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Resumo

DARLLAN C.P. Uma fundamentagao categorial para uma teoria de representagao
de légicas. 2016. 129 f. Tese (Doutorado) - Instituto de Matemética e Estatistica, Univer-
sidade de Sao Paulo, Sao Paulo, 2016.

Neste trabalho estabelecemos uma base tedrica para a construcao de uma teoria de rep-
resentacao de légicas proposicionais. Iniciamos identificando uma relagao precisa entre a
categoria das logicas (Blok-Pigozzi) algebrizaveis e a categoria de suas classes de algebras
associadas. Assim obtemos codificagoes funtoriais para as equipoléncias e morfismos den-
sos entre légicas. Na tentativa de generalizar os resultados obtidos sobre a codificacao dos
morfismos entre logicas algebrizaveis, introduzimos a nogao de funtor filtro e sua logica asso-
ciada. Classificamos alguns tipos especiais de légicas e um estudo da propriedade metalégica
de interpolacao de Craig via amalgamacao em matrizes para légicas nao-protoalgebrizaveis,
e estabelecemos a relacao entre a categoria dos funtores filtros e a categoria de logicas. Em
seguida, empregamos nogoes da teoria das instituicoes para definir instituicoes para as logicas
proposicionais abstratas, para uma légica algebrizavel e para uma légica Lindenbaum alge-
brizavel. Sobre a instituigdo das logicas algebrizaveis (lgicas Lindenbaum algebrizaveis),
estabelecemos uma versao abstrata do Teorema de Glivenko e que é exatamente o tradi-
cional teorema de Glivenko quando aplicado entre a logica cldssica e intuicionista. Por
fim, influenciado pela teoria de representacao para anéis, apresentamos os primeiros passos
da teoria de representacao de légicas. Introduzimos as definicdes de diagramas modelos a
esquerda para uma légica, Morita equivaléncia e Morita equivaléncia estavel para logicas.
Mostramos que quaisquer representacoes para logica classica sao estavelmente Morita equiv-

alentes, entretanto a légica classica e intuicionista nao sao estavelmente Morita equivalentes.

Palavras-chave: Loégicas algébricas abstratas, Logicas algebrizaveis, Teoria das categorias.
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Abstract

PINTO D.C. A categorial foundation for a representation theory of logics. 2016.
129 pp. PhD thesis- Instituto de Matematica e Estatistica, Universidade de Sao Paulo, Sao
Paulo, 2016.

In this work we provide a framework in order to build a representation theory of proposi-
tional logics. We begin identifying a precise relation between the category of (Blok-Pigozzi)
algebraizable logic and the category of their classes of associated algebras. Then, we have a
functorial codification for the equipollence and dense morphisms between logics. Attempt-
ing generalize the results found before about codification of morphisms among algebraizable
logics, we introduce the notion of filter functor and its associated logic. We classify some
special kinds of logics and a study of a meta-logical Craig interpolation property via matri-
ces amalgamation for non-protoalgebraizable logics, and we establish a relation between the
category of filter functors and the category of logics. In the sequel, we employ notions of
institution theory to define the institutions for the abstract propositional logics, for an al-
gebraizable logic and Lindenbaum algebraizable logic. On the institutions for algebraizable
logics (Lindenbaum algebraizable logics), we introduce the abstract Glivenko’s theorem and
this notion is exactly the traditional Glivenko’s theorem when applied between the classical
logic and intuitionistic logic. At last, influenced by the representation theory of rings, we
present the first steps on the representation theory of logics. We introduce the definition of
left diagram model for a logic, Morita equivalence of logics and stably-Morita equivalence for
logics. We have showed that any presentation for classical logic are stably-Morita equivalent,

but the classical logic and intuitionistic logic are not stably-Morita equivalent.

Keywords: Abstract algebraic logic, Algebraizable logic, Category theory.
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Introduction

The aim of this thesis is establishing a concise foundation in order to build a “good”
representation theory for propositional logics and then use that to unify properties among
logics, solve many different open problems in abstract logic and universal logic, study trans-
lations of meta-logical properties between logics and classify the many kinds of logics. The
idea to begin the construction of a representation theory of logic has been the well-known
and useful representation theory of rings in algebra. We intend get results in logic through of
the similar way of the results in algebra have emerged. The fundamental tools that we used
here to get results to develop the representation theory of logic are the theory of Abstract
logics and Category Theory. Influenced by the methods of combining logics, it has emerged
the study of the category of abstract logics, or simply the category of logics. From that
the researchers started to use the wide knowledge about abstract algebraic logic and the

category theory to solve problems about logics.

The theory of Abstract Algebraic Logics (AAL) nowadays can be seen as a theory that
studies the connections between logic and algebra. Those connections allow one to use the
powerful tools of universal algebra to study meta-logical properties. AAL was born with the
work of Boole, Pierce, De Morgan, Schroder, etc. on classical logic. Through of Hilbert’s
idea of metamathematics, the study of logics has been focused around the formal notions of
assertion, i.e., logical validity and theoremhood, and logical inference. Thus, we have two
approach to the subject, one centered on the notion of logical equivalence and the other
centered on the notions of assertion and inference. On those two distinct approaches about
logic began the attempts to connect them. Lindenbaum and Tarski were the first ones
to describe a precise connection between those distinct approaches. On the Lindenbaum’s
idea of viewing the set of formulas as an algebra with operators induced by the logical
connectives, Tarski gave the precise connection between classical propositional calculus and
Boolean algebras. The logical equivalence is an equivalence relation on the formulas algebra,
and the associated quotient algebra turns out to be a free Boolean algebra. This method
to connect logic and algebra is the so-called Lindenbaum — Tarski method. This method
consists of interpret the logical equivalence of formulas ¢ and ¢ in classical propositional

logic as theoremhood of a suitable formula (¢ > 1) in the assertional system.

Others logics like intuitionistic logic or multiple-valued logic, can also be approached
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on the two point of view, the equivalent and the assertional. For instance, using the
Lindenbaum — Tarski method, it is possible connect the Intuitionistic propositional cal-
culus and the Heyting algebra. The developing of the theory of algebraic logic was made
trying generalize the Lindenbaum—Tarski method. This theory consists of the investigation
whether or not a logic can be connected with a class of algebras by means Lindenbaum —
Tarki method. Generalizing those ideas, Blok and Pigozzi [BP89] introduced the notion
of algebraizable logic. Superficially speaking, an algebraizable logic consists of a set of for-
mulas in two variables such that interpret the logical equivalence between two formulas as
theoremhood of this set of formulas. On this idea it is possible, for instance, to build the
connection between classical propositional logic with signature containing just the implica-
tion as binary connective {—}, and the class of Boolean algebras using a set of formulas
given by {¢ — 1, ©» — ¢}. Due to Blok and Pigozzi’s works, it has emerged the theory
of Abstract algebraic logic (AAL). The theory of AAL is a powerful tool to investigate meta-
logical properties, for instance, using the connection of an algebraizable logic with its class
of algebras, it is possible to interpret some meta-logical properties through a well-known
property on a “good” class of algebras. The converse is also possible to do, i.e., one can
analysis if certain property on a class of algebras holds just verifying if the associated logic

for the class of algebras satisfies a correspondent meta-logical property.

Another way to study meta-logical properties or intrinsic properties of a logic is looking
at through its “alternative” or “complementary” logics. For instance of “alternative” logics
of classical logic we have the intuitionistic logic, many-valued logic, paraconsistent logic.
For “complementary” logics for classical logic we can consider modal logics such as temporal
logic, epistemic logic, erotetic logic, doxastic logic, and so on. On this alternative to study
a logic has born the methods of combining logics. The study of combining a logic appear
in dual aspect: as a processes of decomposition or analysis of logics (e.g.,the “Possible
Translation Semantics” of W. Carnielli, [Car90]) or as processes of composition or synthesis
of logics (e.g., the “Fibrings” of D. Gabbay, [Gab96]). The methods of combining logics
have been the main motivation to consider a category of logics. Below we will explain, with

more details, how combining logics has motivated the categories of logics.

The consideration of category of logics give us a possibility to interpret a logical sys-
tem (objects), have a notion of translations (morphisms), identify equivalences between
logics (isomorphisms) and combine logics (limits and co-limits) using the well-known tools
of category theory. The major concern in the study of categories of logics (CLE-UNICAMP-
Brazil, IST-Lisboa-Portugal) is to describe condition for preservation, under the combination
method, of meta-logical properties ([CCC*03], [ZSS01]). The initial steps on categories of
logics are given in the sequence of papers [AFLMO05], [AFLMO06] and [AFLMO07]. They
present a category of logic such that the morphisms send n-ary connective to n-ary connec-

tive. More flexible notions of morphisms between logics are considered in [FC04], [BCCO04],
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[BSCCO06], [CGO7]. The morphisms in this category send n-ary connective to a n-ary for-
mula. Thus, we must consider a different way for composition of morphism, implying some
categorial “defects”. A “refinement” of those ideas is provided in [MM14]. Every category
above has the same objects: the propositional finitary logics, i.e., a pair given by a signa-
ture and Tarskian consequence relation on its formula algebra; the morphisms considered
are (some kind of) “logical translations”, i.e. some functions that preserves consequence

relations.

Overview of the thesis. In this thesis we begin giving a background of basic notion
to develop the subsequent chapters. We start introducing the methods of combining logics
and giving some examples. In this section, we give an explanation to choice of representing
a logical system by a signature and a Tarskian consequence relation. After reading this
first section, we believe that one can so understand why the theory of combination of logics
has been the main motivation to study of categories of logics. In the sequel we introduce
the different kinds of categories of signatures and then the categories of logics and some
of their subcategories, namely the category of signatures and logics with strict and flexible
morphisms, the category of congruential (selfextensional) logics and the quotient of these
categories. We introduce the notion of algebraizable logic with examples and some important
results we use in this work. Finally, we present the category of algebraizable logics, that
one can see as a special subcategory of the former categories, the category of Lindenbaum

algebraizable logics and the relationship among these categories.

The chapter 2 is dedicated to explain the relation between signatures and structure.
Roughly speaking we present an anti-isomorphism between the category of signature with
flexible morphisms and the category of structure which the morphisms are functors that
“commute over Set”, i.e., commute with the forgetful functors U : ¥ — Str — Set. Look-
ing at the category of algebraizable logics, we have that the anti-isomorphism, established
before, “restricts” to an anti-isomorphism between the category of algebraizable logics and
a category such that the objects are pairs (X — Str,a) where QV (a) C 3 — Str. The main
results in this chapter are the codification of isomorphisms in the quotient category of al-
gebraizable logics Q¢ by means functors of structures such that restrict to isomorphisms of
quasivarieties, and a codification of dense morphisms in the category from an arbitrary logic
to an algebraizable logic by means functors such that are full, faithful, injective on objects

and satisfy an additional property named “heredity”.

Trying to construct a codification of morphisms of arbitrary logics in the same way
provided in the chapter 2, we introduce in the chapter 3 the notion of a filter pair (G,1)
and its associated logic. On this notion we have a classification of some special kinds of
logics, namely the protoalgebraic logics, equivalential logics, truth-equational logics and
algebraizable logics, just analysing the relation between the Leibniz operator and a specific

filter pair. In the sequel we provide, by means filter functor, an analysis of meta-logical
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properties, more specifically, we have proved a relation between the amalgamation property
in matrices and Craig entailment interpolation property in non-protoalgebaic logics. The
last part of this chapter we introduce the category of filter functors and a “codification”
of morphisms of logics, i.e., we have an adjunction between the category of logic and the
category of filter functors.

In the chapter 4 we employ the notions of Institutions and w-Institutions. We have
proved an adjunction between the category of institutions and the category of m-institutions.
This adjunction is not completely new because there is a proof in [FS88| of the relation
between the objects of those categories, but was not found a proof of the relation between
their morphisms. We introduce an institution for the abstract propositional logics and an
institution for each (Lindembaum) algebraizable logic, providing a new approach to the
identity problem of logics ([B05]). As an application of the results provided before, we have
a generalization of Glivenko’s theorem in algebraizable logics (Lindenbaum algebaizable
logics). It is presented the notion of Glivenko’s context in the institutions for algebraizable
logics (Lindenbaum algebraizable logics) and then the main result in this chapter is the
theorem 4.3.6 (4.3.12) stating that for a Glivenko’s context there is an institution morphism
associated. As a consequence of this theorem we have that given a Glivenko’s context,
there is a abstract Glivenko’s theorem associated for algebraizable logics 4.3.7 (Lindenbaum
algebraizable logics 4.3.13). The abstract Glivenko’s theorem between the propositional
classical logic and the propositional intuicionistic logic is exactly the classical Glivenko’s
theorem or a variation of it 4.3.8.

The chapter 5 is dedicated to introduce the first notions in order to define a precise
representation theory of logics. We start presenting a notion of left diagram model for an
arbitrary logic. Weakening the notion of isomorphisms between left diagram modules of
logics, we propose a notion of Morita equivalence of logics and weakening even more we have
the notion of left-stably-Morita equivalence. A result here that give us evidence that the
definition of left-stably-Morita equivalence is working is the theorem 5.3.10 stating that the
representations of classical logics are left-stably-Morita equivalence, but the classical logic
and the intuitionistic logic are not left-stably-Morita equivalent (5.3.11).

A Conclusion chapter, with indications of future research, end our thesis.



Chapter 1
Preliminaries

We start this thesis presenting the main motivation to study the category of logics,
namely the many methods of combining logics ([CC]). They appear in dual aspects: as
processes of decomposition or analysis of logics (e.g., the “Possible Translation Semantics”
of W. Carnielli, [Car90]) or as processes of composition or synthesis of logics (e.g., the “Fib-
rings” of D. Gabbay, [Gab96]). The combining of logics is still a young topic in contemporary
logic. Besides the pure philosophical interest of define mixed logic systems in which distinct
operators obey logical relations of different nature (syntactical and/or semantical), there
also exist many pragmatical and methodological reasons to consider combined logics. We
introduce these two ways to combine logics and we present some example of combining logics
as Algebraic fibring and Possible — translation semantics. Being the last one the main
motivation to begin the study of representation of logic.

The initial steps on “global” approach to categories of logics are given in the sequence
of papers [AFLMO05], [AFLMO06] and [AFLMO7]: they present very simple but too strict no-
tions of logical morphisms, having “good” categorial properties ([AR94]) but unsatisfactory
treatment of the “identity problem” of logics ([B05]). More flexible notions of morphisms
between logics are considered in [FCO04], [BCCO04], [BSCC06], [CGO7]: this alternative notion
allows better approach to the identity problem, however, has many categorial “defects”. A
“refinement” of those ideas is provided in [MM14]: are considered categories of logics sat-
isfying simultaneously certain natural conditions: (i) represent the major part of logical
systems; (ii) have good categorial properties; (iii) allow a natural notion of algebraizable
logical system ([BP89], [Cze01]); (iv) allow satisfactory treatment of the “identity problem”
of logics. Here we present these diferentes kids of categories of logics. Firstly we introduce
the categories of signature with strict and flexile morphisms. On the categories of signature
we have the categories of logics such that the morphisms are exactly strict and flexible.

Generalizing the ideas that describe a precise connection between Boolean algebra and
classic propositional logic presented by Lindenbaum — Tarski, Blok and Pigozzi introduced

in [BP89] the concept of algebraizable logic, for the first time, as a mathematical definition

5



6 PRELIMINARIES

based on the notions of algebraizing pair and equivalent algebraic semantics. We present
the precise definition given by Blok and Pigozzi, and some important results that we will
use in the following sections of this thesis. Here, another relevant category of logics has,
as objects, the algebraizable logics; the morphisms between them are the translations that

preserve algebraizing pairs.

1.1 Combining Logics

The combining of logics is still a young topic in contemporary logic [CC]. Besides the
pure philosophical interest on defining mixed logic systems in which distinct operators obey
logics of different nature, as for instance combining epistemic and deontic logics, there also
exist many pragmatical and methodological reasons for considering combined logics. In fact,
the use of formal logic as a tool in Computer Science frequently requires the integration of

several logic systems into a homogeneous environment.

The idea of looking at logic as an entirety avoiding fragmentation is not new. Philoso-
phers and logicians from Ramén Lull (1235-1316), in Air Magna to Gottfried W. Leibniz
(1646-1716), with calculus ratiocinator, have thought of building schemes where different

logics could interact and cooperate.

Currents researches in logics have a strong trend to look for pluralism and compartmen-
talization. On one hand, we have alternative logics to the classical logic, such as multi-valued
logics, intuitionistic logic, paraconsistent logic. On the other hand, we also have logics com-
plementary to classical, such as modal logics, and, in particular, temporal logic, epistemic
logic, doxastic logic, erotetic logic, deontic logic, and so on. Because of this, the study of
combining of logics appear in dual aspects: as a processes of decomposition or analysis of
logics or as processes of composition or synthesis of logics. In both cases, we seek to de-
termine conditions which preserve the meta-logic properties as: Soundness, Completeness,

Craig’s Interpolation, Decidability, and so on.

1.1.1 Synthesis and analysis of logics

The methods for combining logics appear in dual aspects: Analysis and Synthesis of
logics. Roughly speaking , one can decompose a given logic into factors of lower complexity,
in order to facilitate the study the former one through of the simpler factors. This method

is the decomposition or analysis logic.
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The other method is to compose a new logical system over existing ones. In this process
we intend to study properties of various logics into one.This method is called of composition

or synthesis of logic.

The combined logic should be minimal in some sense. In the case of synthesis of logics,
it is expected that the logic assumes the role of infimum in a certain sense, i.e., if a logic
[ is obtained from two other a and o’ then: 1) [ extends a and ' and 2) [ is the smaller
extension of a and a'.

On the other hand in process of analysis of logics, a logic under analysis [ assumes the

role of supremum of a and o’

Before we give examples of combining of logics, an important question about the presen-
tation of logics arises. Is it possible to combine logics defined in different ways? e.g., how
could one combine a logic Ly, defined by natural deduction, with a logic L, defined by a
Hilbert’s axiomatic system? How should the resulting logic L be represented: as a natural
deduction, as an axiomatic system or as a mixed proof system?

Consider now a logic L, described by semantical means (Valuations or Kripke models),
whereas the logic Ly is presented through a syntactical proof system, such as a sequent
calculus or Hilbert-style axiomatization. which presentation fits better for the resulting
(combined) logic: semantical or syntactical?

One way of solve this problem of combine logics of different presentations is consider
something in common in most of logics: their consequence relations. Given two logics L
and Ly represented by different forms, it is always possible to extract their consequence

relations in order to combines them.

Definition 1.1.1. A signature is a sequence of pairwise disjoint sets ¥ = (X, )nen. In what

follows, X = {xg,x1, ..., Tp, ...} will denote a fivred enumerable set (written in a fixed order).
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Denote F(X) (or by Fm) (respectively F(X)[n] (or Fm[n])), the set of ¥-formulas over X
(respec. the set of ¥—formulas ¢ such that var () = {zg,...,xn_1}).

Definition 1.1.2. A Tarskian consequence relation is a relation FC p(F (X)) x F(X), on a
signature ¥ = (X, )nen, such that, for every set of formulas T'; A and every formula ¢, of
F (X)), it satisfies the following conditions:

o Reflexivity :Ifp e ', I' -
o Cut :IfI'F ¢ and for every yp € ', A+, then AF ¢

o Monotonicity :If ' C A and I' - ¢, then A+ ¢

~The finitary-structural-Tarskian consequence relation is a Tarskian consequence rela-

tion such that the following conditions hold:
o Finitarity :If ' - ¢, then there is a finite subset A of I such that A+ .
o Structurality :IfT'F ¢ and 0 : X — F(X) is a substitution, then o[l'| F o(p)

In this thesis we consider a Tarskian relation as a finitary-structural-Tarskian relation.

The notion of logic consider in this work is given in the next:

Definition 1.1.3. A Tarskian logic of type 3, or a ¥ — logic, or simply a logic of type X,
is a pair (X,F) where ¥ is a signature and \= is a Tarskian consequence relation.

The set of all consequence relations on a signature 2, denoted by Conss, is endowed with
the partial order: o<ty iff for each T' C F(X), {p € F(X); T k¢ ¢} = 'cT = {p €
F(X); T'F ¢}

Remark 1.1.4. For each signature 3, the poset (Consy, <) is a complete lattice. It is in
fact an algebraic lattice where the compact elements are the “finitely generated logics”, i.e.,

the logics over 3 given by a finite set of azioms and a finite set of (finitary) inference rules.

1.1.2 Examples of combining of logics

Category theory stands for a useful and important mathematical tool when we are inter-
ested on the relationship among objects. A possible approach to the process of combining
of logics is given by a categorial treatment. The examples of combining of logics below use

the category theory [Mac71].

Algebraic Fibring:
Let £ to be a category of logics and Ly, Ly € L, then the Fibring between L; and L is
the co-product (L; [] L2).
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co — product product
L L
A |
| |
| ¥
L1—>L1HL2 Lo Li<— L1 X Lyg——= 1Ly

In this process, due to universal property of co-product, we have that the logic (L [ ] L2),
in a way plays the role of supremum. This process of combining of logics is example of
composition or synthesis of logics.

The Algebraic Fibring was introduced by A. Sernadas, C. Sernadas and C. Caleiro in
[SSC99] in order to overcome limitations on the fibring process proposed originally by D.
Gabbay in [Gab96].

Another example of combining of logics is:

Possible-Translations Semantics:

A translation between two logics L = (X,F) and L' = (3',}) is a function f : F(X) —
F(X') such that preserve derivability, i.e., if I' = ¢ then f[I'] F' f(¢). A pair P =
({L;}ier, { fi}ier) where f; : F(X) — F(3;) is called possible-translation frame to L = (3, F).
P is a possible-translation semantics to L if for all I' U {p} C F(¥),

Tkoiff foralliel, f;[ITF fi(p)

Thus possible to check up the derivability of the logic L through translations in logics
L;.

On the categorial point of view, we have that L is “faithfully encoded” in the “product”
of objects (L;)ier-

This is an example of combining of logics in sense of composition or synthesis of logics.
The possible-translations semantic was introduced by W. Carnielli in [Car90]. Actually,
several paraconsistent logics which are not characterizable by finite matrices can be charac-
terized by suitable combinations of many-valued logics [JBS].

Some other types of combining of logics (see [CC]) are.

e Product (introduced by K. Segerberg(1973) and independently by V. Sehtman(1978)),
Fusion (introduced by R. Thomason (1984)), Fibring (introduced by D. Gabbay (1996))

They all combining only modal logics.
e Temporalization, Parametrization

e Institutions (introduced by J. Goguen e R. Burstall, the institutions was introduced

with use of categorical language making a type of abstract models theory applied in
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computer science).!

In the late 90s, the logic group of IST Lisboa-Portugal and the group theoretical and
applied logic of CLE-UNICAMP considered systematically the categorical perspective of
phenomenon of (some types of) combining of logics. On one hand the analytic process that
occurs in possible-translation semantics produces a conservative translation between the
logic in study and the product (or weak product) of simpler logics. On the other hand, the
“unrestricted” fibring, i.e., without connective sharing of the logical constituents is described
for dual categorical construction of product, coproduct and the notion of “restricted” fibring,
i.e. with connective sharing of the logical constituents, is described for dual categorical
construction of fibred product (or pullback) and amalgamated sum (or pushout) ([SSC99],
[CCRS05)).

pullback pushout
L L
| A
| |
v |
/ L \ / L \
Ly Lo Ls Ly Lo Ls

The categorical approach to the notion of fibring is relevant because, besides such ap-
proach requires that object of study and the relationship among them are totally accurate,
the characterization of fibring as a universal construction (as coproduct or amalgamated
sum) in a given choice of category of logics allows the definition through the same universal
properties of the fibring notion of logics in other categories that capture other aspects of the
logic systems. Thus, there were proposed new categories of logics that present treatment
of two problems that occurred in certain fibring in the first categories of logics, collapsing

problem and anti-collapsing problem:

(i) The collapsing problem in fibring occurs when the logic obtained by fibring presents
more relations in the combined language than expected, according to the description of
fibring made by D. Gabbay. The “solution” to this problem would be defining other cat-
egories of logic systems which still represent the original component logics, but such that
the combined logics, obtained through the correspondent concept of fibring in these new
categories, are accordingly weaker, in some sense, then the logic obtained through fibring
in the original category. Two examples in this sense are the modular fibring: with syntactic

character, obtained through restriction or control in the interactions among the components

Tn the chapter 4 we present its precise definition.
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logics ([SRCO02]); and the criptofibring: with semantic character, obtained through relax-

ation of the relations between the model combined and the constituent models (J[CR04]).

(71) The anti-collapsing problem occurs when the logic obtained through fibring presents
less relations in the combined language than expected, e.g., the absence of some natural
meta-properties. The “solution” to this problem would be defining other categories of logic
systems which still represent the original component logics, but such that the combined
logics, obtained through correspondent concept of fibring in these new categories, are ac-
cordingly stronger, in some sense, than the logic obtained through fibring in the original
category. A solution proposal, of syntactic character, is the notion of meta-fibring ([Con05]):
in this case, the morphisms between logics are signature morphisms which induce, in the set

of formulas, meta-translations of the source logic on the target logic.

1.2 Categories of logics

The appearance of several processes of combining of logics was the main motivation
to the systematic study of categories of logics. The category theory is concerned to the
relations among different mathematical objects. This is exactly the proposal in that we will
apply this theory in logic. Here, the objects in those categories of logics are signature and
consequence operator pairs, the morphisms are translations between logics. In the study of
categories of logics, some problems relating the logic properties and categories arise. In view
of this, different definitions of categories of logics appear, more precisely, different definitions

of morphisms between logic systems.

1.2.1 Categories of signatures and logics with strict morphism

Initially we define the category of signature with “strict” morphism & according to
[AFLMO5], [AFLMO06]| and [AFLMO7].

Definition 1.2.1. The objects of the category S are signature. If 3,3 are signature then
a morphism f : 3 — X' is a sequence of functions f = (fu)nen, where f, : ¥, — 3. For
each morphism f : ¥ — X there is only one function f : F(X) — F(X'), called the extension
of f, such that:

o f(zx)=xzifveX (X is a fivred enumerable set)

o f(e) = fole) ifc € Ty
o f(cn(%a "'777/}71—1)) = fn(cn)(f(¢0)7 sy f(wn—l)) Zf Cn € En7 n >0
Then, by indution, f(¢(Wo,....Yn-1)) = F(@)(f (o), -, f(¥n1))
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The categories Sy and Set" are equivalent, thus we have that S, has good categorial
properties, namely S, is a finitely locally presentable category and the finitely presentable

(fp) signatures are the “finite support” signatures.

Remark 1.2.2. (i) (Sub): For any substitution function o : X — F(X), there is only
one extension ¢ : F(X) — F(X) such that & is an homomorphism &(x) = o(x), for all
r e X and

F(cn(to, oy Vn—1) = cn(G(0), vy G (V1))

forallc, € ¥,,n € N. The identity substitution induces the identity homomorphism on
the formula algebra; the composition substitution of the substitutions o,0’ : X — F(X)
is the substitution 0" : X — F(X), 0" =c %0 =600 ando" = (cx0')* =Fod'.
Let f : ¥ — X be a Ss-morphism. Then for any substitution o : X — F(X) there is

another substitution o’ such that o’ o f = fo 0.
(i) Let f 3 — 3 and 6 € F(X). Ifvar(0) C {ziy,...,xi, ,}, then
FO@[FE) = F0@)[E ().
Moreover var(f(0)) = var(d) and then f restricts to maps f, : F()[n] — F(2)[n]

Now we give the definition of category of logics with “strict” morphism L.

Definition 1.2.3. The objects of L are | = (X,F), where ¥ is a signature and F is a
tarskian consequence operator. A Lg-morphism, f 1 — ' is a (strict) signature morphism

fe8,(2,%) such that f : F(X) — F(X') is a (F,F)-translation: T+ ¢ = f(T)F f(u)

L is a w-locally presentable category and the fp logics are given by a finite set of “axioms”
and “inference rules” over a fp signature.
Between the categories £, and S, there exists a forgetful functor such that forget the

consequence relation.

The categories above mentioned have good categorial properties, but unsatisfactory treat-
ment for the logic problems, e.g., the “identity problem” of logics [B()5]. Two presentations of
classic propositional logic with signatures {—, —} and {—,V} do not admit strict morphism
between them (because any such morphism must takes — to V and they do not preserve )

while it was expected that these presentations should be isomorphic.

1.2.2 Categories of signatures and logics with flexible morphism

At this moment, it is given a definition of category of logics essentially described in
[JKE96] [FC04], [BCC04], [BSCCO06] and [CGO7]. This definition gives a more appropriated

treatment for the “identity problem” of logics.
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Similarly to the previous case, firstly we define the category of signature with “flexible”
morphism Sy. Before defining this category, it is introduced the following notation:
If ¥ = (X,)nen is a signature, then T'(X) := (F(X)[n])nen is a signature too.
A flexible morphism f : ¥ — ¥/ is a sequence of functions f : ¥, — F(X')[n],n € w.
For each signature 3 and n € N, consider the particular flexible morphism:
(s X = F(3)[n]
Cn = Cu(T, .y Tpo1)
For each flexible morphism f : ¥ — ¥/, there is only one function f : F(X) — F(X'),

called the extension of f, such that:
(i) f(x) =z, ifz € X;
(11) ]E(Cn(wo, ...,77/}”_1)) = f(Cn)(l'Q, ...,fL’n_l)[ZEoL}E(@DO), ceey J}n_1|f‘(’¢n_1)], lf Cn & En,n € N

We have the inverse bijections (just notations): h € S;(X, %) «+» h* € So(, T(X)); f €
S.(E, T(X)) < f € Sp(E,Y).

Definition 1.2.4. The category Sy is the category of signature and flexible morphism as
above. The composition in Sy is given by (f' e f")t := (f(I) o f*). The identity idy in Sy is
gen by (idz)ﬂ = ((J2)n)nen

As well as the category S, we have that the category Sy satisfies the properties in 1.2.2

Definition 1.2.5. The category Ly is the category of propositional logics and flexible trans-
lations as morphisms. This is a category “built above” the category Ly , that is, there is an
obuvious forgetful functor Uy : Ly — Sy.

If Il = (X,F),I' = (X,F) are logics then a flexible translation morphism f : 1 — I' in
Ly is a flexible signature morphism f : X — X' in Sy such that “preserves the consequence
relation”, that is, for all T U {y)} C F(X), if I F 1 then f[I] F f(3). Composition and

identities are similar to Sy .

Remark 1.2.6. Due to “flexibility”, this category allows a better approach to the identity
problem of logics. Consider the flexible morphisms t : (—,—) — (V/, =) such that t(—
) = —xo V' 1 (formula in two variables), t(—) = —'zg and t' : (V/, =) — (—, ) such that
(V') = —xg = x1, (=) = —xg. This pair of morphisms induce an equipollence between

these presentations of classic logics [CGO7].

However this category does not has good categorical properties, because of the lack of

many kinds of limits and colimits (which are useful for combining logics).
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Remark 1.2.7. It follows easily from the facts above that the forgetful functor Us : L; —
Sy ((B,F) = (X, F)) — (2 = X') has left and right adjoint functors: the left adjoint
Ls Sg — Ly and the right adjoint Ty : Sy — Ly take a signature X to, respectively,
1y (2) = (X, Fmin) (the first element of Consy) and T ¢(X) = (£, Fmas) (the last element of
Consy ). Moreover, Uso L= [de = Uy o Ty and Uy preserves all limits and colimits that

exists in Ly.

