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Resumo

É feita uma análise de hidrodinâmica evento-por-evento para colisões de Pb-Pb à energia
incidente de

√
sNN = 2.76 TeV. Estudamos os efeitos de duas equações de estado sob as

mesmas condições iniciais e desacoplamento: uma é caracterizada por um ponto cŕıtico e a
outra é baseada em cálculos de Lattice QCD (Cromodinâmica Quântica). Os observáveis de
interesse são os espectros de part́ıculas em termos da pseudo rapidez e momento transversal,
assim como os coeficientes harmônicos de Fourier que, por sua vez, carregam as anisotropias
iniciais do sistema durante toda a sua evolução. Tais observáveis são calculados e comparados
com dados experimentais do Large Hadron Collider (LHC). Por fim, os cálculos baseados em
parâmetros referentes às energias do LHC são comparados com trabalhos anteriores feitos com
base em dados experimentais do Relativistic Heavy-Ion Collider (RHIC). Os principais métodos
usados no caso anterior são aplicados a este trabalho, o que resulta em algumas diferenças entre
os resultados dos dois tipos de colisão, desde a distribuição de energia inicial a temperaturas
de freeze-out.
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Abstract

We perform an event-by-event hydrodynamic analysis for Pb-Pb collisions at the incident
energy of

√
sNN = 2.76 TeV, also studying the effects of two equations of state under the

same initial conditions and freeze-out scenario: one characterized by a critical point and the
other based on Lattice QCD (Quantum Chromodynamics) calculations. The observables of
interest are particle spectra in terms of pseudorapidity and transverse momentum, as well as
flow harmonics, which are coefficients that carry information on the initial anisotropies of the
system throughout its evolution. Those are computed and compared with experimental Large
Hadron Collider (LHC) data. There are slight differences in the results for each equation of
state, caused by their distinct features. Lastly, the LHC-based calculations are compared with
previous works related to the Relativistic Heavy-Ion Collider (RHIC) experimental data. The
main techniques of the latter are performed in this work, which results in differences between
some aspects in the outcome for each collision type, from initial energy distributions to freeze-
out temperatures.
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Chapter 1

Introduction

The Big Bang theory is one of the most accepted explanations to the beginning of the
Universe. Proposed by LeMâıtre, the latter would have expanded from a state of high energy
density and extreme temperatures. Due to said conditions and the relative small distances, it is
believed that millionths of seconds after the Big Bang, quarks and gluons were asymptotically
free. Such state of matter is denoted Quark-Gluon Plasma. In the year of 2000, the European
Organization for Nuclear Research (CERN) officially announced[1] that compelling evidence
for the existence of a new state of matter had been found. This followed the analysis of many
experimental data collected during 15 years of heavy-ion experiments at the Super Proton Syn-
chrotron (SPS).

In the same year, the Relativistic Heavy-Ion Collider (RHIC) started accelerating gold
atoms to a center-of-mass energy several times higher than before, reaching up to 200 AGeV in
the following years. Later on, Brookhaven National Laboratory claimed to have come upon a
medium where the relevant degrees of freedom, over nuclear volumes, are those of quarks and
gluons, rather than of hadrons[2]. Such is the Quark-Gluon Plasma, a strongly interacting low
viscosity fluid.

Built to smash lead atoms at even higher energies (2.76 ATeV) than its predecessors, the
Large Hadron Collider (LHC) is the present of ultra-relativistic heavy ion collisions. Studies
of the experimental data collected by the ALICE (A Large Ion Collider Experiment), CMS
(Compact Muon Solenoid) and ATLAS (A Toroidal LHC Apparatus) detectors should give
new insight on the QGP properties and perhaps even give signs of new physics.

When studying the collisions of heavy-ions, one should analyze each step separately. First
the nuclei collide at relativistic energies, meaning that they are Lorentz contracted in the beam
direction by a factor of γ = (1− v2)−1/2, where v is their velocity in the laboratory frame. At
such extreme temperature and energy density values, the Quark-Gluon Plasma is thus formed.
The great pressure difference between its core and the vacuum surrounding it makes the QGP
suffer an explosive collective expansion, eventually undergoing a phase transition to a pure
hadronic state as the temperature cools down. At last, the produced hadrons reach the de-
tectors, which is the only piece of concrete information that theoreticians and experimentalists
have to study the whole evolution that precedes this final moment.

Reconstructing the steps of a heavy-ion expansion is no easy task and many models have
been formulated throughout the years. Enrico Fermi was the first to propose the fruitful idea
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of considering the formed matter in thermal equilibrium and apply statistical methods to its
study[3]. His model was based on the statistical weights of each particle species and it failed
to explain the high abundance of pions in relation to kaons. Following the former’s main idea
on thermal equilibrium, Landau suggested that matter expands according the hydrodynamic
equations of motion before hadron emission occurs[4, 5]. From then on, the latter has been
extensively applied in the realm of relativistic heavy-ion collisions, alongside with models of
initial conditions, equations of state and freeze-out scenarios.

In this work we apply event-by-event hydrodynamics to simulate Pb-Pb collisions at√
sNN = 2.76 TeV and compare the resultant observables with LHC data from the ALICE,

CMS and ATLAS detectors. We begin by presenting the necessary ingredients for the calcu-
lation: first, we outline the hydrodynamic equations of motion in section 2.1, followed by an
analysis of the initial conditions generated by Nexus[6] at such high energies. Two equations
of state are then discussed as well as the system’s freeze-out mechanism.

With the main parts set, we proceed on employing the Smoothed-Particle Hydrodynamics
(SPH) method to solve the hydrodynamic equations of motion using the variational princi-
ple. The aforementioned is the core of the Smoothed-Particle hydrodynamic evolution of
Relativistic Heavy-IOn collisions (SPheRIO)[7, 8] numerical code; its outline is the subject of
section 3.3.

Finally, we compare the results to some heavy-ion collision observables, such as charged
particle production in terms of pseudorapidity and transverse momentum as well as flow
anisotropies, lastly comparing them with previous works on RHIC, where we discuss the main
similarities and differences between them.
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Chapter 2

Hydrodynamics and the Collision

2.1 The Equations of Motion

It was previously stated that relativistic hydrodynamics can describe the dynamics of the
expansion that follows a heavy-ion collision, due to the collective behavior of the produced
matter. Hydrodynamics is a long-distance description of what can be either a classical or a
quantum many-body system [9]. Therefore, the phenomena considered in such dynamics are
macroscopic, meaning that a fluid is seen as a continuous medium [10]. Any infinitesimal
fluid element is still large compared to the distance between the molecules in it. That is the
continuum hypothesis. Such assumption implies that the typical scale of the hydrodynamic
variables is way larger than the microscopic scale defined by the interactions between the fluid
components[11]. Local thermodynamic equilibrium, the condition upon hydrodynamic relies,
may thus prevail[12].

In order to obtain the equations of motion of relativistic hydrodynamics, it is necessary
to inquire deeper into the conservation laws governing it. According to Noether’s theorem,
continuous symmetries in a theory lead to conserved quantities, which imply the existence of
conserved currents [9]. For the case at hand, there is symmetry in spacetime translation, which
leads to the conservation of total energy and momentum, whose associated conserved currents
are the energy-momentum tensor T µν . Additionally, the fluid may carry other conserved quan-
tities such as baryon number or charge [13]. In the relativistic case, the number of particles is
not conserved, since the energy is high enough for particle creation and annihilation to occur.
The conservation of baryon number, for instance, leads to the conserved current Jµ. Thus we
shall have:

∂µT
µν = 0, (2.1)

∂µJ
µ = 0. (2.2)

These are the conservation laws of a system described by relativistic hydrodynamics.

We shall consider the fluid in Minkowski space with metric ηµν = diag(1,−1,−1,−1) as
well as c = ~ = kb = 1. Its 4-velocity is defined by uµ = dxµ

dτ
, where τ is the proper time and

xµ(τ) is the trajectory of the fluid element. Hence, taking uµ = (u0, ~u) we must have:
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u0 =
dx0

dτ
= γ,

~u =
dx̃

dτ
= γ~v, (2.3)

where γ = 1√
1−~v2 is the Lorentz Factor and ~v is the velocity of a fluid element with respect

to the laboratory rest frame. Consequently, the fluid velocity is normalized, uµuµ = u2
0−~u2 = 1.

As it was previously mentioned, the assumption of local thermodynamic equilibrium is
valid for the system at hand. That means the fluid element has isotropic properties in its rest
frame. For instance, energy and momentum flux are zero. A nonzero current would define a
direction in space, violating isotropy [11, 12]. In ideal hydrodynamics, baryon flux must be
zero in the proper frame[12].

We define the conserved current Jµ = (n0, ~n), with n0 as the baryon number density and ~n
as the baryon flux. If n is the baryon number density in the fluid’s rest frame, then JµRF = (n, 0).
In order to obtain Jµ in a moving frame, it is necessary to do a Lorentz Transformation:

Jµ = Λµ
νJ

ν
RF . (2.4)

Since Λµ
ν = ∂x′µ

∂xν
:

Λ0
0 = γ Λi

0 = γvi

Λ0
j = −γvj Λi

j = δij + vivj
γ − 1

v2
, (2.5)

with Λ0
j and Λi

j conveniently chosen[13]. Therefore:

J0 = Λ0
νJ

ν
RF = Λ0

0J
0
RF + Λ0

iJ
i
RF = γn,

J i = Λi
νJ

ν
RF = Λi

0J
0
RF + Λi

jJ
j
RF = γnvi,

⇒ Jµ = (γn, γnvi)

⇒ Jµ = nuµ. (2.6)

From ∂µJ
µ = 0 and equation (2.6) above:

∂µJ
µ = ∂µnu

µ = 0,

∂(nγ)

∂t
+∇ · (nγ~v) = 0, (2.7)

which is the continuity equation.

It is worth remarking that Jµ = nuµ is the simplest 4-vector we can write with the quan-
tities n and uµ, without accounting for their derivatives.
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The conserved currents associated with energy-momentum conservation can be written as
a tensor T µν , where each value of ν indicates a component of the 4-momentum and µ corre-
sponds to components of the conserved current [12]. Having established that, T 00 becomes the
energy density, T 0j is the momentum density, T i0 the energy flux along axis i and T ij forms
the momentum flux density tensor – also known as pressure tensor [10, 12].

Firstly, we shall define T µν in the fluid’s proper frame. The components associated with
momentum density and energy flux, T 0j and T i0, thus disappear. T 00 = ε, where ε is the proper
energy density. Since Pascal’s Law is valid in this case, T ijdaj – momentum flux through a
surface element daj – equals the pressure acting in such surface, Pdaj. Hence, T ij = Pδij and
T µν acquires the form:

T µνRF =


ε 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

 . (2.8)

Secondly, consider an inertial frame in which the fluid appears to be moving with velocity
~v. Under a Lorentz transformation T µν shall be written as:

T µν = Λµ
αΛν

βT
αβ
RF . (2.9)

Using equations (2.5) in the expression above (see Appendix A), we finally arrive at T µν ’s
expression for ideal fluids at an arbitrary speed, ~v:

T µν = (ε+ P )uµuν − Pηµν . (2.10)

It is worth noticing that T µν = T νµ.

Under the perfect fluid hypothesis, the energy-momentum tensor and baryonic current
take the forms depicted as equations (2.6) and (2.10). ε = ε(x), P = P (x), uµ = uµ(x) and
n = n(x) are promoted to slowly varying fields. Additionally, an equilibrium equation of state
supplies one with P (T, µ), from which the thermodynamic relations s = ∂P

∂T
, n = ∂P

∂µ
and

ε = −P + Ts+ µn evaluate ε,n and s – entropy density [9].

Given equation (2.1), the projection of T µν in the four-velocity’s direction shall be uν∂µT
µν =

0. Thus:

uν∂µ[(ε+ P )uµuν ]− uν∂µPηµν = 0

.
Recalling that uµuµ = 1,

∂µ[(ε+ P )uµ] + (ε+ P )uµuν∂µu
ν − uµ∂µP = 0

.
Since uν∂µu

ν = 0, one shall have:

∂µ(ε+ P )uµ + (ε+ P )∂µu
µ − uµ∂µP = 0

⇒ uµ∂µε+ (ε+ P )∂µu
µ = 0

⇒ uµ∂µ(−P + Ts+ µn) + (Ts+ µn)∂µu
µ = 0.
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Equation (2.2) and ∂µP = s∂µT + n∂µµ yield:

T (uµ∂µs+ s∂µu
µ) = 0

⇒ ∂µ(suµ) = 0, (2.11)

which is the conservation of entropy density current, sµ = suµ. Locally, entropy does not
increase in ideal hydrodynamics [9]. Hence:

∂µT
µν = 0 ∂µJ

µ = 0

with the conserved currents defined as:

Jµ = nuµ

T µν = (ε+ P )uµuν − Pηµν

consist in the Equations of Motion of Relativistic Ideal Hydrodynamics (EoM). Combined with
the equation of state, P (T, µ) they form a closed system of equations.

2.2 Initial Conditions

The first stage in solving the hydrodynamic equations is setting their initial (IC) and
boundary conditions. The latter demand that energy density and other thermodynamic vari-
ables tend to zero at large distances from the collision center or, in the case of a boost-invariant
system, the collision axis[14].

When the nuclei collide, particles are created and they interact with each other through
complex processes not completely understood. One then assumes that the system eventually
reaches local thermodynamic equilibrium, since hydrodynamics strongly relies on such assump-
tion. Having said that, T µν , Jµ and uµ generated by this microscopic dynamic may not coincide
with those of local equilibrium. Thus, one shall define the local fluid rest frame by solving the
following eigenvalue equation:

T µνuν = εuµ, (2.12)

where uµ is a normalized time-like eigenvector and ε the associated eigenvalue[15, 16]. The
baryon density (and other number densities) in this frame can be calculated by contracting its
respective current with the four-velocity:

n = Jµuµ.

