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Resumo

Torres, L. J. C. Folheações de Clifford e folheações compostas. 2017. 120 f. Disser-
tação (Mestrado) - Instituto de Matemática e Estatística, Universidade de São Paulo, São
Paulo, 2017.

Folheações Riemannianas singulares em esferas fornecem modelos locais para folheações
Riemannianas singulares mais gerais, cuja teoria contribui na compreensão de variedades
Riemannianas. Daí a sua importança de estudá-los e classificá-los, uma área de pesquisa
que se mantém aberta. Em 2014, Marco Radeschi construiu folheações Riemannianas
singulares indecomponíveis de codimensão arbitrária, a maioria delas não homogêneas, que
generalizaram todos os exemplos conhecidos desse tipo até então. A presente dissertação é
um estudo detalhado desse trabalho, junto com observações sobre avanços que se têm feito
neste dinâmico campo desde a publicação do artigo. Após introduzir as noções e exemplos
preliminares de folheações Riemannianas singulares, ações isométricas e teoria de Clifford,
é explorada uma construção de hipersuperfícies isoparamétricas não homogêneas, devida a
Ferus, Karcher e Münzner (FKM), que foi peça fundamental para os resultados de Radeschi.
Em seguida, descreve-se minuciosamente a construção de folheações composta e de Clifford
em esferas, que são os exemplos que o autor mencionado anteriormente gerou usando
sistemas de Clifford. Continuando com a análise dessas novas folheações Riemannianas
singulares, estabelece-se uma extraordinária correspondência biunívoca entre folheações
de Clifford (objetos meramente geométricos) e sistemas de Clifford (objetos puramente
algébricos). Este texto termina examinando as relações das propriedades de homogeneidade
entre folheações FKM, compostas e de Clifford.

Palavras-chave: Folheação Riemanniana singular, Folheação de Clifford, Folheação com-
posta, Folheação FKM, Sistema de Clifford, Álgebra de Clifford.
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Abstract

Torres, L. J. C. Clifford and composed foliations. 2017. 120 f. Dissertação (Mestrado)
- Instituto de Matemática e Estatística, Universidade de São Paulo, São Paulo, 2017.

Singular Riemannian foliations in spheres provide local models for an extensive kind
of singular Riemannian foliations, whose theory contributes in the understanding of Rie-
mannian manifolds. Hence the importance of studying and classifying them, a research
subject that still remains open. In 2014, Marco Radeschi constructed indecomposable
singular Riemannian foliations of arbitrary codimension, most of them inhomogeneous,
which generalized all known examples of that type so far. The present dissertation is a
detailed study of his work, along with observations about the progress made on this dynamic
field since that paper was published. Besides introducing preliminary notions and examples
on singular Riemannian foliations, isometric actions and Clifford theory, it is explained
a construction of inhomogeneous isoparametric hypersurfaces, due to Ferus, Karcher and
Münzner, that was a fundamental framework for the results of Radeschi. After that, it
is described exhaustively the construction of Clifford and composed foliations in spheres,
which are the examples that Radeschi created using Clifford systems. In the sequel it is
established an extraordinary bijective correspondence between Clifford foliations (merely
geometric objects) and Clifford systems (purely algebraic objects). This text finishes exam-
ining the relations of homogeneity properties among FKM, Clifford and composed foliations.

Keywords: Singular Riemannian foliation, Clifford foliation, Composed foliation, FKM
foliation, Clifford system, Clifford algebra.
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Introduction

Riemannian geometry is a specialization of the theory of smooth manifolds, that allow
us studying natural concepts such as distances and angles in those objects. In order to do so,
a Riemannian manifold is described, roughly speaking, as a smooth manifold equipped with
a Riemannian metric, which makes possible, e.g., to measure and determine how curved is
that ambient space or something on it. It is worth mentioning that any smooth manifold
admits that type of metric. Riemannian manifolds have a beautiful and rich underlying
geometry, hence it remains a very active research field.

An useful method for grasping these objects is decomposing them on simpler pieces of
lower dimensions, and keeping some compatibility condition with the original structure;
here is when a singular Riemannian foliation (SRF in short) comes out. Although a precise
definition will be given in Section 1.1, for now we can say it is a partition F of a Riemannian
manifold M into submanifolds called leaves, not necessarily of the same dimension, which
are locally parallel from each other. For instance, the division consisting in all the vertical
lines is a SRF, whose leaves have the same dimension, of the plane; while slicing a sphere
in circles (1-dimensional leaves) centered in the z-axis together with both the north and
south poles (0-dimensional leaves) is another example of a SRF.

The core of this document is SRF in spheres, a quite relevant case since those provide an
adequate description of more general Riemannian foliations around a point. In particular,
we will study two recent classes of the former foliations, named Clifford foliations and
composed foliations (the first are included in the second), and some of their properties, due
to Radeschi in 2014 [Rad14]. That work is a noteworthy contribution in the categorization
of indecomposable non-homogeneous Riemannian foliations of arbitrary codimension in
spheres, that remains incomplete. He generalized all the previous examples of Riemannian
foliations inspiring his work on the construction of isoparametric hypersurfaces owed to
Ferus, Karcher and Münzner [FKM81].

After Radeschi’s paper appeared, further progress in singular Riemannian foliations
has been made. In 2015, he and Gorodski completed the classification of the homogeneous
foliations, produced from Clifford systems in spheres [GR16], which indeed Radeschi had
already started. In the same year Lytchak and Radeschi [LR15] proved that every SRF
in a sphere can be expressed by a polynomial map. Thus each leaf is a solution set for a
system of polynomial equations. This supplies a major bond with algebraic objects that are
rather well understood, and enriches the study of Riemannian manifolds from a different

1
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perspective. That result was refined by Mendes and Radeschi one year later [MR16], as
they characterized Clifford foliations in terms of basic polynomials. Another result in this
direction was the positive answer to the conjecture of Molino (solved by Alexandrino and
Radeschi [AR16]) stating that the partition given by the closures of the leaves of a SRF is
again a SRF. Those works will be commented in detail throughout this text, since they are
closely related with the topics treated herein.

The content of this dissertation is organized in three chapters, beginning in Chapter 1
with some background material on singular Riemannian foliations, isometric actions on
Riemannian manifolds, Clifford theory and isoparametric hypersurfaces. Section 1.1 includes
the definition of a singular Riemannian foliation pM,Fq as well as some of its key examples,
e.g., Riemannian submersions, covering maps and homogeneous foliations. The latter case
is a foliation produced by an isometric action of a Lie group G on a Riemannian manifold
M , and it will be fundamental throughout our text. On the other hand, a foliation that is
not of that sort is then denominated non-homogeneous. To understand those group actions
and their orbital foliations, the notions of slices, principal orbits and tubular neighborhoods
are briefly reviewed. Finishing this section it is explained why the local model of a SRF
around a point can be reduced to the study on spheres; for that aim it will be introduced
a foremost result, the homothetic lemma transformation, and the notion of infinitesimal
foliations whose leaves are of the form

Lv :“ tw P νpLp| expp tw P Lexpp tvu, for a sufficiently small t ą 0.

This is followed in Section 1.2 by the description and properties of Clifford systems and
the Clifford sphere, requiring first some basic concepts on Clifford algebras and Clifford
representations. Such algebraic apparatus is essential in the construction of the two families
of foliations given by Radeschi in his article. The last part of this chapter (Section 1.3) deals
with a family of isoparametric hypersurfaces developed by Ferus, Karcher and Münzner,
found in the literature as FKM family. It is important pointing out that most of the theory
of isoparametric hypersurfaces is due to Cartan and Münzner. After expressing them analyt-
ically by homogeneous and isoparametric functions, the theory is developed into a geometric
interpretation through isoparametric hypersurfaces, parallel hypersurfaces, tubes and focal
sets, and there are stated some results, e.g., the Cartan-Münzner differential equations in
Theorem 1.42 and the FKM family in Theorem 1.43, showing those constructions are just
two sides of the same coin. As an application that will be relevant in next chapter, it is
proved that any family of isoparametric hypersurfaces in spheres of FKM-type has g “ 4

constant principal curvatures and we compute their specific form. The proofs presented in
Theorems 1.37 and 1.40 essentially follow the treatment in [CR15].

Chapter 2 is devoted to the construction of Clifford FC and composed F0 ˝FC foliations
in the sphere S2l´1 [Rad14, Section 2], the main topics of this work. The former are defined
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in Section 2.1 as the fibers of the map

πC : S2l´1 Ď R2l ÝÑ DC Ď Rm`1

x ÞÝÑ πCpxq “ pxP0x, xy, . . . , xPmx, xyq “
m
ÿ

i“0

xPix, xyPi,

where DC is the unit disk on Rm`1 and the subscript C is related to a Clifford system of
rank m ` 1 on R2l and pP0, . . . , Pmq is an orthonormal basis of elements in C for Rm`1.
Submersion properties and descriptions of its fibers are exhibited in Proposition 2.2. Then
it is shown that the fibers of πC form a transnormal system (Proposition 2.6), one of
the two conditions for a partition to be SRF, which establishes that the leaves must be
locally parallel from each other—the second one will be proved in the next section, after
defining composed foliations. Further, it is determined that the image of πC is the boundary
SC of DC if l “ m, or the disk DC itself, if l ą m ` 1, both equipped with a metric of
constant curvature 4. An immediate consequence is that πC is always a Hopf fibration
for the case l “ m, see Corollary 2.10, as well as the specific situation for S3, where
l “ 2 “ m, in Example 2.9. As we already commented, Clifford foliations are a particular
family of composed foliations. As another example, Corollary 2.11 shows how the FKM
family discussed throughout Section 1.3 can be recovered from Clifford foliations via the
composition F0 “ f ˝ πC ,

F0 : S2l´1 πC
ÝÑ DC

f
ÝÑ r´1, 1s

x ÞÝÑ P ÞÝÑ 1´ 2}P }2,

namely, its leaves are given by the level sets of

F0pxq “ 1´ 2 sin2p2tq “ cosp4tq, for t P r0, π{4s.

Following Radeschi [Rad14, Section 3], we begin Section 2.2 defining the latter foliations
through the fibers of a submetry

S2l´1 ÝÑ ∆,

where ∆ “ 1
2∆ or 1

2p∆ ‹ tptuq, depending on whether the image of πC is SC or DC ; here the
leaf space is denoted by ∆, the operation ‹ represents the spherical join and the 1

2 factor
indicates a rescaling of the metric. Subsequently, it is proved in Propositions 2.13 to 2.15 that
composed foliations are SRF. Hence the remaining characteristic to be verified for Clifford
foliations, i.e, to be a Riemannian foliation, is obtained in Corollary 2.16 as a consequence of
them being special case of composed foliations. Section 2.3 unveils a stunning correspondence
between Clifford systems (algebraic objects) and singular Riemannian foliations on spheres
(geometric objects). Even though the isoparametric families in [FKM81] were built up from
Clifford systems, there is not a bijection between them. In other words, a FKM foliation
does not necessarily come from a Clifford system, whose quotient is isometric to a FKM
example; but if so, there could be distinct (inequivalent) Clifford systems giving rise to
the same FKM foliation. Nevertheless, Radeschi [Rad14, Section 4] obtained a powerful
algebraic-geometric connection in virtue of his two types of foliations. Namely, if C is the
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class of Clifford systems and F is the class of SRF whose quotient is a sphere or a hemisphere
of constant curvature 4, there is a bijection map,

C{tgeometric equivalenceu ÝÑ F{tcongruenceu

C ÞÝÑ FC ,

assigning to each Clifford system C a unique Clifford foliation FC . This result is tackled in
Propositions 2.18 and 2.19; the first establishes that every singular Riemannian foliation
on a sphere whose quotient is a sphere or a hemisphere of curvature 4 is indeed a Clifford
foliation; while the second shows that inequivalent Clifford systems distinguish incongruent
Clifford foliations.

Chapter 3 mainly investigates homogeneity properties involving FKM, Clifford and
composed foliations. Before we get down to it, Section 3.1 examines two special symmetry
properties of Clifford foliations and their relation to some Lie groups: on one hand, every
element P P SC is an orthogonal map—seen as a foliated isometry induced by a Pin

subgroup of Op2lq—on the sphere S2l´1 equipped with a Clifford foliation FC ; on the other
hand, the action of P , when it descends through πC : S2l´1 Ñ DC , produces a reflection
along the segment through P—which can be seen as an isometric action of a Spin subgroup
of SOp2lq—. Once the machinery is set up, Section 3.2 begins explaining that the only
two cases which a Clifford foliation of S2l´1 whose quotient is a sphere Sm is homogeneous
are for m “ 2 or 4. Namely, all the Clifford foliations in S2l´1 are non-homogeneous, but
three cases detailed in Proposition 3.6. We also highlight an example of a non-homogeneous
foliation on R31 constructed from a Clifford system of rank 10, see Proposition 3.7. The
remaining results, discuss relations among the three aforementioned classes of foliations.

Finally, we decided to include two appendices, covering notions used in some proofs
in the main text. The purpose of Appendix A is completing the digression of submetries
and Riemannian submersions used in the construction of composed foliations (Section 2.2).
There are proved some properties of submetries that, though commonly mentioned in
SRF’s theory, it is hard finding proofs written in books and papers. Appendix B is a brief
compilation of basic definitions and examples in Riemannian orbifolds, that were used in
Proposition 3.7.



Chapter 1

Algebraic and geometric
preliminaries

This chapter is devoted to the basic apparatus needed for our study of singular Rie-
mannian foliations in spheres. With this in mind we begin defining a singular Riemannian
foliation in Section 1.1, we give some important examples and list some properties as well.
In Section 1.2 we provide the fundamentals of Clifford theory such as Clifford algebras,
their representations and systems, and we finish this study with the relation between the
last two, which will be essential in the construction of the FKM examples. Finishing our
study we develop in Section 1.3 part of the theory of isoparametric hypersurfaces, focusing
most in the real space form Sn, that is the context worked by Marco Rasdechi in [Rad14].
In this way we mainly review the concepts of a real space form, focal manifolds, tubes and
parallel hypersurfaces and prove some important theorems about principal curvatures. We
use as references two books of Cecil and, of course, the paper of Radeschi mentioned in the
introduction.

1.1 Singular Riemannian foliations

Definition 1.1. Let M be a complete Riemannian manifold, and F a partition of M
into complete, connected, injectively immersed manifolds, called leaves. The pair pM,Fq is
called:

• a singular foliation if there is a family of smooth vector fields tXiu that span the
tangent space of the leaves at each point.

• a transnormal system if any geodesic starting perpendicular to a leaf, stays perpen-
dicular to all the leaves it meets. Such geodesics are called horizontal geodesics.

• a singular Riemannian foliation if it is both a singular foliation and a transnormal
system.

Equivalently, a singular foliation could be described as a foliation whose leaves do not
need to have the same dimension. While if they have the same dimension, it is called a
regular foliation. There exists another characterization for a transnormal system, to say,
the leaves are locally equidistant, and henceforth we will use both descriptions indistinctly.

5



6 ALGEBRAIC AND GEOMETRIC PRELIMINARIES 1.1

Remark 1.2. We also want to underline a conjecture which arises from the previous definition.
There is an educated guess that if pM,Fq is a transnormal system then it is automatically
a (singular) foliation.

Before giving some examples of singular Riemannian foliations (SRF), let us present
some of their properties as well as give two non-examples, namely, where transnormality
and singular foliation conditions fail.

Throughout this section we will assume any smooth manifold to be complete and
Riemannian, and pM,Fq will denote a singular Riemannian foliation. Given pM,Fq, the
space of leaves, denoted by M{F , is the set of leaves of F endowed with the topology
induced by the canonical projection π : M ÑM{F that sends a point p PM to the leaf
Lp P F containing it. We now proceed to define a stratification on pM,Fq.

Definition 1.3 (Stratification). For each nonnegative integer r define
ř

r to be the union
of leaves of dimension r. The connected components of each

ř

r are (possibly incomplete)
submanifolds and are called strata of pM,Fq. We denote by dimF the maximum dimension
of the leaves in F , and call regular leaf one having maximal dimension, and a point belonging
to it a regular point. The set of regular leaves

ř

dimF is open, dense and connected, and
therefore it defines a stratum which we call the regular stratum. Finally, pM,Fq is closed if
all the leaves of F are closed. In this case the leaves are at a constant distance from each
other, and the space of leaves M{F has the structure of a Hausdorff metric space.

Example 1.4 (Non-examples of singular Riemannian foliations).

• Not a transnormal system: consider a (singular) foliation on R2 given by the two
families of hyperbolae H1 :“ tpx, yq P R2 : x2´y2 “ d, d P R`u, H2 :“ tpx, yq : ´x2`

y2 “ d, d P R`u together with the four rays tpx, yq P R2 : x2 ´ y2 “ 0, px, yq ‰ p0, 0qu

and the origin, the latter being the leaf with a different dimension, as illustrated
in Figure 1.1. Now, since the geodesics in R2 are the straight lines, let L be a line
emanating from the origin and passing through the point pa, bq in the hyperbola
x2 ´ y2 “ d, such that a ‰ 0 and b ‰ 0. Then L must be of the form

y “
b

a
x.

The tangent line to x2 ´ y2 “ d at pa, bq has slope m “ a
b . Thus the normal line

at that point has slope ´1
m “ ´b

a . Therefore L crosses the leaf x2 ´ y2 “ d but not
orthogonally, since b

a ‰
´b
a .

Alternatively, from the characterization of leaves remaining at constant distance from
each other, is easy to see that if a single point p is a leaf, there can only exists two
kind of foliations in R2: the one where each point in R2 is a single leaf, we will call it
the finest foliation; or the one where the leaves are given by the concentric circles
around p, e.g., see Figure 1.2.

• Not a singular foliation: In the Euclidean plane R2, consider L to be the following
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x

y

P

Tangent at P

L

θ = 60◦

Figure 1.1: The geodesic L does not meet orthogonally this singular foliation of R2 at the point p.

x

y

γ

Figure 1.2: SRF of concentric circles around a point in R2. The geodesic γ meets each leaf
orthogonally.

set of straight lines
L :“

ď

bě0

tpx, yq | y “ x` bu,

and P to be the set of points given by

P :“
ď

yďx

tpx, yqu.
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The partition LY P of R2 (see Figure 1.3a) is neither a foliation nor a transnormal
system. On one hand, the leaves in P have vector field zero, whereas the ones in L
should have a nowhere-vanishing smooth vector field. Therefore, the continuity of a
vector field for the partition above fails when approaching to the leaf y “ x from the
right hand side. Thus LY P is not a foliation of R2. On the other hand, any straight
line emanating from a point px, yq P P and having slope m ‰ ´1 does meet each leaf
in L but not orthogonally; then the partition LY P is not a transnormal system.

Another example of partition in R2 which fails to be a foliation is shown in Figure 1.3b.
Notice again that a vector field spanning its leaves cannot be continuous, as in the
case above.

x

y

(a)

x

y

(b)

Figure 1.3: These partitions of R2 are not foliations, nor are transnormal systems.

Examples of singular Riemannian foliations

Example 1.5 (Trivial foliations).

1. Consider the finest foliation given by the points of M , which we denote pM, tptsuq.
This is clearly a singular Riemannian foliation and it is the only one with dimF “ 0.

2. In contrast, take the coarsest foliation with one leaf corresponding to the whole M,
which we denote pM,Mq. This is the only SRF such that codimF “ 0.

Example 1.6 (Simple foliation). If M , N are Riemannian manifolds and π : M Ñ N is a
Riemannian submersion, the connected components of the partition F on M , defined by
the fibers of π, are embedded submanifolds, due to the local form of a submersion, and
are also complete since M is complete. This gives us a foliation whose leaves have the
same dimension and thus it is regular (in consequence, singular). Last, it is a transnormal
system by [GHL12, Proposition 2.109]. We call this singular Riemannian foliation a simple
foliation.
Concerning this example, we want to highlight that every regular Riemannian foliation is
modeled locally by a Riemannian submersion.
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Example 1.7 (Pullback foliation in a Riemannian submersion). Let π : M Ñ N a
Riemannian submersion, such that pN,Fq is a SRF. It is possible to define a foliation F̃
in M by pulling back F . The leaves of F̃ are given by the (connected components of)
preimages of leaves:

F̃ :“ π˚F “ tL̃ “ π´1pLq |L P Fu.