Remark 1.2.8. It is known that Ly has weak products, coproducts and some pushouts, and
in the Remark above we see that Uy preserves limits and colimits. As Uy also “lift” limits
and colimits - the constructions in Ly are analogous to in Ly (in [AFLMO07]) , just replace
f by f - then given a small category T, Ly is I-complete (respectively, I-cocomplete) if and
only if Sy is T-complete (respectively, Z-cocomplete). As the category Sy has colimits for any
(small) diagram entails that Ly has colimits for any (small) diagram “in Ls”, in particular,
it has all unconstrained fibrings (= coproducts) and the constrained fibrings (= pushouts)

“based in L.

1.2.3 Other categories of logics

Due to the drawbacks in the categories of logics mentioned above, other categories of

logics that help the overcome these “defects” are presented.

e On the category L, we take the quotient category QL;: f,g € Li(I,U), f ~giff flp) 4+
G(p). Thus two logics [, I" are equipollent if only if I and " are QL j—isomorphic [CGOT]

e Still on the category £; we have the “congruential”? logics LS. This category is a

subcategory of L where the logics are congruential, i.e., logics that satisfies:
2] = ¢07 ooy Pn—1 =+ wn—l = Cn<3007 sy Son—l) =+ Cn(l/}()v s 77bn—1)'

The inclusion functor £} < Ly has a left adjoint given by congruential closure oper-

ator.

e In [MM14] we found the category QL} (or simply Qf%). This category of logics satisfies
simultaneously certain natural conditions:
(i) it represents the major part of logical systems;
74) 1t has a good categorial approach (e.g., they are complete, cocomplete and acces-
(i1) g g pp g., they plete, p
sible categories);
(#i) it allows a natural notion of algebraizable logical system ([BP89],[Cze01]);

(iv) it allows satisfactory treatment of the “identity problem” of logics.

2In many references the authors are calling this logic as selfextensional logic and they say that a logic

is congruential when it is a fullyselfextensional logic.
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In [MM14] it is shown that the categories Ss and S are well related, more precisely, there
is a pair of adjoint functors between them, namely (+)s : Sy = Sy and (—)s : Sy — S..
Moreover there is a monad or triple 7 = (Ts, s, ns) on S, canonically associated with this
adjunction such that T' preserves filtered colimits, reflects isomorphisms and, mainly, that
Kleisli(T) = Sy [Mac71], which derives some additional informations about the category
Sy e.g., it has all coproducts.

This adjunction between Sg and Sy through forgetful functors U, and Uy gives a pair of
adjoint functors (+)p : L3 — Ly, (=) : Ly — L. e

o Upo(+)L = (+)so U
° USO(—)L:(—>SOUJ£
o Umnr =nsUs

L] Uf€L :EsUf

The signature monad 7 s = (T, ius,ns) associated to the signature adjunction (ng,egs)
(ie,us = (—)ses(+)s) “lifts” to alogic monad 7, = (T, pur, nr) associated to the signature
adjunction (ng,er) (i.e.,pur = (—)rer(+)r) and is such that Kleisli(T ) = L; . Moreover,
the functors (+) and (—), are precisely the canonical functors associated to the adjunction

of the Kleisli category of a monad.

1.3 Algebraizable logics

The idea behind algebraizing a logic has emerged from the need to connect two indepen-
dent approaches to logic. On one hand, there was the logic equivalence and on the other
hand there was the assertion and inference. The attempts of connecting them beginning
with the ideas of Hilbert.

Tarski described a precise connection between Boolean algebra and classical propositional
logic, following the Lindenbaum idea of looking at the set of formulas as an algebra with the
induced operators by logic connectives. This is so-called Lindenbaum-Tarski: method.

Application of Lindenbaum-Tarski method to intuitionistic logic provides a connection
between intuitionistic propositional calculus and Heyting algebras.

Traditionally algebraic logic has focused on the algebraic investigation of particular
classes of algebras of logic, whether they could be connected to some known assertional
system by means of the Lindenbaum-Tarski method or not. However, when such a connec-
tion could be established, there was interest on investigating the relationship among various
meta-logical properties of the logical system and the algebraic properties of the associated

class of algebras.
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Now we describe the Lindenbaum-Tarski method.

Let I = (3,F) be a presentation of classical logic, e.g., ¥ = (=, —). T'C F(X) is a theory
of liff THY =1 eT forall p € F(X).

We define the following relation on F/(X):

o=ry iff p—vYeTandyp —peT.

=7 is a congruence relation of the algebra of formulas. The quotient algebra F\(X)/ =r is
know as the Lindenbaum-Tarski algebra determined by T. F'(X)/ = is a Boolean algebra.
About the ideas of Lindenbaum — Tarski, Blok and Pigozzi in 1989 [BP89] gave the
concept of algebraizable logics for the first time as a general mathematical definition instead
of a particular construction. The idea behind the definition is the following: a logic is
algebraizable if there exists a class of related algebras with the logic of the same way that

class of Boolean algebras is related with the classical propositional logic.

Definition 1.3.1. Let X be a signature. We will denote by ¥ — Str the category with objects
given by all the structures (or algebras) on the signature ¥ and morphisms ¥-homomorphisms
between them. A fundamental example of X-structure is F(X), the absolutely free Y-algebra

on the set of variables X .

Definition 1.3.2. Given a class of algebras K over the signature ¥, the equational con-
sequence associated with K is the relation =g between a set of equations I' and a single

equation p =1 over X defined by:
I'Exe=viff for every A € K and every ¥ — homomorphism h: F(X) — A,
if h(n) =h(v) for all n=v €T, then h(y) = h(y).
Definition 1.3.3. Let | = (X,F) be a logic and K be a class of ¥—algebra. K is a equivalent

algebraic semantics for | if = can be faithfully interpreted in =g in the following sense:

(1) there is a finite set T(p) = {(8;(p), €:(p)),i = 1,...,n} of equations in a single variable
p such that for all ' U {p} C F(X) and for j <n has been:

I'Ee e {r(y):v e} Ex1(p) where 7(p) = {(0:i(p)[p/¢], €i(p)lp/w]),i = 1,...,n}.

(2) there is a finite system A;(p,q),j = 1,...,m of two variables formulas (formed by de-
rived binary connectives) such that for all equation ¢ = 1),
v = =|kl= T(pAY)
where pAp = A(p, ¥), Alp, ) = {A;(p, ¥),j = 1,....m} and T(0Ap) = {6:;(A;(p, ¥)) =
€(Aj(p,); i=1,..,nand j=1,..,m}.

In this case we shall say that a logic | is algebraizable. The set (T(p), A(p,q)) (or just
(1,A)) is called an “algebraizing pair”, with T = (d,€) as the “defining equations” and A as

the “equivalence formulas”.
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Proposition 1.3.4. Let K an equivalent algebraic semantic for the algebrizable logic a =

(3, F) with algebraizing pair (T, A), then:
1. For all set of equations I' and for all equation ¢ = 1, we have that

F'eExe=y < {{An:E=nel}F Ay

2. For each ¢ € F(X) we have that

A A(T()).

Conversely, if there is a logic a = (X,F) and formulas (A(p,q), 7(p)) that satisfy the condi-

tions 1. and 2., then K is an equivalent algebraic semantics for a.

Remark 1.3.5. By a direct application of the definition above, if | = (X,F) is an algebraiz-
able logic and ¢, € F(X), then ¢, A 1) (detachment property).

As examples of algebraizable logics we have, in addition to CPC (Classic Propositional
Calculus) and IPC (Intuitionistic Propositional Calculus), some modal logics, the Post and
Lukasiewicz multi-valued logics, and many of several versions of quantum logic.

In case of CPC (IPC), a possible algebraizing pair (A(p, q), 7(p)) = (A(p, q), (e(p),d(p)))

1s:

L A(p,q) ={p < q}

and K is the class of Boolean algebras (respectively the class of Heyting algebras).

Another class of algebras that is an® equivalent algebraic semantic for an algebrizable
logic, but present in many branches of mathematics, is the class of all groups ([BP]). To the
(equational) theory of groups over the signature ¥ = {-,7! e}, it is associated the following

propositional logic lq,., the “logic of groups” over the same signature X, that is

Axioms of g,

Gy ((p-q)-r)-(p-(qg-7)7"
Gy (p-e)-p!

Gy (e-p)-p!

3See Proposition 1.3.6.
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Gyp-p?
Gs ptp
Rules

Rip-qgltq-pt

Ryp-qg'Fpt-gt

Ry {p-q¢tqg-r '} tp-rt

Ry {p-qr-s7"}E(-7)-(q-5)"

Ry pFp-e!

Rs p-elkp

The logic of groups theory has as algebrizing pair (A(p, q), 7(p) = (e(p), d(p))):

L. Alp,g)=p-q!

K, in this case, is the class of groups. Worth pointing out that the logic of groups, in

some sense, does not admit Deduction Theorem.

Recall that a quasivariety is a class of algebras K such that it is axiomatizable by quasi-

identities, i.e., formulas of the form

P=a AN APy =aq) =p=q forn>1

when n = 0 the quasi-identity is

T —=p=q.

Now we will recall a result about “uniqueness” of algebraizing pair and the quasivariety
semantics of an algebraizable logic. For any class K of Y-algebras let us denote (K)@ the

Y-quasivariety generated by K.

Proposition 1.3.6 (2.15-[BP89]). Let a be an algebraizable logic.

(a) Let ((0:;(p),ei(p)), Ai(p,q)), an algebraizing pair for a, and K; an equivalent algebraic
semantic associated with a, for each i € {0,1}. Then (Ko)%, (K,)? are equivalent algebraic
semantics for a. Moreover, some uniqueness conditions hold:

e on quasivariety semantics: (Ko)? = (K;)%;
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e on equivalence formulas: Ao(p,q) 4+ A1(p, q);
e on defining equations: (5(p) = eo(p)) =lxFE (61(p) = e1(p)) (where K := (Ky)? =
(K1)9).
(b) Let ((6;(p),ei(p)), Ai(p,q)). Suppose that the following conditions holds:
e (0o(p),e0(p)), Do(p,q)) is an algebraizing pair for a;
e Ao(p,q) - Ai(p,q);
o (do(p) =co(p)) =lxoel (01(p) =e1(p)).
Then ((61(p),e1(p)), A1(p, q))is an algebraizing pair for a and (K;)9 = (Ky)9.

If a = (3,F) is an algebraizable logic then, by the Proposition above, we can (and we
will) denote by QV(a) the unique quasivariety on the signature % that is an equivalent

algebraic semantics for a.

Proposition 1.3.7 (2.17 [BP89]). Let a be an algebraizable logic a and {((d,€), A) be an
algebraizing pair for a. Then the quasivariety QV (a) is axiomatized by the set given by the
3 kinds of quasi-equations below:

o 0(zoAxg) = e(xoAxp);

o §(zoAxy) = e(xoAxy) — x9 = 715

o (Nicn0(¥i) = e(y)) — 6(0) = €(9), for each {§, o, -+, ho1} © F(X) such that
{Yo, -+, na} F @, forn > 0.

The proposition below give us a syntactic characterization algebraizable logics.

Proposition 1.3.8 (4.7-[BP89)). Let a = (X,F) be a logic and A Cy; F(X)[2], (0 =€) Chin,
(F(X)[1] x F(X)[1]) such that the conditions below are satisfied

(a) F @A, for all p € F(X);
(b) Ay A, for all v, € F(X);
(c) pAY, YAY = oA, for all p, 1,0 € F(X);

(d) (,OQA’QZ)(), ceey ‘;Dn—lA,QZ}n—l H Cn((p[), ceey (pn_l)ACn(wo, ...,@Dn_l), fOT' all Cn € En and all
9007wO7 ) Sanlawnfl € F(E)f

(e) ¥ = A(T(1)), for all ¥ € F(X).

Then a is an algebraizable logic with A as equivalence formulas and T as defining equations.
Conversely if a = (3,F) is a algebrizable logics with algebraizing pair (A(p,q), 7(p)), then

the conditions (a) to (e) are satisfied for these formulas.

Remark 1.3.9. It follows from the characterization above that, if o1 are consequence
operators over the same signature 3, if ly = (X, o) is an algebraizable logic with algebraizing
pair (A(p,q), 7(p)) and o<ty (for any T U{p},if ' @ then I'Fy @), then ly = (3,Fy) is
an algebraizable logic and (A(p,q),7(p)) is an algebraizing pair.
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Definition 1.3.10. Let ¥ be a signature, A be a X-algebra and F C A.

(a) Let 0 be a congruence in A. 0 is said to be compatible with F if, for all a,b € A, if
a € F and (a,b) € 0 then b€ F.

(b) We will denote by QA (F) the largest congruence of A compatible with F. We say that

the function Q4 with domain the set of all subsets of A is called the Leibiniz operator on A.

Definition 1.3.11. Letl = (3,F) be a logic and A € 3 — Str. A subset F' of A is a l-filter
if for every T U{p} C F(X) such that T+ ¢ and every valuation v : F(X) — A, if o[['] C F
then v(p) € F. The pair (M, F') is then said to be a matriz model of l or just l-matriz. The
set of all l-matriz is denoted by Matr;.

An l-matriz (A, F) is reduced (or is a reduced matriz) if its Leibniz congruence is the
identity. Thus, in a reduced a matriz (A, F) the interval [Ida, Q4 (F)] is a unitary set. Given
an l-matric M = (A, F'), the quotient matriz

M/QM) = (A/Q(F), F/Q(F))

is called the reduction M. We denote it by M*.
The class of all reduced l-matriz is denoted by Matr;. We denote by Alg] the class of
all algebras A such that there is ' C A witch (A, F) € Matry.

Fact 1.3.12. (a) [1.5-[BP89]] Let a = (X,F) be an algebraizable logic, A € ¥ — Str and
F C Abeal—filter. Then QaF = {{a,b) : ¢*(a,cq,...,cr_1) € F < ©*(b,cg,...,cr_1) € F,
for all p € Fmy, and ¢; € A}

(b) [5.2-[BP89]] Let a = (X,F) be an algebraizable logic over the language %, and let

A(xg, 1) be a system of equivalence formulas. Then
QuF = {{a,b) : aA?b € F}
for every A € 3 — Str and every l—filter F' of A.

Theorem 1.3.13. (The Isomorphism Theorem, first version [BP89]).

Let | be a logic and K a quasivariety. The following are equivalent.
1. [ is algebraizable with equivalent semantics K

2. For every algebra A the Leibiniz operator Q4 is an isomorphism between Fij(A) and

Theorem 1.3.14. (The Isomorphism Theorem, 2nd version [Fon16]).

Let | be a logic and K be a quasivariety. The following conditions are equivalent:

1. 1 is algebraizable with equivalent algebraic semantics the class K.
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2. For every algebra A there is an isomorphism ®* between the lattices Fij(A) and
Cok(A) that commutes with endomorphisms, i.e., for every F € Fij(A) and every
h € End(A), ®*h~Y(F) = h™1d4F.

3. There is an isomorphim ® between the lattices Th(l) and Cox (Fm) that commutes with
substitutions, i.e., for every T € Th(l) and every ¢ € End(Fm), ®c'T = o7 '®T

Definition 1.3.15. 1. Let L be a lattice. A element a € L is compact if for every directed
subset {d;} of L we have a < \/,d; < Fi(a < d;). L is said algebraic if it is complete
lattice such that every element is join of compact elements. We denote the category of

algebraic lattice by AL.

2. Let | = (X,F) be a logic and K C % — Str, here Fiy : ¥ — Str — AL is the functor
such that given a algebra A € ¥ — Str, Fij(A) is the lattice of filters and given f €
Mors_gi-(A, B), Fi(f) = f~*. The application Cog : ¥ — Str — AL is the functor
such that for every A € ¥ — Str Cog(A) is the lattice of relative congruence and given
f € Homs_si(A, B), Cog(f) = f~(fT x [7).

Below we present a categorial version of the Isomorphism theorem. We put here the

proof of this corollary because there is no a direct proof in the literatures.

Corollary 1.3.16. (The Isomorphism Theorem, 3rd version)
Let | be a logic and K be a generalized quasivariety. The following conditions are equiv-

alent:
1. 1 is an algebraizable logic with algebraic semantics the class K.
2. There is a natural isomorphism between the functors Fi; and Cog.

Proof:

"1 = 2" That [ is an algebebraizable logic. By theorem 1.3.13 we have that for every
A € ¥ — Str, the Leibiniz operator Q4 : Fij(A) — Cog(A) is a isomorphism. Let Q =
(04) Acx—_sir. We prove that € is a natural transformation. In other to do that, it is enough

to prove that given f € Homsy_g;,-(A, B), the following diagram commutes

Fif(A) —> Cox(A)

A

FZ[(B) W— COK(B>

Let F € Fi(B). Firstly we prove that f~'(QP(F)) is compatible with f~'(F). Let
(a,b) € f~1(QP(F)) and suppose that a € f~(F). Then (f(a), f(b)) € QP(F) and f(a) €
F. Therefore f(b) € F, thus b € f~1(F).
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Now let (a,b) € QA(f~1(F)), then by algebraizability of I, we have A%(a,b) € f~1(F).
Thus AB(f(a), f(b)) = f(A%(a,b)) C F. Therefore (f(a), f(b)) € QP(F) and finally (a,b) €
fHQB(F)). Then QA(f~YF)) = f~Y(QB(F)). That proves the naturality of (2.

"2 = 1” Suppose that there is a natural isomorphism ® : Fi; — Cog. In particular we
have that for every A € ¥ — Str, ®4 : Fij(A) — Cog(A) is a isomorphism and commutes
with endomorphisms. By theorem 1.3.14 we have that [ is an algebraizable logic. O]

1.3.1 The category of algebrizable logics

With the definition of categories of logics given above, it is possible to define categories
of algebraizable logics. Other categories of algebraizable logics can be found in [JKE96],
[FCO04].

e A, is the category of algebraizable logics with morphisms in £; which preserve alge-
braizing pairs. In the sequence of works, [AFLMO06], [AFLMO07] it is proved that the

category A, is a relatively complete w-accessible category [AR94].

o Ay is the category of algebraizable logics with morphisms in £; which preserve alge-

braizing pairs. Ay is a subcategory of Ly, Ay — Ly.
e Related to the category Ay, we have the following subcategories: A%, QA; and Q.A5.

e The “Lindenbaum algebraizable” logics are the algebraizable logics [ such that given
formulas ¢, € F(X), ¢ + ¢ < F pAy. The Lindenbaum algebraizable logics
gives a subcategory of the category of algebraizable logics (j : Lind(Ays) < Ay). The
inclusion functor Lind(As) — Ay has a left adjoint functor L : Ay — Lind(Ay) and

Lind(Ay) is relevant in the representation theory of logics that we will present later.

Definition 1.3.17. (a) Let ! = (¥',F) € Ly, a = (a,F) € Af and f : 1" — a be a Ly-
morphism. Suppose a € Ay, then f is called A—dense when, given n € N and ¢ € F(a)[n],
there is a @ € F(X)[n] such that = f(¢')Ayp, for some equivalence set of formulas A of a.
Obviously, if a € Lind(Ay), then a morphism f € L¢(I',a) is A-dense iff it is dense.

(b) Let | = (X,F) € Ly, o = (,FF) € Ap. Define the binary relation =, in the set
Ll d") by, go, g1 € Lf(l,d),

9o ~a g1 if [V € F(E)(X)F go(0)A'g1(9),

where A’ is any equivalence set of formulas for a’. It follows from Fact 1.3.8 that this is an
equivalence relation.
When a = (o/,F) € Af, we have an equivalence relation , =~ in the set As(a,a’).

Moreover by the definition of morphisms in Ay, the family {, =qu: a,d’ € A} defines a
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congruence relation* on the category A; (see [Mac71], Chapter II, Section 8). Denote Ay
the quotient category. It is clear that Lind(Ay) = Q(Lind(Ay)).

By Fact 1.3.8, clearly Lind(Ay) € Aj}. In the sequel, we establish the equality between
these categories . In particular, we obtain that the left adjoint functor L : Ay — Lind(Ay)
of the inclusion Lind(Ay) < Ay is simply given by | € A; — I(9) € A5 (see Remark 1.3.9).

The following proposition give us a characterization for Lindenbaum algebraizable logics.

Proposition 1.3.18. Let | be a logic. Then | is Lindenbaum algebraizable iff it is an

algebraizable and selfextensional logic.

Proof:

“=" Suppose | € Lind(A;) By Fact 1.3.8, it follows that for every equivalence set of
formulas A associated to [, the relation defined by = A(y, ) is a congruence relation.
Therefore that the relation 4 - is a congruence, thus [ € Aj.

“<=" Suppose | € Aj and let ,¢ € F(X). We only have to prove ¢ - - ¢ entails - p Ay
(see Remark 1.3.5).

Consider T := {v € F(X) : F v} the set of all theorems of [. Let ¢,¢ € F(X) be such
that ¢ 4+ . Then ¢ € T'iff v € T. Thus H F is a X-congruence compatible with 7. By
definition of Q4 1.3.11, 4 +C QT thus (i, ) € QT.

It is straightforward that 7" is a filter in F'(¥). By the Fact 1.3.12.(b) above, QT =
{{(0,0") : cAc’ € T'}. Therefore pAyp € T, which means - @Aw). Therefore | € Lind(Ay).

0

The following diagram represents the functors (and its adjoints) between the categories

mentioned above:

Af incl Ef q Qf

Lind(Ay)

C C
Ly

incl

1.3.2 Some generalizations of algebraizable logics

We introduce now some special kids of logics that are generalizations for algebraizable
logics. In the chapter 3 we present sufficient conditions to get those logics via filter functor

theory.

Hf f € Ap(bya), f' € Ap(a’, '), then (f o goo flymw (f'ogiof).
4We thank prof. Ramon Jansana for suggesting this result.
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Definition 1.3.19. Let | = (3,F) a logic:

e [ is Protoalgebraic logic if for any theory T € Th(l),

if{p, ) € QUT) then T, p 1 and T,¢ F .

e [ 1s weakly algebraizable logic if it is protoalgebric and ) is injective.

e [ is Equivalential logic if there is a set of congruence formulas, i.e., a set of formulas
A(q,p) in at most variables q and p such that for any A € X—Str, any filter F' € Fi;(A)
and any a,b € A,

(a,b) € QY(F) iff A%a,b) CF.

o A class of matrices M has its filters equationally definable by a set of equations 7(p)
if for every matriz (A, F) € M, for every a € A,

acF iff 6*a)=e*a), for every § =~ e € 7(p).

[ is Truth-equational logic if the class of reduced matrix Matr*(l) has its filters equa-
tionally definable.

Now we remind some characterizations of the logics defined above.
Theorem 1.3.20. Let [ be a logic:
e [ is protoalgebraizable iff ) is monotone on set of theories Th(l).

e [ is equivalential logic iff (1) acs—sir commutes with homomorphism and € is mono-

tone.

o [ is truth-equational logic iff there exists a set of equations T(p) such that for every
algebra A and every F € Fi(A),

F={aeA; () C QY F)}

The following diagrams represent the relations among those logics and the algebraizable
logics, i.e., the first one represents the inclusions among those classes of logics. The second

one represents how to “build” them by “intersection”.
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Algebraizable
FEquivalential weakly algebrizable
Protoalgebraizable Truth — equational
Protoalgebraizable Truth — equational
Equivalential weakly algebraizable

/
\

Alebegraizable



26 PRELIMINARIES



Chapter 2

Functorial encoding of algebraizable

logics morphisms

In this chapter we start to provide tools to build the representation theory of logics. We
establish some (categorial) relations between logics and their categories of structures, more
precisely, given a morphism of algebraizable logics, there is an induced functor between
the category of all structures over the underlying signatures such that it restricts to the
quasivarieties that are their equivalent algebraic semantics. About this relation: (i) we
provide an anti-isomorphism between the class of morphisms of signatures and some functors
between the categories of associated structures; (ii) we prove that this anti-isomorphism
restricts to an anti-isomorphism between morphisms of (Lindenbaum) algebraizable logics

and some functors on its categories structures that restrict to its quasivarieties.

We verify some “translation” to properties about morphisms of logics through proper-
ties of functors between quasivarieties. In the following chapters we use this codification to
obtain important results about studying of meta-logical properties, relations among others
categories and to define (stably) Morita equivalence of logics. This chapter helps us under-
stand better the local “behavior” of logics. We hope use the representation theory of logics

that we start to develop in the chapter 5, to study the global “behavior” of logics.

In the three sections below, we present: (i) results on certain adjoint pairs of functors
between quasivarieties; (ii) some results about functors between quasivarieties associated to
morphisms of (Lindenbaum) algebraizable logics; (iii) a complete (functorial) codification of

morphisms of signatures and morphisms of algebraizable logics.

In the sequel: (i) a quasivariety K on the signature 3 will be viewed as a full subcategory
of the category of all structures on that given signature; (ii) for an algebraizable logic
a = (a,F), we will denote by QV (a) the unique quasivariety semantics associated to a (see
Fact 1.3.6).

27
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2.1 Quasivarieties and signature functors

Here we analyze (adjoint pairs of) functors between quasivarieties associated to com-
bination of two fronts: (i) inclusion functors: K — ¥ — Str; (ii) “signature” functors i.e.
each a Sy-morphism, h : ¥ — ¥/, induces a functor h* : ¥’ — Str — ¥ — Str. Natural
transformations associated to the above mentioned adjunctions also play a significant role
here and in the next subsections.

Recall that, by a classical result in universal algebra due to Mal'cev, a subclass K C
> — Str is a quasivariety iff it is closed under isomorphisms, substructures, products and
ultraproducts (or directed colimits).

The following Lemma was prove by Mal’cev, but we provide an alternative proof for it.

Lemma 2.1.1. Let K be a quasivariety on the signature av. The inclusion functor has a left
adjoint (L, I) : K & o — Str: given by M +— M/0y; where 0y is the least 3-congruence
in M such that M/0y € K. Moreover, the unity of the adjunction (L,I) has components

(qrr) mes—ser, where quy @ M — M /0y is the quotient homomorphism.

Proof: Consider I'y; = {6 C |M| x |M|; is congruence relation and M/ € K}. T is not
empty, because § = |M|x|M| is a congruence relation and M /0 = {x} € K. Let )y = (T u.
We will show first that 6 € I'y;: as 6y, is a X-congruence in M, it remains to check that
M/0y € K.

Consider the “diagonal” Y-homomorphism:

o2 M — T M/8; m— ([mlo)ser,,-

GEF]\J

We will show that Ker(dy) = 0y

(m,n) € Ker(dp) < ([mlo)oer,, = ([n]o)oer,, < [mlo = [n]o,V 0 € Ty & mon V 0 €
'y < mOyn.

Thus, by the “theorem of homomorphism” on ¥—Str, there is a unique ¥-monomorphism

Sar : M /0y — [Iper,, M/0 such the diagram below commutes

5
M ——[lper,, M /0

qm o
om

M /0y

As K is closed under products, we have that [[yp, M/0 € K. We also have that K is
closed under substructures and isomorphisms, then M /6, is K.

Denote L(M) := M/0y. We will show that gy : M — I(L(M)) satisfies the universal
property relatively to ¥-homomorphisms f : M — I(N), with N € K.

Thus we obtain a injective ¥-homomorphism f : M/Ker(f) — I(N). As K is closed
by substructures and isomorphisms, so we have that M/Ker(f) € K. Hence Ker(f) € I'y
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and 6y, C Ker(f). Then, again by the theorem of homomorphism, there is a unique

homomorphism f : M /0y — N such that the following diagram commutes

M —21(L(M))
; Lf(f)
I(N)

It follows from an well-known result on adjoint functors, see for instance [Mac71], The-
orem 2 in page 81, that there is a unique way to obtain a functor L : ¥ — Str — K
such that (gar)aes—sie become the unity of an adjunction (L,I) : K 2 a — Str. Given
g € X — Str(M, P), then gpo g € ¥ — Str(M, I(P)) and, as (g x g)"*[0p] = Ker(gp o g), we
have that L(g) = qp o g : M /0y — P/0p : [m]s,, — [9(m)],- O

Remark 2.1.2. Let ¥ be a signature and IC C X — Str be a quasivariety.

(a) The forgetful functor (3 — Str Y Set) has the “absolutely free algebra” functor
(Set RN S Str), Y — F(Y), as left adjoint. The unity of this adjunction has components
the inclusion maps oy : Y — U(F(Y)), for each setY.

(b)The (forgetful) functor (K Ly-sir S Set) has the (free) functor (Set Ly-surh
K),Y = F(Y)/0ry), as left adjoint. Moreover, if oy : Y — U o F(Y') is the Y -component
of the unity of the adjunction (F,U), then (Y R UILF(Y)) = (Y Z UF(®Y) U(qigy))
UILF(Y)) is the Y -component of the adjunction (Lo F,U o).

Proposition 2.1.3. Let a = (X,F) be an algebraizable and consider the binary relation on
F(X),

¢~aiff oAy,

where A is an equivalence formula for a. Then:

(a) ~n is a X-congruence on F(X).

() F(X)/A = F(X)/ ~s€ QV(a).

(c) ~a=0px) (see Lemma 2.1.1), thus F(X)/A = L(F(X)) is the free QV (a)-object over
the set X = {xg,...,xpn,...}.

In particular, when a is a Lindenbaum algebraizable logic, F(X)/A = F(X)/H ) is the
free QV (a)-object over the set X.

Proof:

(a) By items (a)-(d) in Fact 1.3.8 is clear that ~x is a X-congruence on F(X).

(b) By (a) above, thus F(X)/A = F(X)/ ~a is a Y-structure. Thus, to obtain
F(X)/A € QV(a), it is enough to show that F'(X)/A satisfies the conditions of Fact 1.3.7.
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o Let ¢ := x9Axg, then - ¢. As a is algebraizable logics, ¢ = d(p)Ae(p). So
F d(¢)Ae(p). Therefore [6(p)]a = [e(p)]a. Hence F(X)/A E 6(p) = e(p).

e Suppose F(X)/A E 0(xgAxy) = €(xoAxq). Then
[5(1‘0A$1)]A = [E(ZEoAZL‘l)]A

therefore F 0(zoAx)Ae(xgAz) — x9 = x1. As a is an algebraizable logic, (zoAz;) 4 F
d(zoAxq)Ae(xgAxy) = 9 = 21, we obtain b xoAzy, i.e. [xg]a = [z1]a. Hence F(X)/A |
(xo = 1) and F(X)/A | §(xoAxy) = e(xgAxy) — 10 = 271.

e Given ¥y, ..., 1, € F(X) such that {tg,...,¢_1} F ¢ and suppose F(X)/A =
6(to) = e(o) Ao AO(Yn1) = e(¥n1). Then [6(vo)la = [e(¥o)]a; - [6(tn-1)]la =
[e(tn—-1)]a. Therefore

F 5(¢0)A8(¢0), ceey F 6(¢n—1)A5(wn—l)~

As a is algebraizable logic, ¥; 4 F ;, Vi < n, thus F 1y, ..., ¥,_1 and, by cut, we obtain
F ¢. Again, as a is algebraizable, we obtain F §(¢)Ae(p). Hence F(X)/A E d(¢) = e(p)
and F(X)/A = (N, 0(¢0) = e(hi)) — 0(p) = (o).

