are not all the same. Then,

f=>\1f1+(1—/\1)< Ao fo+ As f3+...>

1—X\ 1—X
A2 A3 i . .
and fo+ f3+. € Bxzx, since Z < 1. Hence, in this case
1— )\1 1— )\1 = 2 - )\1

we also have f ¢ ext(Bxz).

This proves that ext BX {Zsl  F e F and g; € {—1, 1}} On the other
1€EF
hand, let f =) e;e] with F € F™ and ¢; € {—1,1}. Suppose that f & ext(Bx:). Let
i€l
\ g+h
g,h € S(X3%) such that g # h and f = — Notice that

g(e;) = h(e;) = f(e;), for every i € F.

Indeed, if we had, for example, €; = 1 and g(e;) > h(e;) for some i € F, then

glei) + hiei)

fle)) =1= 5

= g(e;)) >1 = g ¢ S(X7).



82

Suppose now that g(e;,) # 0 for some iy € F. Let 2 = > a;e; such that f(z) =) |a;| =1
i€F i€l

and |a;| # 0 for every i € F. Let n = min{|a;|;7 € F'} and let y = = + geio. Notice that

f(y) = f(x) =1and |ly|| > 1. In fact, we will show that ||y|| = 1. To prove this, let G € F.

1. Ifip € G, then Y |yl < D |as| + |y(io)|. However, GNF C F, because otherwise
1€G 1€GNF
we would have F' U {iy} € S,. Thus,

: n n
Slyil < X Jaid+ ly(io)l < 1—n+J=1-7.
i€G i€EGNEF

2. Ifig € G, then Y |y;| <D |ag| = 1.

i€G ieF
Hence, ||y|| < 1 which implies that ||y|| = 1. However,

n
9(y) = f(@) +glei) = 1+ 2,
which contradicts the fact that ||g|| = 1. Therefore, f € ext(Bxz). O

Corollary 5.10. The dual of every combinatorial space has the CSRP.

Proof. 1t follows immediately from Corollary [5.§ and Theorem [5.9 O

5.3 Polyhedrality of combinatorial spaces

Fonf showed in [Fon&1] that a polyhedral space must be ¢o-saturated (that is, every
infinite dimensional subspace has a further subspace isomorphic to ¢). In addition, for
each countable o < w; the space X, embeds isometrically in a C'(K) for an appropriately
chosen countable compact Hausdorff space K (see, for example, [CG91] or [Ros03]), which
is polyhedral. Therefore each Xg_ is a polyhedral Banach space.

In this section we will prove a stronger result: every combinatorial Banach space
X7 is (V)-polyhedral. We will use the existence of an e-gap for the sets in F that do not
attain the norm of x in Xz, proved by Beanland, Duncan, Holt and Quigley:

Lemma 5.11 ([BDHQI18|, Lemma 2.5). Let Xz be a combinatorial space and let x €
S(Xz). Then there exists an €, > 0 so that

Z |z;| <1—¢,
el
for every F € F such that Y |x;| < 1.
i€l

Theorem 5.12. Every combinatorial space Xz is (V)-polyhedral.
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Proof. Let x € S(X7) and f € ext(Bxz) be such that f(z) < 1. By Theorem [5.9
there exists F' € F™ guch that f = Y,cpeief, with ; € {£1} for every i € F. Let
G={ie F;e; =sgn(x;)} and H = {i € F;¢; = —sgn(x;)}. Notice that

i€G

Indeed, if H = 0, then f(z) = > ;cq |z:| < 1. On the other hand, if H # (), then

S feid < X fod < flal] = 1.

i€G 1eF

By Lemma [5.11], there exists €, > 0 such that >, |z;| < 1 — ¢,. Hence,

fla) =" |l = D ol < 1 -«

i€G i€H

which proves the Theorem, since ¢, depends only of z. O]

From Theorem and Corollary [5.4] it follows immediately:

Corollary 5.13. For every countable o, X, is (V)-polyhedral and

Bx. = @(ext(BXSa)).

Sa

In particular, Xs, is a solution to Lindenstrauss’s problem.

QUGStiOI”IS and comments

A new proof of Theorem was given by Causey, using the fact that the extreme
points of C(Kx)*, where Kz = {0 € {—1,0,1}" : supp o € F}, can be identified with
{ed, : 0 € Kz,e € {—1,1}}. For this proof, see [ABC19, Proposition 4.1].

We cannot expect to obtain a (IV)-polyhedral space X such that By =
co(ext(Bx)), since (IV)-polyhedral spaces do not have extreme points ([EV04, Theorem

3.6]). So, as the example provided by De Bernardi, our result is optimal.
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