Since π is a Riemannian submersion, then tangent space to the leave L̃p at a point p PM
splits as

TpLp “ Vp ‘ ČTπppqLπppq,

where ČTπppqLπppq is the horizontal lift of TπppqLπppq. Again, [GHL12, Proposition 2.109]
guarantees that a geodesic in M starting perpendicular to a leaf L̃ corresponds to a
horizontal lift ˜γptq of a geodesic γptq in N . Moreover, for every t, ˜γ1ptq K Vγptq, since ˜γptq is
horizontal, and ˜γ1ptq K ČTπppqLπppq as well because γ1ptq is perpendicular to TπppqLπppq in N .
This shows that the foliation F̃ “ π˚F is a transnormal system, whence, a SRF of M .

Example 1.8 (Homogeneous foliation). If G is a connected Lie group acting on M by
isometries, the foliation F on M defined by the orbits of G is a singular Riemannian
foliation denominated homogeneous foliation. More precisely, for every X P g, there is a
corresponding action field, called the fundamental vector field X# on M , and they generate
XpFq. At the same time they are Killing vector fields, since M is complete, which implies
LX#g “ 0, and in particular for the perpendicular (horizontal) part of the metric we also
have LX#gT “ 0. For any X “

ř

fiX
#
i P XpFq, with fi some smooth functions,

LXgT pY,Zq “
ÿ

L
fiX

#
i
gT pY,Zq

“
ÿ

fiX
#
i g

T pY,Zq ´ gT
´”

fiX
#
i , Y

ı

, Z
¯

´ gT
´

Y,
”

fiX
#
i , Z

ı¯

“
ÿ

fiX
#
i g

T pY,Zq ´ gT
´

∇
fiX

#
i
Y ´∇Y pfiX#

i q, Z
¯

´ gT
´

Y,∇
fiX

#
i
Z ´∇ZpfiX#

i q

¯

“
ÿ

fiX
#
i g

T pY, Zq ´ gT
´

∇
fiX

#
i
Y, Z

¯

´ gT
´

Y,∇
fiX

#
i
Z
¯

` gT
´

∇Y pfiX#
i q, Z

¯

` gT
´

Y,∇ZpfiX#
i q

¯

“
ÿ

fiX
#
i g

T pY, Zq ´ fi g
T
´

∇
X#
i
Y,Z

¯

´ fi g
T
´

Y,∇
X#
i
Z
¯

` Y pfiq g
T
´

X#
i , Z

¯

` Zpfiq g
T
´

Y,X#
i

¯

` fi g
T
´

∇YX#
i , Z

¯

` fi g
T
´

Y,∇ZX#
i

¯

.

The sum of the last two terms in the last line is zero because X# is Killing field. The
first and second terms in the same line also vanish as X#

i is vertical and gT pX#
i , ¨q “ 0.

Moreover, using that the Levi-Civita connection has no torsion, we get

LXgT pY, Zq “
ÿ

fiX
#
i g

T pY, Zq ´ fi g
T
´

∇YX#
i , Z

¯

´ fi g
T
´

rX#
i , Y s, Z

¯

´ fi g
T
´

Y,∇ZX#
i

¯

´ fi g
T
´

Y, rX#
i , Zs

¯

“ 0,
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using again that X# is vector Killing field. From [MC88, Section 3.2], if LXgT pY, Zq “ 0,
then the horizontal space is preserved under the geodesic flow, and therefore the transnormal
system condition is satisfied.

Explicit examples of isometric group actions could be, for instance:

• the circle S1 – SOp2q acting on S2 by rotation about the z-axis, where the North
and South poles together with all the circles around that axis form the leaves of this
foliation.

• the Hopf action Up1q – S1 Ď C on SUp2q – S3 Ď C2 by right group action

eiθ ¨

«

u v̄

´v̄ u

ff

ÞÝÑ eiθ ¨ pu, vq “: x P S3,

where u, v P C and |u|2 ` |v|2 “ 1. This action can also be seen as

«

z 0

0 z

ff

¨

«

u v

´v̄ ū

ff

ÞÝÑ

«

zu zv

´zv zu

ff

P SUp2q,

where z :“ eiθ. The leaf space is S3{S1 – S2 and each fiber is a circle in S3, which is
called the Hopf foliation.

Example 1.9 (Covering maps).

1. If pM̃, F̃q is a singular Riemannian foliation and G is a group acting freely, properly
discontinuous and isometrically on M̃ by the G-maps

µ : Gˆ M̃ ÝÑ M̃

pg, p̃q ÞÝÑ µpg, p̃q :“ g ¨ p̃ “ gp

that sends leaves to leaves, then M̃{G “: M inherits a singular Riemannian foliation
F̃{G “: F . To see this, let F :“ tLp “ πpL̃p̃q |πpp̃q “ pu. This foliation is well defined
for if πpp̃q “ πpq̃q “ p, then there exists g P G such that the map

µgpp̃q : M̃ ÝÑ M̃

p̃ ÞÝÑ µgpp̃q :“ µpg, p̃q

evaluated at p gives µgpp̃q “ q̃ and thus µgpL̃p̃q “ L̃q̃. Also F is singular: since π
is a submersion, for any vector v P TγptqL there exists a vector ṽ P Tp̃L̃p̃ such that
dπpṽq “ v and πpp̃q “ p, and using the fact of F̃ being singular and for all p̃ in M̃ ,
dπpTp̃L̃p̃q “ TpLp, we can define a smooth vector field X P XpFq where Xp “ v. To
show the foliation in the quotient is transnormal, take a geodesic γ in M̃{G starting
orthogonal to a leaf, let γ̃ be its horizontal lift and decompose any ṽ in Tp̃L̃p̃ as

ṽ “ ṽ1 ` ṽ2, ṽ1 P Tp̃ π
´1ppq, ṽ2 P Tp̃L̃p̃ X pTp̃ π

´1ppqqK.
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Since π is a local isometry,

gpγ1, vq “g̃pγ̃1, ṽq

“g̃pγ̃1, ṽ1q ` g̃pγ̃
1, ṽ2q

“gpγ1, dπpṽ2qq

“0,

where in the second line the first term vanishes since γ̃ is horizontal lift and π a
submersion, and the next to last line is zero since for all p̃ in M̃ , dπpTp̃L̃p̃q “ TpLp,
and dπ is an isometry on the horizontal space.
Let M̃ :“ Sn with the foliation F̃ given by the latitude circles with respect to the
xn`1-axis and the two poles and G :“ tid,´idu be a particular example of this case.
Thus RPn is the resulting quotient and its foliation consists in the upper half circles
of the Sn foliation and a single point.

2. If pM,Fq is a singular Riemannian foliation and π : M̃ ÞÑM is a covering map, then
the preimages of the leaves of F define a singular Riemannian foliation F̃ on M̃ . Define
F̃ :“ tπ´1pFqu. Observe that the points Fπ :“ tLπp̃ “ π´1ppq | πpp̃q “ p, p P Mu

form a singular Riemannian foliation and Lπp̃ Ď L̃p̃ for each p̃ in M̃ and L̃p̃ P F̃ . Take
γ̃ orthogonal to a leaf in M̃ . In particular it is orthogonal to Fπ and π ˝ γ̃ “ γ is
orthogonal to F . Using that Tp̃ Lπp̃ is zero and π is a local isometry, we deduce by a
similar argument as in item 1. that

g̃pγ̃1, vq “ 0, for all v P Tp̃L̃p̃.

To illustrate this, we claim that any singular Riemannian foliation in the torus T 2

must have all their leaves of the same dimension. Otherwise, suppose there exists a
leaf with a different dimension. The universal covering of T 2 is R2 in which the only
singular (non regular) Riemannian foliation is a point and concentric circles around it.
However this foliation is not invariant under the quotient, whence, the initial foliation
in T 2 should be regular.

Example 1.10 (Products). For pM,Fq, pM 1,F 1q singular Riemannian foliations, we can
consider the product manifold M ˆM 1 with the product metric, where we have the product
foliation F ˆF 1 such that the leaf passing through pp, p1q is given by LpˆLp1 . Since F and
F 1 are singular foliations, for any vector v :“ vp` vp1 on XpF ˆF 1q, there exist vector fields
X P XpFq, X 1 P XpF 1q such that Xp “ vp, Xp1 “ vp1 . Then the vector field Y :“ X ‘X 1

belongs XpF ˆ F 1q. Besides, every geodesic on this product manifold can be expressed as
γ “ pγM , γM 1q, where γM , γM 1 are geodesics on M , M 1, respectively. If γ is orthogonal
to a leave Lp ˆ Lp1 , then γM , γM 1 are orthogonal to Lp, Lp1 . Using again that pM,Fq
and pM 1,F 1q are transnormal systems, the latter geodesics remains orthogonal to all the
leaves they cross, whence, γ have the same property and the product pM ˆM 1,F ˆ F 1q is
transnormal.
Take pSn ˆ R,Frot ˆ tptsuq as an example of product of singular Riemannian foliations,
where Frot is the foliation given by rotation around an axis, say, xn`1.
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Example 1.11 (Suspension of homomorphism). This example combines several of the past
constructions. Let B and T be complete connected smooth manifolds of dimensions k and l
respectively, and let

ρ : π1pBq Ñ IsompT,FT q

be a homomorphism from the fundamental group of B to the group of isometries of pT,FT q.
Define M̃ :“ T ˆ B̃, where B̃ is the universal covering of B. The projection on the first
coordinate pr1 : T ˆ B̃ Ñ T induces a foliation F̃ on M̃ of codimension l given by its fibers.
Additionally, consider the smooth action

µ : π1pBq ãÑ T ˆ B̃

rgs ÞÑ µrgspt, b̃q :“ pρprgs´1qptq, b̃ ¨ rgsq.

Observe this action sends leaves F̃ to leaves of F̃ since in the first component every leaf
is a point and in the second coordinate there is just one leaf, which is B̃, and thus they
are trivially preserved. We say the manifold M :“ M̃{π1pBq together with a codimension-l
foliation F :“ F̃{π1pBq is a singular Riemannian foliation constructed by suspension of the
homomorphism ρ.
For instance, consider pT,FT q :“ pS2,Frotzq to be the sphere with the foliation given by
the rotation around the z-axis, and let B :“ S1 be the unit circle. The universal covering of
the unit circle is B̃ “ R and the fundamental group of B is π1pBq “ Z, which represents a
translation in of a point in R by an integer multiple of 2π. The product manifold M̃ “ S2ˆR
is equipped with the codimension-two foliation

F̃ “ tq ˆ R “ pr´1
1 pqq | q P S2u.

Since a homomorphism ρ : π1pS1q Ñ IsompS2,Frotzq should send leaves of Frotz to leaves of
Frotz , each leaf L in Frotz is sent to itself, that is, ρprgs´1qpLq “ L, for every rgs P π1pS1q.
The quotient given by the orbits of the π1pS1q-action on S2 ˆ R under the map µ is

M “ pS2 ˆ Rq{Z “ S2 ˆ pR{Zq “ S2 ˆ S1.

The singular Riemannian foliation constructed by suspension of the homomorphism ρ is
the pair pS2 ˆ S1,Fq , where F is the foliation of codimension 2 defined by the images of
the leaves in F̃ under the quotient map pM̃, F̃q Ñ pM,Fq,

F “ tq ˆ S1 | q P S2u.

Isometric actions and local model of a singular Riemannian foliation

This section begins providing some definitions on isometric actions that will be specially
useful when discussing the relation among Clifford systems, Lie groups and homogeneity
properties of Clifford foliations in Chapter 3. Then we will understand that the local
structure of a SRF at a point behaves as a SRF of a sphere, and hence the importance of
studying the latter model. The homothetic transformation (Lemma 1.20) will be crucial for
that purpose and for the construction of composed foliations in Section 2.2. For a closer
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look into all these matters, see [AB15, Chapter 3] and [MC88, Chapter 6].

Definition 1.12. Consider two (left) G-actions µ1 : GˆM1 ÑM1 and µ2 : GˆM2 ÑM2.
A map f : M1 Ñ M2 is called G-equivariant if the actions commute with the map, i.e.,
µ2pg, fppqq “ fpµ1pg, pqq for all p PM1 and g P G.

Let G a left action on M . In order to avoid confusion of notation, we use Gppq to denote
the orbit of p generated by G and Gp to denote the isotropy group of p .

Definition 1.13. Let µ : G ˆM Ñ M an action. A slice at p P M is an embedded
submanifold Sp containing p and satisfying the following properties:

piq TpM “ dµpg‘ TpSp and TqM “ dµqg` TqSp, for all x P Sp;

piiq Sp is invariant under Gp, i.e., if q P Sp and g P Gp, then µpg, qq P Sp;

piiiq If q P Sp and g P G are such that µpg, qq P Sp, then g P Gp.

Theorem 1.14. If µ : GˆM ÑM is a proper action, then, for every p PM , there exists
a slice Sp at p.

Remark 1.15. If the action is isometric, such a slice at p is given by

Sp “ expppBεp0qq,

where Bεp0q is an open ball of a sufficiently small radius ε ą 0 around the origin in the
normal space νpGppq.

Definition 1.16. Let µ : GˆM ÑM be a proper action. Then Gppq is a principal orbit
if there exists a neighborhood U of p in M such that for every point q belonging to U ,
Gp Ď Gµpg,qq, for some g P G.

Proposition 1.17. Let µ be a proper left G-action. Then Gppq is a principal orbit if and
only if Gp “ Gq, for all q lying in a slice Sp at p.

Definition 1.18. Let µ be a proper G-action on M . Given p PM , let Sp a slice at p. We
define a tubular neighborhood of the orbit Gppq as the image of Sp under the G-action,

TubpGppqq :“ µpG,Spq.

There is a more convenient and specific definition of a tubular neighborhood for a SRF,
which will be fundamental in the construction of of composed foliations (Section 2.2).

Given a point p in a singular Riemannian foliation pM,Fq, an open, relatively compact
(an open subset with compact closure) neighborhood P of p PM in the leaf Lp is called a
plaque.
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Definition 1.19. For such a plaque, there exists some ε ą 0 such that the normal
exponential map

expK : νpP q ÝÑM

νεpP q ÞÝÑ expKpνεpP qq “: TubεpP q

is a diffeomorphism on the normal bundle of P of radius ε, νεpP q “ tv P νpP q | }v} ď εu.
The image of νεpP q under expK will be called a distinguished tubular neighborhood around
P , and denoted TubεpP q.

The restriction F |TubεpP q is the foliation in TubεpP q given by the connected components
of the intersection L X TubεpP q, for all L P F . It may happen that some leaf intersects
TubεpP q more than once, in which case that intersections are counted separately.
A distinguished tubular neighborhood comes equipped with a map Pr called the metric
projection, Pr : TubεpP q Ñ P , defined by the composition

TubεpP q
exp´1

ÝÝÝÝÑ νεpP q Ñ P.

If ε is chosen small enough, this projection sends a point p1 to the point in P which is
closest to p1, given via horizontal geodesics. For q P P , we denote the fiber Sq :“ Pr´1pqq

and call it the slice through q. In addition, if y P TubεpP q, the connected component Py of
Ly X TubεpP q containing y is called the plaque of F through y in the neighborhood.

Lemma 1.20 (Homothetic Transformation Lemma). Let p P TubεpP q a distinguished
tubular neighborhood in pM,Fq such that P is a plaque around p. For each λ P p0, 1q, the
map

hλ : TubεpP q ÝÑ TubλεpP q

expKpvq ÞÝÑ expKpλvq,

for v P TubεpP q is a foliated diffeomorphism sending (connected components of) leaves of
F |TubεpP q to (connected components of) leaves F |TubλεpP q.

The next result is a consequence of the lemma above and it describes the local structure
of a stratification. We draw your attention to the second property below, which has an
interesting improvement due to Lytchak and Thorbergsson [LT10, Section 4] of Molino’s
classical results ([MC88, Proposition 6.3]); namely, the geodesic just leaves the stratum a
discrete set of times.

Lemma 1.21. Every connected component of a stratum is a (possibly non-complete)
manifold. Moreover, every geodesic starting tangent to a stratum and perpendicular to the
leaf stays in the stratum for all but a discrete set of times.

The definition and theorem below describe how a singular Riemannian foliation looks
locally. Let pM,Fq be a SRF and let Sp be a slice at a point p PM .

Definition 1.22. The infinitesimal foliation of F at p, denoted by pνpLp,Fpq, is defined
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as the partition of νpLp whose leaf at v P νpLp is given by

Lv :“ tw P νpLp| expp tw P Lexpp tvu, for t small enough,

where Lexpp tv denotes the leaf of pSp,F |Spq through expp tv.

Notice that the Homothetic Transformation Lemma guarantees that Lv is well defined:
if for some small enough t0, expp t0w belongs to the same leaf of expp t0v, then expp tw

lies on the same leaf of expp tv, for t P p0, t0q. For these local foliations, there are some
properties we state below.

Theorem 1.23. For a infinitesimal foliation pνpLp,Fpq of pM,Fq it holds the following:

paq The normal exponential map expp : νεpLp ÑM sends the leaves of Fp to the leaves of
pSp,F |Spq.

pbq The foliation pνpLp,Fpq is invariant under homotheties, i.e., if v P νpLp, then Lλv “
λ ¨ Lv, for a non-zero real number λ.

pcq pνpLp,Fpq is a SRF with respect to the flat metric at p.

1.2 Clifford systems, their algebras and representations

The construction of an infinite collection of isoparametric hypersurfaces with four princi-
pal curvatures given by Ferus, Karcher and Münzner in [FKM81] is based on representations
of Clifford algebras. With the intention of reproducing their work, we need first to review
some facts about Clifford algebras, their representations and systems.

Clifford algebras

For each integer m ě 0, the Clifford algebra Cm is the associative algebra over R that
is generated by a unit element 1 and the elements e1, . . . , em subject only to the relations

e2
i “ ´1, eiej “ ´ejei, i ‰ j, 1 ď i, j ď m. (1.1)

In other words, Cm is an additive abelian group which has the structure of both a ring and
a vector space over R.

An equivalent definition is that the Clifford algebra is constructed from a real vector
space V “ spante1, . . . , emu with a positive definite inner product x, y, by taking the quotient
of the tensor algebra T pV q by the ideal xb y ` y b x´ 2xx, yy1. We have that V embeds
naturally in Cm and

@x, y P V, x ¨ y ` y ¨ x “ ´2xx, yy ¨ 1. (1.2)

We can see for instance that if m “ 0, C0 is isomorphic to R, C1 is isomorphic to the
complex numbers C with e1 equals to the complex number i, and C2 is isomorphic to the
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quaternions H with the correspondence

e1 “ i, e2 “ j, eiej “ ij “ k.

Note that the set
t1, ei1 ¨ ¨ ¨ eik | i1 ă ¨ ¨ ¨ ă ik, 1 ď k ď mu

forms a basis for Cm over R and hence Cm has dimension 2m as a real vector space.

Clifford representations

Atiyah, Bott and Shapiro in [ABS64] determined the classification of all Clifford algebras
by means of their irreducible representations, which will be fundamental in the study of
the FKM hypersurfaces.

Let e1, . . . , em be a basis for V and E1, . . . , Em be skew-symmetric l ˆ l matrices with
real entries satisfying

E2
i “ ´I, EiEj “ ´EjEi, i ‰ j, 1 ď i, j ď m, (1.3)

where I is the l ˆ l identity matrix. Notice from the definition that every Ei is also an
orthogonal matrix since, for any vectors u, v in Rn,

xEiu,Eivy “ xu,E
T
i Eivy “ xu,´EiEivy “ xu, Ivy “ xu, vy. (1.4)

A representation ρ of a Clifford algebra Cm on EndpRlq of degree l

ρ : Cm ÝÑ EndpRlq,

is an algebra homomorphism such that ρp1q “ I and ρpeiq “ Ei, for 1 ď i ď m.

Example 1.24. We already know that the Clifford algebra C1 is C “ spant1, e1 “ iu. Let
l “ 2, a Clifford representation of C1 on EndpR2q could be

ρ : C ÝÑM2pRq

1 ÞÝÑ

«

1 0

0 1

ff

“ I

e1 “ i ÞÝÑ

«

0 ´1

1 0

ff

“ E1.

Note that any other complex number a` bi is written in this case as

«

a ´b

b a

ff

.