(c) Let M € QV (a). The universal property of oy : X — U(F (X)) induces a bijection
Y — Str(F(X),I(M)) = Set(X,U(I(M)): for each function v : X — U(I(M)) there is an
unique Y-homomorphism V' : F(X) — [(M) such that V o ox = v. Establish the equality
~a= 0p(x) is equivalent to prove that ~AC Ker(V), for each function v : X — U(I(M)).
Suppose ¢ ~a ¥, then = ¢A. As a is an algebraizable logic we obtain, by Fact 1.3.4
Fovie) ¢ = 1, ie. for each M € QV(a) and each 3-homomorphism H : F(X) — I(M),
H(¢) = H(¢). Thus ~poC Ker(V) for each function v : X — U(I(M)). O

Remark 2.1.4. By reasoning analogous to the proof above we can establish that, for every
Y C X, the binary relation on F(Y) given by (~a) [:= (~a) N (F(Y) x F(Y)) coincides
with Opeyy, thus F(Y)/A [:'= F(Y')/ ~al is the free QV (a)-object over the set'Y.

2.1.5. Signature functors: Given a morphism in Sy, ¥ LN Y/, we associate a functor
S — Str &5 — Str in the following way

e For each M' € X' — Str denote h*(M') = (M")" the S-structure such that
— (M| = |M'| (structures with same underlying set);
— Let k > 0 and ¢, € 3y, then h(cy) € F(X)[k] is a first-order k-ary term over ¥’ and its
interpretation in the X'-structure M' is a certain k-ary operation on |M’|, M™% . | M|k —
|M'|; define (ci)M)" = h(cp)™' (it is a k-ary operation on |M™]).

If ¢ € F(X) has exactly n variables, then it can be viewed as n-ary first-order X-term
and its interpretation over (M')" is defined (by recursion on complexity); analogously the

n-ary first-order X'-term h(¢) can be interpreted on M'. We can prove, by induction on the
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complexity of ¢, that the n-operations on the same set |(M')"| = |M'], (¢)(M/h), (h(¢))(M/),
coincide.

o Letge X—Str(M',N'), we define h*(M',g, N') = (M™, g, N'"") € ¥ — Str(M™ N™):
clearly, the function g determines a X-homomorphism from M™ to N'™).

It is clear that h* preserves identities and composition, thus it is a (covariant) functor.

By construction, the functor h* : ¥’ — Str — X — Str “commutes over Set”, i.e., Uoh* =
U'. It is straitforward that h* preserves, strictly, the following constructions: substructures,

products, directed inductive limits, reduced products, congruences and quotients.

Proposition 2.1.6. Consider a signature morphism h € S¢(X,Y') and quasivarieties I :
K X—Str, I' : K' — X' — Str. Suppose that the induced functor h* : X' —Str —s X — Str
restricts to a h*: K' — K, i.e. there is a (unique) functor h* such that I o W= h*o I', then
(a) W: K' — K has a left adjoint G : K — K'.
(b) Suppose that h*: K' — K satisfies the following conditions:
(b1) h* is faithful;
(b2) b is full;
(b3) b is injective on objects;
(b4) h*] is hereditary, i.e., given M € K, N' € K' such that there is an injective X-
homomorphism j : M — h*| (N'), then there is M' € K' such that h*] (M') = M.
Then the left adjoint G can be defined on objects M € K as “a quotient” G(M) € K', with
h* [ (G(M)) = M/pn, where pyr is the least X-congruence in M such that M /py = h*(M'),
for some M’ € K' (that is automatically unique by (13)); moreover the M -component of the
unity of the adjunction is the quotient map pyr - M — M/pyy.

Proof: (a) We will give here an indirect proof of the existence of the left adjoint G: we will
prove that the hypothesis on “Freyd Left Adjoint Theorem” (see [Mac71], Theorem 2, page
117) are satisfied by h'f: K" — K.

e As K C X — Str and K' C ¥ — Str are closed under isomorphisms, substructures
and products, K and K" are complete categories, i.e. they have all small limits. Moreover,
as h* : ¥ — Str — ¥ — Str (strictly) preserves: isomorphisms, substructures and products,
then the same holds for A*]: K' — K. Thus h*|: K' — K preserves all small limits.

e We show that the “solution set condition” holds for h*[. Let M € K and consider
Kk := card(|M|) and consider the class Cy; := {N’ € K' : such that N’ has a K'-generator
subset of size < k}. It is clear that there is a set Sy C C)y of representatives of Cy; modulo
isomorphism. We will show that (Jgcg,, K(M,h*] (S)) is a set that satisfies the solution
set condition for M’.

Let P' € K" and f: M — h*[ (P') be a K-morphisms. Let N’ C P’ be the Y-substructure
of P’ that is generated by image(f). Then N’ € C); and we can take S’ € Sy, such that
S’ = N’. Consider a fixed K'-isomorphism ¢ : S — N’ and let ¢ : N’ < P’ be the
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inclusion. Then we have shown that the homomorphism f : M — h*[ (P’) factors through
€Sar KK(M,h*] (S)) (i.e. f=h*(iot)og).

(b) Let M € K, we will prove that the ”quotient map” py : M — h*| (G(M)),
h*| (G(M)) = M/pr, satisfies the universal property. Consider Qy; := {0 C M x M : 6
is a Y-congruence in M and there is a (unique) P € K’ such that M/ = h*| (P))}.
We show first that Q,; has minimum by verifying that py := (Qn € Q. Indeed we

some member g of the set (Jg

have a injective YX-homomorphism j : M/py — [lgeq,, M/0, [mlyy, = (IMle)ocay- By
definition of Qur, [Tpcq,, M/0 = [lpeq,, P*T (Fg). As h*] preserves products we have the
injective ¥-homomorphism j : M/0y — h*[ ([[4cq,, Fs)- By conditions (b4) and (b3),
M/pyr = h*| (M) for a unique M’ € K. Thus pyr = () Qur € Q-

Let N € K" and f: M — h*| (N’) be a ¥-homomorphism: we will show that there is a
unique ¥’-homomorphism f": M’ — N’ such that:

(M L B (V) = (M 2wy () T ey ()

Then f factors through the quotient homomorphism ¢y : M — M/Ker(f) by the in-
jective ¥-homomorphism f : M/Ker(f) » h*| (N’). Then, by conditions (b4) and (b3),
M /ker(f) = h*] (P’) for a unique P' € K. As Ker(f) € Qu, we have py, C Ker(f) and, by
the theorem of homomorphism, there is a unique Y-homomorphism f : M/py; — h*| (N')
such that fopy = f. As M/py = h*] (M") for a unique M’ € K, the conditions (b1) and
(b2) ensures that there is a unique >’-homomorphism f’: M’ — N’ such that h* (f') = f.
Then f’ is the unique ¥'-homomorphism such that f = h*[ (f) o pu. m

Proposition 2.1.7. Consider a signature morphism h € Sp(X,%") and quasivarieties I :
K~ X—Str, I : K' — X' — Str. Suppose that the induced functor h* : X' — Str — X — Str
restricts to a (unique) functor h*: K' — K, i.e. Ioh*|= h*olI'. Denote G and G the
(unique up to natural isomorphism) left adjoint functors of, respectively , h* and h* | (they
exists by Proposition 2.1.6 above). Then:

(a) (GoF)=F' and (GoL)= (L' 0@G).

(b) There is a natural epimorphism h : Lo h* — h*| oL, that restricts to Loh* oI’ = h*
ol/ol.
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Proof:

(a) The uniqueness up to isomorphism of left adjoints entails that U oh* has a left adjoint
isomorphic to Go F. As U oh* = U’ and F’ is a left adjoint of U’, again the uniqueness of
left adjoints up to isomorphism ensures that (G o F') & F’. Analogously, from the equality
I o h*{= h* o I', we obtain the natural isomorphism (G o L) = (L' o G).

(b) Let M" € ¥/ — Str and consider the canonical arrow in ' —Str ¢y, : M — M'/0,, =
I'(L'(M’)). Applying h*, we obtain the (surjective) ¥-homomorphism h*(¢},) : h*(M') —
h*(M'/0),,) and the induced Y-isomorphism

W (o) = W (M) [ker (B (qhy) — h*(M'/0),).

As the functor h* commutes over Set and (strictly) preserves substructures and prod-
ucts, then h*(#),) is a X congruence over h*(M') and h*(M'/0,,) = h*(M")/h*(6},,); thus
ker(h*(¢y.)) = h*(8},,) and

R (aar) = Id : (M) /I (8h) —> *(M /6.

In particular, h*(M")/h*(0},) = h*(M'/64) € K and Op(ary € h*(603,). Therefore, there is

a canonical surjective Y-homomorphism
VR R (M") ) Opsarry = B (M) [0*(04) = hW*(M'/0)) -

this defines a C-morphism Ay : L(h*(M')) — h* | (L'(M")).

When M’ € K, then h*(M') € K, 0y, = Ay and Opeary = Apeurry) = M (Qpar)) =
h*(0%,). Thus, in this case, hyp = Id : L(h*(M')) — h* | (L'(M")).

If f/: M — N’ is a Y-homomorphism, then h*(f’) : h*(M') — h*(N') is a X-

homomorphism. To show that the diagram below commutes
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g

M Loh*(M) hto /(M)
i Loh* (f") hioL/ (f')
N’ Loh*(N') —— ht o L(N')
N/

it is enough to realize that

W (L'(f")) 0 har 0 @ (M) = hayr o L(R*(f)) 0 qur (M),
where g« (M) : h*(M') = h*(M') /0« (ary is the canonical surjective ¥- homomorphism,
but this follows immediately from a diagram chase. Thus h := (B(M "Yaresy—ser) is a natural

transformation. ]

2.2 Algebraizable logics and functors

In this part of the work, we verify that the general results on the functors between qua-
sivarieties presented in the previous subsection can be applied to functors induced by logical
morphisms between algebraizable logics. Are established the first connections between prop-

erties of the logical morphisms and the properties of its induced functors.

Proposition 2.2.1. Let a = (a,F) and a’ = (o/,F) be algebraizable logics and let h €
Ag(a,a’). Then the induced functor h* : o/ —Str — a—Str restricts to h*T: QV (a') — QV (a)
(i.e. [oh=h*ol').

Proof: As QV(a) C a— Str and QV(a') C o/ — Str are full subcategories, it is enough to
show that: for each M’ € QV (a’) we have h*(M') € QV (a).

It follows from the description of a set of quasi-identities that determines the unique
equivalent quasivariety semantics associated to algebraizable logic in Fact 1.3.7 it follows
that, if (A, (d,€)) is an algebraizable pair for @ = («,F), then the set of quasi-identities
S, = S2U S U S? axiomatizes QV (a), where:

SO = {6(zoAxg) = e(zoAw0)};
St = {§(xgAzy) = e(xgAzy)) — 39 =71}
Sz ={(0(¥0) = €(o) A . ANd(Wu—1) = €(¥u1)) — (@) = €(e) : {dho, s Pnr} F 0}

Denote b the extension of h to first-order formulas, instead A that is the extension of
h for propositional a- formulas (= first-order terms). For instance, h((d(wo) = €(¢o) A
A1) = €(n1)) = 6(p) = () = (hd(habo) = he(hapo) A ... A hS(hp,_y) =
he(hpn_1)) — hé(h) = he(hy).

As h € As(a,d’) then:

o ((h(6),h(€)),h(A)) is an algebraizable pair for a’.
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o If {tho, ... Yn_1} o, then {htbo, ..., Mp,_1} ' hep.
From these, it follows that: h[S?] = SY,, h[SL] = S}, and h[S?] C S2. Thus, for each quasi-
equation Q € S% U S U 52, we have M’ F, h(2). On the other hand, for each first-order

formula © holds the following equivalence:
M Ey H(0) & (M) E,©O.
Thus h*(M') € QV (a), as we wish. O

Proposition 2.2.2. Let | = (3,F) € Ly and a,a’ € Ay. Keeping the notation in the
definition 1.3.17, we have:
(a) Let go,g1:1— a' be Lp-morphisms. Then

Jgo ~w g1 & gol=gi: QV(d') — X — Str.
(b) Let go, g1 : a — a' be Ag-morphisms. Then
[90l~ = g1~ € A; & g5l=gil: QV(d') = QV (a).

Proof: Item (b) follows from item (a), since a quasivariety on signature a determines a full
subcategory of ao — Str.

(a)” =7

Let M’ € QV(d') and ¢, € ¥,,. As gy =4 g1, we have that

l_a’ gO(Cn)(wOa ceey $n—1)Af]1(Cn)(5E0, seey mn—l)-

Thus, by Fact 1.3.4, Eov) Go(cn) (2o, ..., Tn1) = §1(cn) (2o, ..., Tn—1). Therefore:

C%,go = (90(0n>)M

/

= (gl<cn))M, = 024/91

Thus g5, (M') = g1;(M’) and, as g5, gj; commute over Set, they coincide also on the

arrow level. Therefore g5, = g7,

b ¢ 7

Suppose that g5, = gi;. Let ¢ € F(¥), hence oM = oM for all M € QV(d)).
So Fov(w) Jo(®) = G1(p). Due to a' to be algebraizable, by Fact 1.3.4, Fo Go()Agi(¢p).
Therefore gy ~, g1. O

Corollary 2.2.3. Letl = (¥,F) € Ly and a,a’ € Aj.
(a) Let go,g1:1— a' be Lp-morphisms. Then

[90]+ = [g1]+ € Qf & g5l=gil: QV(d') — X — Str.
(b) Let go, g1 :a— a' be Aj-morphisms. Then

[90]-+- = [g1]+- € QAT & gol= g1l QV(d') = QV(a).
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h/
Proposition 2.2.4. Let a and a' be algebraizable logics and a = a' be a pair of Ay-
h
‘ W~ . . —_ . . il
morphisms. Then a = d is a pair of inverse Ag-isomorphisms iff QV(a) = QV(d)
WIS hA
s an isomorphism of categories.
T -
Proof: The induced Aj-morphisms a < a’ is a pair of inverse Aj-isomorphisms iff
[h]~

[idy]~ = [W]~ 0 [h]~ = [W @ h]~ and

~

[ida']~ = [h]x 0 [I]~ = [h o W]~
if f (by Corollary 2.2.2.(b))
il = (I & h)*1= (h* o W)= B*] oh™] and id}y = (h e B')I= (W* o h*)|= W] oh*]
iff
W
the pair of functors QV (a) = QV (d) is a pair of inverse isomorphism of categories. ]
hA

Restricting the above result to the setting of Lindenbaum algebarizable logics, we obtain
the

h/
Corollary 2.2.5. Leta and a’ be Lindenbaum algebraizable logics and a = a' be a pair of A%-
h

(A4 B
morphisms. Then a = d' is a pair of inverse Q(A;)—isomorphismsl iff QV(a) S QV(d)
(Al hA

s an isomorphism of categories.

Proposition 2.2.6. Let | = (X,F) € L and a,a’ € Ay.

(a) Let h: 1 — o be a Ly-morphism. Consider the conditions:

(a1) h is a A-dense Ly-morphism.

(a2) The functor h*]: QV (a') — X — Str is full, faithful, injective on objects and satisfies
the heredity condition (see 2.1.6.(b4)).

(b) Let h : a — a’ be a Ag-morphism. Consider the conditions:

(b1) his a A-dense Ap-morphism.

(b2) The functor h*: QV (a') — QV (a) is full, faithful, injective on objects and satisfies
the heredity condition.

Then (al) = (a2) and (b1) = (b2)

Proof: The implication [(bl) = (b2)] follows from [(al) = (a2)] and Proposition 2.2.1,
since the inclusion functor I : QV (a) < a — Str is clearly full, faithful, injective on objects
and satisfies the heredity condition.

We will prove [(al) = (a2)]

'"Remember that Q(A$) = Q(Lind(Ay)) = Lind(Ay).
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Full: Let M',N" € QV(a’) and f : hi(M') — hi(N’) be a ¥-homomorphism. As
ht commutes over Set, we have U(f) : [M'| — |[N'| is a function. We will prove that
f: M — N'is a ¢’-homomorphism.

By the hypothesis (h is A-dense), for each ¢, € o/ there is ¢, € F(X)[n] such that

H ﬁ(gpn(zo, oy Tp1)) Al (20, ..., p—1). Thus, as @' is an algebraizable logic, then

Eov() h( (0, ooy Tn_1)) = & (20, o) Tp_1).
Let v: X — |M’| be a function. Consider my = v(zg), ..., Mp—1 = V(Tp_1). SO
Won(xo, ooy tn )V [ /) = (¢ (@0, ..., 1)) [Z ) 701].

F((y (0, s )M [T /7)) = f(R(n(0, oors )M [T /70E])
F(@n(0,es 2na )M [7 /7))
= (pul@0, s 0N [T/ F (1))
= (C%(ﬂfo,~--,$n—1))N/[?/f(m)}
Therefore f is a QV (a)-morphism.
Faithful: Let fi, f» € QV(a')(M',N'). As It(M', f,N") = (M"™ f,N'™), if ht(f1) =
ht(f2) € S — Str(M™,N'") then f, = fo.
Injective on objects: Let M', N" € QV(a’) such that hT(M’') = hi(N'), so [M'| = |[N'|.
Given ¢, € a,, there is p, (g, ...,zn—1) € F(3)[n] such that

= (@0, coer 1)) AN (20, oo Tnt) =

):QV(a) h((pn(x(]? ) $n,1)) = C;L(l’oj ) xnfl)

Hence, given my, ..., m, 1 € |M’|

M (mg,..ymn_1) = h(en)™ (Mo, ..., mn_1)
= fylh(moa s Min—1)
g/h(mo,...,mn_l)

v(@n)N/(moy ,Mp—1)

Therefore M’ = N’

Heredity:

Let M € ¥ — Str;, N’ € QV(a') be such that there is an injective X-homomorphism
Jj: M — h*] (N). We must show that there is M’ € QV(da’) such that h*| (M') = M.
Remark that:

(i) as h* [ is injective on objects, then M’ is unique;

(i) as A* [ is full and faithful, then j : M’ — N’ is an injective o/~-homomorphism.

Thus, as N’ € QV(d'), it is enough construct an o/-structure M’ such that h*(M') = M,
because then M’ € QV(a') automatically.
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As h is A-dense, given ¢, € a,, select a formula (c),)(xo, ..., Tn—1) € F(X)[n] such that
B (@0, o B0t )Ny (T0, s Ta1) =

Fov(a) h((c%)(a:o, ey Tp1)) = (20, ey Tp1)

Define |M’| := |M]|. Let my, ...,mp,_1 € |M’|, define &M (my, ..., mp_1) =

(VM (my, ..., my_1). Then:

j(cg\/ll(m()? D) mnfl)) = ]((C;“)M(mO’ X3 mn*1>> =

= ()" (G (mo), s j(ma1)) = (BUEID)N (G (m0),ors j(1001)) =

= N (j(mg), .., j(Mn_1)).

Thus j : M' — N’ is an injective o/~-homomorphism. In particular, M’ € QV (da’).
Now let ¢ € ¥ and ag, -+ ,ax_1 € |M’|. Then

!

et (a0, sar—1)) = G((h(ew)™ (a0, -+ yar-1)) =

. 1h

= (iL(Ck:))N (](CLO)a T >j(ak—1)) = Ci;v (j(QO)a e >j(ak—1)) =

= j(ex'(ag, -+, ap-1)).

As j is injective, then c]k”/h(ao, v ag_y) =M (ag, - ,ag_1). Hence h*] (M') =M. 0O

As density and A-density of morphisms coincide on Lindenbaum algebraizable logics, we

immediately obtain the

Corollary 2.2.7. Let | = (¥,F) € Ly and a,a’ € Aj5.

(a) Let h : 1 — a' be a Lg-morphism. Consider the conditions:

(al) his a dense Lg-morphism.

(a2) The functor h*[: QV (a') — X — Str is full, faithful, injective on objects and satisfies
the heredity condition .

(b) Let h:a — a’ be a Aj-morphism. Consider the conditions:

(b1) h is a dense Af-morphism.

(b2) The functor h*: QV (a') — QV (a) is full, faithful, injective on objects and satisfies
the heredity condition.

Then (al) = (a2) and (b1) = (b2)

In the next subsection we will be able to prove that the implications presented in Propo-

sition 2.2.6 and Corollary 2.2.7 are, in fact, equivalences.

Proposition 2.2.8. Let a = a' € A5, then:
(a) b7 QV(a') — QV (a) has a left adjoint G : QV (a) — QV (a').
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(b) In case that h is a dense morphism, then the left adjoint G can be defined on objects
M € QV(a) as "a quotient” G(M) € QV(a'), with h* | (G(M)) = M/par, where pyr is the
least X-congruence in M such that M/py = h*(M'), for some (and unique) M' € K' (that
is automatically unique by (13)); moreover the M-component of the unity of the adjunction,
M — h*(G(M)), is the quotient map ppr: M — M/pas.

Proof: Item (a) follows from Propositions 2.2.1 and 2.1.6.(a). Item (b) is a direct conse-
quence of Proposition 2.1.6.(b) and Corollary 2.2.7.(b). O

Remark 2.2.9. Let a = IPC and o’ = CPC both Lindenbaum algebraizable logics with the
same signature. We have the inclusion morphism h : IPC — CPC. So hi : BA — HA
has left a adjoint functor G : HA — BA. Observe that hy is the inclusion functor. Hence
given H € HA, G(H) = H/Fy, where Fy is the filter in H generated by the subset {a <
——a:a € H}. Its possible to proof that G(H) = H__,, where H-, denote the poset of reqular
elements of H, that is, those elements x € H such that ~—x = x.

This fact motivate us to investigate the relation of Gaodel translation with the left adjoint
functor G.

As an application of some of the general results in the present work, we derive in [MP]

a generalized “Glinvenko’s Theorem” related to an Aj-morphism h = a — a’, whenever holds
a simple condition of the unity of the adjunction (G,hy) : QV(a') = QV(a).

2.3 Functorial encoding of logical morphisms

Here we apply the previous results to determine a faithful representation of algebraizable
logic morphisms as certain functors. We start presenting a functorial encoding of signature

morphisms.

Lemma 2.3.1. Let ¥, € Obj(Sy). Consider H : ¥’ — Str — ¥ — Str a functor that
“commutes over Set” (i.e. Uo H =U") and, for each setY, let ny(Y): F(Y) — H(F'(Y))
be the unique Y-morphism such that (Y % UF(Y) viny) UHF'(Y)) = (Y 7 UF\(Y)) (by
the universal property of oy ). Then:

(a) (Ma(Y))yese: i a natural transformation ny - F — H o F".

(b) For each set'Y and each ¢ € F(Y), Var(nu(Y)(®)) C Var(y).

When Yy € F(Y), Var(ng(Y)(¥)) = Var(y), we will say that ng(Y') "preserves vari-
ables”.

(¢) For eachn € N, let X,, :== {xg, -+ ,xn_1} C X, if ng(X,,) preserves variables, then the
mapping ¢, € L, — g (Xy)(en(zo, -+, 20-1)) € F'(X,,) determines a unique S g-morphism
my X — X such that my = ny(X).

Proof:
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(a) Let a function f:Y — Z. Consider the diagram:

/

Oy
e
Yy Z X urm) M e (y)
fj UF(f)j lUHF/(f)
72— UP(Z) s THF'(2)
=

The left square commutes because o is the unit of adjunction between U and F' and the
external diagram commutes because ¢’ is the unit of adjunction between U’ = U o H and
F'. We also have that U(ng(Y)) o oy = 0%; the same is valid when we change Y for Z.

Thus, a diagram chase entails ensures that
UHF'(f)oUnu(Y)) e oy = Unu(Z)) o UF(f) o ov.

As U is a functor, the universal property of oy give us

UHF'(f) enu(Y)) = Ulnz o F(f))-

As U is faithful, we obatin

HE'(f)onu(Y) =nzo F(f).
Thus ng : F = H o I’ is a natural transformation.

(b) Let Y aset and ¢» € F(Y). Consider Z = Var(y). and denote i : Z — Y the
inclusion function. As ngy is a natural transformation, we have the follow commutative

diagram:

F(Y) D gy
=incl THF’() incl

F(Z ——= HF(2)

nu(Z)
As ¢ € F(Z), we have ny(Z)(¢) = na(Y)(¢0). Therefore Var(ng(Y)(v)) C Z =
Var(y).

(c) Follows directly from the definition of flexible morphism of signatures. O
Note that any functor H : ¥/ — Str — ¥ — Str that ”commutes over Set” (U o H = U’)
is automatically faithful, since U’ is a faithfull functor. Another simple but useful result is

given by the following
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Fact 2.3.2. Keeping the notation above, are equivalent:
(a) ng(Y') preserves variables, for each set'Y .
(b) nu(Y') preserves variables, for each set’ Y C X.
(c) ng(X,) preserves variables, for each n € N.

Proof: We only have to show that (¢) = (a).

Let Y be an arbitrary set and let ¢ € F(Y). Let {yo, - ,yn—1} C Y be a (bijective)
enumeration of Var(y) and consider the injection x; EN Yi, i < mn, from X, into Y. As F(f)
is injective, denote ¢ € F(X,) the unique member such that F(f)(¢)) = ¢ € F(Y). By

hypothesis Var(¢) = X,, = Var(ng(X,)(®)). As F(f) and H(F'(f)) are injective and ny

is a natural transformation, then a diagram chase entails

Var(ng(Y)(¢)) = Var(y).

O
When 7y satisfies the equivalent conditions above, we say that ny “preserves variables”.
As we will see in the sequence, this is a fundamental concept in this work, leading us to the

following

Definition 2.3.3. Let ¥, % € Obj(Sy) and H : X' — Str — X — Str be functor. We will
say that H is a "signature” functor if it satisfies the conditions below:
(s1) H commutes over Set (i.e. Uo H =U");

(s2) ny preserves variables.

Proposition 2.3.4. (a) Let ¥ — Str A4y Str. Then Nids—str = dp and idy_gy 1S a
signature functor; moreover m;qy, g, = idsy, € S§(X,X).

(b) Let (3 — Str sy sy oy Str) be functors that commutes over Set. Then
Norr = H) ong. If H and H' are signature functors, then Ho H' is a signature functor

and, moreover, in this case, Mo = mp e my € Sp(3, X").

Proof: (a) It is clear that idy_g: commutes over Set. For each set Y, notice that the func-
tion idpyy : F(Y) = ids_g (F(Y)) satisfies oy oU(idpy)) = oy where oy : Y — UF(Y) is
the unit of the adjunction F' 4 U. Then, the universal property of oy entails 9,4 ., (V) =
idpeyy. Thus, in particular, 14, g, preserves variables, i.e., idy_g; is a signature functor.
Moreover, Mgy, g, = Nids,_gr(X) = idpx) 1 F(X) = F(X), thus msqy, g, = ids, € S§(3, X).

(b) As H" and H commute over Set, we have that H' o H also commutes over Set. We

have that the following commutative diagrams:

a

Y —XUF(Y) Y —XU'F'(Y)

, LUmH(Y» \ jU’(n’H(Y))
9y Oy

U/F/(Y) U/IFI/(Y)
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As U o H =U’, we obtain
Unmonr) 0 oy = oy =
=UHu(Y))oUnu(Y)) ooy = UHnw (Y)) onu(Y)) o oy.
By the universal property of oy, for each set Y, we obtain ngopr = H(ng/) o ny.

For each n € N, nyon/(X,) = H(ng (X)) o ng(X,). Now suppose that H and H’
are signature functors. As ng(X,) and ng/(X,,) preserve variables and H commutes over
Set, then nyop(X,) preserves variables. Thus H o H' is a signature functor. Moreover,
in this case, Mmyop = Nuon'(X) = H(p (X)) o nu(X) = H(hg) o mmy: this means that

MHor’ = My ® M. O

In the sequence, we will see that, among the functors H : ¥/ — Str — ¥ — Str that
commutes over Set, there are two kinds of functors that also preserves variables: the iso-

morphisms X' — Str — ¥ — Str and the functors ~*, induced by Sy-morphisms b : ¥ — ¥

Proposition 2.3.5. Let H : ¥/ — Str — X — Str be an isomorphism of categories such that
UoH=U'. Then H is a signature functor.

Proof: As H : >'—Str — X—Str is an isomorphism of categories such that UoH = U’, then
H=':¥ — Str — Y — Str is an isomorphism of categories and obviously U’ o H™! = U. Let
Y be a set and consider ¢ € F(Y). By the Lemma 2.3.1.(b), Var(ng(Y)(®)) € Var(y)).
On the other hand, by the Proposition 2.3.4 idpr) = ngon—1(Y) = Hnp-1(Y)) o nu(Y),
thus Var(v) = Var(H(mg-1(Y))(nu(Y)(®))) C Var(ng(Y)()), since we can apply Lemma

2.3.1.(b) to H~! and H commutes over Set . O

Proposition 2.3.6. Let h € S§(X, %), then for allY C X, m(Y) = hyy : F(Y) = F'(Y)".
In particular, nu« preserves variables and h* is a signature functor according the Definition

Proof: Firstly observe that the function A : U(F (X)) — U'(F'(X)) (see subsection 2.2) is
such that Var(h(¢)) = Var(¢), for each ¢ € U(F(X)). Thus, for each Y C X, it restricts
to hyy : U(F(Y)) — U'(F'(Y)) and for each ¢ € U(F(Y)), Var(hiy () = Var(p).

Now, remark that ﬁry determines a >-homomorphism.

hiy: F(Y) — R*(F(Y))
e = h(p)

Clearly, the diagram below commutes:
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Due to the universal property of oy, we have n,(Y) = ﬁ[y, for each Y C X. Thus,
by Fact 2.3.2, n,~ preserves variables and, as h* commutes over Set, then h* is a signature
functor according the Definition 2.3.3. [

The family of functors h*, induced by S-morphisms h, have a nice categorial behavior:

Proposition 2.3.7. (a) Let ¥ 985 be the identity S p-morphism on the signature X. Then
ids = ids_gi € Cat(X — Str, X — Str).

(b) Let (X NS RN Y") be Sg-morphisms. Then (h' @ h)* = h* o h™* € Cat(X" — Str, ¥ —
Str).

Proof: Since the functors induced by signature morphisms are faithful and commute over
Set, we only have to verify the equalities of functors in (a) and (b) at level of the objects.

It is clear that, for each M € Obj(X — Str), M = ids_g (M) = id§5 (M), establishing
item (a).

To prove item (b), note first that, for each M” € Obj(X" — Str),
U((h/ ° h)*(M//>) — U//<M/I) — U/<h/*(M//)) —

= (U h)(h™(M")) = U((h* o h")(M")),

Thus, the Y-structures (h' @ h)*(M") and (h* o h™*)(M") shares the same underlying set. It

remains verify that, for each n € N and each ¢, € ¥,

(I) : (Cn)(h/.h)*(MH) _ (Cn)(h*ohl*)(MH)'

Developing the left hand side of (I) we obtain
(L) : (ea)®*" O = (' @ h)(ea))™" = (W @ B)(ca)™" =
-~ 7 v 1 nh'
= (W o h)(ca))™ = (W (h(ca))™ = (Rlea))™ .
Developing the right hand side of (I) we obtain

(R) : (Cn)(h*oh/*)(Mﬂ) _ (Cn)(h*(h/*(M//)) _

= () ") = ()M
Summing up, we obtain (h’' e h)*(M") = (h* o h”*)(M"). Thus (b’ @ h)* = (h* o h™*). O

At this point, is natural consider the following

Definition 2.3.8. Let S} denote the (non-full) subcategory of the category of all the (large)
categories® given by the categories ¥ — Str, for each signature X, and with the signature

functors as morphisms between them.

2T.e., the category whose objects are large categories and the arrows are functors between categories.
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Theorem 2.3.9. The categories Sy and S} are anti-isomorphic. More precisely:

(a) The mapping ¥ € Obj(Sy) — X — Str € Obj(S}) is bijective;

(b) Given £,%¥" € Sy, the mappings h € S¢(3,Y) — h* € S}(E/ — Str, X — Str) and
H e S}(E’ — Str,X — Str) — mpy € §;(X,%Y) are (well defined) inverse bijections.