Finally, the remaining thermodynamic quantities are obtained using the equation of state.

The assumption of highly symmetric and smooth IC was commonly used for many years
in high-energy nuclear collisions. However, the system’s finite size implies in large fluctuations
varying from event to event at its initial stage. Their effects on observables – in particu-
lar, elliptic flow (Chapter 4) – were firstly accounted for by the NexSPheRIO group[16]. The
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use of such fluctuating IC became mandatory with the observation of higher order flows (see
Chapter 4), notably triangular flow, as suggested in [17, 18], their appearance from a wide
range of centralities[19, 20] to even the most central collisions[21, 22] as well as factorization
breaking[23], structures in two-particle correlations[24, 25], etc. This new approach is called
event-by-event hydrodynamics.

In the event-by-event method, one solves the hydrodynamic EOM for each event and cal-
culates the observables, taking their mean value at the end. This closely mimics what is done
experimentally.

Figure 2.1: Initial conditions generated by Nexus[6] for central Pb-Pb collisions at 2.76A TeV. Top:
energy density (in GeV/fm3) measured in the transverse plane (ηs = 0) for one random event (left)
and an average over 100 random ones (right). Bottom: energy density measured in the longitudinal
plane (x = 0) for the same random event (left) and the average over 100 events (right).

In this work, we take the Nexus[6] event generator and adopt the event-by-event approach.
The former is based on the effective field theory of Regge-Gribov, where the multiple inter-
actions happening between hadrons are represented by exchanging phenomenological objects
called Pomerons. The aforementioned Nexus code gives as output the energy-momentum ten-
sor T µν(x), alongside with uµ and the conserved currents JµB(x), JµQ(x) and JµS (x), where B,
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S and Q represent baryon number, strangeness and electric charge, respectively. It provides
the said quantities at a certain time τ0, when the system is supposedly in equilibrium and
hydrodynamics dictates its evolution. In this work we take τ0 = 1 fm.

Figure 2.1 shows examples of energy densities of both single-event IC (left side) and
smoothed ones (right side) for a central Pb+Pb collision at 2.76A TeV, where ηs = 1

2
ln( t+z

t−z )
is the space-time rapididy, which we shall discuss in more detail in Appendix B. It is worth
noticing that the smoothed IC are an average over many single-events and an approximation
of what was done prior to event-by-event calculations.

When taking the energy density graphs portrayed on the left side of Fig.2.1, it is easy to see
the fluctuations characteristic of a single-event IC. Those are, in fact, due to geometrical fluc-
tuations in the distribution of nucleons, as well as particle production resultant of collisions[6].
The right side, on the other hand, shows most of the energy concentrated on the center with
its value decreasing continuously the further one goes to the edge. As previously mentioned,
such fluctuations will carry their effects on the subsequent computations of observables.

We should remark that the Nexus code has an upper limit for the incident energy of
colliding nuclei – caused by computational limitations –, which was found to be 2 TeV. However,
it is rather simple to scale the 2 TeV IC to the actual LHC beam energy of 2.76 TeV, as we
shall discuss in Chapter 4.

2.3 Equations of State

An equation of state (EoS) is defined as a functional relation between thermodynamic vari-
ables characterizing a medium[12]. In the realm of heavy-ion collisions, those quantities ε, P ,
T , µB, etc., which are representative of the hot and dense produced matter, cannot be directly
measured. Hence, different EoS are used in the model calculations in order to determine the
one that coherently reproduces the observables, thus leading to a correct description of the
data[14, 26].

In this work we adopt two distinct EoS: the first is a parametrization with a critical
point of a first-order phase transition equation of state (CPEoS)[16, 26], whereas the second is
inspired in Lattice Quantum Chromodynamics results (LattEoS)[27]. The next step consists in
a discussion of both EoS, followed by a comparison between them.

2.3.1 Equation of State with Critical Point (CPEoS)

The title’s equation of state was primarily developed in [16] as a first-order phase transi-
tion type, which connected a high-temperature QGP phase with a low-temperature hadronic
one. Later on, a critical end point was implemented in [26] with the purpose of incorporat-
ing what was then known about quark-hadron phase transition. The EoS was defined for µ 6= 0.

With the quark-gluon plasma’s cooling, the system reaches a confined phase where the
degrees of freedom are bound states of quarks and gluons, usually hadrons[28]. Due to the non-
perturbative nature of such system, describing its dynamics is no trivial task. In the regime
of high energies, however, one may treat the particles and its interactions as a quantum ideal
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gas[16]. By virtue of the wave function’s symmetry properties, the former’s quantum state is
fully characterized by the set of occupation numbers[29]:

{n̄1, n̄2, . . . , n̄j, . . . } ≡ {n̄j}, (2.13)

where n̄j represents the number of particles in orbital j. In the case of fermions, n̄j = 0 or
1, while for bosons, n̄j could assume any value from 0 to N , with N as the total number of
particles. The energy of said system is given by:

E =
∑
j

εjn̄j. (2.14)

Taking the context of the grand canonical ensemble, which represents a system in thermo-
dynamic equilibrium, the grand partition function has the following expression:

ln Ξ = ±
∑
j

ln{1± exp(−β(εj − µ))} (2.15)

and the sum is over all single-particle quantum states. Additionally, the ± represents the
statistics of Fermi-Dirac (+) and Bose-Einstein (−) and β = 1/T . In the thermodynamic limit:

ln Ξ = ±g V

(2π)3

∫
d3p ln{1± exp(−β(ε(p)− µ))}, (2.16)

where g is degeneracy factor, V the systems volume and ε(p) =
√
p2 +m2, with p as the

momentum of the particle and m as its mass. In the aforementioned limit, the pressure of
particle j at temperature T with chemical potential µj is given by:

Pj(T, µj) = ± 1

β
lim
V→∞

1

V
ln Ξ. (2.17)

Thus,

Pj(T, µj) =
±gj
β(2π)3

∫
d3p ln{1± exp(−β(εj(p)− µj))}. (2.18)

Integrating in spherical coordinates:

Pj(T, µj) =
±gj
β(2π)3

4π

∫ ∞
0

p2 ln(1± e−β(εj(p
2)−µj))dp.

Integrating by parts shall yield the following result:

Pj(T, µj) =
gj

6π2

∫ ∞
0

p4√
p2 +m2

j

1

eβ(εj−µj) ± 1
dp, (2.19)

with mj as the j-th particle’s mass.

The total pressure of a hadron gas has the subsequent expression:

PHG(T, µ) =
∑
j

Pj(T, µj), (2.20)

which is a sum over all particle species and resonances. In order to get a practical application
to hydrodynamics, we set all number densities save the baryonic one to be null everywhere[16].
Hence, µj = BjµB, with B as the baryon number. The equation above becomes:
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PHG(T, µB) =
∑
j

gj
6π2

∫ ∞
0

p4√
p2 +m2

j

1

eβ(εj−BjµB) ± 1
dp. (2.21)

The baryon number is defined as B = 1
3
(q − q̄), where q and q̄ represent the numbers of quark

and anti-quarks respectively. For mesons, B = 0 whereas for baryons −1 < B < 1. It is also
important to remark that mesons are bosons while baryons are fermions. Knowing that, we
shall rewrite PHG:

PHG(T, µB) =
∑
j

{fermions}

gj
6π2

∫ ∞
0

p4√
p2 +m2

j

1

eβ(
√
p2+m2

j−BjµB) + 1
dp

+
∑
j

{bosons}

gj
6π2

∫ ∞
0

p4√
p2 +m2

j

1

eβ
√
p2+m2

j − 1
dp. (2.22)

From the analysis of thermal models, it becomes clear that the ideal gas approach requires a
modification to adjust the size of the system[16]. Since the volume to fit the particle abundances
is found to be small, one should then introduce the excluded-volume correction, represented by
the coupled equations below[16]:

PHG(T, µB) =
∑
j=1

P id
j (T, µ̄j), (2.23)

µ̄j ≡ µj − υjPHG, (2.24)

where υj is the excluded volume of the j-th hadron species and P id
j (T, µ̄j) corresponds to the

pressure in expression (2.19). The remaining thermodynamic variables are calculated with the
relations:

nB =

(
∂PHG
∂µB

)
V,T

=
∑
j

(
∂Pj
∂µB

)
=
∑
j

Bjnj, (2.25)

with nj as the j-th particle baryon number density. As for energy and entropy densities:

s =
∂PHG
∂T

,

ε = −PHG + Ts+ µnB.

In regard to the resonances included in the hadron gas, all meson and baryon masses
smaller than 1.5 GeV and 2 GeV, respectively, are taken into consideration. Resonance widths
are not included[16]. We shall move on to the equation for the QGP phase.
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Quantum Chromodynamics (QCD) is thought to possess two striking features: asymp-
totic freedom and confinement. The first dictates that particle interactions weaken at shorter
distances. The second, on the other hand, states that quarks and gluons cannot be found as
isolated objects. However, as energy and temperature increase, a phase transition may occur
to a state where the degrees of freedom correspond to the color charged particles themselves
[14]. Such stage is the aforementioned Quark-Gluon Plasma.

Taking the QCD properties cited above into consideration, the MIT Bag Model[30] assumes
that quarks and gluons are asymptotically free inside hadrons, which is a simple approach to
describe the latter’s structure. It proposes that strongly interacting particles consist of fields
confined to a finite region of space that possesses a constant positive potential energy per unit
volume, B [31]. One calls such region a bag. Boundary conditions ensure that fields vanish
outside it.

This MIT Bag description of a hadron as fields confined to a volume V could be extended
as means of computing an EoS for the QGP phase[16]. In that case, the QGP will be taken as
an ideal quark-gluon gas restricted by V , with total energy given by[30]:

E = Er + BV
⇒ ε = εr + B, (2.26)

where Er and εr are, respectively, the gas internal energy and energy density. Additionally, the
pressure will take the form:

P = Pr − B. (2.27)

Combining the expression above with (2.21) will yield the following equation for QGP
pressure:

PQGP =
∑
j

gj
6π2

∫ ∞
0

p4√
p2 +m2

j

dp

eβ(
√
p2+m2

j−µj) ± 1
− B. (2.28)

The sum is over gluons and up, down and strange quarks. One may write it more explicitly as:

PQGP =
∑

{u,ū,d,d̄,s,s̄}

gj
6π2

∫ ∞
0

p4√
p2 +m2

j

dp

eβ(
√
p2+m2

j−BjµB) + 1

+
gG
6π2

∫ ∞
0

p3

eβp − 1
dp− B, (2.29)

where gj = 2× 3 and gG = 2× 8. Then, neglecting the masses of the up and down quarks,

PQGP =
∑
{u,ū,d,d̄}

gj
6π2

∫ ∞
0

p3dp

eβ(p−BjµB) + 1
+

gG
6π2

∫ ∞
0

p3

eβp − 1
dp

+
∑
{s,s̄}

gj
6π2

∫ ∞
0

p4√
p2 +m2

j

dp

eβ(
√
p2+m2

j−BjµB)
− B. (2.30)
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In this work we adopt the bag constant value as B = 380 MeV/fm3[16].

As the Quark-Gluon Plasma cools down, confinement wins over and, consequently, the
degrees of freedom correspond to the formed hadrons. The type of phase transition between
QGP and HG varies with the value of µ[26, 32].

Let µ ∼ 0. Current QCD simulations with non-zero quark masses indicate the transition
as an analytical crossover[33]. Put differently, at a certain temperature interval, the thermody-
namic variables rapidly change without any singularities.

Consider now the opposite: µ is large and finite. Many works, like [32, 34] , show that a
first order phase transition should occur. Such is characterized by a sharper change, a “jump”
(for example in energy density) from one state to another[26]. For the physical strange quark
mass, the said transitions for varying µ must connect, suggesting the existence of a critical end
point C in the phase diagram, with attributed µc and Tc values.

HG

QGP

μc
μB

Tc

T

Figure 2.2: Illustrative µB-T phase diagram. Coordinate (µc, Tc) is the critical point, represented by
the red dot. For µB < µc, the phase transition is of crossover type (dashed line); on the other hand,
µB > µc, there is a first order phase transition (continuous line).

We introduce a phenomenological parameterization of the phase transition[26]:

(P − PQGP )(P − PHG) = δ(µB), (2.31)

with

δ(µB) = δ0exp

[
−
(
µB
µc

)2
]
. (2.32)

Combining both expressions above yields a second degree equation in P :

P 2 − (PQGP + PHG)P + PQGPPHG − δ(µB) = 0,

with solutions:

P =
1

2

[
(PQGP + PHG)±

√
(PQGP − PHG)2 + 4δ(µB)

]
.
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If µB � µc, δ(µB) should approach 0. In that case, the solutions above would be P = PQGP
(positive sign) and P = PHG (negative sign). As previously mentioned, for large values of
µB, the phase transition should be of first order. Hence, PHG(T, µB) = PQGP (T, µB) when
both states are in equilibrium. When considering this situation, it is possible to choose either
solution. For all subsequent calculations, we take the one with positive sign. Thus, by defining:

λ ≡ 1

2

[
1− (PQGP − PHG)√

(PQGP − PHG)2 + 4δ(µB)

]
, (2.33)

one can write the pressure in terms of λ:

P =
1

2

[
−(PQGP − PHG) + 2PQGP +

√
(PQGP − PHG)2 + 4δ(µB)

]
=

1

2

√
(PQGP − PHG)2 + 4δ(µB)

[
1− (PQGP − PHG)− 2PQGP√

(PQGP − PHG)2 + 4δ(µB)

]
= λ

√
(PQGP − PHG)2 + 4δ(µB) + PQGP .