A representation ρ : Cm´1 Ñ EndpRlq, for m ě 1, is called irreducible if it has no
proper invariant subspaces. Otherwise, ρ is reducible of degree l, for l “ kδpmq and k ą 1

an integer, is formed by taking a direct sum of k irreducible representations of Cm´1 of
degree δpmq, where the function δpmq is given in Table 1.1.
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The complete classification of Clifford algebras was determined by Atiyah, Bott and
Shapiro and is found in the second row of the table, where the following terminology is
used: Let Apkq denote the algebra of k ˆ k matrices with entries from the algebra A. The
multiplication in Apkq is matrix multiplication defined using the operations of addition and
multiplication in the algebra A. The direct sum A1 ‘A2 is the Cartesian product A1 ˆA2

with all algebra operations defined coordinatewise. Those three authors also showed that
each Clifford algebra Cm´1 has an irreducible representation of degree l if and only if
l “ δpmq, as can be seen in Table 1.1 as well.

m 1 2 3 4 5 6 7 8 8` n

Cm´1 R C H H‘H Hp2q Cp4q Rp8q Rp8q ‘ Rp8q Cn´1p16q

δpmq 1 2 4 4 8 8 8 8 16 δpnq

Table 1.1: Clifford algebras and degree of their irreducible representations.

Clifford systems

In this section we finally present the most relevant algebraic object we will use to
construct the Clifford foliations and the new examples of singular Riemannian foliations
found by Radeschi.

Let SymnpRq the space of nˆn symmetric matrices with entries on R with the standard
inner product xA,By :“ 1

ntracepABq. The pm` 1q-tuple pP0, . . . , Pmq with Pi P SymnpRq
is called a (symmetric) Clifford system C of rank m` 1 on Rn if the Pi satisfy

P 2
i “ I, PiPj “ ´PjPi, i ‰ j, 0 ď i, j ď m. (1.5)

Similarly as in eq. (1.4) for the Clifford algebra, observe that the Pi are orthogonal as well.
Let Cm´1 a Clifford algebra constructed from a vector space V . Following the description

of Radeschi, the restriction to V of a representation ρ : Cm´1 Ñ EndpRnq of Cm´1,

C :“ ρ|V : V Ñ EndpRnq,

is a Clifford system on Rn such that, for an orthonormal basis te1, . . . , em´1u of V , their
images under ρ are the Pi “ ρpeiq. From now on, we will write RC as being the image ρpV q.
We will postpone giving an example of a Clifford system to Section 1.2, where will take
in advantage the correspondence between Clifford representations and Clifford systems
constructed in the next subchapter.

It follows from eq. (1.2) that a Clifford system inherits the following property for any
two elements P,Q belonging to it:

PQ`QP “ 2xP,QyI (1.6)

That characteristic will be used in several computations throughout this text. In fact, its
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first application is related to bases and eigenspaces on a Clifford system, as we show below.

Let SC denote the unit sphere in RC . For any P P SC , P 2 “ I and therefore the matrix
P has eigenvalues ˘1, with corresponding eigenspaces E˘pP q. Every Q in RC can be written
in the basis pP0, . . . , Pmq as

Q “
m
ÿ

i“1

xQ,PiyPi.

We obtain, applying eq. (1.6) to orthogonal elements P , Q:

PQ “ ´QP ` 2xP,QyI “ ´QP.

An immediate conclusion is that Q takes the positive eigenspace E`pP q isomorphically onto
the negative eigenspace E´pP q and vice versa. In particular, dimE`pP q “ dimE´pP q, and
since Rn splits as the sum E`pP q ‘ E´pP q, n is always even dimensional, and henceforth
in this text we will write n “ 2l.

It is significant to inquire if there are some fundamental “cells” which could form any
other Clifford systems from simpler ones by means of a specific operation. In the light of
this question we give the following definitions. Given two Clifford systems pP0, . . . , Pmq on
C : V Ñ EndpR2lq and pQ0, . . . , Qmq on C 1 : V Ñ EndpR2rq, we can produce a new Clifford
system, called the direct sum, pP0 ‘Q0, . . . , Pm ‘Qmq on C ‘C 1 : V Ñ EndpR2l ‘R2rq “

EndpR2pl`rqq by defining pC‘C 1qpx, yq “ pCpxq, C 1pyqq, that is, pPi‘Qiqpx, yq “ pPix,Qiyq.
The system C ‘C 1 is called a reducible system. Any Clifford system that cannot be written
as a non-trivial sum is called irreducible. Furthermore, if C is an irreducible Clifford system
of rank m` 1 on R2l then l “ δpmq, where the function δpmq is given in Table 1.1.

Two Clifford systems pP0, . . . , Pmq, pQ0, . . . , Qmq on C, C 1 : V Ñ Sym2lpRq, respectively,
are algebraically equivalent if there is an isometry A P OpR2lq such that C 1 “ A´1 ˝ C ˝A,
in other terms if Qi “ APiA

T , for 0 ď i ď m. And they are called geometrically equivalent
if there is an isometry A P OpR2lq such that RC1 “ RA´1˝C˝A, or equivalently, if there
exists B P OpspantP0, . . . , Pmu Ď Sym2lpRqq such that pQ0, . . . , Qmq and pBP0, . . . , BPmq

are algebraically equivalent, that is, Qi “ ABPiA
T , 0 ď i ď m, for A P Op2lq.

Correspondence between Clifford systems and their representations

There is an explicit correspondence between Clifford systems on R2l and representations
of Clifford algebras on Rl which is used in the construction of the FKM examples to deduce
several properties about the former ones from known facts about the latter ones.

Suppose that E1, . . . , Em´1 form a representation of a Clifford algebra Cm´1 on Rl as
in eq. (1.3). Now we write R2l “ Rl ‘ Rl and define transformations P0, . . . , Pm by

P0pu, vq “ pu,´vq, P1pu, vq “ pv, uq, P1`ipu, vq “ pEiv,´Eiuq, 1 ď i ď m´ 1.
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It follows that pP0, . . . , Pmq are symmetric and hold the conditions in eq. (1.5) and so they
produce a Clifford system of rank m` 1 on R2l.

Conversely, suppose pP0, . . . , Pmq is a Clifford system of rank m` 1 on R2l (eq. (1.5)).
Setting P :“ Pi and Q :“ Pj in eq. (1.6) we know that every Pj interchanges the eigenspaces
E˘pPiq for i ‰ j. This shows not only that both spaces have the same dimension but
also that Pi has trace zero. Now we can for instance identify Rl with E`pP0q and define
the transformation Ei : Rl Ñ Rl, 1 ď i ď m ´ 1, to be the restriction to E`pP0q of the
transformation P1P1`i, that is,

Ei :“ P1P1`i|E`pP0q.

Then a computation gives that E1, . . . , Em´1 are skew-symmetric and determine a repre-
sentation Cm´1 of a Clifford algebra on Rl (see [Cec13, p. 99–101] for the details of this
correspondence).

Now it is appropriate to present an example of a Clifford system we owe from the last
section.

Example 1.25. Recall that in Example 1.24 we found the Clifford algebra representation
of C on EndpR2q when m “ l “ 2. The matrices

P0 “

«

I 0

0 ´I

ff

4

, P1 “

«

0 I

I 0

ff

4

, P2 “

«

0 E1

´E1 0

ff

4

,

with I the 2ˆ 2 identity matrix, form its corresponding Clifford system of rank m` 1 “ 3

on R2l “ R4 “ R2 ‘ R2 where we have employed the construction just exhibited.

Owing to that connection, Ferus, Karcher and Münzner deduced that a Clifford system
is irreducible if and only if its corresponding Clifford algebra representation is irreducible.
For instance there exists an irreducible Clifford system pP0, . . . , Pmq on R2l if and only
if l “ δpmq as in Table 1.1. They went further in this characterization and showed that,
for m ” 0 pmod 4q, there are just two algebraic equivalence classes of Clifford systems,
distinguished by the basis pP0, P1, . . . , Pmq or p´P0, P1, . . . , Pmq. This also means that there
is one geometric class of irreducible Clifford systems for that m. On the other hand, when
m ı 0 pmod 4q, there exists exactly one algebraic (thus only one geometric) equivalence
class of Clifford systems pP0, . . . , Pmq on R2l with l “ kδpmq and k a positive integer.

It is quite convenient having a subset of a Clifford system that not only generates all the
given space but also one whose elements are unit in some sense, similar to an orthonormal
basis in a vector space. In a Clifford system C of rank m` 1 on R2l, that role is played by
the unit sphere SC in RC , which from now it will be called the Clifford sphere determined
by C. Together with the stated in page 18, the next theorem gives useful properties of
Clifford spheres.

Theorem 1.26 (Clifford sphere properties). The Clifford sphere SC in RC has the following
properties:
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paq For each P P SC , P 2 “ I. Conversely, if SC is the unit sphere in a linear subspace W
spanned by SC in Sym2lpRq such that P 2 “ I for all P P SC , then every orthonormal
basis of W is a Clifford system on R2l.

pbq Two Clifford systems are geometrically equivalent if and only if their Clifford spheres
are conjugate to one another under an orthogonal transformation on R2l.

pcq The function

Hpxq “
m
ÿ

i“0

xPix, xy
2

depends only on SC and not on the choice of orthonormal basis pP0, . . . , Pmq. For
P P SC we have

HpPxq “ Hpxq,

for all x P R2l.

pdq For an orthonormal set tQ1, . . . , Qru in SC since QiQj “ ´QjQi, for i ‰ j, we have

Q1 ¨ ¨ ¨Qr is symmetric if r ” 0, 1 pmod 4q,

Q1 ¨ ¨ ¨Qr is skew-symmetric if r ” 2, 3 pmod 4q.

Furthermore, the product Q1 ¨ ¨ ¨Qr is uniquely determined by a choice of orientation
of spantQ1, ¨ ¨ ¨ , Qru.

peq For P,Q P SC and x P R2l, we have

xPx,Qxy “ xP,Qyxx, xy.

We reference the reader to see the proof of this theorem in [Cec13, p. 102–105].

1.3 FKM isoparametric hypersurfaces

We now discuss the last preliminar notion that we need before focusing in Clifford and
composed foliations, the recent classes introduced by Radeschi. Those recent examples of
SRF of higher codimension are a generalization of the construction of Ferus, Karcher and
Münzner [FKM81], now called FKM examples. Roughly speaking, an FKM family is a
SRF of isoparametric hypersurfaces with g “ 4 distinct principal curvatures in a sphere,
whose leaves of maximal dimension have codimension 1. We study in this section such FKM
examples, which are constructed from Clifford systems.
Throughout this section we will work with C a Clifford system of rank m ` 1 on R2l,
l “ kδpmq, and we will fix a basis P0, . . . , Pm for it.

Isoparametric functions

Recall that a function F : Rn`2 Ñ R homogeneous of degree g if fptxq “ tgfpxq, for
any t in R and g a positive integer. We draw your attention to the polynomial of the next
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example since it will be the starting point for developing FKM isoparametric hypersurfaces
on the sphere S2l´1.

Example 1.27. Consider the polynomial F : R2l Ñ R defined as

F pxq “ xx, xy2 ´ 2
m
ÿ

i“0

xPix, xy
2. (1.7)

It is easy checking F is a homogeneous function of degree g “ 4 since

F ptxq “ xtx, txy2 ´ 2
m
ÿ

i“0

xPiptxq, txy
2 “ t4xx, xy2 ´ 2 t4

m
ÿ

i“0

xPix, xy
2 “ t4F pxq.

By Euler’s theorem, it is known that for a homogeneous function of degree g

xgradEF, xy “ gF pxq,

for any x P Rn`2 and where we have used the superscript E to denote the Euclidean
gradient of F . Since we will work with the restriction of F to the sphere Sn`1, we similarly
denote the gradient of it by gradSF , and the respective Laplacians by ∆EF and ∆SF . Now
we proceed defining an isoparametric function for a real space form.

Definition 1.28. LetMn`1 a real space form. A nonconstant smooth function F : Mn`1 Ñ

R is said to be isoparametric if their differential parameters |gradEF |2 and ∆F , the Laplacian
of F , are constant on each level set of F . More precisely, if there exist smooth functions φ1

and φ2 from R to R such that

|gradEF |2 “ φ1pF q, ∆F “ φ2pF q. (1.8)

The following theorem relates these differential operators with a homogeneous function
of degree g (see [CR15, p. 112–113] for a detailed proof).

Theorem 1.29. Let F : Rn`2 Ñ R be a homogeneous function of degree g. Then

paq |gradSF |2 “ |gradEF |2 ´ g2F 2,

pbq ∆SF “ ∆EF ´ gpg ´ 1qF ´ gpn` 1qF.

Example 1.30. We are going to show that F0 :“ F |S2l´1 , the restriction of the function F
(defined in eq. (1.7)) to the sphere S2l´1,

F0pxq “ 1´ 2
m
ÿ

i“0

xPix, xy
2,

is an isoparametric function, using the homogeneity of F . The Euclidean gradient of F is

gradEF “2 xx, xy 2x` 2
m
ÿ

i“0

2 xPix, xy 2Pix

“4 xx, xyx` 8
m
ÿ

i“0

xPix, xyPix,
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thus,

|gradEF |2 “

C

4 xx, xyx` 8
m
ÿ

i“0

xPix, xyPix, 4 xx, xyx` 8
m
ÿ

i“0

xPix, xyPix

G

“ 16 xx, xy3 ´ 64 xx, xy
m
ÿ

i“0

xPix, xy
2 ` 64

m
ÿ

i,j“0

xPix, xy xPjx, xy xPix, Pjxy

“ 16 xx, xy3 ´ 64 xx, xy
m
ÿ

i“0

xPix, xy
2 ` 64

m
ÿ

i,j“0

xPix, xy xPjx, xy xPi, Pjyxx, xy

“ 16 xx, xy3 ´ 64 xx, xy
m
ÿ

i“0

xPix, xy
2 ` 64 xx, xy

m
ÿ

i,j“0

xPix, xy xPjx, xy δij

“ 16 xx, xy3 ´ 64 xx, xy
m
ÿ

i“0

xPix, xy
2 ` 64 xx, xy

m
ÿ

i“0

xPix, xy
2

“ 16 xx, xy3

“ 16 }x}6, (1.9)

where in the third line we used Theorem 1.26 (e) and in the fourth one that pP0, . . . , Pmq

is a basis for R2l. To compute the Euclidean laplacian of F we are going to use the next
identity which holds for any smooth function h : R2l Ñ R:

∆Eh2 “

2l
ÿ

i

B

Bxi
ph2q

“

2l
ÿ

i

Bp2h gradEhq

Bxi

“ 2
2l
ÿ

i

Bh

Bxi
gradEh` 2h

2l
ÿ

i

BpgradEhq

Bxi

“ 2 |gradEh|2 ` 2h∆Eh. (1.10)

Taking the Euclidean laplacian for F , and applying eq. (1.10) in ∆xx, xy2 and ∆xPix, xy
2,

we get

∆EF “ ∆Exx, xy2 ´ 2
m
ÿ

i“0

∆ExPix, xy
2

“ 2 |gradExx, xy|2 ` 2 xx, xy∆Exx, xy

´ 2
m
ÿ

i“0

`

2 |gradxPix, xy|
2 ` 2 xPix, xy∆ExPix, xy

˘

“ 8 xx, xy ` 2 xx, xy 2p2lq ´ 2
m
ÿ

i“0

p8 xPix, Pixy ` 2 xPix, xy 2 tracepPiqq

“ 8 xx, xy ` 8l xx, xy ´ 16
m
ÿ

i“0

xPi, Piy xx, xy
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“ 8 xx, xy ` 8l xx, xy ´ 16pm` 1q xx, xy

“ 8pl ´ 2m´ 1q xx, xy

“ 8pl ´ 2m´ 1q }x}2 (1.11)

where we used in the fourth line that tracepPiq “ 0, for all i, and Theorem 1.26 (e). Applying
Theorem 1.29, together with eqs. (1.9) and (1.11), and having }x}2 “ 1 in the unit sphere
S2l´1, we obtain

|gradSF |2 “ 16´ 16F 2 “ 16p1´ F 2q (1.12)

and

∆SF “ 8pl ´ 2m´ 1q ´ 12F ´ 4p2l ´ 1qF “ 8pl ´ 2m´ 1q ´ 8pl ` 1qF. (1.13)

Therefore, |gradSF |2 and ∆EF are both functions of F itself and thus its restriction F0 to
S2l´1 is an isoparametric function.

Remark 1.31. Taking the restriction F0 of F to S2l´1 in eq. (1.12) we have that

|gradSF0|
2 “ 16p1´ F 2

0 q.

Since the left hand side of this equation is nonnegative, then 0 ď 16p1´F 2
0 q, or equivalently

F0 ď ˘1. Thus, the image of F0 is contained in the closed interval r´1, 1s. Moreover, F0 is
a non constant, continuous function on the compact set S2l´1, then it attains its (different)
minimum and maximum values, which must be 1 and ´1, respectively, since gradSF0 is
non zero for every point where F0 is different from ˘1. From this we conclude that the
closed interval r´1, 1s is the image of F0 “ F |S2l´1 .
Notice that any level set F´1

0 ptq, for t P p´1, 1q, is a compact hypersurface since it is a
closed subset in a compact space and gradSF0 is never zero on these level sets. On the
other hand, when t “ ˘1, the gradient gradSF0 is zero and its corresponding level sets
M` :“ F´1

0 p1q and M´ :“ F´1
0 p´1q are submanifolds of codimension greater than one in

S2l´1. These kind of submanifolds are called focal and they play a crucial role in the theory
of isoparametric hypersurfaces as well as in singular Riemannian foliations. We will give a
precise definition of them later on this chapter.
Münzner proved that each level set of F0 is connected, see for example [CR15, Section 3.6].

Isoparametric hypersurfaces

It turns out that associated to an isoparametric function on a real space form, there
exists a family of isoparametric hypersurfaces in terms of its level sets. We start this section
giving a geometric definition of that latter objects in terms of their principal curvatures, and
then we will relate them from an analytic point of view to their corresponding isoparametric
functions.

Definition 1.32. A connected hypersurface M immersed in a real space form is said to be
isoparametric if it has constant principal curvatures.
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In the theory of isoparametric hypersurfaces developed essentially by Cartan and
Münzner, we find out for an isoparametric function, each level set has constant princi-
pal curvatures, and consequently, from the definition above, it is also an isoparametric
hypersurface. We state this below (for a reference see, for example, chapter 3 in [CR15]).

Proposition 1.33. If F : Mn`1 Ñ R is an isoparametric function on a real space form,
then each level hypersurface of F has constant principal curvatures and then it is an
isoparametric hypersurface.

Example 1.34. Continuing with Example 1.27, the level sets of F0 : S2l´1 Ñ r´1, 1s are
of the form

Mt “ tz P S2l´1 |F0pzq “ cosp4tqu, 0 ď t ď
π

4
, (1.14)

and they constitute an isoparametric family of hypersurfaces in S2l´1. The values of t “ 0, π4
represent the focal submanifolds corresponding to the extreme values in the interval r´1, 1s,
as we explained in Remark 1.31: for t “ 0, M0 and F0pzq “ 1; and for t “ π

4 , Mπ
4
and

Fπ
4
pzq “ ´1.

In the case of an isoparametric hypersurface M in the sphere S2l´1, Münzner showed
that the corresponding isoparametric function comes from a homogeneous polynomial of
degree g, where g is also the number of distinct principal curvatures of M . For instance, in
Example 1.27, the isoparametric hypersurfaces of F0 have g “ 4 distinct constant principal
curvatures.

Parallel hypersurfaces and tubes in the unit sphere Sn`k

Besides the analytic description of an isoparametric family of hypersurfaces in a real
space form we did in the previous section, it is also possible characterize them by a geometric
approach. Such a viewpoint is through parallel hypersurfaces and tubes and their focal sets.
A family of parallel hypersurfaces to a hypersurface with constant principal curvatures
in a real space form is equivalent to an isoparametric family of hypersurfaces in terms
of level sets of an isoparametric function. Theorems 1.37 and 1.40 provide the explicit
expression for principal curvatures of tubes and parallel hypersurfaces in the unit sphere
Sn`k, and prove those curvatures are constant as well, so they form an isoparametric family.
As we will see at the end of this chapter, an isoparametric FKM foliation can be seen a
family of tubes with g “ 4 principal curvatures, hence our interest in the topics of this section.

Even though the theory in this section is restricted to submanifolds in a sphere, it can
be generalized to any space form and the proofs are similar. We adapted the proofs for
the principal values of tubes and parallel hypersurfaces to the sphere case from [CR15,
Section 2.2 and 2.3], and we also recommend that book for a further reference on this matter.