(c) ids =ids_giu and (B e h)* = h* o h'x;

Mids,_ gy = ng and Myog = My’ @M.

Proof: The equalities in item (c) were established in Propositions 2.3.4 and 2.3.7.

(a) The mapping ¥ € Obj(Sy) — X — Str € Obj(S}) is surjective, by definitions of S}.
Note that ¥ # ¥/ = X —Str # ¥ —Str (in fact, ¥ # ¥/ = Obj(X—Str)NObj (X' —Str) =
0).

(b) The mappings H — my and h +— h* are well defined by, respectively, Lemma 2.3.1.(c)
and Proposition 2.3.6. Moreover, these results ensures that mp« = np«(X) = h. Therefore
mp+ = h. It remains only to prove that, for each signature functor H : ¥’ — Str — 3 — Str,
(my)*=H.

It is enough to prove that H(M') = (mpy)*(M’) for each ¥'-structure M’, because, as
UoH =U"=U o (mpg)*, then for each ¥'-homomorphism (M’ % N’) we will have

H(M' % N') = (mg)*(M' 2 N).

Claim H and (mg)* coincide on free ¥'-structures:

Indeed, consider a set Y and the diagram below:

Yy 2 UFY

\ lvan)Unm;{ (v)
7y

UFY
AsUo H =U'"=U o (mpg)* and due to the universal property of oy, them

Nt (V)
(FY " qEY) = (FY "B mnE'Y)

as morphisms of ¥ — Str, hence
(+) HF'Y) = my(F'Y).

Now we will prove the general case: H(M') = (mpy)*(M’'), for each M’ € ' — Str.
Note that UH(M') = U'(M') = U(mg)*(M'), thus the 3-structures H(M') and (mg)*(M’)
shares the same underlying set. We must show the the interpretation of all X-symbols in
H(M') and (mg)*(M') coincide.

Let ¢ : F'U’ = Ids/_g;, be the natural transformation that is the co-unit of the adjunc-
tion between I and U’. It is clear that, for each M’ € ¥ — Str, &, : F'U'(M') — M’ is a
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surjective X’-homomorphism, thus the Isomorphism Theorem gives the following commuta-

tive diagram:

/
rpra g SM! /
F UM ——sM
qng! T% anr!
F'u' M
ker(ep;r)

In particular, the ¥'-structure M’, on the underlying set U’'(M’), is completely deter-
mined by the surjective ¥'-homomorphims ¢, : F'U'(M') - M'.
Applying H and m}; to &), : F'U'(M') — M’ we obtain the surjective ¥-homomorphisms

H(e ) mi(€y,)
HF'U' (M) —~ H(M') mi F'U (M) 22 % (M)
= H(qp >~ m% (G
m ] (@) my (aar) T i)
F'U M FU'M’
(ker(aM/)> m}'f(ker(aM/))

By (+) above, we have H(F'(U'(M"))) = m}(F'(U'(M"))), as X-structures. Now, as

UoH =U" =Uomj, we have

UH(Eg\/[/) U/(EIM/)

(UHF'U' (M) =" UH(M)) = (UFU M) = UM)) =

Umy (SIM/)

= (UmyF'U M) - Umi(M")).
Thus the X-structures H(M') and mj;(M’) on the same underlying set coincide, since
they are determined by the same surjective >-homomorphism.
[

We will denote the inverse (contravariant) functors in the Theorem above by:

Es: S St EL:St——8;
> Y — Str ¥ — Str hY
hl Th* TH lmH
> Y — Str Y — Str >

The characterization Theorem 2.3.9 provides some interesting

Corollary 2.3.10. Let H : ¥ — Str — X — Str be a signature functor. Then:

(a) H preserves, strictly, the following constructions: substructures, products, directed
mductive limaits, reduced products, congruences and quotients.

(b) H has a left adjoint G : X — Str — X' — Str with unity of the adjunction X : ids_ g, =
HoG. Moreover G and A can be chosen such that Go F' = F' and Apyy = ng(Y) : F(Y) —
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H(F'(Y)), for each set Y and, in particular, from Proposition 2.3.6, for each Y C X,
nu(Y) = (mu)y  F(Y) = F'(Y)™.

Proof: (a) This follows from 2.1.5 and characterization Theorem above.

(b) By characterization Theorem above and Proposition 2.1.6.(a), the functor H has a
left adjoint G and, by Proposition 2.1.7.(a) Go F' = F’. Now we will analyze the additional
conditions. As adjoint functors are determined up to natural isomorphism by the choice of
universal arrows, it is enough to show that, for each set Y, the ¥-homomorphism 7y (Y) :
F(Y) — H(F'(Y)) is such that for each M' € Obj(¥’ — Str) and each ¥-homomorphism
f: F(Y) — H(M'), there is an unique Y’-homomorphism f’' : F'(Y) — M’ such that
H(f"Yong(Y) = f. Le., we must show that, for each M’ € Obj(¥' — Str), the mapping
fex —Str(F'(Y), M) s H(f)ony(Y) € £ —Str(F(Y), H(M")) is a bijection. Consider
the bijections given by the pairs of adjoint functors (F,U) and (F',U’):

e —Str(F(Y), HM")) 5 U(f) o oy € Set(Y,U(H(M')))

Frex — Str(F(Y), M) & U'(f) o oy € Set(Y,U'(M"))
As Set(Y,U'(M")) = Set(Y,U(H(M'))) and U(ng(Y)) o oy = oy we conclude that

jot=j' ie., the diagram below commutes

Set(Y,U'(M")) = Set(Y,U(H(M"))

-] e

Y — Str(F/(Y), M) —= X — str(F(Y), H(M"))

Thus, as j and j’ are bijections, then ¢ is a bijection. This entails the additional results.
O

Now, having a detailed functorial encoding of (flexible) signature morphisms, we can

proceed to a functorial description of logical morphisms between algebraizable logics.

Lemma 2.3.11. Let [ : K — X — Str and I' : K' — X' — Str full inclusions, where K and
K' are quasivarieties. Let H : X' — Str — X — Str be a signature functor such that it restricts
(uniquely) to a functor H|: K' — K (thus [ o H|= HoI'). Keeping the notation in Remark
2.1.2, for each set'Y, let (by the universal property of ty ) y(Y) : LF(Y) — H| (L'F'(Y))
be the unique K-morphism such that (Y % UILF(Y)""®) UTH] I'F'(Y)) =
v S UL E(Y)). Then:

(a) (Mg (Y))yese: i a natural transformation fjy : Lo F'— H| oL o F’.

(b) Both the diagrams below commute



FUNCTORIAL ENCODING OF LOGICAL MORPHISMS 47

ty
U/’U\

Y O UR(Y) ) GTLR(Y)
idy] U(nH(Y))L lUI("]H(Y))
Y —=UHF'(Y)——=UIH| L'F'(Y

% ( )UHM;/(W) | L'F'(Y)
t
F(Y) T JLF(Y)
nu(Y) I(7ua(Y))
HE'(Y) - [HI I'F'(Y)
H(qpl(y)

(c¢) H and H| have left adjoints, respectively G : £ —Str — X' —Str and G : K — K', the
respective unities of the adjunctions \ : idy_g = H o G and A z'd,c = H | oG. Moreover
G, G and X\, \ can be chosen such that:

e GoF=F andGoLoF=LoF =L'0oGoF;
o d\rvy=nu(Y): FY) = H(F'(Y)) and Aprpy = iin(Y) : LE(Y) —
H| (L'F'(Y)), for each setY.

Proof: Item (a) follows in an analogous fashion to the proof of Lemma 2.3.1.(a): by ana-
lyzing the commutativity of the diagram below from the universal property of ty, for each

function f:Y — Z.

/
tY

e

Yy ZurLrn) 0w DY)

ft UILF(f)l LU[H[L’F’(f)
. . A nli
Z tZUILF(Z)UI(ﬁH(%)IH[LF(Z)
ty

Item (b) follows in an analogous fashion to the proof of Lemma 2.3.1.(a): the top diagram
commutes, by analyzing the commutativity of the diagram below from the universal property
of oy ; the bottom diagram commutes since the functor U is faithful and the inner right square

in the top diagram commutes.
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Item (c) follows in an analogous fashion to the proof of Corollary 2.3.10.(b): first, by
applying Proposition 2.1.7, and then, by a diagram chase to shows that, for each M’ € K’,
the mapping " € K'(L'F'(Y),M')— H | (f')onu(Y) € K(LF(Y),H | (M")) is a bijection.

O

Proposition 2.3.12. Let [ = (X,F) € L; and a,d’ € Ay.

(a) Let h : 1 — a' be a Ly-morphism. Then are equivalent:

(al) his a A-dense Lg-morphism.

(a2) The functor h*|: QV (a') — ¥ — Str is full, faithful, injective on objects and satisfies
the heredity condition (see 2.1.6.(b4)).

(b) Let h: a — a' be a Ag-morphism. Then are equivalent:

(b1) h is a A-dense Ag-morphism.

(b2) The functor h*: QV (a') — QV (a) is full, faithful, injective on objects and satisfies
the heredity condition.

Proof: The implications (al) = (a2) and (b1l) = (b2) were established in Proposition 2.2.6.
(al) = (a2): by Theorem 2.3.9, Lemma 2.3.11.(b), Remark 2.1.4 and Corollary 2.3.10.(b),

the following diagram commutes, for each Y C X.

F(Y) F(Y)
hy I(7px(Y))
W (F () = (07 (F0) /A )

By hypothesis (al), Lemma 2.3.11.(c) and Proposition 2.1.6.(b), the ¥’- homomorphism
na(Y) : F(Y) = I'(F'(Y)/A" ) is surjective. Thus a diagram chase shows that for each
¢’ € F'(Y') there is ¢ € F(Y) such that F' h(¢)A’¢'. Therefore, the £;-morphism h: 1 — a
is A-dense.

(bl) = (b2): is proved in an analogous way, by a chase on the commutative diagram

below

qr(Y)

F(Y) I(F(Y)/AT)
Ry 17 (V)
W (E'(Y) —r ot ‘(W] (F'(Y)/A'D)

O
As density and A-density of morphisms coincide on Lindenbaum algebraizable logics, we

immediately obtain the
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Corollary 2.3.13. Letl = (X,F) € Ly and a,a’ € Aj.

(a) Let h: 1 — a' be a Ly-morphism. Then are equivalent:

(a1) h is a dense L¢-morphism.

(a2) The functor h*[: QV (a') — X —Str is full, faithful, injective on objects and satisfies
the heredity condition .

(b) Let h:a — a' be a Aj-morphism. Then are equivalent:

(b1) h is a dense A%-morphism.

(b2) The functor h*[: QV (a') — QV (a) is full, faithful, injective on objects and satisfies
the heredity condition.

Having in mind the Definitions 2.3.3 and 2.3.8, it is natural to consider the following

Definition 2.3.14. (a) Let a = (3,F),d = (X',F) be algebraizable logics. A functor
H : Y — Str — X — Str will be called a "BP-functor”, H is a signature functor also
satisfying (11), (12), (13):
(I1) H has a (unique) restriction to the associated quasivarieties H[: QV (a') — QV (a);
There are algebraizing pairs (A, (5,¢)) and (A, (§',€")) of, respectively, a and ' such that:
(12) my(A) 4+ A
(13) 1711 (6) = 1ia(€) =lquiay| = &' = <.

It 1s straightforward that:
o ids,_gy 2 2 — Str — X — Str is a BP-functor;
o If (X — Str Pl Y SR ) Y Str) are BP-functors, then H o H' : ¥" — Str — ¥ — str
is a BP-functor.’

(b) Denote A} the category with:
e Objects: are pairs (X — Str,a) where a = (X,F) is an algebraizable logic;
e Arrows: are BP-functors (¥' — Str,d’) S (X — Str,a);

e identities and composition: as (BP-)functors.

(¢) Denote Lind(Ay) the full subcategory of A} with objects, the pairs (X — Str,a) where

a = (X,F) is a Lindenbaum algebraizable logic.

Below we present the results that encompass most part of the present work
Es
Theorem 2.3.15. The pair of inverse anti-isomorphisms of categories Sy = S} in Theorem
B}
2.8.9 "restricts”, via the forgetful functors Ay — Sy and A} — S}, to a pair of inverse anti-

Ey
isomorphisms of categories Ay = A}.
El,

3Note that, for each M” € QV (a"), (M")™n" = H'(M") € QV (a’') and (M")™x’ Ess thg () = mp(e) «

0 =& it M" Esy thg (g (9)) = my (myg(e)) < mg (§) =my
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Ey:Af A} EL:AJ}—>Af
a=(%,F) (3 — Str,a) (3 — Str,a) a
3 | E \mH
a= (¥ FH) (X' — Str,a’) (X' — Str,a’) a’
ET
A f
Af Ea Af
Forget Forget
Bl t
Sy e S

Moreover, if h € Af(a,a’) and H € A}((E’— Str,a’), (X —Str,a)) are in correspondence,
then the pair of inverse anti-isomorphisms (Ea, EL) 1s such that:

(a) It establishes a correspondence between the equivalence class {h' € As(a,d’) : [h]~ =
(W]~ € Af(a,a’)} and the equivalence class {H' € A}((E’ — Str,d), (X — Str,a)) : H |=
H I}

(b) [hl~ is a Ag-isomorphism < HJ is an isomorphism between quasivarieties.

(c) h is a A-dense morphism < HJ is full, faitful, injective on object and heredity.

Proof: After the pair of ("restricted”) inverse anti-isomorphisms (E4, E',) were established,
then: item (a) follows from Proposition 2.2.2.(b); item (b) follows from Proposition 2.2.4;
item (c) follows from Proposition 2.3.12.(b).

It follows from directly from Theorem 2.3.9 and the definitions of the object part of the
functors (E4, EL) that they establishes an well defined pair of inverse bijections between the
classes of objects Obj(Ay) and Obj(A}).

If we establish that the (arrow) mappings below are well defined:
he Ag(a,d) 4 h* € AL((Z — Str,d'), (S — Str,a));
i
H e AL((S) = Str,a), (S — Str,a)) = my € Ag(a, a),

Egs
then it will follow from Theorem 2.3.9 that the pair of inverse anti-isomorphisms Sy & S}
B}

Ex
in Theorem 2.3.9 "restricts” to a pair of inverse anti-isomorphisms A; & A}.
B

Let h € Ag(a,a’). By Proposition 2.3.6, h* : ¥/ — str — ¥ — Str is a signature functor
and, by Proposition 2.2.1, it restricts (uniquely) to a functor A*[: QV(a’) — QV(a): thus
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condition (I1) is fulfilled. By Theorem 2.3.9, m;» = h; as h preserves algebraizable pairs,
then Fact 1.3.6.(a) ensures that the conditions ({12) and ({3) are satisfied. Therefore E, is

an well defined functor.

Let H € A}((Z’ — Str,ad’), (¥ — Str,a)). Lemma 2.3.1.(c) entails that my : ¥ — ¥/
is a Sy-morphism. Conditions (I2) and (I3) and Fact 1.3.6.(b) ensures that mpy preserves
algebraizing pairs. It remains to show that my is a £-morphism, i.e. given T'U{p} C F(X),

we must have

I'to = my[lTH mu(p)

But, as a and a’ are algebraizable logics, it is enough to prove that

{e(®¥)

0(); v €T} Fovw elp) =0(p) =

{e'(min () = 0'(mu(¥)); ¥ €T} Fovw) €' (nul(p)) = 0'(mu(e)).

Let M’ € QV(a') and suppose that M’ s &' (mig(v)) = &' (miy(y)) for each ¢ € T'. As
my satisfies condition (I3), then holds, for each ¢ € T,

M' sy iy (e)(mig () = nig (0)(mia (1))

Le.:
M ey nig (e(v)) = min(8(4)))

By Theorem 2.3.9, H = (mg)*, thus we get

H(M') s (i) = 0(4)
From the hypothesis, H(M') € QV(a), and as {e(¢)) = 6(¢); ¥ € T'} Fovw) elp) =
d(¢), we obtain

H(M') s e(e) = d(p)

Therefore, as above,

M' s min(e(p)) = miu(5(0))

and

M | ' (nin(9)) = &' (nin ().
As M'" € QV (a') was taken arbitrarily, then {¢'(nmiy(¥)) = ¢'(mu(v)); ¥ € T'} EFqvw)
e'(miu(p)) = 0'(mu(p))-
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Summing up, myg is a logical morphism that preserves algebraizable pairs. Therefore EL

is an well defined functor. This finishes the proof. n

Restricting the result above to the setting of Lindenbaum algebraizable logics, we obtain
the

Ex
Corollary 2.3.16. The pair of inverse anti-isomorphisms of categories Ay = A} in Theo-

B}
rem 2.8.15 “restricts”, via the (full) inclusion functors Lind(A;) < A; and Lind(A;)" —

Er
.A}, to a pair of inverse anti-isomorphisms of categories Lind(Ay) = Lind(Ay)'.

"
£y

T
Lind(Af) ———*— Lind(A;)f

Er

Incl Incl
El t
'Af Ea 'Af

Moreover, if h € Lind(Af)(a,a’) and H € Lind(A;)T((X' — Str,d’), (X — Str,a)) are in
correspondence, then the pair of inverse anti-isomorphisms (Ep, E};) 1s such that:

(a) It establishes a correspondence between the equivalence class
{h'" € Lind(Ay)(a,a’) : [hl4 - = [W']4 + € QLind(Ay)(a,d')}
and the equivalence class
{H' € Lind(Ap)' (X — Str,d’), (X — Str,a)) : H' |= H [}.

(b) [h]4 + is a QLind(Ay)-isomorphism < H[ is an isomorphism between quasiva-
rieties.

(¢) h is a dense morphism < HJ is full, faitful, injective on object and heredity.

Proof: It is clear that (Fyu, EL) establishes a bijective correspondence between the sub-

classes Obj(Lind(Ay)) and Obj(Lind(A;)"). As Lind(As) — Ay and Lind(Af)" — A} are
E
full subcategories, then (E 4, EL) restricts to a pair of inverse anti-isomorphisms Lind(Ay) =
2
Lind(Af)T.
On the additional results: item (a) follows from Corollary 2.2.3.(b); item (b) follows from

Corollary 2.2.5; item (c) follows from Corollary 2.3.13.(b). O



Chapter 3
Filter functors in logic and application

We have seen that for any algebraizable logic a there is a quasivariety QV (a) associated.
This quasivariety QV (a) keeps the semantic information of a. Unfortunately, for an arbitrary
Tarskian logic there is no a class of algebra endowed of its semantic information. To an
arbitrary Tarskian logic [ = (X,F), the set of filters F'iy(M) for an arbitrary algebra M of
3-Str, in a certain way, has the semantic information of the logic . That was the main
motivation to start studying the notion of filter pairs and its associated logics.

It is well-known that every Tarskian logic gives rise to an algebraic lattice contained
in the powerset p(F'my (X)), namely the lattice of theories. This lattice is closed under
arbitrary intersections and filtered unions.

Conversely an algebraic lattice L C p(F'myx (X)) that is closed under arbitrary intersec-
tions and unions of increasing chains gives rise to a finitary closure operator (assigning to
a subset A C F'my(X) the intersection of all members of L containing A). This closure
operator need not be structural — this is an extra requirement.

We observe that the structurality of the logic just defined is equivalent to the naturality
(in the sense of category theory) of the inclusion of the algebraic lattice into the power set of
formulas with respect to endomorphisms of the formula algebra: Structurality means that
the preimage under a substitution of a theory is a theory again or, equivalently, that the

following diagram commutes:

Fms(X) L= p(Fmx(X))
| o]
Fmg(X) L~ p(Fmy (X))
Further, it is equivalent to demand this naturality for all ¥-algebras and homomorphisms
instead of just the formula algebra.
We thus arrive at the definition of filter pair, Def. 3.1.1: A filter pair for the signature
] is a contravariant functor G from -algebras to algebraic lattices together with a natural

transformation i: G — p(—) from G to the functor taking an algebra to the power set of its

53
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underlying set, which preserves arbitrary infima and directed suprema.

The logic associated to a filter pair (G,14) is simply the logic associated (in the above
fashion) to the algebraic lattice given by the image i(G(Fmx(X))) C p(Fmx(X)).

In particular it is clear that different filter pairs can give rise to the same logic, indeed this
will happen precisely if the images of ¢ for the formula algebra are the same. A filter pair can
thus be seen as a presentation of a logic, and there can of course be different presentations
of the same logic. We could have removed a bit of this ambiguity by requiring that ¢ be
an inclusion, but it is one of the insights of this chapter that it is beneficial not to do this.
Indeed this will give us greater flexibility for the choice of the functor G, and injectivity of
1 can become a meaningful extra feature. Thus, for example, if G is the functor associating
to a X-structure the lattice of relative congruences to some quasivariety K, then by Prop.

3.1.9 the injectivity of ¢+ means that the associated logic is algebraizable.

In this section we show how to recognize classes of logics through their presentations by
filter functors and how these presentations permit to use algebraic methods even outside the

realm of protoalgebraic logics.

A second aim of this chapter is to continue the work of the last chapter: Remembering,
we establish a correspondence of certain functors between categories of Y-structures and
translations between algebraizable logics. Here we introduce a notion of morphism of filter
functors and it is shown that it encodes translations between their associated logics. This
encoding will play a role in the long-term project of studying arbitrary logics through their

translations into algebraizable logics and their associated categories of matrices.

3.1 Filter Functors

In the following sections we present: firstly the definition of filter pair and a study of the
functors C'o and Cox where K is a class of algebras. In the sequel we dedicated to study
of the Craig entailment interpolation property end its correspondence with amalgamation
property in filters. We introduce the category of Filters Fi and the relationship between
this category and the category of logic.

Now we start studying some general aspects present on the functor filter for a given logic
and then we collect these ideas in order to begin the correspondence between logics and its

“algebraic” counterpart.

Observe that given M € ¥ — str, the inclusion iy : Fiy(M) — (P(M);C) preserves
order and satisfies the following condition. Given A C M, there is a F' € Fi;(M) such that
A C F (just take F':= M).

Moreover, given a morphism A : M — N we have the following diagram commuting:
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M Fi(M)—2-(P(M);C)

hJ Fiz(h)T Th—l

N Fiy(N) —— (P(N); ©)

IN

Definition 3.1.1. Now let ¥ be a structure. A filter pair (G,i%) consists of a contravariant
functor G : 3 — str — AL and i% = (i§;)pes_ser such that for any M € ¥ — str there is
a function preserving order i, : G(M) — (P(M); Q) (inside of the category of poset) with
the following properties:

1. For any M € ¥ — str, i$,(T) = M and i§; preserves inf and directed sup.

2. Given a morphism h : M — N the following diagram commutes:

Remark 3.1.2. 1. Condition 2 says that i€ is a natural transformation from G to the
functor @: 3 — str’? — AL sending a Y-structure to the power set of its underlying

set and a homomorphism of X-structures to its associated inverse image function.

2. Notice that given a Tarskian logic | = (X,+), we have a filter pair (Fiy, ") where Fi,

is a functor (see 1.3.15) and i is the inclusion as above.

Proposition 3.1.3. Let (G,i%) be a filter pair, then there is a logic g = (X, F¢) as follows:
Given ' U {p} C F(X).

I'kq o iff for any a € G(F(X)), if I Cipx)(a) then ¢ € ipx)(a).

Proof:

It is easy to see that g satisfies reflexivity, cut and monotonicity.

The structurality is a consequence of condition 2 (naturality). Indeed, let o € hom(F(X), F(X))
and I' U {y} C F(X) such that I" F¢ ¢. Consider a € G(F(X)) such that o[['] C ig(X)(a).
This implies I' C 07" (i ) (a)). By naturality we have o~ (i y)(a)) = iy (G(0)(a)).
Therefore ¢ € ig(X)(G(a)(a)) = a‘l(ig(x)(a)) and finally o(p) € ig(x)(a).

Now we are going to prove the finitarity. Let I' U {¢} C F(X). Consider the set
S ={I" € F(X); I'" Cyy I'}. Notice that S is a directed set. Suppose that for any
IV € S, I" ¥ ¢, hence there is a € G(F(X)) such that IV C ipx)(a) and ¢ & ipx)(a).
Denote by arr = AMa € G(F(X)); TV Cipx)y(a)} . ipx) preserves inf, thus IV C ipx)(ar)
and ¢ & ip(x)(ar). We obtain that the set s = {ar; I € S} is a directed set.
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By the assumption ip(x) preserves directed sup, hence
I'=US C | irmlar) =inu(Vs).
I’es

On the other hand ¢ & Up e ir(x)(ar) = ipx)(Vs). Therefore I' ¥ ¢. O

Remark 3.1.4. 1. One can define a logic I as follows: T =S ¢ iff for any algebra M, for
any a € G(M) and any valuation v : F(X) — M, if v[l'] Ciy(a) then v(p) € iy(a).

It is easy to see that both logics are the same lg = IC.

2. Notice that for any M € ¥ — str and a € G(M), (M;iy(a)) is a matriz of lg. Indeed,
just apply the naturality of i. This shows us that for every M € ¥ — Str, i§,[G(M)] C
Fi;, (M), then we can consider the natural transformation i¢ : G = Fi,,. We denote
Matr® = {(M,i§;(a)); a € G(M) and M € ¥ — Str}. Thus Matr® C Matr,, we
have that

G
|_MatrG =k :l_G:}_MatrlG .

Notice that for every set X we can define a logic over a filter pair. Here, given a function
f: X — Y, we will denote by the same f : Fx(X) — Fx(Y). We also denote i§ = igz(z)
just to simplify.

Proposition 3.1.5. Let X, Y sets and (G,i%) a filter pair on X.
1. For any function f: X =Y and ' U{p} C Fx(X):

LYo = fITTF f(o).

2. For any injective function f: X —Y and I' U{p} C Fx(X):

LYo & fITTF f(y).

3. T =X ¢ iff there is a finite sets X' Cy X and IV C; T such that var(I" U {¢}) C X’
and T" X" .

Proof: 1. Let a € G(Fx(Y)) such that f[I'] Ci{(a). Then I' C f~1(i{)(a)) = i$(G(f)(a)).
Since I' X ¢, we have that » € i§¢(G(f)(a)). Therefore f(p) € i{(a). As a was arbitrary
we have f[[]FY f(p).

2. Let f: X — Y injective. By 1 we have that I' =¥ ¢ = f[['] F¥ f(¢). Remains to
prove the converse. Let a € G(Fx(X)) such that I' C i§(a). Since f is injective there is
g:Y — X such that gof = Idx. Hence gof['] = T'. Then f[['] C ¢ 1(i%(a)) = i{(G(g)(a)).
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Since f[ITHY f(¢), then f(¢) € i¥(G(g)(a)) = g7'(i§(a)). Therefore p = g(f(¢)) € i (a).

3. “ =7 Since 7 is finitary, there is a finite set I" C; T' such that I" +# . Consider
7" = var(T') Uvar(p). Let a € G(Fx(Z")). Suppose I'" C i%,(a). We have the inclusion
function j : Z' < Z such that j[I'] = T'. Due to 2 we have IV 7" .

“4<7 Let a € G(Fx(Z)) such that T' C i¢(a). By assumption we have that there are
I C; I'and Z' C; Z such that var(I" U {p}) € Z’ and T' %' . Consider the inclusion
function j : Z' < Z. Notice that j[["] = I’. By item 2 we have that I FZ ¢, thus
I O

Proposition 3.1.6. Let (G,i%) a filter pair on X. For any set Z, if F € Fiy,(Fx(Z)) then
there is a € G(Fx(Z)) such that i$(a) = F.

Proof: Consider the set S = {a € G(Fx(Z)); F C i%(a)}. Denote ar = AS. Notice that
F C i%(ar). Suppose that there is ¢ € i7(ar) such that ¢ ¢ F. We consider two cases:
|Z] < |X| and |X| < |Z| where X is the set which Ig is defined.

(|1Z] < |X]): In this case there is a injective function f : Z — X. By 3.1.5 we have
F % ¢ iff f[F] F f(¢). Suppose that f[F] F f(¢). Then, since F € Fiy (Fx(Z)), we
have that for any evaluation v : X — Fy(Z) if v(f[F]) C F then v(f(¢)) € F. Consider
g : X — Z such that go f = Idy, then g can be seen as a evaluation with g o f[F] = F
and g o f(p) = ¢. Then ¢ € F which is a contradiction. Therefore f[F| t/ f(¢). Thus
there is a € G(Fx(X)) such that f[F] C i$(a) = i%(G(f)(a)). Hence G(f)(a) € S. Thus
ar < G(f)(a), since i§ preserves inf, i§(ar) C iF(G(f)(a)). Hence ¢ € i$(G(f)(a)), and

this implies a contradiction. Then F = i%(ap).

(|X] < |Z]): Observe that for any finite set F’ C; F' one can define a injective function
fr+ X »— Z such that there is a set X' C X which fm[X'] = var(F') Uvar(e). Moreover

frr,, is a bijection.

Suppose that F' =7 . Then there is a finite set F' C; F such that F’ =7 ¢. Consider

fr as above. So there is a retraction g : Z — X such that ¢ | 1s the inverse of fp/,.

x
Due to 3.1.5 we have F' F2 ¢ &  fr o g[F'| FZ fm o g[cpf]F[<:> glF'l F g(¢). Thus,
since F' € Fi,(F(Z)), for any evaluation v : X — F(Z) we have that if v(g[F']) C F
then v(g(¢)) € F. Note that fp can be seen as evaluation and fr (g[F']) = F' C F.
Then ¢ = fr(g(p)) € F. This implies a contradiction. Hence F /2 ¢. Therefore there
is a € G(Fx(Z)) such that FF C i$(a) and ¢ ¢ i$(a). Thus a € S. So ar < a and then

i%(ar) Ci%(a). Hence ¢ € i%(a) which is a contradiction. Finally F' = i$(ar). O
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3.1.1 Filter pairs over Co and Cog, and a classification of those

filter logics

In this section we present a analysis of two special filter pairs, more precisely, the filter
pairs over the functors Co : ¥ — Str — AL and Cog : ¥ — Str — AL where K C ¥ — Str
is a class of algebras.

Suppose that there is a natural transformation i“? : Co = (P( ), C) such that (Co, i)
is a filter pair. We consider its associated logic lc,. Hence A € ¥ — Str, Im(i5°) C Fi,,.
We have i5° : Co(A) — Fiy,,.

We are going give now a study of variants of algebraizable logics (introduced in 1.3.19)

via this specific filter functors.

Proposition 3.1.7. If Q4(iG°(0)) = 0, i.e., Q4 is a retraction to iG°, then lc, is a protoal-

gebraic logic.

