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Resumo

Misobuchi, A.S. Gravidade de Lovelock e a correspondéncia AdS/CFT. Disser-

tagao de mestrado - Instituto de Fisica, Universidade de Sao Paulo, Sao Paulo, 2016.

A correspondéncia AdS/CFT é uma notavel ferramenta no estudo de teorias de gauge
fortemente acopladas que podem ser mapeadas em uma descricao gravitacional dual fra-
camente acoplada. A correspondéncia é melhor entendida no limite em que ambos N e
A, o rank do grupo de gauge e o acoplamento de 't Hooft da teoria de gauge, respectiva-
mente, sao infinitos. Levar em consideragao interagoes com termos de curvatura de ordem
superior nos permite considerar corre¢oes de A finito. Por exemplo, a primeira corregao
de acoplamento finito para supergravidade tipo IIB surge como um termo de curvatura
com forma esquemética o> R*.

Neste trabalho investigamos correcoes de curvatura no contexto da gravidade de Love-
lock, que é um cenario simples para investigar tais corre¢oes pois as suas equagoes de
movimento ainda sao de segunda ordem em derivadas. Esse cenério também ¢é particular-
mente interessante do ponto de vista da correspondéncia AdS/CFT devido a sua grande
classe de solugbes de buracos negros assintoticamente AdS.

Consideramos um sistema de gravidade AdS-axion-dilaton em cinco dimensoes com
um termo de Gauss-Bonnet e encontramos uma solucao das equacoes de movimento, o
que corresponde a uma black brane exibindo uma anisotropia espacial, onde a fonte da
anisotropia é um campo escalar linear em uma das coordenadas espaciais. Estudamos suas
propriedades termodinamicas e realizamos a renormalizacao holografica usando o método
de Hamilton-Jacobi. Finalmente, usamos a solucao obtida como dual gravitacional de
um plasma anisotropico fortemente acoplado com duas cargas centrais independentes,
a # c. Calculamos varios observaveis relevantes para o estudo do plasma, a saber, a
viscosidade de cisalhamento sobre densidade de entropia, a forca de arrasto, o parametro

de jet quenching, o potencial entre um par quark-antiquark e a taxa de produgao de foétons.

Palavras-chave: correspondéncia gauge-gravidade, holografia e o plasma de quark e glu-

ons, gravidade de curvatura mais elevada.
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Abstract

Misobuchi, A.S. Lovelock Gravity and the AdS/CFT correspondence 2016. Master

degree dissertation - Physics Institute, University of Sao Paulo, Sao Paulo, 2016.

The AdS/CFT correspondence is a remarkable tool in the study of strongly coupled
gauge theories which can be mapped to a dual, weakly coupled gravitational description.
The correspondence is best understood in the limit in which both N and A, the rank of
the gauge group and the 't Hooft coupling of the gauge theory, respectively, are infinite.
Accounting for higher curvature interactions allows one to begin to consider finite A. For
example, the leading finite coupling corrections to type IIB supergravity arise as stringy
corrections with schematic form o/*R*.

In this work we investigate higher curvature corrections in a simpler scenario, the Love-
lock gravity. Lovelock gravity is a nice framework to investigate such corrections since its
equations of motion are still second order in derivatives and is particularly interesting from
the point of view of the AdS/CFT correspondence because a large class of asymptotically
AdS black holes solutions are known.

We consider five-dimensional AdS-axion-dilaton gravity with a Gauss-Bonnet term
and find a solution of the equations of motion which corresponds to a black brane exhibit-
ing a spatial anisotropy, with the source of the anisotropy being an axion field linear in
one of the spatial coordinates. We study its thermodynamics and we carry out the holo-
graphic renormalization using the Hamilton-Jacobi approach. Finally, we use the solution
as a gravity dual to a strongly coupled anisotropic plasma with two independent central
charges, a # c¢. We compute several observables relevant to the study of the plasma,
namely, the shear viscosity over entropy density ratio, the drag force, the jet quenching

parameter, the quarkonium potential and the thermal photon production.

Keywords: Gauge-gravity correspondence, Holography and quark-gluon plasmas, Higher

curvature gravity.
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Chapter 1
Overview

The AdS/CFT correspondence [1-3| represents a remarkable tool in the study of
strongly coupled gauge theories which can be mapped into a dual, weakly coupled grav-
itational description. For example, in ultra-relativistic heavy ion collision experiments,
large nuclei are collided and a state of matter with very high temperature and density,
the quark gluon plasma (QGP), is produced. Results obtained in experiments at the Rel-
ativistic Heavy Ion Collider (RHIC) [4,5] and at the Large Hadron Collider (LHC) [6]
indicate that the QGP behaves as a strongly coupled system which cannot be studied by
traditional perturbation theory methods.

The correspondence is best understood in the limit in which both N and A\, the rank
of the gauge group and the 't Hooft coupling of the gauge theory, respectively, are infinite.
Investigating departures from this limit implies introducing o’ and loop corrections for the
string and it is clearly of the utmost importance for a series of reasons, from achieving a
deeper understanding of how the correspondence works in larger regions of the parameter
space, to modeling more realistic gauge theory systems, where N and A are obviously not
infinite. Accounting for higher curvature interactions allows one to begin to consider finite
A corrections. For example, the leading finite coupling corrections to type IIB supergravity
arise as stringy corrections with schematic form o/*R* [7].

One more modest approach is to consider simple generalizations of Einstein grav-
ity, where higher curvature corrections are under control and calculable, in the hope to
gain some qualitative understanding of the effects they might have and, perhaps, uncover
some universal properties. A well-studied family of corrections is represented by Love-
lock theories of gravity [8-11].! These theories are defined as natural extensions of the
Einstein-Hilbert action to dimensions higher than four. The main characteristic of Love-

lock gravities is the fact that, albeit being defined in terms of higher curvature/derivative

'Reviews on Lovelock theories with an emphasis on their relevance in the AdS/CFT context can be
found in, e.g., [12-14].
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terms, they yield second order equations of motion and are free of pathologies. The first
Lovelock correction, which is present already in five dimensions, is given by the Gauss-
Bonnet (GB) term, which is quadratic in the curvature. Another point of interest in
this correction is that, besides being calculable, it possesses a wealth of exact black hole
solutions with AdS asymptotics; see e.g. [15-17| for a comprehensive review.

It is clearly worthwhile to try to find as many new solutions as possible and increase
the arena of models where explicit computations can be performed. With this motivation
in mind, in this work we consider a GB correction to Einstein-Hilbert gravity in five di-
mensions with a negative cosmological constant and a coupling to an axion-dilaton field.
It is not clear whether this system might be obtained by some string theory compactifica-
tion, so that our philosophy in this work is ‘bottom-up’. At least, we know some aspects
of its holographic dual field theory in some limits. If the GB coupling is set to zero, the
dual field theory is known and corresponds to a deformation of A" = 4 Super Yang-Mills
(SYM) theory by a theta-term. On the other hand, the exact field theory dual to pure
GB gravity is not currently known, but we know that the theory is dual to a CFT with
two different central charges [18-20].

The main goal of this thesis is to find a new solution of the equations of motion rep-
resenting a black brane with a translationally invariant but anisotropic horizon and then
explore the properties of the corresponding dual plasma. The force responsible for keep-
ing the horizon in an anisotropic state is furnished by the axion field, which we take to
have a fixed profile in the radial coordinate but to depend linearly in one of the horizon
coordinates. This is similar to what has been done in [21] and later in [22,23|. This new
solution is interesting from a purely general relativity point of view, for it opens up the
possibility to study the thermodynamics of a black brane which depends on several pa-
rameters (the temperature, the GB coupling and an anisotropy parameter), presumably
giving rise to a rich phase space. In this work we move a first step toward the study
of such thermodynamics by computing the boundary stress tensor. This computation
requires the machinery of holographic renormalization. More specifically, we use a Hamil-
tonian approach to the problem, rather than the more commonly used Lagrangian one, in
the incarnation of the recursive Hamilton-Jacobi method developed in [24] for the AdS-
Einstein system with axion-dilaton (without higher derivative corrections). Holographic
renormalization of Einstein gravity with the GB term, but without any other field turned
on, has been performed in [25].

A more applied motivation for our work is given by the study of the QGP produced
in the ultra-relativistic collision of heavy ions at RHIC and LHC. Contrary to naive
expectations, this plasma turns out to be a strongly coupled fluid [26,27]. This fact renders
a perturbative approach of limited applicability and motivates the use of the AdS/CFT
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correspondence; see 28] for a review of applications of AdS/CFT to the study of the
QGP. One of the diagnostics of the strongly coupled nature of this fluid is represented
by ‘elliptic flow’, i.e. the anisotropic evolution of the fluid in the initial stages before
isotropization. Recently, there has been some interest in modeling this anisotropy at strong
coupling [22, 23] and in studying how various observables may be affected by it. Some of
the studies that have been performed include the computation of the shear viscosity to
entropy density ratio [29,30], the drag force experienced by a heavy quark [31-33|, the
energy lost by a quark rotating in the transverse plane [34], the stopping distance of a
light probe [35], the jet quenching parameter of the medium [32,36, 37|, the potential
between a quark and antiquark pair, both static [32,36,38,39] and in a plasma wind 38|,
including its imaginary part [40], Langevin diffusion and Brownian motion [41-43], chiral
symmetry breaking [44], the production of thermal photons [45-47| and dileptons [48],
and the introduction of a chemical potential [49,50]; see [51] for a review of some of these
computations and [52] for similar computations in a fluid with dilaton-driven anisotropy.

In order to achieve a more realistic model of the anisotropic plasma it is obviously
important to relax some of the assumptions (like the infinite coupling and infinite number
of colors) that go into the simplification of having a classical gravity dual. The GB cou-
pling that we introduce here corresponds to allowing for different central charges, a # c,
in the gauge theory [18-20]. We compute these two central charges for our particular so-
lution, verifying that they are indeed different. On general grounds, looking at how higher
derivative terms affect physical observables on the gauge theory might also be useful to
constrain the string landscape, e.g. by excluding regions of parameters that would result
in pathologies, as advocated for example in [16,53]. As a final, concrete application of
our geometry we compute several observables relevant to study of the QGP, namely, the
shear viscosity over entropy density ratio, the drag force experienced by a heavy quark
moving through the plasma, the jet quenching parameter, the static potential between a
quark-antiquark pair (quarkonium) and the photon production rate.

This thesis is organized as follows. Chapter 2 is a standard review of AdS/CFT cor-
respondence. In Chapter 3, we review Lovelock gravity, emphasizing the properties that
motivate its study within the context of the AdS/CFT correspondence. Chapter 4 is de-
voted to a first simple computation in the framework of higher curvature gravity. More
precisely, we use GB (and also Quasi-topological) gravity as the holographic setup to com-
pute the so called Chern-Simons diffusion rate of the dual plasma [54]. Chapters 5 and
6 constitute the main results of this thesis [55,56|, where we find the anisotropic gravity
solution with the GB term and use it as the gravity dual of a strongly coupled anisotropic

plasma. Finally, our conclusions are presented in Chapter 7.



Chapter 2

AdS/CFT correspondence

Dualities have taught us a lot over the last centuries [57|. It is surprising when we find
two theories, at first not similar to each other, to be just two different descriptions of the
same physics. Perhaps this means there is something more fundamental behind it, and it
is clearly worth to explore them as much as we can. The AdS/CFT correspondence is one
such example of duality and one of the most important discoveries in theoretical physics of
the last decades. Maldacena proposed the correspondence in 1997, relating string theory
(a theory of gravity) to a gauge theory (without gravity) “living” in the boundary of the
space of the gravity theory.

One remarkable aspect of the AdS/CFT is that it is a strong/weak coupling duality.
As a consequence, a strongly coupled problem in the gauge theory, which is generally
difficult, can be mapped into an easier, weakly coupled problem in the gravity dual theory.
The converse is also true, i.e., we can use gauge theories to learn about string theory at
strong coupling. In fact, so far string theory is only well defined perturbatively, and
we do not know much about non-perturbative string theory. Therefore, we can use the
correspondence to actually define what non-perturbative string theory is.

In this Chapter, we motivate the AdS/CFT correspondence by giving heuristic argu-
ments that relate string/gravity theories to gauge theories. We then work on some general
aspects of string theory that are necessary to understand the correspondence. Finally, we
state the conjecture by equating two different pictures of a system of N coincident D3-
branes. The classical review about the AdS/CFT is [58], but there are many others at
an introductory level; see e.g. [59,60]. There are also some nice recent books about this
subject [61,62].
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2.1 Arguments for plausibility

In this section we give some heuristic arguments that point the connection of string

theory with gauge theories.

’t Hooft large N expansion

In the argument proposed by 't Hooft in 1974 [63], we consider a U(N) gauge theory
with gauge coupling g and take a particular limit in which N — oo while the parameter
A = ¢>N, the 't Hooft coupling, is kept fixed. In this limit the expansion in terms of Feyn-
man diagrams simplifies drastically in such a way that only planar diagrams! contribute.
It turns out that in this limit the amplitude expansion for the gauge theory has the same
structure of the genus expansion that appears in string theory, suggesting a connection
between gauge theory and string theory.

Let us review this argument for the case of a generic adjoint field ® in a U(N) gauge

theory with Lagrangian given by
1
L= ?Tr [((09)” + @* + 0* + ..]. (2.1)

Here we are ignoring a possible mass term since it does not change the argument. We
emphasize that this argument holds in general, in particular for SU(N) N = 4 Super

Yang-Mills theory which is the case of interest for the statement of the AdS/CFT corre-

b

., Where

spondence. In the adjoint representation, ® can be viewed as N x N matrix &
a,b=1,...,N. As we usually do in quantum field theory, we can use Wick’s theorem to
derive the Feynman rules. The rules are summarized below, where we also introduced the

double line notation for convenience.

LA planar diagram is a diagram that can be drawn on the plane without crossing lines. We can think
of planar diagrams as those who can be drawn on the surface of a sphere. On the other hand, a non-planar
diagram can only be drawn on a torus or a surface of higher genus.
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AY

Propagator b ~ g*0407

Loops Q ~ 0t =N

With these rules we can now compute vacuum-to-vacuum amplitudes by summing over

all possible diagrams. One way to organize the diagrammatic sum is accordingly to their
number of vertices, propagators and loops. Using the Feynman rules, a general diagram

with V' vertices, P propagators and L loops contributes with

1%
AV P ~ () () NP, (22)

where A\ = ¢g?N is the 't Hooft coupling. Recall the Euler characteristic formula for graphs

V—P+L=2-2h, (2.3)

where h is the genus number, i.e., the number of “holes” (like an h-torus). Summing over
all connected vacuum-to-vacuum diagrams, we obtain the schematic form for the total
amplitude
o oo 0
DTA=DD e AN =N AN (2.4)
h=0 n=0 h=0
where f,(A) is the sum over the diagrams that can be drawn on a surface of genus h. In
the limit N — oo, the sum is clearly dominated by the term A = 0, which corresponds to
the planar diagrams. The higher genus terms are suppressed by powers of 1/N2.
This diagrammatic expansion in the gauge theory has the same structure of the
vacuum-to-vacuum amplitude of the genus expansion of Riemann surfaces in string theory
(Figure 2.1). Basically, strings can split and join into “pairs of pants”, where the interaction

is controlled by a parameter g, the string coupling constant.
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genus 0 genus 1 genus 2

Figure 2.1: Genus expansion for an amplitude with two closed strings going into two closed
strings.

Holographic principle

The AdS/CFT can be viewed as a concrete example of the holographic principle.
The history behind the holographic principle begins with the “area theorem” by Hawking
in 1971 [64], stating that the area of the horizon of a black hole must always increase.
This behavior has an obvious analogy with the second law of thermodynamics, where the
entropy of a closed system must always increase. After some years, Bekenstein [65] took
a step forward and established that the entropy of the black hole is proportional to the

area of the horizon
An
1

As a consequence of this remarkable fact we now should think about black holes as ther-

Sp = (2.5)

modynamical objects. However, there is a subtlety here: the entropy of a black hole scales
like area, instead of volume as one could naively expect. Susskind interpreted these results
as a holographic principle [66]: for a theory of quantum gravity, such as string theory, the
description of a volume of the space is encoded on its boundary, in the same way as a
hologram in 2d encodes the information of a 3d object. Therefore, we expect quantum
gravity to have the same number of degrees of freedom (d.o.f.) of a field theory without
gravity and black holes, in one lower dimension. Let us check it explicitly for the case of

gravity in the Anti-de Sitter space.

Counting degrees of freedom

Let Ngpr and Ng,..i, be the number of degrees of freedom of the quantum field theory
(QFT) and gravity theory, respectively. Of course, they are both infinite, so we need to
regularize. For a QFT in d spacetime dimensions, we introduce an IR cutoff by putting
the theory in a d — 1 dimensional box of length ¢ . Also, we put an UV cutoff assuming a

lattice site of size §. Define IV as the number of d.o.f per lattice site, so the total number
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of d.o.f. is N x (# of states). In this way we have

V= (D) -

In the gravity side, the number of degrees of freedom is given by its maximum entropy

computed using the area law for a black hole that occupies all the volume

ABdr
Neravity = Smax = ——. 2.7
Gravity 4GN ( )
For the Anti-de Sitter space (AdSg41) the metric is given by
LQ
ds® = = (—dt* 4 di* + dz?) (2.8)
2

and the area Aygq,y of the black hole, at fixed time, is

¢ I d—1 /L d—1
= [ d"'z (= == . 2.
z=0 /(; v (Z) z=4 ( ) ) ( 9)

Note that we also introduced two cutoffs because the integral is divergent for two reasons:

(é)d_l % 5 and [d™z = oo. If we identify Ngpr =

z

Apay = /dd_lx\/—v

aravity; WE Obtain the same

parametric dependence on the cutoffs, provided the identification

Ldfl
Gn

~N. (2.10)

Renormalization group flow

Quantum field theories are organized in energy scales. In general, the dependence on
the energy scale in a quantum field theory with coupling constant ¢ is described by a

renormalization group flow equation,? usually called beta function, of the form

dg
=r— 2.11
where r is a parameter related to the energy scale of the theory. In units where h = ¢ = 1,

energy has units of length™, so we need to introduce an extra length scale L such that

r

(2.12)

2For example, the beta in QED function is positive, meaning that the theory is weakly coupled at low
energies. On the other hand, in QCD the opposite happens: the beta function is negative and the theory
is strongly coupled at low energies. In the special case of a vanishing beta function, the coupling constant
does not depend on the energy scale and the theory is said to be conformal.
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The previous discussion about the holographic principle suggests the possibility to include
an extra dimension, z, where gravity lives. We can identify the extra dimension with the
inverse of the energy scale, with L being the curvature radius of AdS. We just arrived at
one of the most intuitive pictures of the AdS/CFT correspondence: the geometrization of
the renormalization group flow (Figure 2.2). From the hint of the holographic principle,
we can think of the theory of quantum gravity as being equivalent to a quantum field

theory, without gravity, living in the boundary of the space, at z = 0.

z=0
(Boundary)

IR '

Figure 2.2: Left: the renormalization group flow from the QFT point of view. Right: the energy
scale of the QFT identified as an extra dimension z.

2.2 Basics of string theory

This section is a very brief overview of string theory. For our purposes to establish the
AdS/CFT correspondence, we give emphasis to the construction of the massless spectrum
of closed superstrings. This will be important to understand the origin of the fields in type

IIB supergravity.

2.2.1 Generalities

String theory is a theory of relativistic, quantum, interacting one and higher dimen-
sional objects (strings and branes). It was originally proposed as a theory of the strong
interactions, but soon this idea was abandoned due to the success of QCD. Later, it was
found that string theory naturally incorporates gravity since a massless spin two state, the
graviton, appeared in the spectrum of quantized closed strings. String theory is therefore
a theory of quantum gravity, and over the past years it has been viewed as a promising

candidate of a theory that unifies all the forces in nature.
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The string length [, is the only fundamental dimensional parameter in the theory, it

sets the scale at which string effects become relevant. The string tension is given by

T_

=5 where o = I2. (2.13)
T

There is also another parameter, the coupling constant g, that controls the strength of the
string interactions. It is important to emphasize that g, is not a fundamental parameter

of the theory.® The action for the bosonic string is given by the Nambu-Goto action

Sya = —T/dem/— det gop, (o, B =7T,0), (2.14)

where gop = G,,0,X"03X" is the induced metric on the string world-sheet, with X* be-
ing the embedding coordinates and G, the target space metric. The spectrum of bosonic
string has a tachyon, an unstable vacuum state with negative mass. Moreover, the spec-
trum does not contain fermions, which requires the introduction of supersymmetry. Con-
sistency of the theory fixes the spacetime dimension to be 26 in bosonic string, while for

the superstring the dimension is fixed to 10.

2.2.2 Superstring

As we mentioned before, bosonic string is well described by the Nambu-Goto action
(2.14). However, there is an alternative action equivalent to the Nambu-Goto action,
called Polyakov action, that is more suitable to the construction and quantization of the
superstring. In the Ramond-Neveu-Schwarz (RNS) formalism of the superstring, we start

with the gauge-fixed Polyakov action with the addition of fermionic fields
T af 2 oy
S = b drdo N (0 X" 0 X, + i) 7,051,.), (2.15)

where X*(1,0) and " (7, o) are the bosonic and fermionic world-sheet fields, respectively.
Note that X'* are world-sheet scalars and ¢* are world-sheet spinors, but from the point
of view of the spacetime they are both vectors. This action is invariant under the global,

infinitesimal, world-sheet supersymmetry transformations

S =t Sabt = —ip®D, Xl (2.16)

3In fact, it is given by g = eg’ , the exponential of the asymptotic value of a field of the theory.
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where € is a constant, anti-commuting two-component spinor. The Dirac matrices can be

A0 = (S B’) : Al = <(3 é) . (2.17)

We can choose ¥* to be a world-sheet Majorana spinor, i.e., 1) = (i*) with ¥4 both real.

chosen as

With these choices, the fermionic part of the action becomes

Sy~ [ drdot- -0+ 00, (2.15)

where we introduced world-sheet light-cone coordinates 0 =t + o, and 05 = The

Oo i
equations of motions are

oyt =0, 0.0 =0. (2.19)

When deriving the equations of motion above, by varying the action w.r.t. the fields,
a boundary term arises and we need to impose suitable boundary conditions (b.c.) to

eliminate such term. The boundary term of the fermionic part is

o5y ~ [ drt 00 — v 0 )T (2.20)

70

We need to treat the cases of open and closed string separately now.

Boundary conditions: open string

For the open string, the contribution from the two endpoints have to vanish separately.