Let f : Mn Ñ Sn`k be an immersion of codimension k ě 1 and define the normal
bundle of fpMq

NM :“ tpp, ξq | p PM, ξ P TKp Mu,
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where TKp M is the normal space to fpMq at the point fppq PM . Its natural projection is
π : NM ÑM defined by πpp, ξq “ p. Let η be a local section of NM . For any vector X in
the tangent space TpM , we have the fundamental equation

∇̃dfpXqη “ ´dfpAηXq `∇KdfpXqη, (1.15)

where ∇̃ is the Levi-Civita connection in Sn`k, Aη is the shape operator determined by
the normal vector ηppq and ∇K is the connection in the normal bundle. Remember that
the map px, ξq Ñ Aξ from the normal bundle into the space of symmetric tensors of type
p1, 1q on M is smooth. We call a principal curvature of Aξ to be an eigenvalue λ of Aξ.
Its corresponding eigenvector is called a principal vector. Since Atξ “ tAξ, for t P R, it is
enough to know the principal curvatures on the unit normal bundle of M, which is denoted
by BM .

Definition 1.35. Let exp : TSn`k Ñ Sn`k the exponential map of Sn`k. The normal
exponential map is the restriction of exp to the normal bundle NM of the submanifold M ,

E :“ exp |NM : NM ÝÑ Sn`k

px, ξq ÞÝÑ Epx, ξq “ expxpξq “ γξp1q.

This means Epx, ξq is the point of Sn`k reached by traversing a distance |ξ| along the
geodesic in Sn`k with initial point fpxq and initial tangent vector ξ.

Since we will looking for the critical values of E, that is, the points where its differential
dE is singular, we will restrict our attention to points in the normal bundle NM that do
not belong to the 0-section, since we can always find a neighborhood in that section where
the exponential map (and consequently its restriction E) is a diffeomorphism.

Definition 1.36. A point p P Sn`k is called a focal point of pM,xq of multiplicity m if
p “ Epx, ξq and the differential dE at the point px, ξq has nullity m ą 0. The focal set of
M is the set of all focal points of pM,xq for all x PM .

Since E is a C1 map and NM and Sn`k have the same dimension, we can also assert
that the focal set of M has mesure zero in Sn`k, due to Sard’s Theorem. Thus, although
NM could have a large set of critical points, M does not have so many focal points. Let us
take ξ a unit length normal vector to fpMq at a point x PM . The next theorem allows us
to locate the focal points of M at x along the geodesic Epx, tξq, for t P R, in terms of the
eigenvalues (principal curvatures) of the shape operator Aξ at x.

Theorem 1.37. Let f : Mn Ñ Sn`k be a submanifold of the sphere Sn`k, and let ξ be
a unit normal vector to fpMnq at fpxq. Then p “ Epx, tξq is a focal point of pMn, xq

of multiplicity m ą 0 if and only if there is an eigenvalue λ of the shape operator Aξ of
multiplicity m such that λ “ cotptq.

Proof. Since we are going to compute dE at a point of NM which is not in the zero section,
we will consider that point to be of the form Epx, tξq P NM , for t ą 0. Let U a normal
neighborhood U of x in M . Then NU can be considered as U ˆ Rk. Let an orthonormal
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frame tξ1, . . . , ξku of normal vectors on U at x such that ξ1 “ ξ, and extend them to
orthonormal vector fields on U by parallel transport with respect to the normal connection
∇K along radial geodesics in U through x. We now study the nullity of dE at px, tξq. Due
to the trivial form of NU , we can parametrize it locally in a neighborhood of px, tξq as
follows: Let te1, . . . , eku be the standard orthonormal basis of Rk and take the unit sphere
in it given by

Sk´1 “

#

a “
k
ÿ

j“1

ajej

ˇ

ˇ

ˇ

ˇ

ˇ

a2
1 ` ¨ ¨ ¨ ` a

2
k “ 1

+

.

Then the coordinate map for the normal bundle in a neighborhood of px, tξq can be written
as

Φ : U ˆ p0,8q ˆ Sk´1 ÝÑ NM

py, µ, aq ÞÝÑ Φpy, µ, aq “ µ
k
ÿ

j“1

ajξjpyq,

where the vector Φpy, µ, aq is normal to M at a point y P U . Observe that the second
coordinate represents the norm of a vector in the direction of a unit vector a, corresponding
to the third coordinate. Thereby pE ˝ Φqpµ, a, yq is the point in Sn`k reached by travers-
ing a distance µ along the geodesic in Sn`k beginning at y and having initial direction
řk
j“1 ajξjpyq,

pE ˝ Φqpy, µ, aq “ E

˜

y, µ
k
ÿ

j“1

ajξjpyq

¸

“ cospµq y ` sinpµq
k
ÿ

j“1

ajξjpyq. (1.16)

In this local parametrization, px, tξq is equal to Φpx, t, e1q. Then, evaluating dE at px, tξq
is equivalent to computing dpE ˝ Φq at the point px, t, e1q. In this regard, a geodesic γ is
expressed by

pE ˝ Φqpx, t, ξq “ Epx, tξq “ expxptξq “ γξptq “ γtξp1q “ γpx, t, ξq.

We now want to express dpE ˝ Φq at the point px, t, e1q in terms of the following basis: an
orthonormal basis of TxM consisting of eigenvectors X of Aξ with corresponding eigenvalues
denoted by λ; B

Bµ , for p0,8q; and te2, . . . , eku for the tangent space Te1Sk´1.

First, we compute the differential dpE ˝ Φq
´

B
Bµ

¯

at px, t, e1q, obtaining

dpE ˝ Φq

ˆ

B

Bµ

˙

ˇ

ˇ

ˇ

ˇ

ˇ

px,tξq

“ γ1pµq|µ“t, (1.17)

where γ1pµq is the velocity vector to the curve γpµq is given by

γpµq “ cospµqx` sinpµq ξ1pxq,

with ξ “ ξ1pxq by hypothesis. Since γ1pµq “ ´ sinpµqx` cospµq ξ1pxq and }γ1pµq} “ 1, for
all µ, in particular the expression in eq. (1.17) is always different from zero.
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Similarly, for the orthonormal basis teju2ďjďk of Te1Sk´1, we compute dpE ˝ Φqpejq. A
curve lying in Sk´1 with initial point e1 and initial velocity vector ej has the form

αpsq “ cospsq e1 ` sinpsq ej .

Thus, using eq. (1.16), we have that dpE ˝ Φqpejq is the initial velocity vector to the curve

γpsq “ cosptqx` sinptq pcospsq ξ1 ` sinpsq ξjpxqq. (1.18)

Differentiating with respect to s and substituting in s “ 0—which represents e1 “ αp0q in
Sk´1—, we get

dpE ˝ Φqpejq “ γ1psq|s“0 “ sinptq ξjpxq, (1.19)

that it is different from zero for 0 ă t ă π and ξjpxq is a unit vector.
It is important to point out that all the above calculations show that if

V :“ c1

ˆ

B

Bµ

˙

`

k
ÿ

j“2

cjej , (1.20)

then dpE ˝ ΦqpV q “ 0 only if V “ 0 i.e., when ci “ 0 for all i.
It just left computing dpE ˝ΦqX for X P TxM . If βpsq is a curve in U with initial conditions
βp0q “ x and β1p0q “ X, then dpE ˝ ΦqX is the initial velocity vector to the curve

γpsq “ pE ˝ Φqpβpsq, t, e1q “ cosptqβpsq ` sinptq ξ1pβpsqq. (1.21)

Differentiating with respect to s and taking s “ 0, we get

dpE ˝ ΦqpXq “ γ1psq|s“0 “ cosptqX ` sinptq ∇̃Xξ1.

From the decomposition in eq. (1.15), we know that ∇̃Xξ1 “ ´Aξ1X `∇KXξ1. Since, by
hypothesis, the latter term ∇KXξ1 “ 0 and ξ1 “ ξ, whence,

dpE ˝ ΦqpXq “ γ1psq|s“0 “ cosptqX ´ sinptqAξX, (1.22)

where we are identifying X with its parallel translate at the point p “ Epx, tξq. The last
equation shows that dpE ˝ ΦqpXq “ 0 if and only if

AξX “ cotptqX (1.23)

or, equivalently, if cotptq “: λ is eigenvalue of Aξ and X its corresponding eigenvector.
Hence, from eqs. (1.17), (1.19) and (1.22), a necessary and sufficient condition to the
vanishing of dpE ˝ΦqpX ` V q is that V “ 0 and eq. (1.23) holds. Therefore, if λ “ cotptq is
an eigenvalue of multiplicity m ą 0 for Aξ, then m is both the dimension of the eigenspace
Tλ and the nullity of dE at px, tξq, completing the proof of this theorem. �

When the codimension of Mn in Sn`k is greater than one, we can define the notion of
tube. Our motivation to consider that object is the form the leaves of the FKM-foliation are
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arranged in Sn`k. We have two leaves that are focal manifolds, M` and M´, and the rest
of the leaves constitute tubes over them. It is worth saying that all the following definitions
and theorems are valid for any space form and the discussion is similar.

Definition 1.38. For k ą 1, we define the tube of radius t ą 0 over Mn by the map

ft : BM ÝÑ Sn`k

px, ξq ÞÝÑ ftpx, ξq “ Epx, tξq.

If px, tξq is not a critical point of E, then ft is an immersion in a neighborhood of px, ξq in
the unit normal bundle BM . From Theorem 1.37, it follows that for any point x PM , there
exists a neighborhood U of x in M such that for all t ą 0 sufficiently small, the restriction
of ft to the unit normal bundle BU over U is an immersion onto an pn` k´ 1q-dimensional
manifold, which is geometrically a tube of radius t over U .
In the case where k “ 1, then Mn is a hypersurface of Sn`k and BM is a double covering
of M . In order to avoid this, we want to define ft over M rather than over BM , which
leads to the concept of a parallel hypersurface as below. In that circumstance, it is possible
to assume for local computations that the hypersurface M is orientable with a field of unit
normal vectors denoted by ξ.

Definition 1.39. WhenM is a hypersurface, i.e. k “ 1, we consider the parallel hypersurface

ft : M ÝÑ Sn`k

x ÞÝÑ ftpxq “ Epx, tξq,

for t P R. For a negative value of t, the parallel hypersurface lies locally on the side of M in
the direction of the unit normal field ´ξ, instead of on the side of M in the direction of ξ.
The original hypersurface M corresponds to t “ 0, f0 “ f .

We now proceed to give a formula for the shape operator of a tube over a submanifold
of Sn`k in terms of its principal curvatures and vectors. Notice that if k “ 1, the case
is reduced to the hypersurface ftM and then there are no terms Atej . The notation at
the beginning of the preceding proof remains unchangeable for this theorem, i.e., for a
normal neighborhood U of x PM , we have a frame tξ1, . . . , ξku of orthonormal vector fields
constructed using parallel translation along radial geodesics as earlier, and such that ξ1 “ ξ.

Theorem 1.40. Let Mn be a submanifold of Sn`k and ξ a unit normal vector to M at p
such that ft : BM Ñ Sn`k is an immersion at the point pp, ξq P BM . Let tX1, . . . , Xnu be
a basis of TpM consisting of principal vectors of Aξ with AξXi “ λiXi for 1 ď i ď n. The
shape operator At of the tube ft of radius t over M at the point px, ξq is given in terms of
its principal vectors as follows:

• for 2 ď j ď k, Atej “ ´ cotptq ej,

• for 1 ď i ď n, AtXi “ cotpθi ´ tqXi, if λi “ cotpθiq, 0 ă θi ă π.
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Proof. We define the unit normal bundle BM in local coordinates in a neighborhood of
the point px, ξq by the map

Φ : U ˆ Sk´1 ÝÑ BM

py, aq ÞÝÑ Φpy, aq “
k
ÿ

j“1

ajξjpyq,

where Φpy, aq is a unit normal vector to M at the point y P U .
In this local parametrization, the point x, ξ in BM is equals to Φpx, e1q, then evaluating
dft at px, ξq is equivalent to evaluate dpft ˝ Φq at the point px, e1q.
Similarly to the proof in Theorem 1.37, we want to express dpft ˝ Φq at px, e1q in terms of
the following basis: an orthonormal basis of TxM consisting of eigenvectors X of Aξ with
corresponding eigenvalues denoted by λ; and te2, . . . , eku for the tangent space Te1Sk´1.
Analogously to the computations in eqs. (1.19) and (1.22),

dpft ˝ Φqpejq “ sinptq ξjpxq (1.24)

and
dpft ˝ ΦqpXq “ cosptqX ´ sinptqAξX, (1.25)

where we have identified X with its parallel transport at the point ftpx, ξq.
Since ft is an immersion at px, ξq, there is a neighborhood W of the point px, ξq in the unit
normal bundle BU such that the restriction of ft to W is an embedded hypersurface in
Sn`k. To find the shape operator of ftW , we need to find a local field of unit normals to
ftW , and then compute its covariant derivative. To do so, we parallel transport the unit
normal vector η of a point pw, ηq to the hypersurface ftW at the point ftpw, ηq. Hence, we
obtain a field of unit normals to ftW on the neighborhood W of BU , denoted by η. We
will denote the corresponding shape operator to the oriented hypersurface ftW by At.
As in the case of the normal bundle, we can identify the tangent space of BM at px, ξq
with TxM ˆ Te1Sk´1 via the local parametrization Φ. Besides, for Z P TxM ˆ Te1Sk´1 we
can write the shape operator At by

dpft ˝ ΦqpAtZq “ ´∇̃dpft˝ΦqZη, (1.26)

where there is no term involving the normal connection ∇K since the codimension of ftW is
one. We now proceed to compute the shape operator for the ej . As in eq. (1.18), we already
know that dpft ˝ Φqpejq is the initial vector to the curve

γpsq “ cosptqx` sinptq pcospsq ξ1 ` sinpsq ξjpxqq.

Along γ, the unit normal field η to the tube over M is given by the derivative of that curve,

ηpsq “ ´ sinptqx` cosptq p´ sinpsq ξ1 ` cospsq ξjpxqq.
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Hence, ∇̃dpft˝Φqpejqη “ η1p0q, where

η1p0q “ cosptq ξjpxq,

and replacing in eq. (1.26) we obtain

dpft ˝ ΦqpAtejq “ ´η
1p0q “ ´ cosptq ξjpxq.

Besides, we can use eq. (1.24) in the equation below to get At sinptq ej “ ´ cosptq ej or,
equivalently,

At ej “ ´ cotptq ej , (1.27)

which means that ej is principal vector of At with corresponding principal curvature ´ cotptq,
for t ą 0 the radius of the tube.
Next we repeat the procedure above for AtX with X P TxM . Similar to eq. (1.21), let βpsq
be a curve inM with initial conditions βp0q “ x and β1p0q “ X. The derivative dpft ˝ΦqpXq

is the initial velocity vector to the curve

γpsq “ cosptqβpsq ` sinptq ξ1pβpsqq. (1.28)

The unit normal field η to the tube along γpsq is the velocity vector

ηpsq “ ´ sinptqβpsq ` cosptq ξ1pβpsqq,

Furthermore, ∇̃dpft˝ΦqpXqη is the initial velocity vector η1p0q, where

η1p0q “ ´ sinptqX ` cosptq ∇̃Xξ1pxq

and we are identifying parallel vectors in Sn`k. Thus it follows from eq. (1.15) and hypothesis
∇KXξ “ 0 and ξ1 “ ξ that

∇̃dpft˝ΦqpXqη “ ´ sinptqX ´ cosptqAξX.

Applying again eq. (1.26), we obtain a relation between both shape operators Aξ and At,

dpft ˝ ΦqpAtXq “ sinptqX ` cosptqAξX.

We also know from eq. (1.25) that dpft ˝ ΦqpXq “ pcosptq I ´ sinptqAξqX, then

pcosptq I ´ sinptqAξqAtX “ psinptq I ` cosptqAξqX.

In the case of a principal vector X such that AξX “ λX, the expression above leads to

AtX “pcosptq I ´ sinptqAξq
´1psinptq I ` cosptqAξqX

“

ˆ

cosptqλ` sinptq

cosptq ´ sinptqλ

˙

X.
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If we express the principal curvatures of X according to the preceeding theorem (see
eq. (1.23)), then λ “ cotpθq, for 0 ă θ ă π, thus substituting in the equation above we get

AtX “

ˆ

cosptq cotpθq ` sinptq

cosptq ´ sinptq cotpθq

˙

X

“

ˆ

cotptq cotpθq ` 1

cotptq ´ cotpθq

˙

X.

This can be reduced to
AtX “ cotpθ ´ tqX, (1.29)

showing that X is a principal vector of At with corresponding principal curvature cotpθ´ tq,
and this finishes the proof. �

As a consequence of Theorems 1.37 and 1.40 we obtain the following useful result
describing the focal set of a parallel hypersurface when M is a hypersurface in the sphere
Sn`k, and of the tube, when M has codimension greater than one.

Theorem 1.41. Let Mn be a submanifold of Sn`k and t a real number such that ftM is a
hypersurface.

paq If M is a hypersurface, then the focal set of the parallel hypersurface ftM is the focal
set of M .

pbq If M has codimension greater than one, thn the focal set of the tube ftM consists of
the union of the focal set of M with M itself.

From this we can also conclude that all the elements in M are focal points of the tube
ftM corresponding to the principal curvature λ “ ´ cotptq. Besides, since λi “ cotpθiq “

cotpθi ´ πq, for any x P M each principal curvature gives rise to two antipodal focal
points. In fact, Münzner showed that there are 2g focal points, a pair for each g distinct
principal curvature, which are evenly spaced along a normal geodesic to the ftM parallel
isoparametric hypersurfaces. Furthermore, regardless of the number g distinct principal
curvatures, there are only two focal submanifolds M` and M´—the focal sets together
with a natural manifold structure—where those focal points lie alternately.

Isoparametric hypersurfaces with g “ 4 principal curvatures: the FKM
family

In this last section it is defined the FKM family, which is a set of isoparametric subman-
ifolds with four principal curvatures, given by the level sets of a function on S2l´1 satisfying
the so called differential equations of Cartan-Münzner. In addition, there are computed
explicitly its g “ 4 distinct principal curvatures.

Münzner showed that a connected isoparametric hypersurfaceM in S2l´1 with g distinct
principal curvatures λi “ cotpθiq, 0 ă θi ă π, and respective multiplicities mi, together
with its parallel hypersurfaces and focal submanifolds are each contained in a level set of an
isoparametric function that satisfies two famous differential equations which now we present
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in the next theorem. This connects explicitely the theory for tubes and parallel hypersurfaces
we described in the preceding section with the study of isoparametric functions and their
hypersurfaces. The same author also proved (see for example [CR15, Theorem 3.26 and
Corollary 3.28]) that there at most two distinct multiplicities m1, m2 among the mi stated
above, satisfying mi`2 “ mi (subscripts mod g).

Theorem 1.42. Let M Ď S2l´1 Ď R2l be a connected isoparametric hypersurface with g
principal curvatures λi “ cotpθiq, 0 ă θi ă π, with respective multiplicities mi. Then M is
an open subset of a level set of the restriction to S2l´1 of a homogeneous polynomial F on
R2l of degree g satisfying the differential equations,

|gradEF |2 “g2r2g´2, (1.30)

∆EF “crg´2, (1.31)

where r “ |x|, and c “ g2pm2 ´m1q{2,

In the literature, F is called the Cartan-Münzner polynomial and eqs. (1.30) and (1.31)
are referred to as Cartan-Münzner equations.

Let us call F0 the restriction of F to the sphere Sn`1. It follows from Theorem 1.29 and
r “ |x| “ 1 that F0 satisfies the differential equations

|gradSF0|
2 “ g2p1´ F 2

0 q

∆SF0 “ c´ gpg ` nqF,

where c is the value defined in the theorem above. Thus F0 is an isoparametric function
since both |gradSF |2 and ∆SF are functions of F0 itself as in Definition 1.28.

We now state the construction of the FKM family in the next theorem as an application
of the theory we have studied so far (see for example [FKM81, Theorem 4.1] or [Cec13,
Theorem 4.39]). The function F below, which appeared first in Example 1.27, depends
only on the Clifford sphere SC and not on the choice of orthonormal basis tP0, . . . , Pmu, by
Theorem 1.26 (c).

Theorem 1.43. Let pP0, . . . , Pmq be a Clifford system on R2l. Let m1 “ m, m2 “ l´m´1,
and F : R2l Ñ R be defined by

F pxq “ xx, xy2 ´ 2
m
ÿ

i“0

xPix, xy
2.

Then F satisfies the Cartan-Münzner differential equations. If m2 ą 0, then the level sets
of F on S2l´1 form a family of isoparametric hypersurfaces with g “ 4 principal curvatures
with multiplicities pm1,m2q called the FKM-family.