Adding and subtracting 2δ(µB)√
(PQGP−PHG)2+4δ(µB)

,

P = PQGP +
2δ(µB)√

(PQGP − PHG)2 + 4δ(µB)
+ λ
√

(PQGPPHG)2 + 4δ(µB)

− 2δ(µB)√
(PQGP − PHG)2 + 4δ(µB)

= PQGP +
2δ(µB)√

(PQGP − PHG)2 + 4δ(µB)
+
λ[(PQGP − PHG)2 + 4δ(µB)]− 2δ(µB)√

(PQGP − PHG)2 + 4δ(µB)
.

By using (2.33) and simplifying, one arrives at the following result:

P = λPHG + (1− λ)PQGP +
2δ(µB)√

(PQGP − PHG)2 + 4δ(µB)
. (2.34)

In order to compute nB, one must use the thermodynamic relation:

nB =

(
∂P

∂µB

)
T

=
∂

∂µB
(PHGλ) +

∂

∂µB
(1− λ)PQGP

+
∂

∂µB

[
2δ(µB)√

(PQGP − PHG)2 + 4δ(µB)

]
. (2.35)

We shall evaluate each term separately. Firstly:

∂

∂µB
(PIλ) = λnI + PI

∂λ

∂µB
,

where I could stand for either HG or QGP, and
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∂λ

∂µB
= −1

2

{
(nQGP − nHG)

[
(PQGP − PHG)2 + 4δ(µB)

]−1/2

− 1

2
(PQGP − PHG)

[
2(PQGP − PHG)(nQGP − nHG)

+ 4(−2)(µB/µ
2
c)δ(µB)

] [
(PQGP − PHG)2 + 4δ(µB)

]−3/2 }
.

Secondly, we take the derivative of the remaining term:

∂

∂µB

[
2δ(µB)√

(PQGP − PHG)2 + 4δ(µB)

]
= 2(−2)

(
µB
µ2
c

)
δ(µB)

[
(PQGP − PHG)2 + 4δ(µB)

]−1/2

− δ(µB)

[
2(PQGP − PHG)(nQGP − nHG)− 8

(
µB
µ2
c

)
δ(µB)

] [
(PQGP − PHG)2 + 4δ(µB)

]−3/2
.

Substituting the expressions above in (2.35) and simplifying shall result in:

nB = λnHG + (1− λ)nQGP −
2(µB/µ

2
c)δ(µB)√

(PQGP − PHG)2 + 4δ(µB)
. (2.36)

Knowing that s = ∂P
∂T

, we can compute the entropy density:

s =
∂

∂T
(PHGλ) +

∂

∂T
(1− λ)PQGP +

∂

∂T

[
2δ(µB)√

(PQGP − PHG)2 + 4δ(µB)

]
(2.37)

We take each term’s derivative separately:

∂λ

∂T
= −1

2

[
(sQGP − sHG)√

(PQGP − PHG)2 + 4δ(µB)
− (PQGP − PHG)(sQGP − sHG)

[(PQGP − PHG)2 + 4δ(µB)]3/2

]
and

∂

∂T

[
2δ(µB)√

(PQGP − PHG)2 + 4δ(µB)

]
=

(−2)δ(µB)(PQGP − PHG)(sQGP − sHG)

[(PQGP − PHG)2 + 4δ(µB)]3/2
.

By substituting in (2.37) and simplifying, we shall then have:

s = λsHG + (1− λ)sQGP . (2.38)

Finally, we use ε = −P + Ts+ µBnB to find the expression for energy density:

ε = λεHG + (1− λ)εQGP −
2 [1 + (µB/µc)

2] δ(µB)√
(PQGP − PHG)2 + 4δ(µB)

. (2.39)

CPEoS is now complete and can be used as input in the EoM of hydrodynamics.
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2.3.2 Lattice QCD Equation of State (LattEoS)

Lattice simulations of QCD are able to depict the dynamics of strongly interacting matter
non-perturbatively. Hence, a lattice QCD-based equation of state should be a fundamental
ingredient in the evolution of heavy ion collisions, particularly of the Quark-Gluon Plasma.

EoS computations on the lattice at finite temperatures are performed using a fixed tem-
poral extent Nτ and the temperature is varied by changing lattice spacing T = 1/(Nτa) [27].
Therefore, hadron masses, which are dependent on temperature, also alter with lattice spac-
ing (a). Since with decreasing T , a increases, the result shows a discrepancy between lattice
calculations and predictions of the hadron resonance gas (HRG) model – in this case, there is
no excluded volume correction. Other differences arise due to the quark masses used in lattice
QCD being a factor of two larger than the physical ones [27].

HRG model is an useful tool for studying the high number of particles produced in heavy
ion collisions, up to a certain temperature limit. At the same time, lattice spacing for high T
diminishes discretization errors, making lattice QCD calculations at such regime more accurate.
The resulting EoS is an interpolation between hadron resonance gas at low T and lattice QCD
at high T .

Energy and entropy density as well as pressure have their values computed by calculating
the trace anomaly of the energy-momentum tensor, defined as Θ(T ) ≡ T µµ = ε − 3P (T ).
Alongside with s = (ε + P )/T for nB = 0 (which is the case for the EoS at hand) and
s = ∂P/∂T , one should have:

ε− 3P = Θ,

ε+ P = T
∂P

∂T
.

Subtracting one from the other:

Θ = T
∂P

∂T
− 4P.

Multiplying by T 5/T 5:

Θ = T 5 1

T 4

∂P

∂T
+ T 5P (−4)

1

T 5

Θ = T 5∂(P/T 4)

∂T
. (2.40)

Hence, the pressure difference at temperatures T and Tlow is expressed as the integral of the
trace anomaly:

P (T )

T 4
− P (Tlow)

T 4
low

=

∫ T

T low

dT ′

T ′5
Θ(T ′). (2.41)

If one chooses the lower integration limit sufficiently small, P (Tlow) can be ignored due to
exponential suppression. The remaining thermodynamic quantities, energy and entropy density
are computed using ε(T ) = Θ(T ) + 3P (T ) and s(T ) = (ε+ P )/T , respectively.
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In the high temperature region, T > 250 MeV, the trace anomaly can be accurately calcu-
lated using lattice QCD. Since discretization effects influence lattice calculations at low tem-
peratures, T . 180 MeV, the HRG model is used in that regime. Such is no longer reliable
in the intermediate temperature region 180 MeV . T < 250 MeV, whereas a could still have
a large value. Therefore, one constrains the trace anomaly in this interval by the value of the
entropy density at high T [27].

QCD calculations of entropy density on the lattice (Nτ = 6 and Nτ = 8) deviate from
the ideal gas limit in 5-10% for T = 800 MeV [27, 35]. Hence, when parametrizing the trace
anomaly, the entropy density was required to be below the ideal gas limit by either 5% or 10%
[27]. In this work, we chose the EoS parameterization with s at 95% of the ideal value at the
highest temperature (T = 800 MeV).

In the high T regime, Θ(T ) can be represented by an inverse polynomial form. The
following Ansatz was used [27]:

Θ(T )

T 4
=
ε− 3P

T 4
=
d2

T 2
+
d4

T 4
+

c1

T n1
+

c2

T n2
. (2.42)

The table below depicts the parameter values:

d2(GeV2) d4(GeV4) c1(GeVn1) c2(GeVn2) n1 n2 T0(MeV)

0.2660 2.403× 10−3 −2.809× 10−7 6.07× 10−23 10 30 183.8

Table 2.1: Parameter values for Θ(T ) at high T .

where T0 is the temperature at which the parameterization above matches the HRG model.
Trace anomaly as well as its first and second derivatives are required to be continuous in order
to such matching occur. The HRG result for Θ(T ) is the following parameterization:

ε− 3P

T 4
= a1T + a2T

3 + a3T
4 + a4T

10, (2.43)

with parameter values:

a1(GeV−1) a2(GeV−3) a3(GeV−4) a4(GeV−10) P (Tlow)/(Tlow)4

4.654 −879 8081 −7.039× 106 0.1661

Table 2.2: Parameter values for Θ(T ) at low T .

Finally, the EoS for both regimes is calculated by integrating equations (2.42) and (2.43),
as in expression (2.41). The temperature interval 170 MeV < T < 220 MeV defines the region
of transition[27]. For T < 170 MeV, the LattEoS agrees with the HRG model, hence this choice
of lower limit. Rapid rise of entropy and energy density stops roughly at 220 MeV, from then
on the variations of the said quantities will become smooth.

The heavy-ion collisions happening in both LHC and RHIC (at 200 AGeV) are expected to
have small µ, hence the use of the lattice-based EoS discussed in this section in hydrodynamic
codes. The EoS depicted in [36] is a recent (2014) development, where P is Taylor-expanded
in chemical potentials for the sake of extending lattice QCD calculations to the µ 6= 0 case.
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2.3.3 Comparison between EoS

Having presented both EoS used in this work, we shall proceed on comparing them. Such
analysis comprises a discussion on three stages of the hydrodynamic expansion of two colliding
nuclei: Quark-Gluon Plasma, Hadron Gas and the phase transition between them.

In the low temperature regime, both EoS at hand agree on the Hadron Gas (HG) approach,
as it can be clearly seen in Fig.2.3. CPEoS makes use of the Grand Canonical Ensemble in
order to calculate pressure and other thermodynamic quantities, by considering the produced
particles as an ideal quantum gas. While LattEoS applies the same idea, it parameterizes the
trace anomaly as to coincide with the HG model for low T . The matching, however, stops here.

Figure 2.3: Left column: Comparison between LattEoS and CPEoS with µB = 0 for ε, s and P
as functions of T . Both base themselves in a HG model for low T , hence the curves coinciding in
this regime. On the other hand, LattEoS utilizes lattice QCD whereas CPEoS employs the MIT Bag
model for the QGP. Right column: Graphs of LattEos for µB = 0 and CPEoS for µB = 0.25 as
means of illustrating the sharper behavior of the latter’s curve in the phase transition region.

Taking the QGP dominion (high T ), LattEoS is defined up to the value of T = 800 MeV.
Even though CPEoS is shown to only reach up to T = 350 MeV, we can easily make use of
eq.(2.30) to compute thermodynamic quantities for collisions with higher multiplicity. Aside
from that, the former utilizes lattice simulations of QCD, thus treating the QGP non-perturbatively,
while the latter bases itself on the MIT Bag model, which considers the particles in such regime
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as an ideal quark-gluon gas with a bag constant.

Figure 2.4: First row: Comparison between LattEoS and CPEoS with µB = 0 for ε/T 4 and 3P/T 4

as functions of T . The dashed lines represent the interval 170 MeV < T < 220 MeV which delimits
the region where a phase transition could occur for LattEoS. Second row: Both EoS are plotted as
means of comparing the differences in the phase transition region of CPEoS for µB = 0 and µB = 0.25.
Furthermore, it is clear to see the slight discrepancy in the phase region between CPEoS at non-zero
µB value and LattEoS.

As expected from the previous subsection on CPEoS, the equation’s phase transition ap-
proaches a first order type for larger values of µB, whereas in the case µB = 0 the curve is
smoother as it is characteristic of a crossover type of transition. LattEoS, however, treats the
said stage by constraining its trace anomaly by the value of entropy density at high tempera-
tures (discussed in section 2.3.2). Hence the difference in slope for each curve.

Furthermore, there is discrepancy in the temperature interval delimiting the phase transi-
tion. For LattEoS, such is chosen between 170 MeV < T < 220 MeV, represented by the dashed
lines in Fig.2.4. In the CPEoS µB = 0 case, for instance, the transition should occur between
T ∼ 150 MeV and T ∼ 168 MeV. It is worth remarking that for µB = 0.25 the phase transition
interval diminishes. When taking the graphs in the bottom row of Fig.2.4, the transition from
HG to QGP should happen between T ∼ 153 MeV and T ∼ 160 MeV. Aside from that, the
low temperature region ceases to coincide perfectly with LattEoS.

The differences presented in this section have influence on determining certain parame-
ters and computing results. Their effects shall be discussed in Chapter 4, where the latter is
displayed.

2.4 Cooper-Frye Decoupling Mechanism

The expanding matter leads to the rapid increase in the mean free path of particles. That
is to say, the system is changing from being strongly coupled to being weakly coupled until it
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consists of substantially free streaming particles. Such stage in the evolution of matter is defined
as thermal or kinetic freeze-out[14]. This work shall adopt the Cooper-Frye description[37] to
model the said decoupling process. Other methods such as continuous emission and transport
model will not be addressed.

The approach mentioned above assumes that the hadronic fluid suddenly stops interacting
when the temperature falls to a decoupling value. Furthermore, it relies on the assumption
of the particle momentum distribution being unaffected by the system’s decoupling. In other
words, the particle spectrum is evaluated on the freeze-out hypersurface σ characterized by:

Tfo = T (t, x, y, z), (2.44)

where Tfo is called freeze-out temperature. We shall address how these isotherms are deter-
mined in Chapter 4.

In order to compute the momentum distribution of the particles crossing σ, one shall begin
by portraying a many-body system as a collection of world lines. Let dσµ be the surface’s
normal four-vector at some space-time point xµ and Dp = 2θ(p0)δ(p2−m2)d4p the four-volume
in momentum space restricted to the mass-shell, centered on pµ. The net number of lines
transiting across dσµ is, thus, given by:

dNW = fW (x, p)pµdσµDp, (2.45)

where fW (x, p) is the word line distribution function. Since σ is, in general, an arbitrary hyper-
surface, dNW may not coincide with the net number of particles in said infinitesimal volume
of the phase-space at a certain time, dN [38]. In other words, when σ is space-like, its normal
vector is time-like and dσµp

µ > 0, meaning that particles are leaving the surface. In such case,
dNW = dN . However, if σ is time-like, one can have either dσµp

µ > 0 or dσµp
µ < 0. In the

latter, particles are actually returning to the fluid, causing dNW 6= dN [39]. In this work, with
fluctuating initial conditions, the number of returning particles is assumed to be negligible [40].