For the endpoint at ¢ = 0, we can choose without loss of generality

P (7,0) = ¢L(7,0). (2.21)
This choice still leaves two possibilities at the other string endpoint (o = 7):
o Y\ (1,m) =4y (r,m) Ramond (R) boundary condition
o Y (r,m)=—¢"(r,m) Neveu-Schwarz (NS) boundary condition

With these boundary conditions we can write the mode expansion satisfying the equations

of motion and the appropriate boundary condition

Yi(r £ 0) \/_ Z e tr(rEo) (R-sector)
reZ
Y (T £ 0) \/_ Z P tr(rEo) (NS-sector) (2.22)

reZ+1/2
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Additionally, the Majorana condition requires ¢*, = (¢*)*. As it happens for the bosonic
string, quantization of the superstring requires us to solve some Virasoro constraints.
This is best done by introducing spacetime light-cone coordinates, leaving ¥ (i = 1, ..., 8)
as the true degrees of freedom. In the quantization of the superstring, we promote the

coeflicients ¥* to fermionic operators satisfying anti-commutation relations
{’17[);, ;} = 5ij5r+s,0~ (223)

Let us now analyze the two different sectors. The NS-sector turns out to be simpler, be-
cause there are no zero modes 1. We define the NS vacuum |0) y5 as the state annihilated
by all positive modes 1¢. This state turns out to be tachyonic, with negative mass. Ap-
plying each negative modes, we can construct the excited states. The first excited state is
massless and is obtained by applying 9" | /2|0)vs. This forms a vector of SO(8) that we
will denote by 8,,.

The main difference of the R-sector with respect to the NS-sector is the presence of
zero modes 5. They do not contribute to the string state energy so the ground state is
degenerate. The anti-commutation relations for the zero modes have the form of a Clifford
algebra {4}, 1)} = 6" being a 16-component spinor representation of SO(8) which can be
reduced into two 8-component spinor representation of opposite chiralities. Let us denote
these representations by 8. and 8.

The NS-sector brings a tachyon that we want to remove. This is done by introducing
the so called Gliozzi-Scherk-Olive (GSO) projection, that not only removes the tachyon
but also equates the number of fermionic and bosonic degrees of freedom. Acting on the
NS-sector, the GSO projection removes states with even number of fermionic modes. In
particular, it removes the tachyonic state |0)yg. Acting on the R-sector, it projects out

one of the 8’s, leaving the one with opposite chirality.

Boundary conditions: closed string

Roughly speaking, we can think about the closed string as being composed by two
copies of the open string, referred to as left and right movers. We can impose the boundary
conditions for the closed string in four different ways. For each of the left and right movers
we can choose the boundary condition to be either Ramond or Neveu-Schwarz, giving rise

to the four sectors of the closed string
(Left b.c. - Right b.c.): (NS-NS), (NS-R), (R-NS), (R-R). (2.24)

As it occurred in the open string, we need to apply the GSO projection to remove the
tachyon on both left and right movers. Accordingly to the chirality left by the GSO



2.2 BASICS OF STRING THEORY 13

projection when acting on the R-sector, we classify the theory as type ITA and type IIB.
In type 1IB superstring, the right and left movers have the same 8. left by the GSO
projection, while in the type ITA the right and left movers are left with 8. and 8, with
opposite chiralities. Since we want to focus on type IIB supergravity in the next subsection,

we summarize the massless spectrum of type IIB strings in Table 2.1.

Table 2.1: Massless closed string states.

Sector | | )p®| )r| SO(8) rep | Fields
NSNS | 8,®8, |1+28,+35,]| ¢ B, G
NSR | 8,®8, 8,456, | A Upa

R-NS | 8.®8, 8, +56, |\, U7,
R-R 8. ® 8, 1+ 28.+ 35, C(O), C(g)

+
uV’CX4)uupa

The particle content can be grouped accordingly with their bosonic/fermionic nature

and they have the following symmetry properties

4
G, metric

C) +1i¢  axion-dilaton
Bosons

B, + iC(g)W rank 2 antisymmetric
\ C(
! Majorana-Weyl gravitinos

Fermions e I=12 (2.25)
M Majorana-Weyl dilatinos

4)+ rank 4 antisymmetric and self-dual
uvpo

It is important to note that in this formalism of the superstring, we started with an
action with supersymmetry on the world-sheet, but supersymmetry in the spacetime is
not manifest. Moreover, the GSO projection may be somewhat artificial to remove the
tachyon and equate the number of bosons and fermions in spacetime. Another formalism of
the superstring, the Green-Schwarz (GS) formalism [67], makes spacetime supersymmetry
manifest, but the symmetries in the world-sheet are not. As a final comment, there is still
another formalism, called pure spinor and developed by Berkovits [68], that combines the

advantages of the RNS and GS formalisms, but we will not treat them here.

2.2.3 Type IIB supergravity

The reason for us to be focusing on the massless states is that, at low energies, the
massive modes of string theory are not excited so we can integrate them out, leaving only

the massless fields. Also, if we consider a weakly curved spacetime, we can treat strings
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essentially as point-like objects. In the low energy and low curvature limit, string theory

reduces to general relativity coupled to other fields,

1
5= 167Gy

/ d"’z+/=g (R + massless modes) (2.26)

plus some calculable higher curvature corrections. This is the supergravity limit of string

theory. For type IIB superstring, the low energy effective action is given by

1 _
Sip = 55— [/ d"z/=ge ™ (2R + 80,0 0"¢ — |H)|*) —
N
~ 1 -~ .
—/dl% (|F(1)|2 + | Fg) | + §|F(5)|2> — /C(Z) A Hg) N Fisy| 4 fermions,
(2.27)

where

Fay=dCp),  Hg =dBw),  Fg=dCy),  Fis=dC),

5 . 1 1

Fy=Fpy = Coy NH),  Fis) = Fio) = 50 AN Hey + 5B A Fl,  (2.28)
and |F(p)\2 = %FMWWF“““P. The action for type IIB supergravity above is not complete,

we still need to impose the self duality condition Fis) = xF{5) by hand.

2.3 D-branes: the two pictures

String theory is not only a theory of strings, but also of branes. A p-brane is a p-
dimensional spatially object. An important class of p-branes are Dp-branes (D stands
for Dirichlet) where open strings can end. The study of branes, more specifically a stack
of N coincident D3-branes, was the main insight that led to the AdS/CFT correspon-
dence. In what follows, we study this system of branes from two different perspectives.
The AdS/CFT correspondence is, roughly speaking, the statement that both pictures are

equivalent.

2.3.1 Open string picture

A remarkable property about Dp-branes is that they contain gauge fields living on their
world-volume [69]. More precisely, if we quantize an open string ending on a Dp-brane, we
obtain in the massless modes of the spectrum an abelian gauge field A, (1 =0,1,...,p).

For more than a single D-brane, the structure is richer: we can have a string with endpoints
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on the same brane or with endpoints on different branes. In the case of N coincident D-
branes, what happens is that they contain a SU(N) non-abelian gauge theory .

For our purposes, it is convenient to define coordinates along the brane and transverse
to that

o' = (2% 2',...,2") longitudinal coordinates,

= (P2 transverse coordinates. 2.29
Y

Note that the presence of a p-brane breaks translational invariance in R%!. In the case of

a flat Dp-brane,

S0(9,1) = SO(p,1) x SOO —p) . (2.30)
—— N—_—— ———
D=10 flat Dp-brane  transverse space

All fields supported on the D-brane only depend on the z# coordinates.
For the particular case of N coincident D3-branes, the massless spectrum is given by
a four dimensional gauge field A, six scalars ¢’ and four Weyl fermions y,. Surprisingly,
in the low energy limit, the effective action for these modes is the same as for N' = 4
SYM theory with gauge group SU(N) in d = 4 spacetime dimensions [70]. To give an
idea about how this picture emerges, let us remember the action for Yang-Mills theory,
Sy = X S der . By = 0,4, — 0,4, (2.31)
3 w7 Py Ay — Oy Ay

On the other hand, the dynamics of a single D3-brane is governed by the Dirac-Born-
Infeld-Action (DBI)

1

I (2.32)

SDBI = TD3 / d4$6_¢\/— det(g/w + O/FM,/), TD3 ~
where here g,, is the induced metric on the D-brane world-volume. Let us see what
happens in the low energy limit, i.e., the limit in which we consider energies much smaller
than the energy scale 1/, of string theory. Expanding to the lowest order in o/, one term

that arises is exactly the Yang-Mills term (2.31), provided the identification
g2, = 4mgs. (2.33)

The other terms of the low energy expansion correspond to the interactions with closed
string modes emitted and absorbed by the brane, and also the interaction of closed strings
with themselves. This means that, in total, the action for the coincident branes is effec-
tively described by

Ssym + Selosed T Sclosed fopen- (2.34)
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The strength of the interaction between closed strings is governed by the Newton constant
Gy. But Gy ~ (o/)* in ten dimensions, thus the interaction goes to zero in the low energy
limit. The interaction between open and closed strings is also controlled by Gy and goes to
zero for the same reason. Therefore, in the low energy limit we obtain free closed strings,
i.e., free gravity.

However, the interactions for Sgy s are controlled by gy, and not by G, so they are

not turned off in the low energy limit. We conclude that at the end we obtain

Ssym + free gravity in R®!. (2.35)

The next step is to consider another picture and see how we can relate the two pictures.

2.3.2 Closed string picture

D-brane can also be viewed as defects in spacetime: since D-branes gravitate, they
deform the space around them. We consider type IIB supergravity and we want to find
the spacetime metric sourced by N coincident D3-branes. The relevant part of the action

for type 1IB supergravity is*

1
167TGN

2
S = 1omgr | oV | (R4 10,000) -SR] (230
where ¢ is the dilaton scalar field and F(5) = xF(5) is a self dual 5-form. Remember that
branes preserve SO(p, 1) x SO(9 —p) symmetry, so we choose an Ansatz consistently with

the desired symmetries (and we set p = 3)

6
1 ‘
ds* = —=1da"dz” +\/H(y) Y _ dy.dy’,
VH(y) ) —
50671) Sazﬁ)
¢ = ¢y = const., Fisy = (1 +*)dt Ada' Ada® ANda® NdH (2.37)

Note that the self-duality constraint of F{s) is satisfied by construction. The equation of

motion turns out to be of a Laplacian type and the solution reads

L4
H(y) =1+ S (2.38)
where
L* = 4rltg,N. (2.39)

4The other fields of the type IIB supergravity action (2.27) can be set to zero, consistently with the
equations of motion.
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Since we are in the supergravity limit, all this computation is valid when L > [, i.e., in

the point-like limit of the strings. From (2.39), we see that this condition is equivalent to
gsN > 1. (2.40)

So far the solution we found for the metric sourced by N coincident D3-branes is

L4 _% v L4 % 2 2 2
1+? N da*dr” + 1+E (dy® + y?d23) . (2.41)

The parameter L can be considered as the characteristic length scale of the range of the
gravitational effects of the D3-branes. For y > L, we can neglect the L*/y* term above
and we obtain flat space. For y < L, the geometry resembles a “throat” (Figure 2.3).

Defining z = %2 and taking z — oo, the geometry inside the throat turns out to be

L2
ds® = = (Nuwda"dz” + d2*) + L*dQ3, (2.42)

where dQ)2 is the metric of a five-sphere. We recognize this solution as AdSs x S°.

flat space

Figure 2.3: The closed string picture: inside the throat, we have interacting closed strings in
AdSs x S°. Qutside the throat, we have free strings in flat space.

Now we take two limits, the so called Maldacena limit (or near horizon limit):

e First, we take z > L (or equivalently y < L). In this case we have the spacetime

concentrated inside the throat.

e Then, we keep both g, and N fixed and we take o/ — 0. This is again a low-energy

limit: the string dynamics in the throat and in the asymptotic flat space decouple.
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After taking these two limits, we end up with free strings in flat space and strings inside
the throat. The strings in flat space are free, because as before, the interaction is controlled
by Gy and it goes to zero in the low energy limit. The strings inside the throat do not
have enough energy to climb out, so they decouple from the strings outside the throat.
There are still interacting strings, just deep inside of the throat, where the geometry is
AdS5 x S5. Therefore, in this particular limit, the system in the presence of N coincident
D3-brane is described by

Type 1IB strings in AdS; x S° + free gravity in R%!. (2.43)

This is the “closed string picture”. It is important to emphasize that this picture is valid
for g¢N > 1, while on the other hand the open string picture was valid for g;N < 1. We
are now finally ready to state the conjecture of the AdS/CFT correspondence.

2.4 Statement of the AdS/CFT correspondence

To summarize, we have studied two different descriptions of a system of N coincident
D3-branes. In the open string picture, D-branes are hyperplanes where open strings can
end. The resulting low energy limit is N' = 4 SY M with gauge group SU(N). On the
other hand, in the closed string picture, D-branes are viewed as defects in spacetime that
deform the geometry around them, and the low energy limit resulted in type IIB strings
propagating in AdSs x S°. Note that both descriptions are low energy limits, but there
is a difference here: the open string picture holds for g,N < 1, while in the closed string
picture we had g, N > 1.

The AdS/CFT correspondence is the statement that the two descriptions, besides

derived in different regimes of the parameter g,/N, are in fact equivalent, i.e.,

N =4 SU(N) SYM theory = type IIB string theory in AdSs x S°|. (2.44)

The relation between the parameters of the two sides are (2.33) and (2.39),

L4

= 4mgs N, g2, = 4mg,. (2.45)
We still need to specify in which conditions we expect the equivalence to hold. In

the strongest form of the conjecture, we assume the equivalence to hold entirely, for full

quantum string theory and gauge theory with any value of N and A. A more conservative

approach is the weaker version of the AdS/CFT correspondence, in which we assume the

duality to hold only at the lowest level of the perturbation expansion. In this case we



2.5 CORRELATION FUNCTIONS 19

identify supergravity, the low energy limit of string theory, with the planar and large A
limit of the gauge theory. There is still a mild level of the conjecture, where N — oo but
A is kept finite, corresponding to classical string theory. For the special case of large but
still finite A, we have in the corresponding gravity side o/ corrections (involving higher
order curvature terms) to supergravity. We summarize the different forms of the AdS/CFT

correspondence in Table 2.2.

Table 2.2: Three levels of the AdS/CFT correspondence.

N =4 SU(N) SYM [IB theory on AdSs x S°
Strong VN and Vgyy < Full quantum strings ¢, # 0, g—; # 0
Mild N — oo, A fixed & Classical strings gs — 0, z‘—; #0
Weak N — 00, A >00 & Classical supergravity g5 — 0, z‘—; —0

An obvious check of the conjecture is to see if the global symmetries on both sides
match. The bosonic part of A/ = 4 SYM in four dimensions has a conformal symmetry
associated to the group SO(4,2); see Appendix A. This matches exactly the isometry
group of AdSs. The easiest way to see that is to view AdSs as embedded in R*2. Moreover,
the N'= 4 SYM displays a global SU(4) R-symmetry which is the symmetry that rotates
the six scalars and the four fermions of the theory. Since SO(6)r ~ SU(4)g, this matches
the SO(6) symmetry of the S5 sphere part of AdSs x S.

2.5 Correlation functions

We also need to provide a prescription to map the observables of the two sides of
the duality. The prescription is known as the GKPW (Gubser, Klebanov, Polyakov and
Witten) formula and it is a one-to-one field /operator identification, i.e., gauge invariant
operators O of the boundary theory are mapped into bulk fields ¢ of the gravity theory.
For example, The bulk metric corresponds to the stress energy tensor of the boundary
theory. Basically, for each local operator O;(x) of the gauge theory we add a term to the

action

S— S+ /d4x gzﬁéo)(x)(’)(x), (2.46)

where ¢’@ (x) is the boundary value of the bulk field ¢’ dual to the gauge invariant operator
©;. This means that the boundary value of the bulk field acts as a source to the gauge
invariant operator of the boundary theory. In the strongest form of the correspondence,

we assume the equivalence to hold at the level of the partition function

Zsym [¢(O)] = Zup strings [Qb(o)]- (247)
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The left hand side contains all the information about the gauge theory, since all correlation
functions can be computed by taking functional derivatives of the partition function.
Going to the weak form of the conjecture by taking the limit N — oo and A — oo, we
can approximate string theory by supergravity and compute the partition function using
saddle point approximation

ZyulJ] ~ e 55tama. (2.48)
In this way the on-shell gravitational action is identified as the generating functional of

connected diagrams and correlation functions are extracted via

(on—shell)
5nSSUGRA

0k (1) -0y () Lo, =0

(O1(21)..00(20)) o pop = (2.49)

In principle, the extraction of correlation functions seems to be straightforward using the
above prescription. However, divergences usually appear in the computation of the on-
shell gravity action and a regularization procedure is necessary. There are several methods
to remove those divergences, which are referredto as holographic renormalization. We will

explore one such method in Chapter 5, where we use and extend the Hamilton-Jacobi

approach developed in [24].



Chapter 3
Lovelock gravity

Einstein’s general relativity is considered by many as one of the most beautiful theories
of physics. The theory was proposed in 1915 to reconcile gravity with the principles of
special relativity. The theory relies on the simple, but profound, equivalence principle:
locally, we cannot distinguish the effects of gravity from the ones due to an accelerated

reference frame. The dynamics are governed by Einstein’s equations

1
Guw =R, — §gWR + Agu = 87GNT,,, (3.1)

where G, is the Einstein tensor. There are some important properties that fully char-
acterize the form of the Einstein’s equations above. First, the equations of motion are
second order in derivatives, i.e., G, is a function of the metric and its two first derivatives
only. Moreover, G, is symmetric and conserved, i.e., G, = G,,, and V"G, = 0, reflecting
the desired properties of the stress tensor 7),, of matter fields. Lovelock’s theorem |[§]
concludes that, in four spacetime dimensions, these conditions are enough to fully fix the
form of Einstein’s equation. If we go to higher dimensions, however, David Lovelock also
showed that we can construct more general symmetric divergence-free tensors yielding
second order equations of motion, giving rise to Lovelock gravity.

In this Chapter, we review the general aspects of Lovelock gravity. We define the
Lovelock action and find the vacuum solutions of its equations of motion. We focus on
the black hole solutions and recent advances regarding Lovelock gravity in the context of
the AdS/CFT correspondence. Some of the remarkable results found so far include: the
violation of the KSS viscosity bound, the gravity interpretation of the unitarity condition

of the CFT, and causality constraints related to the positivity of energy.

21
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3.1 Non-coordinate basis

Lovelock gravity can be described in an elegant and compact way using the language of
differential forms. We can construct a non-coordinate basis which provides an orthonormal

basis for the tangent space at each point on the manifold,
ds? = gudat dz” =ng ee, (3.2)
where the vielbein I-form is defined as e* = ejd @, so we can rewrite the metric as
Guw = Nab €5 €5 (3.3)

Latin indices are called flat or tangent space indices, while Greek indices are called curved

or spacetime indices. Another important object is the spin connection 1-form
w =w,Ydz". (3.4)

Roughly speaking, the spin connection plays the role of the Christoffel symbols of the
usual tensorial language. The information about the curvature is entirely encoded into

the Cartan’s structure equations

Riemann curvature 2-form: R* = dw® + w* Aw® (3.5)

Torsion 2-form: 7% = de® + w%A e’ = De”. (3.6)

Note that R%® = %Rablw dz* Adz”, since it is a 2-form. The relation between the Riemann
curvature 2-form and the Riemann curvature tensor is given by

R, =R", e*e (3.7)

i

3.2 Lovelock action

Lovelock gravity is the natural generalization of general relativity to more than four
spacetime dimensions. In d spacetime dimensions, the action of Lovelock theory is given
by a sum of K < [%] terms, where K is an integer that denotes the highest non-vanishing

coefficient ¢ (i.e., cg=g = 0)

K
1 C
S = E 3.8
Lovelock 167TGN(d . 3)' P d . 2]{: /£k7 ( )
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where
Ly = €4y a, R N 0 N RI2R1926 A 02641 A % (3.9)

and €,, ,, is the totally antisymmetric tensor. The parameters {c;} are the couplings of

the theory. To gain some intuition, let us see the first terms of the action explicitly:

e The term k£ = 0 has no curvature term, it is simply a term proportional to the

element volume: the cosmological constant;

e The term & = 1 includes one power of the curvature 2-form. The choice ¢y = ﬁ

and ¢; = 1 results in the usual Einstein-Hilbert action with negative cosmological

(d-1)(d-2).

constant A = —=——75—;

e The term k = 2 gives the so called Gauss-Bonnet (GB) term

Lop = R* — 4R, R"™ + Ry pe RM . (3.10)

Lovelock theories involve higher curvature terms in the Lagrangian, but are con-
structed in a special way such that the equations of motion are still second order in
derivatives so to avoid pathologies such as Boulware-Deser ghosts [10]. Indeed, the ab-
sence of ghosts, together with the fact that curvature squared terms appeared in the low
energy limit of heterotic string, as pointed out by Zwiebach [9], motivated the earlier
studies of Lovelock gravity in string theory.

One interesting feature of the action (3.8) is its connection to topological quantities
known as Euler densities. In fact, one recognizes the Lagrangian densities Lj as the
higher dimensional extensions of the Euler densities Fs, that appear in the remarkable
Gauss-Bonnet theorem, that connects the Riemann curvature, a geometric quantity, to a
topological quantity known as the Euler characteristic; see for example [71].

For manifolds with a boundary, as it will be the case of interest in the next chapters,
the action (3.8) has to be supplied with boundary terms analogue to the Gibbons-Hawking
term, necessary in order to have a well posed variational problem. This is due to the fact
that, when varying the action w.r.t. the metric field, a boundary term containing the
normal derivative of the metric variation arises and, since we want to fix only the metric
variation at the boundary and not its normal derivative, a boundary term has to be
added to cancel such contribution. It was found in [72] that the necessary boundary terms
are exactly the higher dimensional extensions of the boundary terms of the generalized
Gauss-Bonnet theorem for manifolds with a boundary.

Let us now derive the equations of motion and check that they are indeed of second

order.
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3.3 Equations of motion and vacuum solutions

The equations of motions are derived by extremizing the action (3.8). We will apply
the first order formalism, in which we assume the vielbein and the spin connection as
independent variables, so we need to vary the action with respect to both vielbein and
spin connection, obtaining two equations. Before we do this computation, it is convenient

to introduce the notation

Ra1...a2n = Rmdz/\ LA Ra2n*1a2n’ (311)
6a1...an = ea1/\ /\ ean' (312)

First, varying the action with respect to the spin connection, we obtain

0wl = €ay..a,0(RU RN 2k +10d
= €ab...a,k S(R™)Rs-02k p g2k+1-0d
— €ab...adk D(éwab)Rag...a%/\ eO2k+1-+-0d (313)

Integrating by parts and using the fact that the boundary term does not contribute to

the equations of motion,

0Ll = —€ap.agh(6w™) D(R™ 2k A gt2k+1-04)
= —€ap..ayk(Ow™®) R292k \ D(e2k+1--0d) (3.14)

where we used DR = ( (Bianchi identity). We note that D(e®++1--%) is proportional to
the torsion. Thus, we can safely impose the torsion to vanishes as in standard Einstein’s

gravity. On the other hand, varying the action with respect to the vielbein,

8oLk = Car.ag RO NG (e42441-4)
———
d—2k terms

= €4y ay ;a0 (d — 2k) N et2kH1Ad-1 G (3.15)

Setting the variation to zero, the equation of motion we obtain is

K
Eu= Capa 3 CrRU2EN eomt1-0a1) = (), (3.16)

k=1
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The above expression is a polynomial of degree K in the Riemann curvature 2-form.

