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”There is geometry in the humming of the strings.

There is music in the spacing of the spheres.”

Pythagoras



Resumo

Essa tese consiste num estudo autocontido das dualidades calibre/gravidade na linha do modelo

do Klebanov-Witten. Aqui nos exploramos primeiro de um jeito razoavelmente detalhado,a con-

hecida dualidade do Maldacena que relaciona a teoria N = 4 SYM em quatro dimensões com

as supercordas tipo IIB no espaço AdS5 × S5, depois de alguns preliminares necessários sobre

teorias supersimétricas de calibre, onde nós mostramos em detalhe a álgebra supersimétrica e as

representações para N ≥ 1 supersimetria. Nós também constrúımos os conhecidos supercampos

que são úteis para escrever lagrangianas invariantes para teorias de calibre facilmente, e então

serão úteis para construir a teoŕıa de calibre do modelo de Klebanov-Witten. Na correspondência

AdS/CFT original e as suas extensões fenomenologicamente interessantes, as Dp-branas, como

soluções de supergravidade e objetos não perturbativos na teoria de cordas onde as teorias de

calibre moram, são essenciais. Assim ,a fim de preservar a natureza autocontida desse trabalho,

nós inclúımos uma breve revisão sobre teoria de supercordas dirigida a entender a necessidade

de incluir esses objetos extra-dimensionais usando dualidade-T e, no limite de baixa-energia da

teoria de cordas, como soluções das equações de Einstein. O primeiro cĺımax desse trabalho ocorre

quando nós usamos tudo o que aprendemos para estabelecer a conjectura do Maldacena, a teoria

de calibre N = 4 SYM que nós estudamos no caṕıtulo de supersimetria, morando no volume de

mundo quadridimensional de uma pilha de Nc D3-branas (sim, o subscrito “c” significa cor!) em

espaço plano, corresponde exatamente à teoria de supergravidade tipo IIB no espaço AdS5 × S5.

A fim de testar ela, nós identificamos simetrias e operadores com estados em ambos lados da

dualidade. Mas na verdade isto corresponde à forma fraca da correspondência, porque não é

posśıvel lidar nem com a teoria de cordas nem com a teoria de calibre no limite de acoplamento

forte.

O foco e motivo principal de porque nós temos que aprender as primeiras cem páginas aqui,

será estender a teoria de calibre dual que estudamos em AdS/CFT, para teorias de calibre mais re-
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alisticas como duais de alguma teoria de supergravidade. O modelo do Klebanov-Witten, consiste

em substituir a esfera de cinco dimensões no fundo de supergravidade da teoria de supercordas

tipo IIB por um espaço que é Eistein mais interessante X5, um espaço coset chamado T 1,1. Nós

esperamos que a teoria de calibre dual que resulta é menos supersimetrica, e na verdade é N = 1

superconforme com um conteúdo de matéria na representação bifundamental do grupo de calibre

SU(N)× SU(N), e um superpotencial quártico que tem simetria global SU(2)× SU(2)× U(1),

que é precisamente a simetria do espaço coset no lado da gravidade. Mas isso não é tudo, o

modelo do Klebanov-Witten estendeu a correspondência do Maldacena e encontrou como teoria

dual uma teoria menos supersimetrica mas ainda conforme. A quebra da simetria conforme, pro-

posta pelo Klebanov, Nekrasov e Tseytlin, é obtida introduzindo M D3-branas fracionais além

das N D3-branas regulares. A teoria resultante é uma teoria de calibre SU(N + M) × SU(N)

com N = 1 supersimetria, não mais conforme e então um pouco mais interessante como parte da

nossa cruzada para encontrar uma teoria tipo-QCD. Isso ainda não é o final, o modelo anterior

sofre de uma singularidade no IR profundo, tornando inválido a descrição gravitacional. Foi con-

jeturado então que a dinâmica do acoplamento forte na teoria de gauge deveria de algum jeito

resolver esse problema. Klebanov, de novo, e Strassler mostraram que essa conjetura foi correta,

e argumentaram que o fluxo do GR é de fato uma serie infinita de transformações de dualidade de

Seiberg - uma cascata - onde o numero de cores cai repetidamente de N → N −M , e o grupo de

calibre muda de SU(N +M)×SU(N) a SU(N −M)×SU(N). O processo pode ser repetido até

o limite IV onde o grupo de calibre simplesmente torna-se SU(M). Então, no final nós obtemos

uma N = 1 teoria de calibre SU(M), ou seja uma teoria tipo-QCD. Então, nós dissemos que o

modelo padrão mesmo pode se situar na base da cascata de dualidade.

Palavras chave correspondência AdS/CFT, modelo do Klebanov-Witten, cascatas de duali-

dade, teorias tipo-QCD.