With dNW = dN , fW (x, p) should be the standard one-particle distribution function. In
accordance to that, one has the following expression for the net number of particles crossing σ
at a certain time t, with given four-momentum between pµ and pµ + Dp:

dN = f(x, p)pµdσµDp, (2.46)

whose integral

N =

∫
Dp

∫
σ

f(x, p)pµdσµ (2.47)

counts the total number of emitted particles. One can also write it as the following:

N =

∫
2θ(p0)δ(p2 −m2)d4p

∫
σ

f(x, p)pµdσµ

=

∫
2θ(p0)δ(p2

0 − ~p 2 −m2)d4p

∫
σ

f(x, p)pµdσµ

Since E2 = ~p 2 +m2, N can be expressed as:
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N =

∫
2θ(p0)δ(p2

0 − E2)d4p

∫
σ

f(x, p)pµdσµ.

Knowing that δ(x2 − a2) = 1
2|a|(δ(x+ a) + δ(x− a)):

N =

∫
2θ(p0)

1

2E
(δ(p0 + E) + δ(p0 − E))d4p

∫
σ

f(x, p)pµdσµ,

with θ(p0) = 0, if p0 < 0 or θ(p0) = 1, if p0 > 0, one shall finally have:

N =

∫
d3p

E

∫
σ

f(x, p)pµdσµ. (2.48)

Alternately, (2.48) can give the particle distribution in momentum space:

E
dN

d3p
=

∫
σ

f(x, p)pµdσµ, (2.49)

which is the said Cooper-Frye formula[37]. Due to the fluid being in local thermodynamic
equilibrium as well as the assumption that there is no change in f(x, p) during the decoupling
process, the latter can be expressed as:

f(x, p) =
g

2π3

1

(e(pµuµ−µB)/T ± 1)
, (2.50)

where the positive sign indicates a Fermi-Dirac distribution, while the negative one, a Bose-
Einstein distribution; g is the degeneracy factor associated to the particle to be considered.
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Chapter 3

On NexSPheRIO

3.1 The SPH Method

In Section 2.1, we derived a non-linear set of differential equations to describe ideal rela-
tivistic hydrodynamics. Due to their nature and the extremely complex medium caused by the
IC fluctuations, it is no trivial task to solve those equations analytically, making numerical com-
putation a desirable path to follow. In heavy-ion collisions, we take the hydrodynamic approach
in order to infer information on its two main ingredients, the IC and EoS, from comparisons
with experimental data. In this work, we adopt the Smoothed-particle Hydrodynamics (SPH)
computational method, as introduced in [41] and [42] in order to study astrophysical problems.
The aforementioned can lead to a very precise solution of the hydrodynamic equations[43].

The SPH approach allows the study of system configurations with any geometry, as well as
the possibility of smoothing out unwanted local degrees of freedom. It is, therefore, a perfect
fit to the variational formalism[7]. The basic idea of this method is to introduce a set of
“particles” characterized by their Lagrangian coordinates {~ri}, which move with the fluid. In
order to achieve that, we shall begin by considering the physical extensive quantity A, with
corresponding density distribution a(~r, t). We can write the latter as:

a(~r, t) =

∫
a(~r ′, t)δ(~r − ~r ′)d3~r ′. (3.1)

In a first approximation, one should substitute δ(~r−~r ′) by a kernel function W , with with
finite support h and properties:

∫
W (~r − ~r ′;h)d3~r ′ = 1, (3.2a)

lim
h→0

W (~r − ~r ′;h) = δ(~r − ~r ′), (3.2b)

which allows for expressing a(~r, t) as:

a(~r, t)→ ã(~r, t) =

∫
a(~r ′, t)W (~r − ~r ′;h)d3~r ′. (3.3)

The density ã(~r, t) is a smoothed a(~r, t). W introduces a short-wavelength cut-off filter in the
Fourier representation of ã(~r, t)[7]. For a practical application, one may reduce the degrees of
freedom, by replacing the integral in (3.3) with a sum over a finite and discrete set of points,
{~ri, i = 1, . . . , N}[16]:
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ã(~r, t)→ aSPH =
N∑
i

AiW (~r − ~ri;h), (3.4)

with weights Ai. Summing it all up:

a(~r, t)→ aSPH =
N∑
i

AiW (~r − ~ri;h). (3.5)

The latter is an ansatz which approximates a(~r, t) as a sum of finite dynamic “particles” with
coordinates ~ri, carrying the quantity Ai. Due to property 3.2a,∫

aSPH(~r, t)d3~r =
N∑
i

Ai,

with

Atot =
N∑
i

Ai

as the total amount of A in the system.

Since we deal with more than one extensive physical quantity in hydrodynamics, we choose
a conserved quantity as the reference density, ρ, when applying the aforementioned method.
The representation of ρ in the SPH form is

ρSPH(~r, t) =
N∑
i

%iW (~r − ~ri(t);h), (3.6)

where ~ri = ~ri(t) is the trajectory of the i-th “SPH particle and the weights {%i} are constant
in time. In that case, the time derivative of ρSPH ,

∂

∂t
ρSPH(~r, t) =

N∑
i

∂

∂t

(
%iW (~r − ~ri(t);h)

)
,

takes the value

∂

∂t
ρSPH(~r, t) =

N∑
i

%i
d

dt
W (~r − ~ri(t);h)

= −
N∑
i

%i
d~ri(t)

dt
∇ ·W (~r − ~ri(t);h).

Since d~ri(t)
dt

= ~vi(t), the expression above becomes:
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∂

∂t
ρSPH(~r, t) = −

N∑
i

%i~vi(t)∇ ·W (~r − ~ri(t);h)

= −∇ ·
N∑
i

%i~vi(t)W (~r − ~ri(t);h)

= −∇ ·~jSPH(~r, t),

where

~jSPH(~r, t) =
N∑
i

%i~vi(t)W (~r − ~ri(t);h) (3.7)

is the SPH representation of ρ’s current density, ~j = ρ~v. Therefore, ρSPH satisfies the continuity
equation:

∂

∂t
ρSPH +∇ ·~jSPH = 0, (3.8)

as expected.

It is rather simple to calculate other extensive quantities, such as A. Taking a as its density,
then the amount of A carried by particle i for the unit reference ρ is:

Ai = %i

(
a

ρ

)
i

, (3.9)

so that the density distribution a(~r, t) becomes:

a(~r, t)→ aSPH(~r, t) =
N∑
i

(
a

ρ

)
i

%iW (~r − ~ri(t);h). (3.10)

Physically speaking, we are replacing a continuous fluid by a set of the so called “SPH par-
ticles”. Moreover, we take the associated coordinates {~ri(t)} as variational degrees of freedom.
Their equations of motion are thus obtained by minimizing the action for the hydrodynamic
system.

Since we are interested in relativistic hydrodynamics, it is highly convenient to extend the
variational procedure to a general coordinate system, as in Appendix C. Hence the action for
a relativistic fluid motion (from (C.9)):

I = −
∫
d4x
√
−gε, (3.11)

with constraints for conserved entropy (C.10) and baryon (C.11) densities:

(suµ);µ =
1√
−g

∂µ
(√
−gsuµ

)
= 0, (3.12)

(nuµ);µ =
1√
−g

∂µ
(√
−gnuµ

)
= 0. (3.13)

23



Let s∗ and n∗ be the entropy and baryon densities in a space-fixed frame. From expression
(3.6), we may parameterize

√
−gsγ = s∗ → s∗SPH =

∑
i

νiW (~r − ~ri(τ)), (3.14)

√
−gnγ = n∗ → n∗SPH =

∑
i

βiW (~r − ~ri(τ)), (3.15)

Since ∫
d3~rW (~r − ~ri) = 1, (3.16)

the total entropy and baryon number are

S =

∫
d3~r
√
−gsγ =

∑
i

νi, (3.17)

B =

∫
d3~r
√
−gnγ =

∑
i

βi. (3.18)

Analogously to (3.6), νi and βi are, respectively, the amount of entropy and baryon number
carried by the i-th particle.

Since it is expected that most of the energy content is of non-baryonic nature (mostly
pions), particularly in mid-rapidity regions (definition on Chapter 4), n is not suitable to be
used as the reference density (ρ) in SPH representation[8]. Instead, the role falls on s, which
does not vanish in the region of interest. We have also stated in Appendix B that τ is a more
convenient coordinate to employ in the study of heavy-ion collisions, hence ~ri = ~ri(τ). In a
generalized coordinate system, we use the notation τ = x0 and γ = u0. The latter’s generalized
expression can be computed using

uµu
µ = 1,

gµνu
νuµ = 1.

We take the metric tensor as

(gµν) =

(
g00 0
0 −g

)
(3.19)

whose time-like coordinate is orthogonal to the space-like ones in order to unambiguously define
the conserved quantity s[16]. Also, −g is the 3× 3 space part of gµν . In this case,

gµνu
νuµ = g00u

0u0 − gijuiuj = 1.

Since ui = γvi = u0vi,

g00u
0u0 − gijvivju0u0 = 1

u2
0

(
g00 − gijvivj

)
= 1,
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which yields

γ =
1√

g00 − ~v Tg~v
. (3.20)

We shall proceed on writing the action (3.11) in the SPH representation, by making use of
(3.10) and (3.14):

ISPH = −
∫
dτ

∫
d3~r
∑
i

νi

( √
−gε√
−gsγ

)
i

W (~r − ~ri(τ)) (3.21)

= −
∫
dτ
∑
i

νi

(
ε

sγ

)
i

. (3.22)

Before moving on to the next step, we should define the specific volume Vi of S associated with
particle i,

Vi ≡
νi
si
, (3.23)

and substitute it in ISPH :

ISPH = −
∫
dτ
∑
i

(
εV

γ

)
i

= −
∫
dτ
∑
i

(
E

γ

)
i

, (3.24)

with εiVi = Ei.

After minimizing the action above, one gets the following equation of motion[8]:

d~πi
dτ

= −
∑
j

νiνj

[
Pi√
−gγ2

i s
2
i

+
Pj√
−gγ2

j s
2
j

]
∇iWij

−
(
∇ig00 − ~vi

Tg~vi
) γiνi

2

(
ε+ P

s

)
i

+
νiPi
γisi

(
1√
−g
∇i

√
−g
)
, (3.25)

with

~πi = γiνi

(
P + ε

s

)
i

g~vi. (3.26)

From Appendix B, we gather a rather convenient set of variables for heavy-ion collisions,
the proper time, space-time rapidity and cartesian coordinates x and y:

τ =
√
t2 − z2, (3.27)

ηs =
1

2
ln

(
t+ z

t− z

)
, (3.28)

~rT =

(
x
y

)
, (3.29)

25



respectively. Furthermore,

t = τ cosh(ηs)⇒ dt = cosh(ηs)dτ + τ sinh(ηs)dηs,

z = τ sinh(ηs)⇒ dz = sinh(ηs)dτ + τ cosh(ηs)dηs.

⇒ dt2 − dz2 = dτ 2 − τ 2dη2
s

Since gµνdx
µdxν = ηµνdξ

µdξν , with ξµ being coordinates in Minkowski space,

gµνdx
µdxν = dt2 − dx2 − dy2 − dz2 = dτ 2 − dx2 − dy2 − τ 2dη2

s .

From the metric tensor depicted in (3.19),

g00 = 1, (3.30)

g =

1 0 0
0 1 0
0 0 τ 2

 , (3.31)

√
−g = τ. (3.32)

The parametrization (3.14) will thus become

τγisi = s∗i =
∑
j

νjW (qij),

where

qij =
√

(xi − xj)2 + (yi − yj)2 + τ 2((ηs)i − (ηs)j)2.

Finally, the SPH equation of motion takes the form

d~πi
dτ
≡ d

dτ

(
~πT
πηs

)
i

= −1

τ

∑
j

νiνj

[
Pi
γis2

i

+
Pj
γjs2

j

]
∇iWij, (3.33)

with

~πT = γν

(
P + ε

s

)
~vT , (3.34)

πηs = γν

(
P + ε

s

)
τvηs , (3.35)

where ~vT = d~rT
dτ

and vηs = dηs
dτ

. Since

~v Tg~v =
(
vx vy vηs

)1 0 0
0 1 0
0 0 τ

 vx
vy
vηs

 = ~v 2
T + τ 2v2

ηs ,

the Lorentz factor (3.20) becomes

γ =
1√

1− ~v 2
T − τ 2v2

ηs

. (3.36)

26



The ordinary equations of motion presented above yield the velocities and positions of the
SPH particles as a function of the expansion time, τ . They allow for computing the evolution
of all thermodynamic quantities, by taking also the equation of state and the parameterization
of the conserved quantity, s∗, alongside with its current, j∗ = ~vs∗.

3.2 Decoupling in SPH

Having derived the fluid’s equations of motion in the SPH formalism, it becomes clear that
such method should also be extended to the Cooper-Frye formula defined in Chapter 2,

E
dN

d3p
=

∫
σ

dσµp
µf (uµp

µ, T, µB) .

In order to compute the momentum distribution of SPH particles crossing the surface σ,
we shall begin by approximating the expression above to a sum over all given particles in the
system

E
dN

d3p
=
∑
j

(∆σnµ)j p
µf (pµ(uµ)j, Tfo, (µB)j) , (3.37)

where ∆σj is a hypersurface element, (nµ)j its normal vector and

f (pµ(uµ)j, Tfo, (µB)j) =
gj

2π3

[
e(pµ(uµ)j−(µB)j)/Tfo ± 1

]−1
. (3.38)

As (3.37) and (3.38) make explicit, the quantities with index j are inherent to the j-th particle
when it is localized at σ, which in turn is defined by the isotherm Tfo.