Therefore, we can rewrite the equation as
ga, = €a;..a F(‘ll)az/\ VAN .FEI;(I){_NLQK/\ MK +1Gd—1 0, (317)

where .7-"(“11)’ = R%® — Aje®Aeb, with Ay’s as functions of the couplings {c;}. We can think of
the A;’s as effective cosmological constants. We immediately see that the equation (3.17)

admits vacuum solutions of form
Fi =R®—Ne*Ne’ =0, i=1,..,K. (3.18)

Each solution A; corresponds to a different vacuum, which can be positive, negative or zero
(dS, AdS or flat). In view of the AdS/CFT correspondence, we are particularly interested

in solutions with negative effective cosmological constant.

3.4 Black hole solutions

There are many known black hole solutions in Lovelock gravity; see, e.g., [13,73]. In
particular, Lovelock theories admit a large class of asymptotically AdS black hole solutions
which are specially interesting in view of the AdS/CFT correspondence. Let us discuss the
simplest solution of static spherically symmetric black holes. It is convenient to introduce

the polynomial

TA] =) aAr (3.19)

Plugging (3.18) into the equation of motion (3.16), we see that the effective cosmological

constants A; are the roots of T[A], i.e.,

K

T[A] = cx [ J(A = Ay). (3.20)

i=1

We choose an Ansatz for the metric of the form

2 2 dr? r? 2 2 _ dp® 2 1092
dS = —N#f(?")dt + m + ﬁdzdiza, d2d72,a = 1_ O-ﬁ —+ P deﬁg, (321)

L2

where dQ3_; is the unit (d—3)-sphere and o parameterizes the different horizon topologies
(0 = 41 — spherical, 0 = 0 — planar, 0 = —1 — hyperbolic). An appropriate choice of

vielbein is

1
e? = Nyr/f(r)dt, e'= i dr, "= Zé“, (3.22)
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where a = 2,...,d — 1 and é* is an vielbein for d¥3_, , which explicitly form will not be
relevant here. Using the second Cartan equation de® = —w? A €®, valid in the absence of

torsion, we can determine the spin connection 1-form and compute the Riemann curvature

components
1 /
0 — —§f’(r)eo/\ el R = —%eo/\ e?, (3.23)
r
/ —
r r

Substituting into the equation of motion results in

()
E=0= ch 12k
k=0

This equation can be rewritten as

{rdii +(d— 1)} XK:ck ("_r—f(”)k —0. (3.26)

r(f) +(d =2k = 1)(f = 0)") =0. (3:25)

The integration is straightforward and the solution for f(r) is obtained implicitly via a

polynomial equation

T [“_T—fm} _ ick <U _rf(r)y - Tf_l, (3.27)

where k is a integration constant related to the ADM mass [74|. The position of the
horizon 7, is determined using the fact that f(r,) must vanish. This fixes the solution
entirely, except by Ny that remains arbitrary from this analysis. The value of Ny can be
fixed, e.g., by imposing the velocity of the speed of light to be unity at the boundary.

3.5 Gauss-Bonnet black holes

To be concrete, let us particularize the general solution found for Lovelock black
holes in the previous section to the case of five-dimensional Gauss-Bonnet gravity. With
appropriate choices of the constants ¢y, ¢; and ¢, the action for Gauss-Bonnet gravity can

be written as

12 L2
/ dPrv—g (R + o+ Tdas(R? — 4R, R + RWPUR“””")) . (3.28)

167TGN 2
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where Agp is referred to as the (dimensionless) Gauss-Bonnet coupling. Choosing a planar
horizon topology for simplicity, the polynomial (3.27) in this particular case reduces to a

quadratic polynomial in f(r) and the solution can be given explicitly by

fr) = %2;@9 (1 - \/1 ~ Han ( - %» | (329

In this case we chose the root which is known to be smoothly connected with the Einstein-
Hilbert action in the limit Aqs — 0. The other root is known to be unstable [10]. The

black hole solution reads

2 2

dr
ds® = — f(r)NZdt* + ORNE (dz® + dy® + d=?) . (3.30)
Note that
r—00 7"2 . 9 1
f(?“) — W’ with a* = 5 (1 +/1— 4)\GB) . (331)

This means that the radius of the asymptotic AdS space of this geometry is aL. We can
choose Ny = a to fix the boundary speed of light to unity.

3.6 Lovelock and AdS/CFT correspondence

Supergravity is the low energy limit of string theory and higher curvature terms appear
as o corrections to this limit which correspond, in the dual gauge theory side, to finite
't Hooft coupling corrections. It is not clear if Lovelock gravity arises as a low energy
limit of a string theory. The reason for us to consider Lovelock gravity within the context
of the AdS/CFT correspondence is because of its simplicity, using it as a simple model
to perhaps uncover some universal properties. For example, Lovelock theories represent
a nice framework to learn about higher dimensional CFTs, which are still a not well
understood subject. It is also important to remember that the Lovelock terms may still
appear as the o/ correction of some string theory due to the vast string landscape.

Many interesting results were obtained in the last few years regarding Lovelock gravity
and the AdS/CFT; see, for example, [13,14, 17| for a review. Some of the remarkable

conclusions obtained so far include:

e The KSS bound of the shear viscosity over entropy density can be violated for

Gauss-Bonnet gravity and other higher curvature gravity theories;

e The requirement that Boulware-Deser instabilities (i.e., gravitons propagating with

kinetic terms of wrong sign) are absent in Lovelock gravity is equivalent to the
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positivity of the central charge, which corresponds to the condition of unitarity of
the dual CFT;

e The constraints that arise by imposing no causality violation in the boundary theory
are the same constraints that arise by demanding positivity of the energy flux in
the dual CFT.

In the last part of this chapter we will review the above conclusions in more detail.

3.6.1 Violation of the KSS bound

Amongst numerous results in the study of strongly coupled systems obtained via the
AdS/CFT duality, one of the most important is the computation of the ratio of the shear
viscosity over entropy density 7/s. In quantum field theory, the shear viscosity is computed
by means of the Kubo formula

B i(w, 7= 0), (3.32)

i5,tj

1
n=—Ilim —Im G
w—0 W

where G® is the retarded Green’s function for the energy-momentum tensor

Glivap(a) = —i/d4x€_iqm9(t)<[Tuu(I),Taﬁ(O)D, q = (w,q). (3.33)

The shear viscosity can be computed holographically using the prescription of [75], and
early results led Kovtun, Son and Starinets (KSS) to conjecture a universal lower bound

for the shear viscosity over entropy density ratio [76]

|3

1
> —. 3.34
s Arm ( )
The violation of the KSS bound was found some years later for Gauss Bonnet gravity,

where the result was found to be

1
= E(l —4AcB), (3.35)

w |3

which violates the bound (3.34) for positive values of Agp.

3.6.2 Unitarity of the dual CFT

Conformal symmetry is a powerful symmetry that highly limit the form of correlation
functions in a CFT. In fact, the two and three-point functions are fully fixed up to a few

parameters. For example, the two-point function of the stress tensor of a CFT in (d — 1)
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spacetime dimensions is constrained to have the form

(T T 0)) = et T ), (3.36)

where Cr is known as the central charge and the explicit form of the structure Z ()
will not be important for our discussion. The important point here is the observation that
requiring unitarity of the CFT implies C7 to be positive. On the gravity dual side, the
unitarity condition is translated into avoiding the so called Boulware-Deser instabilities
[10] as we shall explain in more detail below.

The holographic dictionary relates the stress tensor with fluctuations around the met-
ric background g¢,, — ¢ + hyu. Following the same notation as in Section 3.3, let us
assume without loss of generality that the AdS background has an associated cosmolog-
ical constant A;. Since we are interested in a two-point function, we need to expand the
action up to second order in the metric fluctuation, and then evaluate the on-shell action.
The two-point function is extracted by taking two functional derivatives of the on-shell
action.

In the vielbein formalism, the first variation of the action gives 057 eoa = f (Eade”),

where &, is the equation of motion (3.16). Taking the second variation, we have

825 et = / <€a52ea + %5611 A 56“) . (3.37)

oeb
The first term vanishes on-shell since it is simply the equation of motion. In the second
term, the derivative acting on &, will supposedly give rise to many terms, but almost all of
them are proportional to f&% = R® — Aje® Ae® and they vanish when evaluated on-shell.
The only non-vanishing contribution comes from the derivative acting on F. Therefore,

evaluating on-shell, we have

K af(cbll)GQ
(52SLovelock - lg(Al - Ak) /Eaa1...ad1 aeb /\ ea3”'ad71 /\ (Seb /\ 5€a (338)

We recognize the overall factor above as Y'[A4], with T defined in (3.27), and the term

inside the integral is simply the second variation of the Einstein-Hilbert action, so that
525Lovelock = T,[A1]52SEH (339)

We see that, in order to the solution of the Lovelock action be indeed a minimum, we need
to impose Y’[A;] > 0, so avoiding gravitons propagating with the wrong sign of the kinetic

energy. These are known as the Boulware-Deser instabilities [10]. The positivity of T'[A4]
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has been proven in [15] for the EH-branch of solutions of Lovelock gravity.! For example,

when we described the Gauss-Bonnet solution in Section 3.5 we had two possible solutions

and the one we picked was indeed the one that avoided the Boulware-Deser instability.
From the above analysis, the second order on-shell action is simply the same as in the

Einstein-Hilbert case [77] up to a factor Y'[A;]. The central charge can be read off to be

d T TA)
Cr = . 3.40
L 20D (M) F .
Therefore, we learned that
Cr>0< Y'[A] >0, (3.41)

reflecting the identification between avoiding Boulware-Deser instabilities and requiring

unitarity of the CFT boundary theory.

3.6.3 Positivity of the energy flux

Let us define the energy flux operator

E(n) = lim rd_3/ dtn'TY(t,rn), (3.42)

where 77 is a unity vector characterizing the direction of flux measurement. Let O be a
given local gauge invariant operator. The expectation value of the energy flux on an initial

state O|0) created by O is given by

_ (00'Em)o)0)
Emo = 550

(3.43)

Intuitively, we can imagine that the operator O creates a localized perturbation at r =0
that propagates in spacetime. Then we can think of (£(n))p as the energy associated
to the perturbation deposited in a calorimeter located far away (at r = oo) along the
direction n. It is therefore reasonable to expect this quantity to be positive. Here, we
will be particularly interested in the case where the operator O is the stress tensor itself,
Le., O =TY¢;, where ¢; is a symmetric traceless polarization tensor. So the expectation
value of the energy flux can be seen as the ratio of a three-point correlator over a two-
point correlator of the stress tensor. As we discussed in the previous section, conformal
symmetry highly constrains the form of the correlators in a CFT. Together with rotational

symmetry, the expectation value of the energy flux in a (d— 1) dimensional CFT is almost

!By EH-branch we mean the solution that is smoothly connected to the corresponding EH solution
obtained by setting the other Lovelock couplings to zero.
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fixed up to coefficients ¢ and t4, with

E NN €€k 1 [ninyei;|® 2
EM))pise,, = 14ty | —Lik9k by | — 2L — 3.44
< (n)>T Y Qd_g |: th ( €fk€ik d— 2) T ( GrkEik d<d - 2) ( )

If we now impose the positivity of the energy flux for any direction n and polarization e;;,

the coefficients ¢t and t, are constrained. The constraints can be obtained by fixing the
unit vector to be n’ = (1,0,...,0) and organizing the polarization tensor €;; accordingly

to their SO(d — 3) rotational symmetry around n . We obtain

e tensor (helicity 2), e.g., €23 = €33 = a and all other components vanish,

oL, 2
d—27 d(d-2)

£ty >0, (3.45)

e vector (helicity 1), e.g., €12 = €97 = a and all other components vanish,

1 2 1
1- ty — ty ) + =ty > 4
( d—2" ﬂd—m4>+22—0’ (3.46)

e scalar (helicity 0), e.g., €;; = a x diag (—(d —3),1,...,1),

1 2 d—3
1-— ty — t t ty) > A4
( T2 d(d—2)4)+d—2<2+ 1) >0, (3.47)

3.6.4 Causality violation

Changing to the gravity point of view, let us see how to connect the positivity of the
energy flux to preventing causality violation. In higher curvature gravity, gravitons do not
propagate accordingly to the background metric, i.e., they do not follow geodesics, instead
they feel an effective background related to their equations of motion. In this analysis, we
will be concerned about gravitons emitted from the AdS boundary entering into the bulk
and bouncing back to the boundary.

It is important to emphasize what kind of causality violation we are referring to. As
we will see, when the graviton emitted towards the bulk goes back to the boundary, it
may return at some different point such that it lies outside its own light-cone. From the
point o view of the boundary theory, the graviton suddenly “pops out” its light-cone,
corresponding to a microcausality violation.

Brigante et al [78] found a first evidence for the possibility of causality violation in
higher curvature gravity, where they studied metric perturbations around five-dimensional
black holes in Gauss-Bonnet gravity. They found that for values of the Gauss-Bonnet cou-

pling A\gsz > 9/100, the perturbations propagate with velocity higher than the speed of
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light from the point of view of the boundary theory. Subsequent works generalized this
result. Hofman [79] argued that the study of causality violation goes beyond the context
of black holes, and proposed the study of causality in shock wave backgrounds. Then, a
lower bound for the Gauss-Bonnet coupling was found and the result was also extended to
arbitrary dimensions. Finally, Camanho and Edelstein [15] extended the analysis to Love-
lock gravity in arbitrary dimensions and they found more general constraints, matching
precisely the ones derived from the positivity of the energy flux analysis.

Let us give a general idea about how these constraints were derived using shock waves.
Shock waves are a rich class of solutions of gravity, they have the interesting property of
not suffering corrections from higher curvature terms and are known to be exact solutions

of string theory [80]. The relevant shock wave background is given by
ds?, . = dsiys + 0(u)wez?3du?, (3.48)

where z is the radial direction of AdS and we have defined light-cone coordinates u =
t+ 2% " and v = t — 2971 This solution corresponds to a localized shockwave at u = 0.
Before dealing with the problem of causality, let us just mention that the coefficients
to and t4 appearing in (3.44) can be extracted holographically. Considering fluctuations
around the shock wave and finding the cubic term of the on-shell action in the fluctuation,

the values found were [15]

2(d — 1)(d — 2) A, T"[A]

BT d-0 TR

ty=0. (3.49)

Now we consider the scattering of a graviton with the shock wave profile. The equation

of motion for a helicity 2 metric fluctuation ¢ = hos is

1

0u0pd — w1 6(u) 2 ' NLO2p = 0, where Ny =1-— T3

t. (3.50)

Away from u = 0, the delta function vanishes and the equation of motion reduces to the
wave equation 0,0,¢ = 0, so the solution has the form of a wave packet with definite
momentum on both sides. The above equation can be integrated over the delta function
to give us a relation between the solution in the two sides (v < 0 and u > 0) of the shock

wave
Bs = poe TrmhTING (3.51)

where P, = —id,. A relation between the shift in the momentum can be derived acting
with P, = —id,, so
P> = PS — (d — 1)PymoA 2772 Nf. (3.52)
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For a particle going inside AdS, we have P~ > 0. The perturbation will come back to the

boundary if its radial momentum changes sign. This condition is satisfied if
P,ooh 272N, < 0. (3.53)

Now note that P, = —%P“ < 0, since P* is related to the energy that has to be positive.

Since A is of course negative, the gravitons go back to the boundary when
Ny <0 (3.54)
and from (3.51) we read the change in the v coordinate to be
Av = —woA 277N, < 0. (3.55)

In this case the graviton goes back to the boundary outside its light-cone, so we conclude
that N5 > 0 is a necessary condition in order to avoid causality violation (Figure 3.1).2
We can work out the same analysis for the other helicities, finding analogous constraints.
In the end, the constraints obtained in this analysis are exactly the same obtained by
imposing the positivity of the energy flux in the previous section. In the end of the day,
we discover that the condition to avoid causality violation corresponds to impose the

positivity of energy flux on the dual CFT.

Figure 3.1: The shock wave profile corresponds to the line w = 0. The graviton correponds to the
solid line v = const. After colliding with the shock wave, the graviton may return in a position
such that Av < 0, outside its own light-cone and thus violating causality.

2Note that the condition A5 > 0 does not fully guarantee that causality is preserved. More tighter
constraints may still arise if we change the shock wave profile; see for instance [81].



Chapter 4

Chern-Simons diffusion rate from

higher curvature gravity

An important transport coefficient in the study of non-Abelian plasmas is the Chern-
Simons diffusion rate, which parameterizes the rate of transition among the degenerate
vacua of a gauge theory. We compute this quantity at strong coupling, via holography;,
using two theories of gravity with higher curvature corrections, namely Gauss-Bonnet
gravity and quasi-topological gravity. We find that these corrections may either increase
or decrease the result obtained from Einstein’s gravity, depending on the value of the
couplings. The Chern-Simons diffusion rate for Gauss-Bonnet gravity decreases as the

shear viscosity over entropy ratio is increased.

4.1 Chern-Simons diffusion rate

Non-Abelian gauge theories enjoy a rich topological structure, as displayed for example
by the presence of infinitely many degenerate vacuum states. Transitions among these
vacua are possible through quantum tunneling or thermal jumps and are parameterized
by the change in the Chern-Simons number N, the topological invariant that classifies

the different vacua: )
ANy = D /d4:ctrF NF. (4.1)

82
Gauge field configurations responsible for a non-vanishing ANcg are either instantons,
which are suppressed in the coupling constant both at zero and finite temperature, or, at
finite temperature, thermal solutions called sphalerons [82-85|, which are not necessarily

suppressed. The rate of change of N.g per unit volume V' and unit time ¢ is a transport

34
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coefficient called the Chern-Simons diffusion rate, I'cg, which is defined as

FCS

(ANE) _ (93M

! W) /d4x<0(az)0(o)>, O(z) = (tr F A F)(z). (4.2)

The Chern-Simons diffusion rate is important in electroweak baryogenesis and in the study
of a wealth of CP-odd processes, as for example the chiral magnetic effect in QCD [86,
87]. A non-vanishing I'cs indicates a chiral asymmetry and the subsequent formation of
domains with a non-zero net chirality. It has been computed at weak coupling for a SU(N,)
Yang-Mills theory and its parametric behavior has been found to be [88-91]

1
e oc A% log (X) T, A<, (4.3)

where A = g2, N, is the 't Hooft coupling and T is the temperature. Motivated by the
strongly coupled nature of the quark-gluon plasma (QGP) produced in relativistic heavy
ion collisions, this quantity has also been computed at strong coupling via holography in

Einstein’s gravity, with the result [75]

)\2
Einstein __

4
= 2T N> Land A L (44)

Other holographic studies of I'cg include [92-95].

It is interesting to understand modifications to eq. (4.4) due to higher curvature cor-
rections. These are in principle dictated by string theory and would correspond, in the
gauge theory, to corrections in 1/N, and 1/\. In this note, we limit our attention to two
specific types of higher curvature extensions of Einstein’s gravity and compute the Chern-
Simons diffusion rate in Gauss-Bonnet (GB) gravity [8-11]! and in quasi-topological (QT)
gravity [96].

These theories contain higher derivative terms, but are such that the equations of
motion for the metric are still second order,? thus avoiding pathologies. It is not yet clear
whether they emerge as a low energy solution of some string theory, so that their ultimate
relevance is not yet established, but they do present very nice features. Besides being free
of pathologies, as mentioned already, they possess a large class of black hole solutions and
admit AdS boundary conditions, motivating their use in a ‘bottom-up’ approach to the
study of strongly coupled plasmas.

Various physical observables relevant in the study of the QGP have already been

computed from these theories. Notable examples are given by [97] and [98], where the

'For reviews of Gauss-Bonnet and, more generally, Lovelock gravity in the context of the AdS/CFT
correspondence see e.g. [13,14]. A nice overview of black hole solutions can be found in [17].
2For quasi-topological gravity this is true for the linearized equations in an AdSs background.
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shear viscosity to entropy ratio was studied. There it was found that higher derivative

terms may violate the famous bound 7/s > 1/47 proposed in [76].

4.2 Gravity setup and results

We consider gravity in 5-dimensions with a negative cosmological constant and the

inclusion of the GB and QT terms, with action given by

12 L? _
167rG5 /d‘:’x\/ {R + 5+ AGB Lo+ L*uZs| + Spary - (4.5)
Here L is a length scale, later to be related with the AdS radius, A\¢z and p are two
dimensionless couplings, the quadratic term Lo = R? — 4R,,, R™ + Rypnrs R™ is the
Euler density of GB gravity, and =3 is the cubic term of QT gravity, whose explicit

expression [96] won’t be needed in the following. S,.,, is a boundary term that makes the

dry

variational problem well posed. Remarkably, this action admits® planar AdS black hole
solutions, given by [8,96|

3
ds* = 5—22 (—a2f(z)dt2 + Jil(—zj) + Zl dm?) , (4.6)

where z# = (t, x;) are the gauge theory coordinates, z is the radial AdS coordinate, a is
a constant, and f(z) is a function that vanishes at the horizon, z = zy, and which will
be given below. The AdS boundary is located at z = 0. Requiring ¢ = 1 in the boundary
theory fixes a = f(0)~'/2. The black hole temperature is given by 17" = a/m 2.

In the AdS/CFT correspondence, the operator O(z) of eq. (4.2) is coupled to a bulk
scalar field, x(z,z"), whose background value is zero in the present case. The (retarded)
2-point function of O(z) can be obtained by computing the fluctuations of this field,
dx(z,z"), subject to infalling boundary conditions at the horizon and plugging the result
into the corresponding boundary action, minimally coupled to eq. (4.5). This procedure
is detailed in [75], where, as a first step, the definition (4.2) is rewritten in Fourier space

as

2 2
2T
[es = — (gY—M) lim —Im G"(w, 0) . (4.7)

812 ) w=0 w

G™(w,0) is the retarded Green’s function associated to O(x), evaluated at zero spatial

momentum. It can be calculated as

G (w,0) = \/_g“f—()@sz(Z) ) (4.8)

2L3 z—0

3This is true for appropriate values of the couplings. For example, it must be Agg < i
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where fi(z) is the Fourier mode of the scalar field fluctuation

() = [ Gt A, (4.9)

which can be obtained as a solution of the equation

1
\/—_—gaz(\/—gg“asz(@) — "k, fr(2) =0, k= (~wk). (4.10)
It is convenient to work with the dimensionless coordinate u defined as u = z?/22, in

terms of which we have (setting already k = 0)

2

52 () + [a nd )} Dufi() + — () = 0, (4.11)

w
uf(u)
where we have defined for convenience the dimensionless frequency w = w/27T.