We finish this section by providing the explicit form of the principal curvatures of the
isoparametric hypersurfaces in the FKM family. To do so, it is enough finding the principal
curvatures of the focal manifold M`, which in fact it is well known in the literature as a
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Clifford-Stiefel manifold (for a further geometric information contained in M` and M´ see
[FKM81, Section 4.2], [CR15, p. 174–175] and the proof of Proposition 2.2) and is defined
by the preimage of the value ´1 in the restriction F0 “ F |Sn of its associated isoparametric
function F : Mn`1 Ñ R, and then using Theorem 1.40. The first part is solved in the
theorem below, whose proof is detailed in [Cec13, p. 109–111].

We keep the notation from Section 1.2, namely, the unit sphere SC is the spantP0, . . . , Pmu

on Rm`1, and E`pP q and E´pP q are the l-dimensional eigenspaces for the eigenvalues ´1

and ´1, respectively, so that R2l “ E`pP q ‘ E´pP q.

Theorem 1.44. Let x be a point on the focal submanifold M`, and let ξ “ Px be a
unit normal vector to M` at x, where P P SC . Then the shape operator Aξ has principal
curvatures 0, 1,´1 with corresponding principal spaces T0pξq, T1pξq, T´1pξq as follows:

T0pξq “tQPx |Q P SC , xQ,P y “ 0u,

T1pξq “tX P E´pP q |X ¨Qx “ 0, @Q P SCu “ E´pP q X TxM`,

T´1pξq “tX P E`pP q |X ¨Qx “ 0, @Q P SCu “ E`pP q X TxM´.

Furthermore,

dim T0pξq “ m, dim T1pξq “ dim T´1pξq “ l ´m´ 1.

Combining the preceding theorem and Theorem 1.40, the following result exhibits the
values for the g “ 4 distinct principal curvatures of the FKM family, which are tube
hypersurfaces over its focal submanifold M`. Notice also the constancy in such principal
curvatures, which proves that these hypersurfaces form an isoparametric family in S2l´1.

Corollary 1.45. Let Mt be a tube of spherical radius t over the focal submanifold M`,
where 0 ă t ă π and t R tπ4 ,

π
2 ,

3π
4 u. Then Mt is an isoparametric hypersurface with four

distinct principal curvatures,

cotp´tq, cot
´π

4
´ t

¯

, cot
´π

2
´ t

¯

, cot

ˆ

3π

4
´ t

˙

,

having respective multiplicities m, l ´m´ 1, m, l ´m´ 1.

Proof. Each of the three principal curvatures found in Theorem 1.44 correspond to λi “
cotpθiq, for 1 ď i ď 3 and 0 ă θi ă π of the equation AtXi “ cotpθi´ tqXi in Theorem 1.40.
Then, for λ1 “ 0, we have cotpθ1q “ 0, that implies θ1 “

π
2 . Thus cot

`

π
2 ´ t

˘

is a principal
curvature for ftM with multiplicity m. Analogously, for λ2 “ ´1, the principal curvature
is cot

`

3π
4 ´ t

˘

with multiplicity l ´ m ´ 1; for λ3 “ 1 the value is cot
`

π
4 ´ t

˘

having
multiplicity l ´m´ 1 as well. Finally, it follows from equation Atej “ ´ cotptq ej also in
Theorem 1.40 that ´ cotptq “ cotp´tq where the multiplicity is equal to the dimension of
the basis for the unit normals to M` at x, that is, m. �
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Chapter 2

Examples of singular Riemannian
foliations of higher codimension

In this chapter it is studied the construction, given by Radeschi in [Rad14] of the recent
examples of singular Riemannian foliations of higher codimension. We begin with Clifford
foliations in section 2.1, then composed foliations in section 2.2 and close with a beautiful
correspondence between SRF and Clifford systems in section 2.3.

2.1 Clifford foliations

Let C be a Clifford system of rank m ` 1 on R2l, l “ kδpmq. On the unit sphere
S2l´1 Ă R2l endowed with the canonical inner product which we also denote by x¨, ¨y,
consider the function

πC : S2l´1 ÝÑ RC “ Rm`1

that takes x P S2l´1 to the unique element πCpxq P RC defined by the property

xπCpxq, P y “ xPx, xy, @P P RC . (2.1)

Fixing an orthonormal basis pP0, . . . , Pmq of RC , the map πC can be rewritten as

πCpxq “ pxP0x, xy, . . . , xPmx, xyq “
m
ÿ

i“0

xPix, xyPi.

Lemma 2.1. The image of πC is contained in the unit disk DC of RC .

Proof. Let x P S2l´1 and P “ πCpxq. It is enough to show that }P } ď 1. The case P “ 02l

is trivial. Otherwise, by the Cauchy-Schwarz inequality we have

}P }2 “ xP, P y “ xπCpxq, P y “ xPx, xy ď }Px}}x} “ }P }}x}
2 “ }P }. (2.2)

Then, }P }2 ď }P } implies }P } ď 1. �

From now on, the disk DC is endowed with a (hemisphere) metric of constant sectional
curvature 4, that has a totally geodesic boundary BDC “ SC ; in that way DC can be seen
as the upper half sphere of radius 1

2 .

35
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Proposition 2.2. Given a Clifford system C of rank m ` 1 on R2l, l “ kδpmq, the
corresponding map

πC : S2l´1 ÝÑ DC

satisfies:

p1q The preimage of P P SC “ BDC is the unit sphere E1
`pP q in the positive eigenspace

E`pP q. Moreover, the restriction πC |M´ : M´ ÝÑ SC to the set M´ :“ π´1
C pSCq is a

submersion.

p2q If l “ m, the image of πC is SC .

p3q If l ě m` 1, the map πC is surjective onto DC and its restriction to S2l´1zM´ —the
regular part— is a submersion.

p4q If l ą m` 1, the fibers of πC are connected.

p5q If l “ m ` 1, C can be extended to a Clifford system C 1 of rank m ` 2, the image
of πC1 is SC1 “ Sm`1 and πC factors as πC “ Pr ˝ πC1, where Pr : SC1 Ñ DC is
the projection of the first m components, Prpx1, . . . , xm, xm`1q “ px1, . . . , xmq. In
particular, the fibers of πC are disconnected.

Proof. p1q Let x P S2l´1 and P “ πCpxq. If P lies in SC then }P } “ 1, in particular,
}P }2 “ }P }. Thus the inequality in eq. (2.2) is actually an equality and we get
xPx, xy “ }P } ¨ }x}2 “ 1. Thus, Px “ x, so x is a unit eigenvector for P , with
eigenvalue λ “ 1. We have proved that π´1

C pP q Ď E1
`pP q.

Consider now x P E1
`pP q, for x P S2l´1. From the definition in eq. (2.1) and using the

Cauchy-Schwarz inequality,

}πCpxq} ě }πCpxq}}P } ě xπCpxq, P y “ xPx, xy “ xx, xy “ 1.

By eq. (2.1), πCpxq P DC then, in the inequality above, }πCpxq} “ 1 and therefore
P “ πCpxq, showing that E1

`pP q is contained in π´1
C pP q. Hence, the focal manifold

M´ :“ π´1
C pSCq embeds in S2l´1 ˆ SC as the set

M´ “ tpx, P q P S2l´1 ˆ SC |x P E1
`pP qu, (2.3)

of codimension l ´m in S2l´1, and πC is just the projection onto the second factor,
which is a submersion.

p2q Fix an orthonormal basis pP0, . . . , Pmq for RC . Given x P S2m´1, let x “ ax` ` bx´

where x˘ P E˘pP0q are unit vectors, and a2 ` b2 “ 1. We want to prove that, if
πCpxq “ P , then

}P } “
m
ÿ

i“0

xPix, xy
2
“ 1.
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For i “ 0 we obtain

xP0x, xy “ xP0pax`q, ax`y ` xP0pax`q, bx´y ` xP0pbx´q, ax`y ` xP0pbx´q, bx´y

“ xax` ´ bx´, ax` ` bx´y

“ a2}x`}
2 ´ b}x´}

2

“ a2 ´ b2,

where we have used in the second line that P0x` “ x`, P0x´ “ ´x´ and x`Kx´.

For 1 ď i ď m,

xPix, xy “ a2xPix`, x`y ` abxPix`, x´y ` abxPix´, x`y ` b
2xPix´, x´y

“ 2abxPix`, x´y,

where we have used the following facts: xPix´, x`y “ xx´, P Ti x`y “ xx´, Pix`y since
Pi is symmetric, Pix˘ P E¯pP0q and Pix˘Kx˘. In addition, it follows from the
symmetry of Pi and the anticommutativity for PiPj whenever i ‰ j that

xPix`, Pjx`y “ xPjPix`, x`y “ x´PiPjx`, x`y “ xx`,´PjPix`y. (2.4)

After adding the second and fourth expressions in eq. (2.4) we get 2xPix`, Pjx`y “ 0,
whence Pix` and Pjx` are orthogonal. Each Pix` is also a unit vector since

xPix`, Pix`y “ xP
2
i x`, x`y “ xx`, x`y “ 1.

Because l “ m “ dimE´pP0q, we conclude from above that P1x`, . . . , Pmx` form an
orthonormal basis of E´pP0q and consequently

}P }2 “
m
ÿ

i“0

xPix, xy
2
“ xP0x, xy

2
` 4a2b2

m
ÿ

i“1

xPix`, x´y
2

“ pa2 ´ b2q2 ` 4a2b2 “ pa2 ` b2q2

“ 1,

where the third equality follows from the norm of x´ written in the tPix`umi“1 basis,
i.e., }x´}2 “

řm
i“1 xPix`, x´y

2
“ 1.

Further, as we already noted in (1) the preimage of any P P SC is non empty, since it
consists of the unit sphere E1

`pP q, and then the image of πC is SC .

p3q Fix an orthonormal basis pP0, . . . , Pmq for RC . In order to prove the surjectivity
of πC onto DC , let us find first the preimage of 0 under this map. If there exists x
such that πCpxq “

řm
i“0xPix, xyPi “ 0, then all the coefficients xPix, xy should vanish

for all i, due to tPiui being a basis. This implies the set tP0x, . . . , Pmxu must be
orthogonal to x. Since S2l´1 Ď E`pP0q ‘ E´pP0q, we can express x as ax` ` bx´,
for x˘ P E1

˘pP0q and a, b real numbers such that a2 ` b2 “ 1. Note that neither a
nor b can be zero because both situations contradict x being perpendicular to P0x.
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Returning to the condition xPix, xy “ 0, and by the same computations as in item
(2), we have

$

&

%

xP0x, xy “ a2 ´ b2 “ 0, if i “ 0

xPix, xy “ 2ab xPix`, x´y “ 0, otherwise
.

It follows from the first case that a “ ˘b. Moreover a “ ˘
?

2
2 because a2 ` b2 “ 1.

However, it is enough considering a “ b “
?

2
2 since ˘

?
2

2 x` P E
1
`pP0q as well as

˘
?

2
2 x´ P E

1
´pP0q. Then we deduce from the second equation that xPix`, x´y “ 0, in

other words, Pix` must lie in E´pP0q for i ‰ 0 —as Pi interchanges the eigenspaces
of P0— and x´ should be in the orthogonal complement of spantP1x`, . . . , Pmx`u

inside E´pP0q, where we are bearing in mind from hypothesis that this last space
has dimension l ě m ` 1. Summarizing, the element form of x in S2l´1, such that
πCpxq “ 0, must be

?
2

2 px` ` x´q. As a matter of fact we claim that

M` :“ π´1
C p0q “

"

?
2

2
px` ` x´q : x˘ P E

1
˘pP0q, x´ K spantP1x`, . . . , Pmx`u

*

.

To see this, it just remains computing the image of x “
?

2
2 px` ` x´q in S2l´1 under

that map:

πCpxq “
m
ÿ

i“0

xPix, xyPi

“
1

2
xP0x` ` P0x´, x` ` x´yP0 `

1

2

m
ÿ

i“1

xPix` ` Pix´, x` ` x´yPi

“
1

2
xx` ´ x´, x` ` x´yP0 `

1

2

m
ÿ

i“1

pxPix`, x´yPi ` xPix´, x`yPiq

“
1

2

`

}x`}
2 ´ }x´}

2
˘

`

m
ÿ

i“1

xPix`, x´yPi

“ 0.

From this it also follows that the focal manifold M` is non empty. Notice that M`

has codimension m since dim E˘

Observe that any point in DC can be expressed as sinp2tqQ, with Q P SC and t P r0, π4 s.
It can be shown that not only the fiber under πC of each element sinp2tqQ is the set

MpQ,tq :“ tcosptqx` sinptqQx |x PM`u, (2.5)

but also that map is surjective onto DC , as we show as follows:

πC pcosptqx` sinptqQxq “ cos2ptq
m
ÿ

i“0

xPix, xyPi ` cosptq sinptq
m
ÿ

i“0

xPix,QxyPi

` cosptq sinptq
m
ÿ

i“0

xPiQx, xyPi ` sin2ptq
m
ÿ

i“0

xPiQx,QxyPi

(2.6)
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The first term on the right hand side of eq. (2.6) is zero because πCpxq “ 0. For the
second term note that

m
ÿ

i“0

xPix,QxyPi “
m
ÿ

i“0

xPi, QyPi}x}
2 “ Q.

Using the symmetry of Pi in the third one, we have
řm
i“0xPiQx, xyPi “

řm
i“0xQx,PixyPi.

Lastly we use eq. (1.6) and QTQ “ Q2 “ I in the fourth term to get

m
ÿ

i“0

xPiQx,QxyPi “
m
ÿ

i“0

x´QPix,QxyPi ` 2
m
ÿ

i“0

xPi, QyxIx,QxyPi

“ ´

m
ÿ

i“0

xPix, xyPi ` 2
m
ÿ

i“0

xPi, QyxQx, xyPi

“ ´ πCpxq ` 2
m
ÿ

i“0

xPi, QyxπCpxq, QyPi “ 0. (2.7)

By putting all this together in eq. (2.7) we finally obtain πC pcosptqx` sinptqQxq “

sinp2tqQ. Moreover, for t and Q fixed, the set MpQ,tq has codimension m in S2l´1 and
thus it is the fiber corresponding to the point sinp2tqQ.

It just remains to be proved that the restriction of πC to its regular part is a submersion.
Observe that for any P P SC the gradient of the function

f : S2l´1 ÝÑ R

x ÞÝÑ xPx, xy

in S2l´1 is

XP pxq :“ p∇fqT pxq “ p∇fqpxq ´ p∇fqN pxq

“ p∇fqpxq ´ xp∇fqpxq, ~Ny ~N

“ 2Px´ 2xPx, xyx,

where the normal vector to the point x on a unit sphere is ~N “ x
}x} “ x and

p∇fqpxq “ xPI, xy ` xPx, Iy “ Px` Px “ 2Px.

Now let us see that the XPipxq form a basis for a m ` 1-dimensional subspace of
TxS2l´1 orthogonal to the fibers of πC , when x projects to the interior of DC . First
note that XPipxq ‰ 0, otherwise there exists i such that Pix “ xPix, xyx implying x
belongs to E1

λpPiq, where λ :“ xPix, xy and λ cannot be zero. In fact, Pi just have
two eigenspaces, so λ “ ˘1. However x R E1

`pPiq because x does not project to
SC . Therefore x must lies in the negative eigenspace, thus Pix “ ´x. There arises a
contradiction since }πCp´xq}2 “ }πCpxq}2 ă 1, whereas

}πCpPixq}
2 “ xPix, xy

2 `
ÿ

j‰i

xPjx, xy
2 ě 1;
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thus XPipxq is different from zero for all i. Now we are going to show that XPipxq

are linearly independent. If a set tu0, . . . , umu is linearly independent, then so does
tu0 ´ λ0v, . . . , um ´ λmvu, for any nonzero vector v and nonzero constants λi as well.
The desired result is obtained taking ui “ Pix, λi “ xPix, xy and v “ x; hence the
set of XPipxq spans a subspace of TxS2l´1 of dimension m ` 1 orthogonal to the
fibers of πC , thus projecting onto TπCpxqDC , and consequently πC is a submersion in
S2l´1zM´.

p4q Again, take an orthonormal basis pP0, . . . , Pmq for RC and x` P E1
`pP0q. On E´pP0q,

consider the orthogonal complement Vx` of spanpP1x`, . . . , Pmx`q and take its unit
sphere V 1

x` P S2l´1 which has dimension l ´m ´ 1. We have already checked that
πCpxq “ 0 when x “

?
2

2 px` ` x´q P M` and x´ P V
1
x` . Taking the union of all

V 1
x` as x` varies in E1

`pP0q, we obtain a sphere bundle V 1 Ñ E1
`pP0q whose fiber

has dimension l ´m´ 1. In particular, if l ą m` 1 the fiber is connected, and so is
V 1, since the connectedness of both the fibers and the base space under a surjective
submersion —as it is the case of the sphere bundle— implies the connectedness of
the total space (we will give a proof of it in Proposition 2.3). Furthermore, M` is
connected as well because this property is preserved under the continuous, surjective
map V 1 ÑM`, which sends y P V 1

x to
?

2
2 px` yq. Lastly, since all the fibers MpQ,tq

of points in the interior of DC are homeomorphic to each other, and in particular to
M` “MpQ,0q, every fiber of πC is connected.

p5q Observe that given a Clifford system of rank m1 ` 1 “ pm ` 1q ` 1 on R2l and
l “ m ` 1 we obtain a map πC1 whose image if SC1 “ Sm`1 because we are in the
case of part (2). Moreover, since l “ m` 1, it follows from Table 1.1 that m “ 3, 7,
which are not multiples of 4. Given a Clifford system C 1 of rank m` 2 in R2l, by the
uniqueness of Clifford systems for m ı 0 pmod 4q it follows that C is algebraically
(and geometrically) equivalent to a sub-Clifford system of C 1. We can thus find an
orthonormal basis pP0, . . . , Pm`1q of RC1 such that pP0, . . . , Pmq is a basis for RC . Since
we can express πCpxq as pxP0, xy, . . . , xPm, xyq and similarly for πC1 , πC factors as
πC “ Pr˝πC1 , where Pr : SC1 Ñ DC is given by Prpx1, . . . , xm, xm`1q “ px1, . . . , xmq.

�

In part (4) of this proposition, it remained the proof about the connectedness of the
total space under a surjective submersion that is now given below.

Proposition 2.3. Let f : M Ñ N a surjective submersion between two smooth manifolds.
If both N and all the fibers of f are connected, then M is connected as well.

Proof. Suppose we are given a continuous function g : M Ñ t0, 1u. Connectedness is
preserved under continuous maps, thus g is constant on every fiber of f . Furthermore, since
f : M Ñ N is a quotient map (it is open and surjective), g descends to a continuous map
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g̃ : N Ñ t0, 1u such that g̃ ˝ f “ g, as shown in the diagram below.

M N

t0, 1u

f

g
g̃

As N is connected, g̃ (and hence also g) must be constant. We have shown that every
continuous map from M to {0,1} is constant, which is equivalent to the connectedness of
M . �

Remark 2.4. If C and C 1 are algebraically equivalent Clifford systems, then by the definition
given in Section 1.2, there exists an orthogonal map A P Op2lq such that πC1 “ A´1 ˝πC ˝A.
In particular, up to orthogonal transformation, πC only depends on the algebraic equivalence
class of C. It turns out that the converse is true, namely, the geometric equivalence class of
C is uniquely determined by πC . This will be proved in Proposition 2.19.

Remark 2.5. Since we are interested in having connected fibers, from now on we will not
consider Clifford systems with l “ m` 1.

Proposition 2.6. Let C be a Clifford system of rank m` 1 on R2l. The fibers of πC define
a transnormal system on S2l´1, whose leaf space is DC (if l ą m` 1) or SC (if l “ m) with
the round metric of constant curvature 4.