Aside from ∆σj, all other quantities present in the expressions above can be computed
rather directly from previously mentioned formulas by a method to be discussed in Chapter
4. Therefore, it becomes necessary to write ∆σj in terms of more convenient quantities. Take,
for instance, a particle j in its proper frame (PF ). In that case, pµ → p0, which implies that
pµ(nµ∆σ)j → p0(n0∆σ)j, when the particle reaches σ. Furthermore, (n0∆σ)j can be identified
as (∆σ0)PFj , the proper hypersurface element.

Having established (∆σ0)PFj , it is worth recalling from its definition, that it possesses only
the time component. Henceforth, ∣∣(∆σ0)PFj

∣∣ = Vj, (3.39)

where Vj is the 3-dimensional volume of the j-th particle in its proper frame. We thus proceed
on recovering (∆σµ)j through a Lorentz transformation,

(∆σµ)j =
[
Λ0

µ(∆σ0)PF
]
j

=
[
(γ,−γvi)(∆σ0)PF

]
j

=
[
uµ(∆σ0)PF

]
j
,

where we used the set of equations (2.5). Contracting with uµ on both sides, yield

(∆σ0)PFj = (uµ)j(∆σµ)j. (3.40)

Then,
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Vj = |(uµ)j(∆σµ)j| = |(uµnµ)j|∆σj,

⇒ (∆σ)j =
Vj

|(uµnµ)j|
. (3.41)

Rewriting (3.37),

E
dN

d3p
=
∑
j

νj(nµ)jp
µ

sj |(uµnµ)j|
f (pµ(uµ)j, Tfo, (µB)j) , (3.42)

which is the Cooper-Frye formula in the SPH formalism. In order to reach the expression above,
we made use of Vj = νj/sj.

3.3 The Code’s Structure

Having presented the main ingredients, we shall move on to explain how they are assembled
to yield results. Developed by a São Paulo-Rio de Janeiro collaboration, SPheRIO (Smoothed-
Particle hydrodynamic evolution of Relativistic heavy-IOn collisions)[7, 8, 44], as its name
suggests, is a SPH-based numerical code which describes the dynamics of heavy-ion collisions.
A discussion on the essential elements of SPheRIO can be found in [16]. In particular, one
usually employs the Nexus[6] event generator coupled to the said code, hence the name Nex-
SPheRIO. As mentioned in section 2.2, we shall adopt the latter in this work.

Figure 3.1 is an outline of NexSPheRIO’s flow chart. Its major blocks consist in the
initial conditions, equations of motion, freeze-out scenario, hadron emission and decays plus
resonances. Firstly, one should provide some input information, such as incident energy, the
type of nuclei involved in the collision, impact parameter (more details on Chapter 4). Nexus
makes use of those to calculate, at τ0 = 1 fm, the energy-momentum tensor, T µν , and the
conserved currents, JµI , where I stands for baryon number(B), strangeness(S) and electric
charge(Q). In this work, we impose the conditions nS = 0 and nQ = 0.

Secondly, SPheRIO, which is divided in three main blocks[40], will take Nexus’s results
of energy (ε) and baryon number (nµB) densities as well as velocity (uµ) in order to define the
initial conditions of the SPH particles. Each of latter is a point in a pre-established SPH-particle
lattice (25×25×25 in our case) and their IC correspond to the quantities νi, βi and ~vi. The first
two are non-dynamic values used to compute s∗ (eq.3.14) and n∗ (eq.3.15), respectively. The
remaining one is calculated through relation (3.7). These steps sum up the first main block,
SPheRIO(1). The subsequent part deals with the equations of motion depicted in (3.33).
Alongside with either equation of state discussed in section 2.3, it is possible to work out the
dynamics of vi and all thermodynamic quantities associated with each SPH particle, until their
temperatures become smaller than Tfo, thus ending SPheRIO(2)’s role. At last, Monte Carlo
method in summoned in order to emulate hadron emission. Through the information on the
variables associated with each SPH particle stored in the surface σ, SPheRIO(3) calculates the
total number of particles emitted and their respective identities,

N =

∫
d3p

E

∑
j

νj(nµ)jp
µ

sj |(uµnµ)j|
f (pµ(uµ)j, Tfo, (µB)j) , (3.43)
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Figure 3.1: NexSPheRIO’s structre - The soft-edged rectangles symbolize inputs/outputs and
the ones with pointy edges are the main blocks. The red arrows represent the results input in each
block, whereas the green lines lead to the output of each block. Pb-Pb are the colliding nuclei at
incident energy 2 TeV (maximum allowed by Nexus); b is the impact parameter and it defines the
chosen centrality window (to be discussed in Chapter 4).

which is (3.42) integrated. Moreover, the 4-momentum pµ of each particle species is randomly
chosen[40].

Lastly, the final result SPheRIO yields (pµ values for each particle type) returns to Nexus.
It then computes the particle decays and resonances, thus generating a new output of pµ’s.
The whole process is repeated as many times as the total number of events, hence the name
event-by-event method. In the subsequent chapter, we shall calculate different observables by
making use of the said output file, for both EoS and a couple of centrality windows. The
freeze-out temperature (Tfo) is also an input parameter; Chapter 4 deals with the details of its
definition.
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Chapter 4

Results

4.1 Centrality Classes

In ultra-relativistic heavy-ion collisions, the energy involved is high enough to create
particle-antiparticle pairs. Therefore, the energy binding nucleons inside nuclei as well as that
of excited nuclear states may be ignored. As a result, only the spatial distribution of nucleons
and their cross section value have relevance to the collision outcome. Those are responsible for
the fluctuations in the initial energy density distribution observed and discussed in section 2.2.
Considering that, we make use of simple geometric concepts (to be defined below) in order to
study the initial moments of the colliding nuclei.

Assuming that all nucleons propagate parallel to each other along straight line trajectories,
we may call the ones interacting as participants, whereas the ones who do not as spectators.
Alongside with the number of binary nucleon-nucleon collisions, the numbers of participants
and spectators comprise some of the overlapping nuclei geometrical properties. The volume of
such interacting region as well as its cross section depend on the impact parameter, defined as
the length of a vector connecting the nuclei centers in a plane transverse to the collision axis.

b


spectators

participants

participants

spectators

x

z

y

Figure 4.1: Schematic depiction of two colliding Lorentz-contracted nuclei seen from above. The
region in black illustrates the participants, whereas white stands for the spectators. The z-axis is
parallel to the accelerator beam and the impact vector ~b, points in the x-axis direction. Axes x and z
comprise the collision’s reaction plane.

One can clearly see from Fig.4.1 that for central collisions, the centers of the colliding nuclei
are brought closer together, thus making b approach zero. On the other hand, more peripheral
collisions bring the nuclei centers further apart, hence increasing the value of b. In the field of
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heavy-ion collisions, it is customary to introduce a quantitative measure called centrality, which
is directly related to the impact parameter. The former is usually expressed as a percentage of
the total nuclear interaction cross section σnuclcross [45]. In a nucleus-nucleus collision with impact
parameter b, the centrality percentile c takes the form

c =

∫ b
0
dσcross/db

′db′∫∞
0
dσcross/db′db′

=
1

σnuclcross

∫ b

0

dσcross
db′

db′, (4.1)

where dσcross/db
′ is the impact parameter distribution. The equation above may be simplified

by replacing the cross section using the number of events, N :

c ≈ 1

N

∫ b

0

dN

db′
db′. (4.2)

Neither the numbers of participants, nor binary collisions, nor the impact parameter can be
directly measured. Therefore, experimentalists from ALICE define c as the percentile of events
corresponding to a particle multiplicity (number of particles produced in a collision) above a
given threshold or an energy deposited in the Zero-Degree Calorimeters (ZDC) below a given
value[45]. Since the latter is closely related to the number of participants Np, we shall assign
such parameter to describe each centrality. It is evident from Fig.4.1 that for b ∼ 0, Np is close
to its maximum value, 2A, where A = 208 is the atomic mass number of Pb208. Additionally,
for a given value b, Np = Np(c), the number of participants for the correspondent centrality.
We may thus rewrite eq.(4.2) in terms of NP :

c ≈ −
∫ Np(c)

2A

dN

dN ′p
dN

′

p, (4.3)

where 1
N

dN
dN ′p
→ dN

dN ′p
is the normalized number of participants distribution – Fig.4.2 (left). The

minus sign is due to the relation between b and Np: the latter monotonically decreases while
the former increases with less central collisions. Fig.4.2 (right) depicts the said relationship.
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Figure 4.2: Left: Distribution of the number of participants (dN/dNp); the red dashed lines mark
the centrality classes in both graphs. Right: Number of participants (Np) as a function of the impact
parameter (b); the green and black dashed lines delimit b intervals for the centrality classes of 10–20%
and 20–30%, respectively.

In order to calculate observables such as pseudo-rapidity and transverse momentum dis-
tributions (to be seen in the next section) and compare their results with the experimental
data, it is necessary to divide the centrality classes according to ALICE-LHC’s division, found
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in [45, 46, 47]. Firstly, we employed the Nexus code to generate 1000 events with impact pa-
rameter values spanning from b = 0 to b > 2RPb, the latter being the nuclear radius of lead.
The distribution of the number of participants was then computed: we counted the number of
events for given intervals of Np (Fig.4.2 left). From expression (4.3), it is possible to determine
the value of Np for each centrality class: taking 0–5%, for instance, one counts 5% of the events
with higher multiplicity and checks the corresponding number of participants, thus obtaining
Np(5%) ∼ 315. For the next centrality class, 5–10%, one repeats the aforementioned procedure
and excludes the previous window (0–5%), which gives 270 . NP . 315. Those steps are
repeated for each centrality class.

As seen in section 3.3, the impact parameter b is an input value for NexSPheRIO, hence
the importance of finding a b interval for each centrality class. After delimiting the centrality
classes in the left side of Fig.4.2, those same divisions are made in the Np vs. b graph (right
side). The dashed black lines represent the b interval for the centrality class of 20−30%. Notice
that they comprise more than just the events inside the 20− 30% region. This issue is solved
by also inputting the correspondent number of participants. Table 4.1 depicts the intervals of
b and Np for each centrality class.

Centrality(%) Number of Participants(Np) Impact Parameter(b)

0–5% 416− 315 0.00− 4.19

5–10% 315− 270 3.18− 5.26

10–20% 270− 195 4.30− 7.18

20–30% 195− 140 5.95− 8.47

30–40% 140− 100 7.39− 10.22

40–50% 100− 65 8.59− 10.93

50–60% 65− 40 9.48− 12.49

Table 4.1: Centrality classes and their respective values of Np and b.

The number of participants for each centrality class in the table above is in reasonable
agreement with that determined by ALICE[45], except for the 5–10% bin, where their average
Np is higher. The intervals of b in Table 4.1 overlap, as explicitly shown by the dashed green
and black lines of Fig.4.2 (right). Having defined such values, we shall move on to computing
some observables (sections 4.2 and 4.3) for specific centralities and, subsequently, compare the
results with the experimental data of ALICE, CMS and ATLAS.

4.2 Particle Spectra

Having presented all necessary ingredients and set the input parameters b and Np for each
centrality class, we shall employ the event-by-event method and primarily run NexSPheRIO
to analyze the charged hadron production of ultra-relativistic heavy-ion collisions. In order to
do that we calculate from the code’s output (all produced particles and the values of each of
their ~p components) the pseudorapidity and transverse momentum distributions. The latter,
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as its name suggests, is the particle 3-momentum component in the x-y (transverse) plane,
designated by pT . The pseudorapidity variable, η, is defined as the following:

η ≡ 1

2
ln

[
|~p|+ pL
|~p| − pL

]
= − ln

(
tan

θ

2

)
, (4.4)

where pL = pz is the 3-momentum longitudinal component and θ is the polar angle between
the charged particle direction and the beam axis.

Subsections 4.2.1 and 4.2.2 discuss the aforementioned distributions for the centrality
classes of 0–5% , 5–10%, 10–20% and 20–30% as well as both equations of state described
in Chapter 2. The results are then compared with ALICE data from [46, 47].

4.2.1 Pseudorapidity Distribution

One way of analyzing particle production in heavy-ion collisions is by computing the pseu-
dorapidity spectrum, as previously mentioned. Since the latter does not require particle iden-
tification, it presents itself as a viable candidate to compute the Nch distribution.

LHC produced Pb-Pb collisions at a center-of-mass energy per nucleon pair of
√
sNN =

2.76 TeV. Measurements of charged particle pseudorapidity density are performed using the full
coverage of the ALICE detector, −5.0 < η < 5.5[46]. However, as it was previously mentioned,
the Nexus code is only able to run up to an energy beam of 2 ATeV. With the said energy
as input, we have also selected the 20–30% centrality window and freeze-out temperature of
Tfo = 150 MeV, in order to obtain the first results depicted in Fig.4.3 for both CPEoS (green)
and LattEoS (red).

Figure 4.3: Pseudorapidity distribution of charged particles at incident energy 2 ATeV for the 20–30%
centrality at Tfo = 150 MeV (both EoS) in comparison to the ALICE data[46].

Firstly, the Nexus initial conditions are input into SPheRIO without any corrections or
being normalized. Due to that and the nuclei colliding at 2 TeV, the number of charged particles
produced is considerably below the experimental data. There is also a difference in produced
particle number between the EoS, as well as shape of the η distributions: the CPEoS result
appears to be a little sharper than the one from LattEoS. We use the procedure described in
[40] to fix this difference between simulated and observed charged particle numbers. It consists
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in introducing a function dependent on ηs (spacetime rapidity) whose objective is to correct the
initial energy density (ε0) generated by Nexus along the longitudinal axis. In order to relate ε0
with the pseudorapidity distribution of particles, we shall approximate

η =
1

2
ln

[
|~p|+ pz
|~p| − pz

]
' ηs =

1

2
ln

[
t+ z

t− z

]
, (4.5)

which holds true at LHC energies. Such correction should preserve the fluctuations character-
istic of an event initial energy density distribution.