The ‘blackening factor’ f(u) is defined implicitly through the cubic equation [96]

L= f(u) + Acn f(u)* + p f(w)’ = . (4.12)

Out of the three solutions, we select the one which is regular when @ — 0 and reproduces
the expression f(u) = (1 — 1 =4 (1 — u2)> /2Xap of the GB case [15,17].* We recall

that the couplings Aqs and p are constrained by requirements of unitarity, causality, and

positivity of energy fluxes in the dual conformal field theory. It turns out that it must
be [98]°
—0.36 < Ags S 0.12, || < 0.001. (4.13)

~Y

In view of this, we will solve egs. (4.11) and (4.12) exactly in Agg, but only approximately

to first order in small p. This allows us to we write explicitly

flu) = (1 VT (1 u2)> +

2)\GB
1= /T— Thas (1 — 02) — Aen(1 — ) (3 — /T— e (1= u2))
2X3,4/1 — g (1 — u?)

+ 0.

(4.14)

There is no known analytic solution to eq. (4.11), but this is not needed anyway,

4The GB case has also another solution for f(u), with a plus sign in front of the square root, which is
however known to be unstable and to contain ghosts.

®The constraints on Agp and u are not independent; see Fig. 1 of [98]. In particular, in the case of pure
GB gravity (u = 0), the allowed range of Agp is —7/36 < Agg < 9/100. For u < 0 there are instabilities
in the graviton tensor channel for momenta above a certain critical value [98]. Since I'gg is computed at
k = 0 we do not worry about this here.
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since only the small frequency behavior w — 0 of the Green’s function enters in the

Chern-Simons diffusion rate. We can then make the following Ansatz:
fi(w) = £ (Fow) +w (Fw) + p B () + 0(®)) + O(w)) . (4.15)

Here Fy, F! 1(0), and Fl(l) are regular functions at the horizon, u = 1. In fact, we can choose
them to be such that

R1)=1, F21)= %logQ, FY1) =o0. (4.16)

The exponent of f(u) has been chosen to give infalling boundary conditions at the horizon,
which correspond to having a retarded Green’s function in the boundary. Expanding
around u = 1, one finds in fact that f,(u) ~ (1 —u)™"2 (14 O(w?)). Plugging the Ansatz
above in eq. (4.11), it is easy® to find the following solutions which respect the boundary

conditions above:

Fw=1, FOW= % (1 4 log2 — /1 — dhap(l — u2)) ,
01— 2 an(1 —u?) —8X2 (1 —u?)? — /1 — 41l — 02
Fl(l)(u) - _ 22 GB( U ) 8 GB( u ) 5 \/ GB( U ) (417)
SA2_ 1— Dep(l — 2
Using eqs. (4.7) and (4.8), and keeping only terms linear in y, we finally arrive at
Fog = Ige™e" (H(O)(/\GB> + MH(I)(AGB) + O(M2>) ’ (4.18)

with

" 1— VI—Thes\
H ()\GB) - 2)\ )
GB

3 | 1—+1—-4\
(1) _ v GB / /
.Zi (AGB) 4 \/2)\’(7;]3 (1 4)\GB) <1 - 1 4AGB )\GB (3 ]_ 4)\GB>> (.4.]_9)

We stress that this result is fully non-perturbative in A\gg, at any order in u. We see that
the Chern-Simons diffusion rate in GB and QT gravity is a rescaling of the result in eq.
(4.4). The dependence on 7' is dictated by conformal invariance: I' s must be proportional
to T* for dimensional reasons, with the factor of proportionality depending solely on the
dimensionless parameters, which are Ags and u.” Fig. 4.1(Left) shows the two terms in

I'cs as functions of \;p. Both terms are finite, monotonically increasing and positive in

5The equations simplify if one changes coordinates u — \/ 1 —4Ags(1 — ©?) in intermediate steps.
TAn interesting context where this does not happen is Improved Holographic QCD [95], where the
absence of conformal symmetry makes I'cg/T'E2s*™ depend on T'.
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Figure 4.1: (Left) The factors HO) (\¢p) (red, solid curve) and HY (M\gp) (blue, dashed curve)
as functions of Agp. (Right) The same factors as functions of n/s. The plots are exact in \gp
and in /s, whose allowed ranges are obtained from eqs. (4.13) and (4.20). In these ranges, the
corrections to eq. (4.4) are finite and cannot make the diffusion rate arbitrarily small.

the allowed range of \gg, given in eq. (4.13). The GB contribution can be either smaller or
larger than 1, depending on the sign of Az, and the corresponding Chern-Simons diffusion
rate can be either smaller or larger than the result obtained from Einstein’s gravity, but,
in the allowed range of eq. (4.13), cannot get arbitrarily small.

Fig. 4.1(Right) displays the two contributions H® and H() as functions of the shear

viscosity over entropy ratio, which is given by [97, 98]

V]

1
= [1— 4Xap — 360(9 — 64Aap + 128X%,)] + O(1?) . (4.20)

We observe that I'cs for GB gravity decreases as 7/s is increased (for QT gravity this
depends on the sign of u, whose contribution is however suppressed). It would be very

interesting to understand if there is a microscopic interpretation of this behavior.

4.3 Discussion

Understanding corrections away from the infinite N, and infinite A limit is clearly of
the utmost importance in order to make contact with realistic systems. Unfortunately,
loop and stringy corrections are in general hard to compute, so that our philosophy in
this note has been to consider two simple extensions of Einstein’s gravity with higher
curvature terms, just to gain a qualitative understanding of how such terms might modify

the computation of an important observable in strongly coupled non-Abelian plasmas.®

8Besides making things more realistic, the study of how higher derivative terms affect the computation
of gauge theory observables might also be useful to put constraints on the string landscape, e.g. by
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This is similar in spirit to what has been done, in [97] for GB gravity and in [98| for
QT gravity, for the shear viscosity over entropy ratio, which turned out to be lower in
these theories than what it is in Einstein’s gravity. In [97] it was in fact found to be
n/s = (1 —4Agp)/4m and in [98] to be n/s 2 0.4140/4m, both cases in violation of the
bound proposed in [76].7 It is interesting to observe that a subsequent computation [105] in
a setting [106-108] where a/-corrections can be solved exactly yielded the same qualitative
behavior, with the bound 7/s > 1/4w being violated.

The presence of the new gravitational couplings Aqs and p corresponds on the bound-
ary to considering conformal field theories which are more generic than the ones usually
studied. In particular, a non-vanishing A\ results in having independent central charges
a # ¢ [19,20], whereas a non-vanishing g also results in the breaking of supersymme-
try [96]. For these reasons, these theories, even if they turn out to be just toy models
without a UV completion, may still be useful in exploring situations which require an

understanding of holography in non-trivial backgrounds.

excluding ranges of parameters that would produce pathologies in the dual gauge theory, as suggested
in [16].

9See also, for instance, [99-103] and [22,29] for violations of the bound in an anisotropic plasma. A
status report of the Kovtun-Son-Starinets conjecture can be found in [104].



Chapter 5

Anisotropic black branes in higher

curvature gravity

The AdS/CFT correspondence has been recently applied to the study of the quark
gluon plasma (QGP) produced in heavy ion collisions, motivated by the behavior of the
plasma as a strongly coupling system that makes the application of traditional perturba-
tion theory techniques inviable. It is clear that to study the real-world QGP one would
need the holographic dual to QCD, which is not currently known. Finite temperature
N =4 SYM has given us good insight on the qualitative features of the strong coupling
dynamics of the plasma. Deform the N'= 4 SYM to incorporate features present in the
real-world QGP is an obvious step towards a more reliable holographic description of the
QGP. For example, the QGP produced in heavy ion collisions is initially anisotropic due
to the preferred direction of the beam collision.

An anisotropic black hole solution in type IIB supergravity that can be used to describe
an anisotropic strongly coupled plasma was recently discovered in [22]. This solution
presents an anisotropic scaling of the coordinates in the interior of the space sourced by
an axion field, corresponding on the gauge theory side to a position-dependent theta-angle
term deforming the AV = 4 SYM theory. The idea of this work is to find the equivalent
of the solution of [22] including the first Lovelock correction, motivated by the fact that
higher curvature terms appear as o’ corrections to supergravity, corresponding in the
gauge theory side, to finite 't Hooft coupling constant.

This chapter is organized as follows. In Sec. 5.1 we present our solution and compute its
temperature and entropy density. In Sec. 5.2 we carry out the holographic renormalization,
obtaining general formulas for the expectation values of the stress tensor and of the axion
and dilaton operators. In Sec. 5.3 we specialize those formulas to the case at hand and
discuss the various features of energy density and pressures. We finally discuss our results

in Sec. 5.4. The explicit expressions of the solution can be found in Appendix B.

41
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5.1 Action and solution

We are interested in five-dimensional gravity with a negative cosmological constant and
the inclusion of a Gauss-Bonnet term, which we also couple to an axion-dilaton system

in the following way

i 12 1, ., ¥ _ P
S:T/d:c\/_—g Rt g3 = 5000 = S-(00° + S AaoLan| + Sen. (51)

The scalar fields ¢ and x are the dilaton and axion, respectively, Aqp is the (dimensionless)

Gauss-Bonnet coupling and
Lep = R? — 4R, R™ 4 Ryppps R (5.2)

is the Gauss-Bonnet term. ¢ is a parameter with dimensions of length that we set to one
in what follows, without loss of generality. We use the Latin indices m,n, ... for the five-
dimensional coordinates (¢, z,y, z,u), with u being the radial coordinate. The term Sgy is
the usual Gibbons-Hawking term, necessary to render the variational problem well posed.
When Ags = 0 the action above can be obtained from type IIB superstrings [22,23], but
this is no longer true when the Gauss-Bonnet coupling is turned on. In fact, it is not clear
whether (5.1) can be obtained from any string theory compactification, so that our point
of view in the present work is ‘bottom-up’.

The field equations for the metric resulting from the action above are given by

1 Ao 1 1 -
Ry — = gmn R+ %dCGan = §am¢ an(b + §€2¢3mX anX — g [<a¢>2 + €2¢(8X>2 - 12} )

2 4
(5.3)

where
Ly = _g% s — AR "Ry + 2R R — AR Ryyns + 2R, "' Rpsr (5.4)

is the variation of the Gauss-Bonnet term. The equations for the dilaton and axion read

instead

am(\/__ggmn W0) = \/__962¢(8X)27 am(\/__962¢gmn LX) = 0. (5.5)

We want to obtain a solution which displays a spatial anisotropy. This is achieved by
singling out one direction, say the z-direction, which will be later identified with the
‘beam direction’ in a heavy ion collision experiment occurring in the boundary theory. To

get an anisotropy between the z-direction and the xy-directions (the transverse plane to
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the beam), we consider the following Ansatz!

ds® = % (—FB dt* + da® + dy* + H d2* + d—;ﬁz) : (5.6)
All the metric components F, B, and H, as well as the dilaton ¢, depend solely on the
radial coordinate u. This guarantees that the solution be static. In this parametrization
the boundary is located at u = 0. F' is a ‘blackening factor’ that introduces an horizon in
the geometry at u = uy, where F'(uy) = 0. There is a scaling symmetry in the coordinates ¢
and z that allows us to set Bya,y Fray = Hyary = 1, thus recovering a canonically normalized
AdS metric in the UV region (with radius 1/1/F,.,). Here and in what follows we use
the subscript ‘bdry’ to denote the value of the fields at u = 0.

Following [21,22]| we consider an axion field which has a constant profile in the radial

direction and depends linearly on z
X=az. (5.7)

The parameter a has dimensions of energy and controls the amount of anisotropy. It is
clear that this is a solution of the axion equation, since the metric is diagonal and the
metric and dilaton do not depend on z.

In this work we limit ourselves to considering the case of small anisotropy, which will
allow for an analytic solution of the equations of motion. To do this we expand all the

fields around the (isotropic) Gauss-Bonnet black brane solution?

¢(u) = a*pa(u) +O(a"),

F(u) = Fy(u)+ d*Fy(u) + O(a?),

B(u) = By (l1+a’By(u)+0(a")) ,

H(u) = 1+ a*Hy(u)+ O(a"), (5.8)

where

1 ut 1
B H

This is a solution of the equations of motion when a = 0. In order to have a unit speed

of light at the boundary we set

By — % (1 n M) . (5.10)

'Note that this Ansatz is slightly different than the one used in [22,23].
2See e.g. [97] or [13] for a review.
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This is possible due to the scaling symmetry in ¢, which we have mentioned above. Note
that only even powers of a can appear in the expansion because of the symmetry z — —z.

Luckily it is possible to solve the equations analytically at order O(a?). The equations
at this order and the explicit solutions are detailed in App. B. A plot of representative
solutions is contained in Figure 5.1, where the regularity of the geometry is explicitly
exhibited.

0.4f ‘ ‘ ‘ S

0.2

0.0

-0.2

Figure 5.1: The metric functions at order O(a?) for Aep = 0.2 (left) and Aey = —0.2 (right).

Here we just mention that we have fixed the integration constants in such a way that

all the metric functions are regular at the horizon and moreover

¢2,bdry = F2,bdry = Bz,bdry - HQ,bdry = 0> (5'11)

thus recovering AdS in the UV. A direct computation of the Kretschmann invariant
Rynpg RP1 shows no singularity in the geometry except for Aqp = 1/4, which is however
excluded, as can be seen from (5.9).

Unfortunately, we have not been able to find analytic solutions beyond order O(a?) and
most likely a numerical analysis will turn out to be necessary to go to higher anisotropies.
This is however beyond the scope of the present work. It should be possible, in principle,
to consider arbitrarily large values of a, as in the pure Einstein-Hilbert case of [22,23].

The temperature of the solution can be computed as usual from the standard require-

ment that the (Euclideanized) metric be regular at u = uy. One finds that

(5.12)

U=UH
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Specializing to our solution this becomes®

| 2Bo—6)ap + v Aan log (%) ~log ( B, ) 4
T = \/ BO — uHa2 + O(a )
Ty A87(1 — 4han)

(5.13)

This equation can be easily inverted to find uy as a function of 7.
For planar black holes in GB gravity the entropy density is still given by the usual
formula in terms of the area of the horizon. We find (here V3 is the infinite volume

[ dz dydz)

Ahor m
S = —=
AGVs 4G BY?

1
<7T2T3 + gTBO@2 + O(a4)) : (5.14)

We notice that for Aqz = 0 this matches the result obtained in [22,23].

A final comment on the IR behavior of the geometry is in order. The solution of [22,23]
was interpolating between AdS boundary conditions in the UV and a Lifshitz-like scaling
solution [21] in the IR. We believe that the finite A5 generalization discussed here does not
share this feature with [22,23|, although we have not been able to prove this rigorously.
More specifically, we have not been able to find a scaling solution in the IR (even for
T = 0), as done in [21] for the case Aqz = 0. One obstruction might be that Lifshitz
solutions in GB gravity seem to require to tune the cosmological constant in ways that
are not compatible with our equations. For example, in the case of GB gravity coupled to
a massive vector field the condition for a Lifshitz scaling is that the cosmological constant
be half of the usual value [109].* It would certainly be interesting to settle this point, but
this goes beyond the scope of this work.

5.2 Holographic renormalization

In this section we use holographic renormalization techniques to compute the 1-point
function of the boundary stress tensor associated to our gravitational system; see [111] for
a review. In fact, we consider a generalization of (5.1), where the coefficient of the axion
kinetic term is allowed to be a generic function Z(¢) of the dilaton. We also maintain the
metric and axion-dilaton generic. We use the recursive Hamilton-Jacobi method that was
introduced in [24] for axion-dilaton gravity without Gauss-Bonnet term. Our main result
are the expressions (5.57)-(5.60) for (7};), (Oy4) and (O,), which are general and which

3Note that this expression is valid, and real, even for negative Agg.
4A flow between a Lifshitz solution in the UV and an AdS solution in the IR for GB-gravity coupled
to a massive vector field was discussed in [110].
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we specialize to our solution (5.8) in the next section.

5.2.1 Radial evolution Hamiltonian

The recursive Hamilton-Jacobi method of [24], which we follow closely in this section,
makes use of the ADM formalism, in which a manifold M is foliated with hypersurfaces
., of constant radial coordinate, which we call r in this section. In this coordinate, which
plays the role of Hamiltonian time, the boundary is located at » = oo. The metric on M
takes the form

ds® = (N? + N;N")dr® 4+ 2Nydrdz" + v;;da'dz’ | (5.15)

where N and N; are the lapse and shift function, respectively, and ~;; is the induced
metric on ¥,. We use the Latin indices 4, j, ... to label the coordinates (t,z,y,z) on %,.

In terms of these fields, the extrinsic curvature is given by

L.

Kij = 537 (% — DilN; — D;Ni) (5.16)
with the dot denoting differentiation with respect to r and D; being the covariant deriva-
tive associated to ;;.

The axion-dilaton part of (5.1), without Gauss-Bonnet contribution, turns out to be

given by®

Saxionfdilaton = / ddx\/ -9 [R + K? — K12j + (d - 1)(d - 2)
M

—% (¢2 + Z(6)X2 + " (0:00;0 + Z<¢>aixajx>) } (5.17)

Here and in the following we leave the function in the axion kinetic term as a generic
function of the dilaton, Z(¢). Later we will specialize to Z(¢) = €* and to d = 5, which
is the case considered in the previous section. We denote with the calligraphic fonts R,
Ri;, etc. the curvature on M computed in terms of N, N; and ~;;. All the contractions
of the 7, 7,... indices are performed with v*. The Gauss-Bonnet contribution is (see for
example eq. (2.8) of [25])

1

S = 3 /M d'zy/=g [(R* + K* — K)* = 4(Ri; + KKij — K KG)*

4
+H(Riju + KK ji — KuKjp,)* — gK4 +8K°K},

32 A A . _
—gKKgKJ’?K,g —A(K})? +8K]Kf K, K[| , (5.18)

5We gauge-fix N = 1 e N; = 0 and set, for this section, ﬁ = 1. Note that we use a different
normalization (a factor of 1/2) in our scalar kinetic terms compared to the scalar kinetic terms in [24].
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with K = 7% K;;. The Gibbons-Hawking terms have already been included in the actions
above, but they get canceled by boundary terms coming from the bulk actions. The total

action is then

S = Saxion—dilaton + /\GBSGB . (519)

The next ingredient in the algorithm is to compute the Hamiltonian for radial evolu-
tion, which is associated to the Lagrangian L defined by S = [drL. To this scope, we

need the canonical conjugate momenta

y 1 oL
s = T .
V=7 0 :
= VIK — K9 4 Ay [W’(RK — QR K™Y — RKY — 2RV + 4RMiK7)
. 1 ..
HORMIE,, + gfy”(—K?’ + SKK/%I - 2K}€KZnK§1)
FE2KY - 9K KK — KUK 4 2K KFK)
1 oL : 1 4L .
Ty = =—0¢, M= — =—Z(@)x. (5.20)

N NETs

In our solution it is clear that m, = 0, but we keep this term in this section for full

generality. The Hamiltonian for radial evolution is then given by

H= [ d"7'ay/— 217 K;; + 140+ myX) — L, (5.21)
2,

where we used that K;; = 4;;/2 in the chosen gauge. To write the Hamiltonian in terms
of the canonical momenta and induced metric one needs to invert (5.20), which is a
complicated system of nonlinear equations. This has been done in [25], but only to first
order in Agp. In this section we also limit ourselves to this regime, for simplicity (although,

we repeat, our solution (5.8) is fully non-perturbative in Agg).
Let us derive the expression for the Hamiltonian of radial evolution in (5.26). The

starting point is

H = d¥ /=y (2m Ky + 7T¢¢ +mx) — L, (5.22)
2,

Where we Write L - L + Laxion-dilaton) Wlth

1

L = =5 [ @7/ (34 2@ + 00 + Z@)OxF] . (529

™
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We can then separate

H = (/ ddilx\/ —’}/ 27TZ']K” — _Z:/) —|— </ ddill’v _7 <7T¢)¢ + WxX) - Laxion—dilaton> .
r 2

(.

-~ ~"

=Haxion-dilaton

Il
L)

(5.24)
We note that H is exactly the Hamiltonian in eq. (2.12) of [25] (up to an overall minus

sign). For H, ;. giaon We have

2

I I e ™ _Ligee_1 4
Humanin = = [ 78y (724 25 = 5007 - 3200007) - (59)

Writing this in terms of the canonical momenta and induced metric leads to
: 2
LSRR AR
( z) 1] o) Z( (b)

1 Ace 16 y

- _/E dd_lx\/—_’y[R‘f‘(d_l)(d_Q)_m

d—2

MCEDE (1)*R — 2R7}; + 8Riym’*my + ARy 1 + 2l mimymi — (m;)?
16 I_j_k_i 2d kN2 2 3d—4 .., )

__B(d__2>ﬂwaijkﬁ—Zaj:;ﬁg(wk)7gj-§zaszﬁg(wg )]-+(D(AGB)(526)

5.2.2 Recursive method

Consider now a regularized space M,., whose boundary is X, with a fixed r which in
the end is meant to be taken to infinity. We add a generic boundary term S, to the action
defined on this regularized space. In [24] it was shown that the variational problem is well
defined if

S|, = =S, (5.27)

where &, is Hamilton’s principal functional, given by the on-shell action with arbitrary
boundary values for v;;, ¢, and x on J,.
It is well known that the canonical momenta can be obtained by taking functional

derivatives of S,

S, 55, S,

'l = . Ty = 7 Ty = o (5.28)

The Hamiltonian is constrained to vanish as a result of the equations of motion for N and
N;

H=0. (5.29)

We can determine S, by solving this constraint. The trick is to consider an expansion in



5.2 HOLOGRAPHIC RENORMALIZATION 49

eigenfunctions of the operator
5, — / p P (5.30)
il ) J 5772]’
One can verify that such an expansion is a derivative expansion
S, = 5(0) + 8(2) + 8(4) + ..., (5.31)

with
5«,8(2,1) = (d —1- 2n)8(2n) . (532)

Once we know the solution for S(g), we can compute corrections to the action in a system-
atic way by solving algebraic equations. In fact, having to deal with algebraic equations
instead of partial differential equations is the main advantage of the method of [24].