Proof. We prove the proposition when the quotient is DC , the another case follows in a
similar fashion. In order to prove the statement, we consider the family G of geodesics in
S2l´1 given by

G :“ tγptq “ cosptqx´ ` sinptqx` : P P SC , x˘ P E1
˘pP qu

and we show that the following properties hold:

p1q Every geodesic in G is orthogonal to the fibers of πC at all points.

p2q For every point x P S2l´1 and every vector v normal to the fiber of πC through x,
there is a geodesic in G passing through x and tangent to v.

p3q Every geodesic in G projects to a unit speed geodesic in DC .

p1q It is enough to consider geodesics in G with t P r0, πq. There are two types of normal
spaces to the fiber depending on the image of a point in the geodesic under πC . If
γptq projects to an interior point of DC , that normal space is spanned by the vectors
XPipγptqq “ Piγptq ´ xPiγptq, γptqyγptq, as it was explained in Proposition 2.2 (3).
On the contrary, if γptq projects to P P SC , the fiber through γptq is E1

`pP q and its
normal space is just E´pP q. For t “ 0, the fiber through γptq is E1

´pP q and the vector
γ1ptq belongs to E1

`pP q, so the geodesic is orthogonal to the fiber. Similarly for t “ π
2 ,

where the fiber is E1
`pP q and γ1ptq lies in E1

´pP q. Otherwise, we have

Pγptq “ cosptqPx´ ` sinptqPx` “ ´ cosptqx´ ` sinptqx`,
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and
xPγptq, γptqy “ ´ cos2ptq ` sin2ptq “ ´ cosp2tq,

which inserted into the formula for XP pxq results

XP pγptqq “ Pγptq ´ xPγptq, γptqyγptq

“ ´ cosptqx´ ` sinptqx` ` cosp2tqpcosptqx´ ` sinptqx`q

“ ´ cosptqx´ ` sinptqx` ` cos3ptqx´ ` cos2ptq sinptqx`

´ sin2ptq cosptqx´ ´ sin3ptqx`

“ ´ cosptqx´ ` sinptqx` ` p1´ sin2ptqq cosptqx´

` cos2ptq sinptqx` ´ sin2ptq cosptqx´ ´ p1´ cos2ptqq sinptqx`

“ ´ 2 sin2ptq cosptqx´ ` 2 sinptqx` cos2ptq

“ sinp2tqp´ sinptqx´ ` cosptqx`q

“ sinp2tqγ1ptq. (2.8)

Hence γ1ptq “ 1
sinp2tqXP pγptqq, which means it belongs to the normal space spanned

by the XPipγptqq basis.

p2q When x P S2l´1 projects to P P SC , it belongs to the positive eigenspace E1
`pP q and,

if v is perpendicular to the fiber through x, then it belongs to E´pP q. Therefore γptq “
cosptqx` sinptqv belongs to G and it satisfies γp0q “ x, γ1p0q “ v. When x projects to
a point in the interior of DC , any vector v orthogonal to the fiber through x is of the
form v “ XP pxq for some P P SC . Such a P gives a splitting R2l “ E´pP q ‘ E`pP q,
and x can be written as cospt0qx´ ` sinpt0qx` for some x˘ P E˘pP q. Equation (2.8)
means that v is parallel to γ1pt0q, where γptq “ cosptqx´ ` sinptqx` P G. It follows
from part (1) and (2) that the fibers of πC build a transnormal system on S2l´1.

p3q Let us see first the form of a geodesic in DC with the round metric of constant
curvature 4. Since DC can be seen as the upper half part of a sphere of radius 1

2 , a
geodesic with initial point P P DC has the general form γvptq “ cosptqP ` sinptqv,
for a vector v P DC and v K P . In particular, we can take v :“ Q P DC such that
xP,Qy “ 0. Due to the homogenity of the geodesic equation, the unit speed geodesics
in DC are of the form

γ Q
}Q}
ptq “ γQ

ˆ

t

}Q}

˙

“ cos

ˆ

t

}Q}

˙

P ` sin

ˆ

t

}Q}

˙

Q “ cosp2tqP ` sinp2tqQ. (2.9)

Now, let us project to DC a geodesic γptq “ cosptqx´ ` sinptqx` in G, with x˘ P

E1
˘pP0q, P0 P SC , where P0 belongs to an orthonormal basis pP0, . . . , Pmq for RC
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(remember our computations do not depend on the choice of that basis). Then

πCpγptqq “ xP0γptq, γptqyP0 `

m
ÿ

i“1

xPiγptq, γptqyPi

“ ´ cosp2tqP0 ` 2 cosptq sinptq
m
ÿ

i“1

xPix`, x´yPi

“ cosp2tqP ` sinp2tqQ,

where we have defined P :“ ´P0 and Q :“
řm
i“1xPix`, x´yPi in DC . Note that by

definition x´P,Qy “ 0. We deduce that the map πC sends unit speed geodesics on
S2l´1 to unit speed geodesics on the disk DC with the round metric and hence the
quotient Riemannian metric is that of constant curvature 4.

�

Definition 2.7. Given a Clifford system C of rank m` 1 on R2l with l ‰ m` 1, we define
the Clifford foliation FC to be the foliation on S2l´1 given by the fibers of πC .

Remark 2.8. Note that Proposition 2.6 implies that any Clifford foliation F is a transnormal
system.

Example 2.9 (l “ m). From Table 1.1, the value of m can just be 1, 2, 4, 8. Let us discuss
the case for m “ 2. By Proposition 2.2 p2q, the map is πC : S3 Ñ S2 Ď R3. We need
to find a Clifford system of rank 3 on R4. This implies a Clifford algebra representation
C1 “ C “ spant1, e1 “ iu on R2. This refers us to Example 1.25 where we computed that
representation. Now, for x “ pu, vq P S3 Ď C‘ C – R2 ‘ R2,

πCpxq “πCppu, vqq “ pxP0x, xy, xP1x, xy, xP2x, xyq

“
`

u2
1 ` u

2
2 ´ v

2
1 ´ v

2
2, 2u1v1 ` 2u2v2,´2u1v2 ` 2u2v1

˘

“
`

}u}2 ´ }v}2, 2 Repu ¨ v̄q, 2 Impu ¨ v̄q
˘

, (2.10)

where “¨” denotes complex multiplication. Observe that they are the coordinates of the
Hopf map S3 Ñ S2. Make the circle act on S3 by the isometric group action on the right,
discussed in Example 1.8. More precisely, for z :“ eiθ P S1 Ď C, the action µ : S1 Ñ S3, has
the form

µpeiθ, pu, vqq “ eiθ ¨ pu, vq “ peiθu, eiθvq

Note that the Hopf map in eq. (2.10) is invariant under S1, i.e., πCpxq “ πCpe
iθ ¨ xq since

πCpe
iθ ¨ xq “

´

}eiθ}2p}u}2 ´ }v}2q, 2 Repeiθu ¨ e´iθv̄q, 2 Impeiθu ¨ e´iθv̄q
¯

“
`

}u}2 ´ }v}2, 2 Repu ¨ v̄q, 2 Impu ¨ v̄q
˘

.

We just found that the Hopf fibration S1 ãÑ S3 ãÑ S2 is a Clifford foliation of S3, where
each leaf (fiber) is a unit circle S1 and the leaf space is S2. The next beautiful images, taken
from [Joh], show points in S2 with their corresponding preimages S1 through πC .
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Figure 2.1: The Clifford foliation S3 induced from a Clifford system of rank 3 on R4.

Corollary 2.10. If C is a Clifford system of rank m`1 on R2l and l “ m, πC : S2m´1 ÝÑ

SC is a Hopf fibration.

Proof. First and second parts in Proposition 2.2 shows that πC is a submersion with
connected fibers of positive dimension for l “ m, and in addition it is Riemannian by
Proposition 2.6. The hypotheses in [Wil01, Theorem 1] (see also [GG`88, Corollary 5.4]) are
satisfied and thus we conclude that πC is a Hopf fibration. The map is πC : S2m´1 ÝÑ Sm,
for m “ 1, 2, 4, 8 as given in Table 1.1. �

We finish this section showing that the FKM isoparametric hypersurfaces constructed
in [FKM81] can be derived form Clifford foliations.

Corollary 2.11. When the image of πC is DC , i.e., l ą m` 1, with the round (also called
hemisphere) metric, the preimages of the concentric spheres in DC produce the FKM family
of isoparametric hypersurfaces associated to C in the sphere S2l´1.

Proof. From Section 1.3 the Ferus, Karcher and Münzner polynomial in the sphere, F0 :

S2l´1 Ñ r´1, 1s, given by

F0pxq “ 1´ 2
m
ÿ

i“0

xPix, xy
2.
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For the map

f : DC ÝÑ r´1, 1s (2.11)

P ÞÝÑ fpP q “ 1´ 2}P }2,

we have F0 “ f ˝ πC . Equipping DC with the hemisphere metric, and the foliation FS
of concentric spheres, its quotient space ∆ “ DC{FS is the closed interval r0, π4 s. This
induces a bijection between r´1, 1s and the leaf space r0, π4 s, where the focal manifold M`

is represented by 1 in the first interval and by 0 (the origin in DC); likewise, M´ is ´1 and
π
4 (the boundary sphere SC). Thus, we recovered the FKM family whose leaves are given
by the πC-preimages sinp2tqQ, Q P SC in eq. (2.5) or, equivalently, for x P S2l´1 such that
πCpxq “ sinp2tqQ, t P r0, π4 s, and using the polynomial in eq. (2.11), then

F0pxq “ 1´ 2 psinp2tq }Q}q2 “ 1´ 2 sin2p2tq “ cosp4tq, (2.12)

as we described in Example 1.34. �

2.2 Composed foliations

So far we have constructed Clifford foliations that have the property of being a transnor-
mal system. In this section we will prove that in fact they are singular Riemannian foliations
employing a method due to Lytchak [Lyt14] for a larger class of foliations on spheres
that include Clifford foliations. This procedure involves the extension by homotheties of a
singular Riemannian foliation F0 given on SC to a foliation Fh0 of the same type on DC , and
then sending the leaves of the latter back to S2l´1 under the map πC . The resulting foliation
on S2l´1 will be denoted by the composition F0 ˝ FC . Under this reasoning, the Clifford
foliations we previously constructed in this chapter are singular Riemannian foliations when
F0 is the finest foliation.

Lets start with setting up the composed foliation F0 ˝ FC which turns out to be a
transnormal system. For this aim, we first equip the disk DC with a foliation inherited from
the one on pSC ,F0q. Fixing a Clifford system C of rank m ` 1 on R2l, the leaf space of
the transnormal system pS2l´1,FCq is isometric to SC or DC , both equipped with a metric
of constant curvature 4, due to Proposition 2.2. With such hemisphere metric, DC can
be described as a spherical join of SC and a point (the origin) tptu, which in this case is
defined as the disjoint union of these two space together with every segment connecting
any point from SC to tptu, and equipped with a metric of constant curvature 4. From now
on we will denote this space by 1

2pSC ‹ tptuq, where the factor 1
2 represents a rescaling of

the spherical join SC ‹ tptu with metric given by

d2px, yq “ t2 ` s2 ´ 2ts cospdpx1, y1qq,

where t, s are the respective distances from the origin to x, y, and x1, y1 the points in SC
lying in the rays passing through the origin and x, y respectively (for further reference see
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[BBI01, p. 91]).

Take a closed transnormal system p1
2SC ,F0q on 1

2SC , with leaf space 1
2∆ and projection

π0 : 1
2SC ÝÑ

1
2∆. This leaf space is not necessarily a Riemannian manifold, thus we can

not refer to this map as a Riemannian submersion. Nevertheless, we can still think on a
similar concept for the context of metric spaces on which 1

2∆ is included.

Definition 2.12. A map f : pM,dM q Ñ pN, dN q between two metric spaces is a submetry
if f sends closed balls around a point to closed balls of the same radius around the image
point. More precisely, if for any point p PM and radius r, the equality fpBrppqq “ Brpfppqq

holds.

It turns out that every Riemannian submersion is a submetry (see Propositions A.3
and A.4 and corollary A.5). From this fact we can conclude that, for l “ m, πC is a submetry.
In addition, Since the leaves of p1

2SC ,F0q are assumed to be closed, Corollary A.6 yields
the projection π0 is a submetry. Combining these two results, the composition π0 ˝ πC gives
a submetry S2l´1 Ñ 1

2∆, see Proposition A.1. In the case for l ą m` 1, π0 : 1
2SC ÝÑ

1
2∆

induces a third submetry

π̂0 :
1

2
pSC ‹ tptuq ÝÑ

1

2
p∆ ‹ tptuq.

Composing π̂0 with πC : S2l´1 ÝÑ 1
2pSC ‹ tptuq, we obtain another submetry

π̂0 ˝ πC : S2l´1 ÝÑ
1

2
p∆ ‹ tptuq.

In either case we obtain a submetry S2l´1 Ñ ∆, where ∆ “ 1
2∆ or 1

2p∆‹tptuq, and its fibers
are by construction the leaves of a transnormal system on S2l´1, which we denote by F0˝FC .

An equivalent and useful manner of describing F0 ˝ FC is introducing the terminology
of singular Riemannian foliations as follows. If we extend by homotheties the SRF F0 of the
boundary SC to Fh0 of the hemisphere DC , defining the leaf LhλP through the point λP as

LhλP :“ λ ¨ LP , for P in SC and λ P r0, 1s. (2.13)

Then the foliation F0˝FC is given by the preimages of the leaves in Fh0 under πC : S2l´1 ÝÑ

DC .
Moreover, notice that Fh0 is a SRF of D̊C , the interior of DC , since it is possible to extend
the smooth vector fields tXiu that span the tangent space of each leaf of F0 by homotheties
to Fh0 of the unit disk DC : for 0 ď t ă 1, the family ttXiu of smooth vector fields span
the tangent to Fh0 and, from the theory we already mentioned in section 1.1, the singular
Riemannian foliation F0 is preserved by homotheties fixing the origin.

We are ready to state the central result of this section, stated in Proposition 2.15.
The proof is divided in the two propositions below. The first assures that F0 ˝ FC , when
restricted to each manifold, M´ and S2l´1zM´, is a SRF. In the second is left the most
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technical part, that is the behavior of F0 ˝FC in a neighborhood “joining both pieces”. More
precisely, it is shown that F0 ˝ FC is a SRF as well within a small enough neighborhood of
a point belonging to M´.

Proposition 2.13. If pS2l´1,FCq is a Clifford foliation and pSC ,F0q is a singular Rieman-
nian foliation. The restrictions of F0 ˝ FC to M´ and S2l´1zM´ are singular Riemannian
foliations as well.

Proof. The statement is only proved when the quotient is DC , because it contains the case
for SC . Applying Proposition 2.2 (3), if the submetry from S2l´1 to the hemisphere DC is
restricted to

πC |S2l´1zM´ : S2l´1zM´ ÝÑ D̊C ,

we obtain a Riemannian submersion, and since pD̊C ,Fh0 q is a singular Riemannian foliation,
we have that F0 ˝ FC is again a SRF in S2l´1zM´, due to Example 1.7. Similarly, since
pSC ,F0) is a singular Riemannian foliation and πC |M´ : M´ Ñ SC is a Riemannian
submersion by Proposition 2.2 (1), the restriction pM´, pF0 ˝ FCq|M´q is again a singular
Riemannian foliation.
�

As we mentioned above, the goal in the next proposition is proving that for every point
x PM´, there exists a neighborhood of x P S2l´1 in which the restriction of the foliation
F0 ˝ FC “: F is a SRF.

Proposition 2.14. Consider a neighborhood U ĎM´ of a point x PM´, small enough that
νpM´q|U admits an orthonormal frame tξ1, . . . , ξru, r “ codimpM´q. Then the trivialization

ρ : U ˆ Drε ÝÑ TubεpUq

px, pa1, . . . , arqq ÞÝÑ expx

˜

ÿ

i

aiξipxq

¸

is a diffeomorphism, and ρ˚pF |TubεpUqq “ F |U ˆFDr , where pDrpεq,FDrq is the foliation of
concentric spheres around the origin. In particular, F |TubεpUq is a singular foliation around
M´.

Proof. By the definition of a distinguished tubular neighborhood (Definition 1.19), the
existence of U is clear since it could be a plaque in Lx for x restricted to M´. Furthermore,

TubεpUq “ expKpνεpUqq, νεpUq “ tv P νpUq | v “
r
ÿ

i“1

a1ξ1pxq, }pa1, . . . , arq} ď εu,

where, for a small enough ε, the normal exponential map is a diffeomorphism. That descrip-
tion is equivalent to the given by the map ρ in the statement, then it is a diffeomorphism
as well. In order to prove that ρ induces a bijection between the leaf spaces, we lean on two
maps as follows. On one hand, consider U ˆ r0, εs, together with the foliation F |U ˆ tptsu.
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The map

pid, rq : pU ˆ Drpεq,F |U ˆ FDrq ÝÑ pU ˆ r0, εs,F |U ˆ tptsuq

pu, vq ÞÝÑ pu, ||v||q,

where the concentric sphere of radius r is sent to r in r0, εs, induces a bijection between
leaf spaces. On the other hand, define

pPr, dU q : pTubεpUq,Fq ÝÑ pU ˆ r0, εs,F |U ˆ tptsuq

x ÞÝÑ pPrpxq, distpx, Uqq,

where Pr is the metric projection for the tubular neighborhood and distp¨, Uq is the
distance to U . Let us identify the leaf LP of pSC ,F0q with the class rP s P U{F |U . Using
the description of the fibers of πC in eq. (2.5), the map pPr, dU q is taking the leaf of F ,

MprP s,tq “ tcosptqx` sinptqQx | x PM`, Q P πCpLP qu,

to the leaf LP ˆ tπ4 ´ tu. Since every leaf of F in TubεpUq is uniquely determined by
rP s P U{F |U and t P rπ4 ´ ε,

π
4 s, it follows that pPr, dU q induces a bijection between the leaf

spaces as well. To conclude, note that if we compose pPr, dU q and ρ we get the map pid, rq,

pU ˆ Dr,FU ˆ FDrq pTubεpUq,Fq

pU ˆ r0, εs,F |U ˆ tptsuq.

ρ

pid,rq
pPr,dU q

In detail,

ppPr, dU q ˝ ρqpu, pa1, . . . , arqq “ pPr, dU q

˜

ÿ

i

aiξipuq

¸

“

˜

Pr

˜

ÿ

i

aiξipuq

¸

, dist

˜

ÿ

i

aiξipuq, U

¸¸

“ pu, ||pa1, . . . , arq||q “ pid, rq,

which in particular implies that ρ induces a bijection between leaf spaces as well, and this
finishes the proof. �

By simply putting together the two latest propositions we conclude that pS2l´1,F0 ˝FCq
is a singular Riemannian foliation, as we summarize below.

Proposition 2.15. If pS2l´1,FCq is a Clifford foliation and pSC ,F0q is a singular Rieman-
nian foliation, then F0 ˝ FC is a singular Riemannian foliation as well.

Corollary 2.16. If F0 is a trivial foliation whose leaves consist of points, then F0˝FC “ FC
and, in particular, FC is a singular Riemannian foliation.
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Proof. If F0 is the finest foliation in SC , then extending by homotopy Fh0 is the finest one
as well, which implies F0 ˝FC “ FC (since it is given by the fibers of πC), and consequently
FC is a singular Riemannian foliation by Proposition 2.15. �

Remark 2.17. Although the definition of a singular Riemannian foliation imposes the leaves
to be connected, when C is a Clifford system of rank m ` 1 on R2l and l “ m ` 1, the
foliation given by the non connected fibers of πC is a singular Riemannian foliation with
disconnected fibers as established in [AR15, Section 3].

2.3 Bijection between Clifford systems and singular Rieman-
nian foliations

We are going to prove in this section that there is a bijection between geometric
equivalence classes of Clifford systems and congruence classes of singular Riemannian
foliations in spheres whose quotient is a sphere or a hemisphere of curvature 4. In relation
with previous results in this subject, the most general examples until the release of the
Radeschi’s paper were the FKM familes. It occurs not only that there exist geometric
equivalence classes of Clifford systems giving rise the same isoparametric foliation, but also
some isoparametric foliations not coming from Clifford systems. Hence the correspondence
between Clifford systems and isoparametric foliations is far from being bijective. This also
turns even more relevant the work in [Rad14]. The proof is divided into the next two
propositions.

Proposition 2.18. Suppose pSn,Fq is a singular Riemannian foliation such that the
quotient space is a hemisphere 1

2D
m`1 of constant curvature 4. Then F “ FC for some

Clifford system C.

Proof. Consider the boundary 1
2S

m of 1
2D

m`1. Take an orthonormal basis of 1
2S

m, i.e.,
m` 1 points p0, . . . , pm in that sphere mutually at distance π

4 . Given a point pi, take the
partition of the m` 1 disk 1

2D
m`1 into the distance spheres around pi and ´pi, which of

course have codimension one, meaning that curves orthogonal to those spheres only have a
direction to pass through. Since this is the behavior in the quotient space Dm`1, when that
partition is lifted via π : Sn Ñ 1

2D
m`1, it induces a codimension 1 foliation F˚ of Sn whose

quotient is an interval of length π
2 . Its singular leaves correspond to the two focal points ˘pi.