Proof:

Due to 3.1.6 we have that for any T € Th(lc,), there is € Co(Fm) such that i%° (6) =
T. Let T,T" € Th(lc,) such that T C T’, then i$°,(0N0') = i$2 (0)Ni&e (¢") = TNT' =T =
i% (0). Observe that iG° is injective. Indeed, let 6,6 € Co(A) such that iG°(0) = iG°(¢’).
Applying Q4 we have 0 = Q4(iG°(0)) = QA(iG°(¢)) = ¢'. Since iG° is injective we have that
ONo =0, thus § C @. Therefore QT) = Q(i%° (0)) = 0 C ¢ = Q(i%,(0')) = Q(T"). So Q

is monotonic. By theorem 1.3.20 we have that [, is protoalgebraic logic. [

Proposition 3.1.8. Let K C ¥ — Str be a class of algebras and let i* : Cox = (P( ), Q)
such that (Cog,i™) is a filter pair. We denote by lx the logic associated with (Cog, ™). If
04 is a retraction to i§ for any A € ¥ — Str and (Q*) aes_str 45 a natural transformation,

then:
1. lg is an equivalential locic and K C Alg*ly

2. If K 1is closed under isomorphism then K = Alg*lk

Proof:

1) We have seen in 3.1.7 that € is monotone. Since (24)acx_ss is a natural trans-
formation we have by 1.3.20 that lx is an equivalential logic. Consider i%§(Id). Then
OAGR(Idy)) = Ida, hence A/Q(if(Ida)) = A, thus (A,i5 (Id4)) € Matr*(lx). Therefore
A€ Alg*(ic,)

2) Let A € Alg*lix Let X be a set of the cardinality of A. Then consider a surjective
morphism f : F(X) — A. Since A € Alg*lk there is F' € Fi;,.(A) such that (A, F) €
Matr*lx. Let T = f~}(F). By 3.1.6, we have that there is § € Cox(F(X)) such that
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iif(X)(@) =T, thus
0 = QFO®E ) (0))
QF(X) (T)
QF )1 (F)
fHQAE)
f7H(1da)
= ker(f)

Therefore A = F(X)/ker(f) = F(X)/8 € K. Since K is closed under isomorphisms,
AeK. [l

Proposition 3.1.9. Let ¥ be a signature and K C X — str a quasiwariety. If there exist
some injective natural transformation i : Cop = (P( ), <) such that (Cog, i) is a filter

pair, then the logic i associated with it is an algebraizable logic.

Proof:
It is known that i& [Cox(Fm)] = Th(lk), As i%  is injective, we have that ¥  is
bijective. Then 7% is an isomorphism. Now let o € hom(Fm, Fm). As i¥ is a natural

transformation we have the following diagram commuting:

Z‘K
Fm Cog(Fm) —"% (P(Fm);C)

0'] COK(O')T To'_l

Fm COK(Fm)T(P(Fm);Q)

Notice that o=1(T) € Th(lx) for any T € Th(l},). Therefore i is a isomorphism such

that commutes with substitution. By isomorphism theorem 1.3.14, [x is an algebraizable

logic. O]

Lemma 3.1.10. Let X be a signature, K C X — str a quasivariety and 7 a set of equations

in at most one variable. The map i = (iX) yres_sir where:

il Cog(M) — (P(M),C)
0 — {me M; ™™(m) C 6}

is a natural transformation and for any M € ¥ — Str, if, preserves inf and sup directed,

i.e., (Cog,i™) is a filter pair.

Proof:
Let f € hom(M,N).
Denote here f(7¥(m)) = {(f(c"(m)), f(6"(m))); (e,6) € T}.
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Given 6 € Cog(N) then
7R O) = fTH({n e N; mV(n) € 0})
{m e M; 7¥(f(m)) C 6}
{m e M; f(v¥(m)) C 0}
{m € M; 7 (m) C Cok(f)(0)}

= iy (f71(0))
Let 0, 6" € Cog(M).
iONe) = {meM; ™(m)Conv'}

{m e M; ™(m) € 0 and ™ (m) C 0'}

= {me M; ™(m)Co}n{me M; t™(m) C o'}
Then % preserves inf.
Now let U = {6;; i € I} be an up-directed set.
in(VU) = {meM; (@m)C\VU}

= {meM; 7¥(m) C U, 0}

= Uiedm € M; 7% (m) C 0}
[l

Corollary 3.1.11. Let ¥ be a signature, K C 3 — str a quasivariety and 7 a set of equa-
tions. If i’ defined as above, is injective then the logic i of the filter pair (Cog,i™) is an

algebraizable logic.

Remark 3.1.12. This corollary give us an alternative proof to theorem 5.2 [BR]. The

condition of injectivity assumed here is exactly the condition put there to get algebraizability.

Corollary 3.1.13. If if(QA(F)) = F, i.e., Q% is a section to if{, then lx is a truth-

equational logic.

Proof:
As if (Q4(F)) = F then F = {a € A; 7(a) C Q4(F)}. By Theorem 1.3.20 we have
that [k is a truth-equational logic. O]

Lemma 3.1.14. Let K be a pointed quasivariety and consider the set of equations T =
{{x,0)}. Then Q4 is a section to if for any A € ¥ — Str.

Proof:
Notice that in the logic lx we have that Fx 0, z,¢(z,2) Fx ¢(0,2) and z,¢(0, 2) Fx
o(z, 2) for any p(x,z) € Fm. Indeed, let § € Cox(Fm), then (0,0) € 6, thus 0 € i¥ ()
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and then Fg 0. Now let § € Cox(Fm) and suppose that z, p(x, 2) € iff (0), then (z,0) € 0
and (¢(x, z),0) € 0. Since # is a congruence, we have that (¢(z, 2), (0, 2)) € 6. Therefore
((0,2),0) € 0, so ©(0,z) € i& (0). Hence x,¢(z,2) Fr ¢(0,%). The same proof can be
used to prove that z, ¢(0, 2) Fx ¢(z, 2).

Now we are able to prove that for any A € ¥ — Str and F € Fij, (A), F = i§ (Q4(F)).
Let a € F and ¢(z,2) € Fm. Let ¢ € A and suppose that ¢*(a,¢) € F. Since z, p(z, 2) Fg
©(0, ), we have that ¢*(0,¢) € F. Analogously we have that if ¢(0,¢) € F, ¢*(a,c) € F.
Hence (a,0) € Q4(F). By definition of i we have a € i (Q4(F)). Thus F C i§(Q4(F)).
Let a € i (QA(F)), then (a,0) € Q*4(F). Since Fx 0, then 0 € F, therefore a € F. Hence
H(OA(F) C F.

Due to Corollary 3.1.13 [k is a truth-equational logic. O]

Corollary 3.1.15. Let K C X — Str a pointed quasivariety. Consider T = {(z,0)} and the
logic Iy obtained as in the Lemma 3.1.10). Then

o [ 15 truth-equational.
o If Q4 is a section for i% for any A € ¥ — Str, then I is algebraizable.

Example 3.1.16. Let X be the signature of group theory, i.e. 3 = (3,)new where 3o =
{e}, 81 ={ "1}, Lo ={} and E, =0 for any n > 2. Consider 7 = {{(z,e)}. Let K be
the variety of group theory. By 3.1.10 we have that (Cog i), as above, is a filter pair and
then there is a logic i associated. It is easy to see that i is injective for all M € X — Str.
Thus by 3.1.11 lk is an algebraizable logic. From that we have that QM is a retraction of
ik for any M € X — Str. Since K is closed by isomorphism we have by 5.1.8 K = Alg*ly,
then the variety of group theory is an equivalent algebraic semantic for lix. lx = lg, defined
m 1.5.

Now we will give a characterization for selfextensional logics.

Definition 3.1.17. Let (G,i%) be a filter pair. We say that lg = (X,F) is compatible with
(G, i) if for every @, € F'm such that o 4 1, and every a € G(Fm) and p(p,Z) € Fm

p(. @) € i (a) iff p(e, ) € G (a), for &C Fm

Proposition 3.1.18. Let (G, i) be a filter pair. Then lg is a selfextensional logic if, and
only if, it is compatible with (G,i%)

Proof:
“ < 7 Suppose that ¢o - o, ..., on_1 I 1. Let ¢, € X, and a € G(Fm). By
compatibility,

Cn(@Oa ceey Sonfl) € ng<a) Zﬁ Cn(@()? ---7¢n71> € ng(a)
Zﬁ Cn(w(b EEE) ¢n72, wnfl) S ng(a’)
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Hence ¢, (0, ...y pn—1) A cn(Wo, ..., ¥n_1). Therefore - is congruence relation.

“= "7 suppose p 1. Let p(p,2) € Fm. We know that for every variable z, = -+ x.
Then by congruentiality, given a € G(Fm), p(¢,z) € i% (a) iff p(v,7) € i%, (a). Hence lg
is compatible with (G, i%). O

Corollary 3.1.19. Let K C X — str be a quasivariety. If (Cog, i) is a filter pair, then I

is compatible with (Cog, i) iff lx is a Lindenbaum algebraizable logic.

Proof:

Since (Cog, i)

is a filter pair and due to 3.1.9, [ is an algebraizable logic. By 3.1.18,
li is congruential. As any congruential logic is Lindenbaum, thus [x is Lindenbaum alge-
braizable logic.

Every Lindenbaum algebraizable logic is selfextensional logic, then by 3.1.18 [k is com-

patible with respect to (Cog, i¢). O

3.2 Craig entailment interpolation property and filter

functors

In this section we present a correspondence between Craig entailment interpolation prop-
erty on a logic given by a filter pair on C'ox and the matrix amalgamation property in the

class of matrix of this logic.

Definition 3.2.1. Let [ be a logic of type X.

o Given M,N € ¥, F € Fiy(M) and F' € Fi;(N), a function f : (M,F) — (N, F') is a
matriz-embedding if f: M — N is a embedding such that f[F] C F' and f[M \ F] C
N\ F'.

o [ has the Craig entailment interpolation property if for every set of formulas I' and
every formula o, if I' = @ then there is a set of formulas T with the variables in
var(I") Nwvar(yp) such that T'=T1" and T" F .

e [ has the theory amalgamation property if for every two no disjoint sets of variables X
and Y, and every l— filter T' of the formulas algebra F'(X) there is an l— filter R of the
formula algebra F(XUY') such that ROF(X) =T and RNF(Y) = Fi[TNF(XNY)]| =
({T' € Th(F(Y)); TNF(XNY)CT'}

Definition 3.2.2. Let K C X — Str be a class of algebras, Cox : 3 — Str — AL and a

natural transformation i : Cox = (P( ), C) such that (Cog, i) is a filter pair.
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o The logic l is filter-weak-equivalential if given Y C X and 8 € Cog(F(Y)), if (p,¢) €
0 then o € iy (0) iff ¥ € iy (0).

o We shall say that K has the i* -matriz-amalgamation property if given Ay, Ay, A3 € K
and Fa, € Fij, (A;) for all 1 <1 <3 and a matriz-embedding i; : (As, F5) — (A;, F;)
where j € {1,2}, there exists a matriz (A4, Fy) with Ay € K and embeddings e; :
(Aj, F;) — (A4, Fy) such that eq 0 iy = ey 0 is.

Remark 3.2.3. under the conditions above, if QA(i%(0)) = 0 for any A € ¥ — Str and
0 € Cok (), we have that Q4 is surjective. In this case l is a filter-weak-equivalential logic.
Indeed, let Y C X, ¢, € F(Y) and 0 € Cog(F(Y)) such that (p,v) € 0. Suppose that
€ i}((y)(e). Since QFY) is surjective, there is T € Fi, (F(Y)) such that QFY)(T) = 6,
namely, T = i}((y)(e). By proposition 3.1.7 we have that lx is protoalgebraic logic, then
(o, ) € QFYNT), hence T, F¥ 4 and T, F¥ . Since ¢ € ig(y)(ﬁ) =T, we have that
(LS ig(y)(é’). Analogously we can prove that if 1 € ifp((y)(ﬁ) then ¢ € ig(y)(H). In this way

we have that lg is filter-weak-equivalential logic.

Lemma 3.2.4. ([CP99]) If a logic | has the theory amalgamation property, then it has the

Craig entailment interpolation property.

Theorem 3.2.5. Let ¥ be a signature, K C ¥ — Str a class of algebras and (Cog,i%) a
filter pair. If lx is a filter-weak-equivalential logic and K has the i* -matriz-amalgamation

property restricted to reduced filters, then lx has the Craig entailment property.

Proof:

In order to prove that [x has the Craig entailment interpolation property, we will prove
first that [k has the theory amalgamation property. Let X,Y be non disjoint sets and
T € Fiy (F(X)). Denote by Z =X NY and W = X UY. Consider 7" = Fi} (T N F(Z)).
SoT'"NF(Z)=TNF(Z)(=T"). Indeed, it is clear that TN F(Z) CT' N F(Z). Suppose
that there is ¢ € 7" N F(Z) such that ¢ ¢ T'N F(Z), hence T'N F(Z) t/,. . Notice that
Z CY, due to lemma 3.1.5 we have T N F(Z) /¥ ¢, then ¢ ¢ Fif (I'NF(Z)) =T, a
contradiction.

By proposition 3.1.6 consider now 0y € Cog(F(X)), 0 € Cox(F(Y)) and 07 €
Cox(F(Z)) such that T = ify (0r), T = ipy)(0r) and T" = iff ;) (00). Let Ay =
F(X)/0r, Ay = F(Y)/0p and Ay = F(Z)/0r». Define i; : A3 — A; by i;([¢]s,.) = [lor
for j € {1,2}. It is easy to see that i; is embedding for j € {1,2}. If [pls,, € T"/¢",
then there is ¢ € T” such that (p,¢) € Op». Since Ik is filter-weak-equivalential, we
have that ¢ € T" = T'N F(Z). Hence [¢lo,., € T"/0r» implies [¢lg, € T/0p. Now let
[©lo,., € A3\ (T"/0p»). Suppose that [¢lg, € T/0r, therefore ¢ € T. Since ¢ € F(Z), so
¢ € TNF(Z), and then p € T". Thus [¢ls_, € T"/0p+. Implying a contradiction. Hence
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[©lo; € A1\ (T'/07). Due to that we have that i; is a matrix-embedding. Analogously one

can prove that iy is a matrix-embedding as well.

By i¥-matrix-amalgamation property restricted to reduced filters, there is A, € K and
Fy € Fi, (Ay) such that (A4, Fy) € Matr*lx with ey : (A, T/0r) — (A4, Fy) and ey :
(A9, T"/07:1) — (A4, Fy) such that e o1y = ey 0 is.

Define f : W — Ay such that f(z) = e([z]s,.) if v € X and f(z) = ea([z]s,,) if x € Y\ Z.
Notice that for every z € Z, e1([2]g,) = e1(i1([2]o,,)) = e2(i2([2]o,.,)) = e2([2]s,,). Therefore
e1([z]o,) = f(2) = ez([2]s,, ). Hence we can consider f: F(W) — Ay and then if ¢ € F(X),
f(p) = ex([#lo,) and if € F(Y), f(p) = ea([#loy,).

Let R = f~'(F}), then

pe RNF(X) iff [f(p) € Fl
iff eilelor) € Fu
if [ [¢ley € T/0r (i* — matriz — amalg.)
iff ¢ eT (filter — weak — equiv.)

Hence RN F(X) = T. Analogously we have that RN F(Y) =1". Due to Lemma 3.2.4,

Ik has Craig entailment interpolation property. O

Lemma 3.2.6. Let K C ¥ — Str be a quasivariety. Suppose that there is i : Cox —
(P();C) such that (Cog,i™) is a filter pair and lx a truth-equational logic. K has the
K

1" -matriz-amalgamation property then K has the amalgamation property.

Proof:

Let Az i> A; embeddings for i=1,2. Since [k is a truth-equational logic, there is a set
of equation 7 such that defines the filters in Matr*l. Then consider the filters defined by
F, ={a € A; A = 7(a)} for any i=1,2,3. We prove that f; : (A3, F3) — (A;, F}) is
a matrix-embedding for any i=1,2. Indeed, let a € F3, for any (§,¢) € 7, we have that
64i(fi(a)) = f;(6%2(a)) and e%i(fi(a)) = fi(e"2(a)). Since a € F3, we have §3(a) = £3(a),
hence §4i(f;(a)) = €%(f;(a)), proving fi[Fs] C F;. Now suppose that f;(a) € F;. Then
64 (fi(a)) = €% (fi(a)) for all (0,e) € 7. Thus f;(0*3(a)) = fi(e**(a)). Since f; is an
embedding, we have that §43(a) = £43(a), therefore a € {b € As; Az |= 7(b)} = F3. Thus
filAs \ F3] C A; \ F;.

By lx—matrix-amalgamation, we have that there is a matrix (A4, Fy) together matrix-

embeddings (A;, F}) N (Ay, Fy), for i=1,2, such that the following diagram commutes:
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(A, F1)
(As, F3) (Ag, Fy)
(Ag, F)

In particular we have the following diagram commuting:

Ay
As Ay
As

]

Definition 3.2.7. A logic | has a Deduction-Detachment Theorem (DDT) if there is a set

of formulas A(p,q) such that for every set of formulas T and every formulas o and
Coakp iff TEA(a,p).
The set A is called deduction-detachment set for | or shortly DD-set.

Lemma 3.2.8. (/CP99]) If | has the Craig entailment interpolation property then for any
set of variables X, every set T' C Fm(X) and every ¢ € Fm(X), if ¢ € Fifm(x)(F) then
there is a set I'" C T' such that var(I") C var(I') Nwvar(y) and ¢ € Fifm(x)(f").

Theorem 3.2.9. Let | be a equivalential logic with DDT. If | has Craig entailment property

then Alg*l has the l-matriz-amalgamation restrict to reduced filters.

Proof:

Let A; € Alg*l and F; € Fi;(A;) reduced filter for ¢ = 1,2,3. Suppose without lost of
generality that Aj is a subalgebra of A; and A, and F; N A3 = F3 for j = 1,2. Consider
X, Y set of variables such that X is of the cardinality of Ay, Y is of the cardinality of A,
and X NY is of the cardinality of A3. Denote by Z = X NY and W = X UY. Consider
the homomorphisms h : F(X) - A; and g : F(Y) — A, such that

e h [ X is a bijection between X and Aj;.
e g | Y is a bijection between Y and A,.

e h[Z=glZ.
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e ¢ | Z is a bijection between Z and As.

Let I'y = h'[Fi] and T'y = g~ ![Fy]. Consider T the [-filter of F/(W) generated by I'y UTs.

Claim 1: TN F(X) =T;. The inclusion I'y € T'N F(X) is clear. Let ¢ € T'N F(X),
then o € T = FilF(W)(Fl UTy). [ is finitary, then there are ¢1,...,¢, € T'; such that
Y e Fz'lF(W)(Fg, ©1, -, ¢n). By DDT there is a set of formulas A*(py, ..., pn, q) such that

A* = A* (1, .y n0) C Fil (T).

By Craig entailment interpolation property, using the Lemma 3.2.8, for each ¢ € Ax,
there is a set I'y, such that var(I'y) € var(ly) Novar(y), I'y C Fz'lF(W)(Fg) and ¢ €
Fif"\(Ty). Hence Jyea. Ty € Fif "(T2) and ¢ € Fiy "(Ty).

Notice that var(I') C Y and for any ¢ € A", var(y) C X then var(Uyea.I'y) € Z.
Using detachment we have that ¢ € FilF(W)(UweA* Loy @1y ey Pn).

Notice that the variables in the formulas ¢, ..., ¢, and in the formulas Uwe Ax 'y are all
in X. We prove that ¢ € I';. In order to do that, we prove that U%A* I'y € I'y. Extending
the homomorphism g : F(Y) — Ay to morphism ¢’ : F(W) — Ay, we have ¢ [ F(Y) = g.
Ty C g ' [Fy). So Uyea-Tw € Fiy "(Ty) € ¢ [Fy). Since Uyen. Ty € F(Z) € F(Y), we
have g[Uyea- Tyl € glg™'[F2]] € Fy. Therefore h[Jyen- Tyl = 9lUyen- Tl € Fo N Az =
FiNA; C Fy. Thus Jyea. Ty € Ty, then ¢ € Fif (). By Lemma 3.1.5 ¢ € Fif ™(Ty).
Then ¢ € I'y.

Claim 2: TN F(Y) = I'y. The same proof of Claim 1.

Notice that QX(T'y) = ker(h). Indeed,
(o 0) € OX(TY) 0¥ (h (1)

) € hHQA(F)) (1 is equiv. logic)

h(p), h(v)) € QA(F)(F is reduced filter)

Tt ¢

Analogously we have Q¥ (T'y) = ker(g). Then F(X)/QX(Ty) = Ay, F(Y)/QY(Tg) = A,
and F(Z)/Q%(Ty N F(Z)) = A;z. Observe that these isomorphisms send T';/Q(T;) to F; for
i=1,2,3and I's = 'y, N F(Z). Consider D = F(W)/Q"(T) and Fp = T/QY(T). With
that we have (D, Fp) € Matr*(l) and D € Alg*.

Define e, : F(X)/Q¥(T1) — D where e;([¢lawr,)) = [¢lawr). In the same way to
es : F(Y)/QY(Ty) — D. Observe that Q*(Ty) = QY(T) N F(X)2. Indeed, we can see
TNFX)=j T and QY(T) N F(X)? = j7YQY(T)) where j : F(X) < F(W) is the

inclusion morphism. Since [ is equivalential logic we have
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QxXIr,) = 9%
= QYD)
= J7HQY(T))
= OV(T)n F(X)?
With this equality we have that ey is well defined and injective. Analogously to es.

3
D)
E
s

It is easy to see that the following diagram commutes

X) /() =

/\
/

Ay F(Z)/Q(, N F(Z
/Q FQ

It clear the e;[I;/Q(T'1)] C T/QT). Let ¢ € F(X) such that [go]Q(T) € T/QT), then ¢ €
T due to Leibniz operator. Thus by Claim 1 ¢ € T'N F(X) = T'y, then [plor,) € T'/Q(T).

Analogously for ey. Therefore e; is a matrix-embedding for i = 1, 2. O

Corollary 3.2.10. Let K C X — Str closed by isomorphism. Suppose that there is i*
Cox = (P(),C) such that (Cog,i™) is a filter pair, (Q) aex_ser 18 natural transformation
such that is a retraction for i*. If lx has DDT then K has i* -matriz-amalgamation property
restrict to reduced filters if, and only if lx has Craig entailment interpolation property.
Proof:

7 = 7 : Due to 3.2.3 we have that [k is filter-weak-equivalential logic, then applying
Theorem 3.2.5 it is done.

b

< 7 : By Proposition 3.1.8 we have [k is equivalential logic and K = Alg*ly. So it is
just apply 3.2.9. O

Corollary 3.2.11. Let K C ¥ — Str be a quasivariety and T be a set of equations in at most
one variable. By 3.1.10 we have that we can define a filter par (Cog,i") and consequently
a logic lx. Suppose that Q4 is a section to if{ for any A € ¥ — Str. If K has i* -matriz-

amalgamation property then K has amalgamation property.

Proof:
Using 3.1.13 we have that [k is truth-equational logic. Then apply 3.2.6 [

3.3 The category of filters Fi

In this section we present the definition of the category of filter functors and establish

the correspondence between it and the category of logics with flexible morphisms.
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The category F7 is composed by:
e Objects: Filters pairs (G,i%).

e Morphisms: Pairs (H, j) such that H : ¥’ — str — X — str is a structure functor, i.e.,
it commutes over set and the natural transformation n” : F = H o I’ preserves variables,
where I, F" are free functors from the category Set to structures and j7 : G’ = Go H is a
natural transformation such that given M’ € ¥’ — str, ig(M,) o ji, =i}, where (G,i%) and

(G',i%") are filters pairs.

— str

N

-Composition: Given (H, j# ) € ObFi.

(H,jH) . (H',jH’) = (H o H', j o j1")

H

where (57 o j71") 0 = jg,(M,,) o ji',. Observe that

(gtomraam © (G © 57 )arm) = i

Indeed

Z‘1?10111/(M~) o ((j" o)) = inIoH’(M”) © (jg/(M") © jipn)
(igoH’(M”) © jg’(M”)) o jibn
iy 18

"
- Z%//

In the former sections we have seen a correspondence between the objects of £; and Fi.
Now we show the correspondence between morphisms of £ and of Fi.

In chapter 2 we have that given a functor H : ¥ — Str — 3 — Str such that it is a
structure functor, then there is a signature morphism mgy : ¥ — 3, such that my(c,) =

N (X)(cn(xo, ..., n—1)). We can consider the functor

(G",i%") le
\ = T my
(G7 ZG) lG

We must prove that my is a translation.
Let T U {¢} C F(X) such that ' F¢ . Let a € G'(F'(X)). Suppose that mig(I") C

ig:(x)(a) = ig(F(X))(jg,(X)(a)). We can see niy as an evaluation. Since the pair

(H(F'(X)), i1 x) U (@)
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is a matrix model of lg, we have nig(p) € ig(F,(X))(jg,(X)(a)) = ig/(X)(a). As a has been
taken arbitrary, we conclude that nig[l'] Fo nig ().

Now consider the functor (see 1.2.2)

N’: ﬁf — Fi

I (Fiy, i)
hl — h*?
4 (Fiy,i")

Observe that given [ € L;, N o N'(I) = N((Fiy,i')) = lp;, = 1. Let h € homﬁf(l,l’),
then N o N'(h) = N((h*,j*)), where j* : Fiy = Fi, 0 h* given by the inclusion, i.e., let
M €Y —str and F € Fip(M), j7*(F) = F. Indeed j* is well defined, let ' U {p} C Fm
such that '+, ¢ and v : X — h*(M) where F(X) = F'm such that o['] C F.

h*M’

Consider ox and o the respective unit of adjunction between the free functor and
forgetful functor over 3 — str and ¥ — str. Consider v’ : F'm — M the unique morphism,
given by the universal property such that v’ o 0%y = v. As h*(F'm) has the same universe
of F'm, we can see v’ : h*(F'm) — h*(M) as a morphism, i.e., v = h*(¢'). It holds that
0% = hoox. Therefore, ¥’ o h oo, = v. Notice that v is the unique morphism such that
v ooy =v. Hence o' o h = ©. Therefore, o o h(I') C F. As F € Fiy(M) and T by h(p),
then @ o h(p) C F, hence ©(p) € F. Since v has been taken arbitrary, F' € Fi;(h*M).

Applying N ((h*, j*)) = mp« = h. Then N o N’ = Idg .

On the other hand N” o N ((G,i%)) # (G, i),

On the class of filter pairs one can define the following relation:

(G,i%) ~ (G",i%) iff G,G":%—str— AL and i% =%

The relation ~ is a equivalence relation.

This relation means that if two filter pairs are in correspondence, then they define the
same logic.

So we have that N’ o N'((G,i%)) and (G,i%) are in the same class with respect to ~.

The fuctors N and N’ give us, in a similar way as in chapter 2, a “codification” for
morphisms in Ly.

Moreover, these functors establish a adjunction A7 4 A/, Indeed, let (G,i%) be a filter
pair. We have seen that N7 o N'((G,i%)) = N'(lg) = (Fliy,,1). Given [ a logic and (H, j) :
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(G,i%) — N'(l), we have that mpg : | — lg is a morphism in £; such that the following

diagram commutes:

o (IdiC), .
(G,ZG)—>(F2lG,z)

l(m;[_Hvi)
(Fila Z)

(H.5)

So we have N’ 4 N. Moreover we can so see L; as a reflexive subcategory of Fi and
then, by Proposition 5.3.1 in [Bor94] we have that there exist the category of fractions such
that is equivalente to N where ¥ (a class of morphisms such that the category of fractions

exists) is all morphism f € £; such that N'(f) is a isomorphism.



Chapter 4

Institutions for propositional logics
and an abstract approach to

Glinvenko’s theorem

The notion of Institution was introduced for the first time by Goguen and Burstall in
[GB92]. This concept formalizes the informal notion of logical system into a mathematical
object. The main (model-theoretical) characteristic is that an institution contains a satis-
faction relation between models and sentences that are coherent under change of notation:
That motivated us to consider an institution of a logic, i.e., an institution for a proposi-
tional logic [ represents all logic I’ such that is equipollent with [ ([CG07]). A variation of
the formalism of institutions, the notion of m-Institution, were defined by Fiadeiro and Ser-
nadas in [FS88] providing an alternative (proof-theoretical) approach to deductive system.
In [FS88] and [Vou02] was showed a way to relate institutions with w-institutions. On the
best of our knowledge, there is no literature on categorial connections between the category
of institutions and the category of m-institutions. Here, we provide a categorial relationship
using the well-known relation between objects of those categories, more precisely, in section
1 we determine a pair of adjoint functors between those categories.

Connecting those abstract logical settings with the notions presented in the previous
chapters of the present thesis, we introduce, in the subsequent sections, institutions for
abstract logics, algebraizable logics and Lindenbaum algebraizable logics. Concerning the
latter, we present the definition of a Glivenko’s context between two algebraizable logics.
Recalling the classical Glivenko’s theorem, proved by Valery Glivenko in 1929 that says one
can translate the classical logic into intuitionistic logic by means double-negation of classical
formulas, we prove in 4.3.6 (4.3.12) that for each Glivenko’s context relating two algebraiz-
able logics (respectively, Lindenbaum algebraizable logics), can be associated a institutions
morphism between the corresponding logical institutions . Moreover, in 4.3.7 (4.3.13) we

have that a Glivenko’s context between institutions of algebraizable logics (Lindenbaum

71
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algebraizable logics) provides an abstract Glivenko’s theorem between those logics, general-
izing the results presented in [Tor08]. In particular, considering the institutions of classical
logic and of intuitionistic logic 4.3.8, we build a Glivenko’s context and thus an abstract

Glivenko’s theorem such that is exactly the traditional Glivenko’s theorem.

4.1 Categorial relationship between Institution and II-

Institution

In this part of the work we establish an adjunction between the category of Institutions
Inst and the category of w-Institution m — Inst. We are going to present now the correspon-
dence between the objects in those categories, but this relation is not original. One can find
it in [Vou02], [FS88]. The new result here is the relationship between their morphisms.

We start giving the definition of institution and 7-institution with their respective notions

of morphisms (and comorphisms), and consequently their categories.

Definition 4.1.1. An Institution I = (Sig, Sen, Mod, =) consists of

Sig
(Cat)r = Set

1. a category Sig, whose the objects are called signature,

2. a functor Sen : Sig — Set, for each signature a set whose elements are called sentence

over the signature

3. a functor Mod : (Sig)®® — Cat, for each signature a category whose the objects are

called model,

4. arelation ExC [Mod(X)| x Sen(X) for each ¥ € |Sig|, called ¥-satisfaction, such that
for each morphism h : ¥ — X', the compatibility condition

M' s Sen(h)(¢) if and only if Mod(h)(M') Esx ¢
holds for each M' € |Mod(¥')| and ¢ € Sen(X)

Example 4.1.2. For each pair of cardinals X9 < k, A < oo, the category of languages
L = (C,F,R)" and language morphisms, endowed with the usual notion of L, x-sentences
(= Ly x-formulas with no free variable), with the usual association of category of structures

and with the usual (tarskian) notion of satisfaction, gives rise to an institution I(k, \).

"Where C is a set of symbols of constants, F' is a set of symbols of (finitary) function symbols and R is

a set of symbols of (finitary) relation symbols.
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Definition 4.1.3. Let I and I’ be institutions.
(a) An Institution morphism h = (®,«, 3) : I — I’ consists of

1. a functor ® : Sig — Sig’
2. a natural transformation o : Sen’ o ® = Sen

3. a natural transformation [ : Mod = Mod' o ®°P

such that the following compatibility condition holds:

m s as(¢’) iff Bs(m) Few) ¢

For any ¥ € Sig, any X-model m and any ®(3)-sentence ¢'.

(b) A triple f = (¢,a,B) : I — I is a comorphism between the given institutions if the

following conditions hold:
e ¢:Sig— Sig is a functor.

e a:Sen = Sen'o¢ and B : Mod o ¢°? = Mod are natural transformations such that

satisfy:

m' sy as(e) if f Bs(m’) s ¢
For any ¥ € Sig, m' € Mod' (¢(X)) and ¢ € Sen(X%).

Example 4.1.4. Given two pairs of cardinals (k;, \;), with Rg < r;, Ay < 00,7 =0,1, such
that ko, k1 and N\g < Ay, then it is induced a morphism and a comorphism of institutions
(P, e, B) = I(ko,No) — I(K1,A1), given by the same data: Sigy = Lang = Sigy, Mody =
Mod; : (Lang)® — Cat, ® = Idpemg : Sigo — Sigr, f = Id : Mod; = Mod;_;, o =

inclusion : Seng = Sen.