Now we write Hamilton’s principal functional as
S, :/ d'w (Loy+ Loy + Ly +-..) - (5.33)
From (5.28) we see that the canonical momenta also admit derivative expansions

e W(o)ij + 7T(2)ij + 7T(4)ij + ...,
T = To) T To(2) T Moy T

Translating (5.32) in terms of the momenta and the Lagrangian density we obtain
1
V=

where 7(2) = T(2n)’; is the trace taken with respect to 4*/. This relation is crucial for the

27T(2n) =

(d—1—2n)Lem, (5.35)

algorithm to work. Note that we can obtain all canonical momenta at some given order
by just knowing the trace of the momentum conjugate to the induced metric.

We can now solve the Hamiltonian constraint H = 0. Substituting the above expan-
sions in the Hamiltonian and grouping terms with the same number of derivatives leads

to an equation of the form
H:H(0)+H(2)+H(4)+...:0, (5.36)

which must be satisfied order by order, imposing separately H s, = 0 for all n.
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Solution at zeroth order

We start by collecting terms with zero derivatives, which results in

2 2

T T0)
Hoy = ~d=2)d= 1) =+ 7%~ ~

dmy, . m d— 4)r 8
1, ., 070 (3d—4)m, ki , T(0) 3T (0)
+Ac §(W(0)ij) - (d—2)? + 6(d — 2) T T0); Moy | T(0);7(0) 1 + 6 — 3d
+O(M\2,). (5.37)

Following [24], we try with the Ansatz for L)

Sy = 2/2 A=y W(e, x) , (5.38)

and compute the corresponding canonical momenta

_ 080 ~ 05 O

M= G =W T = SR =0, mg =g =200 (539)
Substituting into H(g) this gives
_ (d—1DW? 40OW)* 2
Hop = —(d=2)(d=1)+—— 2o~ iaw)
(d—4)(d—3)(d - 1)W* )
+Aos ( 6d 2y +O(\2,).  (5.40)

We know from [24] that in the limit Aqs — 0 the solution for W is the constant d — 2.

We can then write
W(¢,x) = (d—2) + AauV(, x) + O(A2p). (5.41)

Plugging (5.41) into (5.40) gives an equation for V(¢, x), whose solution turns out to be

also a constant )

v 12

(d — 4)(d — 3)(d — 2). (5.42)
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Solution at second order
Terms with two derivatives can be collected into the following expression

27 (o) () 20 x@) | 1 1
Hg) = —R—2mgme),; + 1o Moo T W + —(5i¢)2 + §Z(¢)(8ix)2

d ,R,7T(20) 2d 7T )W(Q)z]
TR
87T(0)’.“7Tié (0,7 (2) 87‘[‘30 T(2)
T 47 k”?TOl.ﬂ'g i (0) jk (0)
(0); (O) ()] (2Kt 6 — 3d 3(d—2)3

2d77 07 (2) - SRijﬂ'( —|—7TZ] R—|—27T - 2d7T(0)7T(2)
(d — 2) i\ g9 0" @p — (d—2)?

—Aap [473% m(0) i + 2R (o) +

8T Ty O @)

d—2

+O(N\2,).

(5.43)

Substitution of the zeroth order solution in H(y) leads to the following simple algebraic

equation for ()

1 1
(_2 + (1 + (d - 4)<d - 3))‘GB>R - §(d o 4)(d - 3))\GB> 7(2)_§(ai¢)2_%z(¢)(ai>()2 =
(5.44)
Solving the above equation and using (5.35), we obtain L,
= 12 — 7d + d?
Loy = g (2R @07 - 200007 + den 2L (6R + (007 + 200007
+O(N\2) . (5.45)
From this we can compute the momenta at second order
T = g [HERY 000~ Z@)INPX) ~ 27 (2R — (3ko) ~ Z(0) (3]
FAan(12 = Td + ) (6RY + 96006+ Z()I 1P — 37 (6R + (2h6)” + Z(6)(0h)))]
+O0(Xep)
2112 —7d+ P)Ies 4 )
ro = ST (oD D - 2(6) 0 ?) + 00,

2312 - 7d 4+ d*) A
@ 2(d — 3)

(Z(@Dz’DiX + Z’(Gﬁ)@-X@%) + O(A?}B) . (5-46)
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Solution at fourth order

Finally, at fourth order we have

g 2 2 y 2 27 (T
_ ij 2 2 X(2) ij T(0)T(4) x(0)™x(4)
Huy = =7@,7e) +t 775 ~ To@) ~ Z(0) Moy T gy T M0 ™w T T )
8Rm0)7(2)

— dap | 2R RY + %R2 + %(Rz’jkl)2 - QRW%)W(Q)M - 2+ 8Rijﬂ-(0)ikﬂ-(2)jk

d—2

17kl 7kl
+ 2T () MO T @2 1 — 270 T (0)T(@)s; (g

driy T, ST TOT) T
(d—2) i—2

8Rij7r(0)ij7r(2) 2dRm )7 (2)

k_ij l ikl i kl
+47(0); o) T(@); T T ARk T(2) = 7055 (0) T @) ™) — d—2 (d—2)?

TOT@ TR AT T ) | AT e 3dr T

4 T2, 870"

L P d—2 d—22 " d—2p  (d-2)
2d79 72w STy T wovTia g g
)"0 (4); (0); "(0) "1 (0) 7 (4) jk ki l ij Kkl
+ (d—2) - 17— = A7) T () T(0) T (g — 27(0)1(0) T (0)T4) gy
+87T(0>f T0) ™0™ | 24T T T @ | 8T 2dmy T OO
6 —3d (d—2) 3d—27  (d-2p an) -
(5.47)

Now we repeat the previous steps. We substitute the zeroth and second order solutions in
H 4, which leads to an algebraic equation for (4 that can be readily solved. There is a
subtlety due to the fact that the relation (5.35) is ill defined for d = 5, which is our case

of interest. In fact 5

Ly = V=17 (5.48)

However, the Hamilton-Jacobi method can still be applied (see the discussion in [24]) if

we set the radial cut-off to be

r=—-——" (5.49)
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and define £~(4) such that L, = —27‘£(4 | namely £ —+/—7 ). Proceeding in this
way we finally arrive at
96 2 ; 4 i N2
S — (8:0)% — Z(6)3ixd'x) + 4(0; 12Z(6) (80’

—4Z(9)(8:0)*(95x)* +4Z(6)*(9ix)" + 24R;; (R — 3i¢3j¢ — Z($)0'x¥ x)

+ 24 ( Dig — 212 (alx)2>2 +247(0) (D D'x + 295, Xa%p))

+ Aas [767%2 + 48RRI — 12R ((0:6)2 + Z(6)(0: x) 2) + 2(010)" + 62(6) (9 x0' )2

—2Z(0)(8:0)*(9;x)° +2Z(9)*(0ix)"* — 12Ry; (23RY — 30" ¢ — 3Z($)9"x ¥ x)

=36 (DiDig — @(@XP)Q —362(6) (DD + 55 0x0'0) 1 +O(N,).
(5.50)

Up to some overall factor, this expression coincides with the conformal anomaly, as we

shall see in a moment.

5.2.3 Fefferman-Graham expansions

From the counterterms obtained using the Hamilton-Jacobi method we see that the

canonical momenta take the form

T = o)+ Ty = 2r Ry Gy s
Ty = To(g) + Tg(a) — 2T7T¢(4) + T (4) +...,
Ty = Tx(o) + Txe) — 2MTxgay + Mgy T - - - - (5.51)

The fourth order terms Wzi),m)( 1) Tx(4) contain the information about the renormalized
one-point functions. In order to determine these terms, we proceed with the asymptotic

analysis. In Fefferman-Graham (FG) coordinates, the metric reads

dv 2
ds* = g ( + vij(x,v) dz’ dxj) : (5.52)

The AdS radius £ 445 is given by

1

Lats = —==,
AdS dery

(5.53)
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and v = e~"/%44s_ Generically, the fields will have the following near-boundary expansions

in these coordinates

1
Vi =3 <9<om + 0792y + v* (geayij + 2hais log “) + O(”6)> !
¢ = ¢ + VP + (¢(4) + 2 log U)
X =x0+0xe + v (x@ +2Xwlogv) + O (5.54)
The coefficients g ,gb (0) and x(o) remain undetermined from this analysis, but the other

coefficients can be obtamed as functions of 9(0) 45 ¢y and X (o) by substituting the above
expansions in (5.20) and comparing order by order in v. For example, comparing terms

at order O(v?) we obtain

9@y = ~ 1 _QAGB Rij + ;1(1 +Aan) (0:60)956(0) + Z(60))9:X(0) 95X (0)
+2—149(0)Z-j (2(1 = A6n) R — (14 Aan) (D)0 b(0) + Z(6(0)) X (09" X(0)))
. .
bo) = 5 (2D0)i0'60) — Z'(60)dx0)0'X0) + ON\es)
X@) = 1 (2(0)) (Z(60)) D0i0"x(0) + Z'(6(0))0ix(0)0"b(0)) + O(Ne) - (5.55)

Here and in the following the curvatures R and R;; are the ones for g(g);;. Comparing the

logarithmic term, we obtain instead

T = 2(1— Acs) <h<4>z~j - h(4>kk9(o>ij) +O0(\e)

- 1 1—Aas -

Sy = (1= Aan)Tya) + ON\2p), X = Zlog) @ +0(\2,). (5.56)

5.2.4 The 1-point functions

The order O(v?) leads to the following renormalized one-point functions, which repre-

sent the main result of our analysis in this section. For the stress tensor we get

<ﬂj> = 271—(4)1‘]'
= —2902),,9" K + 490),; + 2h); + 292,92 90);; — 490 k90);; — 2h@ " k90),;
1 kl 1 1
+39" 90, B0 — 392, R — 3D0),92 D0);00) — 3 <o>z¢<o>D<o>j¢<2>
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Z($(0)) ( 0))
_ 2wl p,

k
90);; D0, X2 D) X0

©0:X@ D) ;X0 +
—289) Doy X0) Doy X2 -D<o>jD<o>-9< )k lD(o) D(),9),"
+3D0),D(0),90," — 3D )kD< >9<2> +19@:,; 00,90 D" b0
+19(0),; D01, Do) $(0) + =

1 kil 1 k l
—390);; D0, D092 + ag(onjD(O)eD(mg(z) — 192,90);; 00" 60 Do) b(0)

0)) k
9(2); D(O)kX(O)D( 0)" X(0)

Z($(0)) k l Z'(¢(0))
— =% 9e >k19<o>ijD<o> X0 Do) X0 — =382 Dw); X0 Do) ;X0
+ — (¢<0 ¢(2)D 0) X (0 )D( 0) X(0) —+ )\GBTGBij + O()\ZB) , (557)
where
Tonj = —49(2,"902);, + 79<2>ij9(2> & — 690y, — 3h = 909" 90,
~2(9"6)*900),; + 694 k9(0);; + 3h (0);; + L90),R =290 190, R

+ 290" Rirjt + 492k Rij — 2902) " Rir — 22902, Rjr + 92" 900y, B
1 1 Z($(0))

+3D0),0@ Do) ;60 + 1D (0),60) D <0)j¢<2) + =3% Do), X D); X0
Z($(0)) 37 k 37 k

+=F2 Doy X0) Do) ;X2 + I Do), Pi0),9"k = ¥ Do), Do), 92}

7 k 7 k k
—3—D<O>D<o>k9<2» +3—D<o>kD(o>9<2>ij £92 400,90 Do) b (0)

Z(¢(0))
— 190,009 D0 b0) — =529 >,]D< X0 Do) X0)

Z(¢ ) Z'(¢(0) k
—+9<o>ijD(0)kX<2>D(o> X0 — 252 g0),6 Doy X0/ Doy X o)

kl l
+290);; D0, D09 — §9<0>UD(0>€D(0> 9"k + §92)1190 ;D0 60 D) b(0)

Z(¢(0 ) k l

+—5 X(©0) D) X(0)

92190, P00
(5.58)

For the dilaton and axion we get instead

(Og) = Mo
= (2 + AGB)(2¢(4) + ¢(4))
+1(2 = Aan) [Dm)iD( >¢()+ 300,90 1D b0) — D) ¢0) Do), 92),"

7 b(0)) ) j
~ 9, D0 Doy b0) + 5 92),,D0) X0 Doy’ X(0)

1 ZN(¢ ) 7
—Z'(¢<o>)D<o>¢X(2>D<0) X©) — 50D, x 0 Do) X(0)
+O(N2s)
(5.59)
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(Oy) = “Tx(4)
- (2 + Aan) (2Z(d(0)) x(a) + Z(¢<0>) X + Z'(¢0)de)xe)
— Aan) [Z(¢(0) Diyxa + 252 Doy, 92y i Doy X 0)
~Z (¢(o>)D<o> X0 D)9, — Z(60)92);, D0/ Doy’ X 0)
+2'(6(0)) b2 D(0)i DioyX(0) + Z'(6(0)) D(0);x2) Do) ' b10)
+Z'(¢(0)) Do) X(0) Do) ¢2) — Z'(60))92),; D10 ¢(0) Doy’ x(0)
+2"(60)) ¢ D)0 Doy ¢0)]

+O(M\2,) .
(5.60)

We stress that these formulas are generic for any axion-dilaton system with GB term (to
first order in A¢g) of the structure given in (5.19).

The zeroth order terms in Agp in these expressions reproduce the results of [24], while
the first order terms in Agp extend the results of [25] to a system with an axion-dilaton
field. As mentioned already, another difference with the analysis of [25] is that we employ a
recursive method which is more effective in cases where multiple fields, besides the metric,

are turned on.

5.2.5 Central charges

The trace of the stress energy tensor is related to the central charges a and ¢ by the

following expression®

(T}) = o (cW—aE)+..., (5.61)

where F is the four-dimensional Euler density
E =R?—4RyRY + RijuR* (5.62)
W is the square of the Weyl tensor
RQ

W = CMCy = = - 2RijRY + RijmR7M | (5.63)

and where the ellipsis indicates the contribution by other fields (the axion-dilaton in our

specific setting). The trace of the stress energy tensor [24] is given by the L) written

6Notice that in this section a denotes one of the central charges and not the anisotropy parameter.
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above in (5.50)

N
<Ti>_r\/_—,y

To isolate the metric contribution we set ¢ = xy = 0 in that expression and arrive at

L. (5.64)

23

< 1 1 y 19 1 g
<TZ> = _ERQ + ZRURU i <ﬁR2 + éRijklRUkl _ -

)

Rin“) Aas +O(N2,) . (5.65)
Comparing (5.61) and (5.65), we find that
a=m%*2—15)g) + O(N\2,), c=m(2—TAas)+O0(\2,), (5.66)

thus confirming that indeed a # ¢ for theories with GB corrections. These results are in

perfect agreement with previous literature, see e.g. [112].

5.3 Boundary stress tensor

Here we specialize the formulas above to our solution (5.8). As a first step, we need to
rewrite the fields in FG coordinates, to be able to extract the asymptotic behaviors close
to the boundary.

We define the FG radial coordinate v such that”

du? dv?

= + O(U3> ) dery =

1 — V1= 4ha,
w2F(u)  v2Fq, '

2Xap

(5.67)

The relation between the two radial coordinates u and v turns out to be given explicitly
by

1
u = v+ @aQ(Agg +1)v°

| aPud(2Aea(log 32 — D1 logd) £ 120 1) 5 o1 52, o).
uH

GB?

(5.68)

In terms of v the fields have the following asymptotic expansions

2 2

a a
H
2
Fv) = 1+ g+ ;L—2 (1+ 2Xgp) v?

" Asymptotically, our metric approaches AdS5 with curvature radius given by €445 = 1/1/Fyary, which
explains the factor of Fyq,, in the formula, see (5.52).
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142\ 2
_( + v @ (1+210g2_(1_121og2)AGB))v4+O(UG)7

, up 12u2
a a
Bv) = 1—Agp— —0>+—0'+00°
(U) GB 12U + 8U%U + (U ),
a’ , @ 4 6
H(v) = 1+ (14 ep)v” = 8 (14 Ags)v* + 0@ (5.69)

From these expressions it is easy to find the expansions for the metric

2

a
gtt - _1 + ﬂ(l + )\GB),U2
+16 (12(1 + Agp) — a®usy(1 — 2log 2 + 2Agp(2 — 51og 2))) v* + O(0°),
U
H a2 ,
Jzz = Gyy = 11_ ﬂ(l + )\GB)'U
+5a (12(1 + Ags) + a’ufy (1 + 21log2 — 2Ags(1 — 5log 2))) v* + O(v%)
H
5a?
92z = I+ 2_41<1 + )‘G‘.B)v2
+ 5 (12(1 + Agp) — a®uiy(5 — 21og 2 + 2Agp(4 — 510g 2))) v* + O(0°)
uH
(5.70)
from which it is immediate to extract gey; and g(ayi;.
In our solution the terms up to O(a?) are very simple:
<TZJ> = 49(4)@']’ - 6)\GBg(4)ij 5 7T¢(4) = 0, 7TX(4) =0. (571)

Explicitly, the components of the stress tensor read

3 1-2log2 , 12+ a*u?(5—14log2) 4 \9
<7—‘tt> — u—é —_ Ta — H8ué )\GB —‘I— O(a ’)\GB) 9

1 1+2log2 , 12+ a°u(7— 14log2)

(Tu) = <Tyy> = U_L}ll + 12u2 a 24ut Ace + O(a4v )‘E;B) )
1 5—2log2 12 + a*u? (1 — 14log 2) 4 12

(T..,) = —— ——-""a*— 4 Aas + O(a®, \y) - (5.72)
ud 12u2 24ul or an

Using (5.13) we see that

1 1-log2, 1 (1 5log 2

Uy = — — WaQ) )\GB + O(G,4, )\?;B) s (573)

T 247373 @ 27T

so that we can rewrite the expressions above in terms of the temperature, which is a
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physical observable, unlike the horizon location uy. We arrive at our final results:

- Ard 1 a\? 3 1 a\? \ Ola )2
Tie) = 30T |1+ 55 (T) 27 e (T) an| + 0@ Aan)
1 sa\2 3 1 7a\2
_ _ A4 4 2
1 = =1 gk () (S s (2)) 0] 4000 20,
1 ra\2 3 1 ra\2
A 4 42
(T..) = =T [1 ) (T) + (5 “32 (T) > )\GB} + O(a”, A\gp) - (5.74)
These quantities correspond to the energy density and pressures of the dual gauge
theory
N2 N2 N2
E=—(T, P =—T,.), = —(T.,.), 5.75
87T2< tt)’ 1 87T2< > I 87T2< > ( )

with IV, being the number of colors of the gauge theory and P, and P} the pressures
along the transverse plane and the longitudinal direction, respectively. The comparison
with the energy density Eo(T) = 372N2T*/8 and the pressure Py(T) = 72 N2T*/8 of an
isotropic plasma at the same temperature and Aqz = 0 is obvious from the expressions
above. We see in particular that the anisotropy has the effect of increasing the energy
density and perpendicular pressure compared to the isotropic case, while decreasing the
longitudinal pressure. This is consistent with the findings of [22,23] in the small anisotropy
limit (whose results we reproduce for Aqp = 0, see eq. (168) of [23]).

These results show that the system is really anisotropic in the z-direction, as P, # Pj.

Notice that at this order in a, the trace of the stress tensor is vanishing
(T7) = O(a", \%). (5.76)

This is in agreement with what found in [22,23], where the conformal anomaly was also
vanishing at order O(a?) and appearing only at order O(a?) and beyond. We can also
check some basic thermodynamic relations. In particular, the free energy F = E —T's, in
the limit of @ = 0, matches perfectly the value found in [97] from evaluating the Euclidean
action on-shell. We can also check that F = — P/, as it should be [113].

Finally, let us comment about the conservation of the (expectation value of the) stress
tensor. Remember that to simplify our expressions we have gauge fixed the lapse and shift
functions (see footnote 5). As a consequence we can no longer derive the diffeomorphism
Ward identity that relates the divergence of (T};) to the expectation values of the other
fields. Typically, in such an identity we expect a term of the form (O,)0;x(), see e.g.
eq. (B.20) of [24]. In the particular state we have considered, even though 0;x o) # 0, we
do have that (O,) = 0, see (5.71). This contribution would then vanish, assuring that
Déo) (T;;) = 0 and guaranteeing the translational invariance of the geometry. For a more

detailed study of the thermodynamics of this system, which is beyond the scope of the
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present work, one would need to derive this Ward identity.

5.4 Discussion

In this work we have explored the effects of higher curvature corrections (given by
the inclusion of a GB term) in a system of AdS-gravity in five dimensions coupled to an
axion-dilaton field. As we have explained above, these corrections correspond, on the gauge
theory side, to considering cases that are more generic than the ones usually considered,
e.g. conformal field theories with independent central charges, a # c. It is still unclear
whether our setup might be obtained in the low energy limit of some string theory, and
our philosophy has been ‘bottom-up’.

One of our main concerns has been to carry out holographic renormalization and
compute the 1-point function of the boundary stress tensor associated to our gravitational
theory. We have done this to first order in the GB coupling, which is however not a terribly
restrictive constraint, since requirements of unitarity, causality and positivity of energy

fluxes require [13]
—7/36 < Agp < 9/100. (5.77)

We have also considered a particular black brane Ansatz, in which the axion field
is linearly dependent on one of the horizon coordinates, while being independent of the
radial coordinate. This has resulted in finding an anisotropic black brane solution to the
equations of motion, which is the GB-corrected equivalent of the geometry discovered
in [22,23]. One point that remains to be settled in our analysis is whether our solution
might be interpreted as an interpolating solution between a Lifshitz-like scaling solution in
the TR and an asymptotically AdS space, as was the case for the Aqz = 0 limit of [22,23].

One of the most interesting applications of the present work would be a detailed study
of the thermodynamics of this black brane and of its corresponding plasma. This analysis
was carried out, in the canonical ensemble, for the case of vanishing Agp in [22,23] and a
rich phase diagram was discovered, with, in particular, the presence of instabilities that
might turn out to be useful in understanding the fast thermalization time of the QGP. To
this regard it is relevant to observe that part of the richness of the solution in [22,23] was
due to a conformal anomaly, appearing in the renormalization process at order O(a?) and
beyond. In the present solution we also have an anomaly, which we expect to appear at the
fourth order in the anisotropy parameter, but we are not able to capture with our analytic
solution, which only goes up to second order. Extending our analytic solution to order
O(a") seems unviable and presumably numerical methods would have to be employed to
explore larger values of the anisotropy. Given the large number of parameters in the game,

this might be cumbersome, but it surely is something worth pursuing.



Chapter 6

Probing strongly coupled anisotropic

plasmas from higher curvature gravity

One application of the solution we have found in the previous chapter is to model
higher curvature effects on the dual gauge theory plasma. Generically, heavy ion collisions
experiments are non-central, resulting in a spatial anisotropy of the QGP formed after the
collision. This represents one of the main motivations for our Ansatz. In the following we
will identify z as the anisotropic direction (or ‘beam’ direction), while = and y parametrize
the plane transverse to the beam.