The aforementioned function can be parameterized in the following way[40] and it is shown
in Fig. 4.4 (left):

f(η) =
e0

exp [103(|η| − b0)] + 1
+

e0exp [−f0(|η| − b0)2]

exp [−103(|η| − b0)] + 1
, (4.6)

where the values of parameters e0, b0 and f0 are determined when fitting the NexSPheRIO
results to the ALICE data i.e., through the difference between calculations and experimental
data. We then insert the correction f(η) in SPheRIO and compute again the pseudorapidity
distribution for both EoS. After usually two iterations, we obtain Fig.4.4 (right).

Figure 4.4: Left: Correction function f(η) for both EoS. Right: Pseudorapidity distributions re-
sultant of the adjusted initial energy density distribution. The LattEoS f(η) has a flat region for
|η| . 0.9, whereas the CPEoS f(η) has the same for |η| . 0.7. Such discrepancy is related to their
shapes when there is no correction; LattEoS’ central plateau is closer in shape to the experimental
data than CPEoS’, hence its wider width.

The parameter values for LattEoS are e0 = 3.530, b0 = 0.7455 and f0 = 0.03633 and for
CPEoS they are e0 = 2.528, b0 = 0.4347 and f0 = 0.02972. The behavior of f(η) is character-
ized by a central flat area whose height equals e0 and a rapid decrease to zero for higher |η|.
With the corrected pseudorapidity distributions shown in Fig.4.4, it is now possible to compute
other observables, such as transverse momentum distribution, flow, etc.

By repeating the same process discussed above for the other centralities and running Nex-
SPheRIO with normalized initial conditions, we shall get the result depicted in Fig.4.5. A
comparison is made with the ALICE data (the curves with error bars) for both equations of
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Figure 4.5: Distribution of charged particles in terms of the pseudorapidity for both LattEoS (left)
and CPEoS (right) from the 0–5% to the 20–30% centrality. ALICE data corresponds to the curves
with error bars, whereas the NexSPheRIO results are depicted in lighter colors (their respective legends
are on the right side of each graph).

state (LattEoS on the left and CPEoS on the right).

It is worth remarking that each centrality class possesses different freeze-out temperatures
among themselves and for each EoS. The details of determining Tfo will be discussed in the
subsequent sections on transverse momentum distribution and flow. Table 4.2 shows the val-
ues of parameters e0, b0 and f0 for all centrality classes in Fig.4.5 as well as their freeze-out
temperatures for both equations of state. We should notice that e0 has a higher value for the
LattEoS results (as expected from Fig. 4.3).

Centrality
LattEoS CPEoS

e0 b0 f0 Tfo = MeV e0 b0 f0 Tfo = MeV

0–5% 3.607 0.6333 0.04198 135 2.675 0.04852 0.02794 130

5–10% 3.701 0.6032 0.03825 140 2.716 0.3923 0.02911 135

10–20% 3.795 0.8437 0.04168 150 2.613 0.3788 0.02731 140

20–30% 3.530 0.7455 0.03633 150 2.528 0.4347 0.02972 140

Table 4.2: Parameter values and freeze-out temperature for centrality classes from 0–5% to 20–30%
and both EoS. For LattEoS Tfo is higher than for CPEoS.

In order to compute other observables, one has to input the values depicted above for
the chosen centrality (determined by b and Np) and equation of state. Finally, we analyze
the dependence of f(η) on the freeze-out temperature for both EoS and the most central and
peripheral collisions treated in this work. In Fig. 4.6, for the 0–5% window at Tfo = 130 MeV
and 140 MeV for the CPEoS equation of state as well as Tfo = 135 MeV and 145 MeV for the
LattEoS one. For the 20–30% case, the comparison is made with Tfo = 140 MeV and 150 MeV
(CPEoS) as well as Tfo = 150 MeV and 160 MeV (LattEoS).

Since f(η) is basically the same for the CPEoS at distinct Tfo, the latter may be treated
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Figure 4.6: Parametrization function f(η) for both 0–5% (left) and 20–30% (right), different freeze-
out temperatures and both EoS. In the LattEoS and 0–5% CPEoS cases, the procedure discussed in
this section was thoroughly followed, while for 20–30% CPEoS the same f(η) was used, yielding the
results on the right side of Fig.4.5 (140 MeV) and in Fig.4.4 (150 MeV).

as a free parameter when computing observables with such equation of state for any chosen
centrality. In the LattEoS case, though, the functions are slightly different: the discrepancy
between plateau heights is of approximately 0.2 for 0–5% and 0.3 for 20–30%. Therefore, one
must always calculate new e0, b0 and f0 values whenever Tfo is changed while using LattEoS.
From this point on, all quantities are obtained with normalized (corrected) initial conditions.

4.2.2 Transverse Momentum Distribution

The module of a particle 3-momentum |~p| = p is, by definition,

p2 = p2
x + p2

y + p2
z = p2

T + p2
z, (4.7)

where pT and pz are, respectively, the transverse and longitudinal components of ~p, as already
established. When manipulating expression (4.4), we find that

pz
p

=
sinh η

cosh η
.

Substituting (4.7) in the equation above yields the following relations:

p = pT cosh η, (4.8)

pz = pT sinh η. (4.9)

It is clear that for η ∼ 0 – also called mid(pseudo)rapidity region – p ∼ pT and pz ∼ 0.

Since the transverse momentum and pseudorapidity are independent variables, it is only
natural that analysis of hadron production should also be computed in terms of pT . Further-
more, we may recall from the Cooper-Frye formula introduced in Chapter 2 that the particle
momentum distribution, dN/d3p, is dependent on the freeze-out temperature, which allows for
further insight into the definition of Tfo values.

The ALICE Collaboration performs the measurements of charged particle pT distributions
in the pseudorapidity interval |η| < 0.8[47] – basically the midrapidity region. Fig. 4.7 is a
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Figure 4.7: Transverse momentum distribution for LattEoS and CPEoS in the 20–30% centrality at
Tfo = 150 MeV for |η| < 0.8. The points with error bars is the ALICE data from [47]. The graph on
the right is the area encompassed by the dashed lines on the left graph zoomed in. In this work, it is
of interest to analyze the low pT region.

comparison between said experimental data and the NexSPheRIO results for both EoS in the
20–30% centrality at Tfo = 150 MeV.

Figure 4.8: Transverse momentum distributions of charged particles for LattEoS (top row) and CPEoS
(bottom row) at distinct freeze-out temperatures in the 20–30% centrality. The graphs on the right
are augmentations of the areas contoured by the dashed lines on the left.

At the same freeze-out temperature, the EoS behave differently. The LattEoS curve being
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above CPEoS at high pT values means that it accelerates more the fluid than the latter. In
compensation, the number of particles with pT . 0.58 GeV for LattEoS is smaller than the
CPEoS result’s. Such discrepancy between these EoS is related to their difference in stiffness.

The next step consists in trying to pinpoint the best freeze-out temperature for each EoS,
at all given centralities. Fig.4.8 shows a comparison between the ALICE and NexSPheRIO
data at Tfo = 150 MeV and Tfo = 160 MeV for LattEoS (top) and at Tfo = 140 MeV and
Tfo = 150 MeV for CPEoS (bottom). There is very little difference in the pT distribution
for LattEoS when changing temperatures. Its results at pT . 0.3 GeV are slightly below
the experimental data, while in the 0.6 GeV . pT . 3.7 GeV interval at 160 MeV and the
0.6 GeV . pT . 4.2 GeV interval at 150 MeV they are above it. The CPEoS curves are closer
to data but also above in a mid pT interval: 0.5 GeV . pT . 2.7 GeV at Tfo = 140 MeV and
0.5 GeV . pT . 1.85 GeV at Tfo = 150 MeV.

Figure 4.9: Transverse momentum distribution for both EoS in all centralities at the freeze-out tem-
peratures depicted in Table 4.2. Comparison with ALICE data from [47]; some curves are multiplied
by a power of 10, in order make the image clearer. The graphs on the right shows the same curves as
the ones presented on the left for pT < 2 GeV

This lack of sensitivity to Tfo can be understood as follows: the average pT should decrease
when the temperature is decreased (there is less thermal energy). At the same time, the fluid
velocity has more time to increase and accelerate particles. These two opposing effects compete
with each other.

We will see later that the flow coefficients vn(pT ) are sensitive to the freeze-out tempera-
ture. Said quantity must then be chosen to get a good fit for both the vn(pT ) curves and pT
distributions.

Fig.4.9 shows the pT distributions in all centrality classes for colliding Pb-Pb nuclei at
2.76 TeV. It is worth noticing that as we approach the more central ones, further the NexSPhe-
RIO calculations are from the experimental data at pT & 2 GeV. CPEoS leads to somewhat
better results. The freeze-out temperatures are the ones shown in the Table 4.2; their values
were chosen in order to fit only the pT . 2 GeV region as well as adjust adequately the flow
harmonics to be discussed in the next section.
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4.3 Flow Analysis

When two nuclei collide, they form a highly interactive overlapping region, as depicted in
Fig.4.10:

Figure 4.10: Schematic description of the overlapping region (red) resultant of a heavy-ion collision as
viewed from the transverse plane, orthogonal to the beam. The azimuthal angle between the emitted
particles and the x-axis is denoted by φ. The impact parameter vector (~b) and the z-axis span the
reaction plane of the collision. It is worth noticing that the initial shape of the region in red changes
with b.

Pressure gradients between the produced particles result in a preferred direction in particle
emission: along the short distance of the almond-shaped overlap region. Due to this, the angular
particle emission is not isotropic. This observed azimuthal anisotropy indicates a collective
behavior in the system’s evolution[48]. In addition to this, the granularities present in the IC will
also cause more complicated anisotropies to arise in the angular particle distribution. The said
anisotropies are quantified by expanding the differential particle yield azimuthal distribution
in a Fourier series following the method in [49]:

E
d3N

d3p
=

d3N

pTdpTdydφ
=

d2N

pTdpTdy

1

2π

(
1 +

∞∑
n=1

2vn(pT , y) cos [n(φ− ψn)]

)
. (4.10)

E, φ, pT and y are the particle’s energy, azimuthal angle, transverse momentum and rapididy,
respectively. The latter is defined as

y =
1

2
ln

[
E + pz
E − pz

]
. (4.11)

The event-plane angle, ψn points along the steepest pressure gradient for a given n. Moreover,
n = 2 corresponds to an elliptic deformation, n = 3 to a triangular one, etc. Lastly, the
coefficients vn = vn(pT , y) are the n-th harmonic differential flow and they are particularly
sensitive to initial condition fluctuations. They are given by

vn(pT , y) = 〈cos [n (φ− ψn)]〉, (4.12)

where n = 1, 2, . . . and “〈〉” indicates an average over all particles in all events in the (pT , y)
bin under study. Additionally, v1, v2 and v3 are denoted directed, elliptic and triangular flow,
respectively. The first is not studied in this work, because it requires a more complicated treat-
ment when using NexSPheRIO[50].

In the subsequent sections, we shall present a method for extracting the vn coefficients
(n = 2, . . . , 5), called event-plane method and display its results for different centrality classes,
which we compare with CMS and ATLAS measurements from [51, 52, 53].

39



4.3.1 Event Plane Method

The mentioned method makes use of the anisotropic flow itself to determine the event
plane[49]. The latter contains both the direction of the beam and that of the maximal flow
determined from the distributions of final-state particles. The event plane can also be computed
independently for each vn. We define the event flow vector Qn and the event plane angle ψn
from the n-th harmonic of the distribution as[54].

Qn cos (nψn) = Qnx =

∫ pTmax

pTmin

dpTp
2
T

∫ 2π

0

dφ cos (nφ)
dN

dypTdpTdφ
, (4.13)

Qn sin (nψn) = Qny =

∫ pTmax

pTmin

dpTp
2
T

∫ 2π

0

dφ sin (nφ)
dN

dypTdpTdφ
(4.14)

and

ψn =
1

n
arctan

[
Qny

Qnx

]
, (4.15)

respectively.

The collective flow coefficients as functions of the transverse momentum have, then, the
following expression:

vn(pT ) =

∫ 2π

0
dφ dN

dypT dpT dφ
cos [n (φ− ψn)]

dN(pT )
dypT dpT

, (4.16)

where dN(pT )/(dypTdpT ) is integrated over the azimuthal angle,

dN(pT )

dypTdpT
=

∫ 2π

0

dφ
dN(pT )

dypTdpTdφ
. (4.17)

At last, the integrated vn’s are given by

vn =

∫ pTmax
pTmin

dpTpT
∫ 2π

0
dφ dN

dypT dpT dφ
cos [n (φ− ψn)]∫ pTmax

pTmin
dpTpT

dN(pT )
dypT dpT

. (4.18)

In view of the data used in the next section, it is assumed that y ∼ 0 for all quantities so
above vn(pT ) and vn do not depend explicitly on y.

Aside from the event-plane method, others employed in the calculations of flow harmonics
are the generating-function-based multiparticle cumulant[55] and the Lee-Yang zeros[56, 57].

4.3.2 Results

In this subsection, we present the NexSPheRIO results of the collective flow coefficients
(v2, v3, v4 and v5) for six centrality classes, 0 –5%, 5 –10%, 10 –15%, 15 –20%, 20 –25% and
25 –30%, as delimited by the CMS Collaboration [51, 52]. Using the event-by-event analysis,
we obtain the code’s output of charged particle momenta for various nuclei-nuclei collisions at
2.76 TeV. We then proceed on calculating the differential number dNch

dηpT dpT dφ
of hadrons within

|η| < 0.8, subsequently employing the event-plane method discussed in the previous subsection
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in order to obtain vn(pT ). CMS uses pseudorapidity (η) instead of rapidity (y)[51, 52]. For this
specific case, we make pTmin = 0.15 GeV and pTmax = 4.15 GeV, though the graphs only show
vn(pT ) within 0.3 GeV < pT < 2.2 MeV, which is an interval of great interest in hydrodynamic
studies.