By the classification of such foliations ([Car38, Car39, Mün80, Mün81], alternatively see
[CR15, Section 3.8]), the number of distinct principal curvatures is g “ 2, and the singular
submanifolds are totally geodesic subspheres of Sn,

M0 “ tpx, yq | y “ 0u “ Sm1 ˆ t0u, Mπ
2
“ tpx, y |x “ 0qu “ t0u ˆ Sm2 ,

where m1 `m2 “ n´ 1, and m1 and m2 correspond to the multiplicities of the curvatures
in the Cartan-Münzner differential equations (Theorem 1.42). Besides, those subspheres
lie on the same stratum, since they are preimage of points belonging to 1

2S
m; hence both

singular leaves have the same dimension, m1 “ m2 “: l.
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Now we are going to construct a Clifford system. Since n “ 2l ` 1, Rn`1 “ R2pl`1q splits
orthogonally as V`ppiq ‘ V´ppiq, where V˘ppiq is the space spanned by the great sphere
π´1p˘piq. Define a linear map Pi P Sym2lpRq by

Pi|V`ppiq “ id, Pi|V´ppiq “ ´id.

From this we conclude that P 2
i “ id and E˘pPiq “ V˘ppiq. Doing the same for each i,

we produce matrices P0, . . . , Pm belonging to Sym2lpRq, which are candidates for a basis
in the Clifford system. Notice the proof finishes if we find that these maps anticommute
or, equivalently, PipE˘pPjqq “ E¯pPjq for i ‰ j. It is enough to show that P0pE˘pP1qq “

E¯pP1q.
Let x P E`pP0q be a point in the preimage of p0, and take a horizontal geodesic γ starting
at x and tangent to the singular stratum such that πpγq passes through p1. Since πpγqpπ2 q “
´p0, the point y “ γpπ2 q belongs to E´pP0q and we can write γptq “ cosptqx ` sinptqy.
Furthermore, z “ γpπ4 q “

?
2

2 x`
?

2
2 y belongs to E`pP1q by choice of γ. Then

P0pzq “ P0

ˆ

?
2

2
x`

?
2

2
y

˙

“

?
2

2
x´

?
2

2
y “ γ

´

´
π

4

¯

.

But πpγqp´π
4 q “ ´p1, which means P0pzq P E´pP1q.

Since any z P E1
`pP1q can be written as γpπ4 ) for some horizontal geodesic γ from E1

`pP0q to
E1
´pP0q, we obtain that P0pE`pP1qq Ď E´pP1q. Given that P0 is nonsingular, by dimensional

reasons it must be P0pE`pP0qq “ E´pP0q. �

Proposition 2.19. If C and C 1 are two different (geometric) equivalence classes of Clif-
ford systems on R2l and R2l1 respectively, then there does not exist a foliated isometry
between pS2l´1,FCq and pS2l1´1,FC1q. In other words, Clifford foliations distinguish between
(geometric) equivalence classes of Clifford systems.

Proof. Take pP0, . . . , Pmq an orthonormal basis for RC and pQ0, . . . , Qm1q the corresponding
one for RC1 . Unless m “ m1, the leaf spaces FC and FC1 have different dimensions,
thus it cannot exist an isometry between them. If m “ m1, we have l “ kδpmq and
l1 “ k1δpm1q “ k1δpmq, which implies again that FC ‰ FC1 , except for k “ k1. In that
case we have two possible situations as we mentioned in Section 1.2: when m ı 0 pmod 4q

there exists a unique geometric class of Clifford systems for each k, whence FC – FC1 .
Otherwise, m ” 0 pmod 4q, the geometric class of C is uniquely determined by the non-
negative integer |trpP0, . . . , Pmq|. Consequently, the proof is completed if we show that FC
and FC1 are not congruent, unless |trpP0, . . . , Pmq| “ |trpQ0, . . . , Qmq|. This was already
established in [FKM81, p. 486], as they showed that the invariant |trpP0, . . . , Pmq| represents
a characteristic number of the vector bundle

Γ :“ tpx, P q P R2l ˆ SC |P P SC , x P E`pP qu ÝÑ SC
px, P q ÞÝÑ P,

whose sphere bundle is πC |M´ : M´ ÝÑ SC , where M´ “ tpx, P q P S2l´1ˆ SC |Px “ xu.�
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We now want to discuss some recent works that have appeared after [Rad14], that have
been contributing to a beautiful characterization of Clifford foliations through algebraic
objects. We draw the reader’s attention to this exciting connection between algebra and
geometry which seems to be becoming stronger with the newest results about singular
Riemannian foliations. The first one is by Lytchak and Radeschi in 2015 [LR15], where
they proved that every singular Riemannian foliation with closed leaves can be described
by polynomial equations. Then, its leaves are real algebraic subvarieties of the Euclidean
space. Roughly speaking, they are a set of solutions of a system of polynomial equations
over the real or complex numbers. And the second one is from 2016, in which Mendes and
Radeschi [MR16] characterized closed singular Riemannian foliations of a Euclidean space,
where the origin is a leaf (this is the infinitesimal model for SRF), as coming from quadratic
homogeneous polynomials. This provides not only a strong and productive relationship
between geometry and algebra in SRF’s theory, but also opens the possibility of applying
algebraic techniques to develop this branch of differential geometry. That paper also provides
an algebraic characterization of Clifford foliations as those inhomogeneous infinitesimal
foliations generated by homogeneous polynomials of degree two.
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Chapter 3

Homogeneity in Clifford, FKM and
composed foliations

In this chapter we study the Clifford and composed foliations that are homogeneous.
We start discussing some symmetry properties of Clifford foliations, then introducing some
group actions concerning Clifford systems and finally we proof several homogeneity theorems
relating FKM, Clifford and composed foliations.

3.1 Relation between Clifford systems and some Lie groups

Let C a Clifford system of rank m` 1 in R2l. Examining the action of the elements be-
longing to the Clifford sphere in SC over S2l´1, we find symmetries of the Clifford foliations
pS2l´1,FCq that can be described by some subgroups of the orthogonal group Op2lq.

Let P P SC . By eq. (2.1) of πC we have that

xπCpPxq, Qy “ xQPx, Pxy, @Q P SC .

By eq. (1.6), the equation above becomes

xπCpPxq, Qy “ ´ xPQx, Pxy ` 2xP,Qy xIx, Pxy

“ ´ xQx, xy ` 2xP,Qy xPx, xy

“ ´ xπCpxq, Qy ` 2xP,Qy xπCpxq, P y

“ x´πCpxq ` 2xπCpxq, P yP,Qy, (3.1)

thus πCpPxq “ ´πCpxq ` 2xπCpxq, P yP , which means P sends the leaf of πCpxq in S2l´1

to the one corresponding to the reflection along the segment through P in DC , denoted by

53
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the map ρP . We can express this as a commutative diagram

S2l´1 S2l´1

DC DC

P

πC πC

ρP

As we noted in section 1.2, the elements of the Clifford sphere in SC are orthogonal matrices,
so they belong to the group of orthogonal matrices of dimension 2l. Even more, since the
composition of two reflections is a rotation, this is suggesting that an element PQ lying in
SC produces a rotation. In fact, the elements in the Clifford sphere by definition generate
the subgroup Pinpm` 1q Ď Op2lq, namely

Pinpm` 1q :“ xP |P P SCy,

and in turn, the Pin group contains the subgroup generated by an even number of products
PQ,

Spinpm` 1q :“ xPQ |P,Q P SCy.

Furthermore, since every element P in SC is a orthogonal linear transformation, then
automatically it is an isometry, and moreover it can be thought as a foliated isometry
of pS2l´1,FCq. Equation (3.1) shows that Spinpm` 1q acts over each point DC reflecting
πCpxq along the segment through P P Spinpm ` 1q. Since Spinpm ` 1q is connected, we
have a covering η : Spinpm ` 1q Ñ SOpm ` 1q whose induced action on DC has (by the
Cartan-Dieudonné theorem) all the concentric spheres around the origin as the principal
orbits —which means this Spin action is isometric and has cohomogeneity 1. In particular,
when x lies in M`, πCpPxq “ 0, whence, πCpM`q is the only singular orbit. The quotient
DC{Spinpm` 1q is then isometric to r0, π4 s “ S2l´1{F 1C , where is the FKM foliation corre-
sponding to the Clifford system C.

The Pin group seen as a subgroup of the orthogonal matrices is defined by the reflection
about the hyperplane orthogonal to an element in the Pin group. Nevertheless, that
geometric insight adds an inconvenient negative sign in the treatment of Pin and Spin
groups. In order to handle this problem we will use the twisted adjoint representation, which
requires the introduction of both an automorphism and an anti-homomorphism in a Clifford
algebra over a finite-dimensional vector space (for a reference see [LM89, Chapter 1]).

Definition 3.1. Every Clifford algebra Cm has a unique canonical automorphism α : Cm Ñ

Cm defined by

AÑ αpAq “

$

’

’

’

&

’

’

’

%

1, if A “ 1

´ei, if A “ ei

p´1qkei1 ¨ ¨ ¨ eik , if A “ ei1 ¨ ¨ ¨ eik and 1 ď ei1 ă ¨ ¨ ¨ ă eik ď m.
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Definition 3.2. We define conjugation on a Clifford algebra Cm as the anti-automorphism

AÑ A “

$

’

’

’

&

’

’

’

%

1, if A “ 1

´ei, if A “ ei

p´1qkeik ¨ ¨ ¨ ei1 , if A “ ei1 ¨ ¨ ¨ eik and 1 ď ei1 ă ¨ ¨ ¨ ă eik ď m.

Now we have the enough machinery to describe a surjective homomorphism from the
Pin group to the orthogonal group.

Definition 3.3. We define the twisted adjoint representation on a Clifford system as the
map

R : Pinpm` 1q ÝÑ Opm` 1q

Pi ÞÝÑ RPipxq “ αpPiqxPi,

where it is enough defining R in the elements Pi of an orthonormal basis pP0, . . . , Pmq for
RC and x in DC , since we are working over a finite-dimensional vector space.

The next proposition shows how the twisted adjoint representation is just the algebraic
characterization of the simple geometric concept of reflection in a hyperplane. Even further,
this reveals that Clifford algebras generalize quaternions, which was the original idea of
creating those objects. See [Gal12, Proposition 1.6] for a proof.

Proposition 3.4. For every nonzero element x P DC , the twisted adjoint representation
RPi is the reflection about the hyperplane orthogonal to the vector Pi. That is,

RPipxq “ x´ 2xPi, xyPi. (3.2)

Notice the Pin group double covers the orthogonal group by means of RPi since
RPipxq “ R´Pipxq, for all x in DC . Due to the same construction, it turns out the Spin
group is the double cover of the special orthogonal group, as well. We sum up all discussed
before in the following diagram:

Pinpm` 1q Spinpm` 1q pS2l´1,FCq

Opm` 1q SOpm` 1q 1
2DC

R η

fol. iso.

πC

fol. iso.

3.2 Homogeneity in Clifford, FKM and composed foliations

In this section we study the Clifford and composed foliations that are homogeneous.
In the case when the image of πC is the boundary SC , there are just two possibilities
happening in dimensions m “ 2 or 4. Otherwise, the analysis is more extensive and it
results very interesting homogeneity relations among the Clifford FC , the FKM F 1C , the
singular Riemannian F0 and the composed F0 ˝ FC foliations.
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From item (2) in Proposition 2.2 we know the image of πC is SC when l “ m and
m just can be 1,2,4 or 8, according to Table 1.1. For m “ 1, the only possible singular
Riemannian foliations are the coarsest or the finest ones. However, neither of them are given
by the preimages of πC , so they are not of Clifford type. For m “ 2, 4 and 8, we showed
in Corollary 2.10 they are all Hopf fibrations. Nevertheless, in the latter case, m “ 8, the
works of Guijarro and Walshap [GW07], Lytchak and Wilking [LW16, Wil01] and Gromoll
and Grove [GG`88] proved that πC : S15 Ñ S8 is the only non-homogeneous regular
foliation, given by the fibers of a Riemannian submersion. Then, it turns out that the only
homogeneous cases are when m is 2 (see Example 2.9) or 4 (see again [GG`88, LW16]).

Once exhausted the possibilities for SC , hereafter we assume the quotient S2l´1{FC is
the hemisphere DC , unless otherwise stated. We begin comparing homogeneity between the
Clifford foliation FC and the FKM foliation F 1C on S2l´1.

Proposition 3.5. Let C a Clifford system of rank m` 1 on R2l such that l ą m` 1. If
FC is homogeneous, then F 1C is homogeneous as well.

Proof. Suppose that pS2l´1,FCq is given by the action of a Lie subgroup H Ď SOp2lq. Let
G Ă SOp2lq be the topological closure of the group generated by H and the image of the
spin representation η : Spinpm ` 1q Ñ SOpm ` 1q we defined in section 3.1. Since both
H and Spinpm` 1q act by foliated isometries on pS2l´1,FCq, so does G. As we analyzed
before, the spin action already generates all the action of SOpm ` 1q on DC ; besides, H
gives the identity action on DC . Then, the G-action also has cohomogeneity 1 on DC . In
particular, the orbits of G in S2l´1 are the leaves generated by the FKM family and thus
F 1C is homogeneous. �

In [FKM81, GWZ`08] are found the conditions for a FKM foliation on S2l´1 to be
homogeneous. This result is summarized in Table 3.1, where are listed Clifford systems C of
rankm`1 on R2l, l “ kδpmq and l ą m`1. For instance, the condition P0P1P2P3P4 “ ˘Id,
which is the product of the Clifford matrices Pi in C, appears in [FKM81, Section 5] to
ensure that both focal manifolds are homogeneously embedded. From Proposition 3.5, those

pm, kq p1, kq p2, kq p4, kq p9, 1q

Condition k ě 2 k ě 1 k ě 1, P0P1P2P3P4 “ ˘Id —
.

Table 3.1: Homogeneity for the FKM foliation on the sphere.

four cases are the only cases with a chance to give a homogeneous Clifford foliation on
S2l´1. We now are going to examine the first three situations, i.e., for m “ 1, 2 and 4. The
proof is basically a version of [FKM81, Theorem 6.1] adapted to Clifford foliations.

Proposition 3.6. For a Clifford system C of rank m` 1 on R2l, l “ kδpmq and l ą m` 1,
it holds that:

• If m “ 1, FC is given by the orbits of the diagonal action SOpkq-action on S2k´1 Ď

Rk ‘ Rk.
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• If m “ 2, FC is given by the orbits of the diagonal action SUpkq-action on S4k´1 Ď

Ck ‘ Ck.

• If m “ 4 and P0P1P2P3P4 “ ˘Id, FC is given by the orbits of the diagonal action
Sppkq-action on S8k´1 Ď Hk ‘Hk.

Proof. After using the construction for a Clifford system C given in section 1.2, we are
going to prove that every orbit generated by the group action is contained in a fiber of
πC and vice versa. For all cases, m “ 1, 2 or m “ 4 and P0P1P2P3P4 “ ˘Id, C can
be set up as follows: Consider F P tR,C,Hu the division algebra such that dimR F “ m

and let j1, . . . , jm´1 the canonical imaginary units of F. For an element belonging to F,
x “ x0 ` x1j1 ` ¨ ¨ ¨ ` xm´1jm´1, xi P R, the real part of x is Repxq “ x0 and its r-th
imaginary part is given by Imrpxq “ xr “ Repx ¨ ´jrq, for r “ 1, . . . ,m´ 1.
Define the Clifford system C “ pP0, . . . , Pmq on R2kδpmq “ R2km “ Fk ˆ Fk,

P0pu, vq “ pu,´vq, P1pu, vq “ pv, uq, P1`ipu, vq “ pjr ¨ v,´jr ¨ uq, 1 ď r ď m´ 1,

where u “ pu1, . . . , ukq, v “ pv1, . . . , vkq are in Fk.
Generalizing example 2.9, notice that the projection πC is determined by the functions

$

’

’

’

&

’

’

’

%

xP0pu, vq, pu, vqy “ }u}
2 ´ }v}2

xP1pu, vq, pu, vqy “ 2Repu ¨ v̄q

xPr`1pu, vq, pu, vqy “ 2Repu ¨ v̄ ¨ ´jrq “ 2 Imrpu ¨ v̄q,

(3.3)

which is equivalently to write

πCpu, vq “ p}u}
2 ´ }v}2, 2u ¨ v̄q P R‘ F.

Let UpF, kq to be a Lie group defined by SOpkq, SUpkq, Sppkq according to whether the field
F is R,C,H respectively. By constructing an orthonormal basis from Gram-Schmidt process
and proving that the orbit of a single point is all the sphere, UpF, kq yields a transitive
action on Smk´1 Ď Fk. Thus its diagonal action also preserves the functions in eq. (3.3),
since

pAu,Avq “

ˆ

}u}A
u

}u}
, }v}A

v

}v}

˙

“ pu, vq,

where A P UpF, kq and we applied transitivity in the third expression. In particular, the
orbits of such action are contained in the fibers of πC , and therefore in the leaves of FC .
Moreover, any point pu, vq P Smk´1 Ď Fk ˆ Fk can be moved by the UpF, kq-action to a
point of the form

pu1e1, v1e1 ` v2e2q (3.4)

where e1, e2 are the elements of the canonical basis on Fk, and v1 P F, u1, v2 P Rě0 and
u2

1 ` |v1|
2 ` v2

2 “ 1. Furthermore, there is only one point of the form in eq. (3.4) for
each fiber of πC , because the functions in eq. (3.3) determine u1, v1, v2 uniquely. For if
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pp1e1, q1e1 ` q2e2q P S2mk´1, p1, q2 P Rě0 and q1 P F, is another element such that

p2p2
1 ´ 1, 2p1q1,´2p1q2q “ p2u

2
1 ´ 1, 2u1v1,´2u1v2q “ πCpu1e1, v1e1 ` v2e2q,

then from the first component u1 “ p1, since both must be positive. This yields v1 “ q1 in
the second component, and v2 “ q2 in the third one. In particular, every point in a fiber of
πC can be moved to a specific point via the UpF, kq-action, hence the orbits of that group
coincide with the leaves of FC . �

The next result analyzes the last case in Table 3.1 and it gives an example where
the contrary to Proposition 3.5 fails. Namely, for m “ 9, the Clifford foliation pS31,FCq,
induced by the Clifford system pP0, . . . , P9q on R32, is inhomogeneous even though the
FKM foliation pS31,FC1q is homogeneous. Our proof contains a slightly different argument
from the one given by Radeschi in [Rad14, Proposition 5.3] that we consider it simplifies
the reasoning. Specifically we used a result of Gorodski and Lytchak [GL16, Theorem 1] in
order to prove that the quotient Sn{G0 cannot be 1

2S
10.

Proposition 3.7. The Clifford foliation pS31,FCq induced by the Clifford system pP0, . . . , P9q

of rank 10 on R32 is not homogeneous.

Proof. Suppose by contradiction that pS31,FCq is homogeneous, i.e., the foliation is given
by the orbits of Lie subgroup G Ď SOp32q acting by isometries. First, let us see that
assumption implies that the principal isotropy group H must be trivial. If it is not the case,
then we consider the fix set of H, which must be an n-dimensional subsphere of S31,

FixpHq :“ tx P S31 | @h P H,h ¨ x “ xu “ Sn.