Our aim is to study qualitatively how several observables relevant to the study of the
QGP are affected by the parameters (a, Agg). Anticipating the results of our analysis, we
found that the effect of the Gauss-Bonnet term in the observables of the gauge theory
is consistent with our physical intuition regarding the QGP as a fluid, interpreting the
results in terms of the mean free path which is associated to the shear viscosity.

We compute several observables relevant to the study of the QGP, namely, the shear
viscosity over entropy density, the drag force experienced by a heavy quark moving through
the plasma, the jet quenching parameter, the static potential between a quark-antiquark
pair (quarkonium) and the photon production rate. Most part of the analysis of our results
involves a comparison with the isotropic N' = 4 SYM result, obtained by taking a — 0 and
Age — 0. We limit ourselves to the comparison at the same temperature, for simplicity,
but a comparison at the same entropy density is still possible, and it was done for the
observables computed in the model of [22,23]. We summarize and discuss our results in
Section 6.7. For completeness, Appendix C presents an alternative derivation of the shear
viscosity using the Kubo formula, and Appendices D, E, and F contain the derivation of

the main formulas used in this work.

61
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6.1 Gravity setup

For easier reference we repeat the relevant aspects of the gravity solution we have
found in the previous in Chapter 5. The Ansatz for the metric and scalar fields takes the

form

1 du?
2 m n __ . 2 2 2 2
ds® = Guppdx™dz __u2< F(u)B(u) dt* + dx* + dy* + H(u) dz +F(u)>7

X =az, ¢=¢(u). (6.1)
The axion field introduces a spatial anisotropy in the z-direction controlled by the anisotropy

parameter a. An analytical solution to the equations of motion can be obtained in the

limit of small anisotropy. Their expressions take the form

(u)
F(u) = Fy(u) + a®Fy(u) + O(a*),
B(u) = By (14 a°Bs(u) + O(a?)) ,
H(u) =1+ a*Hy(u) + O(a*). (6.2)

The explicit expressions for the functions ¢s, F5, By and H, can be found in Appendix B.
The leading terms Fy(u) and By are known from pure Gauss-Bonnet gravity and they are

given by

1 1+ I 47
Filn) = 55 (1—\/1—4)\@3(1—%)), By= L (63)
B

The boundary conditions were fixed such that F' vanishes at the horizon u = uy. At the

boundary v = 0 we have
¢2,bdry = O? FQ,bdry = 07 Bz,bdry = 07 H2,bclry = O (64)

The solution is regular everywhere and asymptotically approaches AdSs;. Thermodynam-
ical quantities such as temperature and entropy can be computed via standard formulas,

by requiring the regularity of the (Euclideanized) metric at the horizon and using the area
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law, respectively. One finds

| 2Bo—6)ap + v Aan log (%) ~log ( _m,_ ) 4
T'=vho a uga® + O(a*)
Ty A87(1 — 4han)

T
S =
4GB

(7r2T3 + %TBOCLQ + O(a4)) : (6.5)

6.2 Shear viscosity

An important quantity to compute in a plasma is the ratio of shear viscosity over
entropy density.! This is a rather universal quantity for theories with an Einstein dual,
which has been conjectured to obey the Kovtun-Son-Starinets (KSS) bound n/s > 1/4x
[76]. This bound can however be violated by the inclusion of higher derivative corrections
[97] (see also [99-103,115-119]) and by the breaking of spatial isotropy [29,30]; see [104]
for a status report on the viscosity bound.

In this section, we employ the membrane paradigm, proposed in [120] and used in [29)]
for the anisotropic plasma of [22], to compute 7/s for our geometry (6.2).2 Appendix C
contains an alternative derivation of the result in this section using the Kubo formula.
As in [29], we will be interested in two components of the shear viscosity tensor: 1y.,,
which is entirely in the transverse (isotropic) plane, and 7., = 7)y2y., which mixes the
anisotropic direction z with one of the directions in the transverse plane. We denote these

two components as

NL = Nayzy > M = Nzzaz - (66)

To calculate these viscosities we consider the fluctuations h,, and h,. around the back-
ground (6.2). Given the symmetry in the transverse plane, we can take these fluctua-
tions to depend solely on (t,y, 2, u). The equations of motion for ¢, = h% (t,y,2,u) and
Y = h”,(t,y, z,u) decouple from all other equations and from each other. In both cases,

they have the following form

a(u)y” + b(u)y’ + c(u)p =0, (6.7)

where a(u),b(u) and c(u) are functions of the background fields and v stands for either
Y or 1), depending on the case. Here the primes denote derivatives with respect to u.

To use the membrane paradigm, we need to write an effective action for 1, and . To

LOther observables that have been computed in Einstein plus GB gravity can be found in, e.g., [54,114].
2The computation of the shear viscosity in an anisotropic superfluid with a GB term has recently been
presented in [121].
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this scope we write (6.7) in the form?

with

n(u) = exp ( / duzgz))) () = %exp ( / du’%izl))) | (6.9)

The effective action that gives rise to the equation of motion above is

1 1

St = ~5T6rC /d4x du [n(u)(¥')* — m(u)y?] . (6.10)

To compare this action with the one of [120], we need to transform it to Fourier space.

To do that, we write

dw d’k —iwttikyytiksz
w(t,%z,U):/%Ww(u)e Prikyytikee (6.11)

where we have used the axial symmetry to rotate k = (0, k,, k,). Plugging (6.11) into

(6.10) and using Plancherel’s theorem, it can be shown that

Su=316r | o amysts [0~ m(w?] 612

Using the notation of [120], this can be recast in the following form

1 fdw A3k gr o )
Su=—3 [ T | g (0 + Pl ?] (6.13)

with

1 V=99"
167an(u) = O k) (6.14)

The shear viscosity is then obtained as [120]

n 1 167G
S

~ O S0) (6.15)

Writing the equations of motion for 1), and ¢, we can obtain explicit expressions for the
n(u)’s and m(u)’s. Putting these together with (6.14) and (6.15), it is readily found that

TI_J_ i gﬂ _ @gg:ﬁgz{,tg;z
S 47 ’

Gyy 2 g

3It is important to emphasize that n(u) and m(u) are not the same in the equations of motion for /|
and 1. Here n(u) stands for either n  or n), and m(u) stands for either m_ or m.
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9zz 2 g

2
77H 1 Gzx )\GB g:c:r;gttgyy
- = — e E 6.16
s 47 ( ( )
These results are completely generic for the system we have considered. In particular, we
can check them against the known results from pure Einstein-Hilbert gravity with a GB
term [97] and with the anisotropic background of [29], finding perfect agreement in both

cases. In the first case, we need to take the limit of a — 0 of the equations above. We find

n_Liﬂzl—él/\GB

= 6.17
s s dr (6.17)
as in [97]. To perform the second check we take the limit A¢z — 0 and obtain?
n 1 ull 1 1 1 log 2 ( a ) 2 4
- o=~ = 252 (2 0. 6.18
s 4r’ s Am H(uy) 4m 1673 \T (a”) (6.18)
Note how the longitudinal shear viscosity violates the KSS bound.
Specializing (6.16) to our solution (6.2) we find
T’_L _ ]_ - 4AGB BO AGB(?) - 4)\GB) (2)2 + O (a4) ’
s 47 2473 (1 —4Xgs) \T
yll 1 —4)Xge By ( a > 2 4
Al A — 1
s 4T + 327T3G( ov) T +0(d), (6.19)

where G(Agg) is given by

8\
G(Aas) = —142Xg (ﬁ - 1> + V1 —4)es
GB

14 2vA V1—4 g — 1+ 4A
+1/ A log ( i GB) + log ( C;B)\ i GB) (6.20)
GB

We emphasize that these results, despite being of second order in a, are fully nonpertur-
bative in A\ggz. The KSS bound might be violated in this setting both by the anisotropy
and by the GB coupling.

1 —2vAas

6.3 Drag force

When a heavy quark propagates through a strongly coupled plasma it loses energy
due to the interaction with the medium. One quantity related to the dissipation of energy
of the quark is the drag force. The study of drag force in a strongly coupled plasma was
initiated in [122, 123] for the case of (isotropic) N' = 4 SYM and subsequently it was

4Note that to compare the expressions for 7 one needs to take into account the different factors of
the dilaton in the Ansézte of [22,29] and (6.1).
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extended in several ways. See, for instance, [32,114,124-129|. The two computations of
the drag force closely related to the present work were done in [31,130], corresponding to
the limits A\qz = 0 and a = 0, respectively.

Following the standard prescription of the computation of the drag force, we consider
an external heavy quark moving through the strongly coupled plasma with constant ve-
locity v. Since the heavy quark loses energy due to the interaction with the plasma, an
external force is necessary to maintain the motion stationary. In the dual picture, we have
a classical string with an endpoint in the quark (at the boundary) and the other endpoint
in the bulk, in a picture usually referred to as “trailing string” [122,123]. The derivation
of the general formula is presented in Appendix D. As a result, we first need to determine
a critical point u,. by solving the equation

2Gy
— + Gaw + Gz + (Gaz — Gaz) c08(20) =0, (6.21)

V2

U=Ue

where ¢ is the angle between the direction of motion of the quark and the z-direction. In
what follows, we will be interested in the cases where the motion of the quark is parallel (||)
and transversal (L) to the direction of anisotropy, corresponding to ¢ = 0 and ¢ = 7/2,
respectively. Once the critical point is determined, it is straightforward to compute the
drag force using

Rl =e*?G 0| . FL =Gl (6.22)

drag drag
U=Uc U=Uc

Since we are working in the small anisotropy regime, the critical point can be written as
Ue = Up, + a’ug, + O(at). (6.23)

For our particular background, the equation for the critical point (6.21) expanded to

second order in a becomes

BoFy — v* +a? (BOBQFO + ByFy — v? cos® pHy + Bouché) =0, (6.24)
UQ e
Solving the equation order by order gives
Upe = Un Bg 5
S By By (uo.) Fo(uoe) + BoFa(uo,) — v* Ha(ug,) cos® Y (6.25)

BOF(S (uOC)

Plugging the solution for the critical point (6.25) into the formulas of the drag force (6.22),
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we obtain
=Y o — 422 4 op O(a*
drag uocz + 2uoc ¢2(UOC) OC + 2(“06) _|_ (a )7
v a*v U9
| S — O(a*). 6.26
b=t s (at) - 422 ) + 0 (6.26)

We do not report the full explicit expressions for the drag force here since they are too
long and not very illuminating. Since T is a function of uy, we can invert this relation to
express the drag force as a function of the temperature.® We can then check that in the

limit Agg — 0 we recover the result of [31],

plvr _ T 2v (—v +\/1—’02+(v2+1)log(\/1—02—|—1)+1)
drag /—1 — Uz + (1 U2>3/2 ,
L T atv (=0 VI =02+ (40? = 5)log (VI— 02+ 1) +1)

FivT + . (627
o VI 24(1— )" (020

and in the limit @ — 0 we recover the result of [130]

i V22T
drag ~— °
: \/(v2 1) (202 4 1) A — VI — Than — 1)

(6.28)

Of course, in the limit where both a and A\g go to zero we recover the isotropic N' = 4

SYM result [122,123]
Fre = b (6.29)

V1—2

In the analysis of our results, it is useful to normalize the drag force by the isotropic
result (6.29). The normalized drag force here depends on v, A¢p and a/T. The main result
is shown in Figure 6.1. Our results are, as expected, a combined effect of their limiting
cases [31,130]. The effect of the Gauss-Bonnet coupling is, in general, to enhance the drag
force for A\gp > 0 and to decrease it for Aqz < 0, for both longitudinal and transversal
motion. This is the same effect observed in the case of pure Gauss-Bonnet gravity [130],
but it is different from what happens with corrections of type o/® R*, where the drag force
is always enhanced [128|. The effect of the anisotropy is qualitatively the same found
in [31]: for the transversal motion the drag force can increase or decrease, while for the
parallel motion the drag force increases in general (except for sufficiently large negative
values of \gz). We also plotted the drag force as a function of the quark velocity (Figure

6.2). In general, the drag is increased for larger velocities and there is a divergence in the

5The easiest way to write the drag force in terms of the temperature is by noting that the critical
point scales as u. = uyyo + a?uye + O(a?), where 4o and 7o are quantities that do not depend on uy.
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limit v — 1, similarly to what occurred in [31].

FdUag/F iso FJ. F iso

drag drag/ drag

Figure 6.1: Drag force normalized by the isotropic result as a function of (Agp, 7). Here we
have fized v = 0.3. Left: Motion along the anisotropic direction. Right: Motion along the direction
transversal to the anisotropy.

FdUag/F iso FL F iso

drag drag drag

Figure 6.2: Drag force normalized by the isotropic result as a function of (Agp,v). Here we have
fived 7 = 0.2. Left: Motion along the anisotropic direction. Right: Motion along the direction
transversal to the anisotropy. For other values of 7 the results were qualitatively the same.

6.4 Jet quenching parameter

Results from RHIC [131-134] indicate a strong suppression of particles with high

transversal momentum p; in Au-Au collisions, but not in d-Au collisions. The explana-
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tion for this phenomenon is that in Au-Au collisions the hot and dense quark gluon plasma
is produced, and the jets lose energy due to the interaction with this medium before hadro-
nising. This energy loss effect is called “jet quenching” and can give valuable information
about the properties of the plasma. One important quantity related to jet quenching is
the jet quenching parameter ¢, which quantify the change of transverse momentum of the
parton per unit length when suffering multiple scattering with the medium. The change
in transverse momentum is usually referred to as “momentum broadening”.

The jet quenching parameter has been calculated at weak coupling for several models
(see [135] for a review) and has been consistent with data [136]. However, the assumption
of weak coupling is still not well justified, since different energy scales are involved in heavy
ion collision experiments and thus a calculation at strongly coupling may be necessary.
This motivates a non-perturbative definition of the jet quenching parameter. The non-
perturbative definition of the jet quenching parameter and its first computation using
holography was done in [137-139]. After that, it was extended in several directions.® See,
for instance, [141-143].

The non-perturbative definition of the jet quenching parameter ¢ was inspired by its

perturbative calculation in the so called dipole approximation [144]

(6.30)

(WA = x| - Le ]

4\/§q

where W4(C) is a rectangular light-like Wilson loop in the adjoint representation with
sizes L~ and ¢, with L~ > (. Using the holographic dictionary the jet quenching parameter
is given in terms of the on-shell Nambu-Goto action whose string worldsheet boundary

coincides with the Wilson loop”

8\/5 Son—shel] .

T (6.31)

q=
In the case of pure (isotropic) N =4 SYM, the result obtained was [137-139]

w2T ()

Giso = TZ)\/XTS. (6.32)

Here we compute the jet quenching parameter for the anisotropic background with
Gauss-Bonnet term. A detailed derivation of the formula we used here is presented in

Appendix E. The parameters involved are the Gauss-Bonnet coupling A¢g, the ratio of

6There are also some attempts of non-perturbative computations of the jet quenching parameter on
the lattice (see, for instance, [140]).

"The extra factor of 2 comes from the fact that, for large N,, the Wilson loop in the adjoint represen-
tation is roughly speaking the square of the Wilson loop in the fundamental representation.
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the anisotropy parameter to temperature a/7 and the angles (0, ) associated with the
direction of motion of the quark and the direction of the momentum broadening, respec-
tively.®

Our results are summarized in Figure 6.3. Similarly to the drag force computation of
the previous subsection, the effect of the Gauss-Bonnet coupling is controlled by its sign:
the jet quenching parameter is increased for Aoz > 0 and decreased for Aoz < 0. The effect
of the anisotropy, in the small anisotropy limit, is to increase the jet quenching parameter
as it occurred in [32,37,51|, with the highest increase taking place when the quark moves
in the anisotropic direction. We also verified that, for a fixed value of #, the jet quenching
parameter is slightly larger for the momentum broadening taking place in the anisotropic

(p = m/2) direction than in the transversal direction to the anisotropy (¢ = 0).

qA/qiso

Figure 6.3: Left: Jet quenching parameter as a function of (6,¢). We have set Agpy = 0.1
and a/T = 0.33. Right: The jet quenching parameter as a function of (Mg, ). We have set
0 = ¢ = /4. Both plots were normalized by the isotropic result (6.32).

As argued in [136], weak coupling models of jet quenching are in general lower than the
value obtained at strong coupling for N'=4 SYM (6.32). If we were expecting a smooth
interpolation between the weak and strong coupling values, the case Aqz < 0 becomes par-
ticularly interesting since it decreases the N’ =4 SYM result. The same decreasing effect
was also found in [145], where they considered fluctuations of the string worldsheet, and

in [146], where curvature corrections of type o/*R?* in the AdS-Schwarzschild background

8More precisely, § is the angle between the direction of motion of the quark and the anisotropic
direction. The direction of the momentum broadening is transversal to the direction of motion of the
quark and forms an angle ¢ with the y-axis. Note that the same symbols 6 and ¢ were used for other
observables, but with different meanings.
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were taken into account.

6.5 Quarkonium static potential

Quarkonium mesons are produced in the early stages of heavy ion collisions, before
the creation of the QGP. As they are much more tightly bound and smaller than ordinary
‘light” hadrons, they can survive as bound states in the QGP at temperatures above the
deconfinement temperature up to some dissociation temperature. This property, together
with the fact that their interaction with the thermal medium is comparatively stronger
than their interaction with the hadronic matter formed after hadronization, makes the
quarkonium mesons excellent probes to study the QGP formed in heavy ion collisions [147].

Here we study the static quarkonium potential in a strongly coupled plasma dual to
the anisotropic gravity theory with the Gauss-Bonnet term. In particular, we analyze
how the anisotropy and the higher derivative terms affect the potential energy and the
screening length of a heavy quark-antiquark pair. The holographic studies of this quantity
were initiated in [148,149], for infinitely heavy quarks in the N = 4 SYM theory and, since
then, several extensions of this work have been performed. See, for instance, [38,150—-159].
Higher derivative corrections to the quarkonium potential were considered in [154, 159]
and the effects of anisotropy were taken into account in [32,38].

The static quarkonium potential can be extracted from the expectation value of a
Wilson loop

lim (W(C)) ~ 7 Vagot2Mo), (6.33)

T—00
where C is a rectangular loop with time extension 7" and spatial extension L, Vg is the
quark-antiquark potential energy and My is the quark mass. The Wilson loop can be
viewed as a static quark-antiquark pair separated by a distance L. In the gravity side, the
pair is described by an open string with both endpoints attached to a D7-brane sitting at
some AdS radial position which determines the quark mass (Mg ~ 1/u). For simplicity,
we will work in the case where the D7-brane is at the boundary of AdS and, consequently,
the quark is infinitely heavy and non-dynamical.
In the large N, and large A limits the Wilson loop of Eq. (6.33) can be calculated in
the gravity side by the expression

lim (W(C)) = &5 (6.34)

T—o0

where Sl is the on-shell Nambu-Goto action of a U-shaped string whose worldsheet
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boundary coincides with the curve C. The quarkonium potential is thus obtained as

S(on—shell)
Voo =—7— —2Mq, (6.35)

where the quark mass Mg is determined by evaluating the Nambu-Goto action of a
straight string connecting the boundary to the horizon. Given the rotational symmetry in
the zy-plane, we can assume the quark-antiquark pair to lie in the xz-plane, forming an
angle # with the z-direction. Since we want to focus on the results, we leave the details
of the calculation of V(L) in Appendix F.

First, let us discuss some general properties of Vi5(L). From Figure 6.4, we see that
Voo only exists up to a maximum separation length Lya. For each value of L < Lyjax
there are two possible string configurations corresponding to the upper and lower parts of
Vig- It turns out that only the lower part of Vi)5 represents a physical solution [150]. Note
that Vg = 0 at some point L = L, usually referred to as “screening length”. Since V(g
represents the difference between the energy and mass of the quarkonium, a negative value
of the potential (L < L) represents a situation where the U-shaped string (bound state)
is energetically favorable over the configuration with two straight strings (unbound state).
On the other hand, when the potential is positive (L > L), the opposite happens and the
unbound configuration is energetically favorable.” Another point is that the screening of
a plasma is weaker for large L, and stronger for small L,. This is because L, represents
the separation in which the interaction between the quark and the antiquark becomes

completely screened by the medium.

9However, we emphasize that the solution for Voo 1s not valid when L > L. In this case the quark-
antiquark interaction is completely screened by the presence of QGP between them and, as a consequence,
their separation can be increased with no additional energy cost. This implies that the potential is actually
constant for L > L,. The dual gravity picture can be understood as follows: as we increase the quark-
antiquark separation, the U-shaped string connecting the quarks eventually touches the horizon. At this
point the string can minimize its energy by splitting into straight strings connecting the boundary of AdS
to the horizon.
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Figure 6.4: Quark-antiquark potential Vg as a function of their separation L for different
values of the Gauss-Bonnet coupling: Agp = —0.1 (red, dotted), Agsz = 0 (black, solid) and
Ags = 0.1 (blue, dashed). For all curves a/T ~ 0.3 and 0 = /4.

Figure 6.4 shows that positive values of Aoy decrease the screening length, while neg-
ative values of \gp increase this quantity. This effect can be better visualized in Figure
6.5 (a), where the screening length is presented as a function of (Agg, a). Now let us dis-
cuss the effect of the anisotropy. Firstly, Figure 6.5 (b) shows that the screening length
for a quarkonium oriented along the anisotropic direction (§ = 0) is always smaller than
the corresponding quantity for a quarkonium oriented in the transverse plane (§ = 7/2).
Secondly, the 2D plot of Figure 6.6 reveals that the screening length always decrease as
we increase a/T, for any orientation of the pair, at fixed Aqp. These anisotropic effects
are also observed in holographic calculations at strong coupling when the anisotropy is
introduced by a magnetic field [158] and at weak coupling in calculations based on “hard-
thermal-loop” resummed perturbative QCD [160|. The limit Ay — 0 of the above results
agrees with the calculations of [32]. We also checked that the limit a — 0 for Vi, agrees

with the results of [159] when the Quasi-topological coupling constant is zero.'°

10Tn the comparison of our results with [159], one should note that the potential of [159] is normalized
with 1/(ma’), while our results are normalized with 1/(2wa’).
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Figure 6.5: (a) Screening length Ls(Agp, a) normalized with respect to the isotropic result Lis, =
Ls(A¢p = 0,a =0) for & = 0. (b) Ratio L, /L), where L is the screening length calculated at
0 = /2, and Ly is the screening length calculated at 6 = 0.
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Figure 6.6: Screening length Ly as a function of a/T for three different quarkonium orientations:
0 = 0 (black, solid), 0 = 7/4 (purple, dashed) and 0 = 7/2 (blue, dotted). The Gauss-Bonnet
coupling is fired Agp = 0.