Given f : I — I' and f' : I — I” comorphisms of institutions, then f' e f := (¢’ o
¢, e o, 3" @ B) defines a comorphism f' e f : I — I” where (o/ ® )y = oz;)(z) o oy and
(6 e )y = Pxo B;(E). Let Id; == (Idsig, Id,Id) : I — I. It is straitforward to check that

these data determines a category?. We will denote by Inst this category of institutions

2As usual in category theory, the set theoretical size issues on such global constructions of categories can

be addressed by the use of, at least, two Grothendieck’s universes.
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where the arrows are comorphisms of institutions. Of course, it can also be formed a
category whose objects are institutions and the arrows are morphisms of institutions, but

that will be less important here.

Definition 4.1.5. A 7w-Institution J = (Sig, Sen, {Cs}sejsig) 5 a triple with its first two
components exactly the same as the first two components of an institution and, for every > €
ISig|, a closure operator Cs, : P(Sen(X)) — P(Sen(X)), such that the following coherence
conditions holds, for every f: 3, — ¥y € Mor(Sig):

Sen(f)(Cs,(I") C Cs,(Sen(f)(I')), for all T' C Sen(X%;).

Definition 4.1.6. Let J and J' be w-institutions, g = (¢, ) : J — J' is a comorphism

between m-institution when the following conditions hold:

e ¢:Sig— Sig' is a functor

e o : Sen = Sen' o ¢ is a natural transformation such that satisfies the compatibility

condition:

v € Cx(I") = ax(p) € Cyx)(ax(I')) for all T'U {¢} C Sig(X)

Let g: J — J and ¢’ : J/ — J” be morphisms of 7m-institutions. ¢’ e g is defined as the
two first components of composition of comorphisms of institutions. The identity morphism
is given as the two first components of the comorphism identity of institution. We will

denote by 7-Inst the category of m-institutions and with arrows its comorphisms.

Example 4.1.7. (a) The each of categories of propositional Ly and L is associated an
m-institution Jg (respectively, Jg) in the following way:
o Sigy := Ly;
e Seny : Sig; — Set, given by (f : (Z,F) — (X,F)) = (f: Fs(X) = F(X));
o For each | = (X,F) € |Sigy|, C : P(Fx(X)) = P(Fx(X)) is given by C(I') = {¢ €
Fs(X) : Tk, ¢}, for each T C Fy(X).

(b) The "inclusion” functor (+) : L; — Ly, mentioned in the section 2 of Chapter
1, induces a comorphism (and also a morphism!) of the associated m-institutions (+) :=
(), at) « Jg = Jp, where, for each | = (X,F) € Sigs = L,, a*(l) = Idpyx) : F5(X) —
Fg(X)3

3A lateral question in this chapter, that is interesting by its own, is understand the role of the adjoint

functor (—)r, : £y — L, in the 7-institutional level Jy, Js.
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In order to establish the adjunction between Inst and m— Inst we introduce the following:

Let I = (Sig, Sen, Mod, =) be an institution. Given ¥ € |Sig|, consider
[*={me& Mod(X); m s ¢ forall p €'} and

M*={p e Sen(X); m=s ¢ for all m € M}

for any I' C Sen(X) and M C Mod(X). Clearly, these mappings establishes a Galois
connection. Thus CL(T) := I'™*, defines a closure operator for any ¥ € [Sig| ([Vou02]).
The following lemma describes the behavior of these Galois connections through institu-

tions comorphisms.

Lemma 4.1.8. Let f = (¢, o, ) : [ — I' an arrow in Inst. Then given T' C Sen(X) and
M C |Mod(¢(X))|, the following conditions holds:

1) Bsl(es[T]) ] S I
2) as|(Be[M])] € M*

Proof: 1) Let m € Bs[(ax[[])*]. So there is m' € ag[l']* such that fs(m’) = m. As
m' € as[']", hence m’ =) sy as[I] & fs(m/) s I < m s I Then m € I

2) Let ¢ € ag|(Ps[M])*]. So there is ¥ € Bx[M]*such that ax(¢)) = ¢. Since ¢ €
(Bs[M])*, hence fBs[m] Fs ¢ & mEym) an(¥) < m =4 ¢ for any m € M. Therefore
o€ M~ O

Define the following application:
F: Inst — 7 —Inst

I — F(I)=(Sig, Sen, {Cé}zggig‘)
In order to establish that F' is well defined, it is enough to prove the compatibility

condition for {C{ }xesigl, 1-€., given f: X — Xy and I' C Sen(X;), then Sen(f)(CE () C
CL (Sen(f)(T)). Let @ € Sen(f)(CL (T)), then there is ¢ € I such that Sen(f)(¢1) =
2. Let m € (Sen(f)(I'))*. Som k5, Sen(f)(I'). By compatibility condition in institutions
we have that Mod(f)(m) [=x, I', thus Mod(f)(m) € IT'"*. Since ¢; € I'"* we have that
Mod(f)(m) Es, ¢1, hence m s, Sen(f)(p1) = ¢a. Therefore ps € (Sen(f)(I))*™ =
CL, (Sen(f)(T).

Now let f = (¢,«,5) : I — I' be a comorphism of institutions. Then consider F'(f) =
(¢, ). Notice that F(f) is a comorphism between F(I) and F(I'). Indeed, in order to prove
that, it is enough to prove that F(f) satisfies the compatibility condition. Let I' U {¢} C
Sen(X) for some ¥ € [Sig|. Suppose that ax(p) & C’é(z)(ag[f‘]). Hence ax(p) € as[[']*™.
Therefore ax[I']* &y, as(a). Thus there is m € as[I'" such that m &)y as(p). Hence
Bs(m) fs . Due to 4.1.8 1) we have that Bs(m) € I'**. Therefore ¢ ¢ I** = CL(T).
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Now let f: 1 — I" and f": I’ — I"” comorphism of institutions. F'(f" e f) = (¢/ 0 ¢,/ e
a) = F(f')e F(f) and F(Id;) = Idp(). Then F' is a functor.

Consider now the application:
G: m—Inst — Inst

Where:
J = G(J) = (Sig, Sen, Mod’, =")

e The two first components of the m—institution are preserved.

e Mod’ : Sig — Cat°P.
Mod’ (%) := {Cx('); T C Sen(X)} C P(Sen(X)) is viewed as a poset category and, given
f:2 =Y Mod’(f) = Sen(f)".
Mod? (f) is well defined. Indeed: Let I' C Sen(X’) and ¢ € Cx(Sen(f) 1 (Cx(T))).

CelSen(f)(Sen(f)~ (Cs[T)))]
Cx (Co[l) = Cx[T]

Sen(f)(¢) € Sen(f)[Cs(Sen(f)(C[T])] <
-

Therefore ¢ € Sen(f)™*(Cx[T]). Tt is easy to see that Mod” is a contravariant functor.
e Define E/C |Mod(X)| x Sen(X) as a relation such that given m € Mod(X) and
p € Sen(X), m =L pifandonly if ¢ € m. Let f : X — X/, p € Sen(X) and m' € [Mod(%)|.
Mod’(/)(m') E o & Sen(f)™(m') K ¢
& e Sen(f)(m)
& Sen(f)(p) € m/

& m' =gy Sen(f)(p)
Therefore the compatibility condition is satisfied and then we have that G(J) is a insti-

tution.

Now let h = (¢, a) : J — J' be a comorphism of 7-institution. Define for any ¥ € |Sig|
Bs : Mod” o ¢(X) — Mod’(X) where fs(m) = ag'(m). We prove that B is well defined,
ie., ag'(m) € Mod’(%). Let ¢ € Cs(ag'(m)). h is a morphism of m-institution, then
as(p) € Cyz)(as(ag'(m))) C Cysy(m) = m. Therefore ¢ € as'(m).

Now we are going to prove that [ is a natural transformation. Let f : 3; — 5. Since

« is a natural transformation, observe that the following diagram commutes:

—1

P(Sen(S1)) <2 P(Sen/(6(21)))
Sen(f)‘lT TSW’W(J”))‘1
P(Sen(X;)) <— P(Sen’(¢(22)))

0622

Using this commutative diagram we are able to prove that the following diagram com-

mutes:
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Bs,

Mod” o (X)) ——= Mod”’ (%)

ModJ'(¢>(f))T TMod%f)
Mod” o ¢(%5) o Mod? ()
2

Let m € Mod” o ¢(%5).
Mod”(f) o fs,(m) = Mod’(f)(ag,(m))
= Sen( ) (o, (m))
5, (Sen(6(f)) " (m))
= 521(5671( ()~ (m))
= By, 0 Mod” (¢(f))(m)

G(h) = (¢, a, f) is a comorphism of institution. Indeed, it is enough to prove the compati-
bility condition. Let m € Mod” (¢(X)) and ¢ € Sen(X).
m s pox(p) & as(p) em
& peay(m)
& @ € Ps(m)

& Bu(m) =5 (m)e

It is easy to see that G is a functor.

Theorem 4.1.9. The above defined functors F : Inst — m —Inst and G : 7 —Inst — Inst,

establish an adjunction G - F' between the categories Inst and m — Inst.

Proof:

Define the application n; = (Idsiy, Idsen) : J — F(G(J)) for each w-Institution J =
(Sig, Sen, {Cs}sesig))- This application is well define. Indeed, we prove that Cy, = Cg D for
any % € |Sig|. By definition of the functor G, notice that given ¥ € [Sig| and " C Sen(¥),
Cs(T) € I* = {m € Mod(X); m EL T'}. Moreover Cx (") C m for every m € I'*. Then for
any ¢ € Sen(X)

peCx(l') & pem forallmeTl™
& mEL e forallmeT*
& pel™={yeSen(X); T* = ¢}
s pecfUm).

It is clear that (ny) Jeln—Tnst| 18 a natural transformation. Remains to prove that 7;
satisfies the universal property for any J € |7 — Inst|.

Let h = (¢,a) : J — F(I) where J = (Sig,Sen,{Cs}sepsig) is a m—institution,
I = (Sig/,Sen’, Mod',[=') an institution and h a morphism of m—institution. Define h =
(p,a, ) : G(J) — I where the first two components are the same of h and given ¥ € |Sig|,
Bs : Mod' o $(X) — Mod’ (X) such that Bx(m) = as'[m*]. Bs is well defined. Indeed, notice
that m* = m** for any m € Mod' (¢(X)). Since CL(T) = I'**, therefore m* = CL(m*). We

have shown that as h is a morphism of 7—institution, ag'(m*) = as'(CL(m*)) € Mod”.
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Now we prove that (8s)sesig is @ natural transformation. Let f :3; — 5. Then given
m € Mod' o ¢(3Xs)

Mod' o ¢(S1) Z2e Mod! (%))

Mod’(¢(f))T TMod“’(ﬁ
Mod' o ¢p(%3) . Mod’ (%5)
2

= Pu,(Mod(¢(f))(m)).
The justification of the equality (1) is:

p € Sen(o(f)) "' (m*) & Sen(é(f))(p) € m*
& M oy Sen(o(f))(p)
& Mod(¢(f))(m) |= Xae
& g e (Mod(o(f))(m))*

Hence f3 is a natural transformation. Therefore h is a comorphism between G(I) and 1.

Observe that F'(h) = (¢, a) = h. Then we have the following diagram commuting;:

Moreover, clearly h is the unique arrow such that the diagram above commutes. Hence
GAF. O

4.2 Institutions for abstract propositional logics

The “proof-theoretical” Example 4.1.7.(a), that provides a m-institution for a category of
propositional logics, lead us to search an analogous “model-theoretical” version of it that is
different from the canonical one (i.e., that obtained by applying the functor G : m — Inst —
Inst): In the first subsection of this section, we provide (another) institution for a category
of propositional logics. That is naturally interesting because the theory of institutions was
firstly used by computer scientist for first order logic.

However, the main motivation for the use of institution theory in this work is because it
relates the sentences and models of a logic independently of its presentations, retaining only
its “essence”. More precisely, in the second subsection, we are going to define institutions

for each (equivalence class of) algebraizable logic and Lindenbaum algebraizable logic: this
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will enable us to apply notions and results from institutions to study meta-logic properties

of a (equivalence class of) well-behaved logic, as we will exemplify in the next section.

4.2.1 An institution for the abstract propositional logics
From to the category of logics L, we define:
e Sig := Ly, the category of propositional logics | = (X,F) and flexible morphisms.

e Sen : Sig — Set where Sen(l) = P(F (X)) x F(X) and given f € Morg;y(l1,l) then
Sen(f) : Sen(ly) — Sen(ly) is such that Sen(f)((T,¢)) = (f[[], f(v)). It is easy to see

that Sen is a functor.

e Mod : Sig — Cat®® where Mod(l) = Matr; and given f € Morg;,(l1,12), Mod(f) :
Matr,, — Matr;, such that Mod(f)((M,F)) = (f*(M), F). Mod(f) is well defined, indeed:

It is enough to prove that given (M, F) € Matr,,, then F is a [;-filter in f*(M). Let
F'U{e} € F(X;) such that I' - . Let v : FI(X;) — f*(M) and suppose that v[['] C F.
We define v : F'(¥2) — M where 9(z) = v(z) for all variable z and v(c, (¢, ..., Yn—1)) =
cM(v(2hg), ..., 9(n_1)) for all formula ¢ = ¢, (¢, ..., ¥,_1) Where ¢, is a n-ary connective. As
we saw in the Chapter 2, the function f : F(3,) — f*(F (X)) is a morphism in ¥ — Str.

Therefore the following diagram commutes

F(£1) F*(M)
i
fH(F(S2)

This follows directly from Proposition 2.3.6, since f = 1 (X) : F(2,)(X) = f*(F(22)(X))
is the unity of the adjunction between ¥ —Str and ¥ —Str, described in Chapter 2. Anyway,
we provide here a more explicit proof: For any variable = we have that 7o f(z) = v(z). Now
suppose that for a formula ¢, (1o, ..., n_1) we have v o f(1;) = v(1;) with i € {0,...,n — 1}
then

vo f(cn(to, s hno1)) = B(f(cn)(f(tho), - f(% 1))

Flea)™( Of(@/)) ° f(thn-1))

e M (o), .. fwnn
c£*<M><<> L 0(¥n1))

= U(Cn<77b0, ) ¢n—1))
Since v[I'] € F we have o f[T] C F. f is a morphism between logics, so f[T] ko f(e).
Since (M, F) € Matry therefore 7o f(¢) € F. Hence F is a filter of ;.

e Given [ € Sig We define a relation =C |Mod(l)| x Matr; as:
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Given (M, F) € Mod(l) and (I', p) € Sen(l),
(M, F) = (U, ) iff forallv: F(X) — M, if v[I'] CF, then v(p) € F.

Now we prove that = satisfies the compatibility condition. Let f : 1 — I’ be a morphism
in Sig, (M', F"y € Mod(l') and (', p) € Sen(l).
The universal property of f defines a bijection:

V€S — Str(F(S)(X), M) e v € 5 — Str(F(S)(X), £ (M)

such that the diagram of functions below commutes

Thus

(M), F') =0 (Tyo) iff forallv: F(X) — f<(M'), if v[l] C F', then v(p) €
iff forallv' : F(X) — M, if V'[f[[]] C F', then v'(f(p)

iff (M F) e (fIT], f(p)
Definition 4.2.1. We denote by I; = (Sig, Sen, Mod, |=) the above defined institution of

abstract propositional logics associated with Ly.

FI
)€ F'

4.2.2 (Lindenbaum) algebraizable logics as institutions

In this section we define institutions for each (equivalence class of) algebraizable logic
and Lindenbaum algebraizable logic: this will enable us to apply notions and results from
institutions to study meta-logic properties of a (equivalence class of) well-behaved logic, as

we will exemplify in the next section.

The institution of an algebraizable logic

Let a = (X,F) any algebraizable logic and A any of its a set of equivalence formulas.
Given ¢ € F(X), consider ¢/A the class of formulas 1) of a such that F @A (this does not
depend on the particular choice of A). If ' C F(X), still denote I'/A := {p/A; ¢ € T'}.
Recall that Zf denotes the quotient category of Ay by the congruence relation given by
fof ar — ay, f = fiff for each ¢ € F(X), Fo f(e1)Asf (p1), where A, is any
equivalence formulas for ay (see Chapter 1, section 3).

Now fix a an algebraizable logic. Consider:
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e Sig, is the category whose objects are the algebraizable logics isomorphic to a in .,Tlf
and the morphisms in Sig, are the isomorphisms in Zf (i.e., the equivalence class of Ag-
morphisms f : a; — ay is such that there exists a Ag-morphism g : a; — a; such that
Fi1go JE(Spl)AzSOl and f 0 §(1h2) Agtpy, for each ¢y € F(31),12 € F(X3) ).

o Sen, : Sig, — Set such that Seny(ai1) = Prin(F(X1)/A1) x F(X1)/A; and given
[h] : a1 — ag, seng([R])((T/AL, /A1) = (h[[]/As, h(p)/A;). This is well defined because,
if h = k', then for any ¢, ¢’ € F(X,), if ¢/A = ¢'/A then F; pA1¢" and since h,h' are
represent the same morphism in A; we have that 5 2()Agh/(¢').

e Mod, : Sig, — Cat® is such that Mod,(a') := Matr?, and given [f] : a1 — as we de-
fine Mod,([f]) : Matr;, — Matr} where Mod,([f])((M,F)) := (f*M, F), by Proposition
2.2.2, this does not depend on the particular representation of [f]. We must prove that Mod
is well defined, i.e. that (f*M, F') is a reduced matrix. We saw in the previous subsection
that F is a ap-filter for f*M thus, firstly, we prove that Q/"™(F) is a congruence in M.
Let (a;,b;) € Q"M (F) such that 0 < i < n — 1 and ¢, a n-ary connective in ay; denote
cn(Z) = cp(zo, -+ ,Tn—1). As [f] is a morphism in Sig,, then there exists g : as — a; € Ay
such that 5 f o §(c,(F))Agc, (). Since ay is algebraizable logic, we have that Fqy(ay) f ©
9(cn) = ¢, (Z). As (M, F) € Matr,, then M € QV (az). Hence g(c,)”™™ = f(g(c,))™ = M.
We know that Q"M (F) is a congruence in f*M, thus (cM(ag, ..., an_1),cM(bo, ..., bn_1)) =
(g(c) ™ (ag, ..., an-1),g(cy) (b, ...,bn_1)) € Q"M(F). Therefore Q/"M(F) is a congru-
ence on M. Moreover, it is compatible with F. Hence QF"M(F) C QM(F) = Idjxm-
Then Q"M (F) = Idj«prx|p+my, 50 (f*M, F) is a reduced matrix.

e To = we use here a similar definition as in the subsection above, namely given (M, F) €
Matrs,, and (I'/A,p/A) € Sengy(ay) then (M, F) = (I'/A,¢/A) iff for any valuation
v F(E)(X) — M, if o[I'] C F then v(p) € F. As M € Qu(ay), this is well-defined,
ie., if F OAG then v(0) = v(¢), since v factors uniquely through the quotient morphism
F(31)(X) — F(%1)(X)/A. The proof of the compatibility follows from the same way as in

the subsection above.

Definition 4.2.2. We denote by InsAL, = (Sig,, Sen,, Mod,, =) the above defined insti-

tution. This will be called the algebraizable institution of a.

The institution of a Lindenbaum algebraizable logics

Before define the Institution of Lindenbaum algebraizable logics, we define a notion of

satisfiability of class of formulas:

Definition 4.2.3. Let a be algebraizable logic. Given M € QV(a), M v [¢] = [¥] iff
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for every valuation v : F(X,)(X) — M,
(@) =v([)') such that ¢ 4 ¢ and ¢ -

Remark 4.2.4. If a € Lind(Ay) then, since F(X,)(X)/ 4+ = F(£,)(X)/A is the free
QV (a)-structure on X (see Remark 2.1.4), then Fqva) (@] = [¥] < Fovw ¢ = .

Given a € Lind(Ay). Consider the following maps:

e Sig, is the category whose the objects are a; = (X1,F;) € Lind(Ay), that are isomor-
phic to @ in the quotient category QLind(As) = Q(A}) and the morphisms are only the
isomorphisms in QLind(Ay).

e Mod,, : Sigl®? — Cat such that Mod.,(ay) = QV (ay) for all a; € [Sig,| and Mod,(a, A
as) = (QV (az) —i QV(ay)) (see Corollary 2.2.3).

e We define now the functor Sen], : Sig, — Set.

Let a; € [Sigl|. The idea here is to describe a convenient set of tuples that represents
quasi-equations in 3y (i.e., Eqy A ... A Eq,_1 — Eq).

For each s = ([po], ", [pn_1],[¥]), a non-empty finite sequence in F(X;)/ -+ (the
free QV (ay)-structure on the set X) and each (7,A), an algebraizable pair of a;, where

7={(7,07); j=1,...m for some m € w}, let

q(s, (A, 7)) = (([e(wo)]; [6(w0)]), -+ s ([e(n-1)], [6(n-1)]), ([()], [0()]))

where the notation ([e(0)], [6(0)]) abbreviates the pair of finite sequence of equivalence class
of formulas: ([¢7(),[67(0)]); with j = 1,--- ,m.. Note that, as a; is a congruential alge-
braizable logic, then:

(*) If [0] = [¢'] (i.e., @ 4 0'), then 6(0) 4 6(¢') and £(0) +F £(0"). Thus we have an well
defined mapping ¢/A v (£()/A, 8(¢)/A) and q(s, (A, 7)) is well-defined;

(**) conversely, as ¢ " A(e(p), d()), then we have and well defined map ((¢) /A, 6(¢)/A) +
©/A and r ot = id.

Define g := {q(s, (1, A)) : (7, A) is an algebraizable pair of a; } and then take Sen.,(a;) :=
{¢s : s is a non-empty finite sequence in F'(3;)/A;}. Note that, by the above remark, the
mapping s N qs determine a bijection between the set of non-empty finite sequences in
F(%1)/A and Sen’a(ay)

Let [f] : a1 — ay be an isomorphism in QLind(Ay), in particular f/ 4 F(2,)/ 4i-—
F(X3)/ bk is a bijection. Let s = ([¢ol, - -, [¢n-1], [¢]) be a non-empty finite sequence in
F(2)/ -+ and ((¢,6), A) be an algebraizable pair of a;. Then fxs := ([f(wo)], -, [f(wn_1)], [f(¥)])
is a non-empty finite sequence in F'(33)/ 4oF and the mapping

q(s,((£,6),8)) = q(f *5,((f(e), F(9), f(A)))

determines a bijection: f*:gq, — Qfes-
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Then Sen([f]) : Senq(a1) — Sen! (az) is given by Senl,([f])(¢s) = qf+s (this map is well
defined). It is straitforward check that Sen!, : Sig, — Set is a functor.

Just to simplify notation, from now on we will denote the any element of the set ¢, by
((laol, [Bol) -+ -, ([om—1l, [Bna]), ([, [8])) = (([e(0)]; [8(00)]), -, ([e(pn-1)]), ([e()]; [6()]))-

e Given d’ € Sig,, M' € QV (a') and ¢’ € Sen,(a’), we say that M’ =* ¢ when, for any
(and thus for all!) element (([eg], [Bp]), -+ 5 ([, 1], [6L_1]), ([&/],[8])) of ¢, if

n—1 n—1

M Eqv) [0l = [B]Vi=0,..,n—1

)

then
M oy o] =[]

Let [f] : a1 — a2 € Sig,,, My € QV(az) and g € Sen)(ay). Then, as [f] : a; — a2 which
is a isomorphism in QLind(Ay), then it is easy to see that

My |=* Sen(f)(q) < Mod(f)(Mz) =" q

Definition 4.2.5. Then we have that InsLAL, = (Sig,, Sen!, Mod,,=") is a institution

called the Lindenbaum institution of a.

Remark 4.2.6. As can be easily checked, each Lindenbaum algebraizable logic a, determines
the following comorphism of institutions: h®* = (&%, o, 5%) : InsLAL, — InsAL,, where:

o ®:Sig, — Sig, consists of inclusion of categories: ®*(ay [h—1>} as) = a; @ as ;

e %: Mod, o (P*)? = Mod,, given by, for each ay € |Sig.|, 5(a1) : Matr: — QV (ay)
18 the forgetful functor;

e o : Sen! = Sen, o ®*, given by, for each a1 € |Sig.|, for each q € Senl(ay), let
s = ([pol, - s [en-1], [¥]) be the unique non-empty finite sequence in F(3,)/ - such that
q = qs, then a*(a1)(q) == ({lwol, -, [en-1]}, [¥]) € Prin(F(31)/8) X F(X1)/A = Senq(a1).

e [t holds the compatiblitity condition: for each ay € |Sigl|, each (M, F) € |Mod,(®*(ay)| =
Matr*(ay) and each q5 € Senl,(ay)

(M, F) E a%(q,) if f M E" g,

And this follows from:
(+) Foreachv:X — M and p € F(X1):

v(p) € Fif f v(e(p)) = v(d(p))*

Remark 4.2.7. One can ask “why do use different notion of institution of a Lindenbaum

algebraizable logic instead of the restrict the notion of institution of algebraizable logic to the

"Indeed, as ¢ 4 A(e(p),d(p)), then v(p) € F iff v(A(e(p),d(v)) € F iff (v(e(p)),v(d(¢))) €
OM(F) = id.
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class of Lindenbaum algebraizable logic?” The answer to this question is that those institu-
tions seem not be isomorphic, but there are notions of abstract Glivenko’s theorem for both
of them. This means that we have two different approaches to abstract Glivenko’s theorem
as follow in the next section. We believe that those two different approaches for the abstract
Glivenko’s theorem can be applied for special classes of logics, for instance we can use the
1dea behind of the institution for an algebraizable logic as 4.2.2 to provide an institution for
an equivalential logic. On the other hand, we can use the idea behind of the institution for a

Lindenbaum algebraizable logic as 4.2.2 to provide an institution for a truth-equational logic.

4.3 The abstract Glivenko’s theorem

The Glivenko’s theorem allows one translate the classical logic into the intuitionistic
logic by means double negation. More precisely, if ¥ be a commom signature for expressing
presentations of classical propositional logic (CPC) and intuitionistic propositional logic
(IPC) — for instance, ¥ = {—, =, A, V}-and T'U{p} C F(X), then I' Fepe ¢ iff =0 Fipe
——p. Here we generalize the Glivenko’s theorem between arbitrary algebraizable logics
(Lindenbaum algebraizable logics) using the ideas and notions of the Institution Theory
applied to the former defined institutions for algebraizable logics (Lindenbaum algebraizable

logics).

Remark 4.3.1. (a) Recalling the Remark 2.2.9:

Let a = IPC and o/ = CPC both Lindenbaum algebraizable logics with the same signa-
ture. We have the “inclusion” morphism h : IPC — CPC. Denote BA and HA, the
quasivarieties of Boolean algebras and of Heyting algebras on that commom signature. So
hi = incl : BA — HA has left a adjoint functor G : HA — BA. Observe that hf is
the inclusion functor. Hence given H € HA, G(H) = H/Fy, where Fy is the filter in
H generated by the subset {a <> ——a : a € H}, and the quotient HA-homomorphism
qu + H — incl(G(H)) is the H-component of the unity of this adjunction. It is possible
to proof that G(H) = H_., where H__ denote the (boolean algebra) of regular elements
of H, that is, those elements x € H such that ——x = x. Moreover, the surjective HA-
homomorphism v € H — ——x € H__, has HA-section H._, — ——y € H.

(b) Let h - a — a' € Ap. Then h* and h*| have respective left adjoints Ly, and Ly,.
Consider 0 : Id = h* o L, and O : Id = h*| oL, the units of the adjunctions between

h*, Ly, and h* |, Ly, respectively. Given X € Set the following diagram commute: (Here
Ox = Opx = h. The same for d)
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Ox

Ff( F’lX
FX/A——F'X/N

Due to Proposition 2.3.6, Ox = h. Moreover, observe that Ox and [h] : FX/A —
h*| (F'X/A’) both satisfies the universal property, so there exist an isomorphism between

Ly(FX/A) and F'X/A. With this we can consider Ox : FX/A — h*] (F'X/A’)
Now we are ready to propose the following

Definition 4.3.2. A Glivenko’s context is a pair G = (h : a — d', p) where h € As(a,d’)
and p : W*| oL, = Id is a natural transformation that is a section of the unit 0 : Id = h*|
OLh>.

Remark 4.3.3. Let G = (h:a — d,p) is a Glivenko’s context then:

(a) [h=0x : FX/A — h*| (F'X/A') is a surjective homomorphism thus h is a A-dense
morphism (see also Propositions and 2.1.6 2.3.12). For each Y C X, can be chosen (non
naturally) a “lifting” py : F'Y — FY, for each of the natural sections py : F'Y/Ay —
F'Y/Ay:

Fy <2 _py

L

Ox[0] = [M(0)], for all 6 € FX.

(b) On the other hand, the condition of being a A-dense on a Ag-morphism h is not
sufficient to ensure that h is part of a Glivenko’s context: Consider a the “logic of abelian
groups” and a’ the “logic of groups” (see Chapter 1, section 3): both are algebraizable logics;
then QV(a) = Ab,QV (d') = Gr and, for each group G, the unity of this adjunction at G
is the quotient homomorphism qg : G — incl(G/|G, G]); taking G = F(x,y), the free group
in 2 generators, then G/[G,G| = Z & 7Z is the free abelian group in 2 generators and is
straitforward qc : G — incl(G/[G, G]) does not have a section! It will be interesting deter-
mine additional condition on a A-dense morphism, that ensures it be a part of a Glivenko’s
context.

(c) Observe that for any M’ € QV(d') there is M € QV(a) such that Ly(M) = M':
indeed, as h : a — d' is a A-dense morphism, thus combination of the results 2.2.6 (or
2.2.7) and 2.1.6, ensures that h*[: QV (a') — QV (a) is a full and faithfull functor with a left
adjoint and a well known result on adjunctions, entails that the co-unity of the adjunction
k must be an isomorphism, thus ki Ly(R*(M')) = M, for each M' € QV (d').
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Remark 4.34. If G = (h : a — d,p) is a Glivenko’s context then, taking Y =
{zo} € X, then Ey(x9) € F(Y) is a ¥X'-formula in at most one variable xo such that
(0] = [hpy (w0))] € F'(Y) /A" and thus [py (z0)] = [py (A(py (20)))] € F(Y)/A.

(Note that the formula ——(x) appears as a “fived formulas” in CPC and as an “idem-
potent formula” in IPC.) Conversely, give a “fized formula” seems to be also a sufficient
condition for exists a Glivenko’s context, i.e. give a X,-formula in at most variable x,
0(x0), such that ! xoA'(h(0(x0)). Further investigation is needed to establish (and explore)

a precise relation between fized/idempotent formulas and Glivenko’s contexts.

4.3.5. Let G = (h : a — d', p) be a Glivenko’s context and suppose that a; is an algebraizable
logic and [e1] : @ — ay is an isomorphism in the quotient category As. Let [hy] : ay — a’ be

the unique .A_f such that the diagram below commutes

aq ——— a
61]\1 l idl)
[h1] @

Then hy : a1 — a is a A-dense morphism in Ay.
From the choice of left adjoints of functors between quasivarieties induced by A-dense
morphisms (see Chapter 2), we have the strict equalities Ly, o Le;, = Lp,oe;, = L and then

also the diagram below commutes (L., is the inverse isomorphism of €7 )

QV (a) —= QV(d)

GTT Tid@v(a/>

QV (@) 7~ QV ()

Thus, the (natural) section, p, of the unity of the adjunction L, - h induces uniquely a
(natural) section, p™, of the unity of the adjunction Ly, = hy.