By definition of a principal isotropy group, Sn meets all the orbits, in particular it meets
the principal orbits. Define G1 :“ NpHq{H, where NpHq is the normalizer of H in G. We
can interpret G1 as the remaining group when the elements acting trivially are removed
from the normalizer. From these two last observations, the identity component G10 of G1

acts on Sn with trivial principal isotropy groups, i.e., G10 does not fix any element of Sn.
The quotient S31{G is a Riemannian orbifold since it is isometric to 1

2DC and hence all
the slice representations pGp, νppGppqqq are polar [LT10]. In order to simplify the study of
that quotient, we are going to construct an orbifold covering—we refer the reader to a brief
review in Riemannian orbifolds in appendix B. The Luna-Richardson-Straume reduction
(see [GL16, Section 2.6]) of G on S31 to the induced action of NpHq{H on FixpHq, states
that there is a canonical isometry

Sn{NpHq ÝÑ S31{G,

where the action of NpHq on Sn has H in its kernel. Such reduction has trivial principal
isotropy groups and the same quotient as the original space, that is,

Sn{G1 “ S31{G. (3.5)

Since the polarity condition depends only on the connected component, applying again the
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Lytchak and Thorbergsson result, Sn{G1 is orbifold if and only if Sn{G10 is orbifold, which
in this situation holds from eq. (3.5).
Given that G10 Ď G1 Ď G, the local model for orbifold coverings implies that

Sn{G10 ÝÑ S31{G

is a Riemannian orbi-covering. The orbifold S31{G “ 1
2DC has two (up to isomorphism)

possible orbi-covers: 1
2S

10 or 1
2D

10 (see Example B.7). However, it cannot be the first case
since Sn{G10 fails to be 1

2S
10, due to [GL16, Theorem 1]; whence, Sn{G10 “ 1

2D
10. Applying

Proposition 2.18, the foliation on Sn given by the orbits of G10 corresponds to a Clifford
foliation system C “ pP0, . . . , P9q on R2l. Thus, l “ kδpmq and l ě δp9q “ 16. This means
that n ě 31, i.e., Sn “ S31 and H “ t1u, the principal isotropy group is trivial as we wanted
proved.
From Proposition 2.2 (1), E1

`pP0q – S15 is a leaf of pS31,FCq. Then G acts transitively on
S15. Using the fact that G has trivial principal isotropy groups, thus dimG “ 31´ 10 “ 21.
However, there are no groups of dimension 21 acting transitively on S15 (see [GWZ`08,
Table C]). Then, pS31,FCq is not homogeneous.

�

The work of Gorodski and Lytchak [GL16] that we just used in the previous proof
classifies representations of compact connected Lie groups G acting on the unit sphere
Sn for which orbit space Sn{G “: O is isometric to a Riemannian orbifold. The main
result is stated in Theorem 1, which contains necessary and sufficient conditions of the
representation and the identity component of the action group for the quotient O being a
Riemannian orbifold. As a first corollary of their main result, they prove that the universal
covering Õ of the orbit space O is just one of the next four: a weighted complex, a weighted
quaternionic projective space (which happens if and only if Õ has dimension 2 or the
action is almost free and has rank 1 [Str94, GG`88]; or it has constant curvature 1 (if and
only if the action is polar [Dad85]) or 4. The second corollary says that the quotients are
orbifolds of low dimension, 2 ď dim Õ ď 5 (the case of dimension 2 was already classified
by Straume in [Str94]), when G has rank at least 2 and the representation is not polar.
Comparing this with Radeschi work, notice the quotient space Dm`1

C provides orbifolds of
arbitrary dimension, arising from a dimensionally large enough sphere S2l´1. The quotients
are hemispheres, quarter-spheres and eighth-spheres.

In the next proposition we determine the homogeneity of F0 ˝ FC in terms of the
homogeneity of the F0, FC , F 1C foliations.

Proposition 3.8. Let C, FC and F 1C be as in Proposition 3.5, and let pSC ,F0q be a
singular Riemannian foliation. If the leaf space of FC is a hemisphere and the composed
foliation F0 ˝FC is homogeneous, then F0 and F 1C are homogeneous. On the other hand, if
F0 and FC are homogeneous, so is F0 ˝ FC .

Proof. Suppose first that G is a group which induces the foliation pS2l´1,F0 ˝ FCq. Take
an arbitrary point x in the leaf M` of F0 ˝ FC . There always exists a ε ą 0 such that the
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normal exponential map at x is a diffeomorphism on the normal sphere νεxpM`q of radius ε.
Since expKx is also a Gx-equivariant map (where Gx is the isotropy group of x), then there
is a bijective correspondence between orbits in νεxpM`q and the leaves in F0 ˝FC , restricted
to the tube of radius ε around x. By definition of that composed foliation, we have, once
again, a bijection between the leaves in F0 ˝FC restricted to the ε-tube and the ones in the
sphere of radius ε around 0 of Fh0 . From all that, we have got until here that to each orbit
in νεxpM`q corresponds a leaf Fh0 in Smpεq via the map πC ˝ expK, and viceversa. Applying
the homothetic transformation used for the definition of Fh0 , we can extend the latter
bijection to the unit sphere Sm “ SC , and finally get that F0 is homogeneous under the
identity component of the isotropy group pGxq0 Ď pG0qx. It left proving F 1C is homogeneous,
which is easier since we can use the same idea as in Proposition 3.5. Consider a subgroup
G1 Ď SOp2lq, generated by G and the spin representation ηpSpinpm` 1qq. Therefore, the
leaves of F 1C corresponds to the G1-orbits in S2l´1, so it is homogeneous, too.

Suppose now that pSC ,F0) is homogeneous, given by the orbits of a representation
ρ : H Ñ SOpm` 1q. Up to double cover H 1 Ñ H we can lift ρ to ρ1 : H 1 Ñ Spinpm` 1q,
and via the embedding η : Spinpm ` 1q Ñ SOp2lq stated in Definition 3.3 we have a
representation ρ2 : H 1 Ñ SOp2lq. The orbits induced from ρ2pH 1q on S2l´1 descend via
πC to ρpHq-orbits on DC , due to the properties of η. In addition, if FC is generated by a
group K, once again we apply the same argument used in Proposition 3.5 to define K 1 as
the (topological) closure group formed by K and ρ2pH 1q, and we get it acts on S2l´1 by
isometries and its orbits are the leaves of pS2l´1,F0 ˝ FCq. �

Corollary 3.9. If pS2l´1,FCq is a Clifford foliation with quotient S2 or S4, then for every
singular Riemannian foliation pSC ,F0q the composed foliation F0 ˝ FC is homogeneous.

Proof. Since the quotient is a sphere, we automatically know that FC is homogeneous from
the explanation at the beginning of Section 3.2. Besides, when F0 is a singular Riemannian
foliation on S2 or S4, then F0 is the coarsest foliation in S4, in which case it is trivially
homogeneous, or it has dimF0 ď 3. For this second case, Radeschi showed that foliation is
homogeneous (see [Rad12, Main Theroem]). Then we have that both foliations FC and F0

are homogeneous, then the composed F0 ˝ FC is homogeneous by Proposition 3.8. �

The next result uses all we studied in this section. The aim is to establish a necessary
and sufficient condition (independently of the leaf space) between homogeneity in F0 ˝ FC
and F0, FC , except for two cases: foliations coming from Clifford systems of rank 9 and 10
on R2l.

Proposition 3.10. Let C be a Clifford system on R2l and pSC ,F0q a singular Riemannian
foliation. If the Clifford system C on R2l is different from rank 9 or 10, then pS2l´1,F0 ˝

FCq is homogeneous if and only if F0 and FC are homogeneous. If C has rank 10, then
pS2l´1,F0 ˝ FCq is homogeneous only if F0 is homogeneous.

Proof. From Corollary 3.9 and Proposition 3.8, F0 ˝ FC is homogeneous whenever F0 and
FC are homogeneous. Notice we have excluded both C of rank 9 and 10 since they are
inhomogeneous, as we discussed at the beginning of this section and in Proposition 3.7.
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Assuming now that F0 ˝ FC is homogeneous, we consider two situations, depending of
the sort of quotient space given in S2l´1 by the Clifford foliation:

• If the leaf space of FC is SC , then Corollary 3.9 and Proposition 3.6 allows us to
conclude that necessarily FC must be homogeneous with C of rank 3 or 5. So we are
done, since F0 is homogeneous in both cases as was proved in that result.

• If the leaf space of FC is DC , thus F0 and F 1C are homogeneous, due to Proposition 3.8.
Then, FC is homogeneous as well, except when C is of rank 10 (by Table 3.1 and
Proposition 3.6).

�

Some months after the publication of [Rad14], his author, in joint work with Gorodski
[GR16], completed the classification of homogeneous, singular Riemannian foliations on
S2l´1 given by πC . Specifically, they dealt with composed foliations F0 ˝ FC produced by
the Clifford systems of rank 9 and 10 on R16 and R32, respectively, those not considered in
Proposition 3.10 above. In the former case, they found exactly 6 examples of homogeneous
composed foliations of S15, listed in Tables 1 and 2 of that paper. In the latter, they proved
there is only one homogeneous foliation in S31, which is isoparametric and it is induced by
the action on Spinp10q via the spin representation. In this case, pS9,F0q corresponds to the
coarsest foliation.

Their main result also allowed to establish that there are some foliations, whose leaf
space has constant curvature 4, which are not composed foliations. Namely, those given by
the action of Spinp9q and Spinp9q ¨ SOp2q on R31.

In [Rad14, Section 6.3], Radeschi proved that for any SRF pS8,F0q there corresponds
a SRF F̃0 of the Cayley projective plane OP 2, which is homogeneous if and only if
the composed foliation pS15,F0 ˝ FCq, induced from a Clifford system C of rank 10, is
homogeneous as well. Regarding this case, it is a consequence of the main theorem in
[GR16] that all the singular Riemannian foliations in the Cayley projective plane pOP 2, F̃0q,
corresponding to a SRF pS8,F0q, are inhomogeneous, except for those six examples.
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Appendix A

Riemannian submersions and
submetries

There is some important facts that are commonly used in the literature of singular
Riemannian foliations but it is not common finding the proofs in papers or textbooks. In
this section proofs of some of these very known results that have been employed throughout
this dissertation are written.

Proposition A.1. Let f : X Ñ Y a submetry between metric spaces where Y is connected.
Then the following properties holds:

paq f is 1-Lipschitz.

pbq f is open.

pcq f is surjective.

pdq If g : Y Ñ Z is another submetry to a metric space Z, then the composition g ˝ f is a
submetry.

Proof. paq Let x1, x2 P X and define r :“ dXpx1, x2q. Since f is a submetry and x2

lies in the closed ball Brrx1s, we have that fpBrrx1sq “ Brrfpx1qs Q fpx2q. That is
equivalent to say f is 1-Lipschitz because

dY pfpx1q, fpx2qq ď r “ dXpx1, x2q.

pbq Let U be an open set in X and take an fpxq P fpUq, for x P U . Since U is open we
can find ε, δ such that 0 ă δ ă ε and Bδrxs Ď Bεrxs Ď U . Using in addition that f is
a submetry we can deduce that fpUq is open since,

Bδpfpxqq Ď Bδrfpxqs “ fpBδrxsq Ď fpBεrxsq Ď fpUq,

where Bδpfpxqq is an open ball lying on Y and containing fpxq. Consequently, f is
an open map.

pcq It is enough showing that the image of f is closed, since Y is connected and we
just proved in (b) that f is an open map. Let txnunPN a sequence in X such that
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tfpxnqunPN is a sequence in fpXq converging to an element y P Y . This means that
for every ε, there exists n0 P N such that for all n ą n0, dpfpxnq, yq ă ε. Now,
y P Bεrfpxn0`1qs “ fpBεrxn0`1sq because f is submetry. This implies y “ fpzn0`1q,
for some zn0`1 P Bεrxn0`1s, whence, y belongs to fpXq and consequently the image
of f is closed.

pdq Due to submetry, we already know that fpBrrxsq “ Brrfpxqs. Composing g in both
sides of the latter equality and using submetry again we find

g ˝ fpBrrxsq “ gpBrrfpxqsq “ Brrg ˝ fpxqs.

Thus, the composition of submetries is a submetry.
�

Before proving the next propositions about submetries, we need to define the notion of
an almost equidistant partition.

Definition A.2. Let X a metric space. A partition
Ť

iPI Xi of X is called almost equidistant
if the distance between any two elements Xi and Xj belonging to it is given by

dpXi, Xjq “ dpxi, Xjq “ dpXi, xjq,

for all xi and xj lying in Xi and Xj , respectively.

Note this definition is relevant since the infimum in dpxi, Xjq :“ inftdpxi, xjq |xj P Xju

might not be attained. If for each pair of elements Xi and Xj in the partition
Ť

iPI Xi of X
such infimum is attained, the partition is called equidistant.

Proposition A.3. Let f : X Ñ Y a submetry between metric spaces such that X is proper.
Then its fibers are almost equidistant. Moreover, if

Ť

iPI Xi “ X is an almost equidistant
partition of a metric space X, then the projection f : X Ñ Y to its quotient space is a
submetry.

Proof. For the first assertion, let y1, y2 P Y two different elements and define X1 :“ f´1py1q,
X2 :“ f´1py2q. The fiber distance in X is defined as

dpX1, X2q :“ inftdpx1, X2q |x1 P X1u :“ inftdpx1, x2q | for all x1 P X1, x2 P X2u.

Call r :“ dpX1, X2q, r ą 0. Since X is proper, the fibers of f are closed and the infimum
in the definition above is attained. This means there exist x1 P X1 and x2 P X2 such that
dpx1, x2q “ r, in other words, x2 belongs to the closed ball Brrx1s, centered in x1 and radius
r. Since f is a submetry we have that y2 “ fpx2q P fpBrrx1sq “ Brry1s, for all x1 P X1.
Now let x12 P X2. Due to submetry it holds that fpBrrx12sq “ Brry2s Q y1, whence, there
exists x11 P Brrx12s, such that fpx11q “ y1. Then,

dpX1, X2q ď dpX1, x
1
2q ď dpx11, x

1
2q ď r “ dpX1, X2q,

and consequently dpx11, x12q “ r. Thus the fibers of f are almost equidistant (in fact, they
are equidistant since the fibers are closed).



RIEMANNIAN SUBMERSIONS AND SUBMETRIES 65

For the second affirmation, note that for x0 P X and r ě 0, the inclusion fpBrrx0sq Ď

Brrfpx0qs certainly holds since a projection is distance non-increasing. For the other
inclusion, let y P Brrfpx0qs and consider the fibers of y0 :“ fpx0q and y, which belong to
the partition in X, as X0 “ f´1py0q and X1 :“ f´1pyq, respectively. From the definition of
distance in the quotient space we have that

dpy0, yq “ dpX0, X1q “ dpx0, X1q :“ inftR ą 0 |BRrx0s XX1 ‰ ∅u ď r,

where we fixed x0 since the partition given in X is almost equidistant. The definition of
infimum implies that for all integer n ą 0 there exist a number Rn ą 0 such that Rn ď r` 1

n

and BRnrx0s X X1 ‰ ∅. Let xn an element in that intersection, then dpx0, xnq ď r ` 1
n

and fpxnq “ y. Therefore, fpxnq “ y P fpBrrx0sq, hence Brrfpx0qs Ď fpBrrx0sq, since xn
converges when nÑ8, and f is a submetry. �

Proposition A.4. Let M̃ , M be complete Riemannian manifolds and π : M̃ Ñ M a
Riemannian submersion. Then its fibers form an equidistant partition.

Proof. Let X1 and X2 in M̃ two fibers over to y1 and y2 in M , respectively. From the
Hopf-Rinow theorem, let γ : r0, 1s ÑM be a minimizing geodesic between y1 and y2 in M .
Since π is a Riemannian submersion, we can take the horizontal lift γ̃ of γ, starting at an
arbitrary point x1 “ γ̃p0q in the fiber of y1. Since π is distance non-increasing (see [GHL12,
Section 2.C.6]), there is a x2 P X2 which is the endpoint of γ̃. Now, for dpX1, X2q it holds
that

dpX1, X2q ď dpx1, x2q ď Lpγ̃q “ Lpγq “ dpy1, y2q.

Furthermore, the distance between X1 and X2 is realized by a horizontal geodesic whose
projection is a geodesic of the same length, then dpy1, y2q ď dpX1, X2q. From those inequal-
ities, we conclude that dpX1, X2q “ dpy1, y2q and we have proved that the fibers of π are
equidistant. �

Corollary A.5. Every Riemannian submersion between complete Riemannian manifolds
is a submetry.

Proof. The fibers of any Riemannian submersion form an equidistant partition, due to
Proposition A.4. The result follows from Proposition A.3 since every Riemannian submersion
is in particular a map between proper metric spaces. �

A singular Riemannian foliation pM,Fq is called closed if all its leaves are closed.
In such case, the transnormal system condition is equivalent to all the leaves being at
a constant distance from each other. From Proposition A.3 we immediately obtain the
following corollary:

Corollary A.6. Let pM,Fq be a closed singular Riemannian foliation and π : pM,Fq Ñ ∆

the projection to its leaf space. Then π is a submetry.
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Appendix B

Riemannian Orbifolds

In this appendix we introduce some basic definitions of orbifolds, specially the Rieman-
nian ones, which can be pictured like a topological space with singularities, given locally
by the not necessarily free action of a finite group of isometries, and also we talk about
their coverings and fundamental groups. All this notions are explicitly used in Chapter 3,
to prove some homogeneity relations among composed foliations F0 ˝ FC , F0 and FC (see
Propositions 3.7 and 3.10). For a wider exploration in Orbifolds we recommend the following
sources: Thurston [Thu02], Gorodski [Gor14] and Davis [Dav10].

Definition B.1. A metric space X is a Riemannian orbifold if every point x P X admits
a neighborhood U isometric to a quotient M{Γ, where M is a Riemannian manifold and Γ

is a finite group of isometries.

Example B.2. The leaf space S2l´1{FC of a homogeneous Clifford foliation, such as the
ones studied on chapter 3, is barely a Riemannian manifold, but a metric space. In fact, It
turns out this is a Riemannian orbifold, where the sphere pS2l´1, groundq is equipped with
the metric inherited from the Euclidean space and the action is given by isometries of a
connected Lie group G, whose orbits form the foliation FC . For instance, the isometric
induced action of η : Spinpm ` 1q Ñ SOpm ` 1q on DC whose quotient is isometric to
r0, π4 s “ S2l´1{F 1C , where F 1C is the FKM foliation corresponding to the Clifford system C

(see discussion in section 3.1).

In what follows, unless otherwise indicated, we will consider theory for Riemannian
orbifolds since it is the context we are concerned. Reducing spaces to quotients is not the
only way of making more comprehensible a geometrical object; it is also advantageous
considering more general (often simpler) structures which give rise to those spaces we
are interested in. In such direction, covering orbifold spaces and orbifold fundamental
groups allow us analyzing orbifolds, by analogy with manifolds. Roughly speaking, while the
local model for coverings over manifolds are homeomorphisms (isometries in Riemannian
manifolds), an orbifold covering locally looks like a map Rn{Γ̃ Ñ Rn{Γ, where Γ̃ Ď Γ are
groups of isometries on Rn.

Definition B.3. A covering orbifold or orbi-cover of an orbifold O is an orbifold Õ together
with a projection π : Õ Ñ O such that each point x P O has a neighborhood U isometric
to M{G, where M is a Riemannian manifold and G a group of isometries, for which each
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connected component Ui of π´1pUq is isometric to M{Gi for some subgroup Gi Ď G such
that the isometries respect the projection.

It is well known (see, for example, [Thu02]) that every connected orbifold admits an
universal orbi-covering Õ, that is, a space which orbi-covers any other orbi-covering space
of O, and it is unique up to equivalence.
The following two definition works for orbifolds in general, not only Riemannian ones.

Definition B.4. The orbifold fundamental group πorb1 pOq of an orbifold O is the group of
deck transformations of the universal cover Õ —homeomorphisms on Õ which not only
permute the elements on each fiber, but also leave the projection invariant.

Definition B.5. An orbifold is simply connected if it is connected and does not admit a
nontrivial orbi-cover.

Remark B.6. The universal orbi-covering is always simply connected, as in manifolds.
However, notice that orbifolds can be simply-connected in the topological sense without
being simply-connected in the orbifold sense. This indicates that the orbifold fundamental
group is a refinement of the fundamental group for manifolds.

Example B.7. In order to link the last concepts to our study in chapter 3, let us calculate
the fundamental group of the disk 1

2D
10
C (appearing in the proof about non-homogeneity

for the Clifford system of rank 10 on R32, proposition 3.7). Of course, 1
2D

10
C trivially orbi-

covers itself. However, the orbifold 1
2S

10 not only orbi-covers that disk but also it is simply
connected, then it is the universal covering (up to equivalence) for that hemisphere. Thus
the group of deck transformations is πorb1 p1

2D
10
C q – Z2.

Example B.8. Let the cyclic group Zn acting by rotations around a fixed axis on the
sphere S2. The orbit of an element x in the 2-sphere corresponds to n evenly spaced points
in the level circle of x around the fixed axis. The leaf space is a Riemannian orbifold that
looks like an American football ball with a cusp on both extremes, which is topologically a
2-sphere. Furthermore, the universal covering is S2, since it is simply connected and the
identity map is trivially a homeomorphism, whence, its fundamental group is πorb1 pS2q – Zn.
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