6.6 Photon production

The limited extension of the QGP created in heavy ion collisions and the weakness of
the electromagnetic interactions imply that this medium should be optically thin. There-
fore, the photons produced in the plasma escape from it without subsequent interactions,

providing an excellent probe of the conditions of the medium. The holographic stud-
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ies of this quantity were initiated in [161] and extended in several directions, see, for
instance [45, 46, 48, 162-172]. In this section we study how the anisotropy and higher
derivative corrections affect the photon production rate.

Let £y be the Lagrangian of the field theory dual to the gravity theory described by
the action (5.1). The photon production rate is calculated by adding a dynamical photon
to Ly coupled to the electric charged matter fields, that is

1
L= Lo+ eJfMA" = 2F, P, (6.36)

where F),, = 0,A, — 0,A, is the field strength associated to the photon field A*, e is
the electromagnetic coupling constant and J;™ is the electromagnetic current. At leading

order in e, the number of photons emitted per unit time and unit volume is given by [173|

dr,, _ e? o
BE "~ (anpaff

(k) 0" X (K) (6.37)

KO=|k|
where p* = diag(— + +) is the Minkowski metric, k* = (k°,k) is the photon null
momentum, ®(k) is the distribution function and x,, is the spectral density. Assuming
thermal equilibrium, the distribution function reduces to the Bose-Einstein distribution
np(k®) = 1/(e**/T —1). The spectral density can be obtained as

Xuw (k) = =2 Im G}, (k), (6.38)
where
G (k) = —i / dhe e O ([T (), T2 (0)]) (6.39)

is the retarded correlator of two electromagnetic currents J;* and the above expectation
value is taken in the thermal equilibrium state. The Ward identity k*x,, = 0 for null
k* implies that only the transverse spectral functions contribute in the calculation of the

trace of the spectral density, that is,

N X = Y, €l () €y () X (F) (6.40)

s=1,2

KO=|K|

Using the above formula, the differential photon production rate can be rewritten as

ar, B e? o
Ek o (2m)32k|

(k) > et () €l () X (R) (6.41)

s=1,2

KO=|k|
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where eﬁ) and e’é) are mutually orthogonal polarization vectors that are also orthogonal
to k*. By the SO(2) symmetry in the zy-plane of our model we can choose k to lie in the
xz-plane — see Figure 6.7. Following [45,48|, we set

k = ko(sin 9,0, cos ) . (6.42)

With this choice of & the polarization vectors can be chosen as

o
Y

Figure 6.7: Momentum k and polarization vectors €1y and €gz). The SO(2) rotational symmetry
in the xy-plane allows us to choose the momentum lying in the xz-plane, forming an angle ¥
with the z-direction. Both polarization vectors are orthogonal to k. We chose €(1) oriented along
the y-direction and €y contained in the xz-plane.

€1 = (0,1,0), €(2) = (cos?,0, —sin?) . (6.43)

For later purposes we split the trace of the spectral density into two parts

" X = X(1) T X @) (6.44)

where x(s) is proportional to the number of photons emitted with polarization €. These

quantities are given by

X(1) = €1 E0) Xur = Xuy
X(2) = 6?2) €2) X = c08% 0 Y + sin? 0 x.r — 2cos V¥ sin® ya. - (6.45)

We now proceed to explain how to compute the retarded Green’s function of two electro-
magnetic currents using holography. It turns out that the gravity theory dual to the field
theory described by the Lagrangian £ is simply obtained by adding a U(1) kinetic term to

the action (5.1). As we are dealing with a bottom-up model, we consider a five-dimensional
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U(1) kinetic term of the form,
Svay=—-K / & Fpn ™, (6.46)

where F,, = 0, A, — 0, Ay, is the field strength associated to the gauge field A, (m =
0,1,2,3,4) and K is a constant.'! Let A, (u = 0,1,2,3) denote the components of this
gauge field along the gauge theory coordinates (t,#) and Ay = A, denote the component
along the radial coordinate of AdS. In order to simplify our calculations, we gauge fix
Ay = 0. Our final results, however, will be written only in terms of gauge invariant
quantities, in such a way that this gauge choice will not be relevant.

Given the translation invariance of our model, we can Fourier decompose the gauge

field A, as
- d*k —ikOt+ik-T 07
Au(t,x,u) = W@ Aﬂ(k ,k,U) . (647)

The equations of motion derived from (6.46) are given by

8N(\/—gg“°‘g”f8Fa5) =0. (6.48)

In terms of the gauge invariant quantities E; = dyA; — 0, A;, the above equations of motion

split into a decoupled equation for E,,
—2

k
E! + (log /—g9"™g") E, — g—Ey =0, (6.49)

uU

and a system of two coupled equations for F, and E,,'?

’ 72 /

B} + {(logx/—_gg““g”)' — (loggg7> E—”ég”} E, — ngx — (loggg7> = g7E, =0,
zz\/ 1.2 7.2 22\ !

EY + {(ng/—gg g7) - (bgﬁ) =9 }E; - gTEz_ (loggtt> =9 E, =0,

(6.50)

where the primes denote derivatives with respect to u and 5= g8 kokg. Note that the

above equations are written in momentum space.

HTn top-down calculations, K is proportional to the number of electrically charged degrees of freedom
times the number of colors in the dual gauge theory. For instance, when photons are produced from adjoint
matter we have K oc N2 [161], while for fundamental fields, K o N.N; [45,46,48,162]. In bottom-up
models, this constant can be chosen freely and, since we are only interested in ratios of spectral densities
(that are proportional to K), this constant will play no role in our analysis.

1211 the derivation of the equations of motion for £, and E, we used the constraint g®? k:aA’ﬁ =0.
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The action (6.46) can be written in terms of the gauge invariant fields E; as
— 9K / dt dit Y—22 ‘/_g - [(—g“kﬁ — 07K GTE, B, — K gV EE! +
+ ¢ g7 kok. (ELE.) + (—g"ki — 9°°k}) ¢ E.F, . (6.51)

U—=€

The retarded correlators are obtained by taking functional derivatives of the above action

with respect to the boundary values of the gauge fields A*(®). In the computation of

X@) and x(2) we only need the spatial correlators G, G}, G&. and GY, = G%.. This
correlators can be obtained in terms of the E;’s as
528, g2 528,

Gl = (6.52)

SAH0)§A450) (5E 5E

where Ei(o) is the boundary value of the gauge field E;.
As the mode E, does not couple to the other modes, the spectral density for photons
with polarization €4y can be obtained by applying the prescription of [75]. The retarded

correlator reads

528, 4K E!(k,u)
Gy, = ky—== = ——5+/—gg" g | . 6.53
05 R Y R w) (6:53)
The corresponding spectral density is then given by
E!l(k,u
— v,y = —2Im G& ——1 V=agtgr L] 6.54
X(l) ny m yy m g g Ey(k, U) w0 ( )

The computation of () is more involved, because of the coupling between E, and
E.. We face this problem by following the technique developed in [45] to deal with mixed

operators. First, we write a near-boundary expression for the fields F, and E,,

E,=EY + v*EP cost + u'EY + O(ub),
E.=EY —?EPsind + v*E® + O(u°). (6.55)

z

The form of the second order coefficients was chosen such that the equations of motion

(6.50) are satisfied. The equations of motion also determine the coefficients EY and BV
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in terms of the lower order coeflicients,

2\ag cosV
EW =T 7cn k2(By — 2 9+ 8(1 — 2By)E®
* 7061 —Bo)(l — AAgp) (3ka ) B o0+ 8 0)B:)
EW = [3k5 (Aas — Bo) (Eg(jo) sint — B cos ) cos) — 8By E sin )] .

: 192\/7 Dhan
(6.56)

The remaining coefficients E;&O), EY and E? can be extracted from the numerical solu-

tion. With the above expressions the boundary action (6.51) takes the form

1 4
Se =V BoK —5 (EQ(DO) sind + E cos 19)2 - Bok? (Eio) E® cos? + EVE® sin )
(6.57)
Finally, using (6.38), (6.45) and (6.52) we can show that
16K 6B JES
X@2) = —==Im | —=cos) — ——=sind|, (6.58)
VB, |sEY JEY

where the functional derivatives § E&*) / SEY) and 5E9(c2)/ SEY) are calculated according to
the prescription given in [45].

The trace of the spectral density x*, = x1) + X(2) is a function of the parameters
(Aae, @, 9, uy, k9). In order to study the effects of the anisotropy parameter and the Gauss-
Bonnet coupling, we computed x*, for several values of (Mg, @, V), choosing as normal-

ization the isotropic result
Xiso - XHN<)\GB - 07 a = O) (659)

Our comparison with the isotropic result was made at fixed temperature Ty = 0.32.13
The results for the ratio x*,/x... as a function of the dimensionless frequency w = k° /27T
are presented in Figure 6.8. For an anisotropic plasma, we have x(1) # X(2). However, in
our case the smallness of the anisotropy parameter a makes these two quantities almost
equal, presenting a very similar behavior as a function of w, so we chose to plot only the
total spectral density instead of plotting the two spectral densities separately. At least, we
observed that x(q) is slightly bigger than x(2), as was the case in [45,48]. We also verified
that our results reproduce the calculations of [171] in the limit a — 0 and that they are

consistent with anisotropic calculations of [45] in the limit Az — 0 and small values of

13Doing this, one must note that the temperature T of the system is a function of (Agp,a,un) and,
consequently, it changes as we vary these parameters. Therefore, we need to ajust uy in such a way that all
the spectral densities are calculated at same temperature Ty, defined by Ty = T'(Ags = 0,a = 0, ug = 1).
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Figure 6.8: The trace of the spectral density x'u(Aas,a,¥) normalized with respect to the
isotropic result (6.59). All the spectral densities were calculated at the same temperature Ty =
0.316698. The color of the curves identify the wvalue of the Agp parameter as: red curves
(Ags = —0.1), brown curves (Agg = —0.05), black curves (Agg = 0), purple curves (Agp = 0.05)
and blue curves (Agg = 0.1). In (a), the angle of emission is fized (¢ = 0) and we have solid
curves (a = 0.2), dashed curves (a = 0.1) and dotted curves (a = 0). In (b), the anisotropy is
fized (a =0.2) and we have solid curves (¥ = 0), dot-dashed curves (9 = w/4) and dotted curves
(9 =m/2).

From Figure 6.8 it is clear that the effect of the Gauss-Bonnet coupling is to increase
or decrease the photon production rate, depending on whether Aqsz > 0 or Mgz < 0, respec-
tively. The main effect of the anisotropy parameter is to increase the photon production
rate. At small frequencies, x*, does not depend strongly on a. For generic frequencies, the
x*, is higher for photons with longitudinal wave vectors (¢ = 0) than for the ones with
transverse wave vectors (¢ = m/2). One qualitative difference between the corrections
introduced by A¢p and a is their dependence on the frequency. Looking at the curves for
a = 0 in Figure 6.8, we see that the Gauss-Bonnet correction reaches a constant value after
a sufficiently large value of w. On the other hand, the effect of the anisotropy parameter
a is enhanced as we increase w.

It is also interesting to analyze how the anisotropy and the Gauss-Bonnet term affects

the total photon production (6.37), which can be expressed as

-1 ar, W 1
4K62T5’ dcos?V dkd 32K7T3T02 e2m™w — 1 (X(l) + X(2)> (6.60)

This quantity is shown in Figure 6.9, for different values of Az and ¢. From Figure 6.9

we see that, for A\ > 0, the peak in the spectrum of photons becomes higher, widens
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and gets shifted to the right. For A\qz < 0, the peak becomes smaller, sharpens and gets
shifted to the left. This should be contrasted with the results of [169] for a top-down higher
derivative correction of the form o®R*, where the peak in the spectrum becomes higher,
sharpens and gets shifted to the left, approaching the weak coupling result [161], which
shows a very sharp peak at small w in the photon spectrum. Therefore, the inclusion of
the a®R* correction (which corresponds to a finite 't Hooft coupling correction in the
gauge theory) goes into the direction of the weak coupling results, while this does not
seems to be possible in the case of Gauss-Bonnet. However, a partial agreement between
these two types of corrections is found when A¢y < 0, where the peak in the photon
spectrum sharpens and moves to the left, but it also becomes smaller, contrary to what
happens at weak coupling. We can understand this partial agreement noting that, for
Aas < 0, the ratio n/s = (1 — 4\gp)/(47) increases, which also happens with 7/s when
finite 't Hooft coupling corrections were taking into account. Since at weak coupling the
shear viscosity over the entropy density ratio is proportional to the mean free path of
momentum isotropization, we can associate the approaching of the weak coupling results

(negative A corrections or o'-corrections) with a larger mean free path in both cases.

0.015

dl'
273 d cos 9 dk0

* 0.010

4Ke

0.005

0.000!

W

Figure 6.9: Total photon production rate as function of w = k°/27Ty. From top to bottom,
the value of the Gauss-Bonnet coupling is identified as Agp = 0.1 (blue), Agp = 0.05 (purple),
Aoz = 0 (black), Agp = —0.05 (brown), Agp = —0.1 (red). We have fized 9 = 0 and a = 0.2.
The results for different angles are very similar to the plot above due to the smallness of the
anisotropy.



6.7 DISCUSSION 82

6.7 Discussion

We have computed the shear viscosity over entropy density ratio for the dual plasma
and found that the KSS bound [76] is violated, as expected from previous works where
either the case (a = 0, \gs # 0) [97] or the case (a # 0, \es = 0) [29] were considered.
We also have studied how the anisotropy and higher curvature terms affect several other
observables relevant to the study of the QGP, namely, the drag force, the jet quenching
parameter, the quarkonium static potential and the photon production rate. In the gravity
side, the anisotropy was introduced by an external source (an axion linear in the beam
direction) that keeps the system in an equilibrium anisotropic state, while the higher
curvature correction was chosen to be the Gauss-Bonnet term.

The effect of the Gauss-Bonnet term in our results are consistent with previous results
[159,171,174,175] and they are summarized in Table 6.1, where we specify if the value of
the observable increases or decreases compared to the case of isotropic N' =4 SYM. In
this table we also present the result for the shear viscosity over entropy density obtained
previously [55] and the finite 't Hooft corrections of type o/*R?* for these observables
[114,169,176,177].

Table 6.1: Summary of the effect of the Gauss-Bonnet coupling Agp on several observables.
We also present the finite 't Hooft corrections of type o/>R*. The comparison is taken w.r.t. the
respective N' = 4 SYM result at same temperature.

n/s Drag force | Jet quenching | Screening length | Photon prod.

Aag > 0 | decrease | increase increase decrease increase
Ags < 0 | increase | decrease decrease increase decrease
a/?R* | increase | increase decrease decrease increase

A possible heuristic interpretation of the increasing/decreasing in the above observ-
ables is to correlate these results with the changes in the ratio n/s. At weak coupling,
n/s is proportional to the mean free path of momentum isotropization of the plasma
(n/s ~ lugp). Imagining a situation where the mean free path is decreasing, we should
expect an external probe to interact more with the medium, increasing the energy loss of
the probe and its probability to suffer scattering. As a result, we would obtain an increase
in the drag force and the jet quenching parameter. Moreover, a low mean free path would
break the connection between a quark-antiquark pair more easily, resulting in a low value
of screening length. Finally, a low mean free path would raise the number of collisions
per time and, consequently, the number of photons produced in these interactions would
increase. Note that this situation matches exactly the case of Aqz > 0. Of course, the

opposite idea applies for A¢s < 0. Although this reasoning seems to be consistent for the
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Gauss-Bonnet, it does not work when applied to the o/®> R* correction.

The effect of the anisotropy is similar to what was found previously [31,32,37,38,45,51].
The photon production rate and the quarkonium dissociation length in an anisotropic
plasma are bigger than the corresponding quantities in an isotropic plasma at the same
temperature. The drag force and the jet quenching parameter in an anisotropic plasma
can be bigger or smaller than its isotropic counterparts, depending on several parameters
like the quark velocity, the direction of the quark motion, and the direction of momentum
broadening. Below we also summarize the effects of the anisotropy with a comparison
between the value of the observables along the anisotropic direction (||) and along the

transverse plane (L):
e Shear viscosity: . > n,

e Drag force: F < Jail

drag drag)

e Jet quenching parameter: ¢, < ¢,
e Screening length: L, > Ly,
e Photon production rate: x,;', < XNMH'

The same interpretation in terms of the mean free path for the Gauss-Bonnet term can

be applied here. Considering the mean free path in the anisotropic direction Kllrlnfp and in

L
mfp>

the transverse plane is larger than the corresponding quantity in the anisotropic direction,

the transverse plane ¢ we note that the mean free path of an anisotropic system in
because 77, > 1. This can be associated with a smaller drag force, a smaller jet quenching
parameter, less screening (larger screening length), a smaller drag force and less photon
production in the transverse plane when compared with the corresponding quantities in

the anisotropic direction.



Chapter 7
Conclusion

We have studied Lovelock gravity within the context of the AdS/CFT correspondence.
Lovelock gravity is interesting from a purely gravity point of view as a natural generaliza-
tion of Einstein’s general relativity to higher dimensions, but our main motivation here
relies on the fact that higher curvature terms arise as stringy corrections to supergravity
and they are related, via the AdS/CFT correspondence, to finite 't Hooft coupling cor-
rections in the dual gauge theory. Lovelock gravity can then be used as a simple model
to study the effect of higher curvature terms in the dual field theory. Although we still
do not know whether Lovelock gravity can be obtained from a string theory compactifi-
cation, our phylosophy here is to work in this simpler scenario to gain insight about the
effects of these higher curvature terms and perhaps uncover some universal properties. As
reviewed in Chapter 3, Lovelock gravity has brought us significant results so far, such as
the first counter-example to the famous KSS bound of the shear viscosity over entropy
density. Moreover, it has revealed interesting connections between positivity of energy and
causality constraints, and also showed that the avoidance of ghosts can be mapped into
the requirement of unitarity in the dual CFT.

The first result of our work was the holographic computation of the so called Chern-
Simons diffusion coefficient, which is an important transport coefficient that parametrizes
the rate of transition among degenerate vacua of a gauge theory. We worked in the gravity
setup of Gauss-Bonnet gravity, and we also considered another class of higher curvature
gravity, namely, Quasi-topological gravity. We found that the transport coefficient can
increase or decrease the value obtained from pure Einstein’s gravity, depending on the
value of the couplings.

Next, in Chapter 5, we changed to a different gravity setup where the action is com-
posed by an axion-dilation system with the addition of the Gauss-Bonnet term. The axion
field was chosen to be linear in one of the spatial direction, corresponding to a dual gauge

theory displaying anisotropy. The combination of the anisotropy with the higher curva-
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ture term significantly increased the difficult of the equations of motion, but we still were
able to solve them analytically, for small anisotropies. One of our main concerns was to
carry out the holographic renormalization, which is crucial to the extraction of correlation
functions since the on-shell gravity action usually suffers from divergences. We employed
the Hamilton-Jacobi approach of holographic renormalization. From a practical point of
view, the main advantage of this method is that it is very general and the equations that
appear are simply algebraic, allowing us to sistematically implement the procedure in soft-
wares like Mathematica. Although the Hamilton-Jocobi approach showed itself to be very
powerful, we found some technical subtleties related to the construction of the Hamilto-
nian. Firstly, the renormalization was possible only for small values of the Gauss-Bonnet
coupling, and secondly we were not able to extract the Ward identities. This was due to
the difficulty to write the Hamiltonian as a function of canonical momenta instead of the
extrinsic curvature, requiring the inversion of nonlinear equations that unfortunately we
were not able to accomplish.

Finally, in the last chapter we focused on the phenomenological application of the
gravity solution that we obtained as the gravity dual of a strongly coupled anisotropic
plasma. Motivated by the fact that the plasma produced in heavy ion collision experi-
ments is anisotropic, we studied the effect of the Gauss-Bonnet term on several observ-
ables relevant to the study of the quark-gluon plasma. Our results were compatible to
what we would expect from previous studies regarding only the anisotropy and only the
Gauss-Bonnet term separately. Even though the results were not surprising, the main
contribution of this work is perhaps to put the results for each observable all together and
try to interpret them physically. Indeed, we presented a heuristic interpretation for the
effect on the observables in terms of the shear viscosity. One of the most noticeble points
of this analysis is that the results for Gauss-Bonnet gravity behave differently from those
obtained from the known type IIB supergravity correction with schematic form o®R*.
Since higher curvature terms can have different effects on the observables, we can see how
important is to understand these terms if we want a quantitative holographic descrip-
tion of real-world QGP, since soon or later we will have to deal with higher curvature
corrections to have a plasma at non-infinite 't Hooft coupling.

There are still much more interesting aspects left to explore. Regarding the new
anisotropic gravity solution we have found, we can still study how the anisotropy and
the higher derivative terms affect other observables like the imaginary part of the quarko-
nium potential, the quarkonium dissociation length in a plasma wind, Langevin diffusion
coefficients, the dilepton production rate or the elliptic flow of photons and dileptons, to
name a few. Also, it would be interesting to see how these observables behave for similar

models. As far as we are aware, the only model that incorporates both the anisotropy
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and the higher curvature correction is [121]. Besides the applications to strongly coupled
gauge theories, which were one of the main concerns of this thesis, it would be nice to
discover whether Lovelock gravity can be obtained from a string compactification, and of
course determine the exact dual field theory. This is probably the most difficult task to

accomplish, but centainly the most desirable one from a theoretical perspective.



Appendix A

Symmetries in quantum field theories

The Poincaré algebra

Symmetries play a central hole in physics. In nature, the Poincaré symmetry expresses
the homogeneity of spacetime and Lorentz invariance. The Poincaré group is the group
of isometries of R*! and it includes ten generators: the four generators of translations P,
and the six generators of the Lorentz transformations M,,,,. The Poincaré algebra has the

form

[P,,P]=0
[M;u/a P)\] = i(nu)\Pu - npAPI/)
(M, Mo = 1(0pMpuo + Mo Mup = MupMuo — o M) (A1)

One immediate question would be if there is a more general symmetry behind the Poicaré
symmetry, i.e., if the Poincaré algebra can be extended to a maximal symmetry group. For
many years, that was believed to not be possible, due to the Coleman-Mandula theorem

that we state below.

Coleman-Mandula theorem

The Coleman-Mandula theorem assumes that the S-matrix is based on a local rela-
tivistic quantum field theory in four-dimensional spacetime and that there is a mass gap
between the vacuum and the one particle states. The conclusion of the theorem is that
we cannot extend the Poicaré group including internal symmetries and maintain at the
same time a non-trivial S-matrix. The proof of this theorem is obtained by considering
the S-matrix of the theory and its transformation properties under Lie algebras. However,

there is a loophole in this theorem: in the proof of the theorem it was implicitly assumed
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that the extension was bosonic, but we can consider fermionic generators as well. That

was exactly what brought us to supersymmetry.