In more details: if My € QV(a1) and Oyj, : My — hi(Ly,(My)) is the (canonical) unity
of Ly, - hy (remember that hy is A-dense, since h is A-dense and [e1] is an isomorphism),

then
e1(0hy,) : e1(My) — e1(hi(Ln, (M1))) =

9y + €1(My) = h*(Li(e1(My)))

Thus take pYj, = Le, (Pes (1))

4.3.1 The abstract Glivenko’s theorem in InsAL

On the category InsAL we are going to present the abstract Glivenko’s theorem through

morphisms in this category.
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Theorem 4.3.6. Let a,d’ be algebraizable logics, then each G = (h :a — o, p) Glivenko’s
context induces a institutions morphism InsAL, — InsAL,. More precisely, fizing a
choice of isomorphisms € : Obj(Sig.) — Mor(Siga), a1 — €(a1) = [e1] : a = a1, we define a

institution morphism N,y : InsSAL, — InsAL,>

Proof:
By simplicity, we will write (G, ) for (G,e,). We will define

NG = <¢(G,€)’ a(G’a),B(G’5)>

(this will depend only on the choice of isomorphisms in the domain institution InsAL,):

o (@9 : Sig, — Sigy

The object part of ®(&2) is easy do define: for a; € |Sig,|, set () (ay) := a’.

It follows from adaptations of results in [AFLMO7] and [MM14] that A; is a finitely
accessible category that has all colimits (except initial object) and is relatively complete
(i.e, has limits for all diagrams that admits a cone). In particular A_f has pushouts, and for

each Ajs-isomorphism [f] : a — a, we consider the following pushout

a—>[h} a’
[f]l l[f{]
é ,

a ™ al

As a pushout of an iso is an iso and a pushout of an epi is an epi (recall that h is a
A-dense morphisms, i.e., [h] is an epi), we may suppose that the vertex of the pushout is «’,

[f"] : ' — @’ is an isomorphism and the diagram below commutes®

lE

=
Q<——=2

g

Q = Q
=
=

Note that, as [h] is an epi, then [f"] is uniquely determined.

Now let a;, ay € Sig, and [g] : a; — ag be an arrow in Sig, (i.e., [¢] is a A;-isomorphism).
Then, as e; : a — a; is an isomorphism, ¢ = 1,2, then there is a unique isomorphism
[gc] : @ — @ such that left diagram below commutes.

[e1] p]
a<—a——a

9] \ [ge] \ j [92]

- qg——>q
2 T

5Such induced morphisms are “isomorphic”, for different choices of isomorphisms £°,!.

6Tn this case, this is a necessary and sufficient condition to be a pushout.
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Then define ®“9)([g] : ay — as) = [¢"] : @ — d'. As [¢g.] and [¢"] are uniquely
determined by g, it follows that ®(°) preserves identities and composition of arrows in Sig,,

thus being a functor.

o (%) Seny o ®@9) = Sen, where, for a we have that o!%<)(a) : Sen, o (@) (a) =
Seng(a') — Sen,(a) such that o'%) (a)((I"/A, ¢’ /A"Y) = (px[T]/A, px[¢']/A). Now for
a; € Sig,, let [e1] : @ — a; the isomorphism corresponding by the choice € at a; then, by
4.3.5, /%) (ay) : Seny o ®E)(a;) — Seng(ay) such that for (I/A/,¢'/A"Y € Seny(a'),
@) (ar)((T'/ A, ¢ JA')) = (pRT]/Ar, p3 () /A1) = (€1 0 px[T']/Ar, €10 px(¢)/Ar). T
[g] : a1 — ay is an isomorphism in Sig,, then for each 0" € F'X, o §(p%(0')Aop5E(32(0")),

Ge)

thus ol is a natural transformation.

o 394 . Mod, = Mod, o(®&)) where for a we have (%) (a) : Mod,(a) = Matr: —
Mody (9% (a)) = Matr}, such that By(a)((M, Far)) = (Lp(M), Fr, (), where Fi, (v =
Ou[Fa] (note that L, (M) € QV(a))™. Now for a; € Siga, 89 (a1) : Mod,(a1) = Matr};, —
Mod, (9“9 (a,)) = Matr?, such that BEE) (a)) (M, Fyp)) = <Lh(e{(M’)),FLh(e;(M/))) Sim-
ilarly of above we have the well definition of 3(%¥). The naturality is proved using the

functorial encoding of equipollence that we have proved in Chapter 2.

e The proof the compatibility condition will be splited in two parts:
(I) The first part consist of the compatibility on the logic a:
Claim. Given (M, Fyy;) € Mod,(a) = Matr} and (I"/A', ¢’ /A') € Sen, then

Br(a)((M, Far)) E (T/ A '/ A) iff (M, Far) b= an(a)((T'/A', '/ A'))

In other notation

(La(M), Fr,on) E (T'/A" @A) iff (M Fu) = (px ']/ A, px () /A)

Proof of the Claim.
“= 7 Let v : X — M be an evaluation such that v[px[I"]] € F. We can consider
w=h*o Ly(v) : (F'(X)/A")* — h*(L,(M)) and then the following diagram commutes:

"That (L,(M), F L.(v)) € Matr},, follows from an argument analogous to the proof of compatibility

condition.
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Since v o px[I'] € Fys we have that IV C py' ov™![Fy]. Consider (A, 7') a algebraizable
pair for a/. Then we have that for all b € I" and (£7,07) € 7/, (¢ (¢), 8 (¥)) € QF X" (p3to
v (Fy)) = px ov QM (Fyy)). Therefore (vo px(£7(1))),vo px (87 () € QM(F)y;). Since
(M, Fy) is a reduced matrix, we have for all ¢ € T”

vopx(e9(1)) = vopx(6V(¥))
vo px(e7(P)/A") = vopx(67(¥)/A)
pur o w(eT(P)/A) = pa o w(d7(y)/A)
Onr 0 par 0 w(e” (1)) /A") = Onr o pir 0 w(37 (1)) /)
w(E()/A) = w(d7(y)/A)
w(E?(¥)) = w(d7(y))

Then (w(e”(¢)), w(87(¥))) € QEWM(Fp, o). Thus w(y) € Fp,a for all ¢ € TV, by
assumption w(y') € Fr,pr. So (w(e?(¢')), w(8"(¢))) € QM (Fy, 5r). Therefore

w(e?(¢) = w((¥))
w(e(¢)/A) = w(7(¢)/A)
par 0 W(e7 () /A) = parow(67(¢")/A)
vo px(e7(¢)/A) = o px(d7(¢)/A)
vopx(e7(¢)) = vopx(d7(¢))

Then (v o px(e”(¢')),v 0 px(§7(¢"))) € QM(Fy). Therefore v o px(¢') € Fyy.

“<«< 7 Let w: X — LM a valuation such that w[['] C Fp,. Consider w :
F'(X)/A" — Ly(M) given by w such that the following diagram commutes:

Let @:ﬁMowoéx, then 5M017:5Moﬁow8_x = w o Oy.
Since w[[] C Fy, ur, we have that (w(e'(v)), w(d'(¢))) € QE+M(Fy, o) for all ¢ € T and

(¢/,¢") € 7. Since (LM, Fy, pr) is a reduced matrix, we have that

w(e' (W) = w(d'(y))
w(E' () = w(0'(¥))
pu o w(E' (W) = puow(d'(¥))
vopx(e'(¥)) = vopx(0'(¢))

From px there is px such that the square in the bellow diagram commutes, and then the

diagram commutes:
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F(X)

e

FI(X)/AN ——~F(X)/A

g

With that we have vopx (e(¥)) = vopx(d(1)), so (vopx(e(¥)),vopx(3(¥))) € QY (Far)
for all v € I". By algebraizability we have v o px(¢) € F), for all ¥ € F);. By assumption

vo px(p) € Far. Thus (vo px(e(p)),vo px(d(p))) € QM (Fy). Since (M, Fy) is a reduced

matrix, we have that

vopx(e'(p)) = vopx(d(yp))
vo px(e'(p)/A) vo px(0'(¢)/A')
pu o w(e'(p)/A') py o w(d'(p)/A")
O o par o w(e'(p)/A) Dt © par © (6 (p)/A)
w(e'(p)/A") w(d'(p)/A")
w(E'(p)) = w(d ()

With that we have (w(e'(p)), w(d' (¢))) € QLM (Fy, 3r). Therefore w(p) € Fr, -

(IT) One can use similar argument to prove the second part, i.e., given a; € Sig(a),

(My, Fary) € Mod,(ay) = Matr; and (I"/A', ' /A") € Seny (a’) then:

(Ln(€1(M)), Fryeiany) E (DA @A) iff (My, Fag) o (€px (D) A, Fox () /A1)

O
As a consequence of this theorem we have the abstract Glivenko’s theorem between

algebraizable logics.

Corollary 4.3.7. For each Glivenko’s context G = (h : a — d', p), is associated an abstract
Glivenko’s theorem between a and a’ i.e; given I" U {¢'} C F'(X) then

px[I'Fpx(¢) & I'H ¢

Proof:

We know that for any algebraizable logic a, Fo=Fpsa:. For any reduced matrix in o
(M', Frp) we have that M’ € QV(a') and then there is M € QV (a) such that L,M = M’
(see Remark 4.3.3.(c)) , moreover (LM, Fy, ) = (M', Fpp). With that it is enough to
prove that

PXx [FI] I_Matr‘(’; PX(90/> < F, |_Matr;, 90/

And that is equivalent to prove that for any (M, Fy;) € Matr?,
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<M’ FM> ): <PX [F/]’ pX((pl» fo <LhM7 FLhM> IZI <F,> S0/>

Or even,

(M, Far) | (px[T]/A, px (@) /D) iff (LM, Fran) E (A, A
But this last one follows from the previous theorem. O

Now we present that the abstract Glivenko’s theorem restricts to the classical Glivenko’s

theorem.

Example 4.3.8. Let ¥ = (3,))nen such that Sg =0, X1 = {-}, 3o ={—} and Z,, = 0 for
alln > 2. Let the map h : [IPC — C'PC such that IPC" and C'PC' both are defined with the
signature 33, h(—) = = and h(—) =—, i.e., h is the inclusion map from the intuitionistic
propositional logic to the classical propositional logic. IPC and CPC are (Lindenbaum)
algebraizable logics and h is a morphism in Ay. Notice that h* is the identity functor and its
restriction h*[: Bool — Heyt has a left adjoint given by Ly, : Heyt — Bool such that for any
A € Heyt, L,(A) = A__ where is the boolean algebra of reqular element, i.e., a € A such
that =—a = a. The unit of this adjunction is 0a : A — A__ such that 0x(a) = ——a for all
A€ X—Str. Itis easy to see that this map define a natural transformation, moreover it has a
natural transformation such that is a section given by pa : Ao — A where pa(a) = -—a = a.
Then we have that (h : IPC' — CPC, p) is a Glivenko’s context.

We know that ¥ 4cpct =) and then we have that /A = == /A where A = {z —
y, y — x}. Using the abstract Glivenko’s theorem we have that given TU{p} set of formulas,
then to prove that =—I' Fipc =@ < T Feope ¢ is enough to prove that for all matriz
(M, Fy) € Matriep,

<Mﬂ—‘7 FMﬂﬁ> ):CPC <F/A’ QP/A> iff <M7 FM> ):IPC <_'_'F/A’ _'_'QD/A>

That s exactly the same to prove that

(LM, Froar) Ecore (U/A o/ A) iff (M, Fu) Ecre (px [T/ A, px(9)/A).

This last follows from the previous corollary.

Remark 4.3.9. We believe that the notion of abstract Glivenko’s theorem provided here,
partially generalizes the approach that has been developed in [Tor08] In that paper, the author
consider abstract Glivenko’s theorem in the algebraizable logic setting (and also in some
variants) but just relating logics defined over the same signature by means of an essentially

idempotent formula with a free variable.
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4.3.2 The abstract Glivenko’s theorem in InsLAL

We also have that a Glivenko’s context induces an abstract Glivenko’s theorem for
InsLAL and we present now.
In this subsection we consider fixed: a, a’ Lindenbaum algebraizable logics, G = (h : a —

a’,p) a Glivenko’s context and a choice of isomorphisms

g, : Obj(Sig)) — U Homgy, (a,ay)

a1 €0bj(Sigl)

given by a1 — ([e1] 1 a — a4)

4.3.10. For each s = ([@o], -+, [¢n-1], [¥V]), a non-empty finite sequence in F(X)/ -+ (the
free QV (a)-structure on the set X ) and each (1,A), an algebraizable pair of a, where T =

{(¢7,67); 7=1,....,m for some m € w}, let

q(s, (A, 7)) = (([e(wo)]; [6(w0)]), - - ([e(pn-1)], [6(n-1)]), ([(¥)], [0(4)]))

where the notation ([e(0)],[0(0)]) abbreviates the pair of finite sequence of equivalence class
of formulas: ([€7(0),[67(0)]); with j = 1,--- ,m.. Note that, as a is a congruential alge-
braizable logic, then:

(*) If [0] = [0'] (i.e., 0 T ¢"), then §(0) 4 5(6') and £(0) 4+ €(0'). Thus we have an well
defined mapping o/ A & (e(p) /A, 6(p)/A) and q(s, (A, 7)) is well-defined;

(**) conversely, as o = A(e(p), 6()), then we have and well defined map (e(0)/ A, 5(0)/A) ¥
©/A androt =id.

Recall that qs :== {q(s, (1,A)) : (1, A) is an algebraizable pair of a1} and Sen!(a) = {qs :
s 1s a non-empty finite sequence in F(X)}. Note that, by the above remark, the mapping
PRLN qs determine a bijection between the set of non-empty finite sequences in F(X)/A and
Sen'a(a)

Then, in particular h) = F(X)/ 4= F(X')/ 4F has a section px : F(¥)/ 4F—
F(X)/ A= Let s = ([¢y], - -+, [¢h_1], [¥']) be a non-empty finite sequence in F(¥')/ '+ and
(£,8), &) be an algebraizable pair of o', Then pus’ = (px(gh)], - [ox (@), [ox (W)
is a non-empty finite sequence in F'(X)/ 4 and the mapping ¢, € Senl,(a') — q,¢ €
Sen! (a) is a section of the map on non-empty finite sequences induced by h) 4: F(X)/ 4+-—
F(X)/) 4.

Now, we start providing the following

Proposition 4.3.11. Let L;, : QV(a) — QV (d') be the left adjoint of h*: QV (') — QV (a)
as defined in Chapter 2 (see Proposition 2.1.6), then for each M € QV (a) and ¢’ € Sent. (d’),
the following compatibility relation holds:

ME*pf < LyMEY{
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Proof:
“=" Let ¢’ € Sen/(a’). Suppose that given M € QV'(a), M =* p¢’. Given w : X —
Ly,(M) (|LpyM| = |h*L, M|, we can consider w : X — h*Ly(M)) such that

wle' ()] = w[o'(¢;)], i =0,...,n —1

Look to diagram below:

M

Consider © = pywdyx (there is v : X — M such that to be corresponding with ©). Hence

Upx = parOx px = Parid

e’ (@) = puwld(¢)] (i=0,...,n—1)
upxle' (@) = vpx[0(¢)] (i =0,...,n—1)
upx[e'(¢)] = vpx[d'(¢')] Hypo.
Iipxe'(¢)] = Omipx[d'(¢))]
Onpuwle'(¢)] O puw[d'(¢')]
wle'(¢')] = w[d'(¢)]

w was taken arbitrary, so L, M ):“/ q

“ <7 Suppose that L,M % ¢'. Let v : X — M such that vpx|[e'(¢})] = 0px[0'(¢})] Vi =
0,....,n—1.

Consider w = h*[ Ly (v)(exist w : X — h*[ L, M extends to w). So pyw = vpx and

wOx = Opv. Therefore

puwle' ()] = puwld(g)] i =0,..,n—1
Onpu@le' ()] = Oupmd[d' ()] i =0,....n — 1
wle'(p)] = wld'(g)] i=0,...,n—1
wle'(@)] = w[d'(¢')] Hypo
Hence 0px[e'(¢')] = puwl[e'(¢")] = puw[0'(¢')] = vpx[0'(¢')]

Then M E* pxqd O
We also have that a Glivenko’s context induces an abstract Glivenko’s theorem for

InsLAL and we present now and Proposition 4.3.11 above is part of it.

Theorem 4.3.12. Let a,a’ be Lindenbaum algebraizable logics, then each G = (h : a —

a',p) Glivenko’s context induces a institutions morphism InsLAL, — InsLAL,. More
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precisely, fixing a choice of isomorphisms ¢ : Obj(Sigl) — Mor(Sigl,), a1 — €(ay) = [e1] :

a = ai, we define a institution morphism M.,y : InsLAL, — InsLAL,®

Proof:
By simplicity, we will write (G, ¢) for (G,e,). We will define

M(G 5) _ <®/(G,8)’a/(G,E)’/BI(G,E)>

(this will depend only on the choice of isomorphisms in the domain institution InsLAL,):
(@) : Sig! — Sigl,: it is defined in the same way as PG2) : Sig, — Sigywas defined
in 4.3.1.

Now the definition of o/(¢).
Firstly for a we have o/(%%)(a) : Sen, o @) (a) = Seny(a') — Sen,(a) is the mapping
¢, € Senl,(d') — q,.5 € Senl(a), as defined in 4.3.10.
For an arbitrary a; € Sig/, we define /%) (a;) : Seny(a’) — Seng(a;) by for ¢ €
Seng(a'),
" @I(d')(¢) = PR ()

a1 /3

such that for each component of p%tq’ is ([€1px(¢'(¢k))], [€1px (8" (¢k))]) for k=1, ...,n—1
and the last component is ([€1px('(¢))], [€1px(0'(¢))]). This defines a natural transforma-

tion. Indeed, first observe that the diagram below commutes:

F(S)/A 2 P() /A =22 F(s) /A,

[92] l l (9] L (9]

FE)/A 5> F(E)/A—= F(¥2) /Ay
then we have the following diagram commuting;:

o/ (Gre) a1
Seng (®'(ay)) o) Seng(ay)

[9e ]l l[é]

Seng (P'(az)) T Seng(as)
Let now to define 8'(%¢). For a we define 3% : Mod!, = Mod., o (®"(¢)°P is define as:
B¢ (a) = Ly, : QV(a) = Mod,(a) — Mod,, (?"“(a)) = QV(d')

The corresponding definition works for an arbitrary a; € Sig, because since a and a; are

Q;i—isomorphic, we have by 2.2.4 that QV (a) and QV(a;) are isomorphic. Le., 3% (a;) =

L QV(a) = Mod.(ay) — Mod., (3¢9 (ay)) = QV(d), where (a % /) = (a &
ay [—>1] a’). This defines a natural transformation. Indeed, notice that the following diagram

commutes:

8Such induced morphisms are “isomorphic”, for different choices of isomorphisms £, e?.
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QV (a1) <" QV (')

g*TT T(g?)ﬁ

QV (as) g QV(a')

And then we have the following diagram commuting:

QV (a1) - QV ()

g*TT T(QQ)*T

QV () 5 QV (@)

On the compatibility condition. First for the logic a we must guarantee that M =
pq < L,M =% ¢ this is the content of Proposition 4.3.11.

For an arbitrary logic a; € Sig, we must to prove that for any M; € QV(a;) and
qs € Sen(d'):

BN an) (M) E" g0 & My " o'(Ge)(a1)(av)
in other notation
Ln, (M1) B g0 & My E™ 55 (g).
In fact, since [®(ey)] is an isomorphism, we have that ®(e;)*[ is an isomorphism. There-

fore:

Ln, (My) " qo & ®(e1)* L, (M1) = qaen)t)-1(s1)
Ln(e1(M1)) E q@(er)+)-1(s1)
ef(My) | 99 (a)(qra(en) ) 1(s1))
My | ef /99 (@) (qagery)-1(s1)
My E" ag, (gs)-

Tt ¢

]

Corollary 4.3.13. For each Glivenko’s context G = (h : a — d', p), is associated an abstract
Glivenko’s theorem between a and a' i.e; given I'" U {¢'} C F'(X) then

!/

px[I'Fpx(¢) & T'H o

Proof:
Firstly, remark that it is enough consider I' finite. Because a and o’ are algebraizable

logics, and h preserves algebraizing pairs, it is enough to show that

{elpx (V) = 6(px (V)¢ € '} FEqu@ elpx(¥') = d(px(¢))
)
{g@W)~ dW), ¢ el’} Fovw) €)= (¢)
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Consider I' = {to, ..., ¥n_1}, s = (W /A, .., /A, ¢'/A"). Then:

(i) ¢ = ¢ is determined by any of its elements

(([" (0], 16" (o)1) -+ ([€' ()], [0 (DD ([E" ()] [0 (D))

(ii) a(a)(q’) = gp.s is determined by any of its elements

(([eox (o))l [6(px (€))]), -, ([e(ox (V5 -))); [6(px (¥ 1)) ([ (x ()], [6(px ())]))

Thus we have to show:

(VM € QV(a), M =% pxq) < (YM' € QV(d)M' =% ¢')

By Remark 4.3.3.(c) given M’ € QV(a) there is M € QV (a) such that L,(M) = M.
With this, it is enough to show that for every M € QV (a),

M):a ﬁXq’(:)LhM ):a’ q/

And this last equivalence is established the Proposition 4.3.11 above.
O

Remark 4.3.14. Since the CPC and IPC are Lindenbaum algebraizable logic, one can see
that the example 4.3.8 follows a consequence of the abstract Glivenko’s theorem fo InsLAL

as well as the abstract Glivenko’s theorem for InsAL.

Remark 4.3.15. A simple analysis of the derivations of “logical” forms of Glivenko’s Theo-
rem (Corolaries 4.3.7 and 4.3.13) from the corresponding “instituitional” form of Glivenko’s
Theorem (Theorems 4.3.6 and 4.3.12), i.e. the existence of certain (induced) morphisms of
institutions make clear that the latter form is stronger than the former one. We can inter-
pret this as another evidence® of the (virtually unexplored) relevance of institution theory in

propositional logic.

4.4 Category of algebraizable logics with Glivenko’s
morphisms

In this section we present that the definition of Glivenko’s context given in 4.3.2 offer
more information about the relationship of logics, it give us a category of algebraizable
logics such that the morphisms are Glivenko’s contexts, i.e., the objects are the same of in
Aj and given a and o’ algebraizable logics, a Glivenko’s morphism is a Glivenko’s context

(h:a—d,p). Denote by GAy this category.

9Beside the nice approach of the identity problem for (algebraizable) propositional logics: “a logic is an

institution, thus manifested through many signatures”.



CATEGORY OF ALGEBRAIZABLE LOGICS WITH GLIVENKO’S MORPHISMS 97

Theorem 4.4.1. G Ay is a category

Proof:

In this category the composition is the usual, i.e., given G = (h : a — d,p) and
G' = (h':ad" — a",p'), we have that G'oG = (W'oh : a — a”, p'ep) where (p'®p)yr = prroph, \
(this is natural in M € QV(a)). In order to prove that the composition is well defined,
we must to prove that p’ o p a section for the unit of the adjunction Ly, = (R' o h)*.
The composition of adjunctions is a adjunction and ¢’ o @ is its the unit. Remember that

Lpion, = Ly o Ly, (an strict equality, with the choice of adjoints given in Chapter 2, as
h* (8} ;)00
quotients) and (h'oh)* = h*oh*. Then we have that e WR*LyLyM =M 2% "
9, 00
W LyLyM = M 5" h*h* Ly Ly M. Then we have

(@ 00)mo(p ep)u = (9,0 °0m)0 (pyropp, )
,LhM o (Om © pum)© p/LhM
a/LhM © p/LhM

= IdLhM‘

Thus (p' @ p) s is a section for (0" 0 0)yy for all M € ¥ — Str. Clearly there is the identity
Glivenko’s context for an algebraizable logic a given by (Id, : a — a,p = (Idy)pmes—sir)-
To prove the associativity let G = (h : a — d',p), G' = (K : ' = d",p') and G" = (A" :
a” — a", p") be Glivenko’s morphisms (Glivenko’s context). Since Ay is a category we have
that h” o (k' o h) = (h” o h') o h. Remains to prove that p” e (p' e p) = (p" @ p') @ p. Let
M € ¥ — Str, then

/

(P o (P op)u = (P ep)mopl, wu
(prr o pr,a) @ PL,, M
(pa o p,LhM) © P/ih,oLhM
Pm © (p/LhM © ch,LhM)
paro (p" o '), m
= ((p"ep)ep)u

Therefore G Ay is a category ]

The theorems 4.3.6 and 4.3.12 say that for any Glivenko’s context there is a institution
morphism associated, more precisely, given a Glivenko’s context (h : a — d/,p) and a
choice of isomorphisms e, : Obj(Siga) = U, cojsign) HOMsiga (a; a1), we have a institution
morphism (®g ., age, fee). Notice that there are more than one possible choice for the

family (Ea)a€| A but the application below still define a functor.
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g. : GA; — Inst

a InsAL,
(h,p) L = LR Ge) Biae)
a’ InsALgy

Another natural functor that arise is U : GAy — Ay such that U((h:a — d',p)) = (h:
a — a') for any Glivenko’s context (h:a — d', p).

Naturally, we can defined in analogous way a (full) subcategory GA} C GAy, with
objects being the Lindenbaum algebraizable logics and, for each choice of isomorphisms

(€a)aclsig. |, We get a functor:

ge: GA; — Inst

a InsLAL,
(h,p) L = | <(I)/(G75)7 0/((;75)7 BEG,5)>
a InsLAL,

Once established those relations we have the following diagram that represents the rela-

tion among the categories studied in this thesis.

—
T — Inst I?”]Lst Fi
G.A? G.Af
Aje' Ap Ly

On the other hand,we saw that the categories £, and L; determines institutions and
m-institutions. Having in mind the adjunctions £, & L; & F;, we believe that is possible

establish a (extended) direct relation from Fi to Inst and IT — Inst. This is part of the
future works on the thesis.



Chapter 5

First steps on the Representation

Theory of Logic

In the representation theory of rings, the category of rings is functorially encoded into
the category of categories: a ring R is encoded by the category of (left/right) linear rep-
resentation of R (respectiv. R — Mod , Mod — R) or some convenient essentially small
subcategories given by finitely generated modules (respect. R — Mod, Mod — R). Tt is
proposed, based on the results in chapter 2, an encoding of a general propositional logic by a
diagram of categories and functors given by the quasivarieties canonically associated to the
algebraizable logics (in the sense of [BP89]) connected with the given propositional logic.

In this setting, we start the study of left “Morita equivalence” of logics and variants.
We introduce the concepts of left-stably-Morita-equivalent logics and show that the presen-
tations of classical logics are stably-Morita-equivalent, but classical logics and intuitionistic
logics are not stably-Morita-equivalent: they are only stably-Morita-adjointly related. We
start the development mainly of left representation theory of logics —related to analysis pro-
cess of combination of logics— because, differently from representation theory of rings, the
right representation theory of logics —related to synthesis process of combination of logics—
is technically more involved than the “left” case (it requires tools from the theory of 2-
categories). Fragments of this approach to representation theory of propositional logics can
be found in [AFLMO5].

We will denote the forgetful functors: U : Ay — Ly, U®: A5 — LY, U:A; — QLs and
Ue: QA — QLS.

5.1 General Logics and Categories

We start this chapter presenting some important results about the categories [ | U and

[ | U¢. The following theorem give us an way to build a co-product in the category I | U°.

Proposition 5.1.1. Letl € Ly, a € Ay and f : | — a be a A-dense morphism in Ly. Then:

99
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(i) There exists a logic a’ over the signature of | such that there is a conservative translation
to a, it is algebraizable and | < o'. In particular, [f] : = a in the quotient category

Ag.
(i) f*[QV(a)] C X —Stris a quasivariety and it is an equivalent algebraic semantic to a'.

Proof:

(i) Consider [ = (X,F) and a = (a,F,). We define H'C P(F(X)) x F(X) by definition
2.9 of [AFLMO07], that is, T'H ¢ iff f(T') b, f(p). F' is a Tarskian consequence, indeed, the
reflexivity, cut, monotonicity and finitarity are easy to prove. We will prove the structurality.
Suppose I' H ¢. Let s : X — F(X). Define s = fos (s : X — F(a)). Consider
s: F(X) — F(X) the extension of s and " : F'(a) — F(«) the extension of s’. The following

diagram commute:

F(a) —~ F(a)

Indeed, just apply induction on complexity. Let z € X, f o s(z) = s'(z) = s o f()
(f carries variable to variable). Now let ¢ = ¢,(¢y, ..., ¥n_1) and suppose that f o s(1;) =
s' o f(1;) such that i = 0,...,n — 1.

fosle) = fos(ca(to, ..., tn1))
Flen(s(0)), s 5(¥n-1))

Flen)(f(s(v )) S F(5(n-1)))
Fen)(s' o f(tho), oy 8" © f(¥n1))
§'(f(cn)(f(t0), -, f(¥n-1)))
s' 0 f(ca(¥o, .o ¥n1))

= 5o f(p).

By definition T' F ¢ iff f(T') F, f(¢). s is a substitution and F, is structural, so
S'(f[T]) Fa s'(f(@)) < fos[[]ka fos(p) & s[[]HF s(p). Therefore H is a Tarskian
consequence relation. consider o' = (X,F'). By definition of ' we have that f can be seen
as an application from a’ to a and it is a A-dense conservative translate.

Now we prove that o’ is algebraizable logic. Fix (A, 7) any algebraizing pair of a. For
each o; € A, i < m, choose, by A-density of f, o} € F(X)[2] such that b, f(0})Ac;. Define

A = {0 € F(D)[2] :i < m}.

Then A’ is a finite set of ¥-formulas in the variables zq, 1. Similarly, for each (t},t7) € 7
J < n, choose t’é- € F(X)[1] such that F, f(t’é-)Atz, [ =1,2. Define

T ={(t;,t7)  j <n}.
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Then 7’ is a finite set of pairs YX-formulas in the variable xg.

We are going to show that (A’,7) is an algebraizable pair to a’. For this we use the
Theorem 1.3.8.

(a) Let ¢ € F(X). A is a equivalence set of formulas to a, then -, A(z,x), i.e., for
each i < m, b, o;(z,z). By definition of A, for each o, € A’ there is 0; € A such
that -, f(o!)Ac;. Therefore, as A satisfies the transitivity property, -, f(ol(z,z)), i.e
Fo f(A'(z, 7)), thus Fo A’(z,2). and then, as b, is structural, then F, A’(¢), ), for each
Y e F(X).

The proofs of conditions (b), (c) and (d) are analogous to the item (a). For the item
(d), we use the A-density to choose, for each ¢, € «,, a formula v, € F(X)[n] such that
Fa f(¥n)Aca (w0, - Tna)-

(e) Since ks is structural, it is enough to prove that x —HyF A’(7'(z)). Let (t},t,) €
7/, then F, A(f(#),t1) and F, A(f(t)),t2) for some (t;,t;) € 7. Thus f(t)) HoF
and f(t,) . t2. As A satisfies the transitivity and symmetric properties we have that
A(F(t), F(th) HaF A(ty,t2). Therefore = 4= A(f(t)), f(t5)). By definition of A’ we have
that = 4,0 F(AN(f(t), (1) = f(A'(t), ). Hence x 44+ At (), th(z)). (), t,) was
taken arbitrary, then x H,F A'(7/(z))

Finally, let T U {p} C F(X). Suppose that T' F ¢, so f[I'] F, f() and then T F ¢.
Therefore <. Moreover, as f : @’ — a is a A-dense morphism that is a conservative

translation and that also preserves algebraizing pair, then [f] : ¢’ — a is an Ay-isomorphism.