Figure 4.11: Harmonic flows as a function of the transverse momentum for both EoS, at different
freeze-out temperatures, in the 0 –5% centrality class within the pseudorapidity interval |η| < 0.8.
The points with error bars correspond to the CMS Collaboration’s measurements discussed in [51, 52].
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Figure 4.12: Collective flow coefficients as a function of the transverse momentum in the 0–5% and
5–10% centralities. The quantities in MeV units are the freeze-out temperatures correspondent to each
EoS and centrality. We compare the NexSPheRIO results (dashed lines) to the CMS measurement
(graphs with error bars) from [51, 52].

When analyzing the pT spectra of particles, we mentioned that the freeze-out temperatures
(Table 4.2) were calibrated also taking the flow harmonics into account. In order to study how
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Figure 4.13: Harmonic flows from v2 to v5 as functions of pT for LattEoS and CPEoS in the centrality
classes of 10–15% and 15–20%. The results are compared to the CMS data.

they behave with changing Tfo, we computed vn(pT ) at Tfo = 135 MeV and 145 MeV for
LattEoS as well as at Tfo = 130 MeV and 140 MeV for CPEoS in the 0 –5% window. Fig. 4.11
shows the results of such calculations. Basically, higher freeze-out temperatures yield higher
vn(pT ) values. Also, the difference between the v3 results for the LattEoS is rather small.
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Figure 4.14: Comparison between the experimental vn(pT ) results from the CMS Collaboration and
the ones calculated with NexSPheRIO for the 20–25% and 25–30% centrality classes using LattEoS
and CPEoS.

CPEoS results are closer to the experimental curve for v2 and v5 at the low pT region
(pT . 1.0 GeV) in comparison to the LattEoS. One could argue that, by setting the freeze-out
temperature higher, the v3 and v4 results would get closer to the CMS data. However, such ac-
tion also implies in distancing the v2 and v5 curves from the latter. We settle for Tfo = 130 MeV
in this case.
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Figure 4.15: Integrated elliptic flow distribution for the centrality classes of 20–25% and 25–30% at
Tfo = 140 MeV evaluated in 0.5 < pT < 1 GeV, pT > 1 GeV and pT > 0.5 GeV for the CPEoS. In light
purple are the ATLAS measurements extracted from [53]. The pseudorapidity interval is |η| < 2.5.

On the other hand, LattEoS describes better the v3 and v4 coefficients at low pT in con-
trast to the CPEoS. At this point, it is important to remark that, if we were to lower its Tfo
in order to approximate the curves to the experimental v2 result, the LattEoS pT spectrum
of 0–5% would distance itself from the ALICE measurements (at pT < 2.0 GeV). A higher
Tfo would fit better the latter, but worsen the elliptic flow result. Hence the importance of
choosing a freeze-out temperature that yields reasonable results for both, instead of just one;
Tfo = 135 MeV in this case.

Having discussed the sensitivity of the flow harmonics to changes in the freeze-out temper-
ature for both EoS, we calculate vn(pT ) for all the centralities mentioned in the first paragraph.
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Figure 4.16: Integrated triangular flow distribution within |η| < 2.5 with CPEoS for 20–25% and
25–30% as well as the transverse momentum intervals 0.5 < pT < 1 GeV, pT > 1 GeV and pT >
[0.5]GeV . We compare with ATLAS data; Tfo = 140 MeV.

The values of Tfo are the ones from Table 4.2.

It is clear from Figs. 4.12, 4.13 and 4.14, that more central collisions have lower v2(pT )
values than peripheral ones. The initial geometry of the former is closer to that of a circle than
an almond-shaped one, which is characteristic of latter. The values of vn>2(pT ) for all central-
ity classes as well as v2(pT ) for the 0–5% window are smaller, since they come from fluctuations.

Just like before, the LattEoS results fit better v3 and v4, while the ones from CPEoS are
closer to v2 and v5. Similarly to the pT spectra case, higher centrality classes yield results
that are a little better adjusted to the experimental data. Additionally, the NexSPheRIO cal-
culations are reasonably closer to the CMS measurements for pT . 1.0 GeV, just like in the
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Figure 4.17: Distribution of the integrated collective flow coefficient, v4 for 20–25% and 25–30% at
Tfo = 140 MeV. Just like in the P (v2) and P (v3) calculations, we employed the CPEoS and computed
the particle spectrum within the 0.5 < pT < 1 GeV, pT > 1 GeV and pT > 0.5 Gev intervals. ATLAS
is represented by the light purple points; |η| < 2.5.

transverse momentum distribution comparisons.

So far, we have discussed vn(pT ) averaged over events. In order to study more closely
the IC fluctuations, it is interesting to look at the pT -integrated vn’s. So, our last step in the
flow analysis consists in computing the integrated vn’s as in eq. (4.18). We then calculate
the distributions of the flow harmonic coefficients vn (n = 2, 3, 4) for charged particles with
0.5 GeV < pT < 1.0 Gev, pT > 1.0 GeV and pT > 0.5 GeV in the |η| < 2.5 interval, as measured
by the ALTLAS Collaboration in [53]. The aforementioned is performed for the 20–25% and
25–30% centrality classes with the CPEoS and Tfo = 140 MeV. We ran 1109 events for the
former and 1233 for the latter.
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Figure 4.18: We present the distributions of the flow harmonics (v2, v3 and v4) rescaled by the mean
for the 20–25% and 25–30% centralities, in the pT > 1 GeV and |η| < 2.5 intervals. Comparison with
ATLAS data[53].

It is clear from Figs. (4.15, 4.16, 4.17) that the NexSPheRIO results under the aforemen-
tioned conditions fit rather well the ATLAS measurements in the 0.5 < pT < 1 GeV region, for
v2, v3 and v4. In the end, not only the average values of vn but also their fluctuations among
events are reproduced.

In the pT > 1 GeV and pT > 0.5 GeV cases, we set pTmax = 4.0 GeV, since the number of
particles with said transverse momentum is almost zero. NexSPheRIO results are reasonable
for low values of v2 and v3 but underpredict data for low values of v4 in both centralities. For
larger values of these flow coefficients, there are too many events compared to the ATLAS data.
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This is in agreement with the fact that the vn(pT ) curves are above data for larger pT .

Figure 4.19: Distributions of the flow coefficients (v2, v3, v4) rescaled by their own mean in comparison
to the ATLAS data [53]. They are calculated within the pT > 0.5 GeV and |η| < 2.5 intervals.

An interesting comparison can be made by rescaling the harmonic flow distributions by the
mean, as in [58]. We plot P (vn/〈vn〉), where 〈vn〉 is the mean value of vn in the correspondent
pT interval, instead of P (vn).

The NexSPheRIO results fit the ATLAS measurements for pT > 1 GeV and pT > 0.5 GeV
quite well, even for n = 3, 4, when vn/〈vn〉 . 1.5, as we can see from Figs. 4.18 and 4.19.
However, these distributions tend to be a little two narrow.

In summary, we have shown that the Nexus model [6] alongside with the SPheRIO code
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give good agreement with the ATLAS experimental data on P (vn) in the 0.5 < pT < 1 GeV
interval for both centrality classes and all harmonic flow coefficients (v2, v3, v4) distributions.
The same can be said for the remaining transverse momentum intervals when the latter was
rescaled by their own mean, as discussed above. We can thus conclude that NexSPheRIO
has approximately the right fluctuations in its initial conditions to reproduce those seen in
experimental data. The latter can be useful when comparing results from different initial
condition generators (not treated in this work).

4.4 Comparison with RHIC

The Relativistic Heavy-Ion Collider (RHIC) is a pre-LHC particle accelerator that smashes
gold nuclei against each other at incident energies up to 200 GeV. Its data have been exten-
sively studied and still are until today. Due to their distinct initial settings, especially in the
beam energy (of order ten), it is of great interest to make a comparison between both colliders.

Figure 4.20: Comparison between Nexus single-event results for most central Pb-Pb collisions at in-
cident energy 2.76 ATeV (left column) and most central Au-Au collisions at incident energy 200 AGeV
(right column). The former’s number of participants is 387 and the latter’s is 345.

The first comparison made between LHC and RHIC calculations is that in the initial energy
distributions generated by Nexus. The colliding lead nuclei in the former particle accelerator
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have an atomic mass number of 208 each whereas the latter’s gold nuclei possess a mass number
of 197. The beam energy at LHC is of 2.76 ATeV, while for RHIC, it is 200 AGeV. Examples
of normalized energy density for both cases are shown in Fig. 4.20.

In terms of overall structure, the LHC (left column) and RHIC (right column) based Nexus
outputs are relatively similar: both present fluctuating energy density values, as expected from
a single-event ε0 distribution. On the other hand, the results for 2.76 TeV can reach peak val-
ues ∼ 2 times higher than the ones from 200 GeV. The cause of such divergence is majorly
due to the difference of order 10 between each case’s incident energy, since the additional 42
participants would not cause ε to vary so much.

We can also analyze the differences between the original initial conditions generated by
Nexus. Fig. 4.21 displays the results for the same events presented above. The highest energy
density values reached in the Pb-Pb collision are now closer to the highest ones from the Au-Au
case. The LHC ε0 distribution is spread throughout a wider area than the RHIC one, reflecting
the higher beam rapidities. We can conclude that the system’s total energy in the LHC-based
collision is higher than in the RHIC-based one.

Figure 4.21: Non-normalized initial energy density generated by Nexus for a single Pb-Pb collision at
2 ATeV (left column) and for a single Au-Au collision at 200 GeV (right column). The events depicted
above are the same as in Fig. 4.20
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When taking the energy densities of each event in comparison to their respective normal-
ized counterparts, we notice that the correction needed for the Pb-Pb results is greater than
that of Au-Au results. The first has its normalized energy peak roughly twice as high as the
originals, whereas the difference between ε0 peaks for the latter is much smaller. Said situation
can be clearly seen by comparing the f(η) correction functions for both the LHC and RHIC
cases, as we will subsequently discuss. In part, this is due to the fact that for LHC, NexSPhe-
RIO is run at 2 ATeV, instead of 2.76 ATeV

Fig. 4.22 depicts the calculations of dNch/dη using both corrected and original IC. The
ALICE collaboration divides the centrality classes for Pb-Pb collisions at 2.76 ATeV in a differ-
ent way than PHOBOS does for Au-Au collisions at 200 AGeV. Hence, we compare the results
in the 20–30% and 15–25% centralities, respectively. The original LHC-based curve (dashed
line) reaches up to dNch/dη ∼ 370, whereas in the RHIC-based case the maximum value for
the η distribution is dNch/dη ∼ 320. We must, however, take a look at the whole picture. For
|η| = 5, the Pb-Pb non-corrected result has dNch/dη above 200, while for Au-Au its value is,
approximately, 70. The latter’s curve decreases more rapidly than the former’s, meaning that
the total number of produced charged particles in the 20–30% non-normalized Pb-Pb collisions
is, as expected, quite above the 15–25% non-normalized Au-Au Nch value. The Pb-Pb curve
extends to large η’s, as expected.

Figure 4.22: (a) Pseudorapidity distribution of charged particles for the 20–30% and 15–25% central-
ities in the LHC and RHIC cases, respectively. We show the results for normalized (continuous lines)
and original (dashed lines) initial conditions in comparison with the experimental data. Both were
calculated using the CPEoS. (b) Factor function f(η) responsible for the uplift of the non-normalized
distributions The dashed black line represents f(η) = 1. The figure on the right was extracted from
[40].

The need for a higher correction in the IC at LHC in relation to RHIC discussed above is
also illustrated by the height of their respective f(η).

After the IC rescaling, we can compare the normalized charged particle pseudorapidity dis-
tribution results for the remaining centrality classes (Fig. 4.23). The fits are of similar quality.
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Figure 4.23: Final charged particle distributions in terms of η to all centrality classes studied in this
work (left) and in reference [40] (right). Those are results for the CPEoS and we compare them to
the measurements performed by ALICE (left) and PHOBOS[59] (right) collaborations.

We now turn our attention to the matter of transverse momentum distributions. Fig. 4.24
depicts their results for both lead and gold nuclei colliding at 2.76 ATeV and 200 AGeV, re-
spectively. The first is analyzed within the |η| < 0.8 range and the latter in the 0.2 < y < 1.4
interval, where y is the rapidity. CPEoS (CEP) and LattEoS (LQCD) were employed in the
calculations.

One may notice that the behavior with EoS is quite similar for both cases. CPEoS fits the
experimental data reasonably well until pT ∼ 2 GeV, while LattEoS remains slightly above.

The freeze-out temperature range for the LHC-based calculations goes from Tfo = 130 MeV
(0–5%) to Tfo = 140 MeV (20–30%) in the CPEoS case and from Tfo = 135 MeV (0–5%) to
Tfo = 150 MeV (20–30%) in the LattEoS case. According to [60], Tfo spans over values from
128.16 MeV (0–6%) to 136.96 MeV (25–35%) for both EoS in the RHIC-based case. Reference
[40] has approximately the same result for the Tfo range as [60]. The LHC freeze-out temper-
atures have somewhat higher values than the RHIC ones. When considering the difference in
initial energy and that the same EoS were used, one may conclude that the system’s expansion
time in LHC collisions is longer than in RHIC’s.