Supersymmetry (SUSY)

The loophole in the Coleman-Mandula theorem allows us to enlarge the Poincaré

algebra by introducing supercharges

Q! a=1,2 Weyl spinor,

!

Qar = (Q)', & =1,2 anti-Weyl spinor, (A.2)

where I = 1,...,N. The case of N/ = 1 is referred to as the minimal SUSY. In four
dimensions, the maximal supersymmetry we can have in order to have only particles with
spin lower or equal than one is /' = 4. In total we have 4 N/ supercharges. In addition to

the Poincaré algebra, we have the commutation relations

[Pua Qa] =0, [P,ua Qd] =0,
My, Qo] = i(0"), [My, Q%) = i(6")5 Q". (A.3)

where 0" = %[7“,7”} with 7’s being the usual gamma matrices satisfying the Clifford
algebra {7*,+"} = 2n*". Spinorial generators, due to their fermionic nature, have anti-

commutation relations instead of commutation relations

{Qu, @5} = 20") 5P, (A4)

where o* are the Pauli matrices.

Conformal symmetry

Another possibility to avoid the Coleman-Mandula is in the case where the theory
has only massless states, and so the Poincaré algebra can be enlarged to the conformal

algebra. A conformal transformation x — f(z) is such that the metric transforms as

(%) = @ () g (). (A.5)

In addition to the ten generators of the Poincaré algebra, the conformal algebra contains
one dilatation D and four special conformal transformations K,, summing to a total

of fifteen generators that represent the conformal group SO(4,2). In addition to the
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commutation relations of the Poincaré algebra, we have

[M;wa Kp] = i(nupKV - nupKu)a
D, K,| = —iK,, (D, P,| =1iP,, (D, M,,] =0,
K, K,)=0, [K,P)|=-2in.,D—M,). (A.6)

Superconformal algebra

If the supersymmetric theory is also conformal, the algebra can be extended to the
superconformal algebra. In addition to the generators of the conformal group M,,, P,, D
AT

and K, and to the supercharges QL QL. it is necessary to include additional fermionic
generators SIS in order to close the algebra. We can think the S fermionic generators
as the supersymmetric partners of K, in the same way as the () generators are the
supersymmetric partners of P,.

In the case N/ = 4 which is particularly interesting from the point of view of the
AdS/CFT correspondence, in this case we have sixteen @)’s plus sixteen S’s equal thirty

two supercharges. Putting all together we obtain the SU(2,2|4) superalgebra.



Appendix B

Derivation of the anisotropic gravity

solution

In this Appendix we give some details on how we have found our solution (5.8) and
present its explicit expression.

The Einstein equations (5.3) are diagonal, as a consequence of the fact that the metric
only depends on u. We have then four equations for the metric (since the zz- and yy-
components are not independent) plus the equation for the dilaton in (5.5). There are
four fields to solve for: ¢, F', B, and H. Plugging the Ansatz (5.6)-(5.8) into the equations
and expanding to order O(a?) one finds that the equation for ¢o(u) decouples. It reads

,,+UF6—3F0¢/ 1

= — B.1
2 UFO 2 F07 ( )

with Fy given by (5.9). This can be readily solved changing coordinates as

u— Ulu) = \/1 — Aan <1 - Z—j> (B.2)

in intermediate steps. The two integration constants are fixed in such a way that ¢, is

regular at the horizon and vanishes at the boundary, ¢34, = 0. One finds

u?\?
a+ U(u) + log <1—|—u—2>

H

Vs log (U(u) + 2\/XGBZ—;>2 —log (U(u) +1—4Xs (1 + 3—2))] :
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where

a=—/1— 4 + Vas log (1 —4Xag) + log (1 —4Ae + V1 — 4)\GB> ) (B.4)

and U(u) is defined as above. We notice that U is always positive (since Ags < 1/4), and
so is the argument of the last logarithm in (B.3). When Aqz = 0 we recover the result
of [23], see eq. (164) of that paper.

To find H,, we take the difference of the zz- and zz-components of (5.3). One obtains

a decoupled equation that reads

Hy (u) + p(u)Hy(u) = q(u), (B.5)
with
31— 4Xe)(U(u) — 1) + 4X6s(3U (u) — 5)u' fuy
plu) = WU (R (1= Uw) ’
ow) — lw) (B.6)

(1 —4Xap)(1 = U(u))

This equation can be integrated readily via (B.2), fixing the integration constants as

above. In particular we request that Hj 4., = 0. The final result is

U2 2 2

2
HQ(U) = 8(1_—Z>\GB)|:B+U<U)+IOg<1+Z_2>+2>\GBZ <Z—2—2>

H H

1/2

2
_\/XGB log (U(u) + 2\/XGBZ_2

H

—
H
)2 Ufu) +1— Ahp (1+2)
— log ,
Ufu) =1+ 4hp (1+ %)
(B.7)

where, again, we have left U(u) implicit in some places for compactness and where

B=—/1— 4y + \/XGBlogu—4A<;B)+log<1Jr v 1_4%‘3) . (B.8)

2V Ace
Similarly we can solve for the other fields. More specifically, now that we know ¢, and
Hy, we can use the tt-component of (5.3) to obtain Fy and the uu-component to obtain
Bs. One can finally check that the zx- and zz-components are also solved separately, as
expected because of the Bianchi identities. The explicit expressions for the equations are

not particularly illuminating, so that we limit ourselves to reporting the final results for
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the remaining fields, which are given by

2
Uy

Fy(u) = 12(1 — 4Xgp)U (u) (%)4 {7 +U(u) + (1 —4Ags) <%)2
e, (uﬁH)g ~ 6Aan (%)4 ‘o (1 N Z—;f

“Vhop log (U(u) + NXGBZ_;)Z ~log (U(u) 1 4 <1 + ”2)>] ,

u?
(B.9)
with
2 1 - 4)\GB

7= =2+ 6Aes + VAas log (1 + NXGB) +log | ——2 ) . (B.10)

and by
u2 w2 — 2 u2 2
B = —H U 2 1 1+ —
2(0) = ey |C VW5 Tloe ( * ug)

2u? w2 w\*

2

Vs log <U(u) + 2\/XGB“—>2 ~log (U(u) 41— 4y (1 + “—2>)] .

2 2
Uy Uy

(B.11)

Again, we have fixed the integration constants in such a way that the fields be regular at
the horizon and vanish at the boundary, Fs 4,y = Ba ey = 0. Notice also that Fy(uy) = 0,
as it should be for a blackening factor. One can check that when Aoz = 0 the results

from [22| are recovered.!

In order to do so, one needs to take into account the different Ansiitze and include a factor of the
dilaton in (5.6), according to eq. (8) of [23].



Appendix C

Shear viscosity from Kubo formula

In this Appendix we report a alternative derivation of the shear viscosity tensor (6.19).
As is well known (see e.g. [75,178-180]), the shear viscosity can be also computed using

a Kubo formula

1 -
n = lim —Im Gy (w, k = 0), (C.1)

w—0 W
where Gy (k) is the retarded Green’s function for the stress tensor. First, we take metric
fluctuations h,,, around our solution and linearize the equations of motion. Here, we are

interested in the modes ¢, = 1% and ¢ = hA",. In momentum space, we have

4
vlua) = [ SRR k= (cwk), c2)
where 1) denotes generically one of the modes ¢, or 1. The prescription tells us to solve
the equation for ¢ (u;k) imposing infalling boundary conditions and regularity at the
horizon and satisfying ¢» = 1 at the boundary.

To compute the shear viscosity, we can restrict ourselves to zero spatial momentum
and small frequency w. For simplicity, we also consider small \5. The linearized equations

for ¢(u; w) have the form
Fo(w)y! + Kj(u)y’ =0, (©3)

where for 1) = 1, we have, up to orders O(a*, N2, w?),
u* (a*u? log2 4 6) — a?uf log (1 + %) — 6uy

12u3u,

[us (auf (5 — 6log2) — 18) — uuy (a’ui(2 — 5log2) — 6)

Ky (u) =
Acs

12u3uf,

2
—4a’uluy; + (12 4 a®u?)uf, + a®ul (3u® — 2uf) log (1 + Z—2> ] :
H
(
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and for ¢ = 9| we have

N

a? (uf — u*) log (1 + Z—)

2
H

Ko(u) = Kg(u)+ S
H

a*Aes (—7u8 + 10ubu? — vtul — 2uul + 2 (3u® — Sutuy + 2ud) log (1 + %))

* 16u3u$

(C.5)

The equations above can be solved by considering an Ansatz of the form

iw
U4

~nT

P(u;w) = (1 - u—4) [1 +w (folu) + Aan(fi(w) + d® fo(u))) + O(a*, N2g,w?) |, (C.6)
H

where T' is the temperature given by (5.13). The functions fy(u), f1(u) and fo(u) can be

determined by substituting the Ansatz into the linearized equation and solving order by

order. The resulting expressions are not particularly illuminating and we do not report

them here. The next step is to compute the quadratic on-shell action, which turns out to

be a surface term of the form

5@ =1 / Lk F s k) 1 k)| (1)
on-shell = 2 (27T)4 u’ w0 9 .

with F(u, k) = 15-5Ko(u) ¥’ (u; k)1 (u; —k). The prescription of [75] instructs us to take

only the contribution of the boundary. The retarded Green’s function is then given by
Gr(k) = iig(l)f(u; k). (C.8)

Finally, using (C.1) and the result for the entropy (5.14) we can compute the ratio of the

shear viscosity over entropy density

n.  1—4A u?
ST o ey TO ),
m_ 2= —2log2) it . .
. i +a” (3Aas — 2log2) o + O(a*, A\Zp) (C.9)

These results agree with the ones obtained via the membrane paradigm expanded to first

order in Agp.



Appendix D

Drag force for a general background

and arbitrary direction

In this appendix we derive a formula for the drag force. The metric background is

assumed to be of the form
ds® = Gudt* + Gup(da® + dy?) + G..d2* + Guudu®. (D.1)

We will only assume rotational symmetry in the zy directions and consider the metric
to depend only on w. This is essentially what was done in [32], but here we consider the
motion of the quark along an arbitrary direction, as in [31].

The Nambu-Goto action for the string is given by

1
S = /deaed’/Q\/— det g = /drdaﬁ, (D.2)

2ma!

where ¢ = ¢(u) is the dilaton field. By rotational symmetry in the xy directions we can
set y = 0. We choose static gauge (t,u) = (7,0) and let us consider the motion of the

quark in the xz plane with a string embedding
w(tu) = (vt + () sing,  2(t,u) = (vt + C(u)) cos g, (D.3)

where ¢ is the angle of the quark trajectory with the z axis, i.e., ¢ = 0 corresponds to the
motion parallel with the anisotropic direction and ¢ = 7 /2 corresponds to the motion in
the transversal direction. The boundary conditions are £(u — 0) = 0 and ((u — 0) = 0,
which are necessary in order to reproduce the stationary motion of the quark.

First, we need to compute the induced metric go3 = G,0,2"0sz" on the string
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worldsheet,

o Gtt + U2<Gzz COSQ @ + G:m: Sinz 90) v (GzzC(u) COS2 2 + erfl SiIlZ 90)
Jos = 0 (G..C c05? @ + Grol'sin® ) Gy + G2 cos? o + Gpp€?sin® ¢
(D.4)

where the prime denotes derivative w.r.t. u. Ignoring factors of ﬁ, the Lagrangian takes

the form

L=—e?? [—Gzz cos? p(C*Gy + G + Gpv? (¢ — €)?sin? ) —

-

Gy 5in? O(Gu? + Guut?) — GttGuu] * . (D.5)

And we have associated (conserved) momentum flow

0L _ed’Gm sin ¢

=50 = e (Guf = Goa?(¢ =€) cos” ) (D-6)
oL e?G . cos , b
I, = 5o —T@ (Gl + Gorpv?(( = &) sin’ p) . (D.7)

The values of the momenta will be fixed by imposing that £ and ¢’ are both real. To do

this, we invert the above expression to write

G..N,
/ o zz4iVx o
€)= =R ), D9
where we have defined the quantities
N, = Gull, csc(p) + Gorpv* (I, sin(y) + 11, cos(p)), (D.9)
N, = Gull, sec(p) + G..v*(I1, sin(p) + I1, cos(¢)). (D.10)

Then we can use, for example, the expression for II, to obtain ¢’. The final expressions

we found are given by
[ 2G..G [ 2G .G
=4 22N, =4 - 2N, D.11
5 GttGmcD 7 g GtthzD ( )

D = 2Gy (Goll2 + GLLIT2) + GuuGes [Gue? (2Gy + 03 (Gap + Ga2)) +0° (112 +112) | +
+ GG 02 [(—Gtt(Gm —GL)e? — 112 + Hz) cos(2y) + 211,11, sin(2g0)} . (D.12)

where

There is a sign ambiguity here, which we will fix later. The condition that £ and (' are

always real can be satisfied only if D is positive for all u. But, in general, D has two



DRAG FORCE FOR A GENERAL BACKGROUND AND ARBITRARY DIRECTION 97

zeros (turning points). Thus, in order to satisfy the positivity condition the two zeros
should coincide at some critical point u.. Also, the numerators N, and N, should vanish
at the same point u., because otherwise £ and (’ would diverge. We begin the analysis
finding the zeros of the numerator. Imposing N, and NN, to vanish at u,. gives us a relation
between II, and II,,

HI GII
o~ a. tan — (D.13)
Using this relation, we can find the two zeros of D at u.. This gives us two equations, the
first one is
02 + G:c:c + Gzz + (Gzz - Gxx) COS(QSO) B = 07 (D14)

which can be used to fix the value of the critical point u.. The second equation completely

fixes the values of II, and II, and gives us the drag force

(D.15)

II, = eWQva sin ¢ , I, = *?G,,v cos %

=Uc U=U¢

We have fixed the sign of the momenta to be positive, thus & and (" are both negative,
which is consistent with the physical condition that the string “trails” behind the quark
[122,123] and not in front of it. Two special cases are obtained from (6.22) by setting
¢ =0 and ¢ = w/2. This gives us the drag force parallel and transversal to the direction
of motion of the quark, respectively

Jall

drag

= €¢/2G2zv ) FdJr_ag = e¢/2G€ECEU . (D16)



Appendix E

Jet quenching parameter for an

arbitrary motion

In this appendix we derive a formula for ¢ considering a motion in an arbitrary direction
and generic background. The steps are basically the same of [37], but here the computation
is carried out in Einstein frame and the metric is left generic, with only a few assumptions
that we will specify below.

We assume a five-dimensional background displaying rotational symmetry in the xy

directions,

ds® = Gudt* + Gup(do® + dy?) + G..d2* + Gudu®. (E.1)

From the rotational symmetry we can choose the direction of motion within the xz plane.

We define rotated coordinates

2= /Zcos — Xsinb,
x = Zsinf + X cos¥b,
y=Y. (E.2)

The new coordinates (X, Y, Z) are obtained from the old coordinates (z,y, z) by a rotation
of an angle € around the y-axis. We choose Z to be the direction of motion of the quark.
The direction of the momentum broadening takes place in the XY plane and it forms an
angle  with the Y-axis. The prescription instructs us to consider a string with an endpoint
moving at the speed of light along the Z direction. The other endpoint is separated by a
small distance ¢ along the direction of the momentum broadening. Thus we have a string
worldsheet whose boundary is a rectangular light-like Wilson loop with sizes L~ (along
the Z~ direction) and ¢, where L~ is assumed to be very large. Our task is to find a string
worldsheet that minimizes the Nambu-Goto action satisfying this boundary condition.

We then need to evaluate the on-shell Nambu-Goto action and expand it to second order
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in ¢ to obtain

L ] (E.3)

A
<W (C)> ~ exp {— 4\/iq
from where we extract the jet quenching parameter. It is convenient to work in light-cone
coordinates 7 4 7+ g _ g+
=— Z=—— (E4)
V2 V2

The metric in these new coordinates takes the form

Gy G,_ Gx_ 0
G,_ G,y —Gx_ 0
GLO=| Gx. —Gx. Gxx 0. (E.5)
0 0 0 Gua 0
0 0 0 0 Gu
where
1
Gy = 3 (Gtt + G sin? 0 + G, cos? 9) ,
1
G, = 3 (Gtt — G sin?0 — G, cos? 9) ,
sin 6 cos 0
Gx.=——F75 Gxx_Gzz )
X \/5 ( )
Gxx = Gupcos® 0+ G, sin’ 6. (E.6)

We choose the static gauge (7,0) = (Z~,u). Since we are assuming L~ to be very large,
there is a translational symmetry in the Z~ direction, and we can fix the string embedding

to only depend on u,
Zt=7%u), X —= X(u)sing, Y — Y(u)cosep. (E.7)
The induced metric on the string worldsheet g.s = G, Oax" 0" is given by

gTT — G++’ 97'0 = SIHSDGX_X, + G+_(Z+)/,
Joo = Gy +sin® Gxx X% — 2sin o Gx_(Z7) X' + cos? GoY'? + G++(Z+)’2, (E.8)

where the primes denote derivative w.r.t. u. We can now write the Nambu-Goto action,’

s= ot [TagueryTdig= 2 [T auc, (E.9)
0

2o

!The extra factor of 2 comes from the two branches of the string worldsheet.
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where ¢ = ¢(u) is the dilaton scalar field and

o [(G+_ Gy <QGX_X’(Z+)’singp - GXX(Z+)’2>

-

-G,y (Guu + G Y cos® go) + X" sin? ¢ (G- — G++GXX)} ’, (E.10)

Since the Lagrangian does not depend on Z*, X and Y, we have three conserved quanti-
ties, given by the canonical conjugate momenta. Up to a constant factor, they are given
by

¢
e ] . /
I = Z(G*F* + G )(Gx-X'sing — Gyx(Z7)),
é
e’ | , ;.
HX — ESIIl(,D [GX_(Z+) (G+_ + G-H—) + X S @ (G%(_ - G_H_GX)()] s
¢
Iy = —%G++GMY’ cos? . (E.11)

We are interested in the limit where I, IIx and IIy are small.? Working in first order in
the I1,, ITx and Ily, we can invert the above expressions to obtain (Z), X’ and Y’, we
find that

(Z2%) = ey Ty + ey xllx ascp,
X' = cx I, cscp + exxIly csc? o,

Y’ = cyylIly sec? o, (E.12)

where

- e 2G (G% — Gt Gxx)
R (Gie + G )V =G Gy (G x —2G%)°
B B e~ ?2G G x—
O T 01 C 2G5 — Goy)
Cxyx = — e %G, Gx x
VGG (G — 2G5 )
e~ ?2G .,

RV cr

Integration of Z+' gives zero. Integration of X’ gives £/2. Integration of Y also gives £/2.

(E.13)

2This is a consequence of £ be small, as explained in [37].
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The conclusion is that
M. — Csing ([, c+X u)du)
T2 (" e () du) 2 = (i e () du) [ ex(u) du)
I {sin® go(fo i (u) du)
X = U m )
2 (fy" o (u) du) J§™ e (u) du — 2 (J5 cx () du) 2
{cos? o
Iy = — : E.14
Y fo T eyy (u) du ( )
The on-shell action then takes the form, up to second order in the momenta
VAL~ 1 1
S = 22\/; / du {C++Hi + ——cxxI% + cyxIli Iy + — cyy Ty
T Jo sin? sin @ cOS
(E.15)
Using the expressions for the coefficients the action can be rewritten as
AL™0? A
S =2i V:&T (P(e) sin? o + Q(0) cos? go) , (E.16)
where
Po) = Jo™ i (w) du
(fo" eqp () du) [ cox(u)du— (f;™ crx(u) du)?’
A 1
0)= —. E.17
QO = Jor, (E.17)

From this we immediately extract the jet quenching parameter

qg= @ (P(Q) sin? p 4+ Q(6) cos? cp) : (E.18)



Appendix F

Quarkonium static potential in generic

background

In this appendix we derive a formula for the static potential of a quark-antiquark
pair (quarkonium).! Let L be the separation between the quarks and assume a generic
background of the form (D.1). The dual picture corresponds to an U-shaped open string
whose endpoints are located at the boundary and are identified with the quarks. Our
task is to find the string worldsheet that minimizes the Nambu-Goto action (D.2). By
rotational symmetry in the zy-plane we can assume the pair to live in the xz plane.
Putting the center of mass of the pair at the origin, let ¢ be the polar radial coordinate
and 6 the angle between the pair and the z direction. We fix the gauge (7,0) = (¢,¢). In
this way the string embedding has the form

X* = (1,0sin6,0,0 cosb,u(o)) (F.1)
The induced metric on the string worldsheet is given by
Grr = Gty Goo = Gpp + Gt g0 =0, (F.2)

where G, = G, cos? 0+G,, sin? @ and the prime denotes derivative w.r.t. . The Nambu-

Goto action takes the form

L)2

do e?/? \/—Gtt (Gpp + Gu?) = / do L. (F.3)

—LJ2

T L/2
27 —L)2

S =

!This computation is similar to what was done in [32], generalizing the prescription of [181] for an
anisotropic background.
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Since the Lagrangean £ does not depend explicitly on o, the Hamiltonian is a constant

of motion o
— a_‘clal L= T / € GttGpp ' (F4)
80 2ma \/_Gtt (Gpp + Guuulz)

Evaluating the Hamiltonian at the turning point uy = w(0), where v’ = 0, we find the

H

value of the constant to be

C—T

2ma!

6% \/ _Gptht

In order to simplify the expressions, it is useful to define the auxiliary quantities

P=e?\/—GpGy, Q=c2\/—GuGu. (F.6)

Using (F.4) and(F.5) we can find an expression for u',?

(F.5)

u=ug

s PVP R

~——  By=Ply=u- F.
Q PO ) 0 |U7’U‘0 ( 7)

Integrating the above expression we find that the separation between the quarks is given

by

L:—Q/uod—adu:2 re R (F.8)

o du o P \/fpg

Before we compute the on-shell Nambu-Goto action to find the potential energy that keeps
the pair bounded, we need to take care of the ultraviolet divergence due to the infinite
mass of the quarks. The mass term corresponds to a string hanging down straight from
the boundary to the horizon. Note that in this case the string goes from 0 to uy while o
is fixed, thus it effectively corresponds to v’ — oco. Expanding the on-shell Nambu-Goto

action in powers of 1/u’ for this configuration we obtain

T [ 1

Finally, computing the on-shell Nambu-Goto action for the U-shaped configuration with

My = —

the mass subtraction we obtain the static potential

S(on—shell) 1 uo Q 5 UH
uo

o'
(F.lO)

20me needs to be careful with the choice of sign here: when o goes from 0 to L/2, then u goes from
ug to 0 and thus v’ < 0.
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