(it) As [f] : @’ — a is an Aj-isomorphism, then f*: QV(a) = QV(d') (see proposition
2.2.4), thus QV (') = f*[QV (a)].

We provide also a direct proof. By Proposition 2.1.6 we have that f*[QV (a)] is closed
under substructure. As f*| preserves product, so f*[QV(a)] is closed under product. Let
M € ¥ — Str such that I : M = f*(A) where A € QV(a). It is easy to see that this
isomorphism establishes a isomorphism between A and A’ where |A’| = |M| and given
c € an, N (mo, ... mp_1) = I (AT (mo), ..., I(my_1))). Therefore f*[QV (a)] is closed

under isomorphism. Remains to show that it is closed under ultraproducts.

Let I € Set. Given U ultrafilter in I, 0y is a congruence on [[..; A; € f*[QV(a)]. We
know that f* preserves strict products, then there is A, € QV (a) for each ¢ € I such that
[Lic; f*(A;) = I1,c; Ai- Remember that the definition of 0y is (a,b) € Oy if f {i € I; a(i) =
b(i)} € U. So 0y is a congruence in [ [,_, A;. Then we have the morphisms ¢' : [[,, f*(4;) —
J*(ILics Ai/U) and q = [1e; f7(AS) — Tler f7(A7)/U. Observe that ker(q') = {(a,b) €
[Lic; f*(A): a/0y = b/0y} = 0y. By isomorphism theorem f*(I],., A;/U) = ], [*(A47)/U.
We proved that f*[QV (a)] is closed under isomorphism, hence [],., f*(A;)/U € f*[QV(a)].
Therefore f*[QV (a)] is closed under ultraproduct. With this f*[QV (a)] is a quasivariety.
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Remains to show that f*[QV (a)] is an equivalent algebraic semantic to [. It is enough
to prove that f*[QV (a)] is axiomatize for

8% = {0(04) ~ EUh) A AT (W) ~ () = O ~ ()

[y} P '}

S = {0 (2oA'ry) = &'(xg A1) — 10 ~ 71}

S2, = {§(xoA'wg) & &' (xoA'x0)}

Consider {6, 1} Fur @~ S0 LFW), o FW1)} Fa F(9). Let M' € [1[QV(a)].
Suppose that M’ |= () ~ &'(¢)) for all i = 0,...,n —1. Let v : X — M’. Since
M = f*(M) and |f*(M)| = |M]| then there are the extensions v : F(X) — f*(M) and
v : F(a) — M such that v/ o f = v and o(8'(¥))) = v(¢'(1})) for all i = 0,...,n — 1. Hence
v o f(0'(¢))) = v o f(e(¥))) for all i = 0,...,n — 1. Therefore v/ o f(§'(¢")) = v’ o f(£'(¢"))
and then v(8'(¢')) = v(¢'(¢’)). v was taken arbitrary, so M’ = §'(¢’) ~ '(¢’). With this
[*[QV (a)] satisfies SY,. Analogously we have that f*[QV (a)] satisfies the conditions S}, and
S2,. O

Now we recall the

Definition 5.1.2. A Hilbert-style calculus H of type ¥ is a set H of g-sequents of type X
with the following property: for any substitution o and any g-sequent (I', ) of the calculus,
the sequent (o[['],0(p)) is also a g-sequent of the calculus; that is, it is a set of g-sequents
closed under substitution instances. The g-sequents with an empty set of premises are called
the axioms or axiom rules of H and the g-sequents with a non-empty set of premises are
called the rules of inference of H.

A finitary Hilbert-style calculus is a calculus all of whose g-sequents have a finite set of

PTEMISES.

Given a finitary Hilbert-style calculus H and a set of formulas I', a deduction in H from
I' is a well-ordered sequence (o, ..., pm) such that for any ¢ < m, ¢, is (the conclusion of)
an axiom of H or an element of I' or is obtained by previous formulas by an inference rule

of H, that is, there is a g-sequent (A, ¢) € H such that A C {¢y, ..., ¢} and ¢, = ¢.

Given a finitary Hilbert-style calculus H we say that a formula ¢ is deducible in H from

a set of formulas T, if there is a deduction in H from I' well-ordered and whose last element
is .
The following result is well known:

Fact 5.1.3. ([JJLo58]) Every Tarskian logic is axiomatizable by a finitary Hilbert-style cal-

culus.

Now we are ready to present
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Theorem 5.1.4. Let | = (X,F) be a logic, ay = (aq,b4,) and as = (a9, b,,) be Lin-
denbaum algebraizable logics (equivalently congruential algebraizable logics). If there are
f € homp (l,a1) and fy € hOmEf(l,(lz) then there is an Lindenbaum algebraizable logic
az = (as,bFay) and inclusion morphisms of signature iy : iy — ag and iy : oy < g such that

i10f1 asF 20 fo. Moreover, as is the co-product in the categoryl | U where U : QA — QL;

Proof:

Firstly consider a3 = «a;Ucay. Define 5 the relation given by the following inference
rules:

e ', ¢ such that ' U {¢} C Fm,; and ¢ € {1,2};

o fi(p) - foly) for all ¢ € Fmy.

e Ay 4 A, for some sets of equivalent formulas A; for a; such that i = 1,2 (or equiva-
lently A F 605 for all 6, € Ay, and Ay F 6, for all 0, € Ay).

With this rules is easy to see that the logic a} = (as,3) is an algebraizable logic. Just
apply the Theorem 1.3.8 for every algebraizable pair (A, 1) for any logic a;, i € {1,2}.

Consider aj the least Lindenbaum algebraizable logic such that extend aj.

Observe that we have the inclusions j; : a; — as for i € {1,2} and jy 0 fi(¢) 4 jao fo(p)
for every ¢ € Fmy.

Now consider for each i € {1,2}, ¢; : ; = a in Lind(Ay) such that g, o fi ok G2 0 fo.
Define k : a3 — a which for any ¢, € ag, k(¢,) = gi(¢,) if ¢, € a;. Notice that with that
definition we have that ko j; = g; for © € {1,2}. Now we are going to prove that k is a
translation.

Let T' 3 ¢. As b3 is finitary we have that there is {1y, ..., ¥, } C T such that 1y, ..., ¥, F3
. By Theorem 5.1.4 there is a Hilbert-style calculus H that axiomatize as. So there is a
deduction in H from I' (dy, ..., ) to ¢ such that 6, = ¢ and for any ¢ < m, J, is a axiom
of H or a element of I" or there is a g-sequent (A, ) such that A C {dy, ..., d,} and §, = 1.
Now we prove that (k(&), ..., k(0,,)) is a deduction from E[I'] to k(p). Since 6, = ¢, we
have that k(8,,) = k(y).

If 6, = 1; for every i € {0,...,n} then just consider k(8,) = k(;) and then k(d,) € k[T].

If 6, is a theorem in a3, then 6, = 0(¢) where § € Fm; for some i € {1,2} and ¢ =
{00, ...,04} € Fmg. Thus F; 0(Z), then F, §(#(z)). Considering the substitution such that
T + k(7). Therefore k-, §:(6(Z))[Z/k(7)]. So Fa k(8((0))), hence b, k(dy). Or as the logic
az is a Lindenbaum algebraizable logic we can consider the theorems F3 fl(gp)A fg(go), for
some A an equivalence formula to a;, instead of the rules fi(¢) s fo(). In this case
we have that if §, = fi(0)Afa(p) then k(6,) = G1(f1(©)d:(A)ga(fa(p)). As g; preserves
algebraizable pair for any i € {1,2} and gy o fi HaF g2 0 fo then -, k(d,).

Suppose that there is A C {d, ..., 0,} such that (A,J,) is a inference rule. Then we have
that
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e there are 6y(7),...,0,(%) € F'm; and a substitution o such that {0;(z)[z/a]; j =
0,...n—1} = A, 6,(z)[z/5] = §, and A(Z) := {0;(Z); 7 =0,...,n—1} F; 6,(%). Then
GiIA(Z)] Fq Gi(0,(7)). Considering a substitution & + k(&) we have that

k[A] = K[A(@)][2/k(0)] ko k(0a(2))[2/k(5)] = 0q
then k(8,) is obtained by k[A].

Or

e there are a set A(Z) = A; and §(Z) € A; with ¢ # j and i, j € {1, 2}, and a substitution
o such that A(z)[z/a] = A and 6(Z)[z/a] = d,. Since g, preserves algebraizable pair for

= 1,2 we have that ¢i[Ay] b §2[A2], thus G1[A(Z)] Fa §2(0(Z)). Therefore k[A] =

GIA@[E/5E)] Fo 5:(0(2))[3/5(3)] = KG,).

With that we have that the g-sequent (k(dy), ..., k(6,,)) is a deduction from k[I'] to k(y)
and them k[T F, k(p).

It is easy to see that k is the unique morphism such that ko j; 4, g; for i € {1,2}. O

We finish this short section with a direct application of the following

Fact 5.1.5. ([AR94]) The category Fy | Fy is accessible for arbitrary accessible functors
F K, — L (i=1,2).

Since QL and QAj} are (finitely) accessible categories, and the functor Ue: QA — QLS

is a accessible functor (see [MM14]) and due to the result above we have that:

Corollary 5.1.6. (i) For any congruential logic k, category k | U is accessible.
(i3) For any logic 1, let k = 1) the its congruential closure. Then, since (I L U¢) = (19 | U°),
the category | | U° is accessible.

Moreover, from an adaption of Proposition 3.11 in [AFLMO07] and an well-known result
on limits in comma categories, it follows that (I | U¢) has products of all “bounded families”,
in particular, it has finite products.

Our intention is use “good” categorical properties of comma categories as [ | U° to apply

in the study of meta-logical properties.

5.2 Diagram model of a logic

We begin providing notions in order to define the (left and right) diagram models of
a logic. Notice that the definition of (left and right) diagram models use the encoding
established in the chapter 2.

s

From now on, we will use frequently the notion of “concrete”’ category,
i.e. a pair (C,U), where C is a category and U : C — Set is a faithful
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functor. We denote by concretC AT, the category whose objects are concrete

categories (on a smaller Grothendieck universe) and whose arrows are the
concrete functor (= functors that “commute over Set”).

To each logic [ = (X,F) is associated two pairs (left and right) of data:
(I) two comma categories (over Ay):
o( [ — U), the “left algebrizable spectrum of ”;
e (U — 1), the “right algebrizable spectrum of {”.
One can see that the left spectrum is naturally associated with that “analysis processes
of combing logics.

On the other hand the right spectrum is naturally associated with the
‘synthesis processes” of combing logics.

(l%U) (U—>l)

a0—>a1 a0—>a1

(IT) two diagrams (left and right “representation diagram”):
o [-Mod e~ (I - U, I);

o Mod-l o~ (U =1, L).

l—Mod : (Il —=U)» (X — str < CAT)

.
(a0, fo) (3 = str 2 QV(ag)
(a0, fo) 5 (ar 1) = ((QV(ar), fiL) 23 (QV (a0), f310))

QVCLO -<— QVa1

ao—str al—str I — Mod
\ /..fl
Y—str

Mod — 1 : (U —=1) — (2—CAT + X — str)

(ap, fo) > (QV(ao) & x - str)

(a0, fo) B (an 1)~ (QV(an), Lofd) "5 (QV (@), Lof?))
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QV(L() <— QVa1

Loh/‘ L1

0o—StT <——— o1 —Str Mod — 1

A/

Y—str

Lof: "5 h*) Loy where Loh* 5 m* Ly

Since: (Loh*g* @; h* | Lig* jay h*] g*| Lo) = Lo(gh)*%h> (gh)*T Lo
hf* RICE « 9hf3 X x
then:  (Lofy — h*] Ly ff g I Lafy) = Lo(gh) e (gh)*I Laf3

All functors and commutativity in both diagrams above is justified by Proposition 2.1.7

in Chapter 2, as well as the diagram below.

To each morphism between logics ¢ : | — I’ we have two pairs (left and right) of data:

(I) a left/right “spectral” functors, given by composition/precomposition with :

—ot

(l—=U) < (I—=-0U);
U =) S (U=,

(IT) aleft /right “representation diagram” morphism , given by precomposition/composition
with ¢*:
(I-Mod)
(Mod-l)

e (I-Mod);
_>

= (Mod-l").

From now on, we will concern only on develop a “left” representation
theory for propositional logics.

QVCLO-<— QVa1

810
(I-Mod) & (I'-Mod)
—st

E—str

The category of left diagram models: LM

Generalizing the information given above we define the category of left diagram model

for a logic by:
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objects: a left diagram model for a logic [, i.e. the functor
left(l): (I = U)® P (X — str < concretCAT) gy — (CAT < CAT)

Le., (X — str <—get concretC AT ) ger is a subcategory of the comma category, with objects
and arrows being functors that “commute over Set”.

arrows: a pair (B,7) : left(I') — left(l), where B : (I' - U) — (I — U) is a “change
of bases” functor, and 7 : left(I')=left(l) o B is a natural transformation. Notice that
given (a', f") € (I = U), 1o p = left(l')(d, f') — left(l)(B(d', f')) where left(I')(d, f') €
(3 — Str < concretCAT) g and left(1)(B(d, ') € (X — Str < concretCAT) ges.

Then we have that 7,/ s has two components, namely a functor that commutes over Set,
Proji(1(a ) : QV(cod(f')) = QV (cod(B(f'))), and a functor Projs(r s) : &' — Str —
Y — Str, that commutes over Set, such that the following diagram commutes (and commutes

over Set):

QVcod(f")——QVcod(B(f"))

f"l o {B(f’)*

Yoe—str— - Y—str

And satisfies the following compatibility condition:
For each (ag, fo), (a1, f{) € (' = U):
Projo(T(a.11)) = Proja(t; py) + X' — str — ¥ — str
QV cod(f1)——QV cod(B(f1))

* =
VT [BUD

AR P

QV cod(fo)——QV cod(B(fy))

Notice that given a logic morphism ¢ : [ — I’ we have, by construction above, a morphism
between diagram models left(l) and left(l').

One can define the left diagram model for logics over the functor U¢. We denote the left
diagram model of a logic [ over U¢ by left°(l) and the category of left diagram model over
U¢ we denote by LM°.
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As a first test of this definition, we present the following:

Proposition 5.2.1. (a) Given a isomorphism t : Sle L we have an isomorphism
(= ot, (id, t*)) : left(l') > left(l) € LM.

(b) Consider can; : 1 — 19 the morphism in L; such that ¢ is the congruential closure

of l. It induces a LMC-isomorphism!

(= o cany, (id, can})) : le ft(1)) S left(l)

Proof:

(a): We have seen above that (—ot): (I' — U) — (I — U) define a functor (the left
“spectral” functor). Since ¢ is an isomorphism, we have that —ot™!: (I — U) — (I’ — U)
also is a functor, where ¢~! is the inverse of t. Moreover, (— o ¢™') is the inverse functor of
(— ot). In order to prove the isomorphism between left(l) and left(I'), remains to prove
that (id,t*) is a natural isomorphism. Notice that given [ : I’ > a € (I' — U) (a = (o, })),
left()(f") = f*ol and left(l)o(—ot)(f') = (f'ot)* ol =t*o f*ol, where I : QV(a) —
a—Str. Observe that cod((—ot)(f’)) = a. Then we have the following diagram commuting:

QV(a) —=QV(a)

fl* j lt*ofl*

E’—Str?Z—Str

This diagram represents (id,*) . Since t is an isomorphism we have that (id, t*) is also
an isomorphism.
Let h : a — a such that ho f| = f} for f/ : ' — a; for i = 1,2. (id,t*) is a natural

transformation due to the following commutative diagram:

QV (a2) ovies) | QV(ay)

) sty Y Str B

{* t* o fi
Y Y

> QV (a1)

1dQv (ar)

(b): In this case we have that can; : [ — I(©) induces an isomorphism of categories given by
the left “spectral” functor: (—ocan;) : (1) — U®) — (I — U®). Moreover, as can; = ids,
then can} = idy_g, : X — str — X — str. Thus (— o cany, (id, can})) is a LMisomorphism

following on the similar way of item (a). O

10n the other hand, note that [ = (¢) in Ly iff | is a congruential logic, iff | = 1(e),
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5.3 Morita equivalence of logics and variants

In this section we propose a definition of left Morita equivalence of logics and left-stably-
Morita equivalence of logics. The definition of left-Morita equivalence is an weakening of

the notion of isomorphism of left diagram models.

Definition 5.3.1. (a) Let S be a subcategory of (I — U). S is called generic if S — (I — U)
is @ initial functor?
(b) The logics | and ' are left Morita equivalent when there are:
e generic subcategories S — (I — U) and S" — (I' = U);
e cquivalence quasi-inverse functors B : S" — S and B’ : S — 5';
e ‘“natural comparations”: (T,7) and (T',7") such that:
x T : Y — str — ¥ — str is a functor that commutes over Set and for each (d', f') € S,
T,y + QVeod(f') 5 QVcod(B(f") is a concrete isomorphism of categories such that

B(f')*orp =To f*, i.e., the diagram below commutes (and commutes over Set):

T

Y—str— = » Y—str
f B(f")*
QVcod(f’)T(a/»f/C)QVcod(B(f’))

and for each (aly, f}) 2 (di, fI) € S we have the following diagram commuting (and

commuting over Set):

QV cod(f}) T o QVeod(B(f})
i B(f1);
q” S—ste L o v -5tr B(g)
0" B(fp)
Y ~ Y
QVeod(fl) 7_: > QVcod(B(f}))
(ap,f3)

x analogous conditions for (T',7'") hold.

In the same vein we can define the notion of left Morita equivalence over the category
Il — U°. We call left® Morita equivalence. Clearly, both notions are equivalence relations on
the class of logics.

As a first test of these definitions, we present the following:

Proposition 5.3.2. If left(l) = left(l') then | and " are left Morita equivalent. In partic-

ular:

2Thus S < (I — U)°P t=2ed (concretCAT — ¥ — str)ge: is “relatively coinicial”.
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(a) If L= 1", then | and 1" are left Morita equivalent.
(b) 1 and I'9 are left® Morita equivalent.

Proof:

Since left(l) and left(l") are isomorphic, we have that there are pairs (B, 1), (B’,7’) that
establish the isomorphism. The proof that [ and I’ are left Morita equivalent follows from
considering S = (I — U) and S’ = (I' — U) as generic subcategories, B : S — S and

B =B71:8 =5 and 7 and 7 = 77! are the “natural comparisons”.

The items (a) and (b) follow from the Theorem 5.2.1. O

Proposition 5.3.3. Let a = (X,F) and o = (X' V') (respect. Lindenbaum) algebraizable
logics. If a and o' are A-equipollent then they are left (respect. left®) Morita equivalent.

Proof:

In this case just consider S := {(a g a)} and 5" := {(d y a')}. S and S are in
fact generic subcategories. We define B : S — S as B(idy) = id, and B'(id,) = idy. In
this way we have that B and B’ are inverses functors. Since a and a’ are A-equipollent,
then they are Aj-isomrphic, i.e. there are Ay-morphisms f : a — o and f' : d' — a
such that for any ¢’ € F(X'), H' fo f/(¢)A'¢ and for any ¢ € F(Z), F f' o f(p)Ap.
Thus f* : ¥/ — Str — X — Str, f* : £ — Str — %' — Str, f*]: QV(a') = QV(a) and
1 QV(a) 5 QV (a’) (see Chapter 2) making the following diagrams commute:

*
> str—d" o 5 sty

id?, r} [idg[

QV(d) T’Qv(a)

f

12’3
Y—str —L— Y/—str

QV(a) —mpQV (a)

Considering the pairs (f*, f*[) and (f™, f”[) the natural comparisons, we have proved

that a and a’ are left Morita equivalent. O]

Having in mind the result above, we define a new equivalence notion: of left Morita

equipollence.

Definition 5.3.4. Given | = (X,F) and ! = (X', V') logics, we shall say that they are left
Morita equipollent if:
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o There are categories Q and @' and initial functors K : (I - U) — Q, K': (I' —
U) — @, such thatl — Mod : (I — U)? — (concretCAT — ¥ — str)ge: factors through
K and ' — Mod : (I' = U)? — (concretCAT — X — str)se factors through K'.

e There are quasi-inverse equivalence functors B : Q' — Q and B' : Q — Q.

e There are “natural comparisons” (T, 1) and (T',7") as well as in the definition 5.3.1

such that obey the same properties described there.
A natural test for this definition is the following

Proposition 5.3.5. (a) If left(l) = left(l') then | and " are left Morita equivalent.
(b) Let 1 = (X,F) and ' = (X', V') be logics. If | and ' are equipollent then they are left
Morita equipollent.

Proof: The proof of item (a) works exactly as the proof of Proposition 5.3.2.

(b) Since [ and !’ are equipollent we have that there are QL -isomorphisms [h] : | — I/
and [#'] : I' = . Consider the categories Q = [ | U, Q" = I' | U, then we have that
B = ([h] o —) and B’ = ([W/] o —) establish pair of inverses isomorphisms between @ and Q'.
Denoting the “projection functors” K : (I - U) = (I = U), K': (I' = U) — (I' = U), by
the results in Chapter 2, [ — mod factors through K° and I’ — mod factors through K.

The natural comparisons here are given by (h*,id), (h'*,id).

Now we will provide another (diagrammatic) weak notion of equivalence of logics:

Definition 5.3.6. The logics | and ' are left-stably Morita equivalent when:
F

e there are concrete functors: X' — str = X — str;
F/

E
e there are concrete functors: colimpecw iy QVeod(f') = colimye—uy QVcod(f);
such that:

e E and E' are quasi-inverse equivalence functors;

e the diagram below commutes (and commutes over Set):

Y—str can colim QV (cod(f))
Y —str - ; colim QV (cod(f"))
can

The result below is parallel to Proposition 5.3.2:

Proposition 5.3.7. Let [,I' be logics. If left(l) = left(l'), then | and l' are left-stably

Morita equivalent.
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Proof:
Since left(l) and left(l') are isomorphic then we have that there are B : (I' — U) =

(I —s U) isomorphism and 7 : left(l') = left(l) o B natural isomorphism. Remember
that 7 has two components, Proji(7y) : QV (cod(f")) = QV(cod(B(f"))) and Projs(7yr) -

(a3

¥ — Str — X — Str for any f' € (I' — U) such that Projy(7y) = Projs(7y) for all
f1, f5 € (I' — U) that we denote just by Proj(7). Since B is a isomorphism we have the

concrete isomorphism of categories:

colim e QV (cod(f)) = colimpew— i QV (B(f)).

Therefore there are
. / E .
colim e vy QVeod(f') ? colimseq—uy QV cod(f)

such that we have the following diagram commuting:

Y—str can colim QV (cod(f))
P?“Ojg(’l’)[ tProjg(Tl) E’J N[E
Y/ —str - y colim QV (cod(f"))
can

The Proposition above can be derived from the more general result below:

Proposition 5.3.8. (a) If [ and l' are left Morita equivalent, then [ and I are left-stably
Morita equivalent.

(b) If I and l' are left Morita equipollent, then | and ' are left-Stably Morita equivalent.

4

We will register the following test of these notion on “well-behaved logics”:

Proposition 5.3.9. Let ag and a; be Lindenbaum algebrazaible logics such that ag = a; €
|QA%|. Then a and o' are left® stably Morita equivalent.

Proof: /
Let ag <h:> a; be a pair of As-morphisms that are inverse in the quotient category. By
h v
2.2.4 we have that QV (ap) <h—>; @V (ay) is an isomorphism of categories. Since a;, i = 0,1
are Lindenbaum algebraizable logics, the comma categories (a; — U¢) have an initial object
idg, + a; — a;, then colimQV (a;) = QV (a;) and the canonical arrow can be identified with

the inclusion J; : QV (a;) < a; — Str , then we have the following diagram commuting:
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a—str To QV (ap)
h* h/* h/*r o h*r
o/—str - QV(ay)
5L
Therefore a and a’ are stably-Morita-equivalent. O

As a consequence of this proposition, we have a solution for the “identity problem” for

classical propositional logics.

Corollary 5.3.10. The presentations of classical logics are left stably Morita equivalent.

(—, —)—str < sncl BA(—,—) = colim QV (cod(f))

t* t/* t/*r o~ t*r

(=", V)—str < — BA(=',V'") = colim QV (cod(f"))
inc

The next proposition give us the first step on the way to measure distinction degrees
between logic, i.e., this propositions tell us that the intuitionistic logic and classical logic are
not left stably-Morita-equivalent, but they are left stably-Morita-adjoint (on the left and on
the right).

Proposition 5.3.11. Concerning the relations between Classical logics and Intuitionist log-
1C8:

(a) They are not stably-Morita-equivalent.

(b) But they are (only) stably-Morita-adjointly related on the right and on the left:

Le. there is a commutative diagram (that commutes over Set)

(=, V, A\, —=)—str e g A colim QV (cod(f))
id| |id LR

(=, V, A\, —=)—str ~— BA = colim QV (cod(f"))
mc
where the diagram with J commutes (and commutes over Set) and there are functors
L, R: HA — BAsuchthat L4 J AR
Proof: (a) Recall that the category BA of Boolean algebras satisfies the the famous “Stone
representation Theorem”: for any B € BA there is a set X and an BA-monomorphism into

the X-power of 2 = {0, 1}, B — 2°%; this representation result is preserved under equivalence
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of categories, however H A, the category os Heyting algebras, has no object with the same

role as 2 in BA.

(b) For instance consider ¢ and i presentations of classical and intuitionist logics in the
signature {—,V, A, —} and BA and HA the categories of Boolean algebras and Heyting
algebras in this signatures. Consider the inclusion functor J : BA < HA. Then J clearly
satisfies the diagrammatic commutative conditions an, moreover J admits left and right

adjoints:

Let L : HA — BA: H — H/Fy, where Fy = ({a <> ——a : a € H}) is the filter
generated by the above subset of H. As we recall in chapter 4, the quotient homomorphism
qu : H - J(L(H)) has the universal property. Thus L - J. Alternatively, if Reg(H) =
{a € H : ==a = a} denotes the sub-boolean algebra of regular elements of H, then the map
H — J(Reg(H)), b — ——b is an homomorphism and satisfies the universal property (thus
Reg(H) = L(H)).

On the other hand, let R(H) = {b € H : bV —=b = 1}, the subalgebra of comple-
mented elements of H: it is a boolean subalgebra. Then the inclusion homomorphism
ig : J(R(H)) — H has the following co-universal property: for each boolean algebra B
and each H A-homomorphism f : J(B) — H, it has a unique factorization f : B — R(H)
through 7. Thus J 4 R. O]

We finish this chapter, with a diagram that summarizes the order relation among the
notions of identities of logics. We abbreviate: L;-isomorphism (L; — Is0), L s-equipollence
(Ly — Ep), Lindenbaum algebraizable equipollence (A} — Ep), left-diagram-models isomor-
phism (Left — Iso), left Morita equivalence (MorEwv), left Motita equipollence (MorEp)
and left-stably Morita equivalence (SMorEv).
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SMorEv
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Chapter 6
Conclusion

We have provided a basic background in order to establish a representation theory of
logic. Firstly, we gave preliminaries notions to develop this thesis and the main motivation to
study the categories of logics. A survey on that subject was published in Sdo Paulo Journal
of Mathematical science [Pinl5]. We have developed a functorial encoding for morphisms
of algebraizable logics and characterization for two special kinds of morphisms, namely the
dense morphisms and Q(A$%)-isomorphisms. This part of the thesis was submitted in Decem-
ber 2015 to Journal of the IGPL, but one can find it in ArXiv [MP15]. We have introduced
the notion of filter functors and its associated logic as a consequence of the attempting to
generalize the codification presented before. Studying a special kind of filter functor, we
have classified the protoalgebraizable logics, equivalential logics, truth-equational logics and
the algebraizable logics. We also have applied the previous results about filter functors in
order to study the meta-logical Craig entailment interpolation property via amalgamation
in matrices for non-protoalgebraizable logics. At the end of the chapter 3, we have defined
the category of filter functors and its relation with the category of logic L. This material
was developed in joint work with Prof. Peter Arndt, Prof. Dr. Ramon Jansana and Prof.
Dr. Hugo Mariano and it is in the final process of typing for a submission [AJMP].

In the sequel we have established the categorial connection between institutions and
m-institutions. It was introduced the institutions for abstract logics, algebraizable logics
and Lindenbaum algebraizable logics. On the institutions for algebraizable logics we have
defined the Glivenko’s context and then the abstract Glivenko’s theorem that restricts to
the traditional Glivenko’s theorem. There is an intermediate preprint about this chapter
that we intend finish and submit within few months [MP].

In the chapter 5 we have presented just first steps toward establish a representation
theory for propositional logics. It was introduced the notion of left diagram model of logics
and the notions of left (stably-)Morita equivalence. This left-side approach is related to the
processes of analysis of logics; the right-hand side is mathematically more involved and it

is related to synthesis processes of logics. As a sample of that the definition of left (staby-
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)Morita equivalence may be useful, we have proved that any presentation of classical logic are
stably-Morita equivalent, but the classical and intuitionistic logics are not left stably-Morita
equivalent. On the way to get a “algebraic topology” for logics, i.e., providing mathematical
objects to distinguish logics, we have proved that the classical and intuitionistic logic are
not stably-Morita equivalent, but they are stably-Morita adjoint. The first steps on this
chapter one can find in [MP14].

Future works. Regarding the subject developed in chapter 2, we believe that is possible
get characterizations for others kinds of algebraizable logic morphisms. Another attempt is
establishing a functorial encoding for morphisms in some special logics like protoalgebraiz-
able logics, equivalential logics and truth-equational logics.

In the direction of expanding the work of the chapter 3, we will try to develop the
filter functor theory for non-finitary logics, i.e., replace the definition of filter functor for
algebraic lattices to k-algebraic lattices, addressing a question posed in [CN14]. Another
theme is studying different meta-logical properties in this framework like Beth property or
other notions of interpolation properties. Still on, classify others special kinds of logics like
weakly-algebraizable logics and implicative logics. Study more about the category of filter
functor and its connection with the category of logic in order to characterize some morphisms
of logics as well as in the chapter 2. Realize what happens when the connection between
category of filter functor and logics is restricted for protoalgebraizable logics, equivalential
logics and truth-equational logics.

We believe we can establish a categorial relation of the categories of institution and
m-institutions with different notions of morphisms we have considered in the chapter 4.
Using the ideas behind of the institutions for algebraizable logics and Lindenbaum alge-
braizable logics, we intend define the institutions for special logics, i.e., protoalgebraizable
logics, equivalential lolgics and truth-equational logics. Thus, generalize more the abstract
Glivenko’s theorem. Connecting the chapter 3 and 4 we intend understand the precise cat-
egorical relation between the category of filter functor and categories of institutions and
m-institutions.

In order to develop the representation theory of logic we just have started in the chapter
5, we intend describe necessary/sufficient conditions for Morita equivalence of logics (and
variants), analyze categories of fractions of categories of logics and define an “algebraic
topology” for logics, i.e., define a general theory of “mathematical invariants” to measure
the degree of distinction among arbitrary propositional logics and develop general methods
of calculation of invariants. One of the goals of developing a representation theory is provide
and work with new notions of “identities” between logics. Finally, we intend present the
precise definition of the right diagram model of a logic that allows one get basic results
analogous to the “left side”: This case is more involved because it needs a 2-categorial

approach.
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