The effect of the EoS on the vn(pT )’s is being studied by Dr. D. Dudek as a follow up of
the v2(pT ) study in [60]. Results for these quantities in the CPEoS case were published in [62].
The results for v2(pT ) are worse than at RHIC for the most central windows, but v3(pT ) and
v4(pT ) are better. In other centralities, results at LHC and RHIC are of comparable quality.
Such differences can be seen in Fig.4.25. No pT -integrated vn distributions are available from
RHIC.
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Figure 4.24: Transverse momentum distributions calculated using NexSPheRIO (both cases) for the
lattice-based (bottom row) and critical point (top row) equations of state. We compare the results
obtained from Pb-Pb collisions at 2.76 TeV (left column) with the ones from Au-Au collisions at
200 GeV (right column). The latter was extracted from the work in [60]. A comparison is made with
the experimental data of ALICE[47] and PHOBOS[61].
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Figure 4.25: Comparison between the LHC (left) and RHIC (right) based calculations performed
with NexSPheRIO using the CPEoS at the centralities of 0–5% and 20–25% for the former as well as
0–10% and 20–30% for the latter. The RHIC data was extracted from the work in [62].
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Chapter 5

Conclusion

In this work, we applied event-by-event hydrodynamics in order to simulate the LHC
heavy-ion experiments: lead nuclei colliding at incident energy of 2.76 ATeV. When perform-
ing such task, one must determine a set of ingredients, such as the system’s initial conditions
(IC), the equation of state that dictates the relations between the thermodynamic variables
and the freeze-out scenario. We generated the IC by making use of the Nexus model, which
gives as output the energy-momentum tensor as well as the baryon, strangeness and electric
charge currents. Secondly, two distinct EoS were discussed, one with µB 6= 0, characterized by
a critical point ((µB)c, Tc) where the phase transition changes from first-order to a crossover
type (CPEoS) and a baryonless LatticeQCD-based one (LattEoS). Finally, we adopted the
Cooper-Frye decoupling mechanism, for which the particles momenta freeze after crossing a
hypersurface defined by the isotherm T (t, x, y, z) = Tfo. The next step consisted in solving the
equations of motion of hydrodynamics (introduced in section 2.1) by making use of the SPH
method.

With the main ingredients and computing method established, we moved on to making an
analysis of the relation between impact parameter (b) and number of participants in a collision
(Np), in order to define their values for each centrality class. The latter were divided as in
the ALICE collaboration [46, 47]. Being able to “choose” how central or peripheral a collision
would be, we then ran the NexSPheRIO code at 2 ATeV, thus obtaining first the results on
charged particle distributions in terms of pseudorapidity. Since the aforementioned had insuf-
ficient initial energy to produce the expected number of particles, we introduced a correction
function dependent on η with the objective of normalizing the Nexus-generated IC to be usable
at the 2.76 TeV beam energy. The parameters of f(η) were calculated for the most central
collisions (0–30%) and claimed different values for each EoS. The latter were also found to have
distinct freeze-out temperatures at given centrality. The final dNch/dη plots fit satisfactorily
the ALICE experimental data.

The effect of Tfo in the particle spectra was then observed when we computed the charged
particle distribution in terms of transverse momentum in the |η| < 0.8 region. The LattEoS
curve ended up being less steep than the CPEoS one at a given freeze-out temperature. The
former’s result fit the ALICE measurements reasonably well for pT . 1 GeV, whereas the latter
did the same for pT . 2 GeV. They would adjust quite well to the experimental results in the
region of interest (pT < 2 GeV) the more peripheral were the centralities. The Tfo values were
defined as to best fit the LattEoS and CPEoS curves to the ALICE data on pT distribution,
while still giving a reasonable result to the flow harmonics.
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Having defined the correction function’s parameters as well as the freeze-out temperature
for each centrality class and EoS, we analyzed how the flow coefficients change with transverse
momentum (vn(pT )). By employing the event-plane method, we obtained from the NexSPhe-
RIO results on dNch

ypT dpT dφ
(|η| < 0.8) the curves for the flow harmonics v2, v3, v4 and v5 as

functions of pT . We found that the vn(pT ) curves get higher with increasing Tfo, in a manner
that, depending on the chosen value, the graphs could fit either v2 and v5 or v3 and v4 better.
Such observation called for a calibration of Tfo, in order to obtain a result that would adjust
reasonably to all pT dependent quantities. Overall, the flow coefficient (vn(pT )) calculations for
both EoS at all given centralities were in sensible agreement with the CMS measurements in
the pT . 1 GeV region.

After computing vn(pT ), we looked at integrated vn (n = 2, 3, 4) distributions in the
20–25% and 25–30% centrality classes, using CPEoS, for three pT intervals, 0.5 < pT < 1 GeV,
pT > 1 GeV and pT > 1 GeV, as well as |η| < 2.5. In the case of 0.5 < pT < 1 GeV, the results
adjusted well to the ATLAS collaboration measurements, for all flow harmonics at hand. Since
the same cannot be said for the other two intervals, we rescaled by the mean value 〈vn〉, thus
calculating P (vn)/〈vn〉. We find the curves to fit the rescaled ATLAS data reasonably, though
they are a little too narrow for n = 3, 4. This type of calculation had never been done before
for NexSPheRIO. It shows that not only the code leads to good results for the event-averaged
vn(pT )’s, but also has the right amount of fluctuations in its IC to produce the correct vn’s on
an event-by-event basis.

Finally, we made comparisons of our results to previous NexSPheRIO calculations for
RHIC, which are found in references [40, 60]. We begin by analyzing the Nexus-generated IC
for the most central collisions in both cases. When they are normalized, the energy density
peaks of Pb-Pb collisions at 2.76 ATeV reaches a factor 2 above e0 that for Au-Au collisions at
200 AGeV. The correction that needs to be applied in order to get the normalized IC is larger
at LHC than at RHIC (in part due to a technical limitation in NexSPheRIO). The quality of
the fits to the pseudorapidity distributions then obtained is similar for both colliders.

Subsequently, we compared the results in charged particle distributions in terms of trans-
verse momentum in the LHC and RHIC scenarios. We observe that the fits are of similar
quality and share common characteristics for changes in centrality and equation of state. We
then finally argued that the quality of the fits for the vn(pT )’s are not very different, except for
v2(pT ) at the most central collisions.

All in all, the NexSPheRIO results of event-by-event hydrodynamics adjust well to the
measurements performed by LHC detectors, ALICE, CMS and ATLAS. This is surprising: it
is usually expected that gluon saturation effects should be manifest at LHC and the IC, unlike
the Nexus’ ones, should incorporate this. We note, however, that the present analysis must
be extended to the remaining centralities and could be done for various particle types, instead
of just charged particles. In addition, we could further the studies on LHC by calculating the
Hambury-Brown-Twiss (HBT) and Ridge effects, as well as trying out a more sophisticated par-
ticle emission scenario: chemical freeze-out, along with continuous emission, transport model.
At last, but not least, the effects of shear and bulk viscocities should be assessed.
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Appendix A

Energy-momentum Tensor in any
Reference Frame

The Lorentz transformation for a tensor is given by equation (2.9), T µν = Λµ
αΛν

βT
αβ
RF or,

explicitly:

T 00 = Λ0
0Λ0

0T
00
RF + Λ0

iΛ
0
jT

ij
RF

T i0 = T 0i = Λ0
0Λi

0T
00
RF + Λ0

jΛ
i
kT

jk
RF (A.1)

T ji = T ij = Λi
0Λj

0T
00
RF + Λi

kΛ
j
lT

kl
RF

Considering the set of equations (2.5) and relation (2.8), the components above should be
written as:

T 00 = γ2ε+ γ2v2P

T 0i = γ2viε+ γvk
[
δik + vivk

(γ − 1)

v2

]
P (A.2)

T ij = γviγvjε+

[
δik + vivk

(γ − 1)

v2

] [
δjk + vjvk

(γ − 1)

v2

]
P

Knowing that vivk

~v2
= δik,

⇒ T 0i = γ2viε+ γvkδik(1 + γ − 1)P = γ2viε+ γ2viP = (ε+ P )γ2vi

⇒ T ij = γ2vivjε+ δikγδjkγP = γ2vivjε+ γ2δijP

Using γ2 − 1 = γ2~v2, one can manipulate T 00 and T ij:

⇒ T 00 = γ2ε+ (γ2 − 1)P = (ε+ P )γ2 − P
⇒ T ij = γ2vivjε+ γ2δijP + δijPδijP = γ2vivjε+ δijP + δijP (γ2 − 1)

= γ2vivjε+ δijP + Pγ2δijv2 = γ2vivjε+ δijP + γ2Pvivj

⇒ T ij = (ε+ P )γ2vivj + Pδij

Furthermore, uµ = (u0, ~u) = γ(1, ~v). Thus,
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T 00 = (ε+ P )u0u0P

T 0i = (ε+ P )u0ui (A.3)

T ij = (ε+ P )uiuj + δijP

Since ηµν = diag(1,−1,−1,−1), one may write:

T µν = (ε+ P )uµuν − Pηµν (A.4)

Which is equation (2.10), the energy-momentum tensor for an ideal fluid in any inertial
reference frame.
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Appendix B

Coordinates in Heavy-Ion Collisions

The incident nuclei collide at z = t = 0 and we choose z as the collision axis. The
hydrodynamic evolution follows, starting at a proper initial time, τ0. Particles are created
around z = t = 0 and are supposed to travel with longitudinal velocity vz = z/t. This
prescription is boost invariant in the sense that for any Lorentz transformation along the z
axis, the relationship still holds [12, 63]. Since all particles at a given z have the same speed,
vz, that is also the fluid velocity.

QGP

HG

z=tz=-t

τ0

z

t

Figure B.1: Space-time diagram of the longitudinal evolution of the collision. The black lines (z = t
and z = −t) correspond to the nuclei trajectories, while the blue hyperbola represents the initial
proper-time τ0. Dashed hyperbola illustrates the transition from QGP to HG and the green one is the
end of the hydrodynamic expansion.

The beginning of the hydrodynamic expansion is delimited by the τ0 =
√
t2 − z2 hyper-

bola. As the value of proper-time changes, the stage of evolution corresponding to it will be
represented in Fig.B.1 as another hyperbola, whose equation is τ =

√
t2 − z2. In addition to

proper time τ , we introduce ηs, defined as space-time rapidity:

t = τ cosh (ηs) (B.1)

z = τ sinh (ηs) (B.2)
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When dividing (B.2) by (B.1), one should find an expression of ηs in terms of z and t.

z

t
=

sinh (ηs)

cosh (ηs)
= tanh (ηs)

Since tanh (ηs) = eηs−e−ηs

eηs+e−ηs
:

eηs − e−ηs

eηs + e−ηs
=
z

t

Consequently:

z(eηs + e−ηs) = t(eηs − e−ηs)

eηs(t− z) = e−ηs(z + t)

⇒ e2ηs =

(
t+ z

t− z

)
Taking the natural logarithm on both sides:

ηs =
1

2
ln

(
t+ z

t− z

)
(B.3)

Under a Lorentz boost in the z direction, τ is invariant and ηs is shifted by a constant
(similarly to the particle rapidity). Alongside with τ =

√
t2 − z2 and Cartesian coordinates x

and y in the transverse plane, they are the variables used to depict the evolution of a heavy-ion
collision.
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Appendix C

Relativistic Fluid’s Action in a General
Coordinate System

Take a general coordinate system with

ds2 = gµνdx
µdxν .

Under a general transformation, x→ x′, the hypervolume element becomes

d4x′µ =

∥∥∥∥∂x′α∂xβ

∥∥∥∥ d4xµ,

where
∥∥∂x′α
∂xβ

∥∥ is the Jacobian
(
Jαβ
)

determinant of the coordinate transformation[64]. Addition-
ally, the metric tensor gµν may have the following expression:

gµν =
∂x′α

∂xµ
∂x′β

∂xν
ηαβ

= Jαµ J
β
ν ηαβ (C.1)

or, in matrix language, (gµν) = JTηJ . If g is the determinant of 4 × 4 matrix (gµν), one shall
have g = − (detJ)2 ⇒ detJ =

√
−g. Hence,

d4xµ =
√
−gd4xµ, (C.2)

which gives the general action

I =

∫
L
√
−gd4x, (C.3)

where L is a scalar Lagrangian density and
√
−gd4x is invariant.

We now proceed on presenting the covariant derivative of some contravariant vector V µ,
defined as

V µ
;ν ≡

∂V µ

∂xν
+ ΓµναV

α, (C.4)

from which we may derive the divergence, V µ
;µ:

V µ
;µ = ∂νV

µ + ΓµµαV
α. (C.5)
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The coefficients Γµνα are known as components of the affine connection or as Christoffel symbols
and can be written in terms of the metric tensor:

Γµνα =
1

2
gσµ
[
∂gασ
∂xν

+
∂gνσ
∂xα

− ∂gαν
∂xσ

]
, (C.6)

where

Γµµα =
1

2
gσµ [∂µgασ + ∂αgµσ − ∂σgαµ]

=
1

2
gσµ∂αgµσ.

Knowing that Tr [M−1∂λM ] = ∂λ [ln (detM)] for an arbitrary matrix M ,

Γµµα =
1

2
∂α ln g =

1√
−g

∂α
√
−g. (C.7)

Substituting the previous expression in (C.5) shall yield:

V µ
;µ = ∂νV

µ +
1√
−g

∂α
(√
−g
)
V α

=
1√
−g

∂α
(√
−gV α

)
. (C.8)

The Lagrangian for a relativistic fluid in motion can be taken as L = −E[65], where E is
the fluid’s rest energy. Using (C.3) and L =

∫
d3xL yields the action

I = −
∫
d4x
√
−gε, (C.9)

where ε is the density distribution associated to E, such that E =
∫
d3xε. From (C.8), we have

the general forms for the constraints ∂µ(suµ) = 0 and ∂µ(nuµ) = 0 presented in Section 2.1:

(suµ);µ =
1√
−g

∂µ
(√
−gsuµ

)
= 0, (C.10)

(nuµ);µ =
1√
−g

∂µ
(√
−gnuµ

)
= 0. (C.11)
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