Abstract

This thesis consists in a self-contained study of gauge/gravity dualities in the line of the Klebanov-

Witten model. Here we explore first the known Maldacena duality that relates N = 4 SYM

theory in four dimensions to type IIB supergravity on AdS5 × S5 in reasonable detail, after

some necessary preliminaries on supersymmetric gauge theories, where we display in detail the

supersymmetry algebra and representations for N ≥ 1 supersymmetry. There we also construct

the so-called superfields that will be helpful to write invariant lagrangians for gauge theories

readily, and then useful to construct the gauge theory side of the Klebanov-Witten model. In the

original AdS/CFT correspondence and its phenomenologically interesting extensions, Dp-branes

as solutions of supergravity and nonperturbative objects in string theory where gauge theory lives

are crucial. So, to preserve the self-contained nature of this work, we include a brief review of

superstring theory addressed to understand the need to include this higher-dimensional objects

by T-duality and, at low-energy limit of the string theory, as solutions of the Einstein equations.

The first climax of this work occurs when we use all we learned to establish the Maldacena

conjecture, N = 4 SU(Nc) SYM theory we study in the supersymmetry chapter, living on the

four-dimensional worldvolume of a stack of Nc D3-branes in a flat-space, corresponds exactly to

type IIB supergravity on AdS5×S5. In order to “prove” it, we match symmetries and operators

with states in both sides. But actually this corresponds to the weak form of the correspondence,

because it is not possible to handle neither string theory or gauge theory at strong coupling.

The focus and main motive to have to learn the first hundred of pages here will be to extend the

dual gauge theory we studied in AdS/CFT towards more realistic gauge theories as duals of some

supergravity theory. The Klebanov-Witten model, consists in replacing the five-sphere in the

gravity background of type IIB for a more interesting Einstein manifold X5, a coset space called

T 1,1. The resulting dual gauge theory is expected to be less supersymmetric, and it is indeed

N = 1 superconformal field theory with matter content in the bifundamental representation of the
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gauge group SU(N)×SU(N), and a quartic superpotential that exhibits SU(2)×SU(2)×U(1)

global symmetry, which is precisely the symmetry of the coset space in the gravity side. This

is not the end of the story, the Klebanov-Witten model extended the Maldacena correspondence

and found as a dual gauge theory a less supersymmetric but still conformal theory. Breaking of

the conformal theory, proposed by Klebanov, Nekrasov and Tseytlin, is achieved by introducing

fractional M D3-branes in addition to the N regular D3-branes. The resulting theory is an

SU(N +M)×SU(N) gauge theory with N = 1 supersymmetry, no longer conformal and then a

little more interesting as a part of the crusade to find a QCD-like theory. This is still not the end,

the last model suffers from a singularity in the deep IR, rendering the gravitational description

invalid in that regime. It was conjectured that the strong dynamics of the gauge theory should

somehow resolve this problem. Klebanov, again, and Strassler showed that this conjecture was

correct, and argue that the RG flow is in fact an infinite series of Seiberg duality transformations

- a cascade - in which the number of colors repeatedly drops from N → N −M , so the gauge

group changes from SU(N+M)×SU(N) to SU(N−M)×SU(N). This process can be repeated

until the IR limit where the gauge group simply becomes SU(M). So, at the end we get a N = 1

SU(M) gauge theory, a QCD-like theory. We say that the standard model itself may lie at the

base of a duality cascade.

Keywords AdS/CFT correspondence, Klebanov-Witten model, duality cascades, QCD-like

theories.
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Chapter 1

Introduction and Overview

String theory has been introduced in so many ways, some of them are very pedagogical and

others make it look like science fiction. Indeed, string theory is still a strange way to understand

nature, strings instead point-particles, higher dimensional spacetimes with exotic geometries,

compactifications and also higher dimensional objects called branes arise in order to make the

theory consistent. It is commonly said that string theory is one of the most powerful and complete

attempts to unify, not only quantum theory with general relativity, but all forces of nature in a

uniquely beautiful (mathematically elegant) description. It also has proved to be very useful in

the context of the gauge/gravity dualities. They allow to have two complementary descriptions of

a theory in different regimes, in other words, when we cannot deal with one side of the theory, we

can use the dual formulation, which corresponds to a well-behaved theory in the opposite regime.

The striking feature is that the dual formulation for a specific gauge theory, being supersymmetric,

conformal or not, is actually a theory of gravity, described by some particular string theory.

String theory was born during the 60’s in the framework of hadronic physics as an attempt

to explain strong interactions, the force which holds protons and neutrons together inside the

nucleus of an atom as well as quarks together inside the protons and neutrons. The idea was

to consider the flux tubes mediating hadronic interactions as string-like structures emerging in

different arrangements of mesons and baryons. Later, the idea was obscured by the formulation

of the quantum chromodynamics and subsequently by the formulation of the standard model

which has described successfully three of the four fundamental interactions so far. Nevertheless

gravity, formulated classically by the general relativity, has been reluctant to be formulated as a

quantum theory, principally because it is not renormalizable.

1
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The interest in strings as fundamental phenomena began in the 80’s. Considering the elemen-

tary particles as vibrations of one-dimensional objects, gravity arises naturally in the spectrum

of the theory as the graviton state. This is significant, because general relativity arises within the

framework of a consistent quantum theory. Moreover, string theory does not just contain gravity,

but it comes inevitably with a large number of particles and interactions. Unfortunately, those

predicted particles and interactions are far from being unique. Since string theory is actually

a set of string theories which differ from each other by conditions imposed in the states, there

are actually five consistent string theories as being different perturbative regimes of a still not

completely uncovered bigger theory, called M-theory. In turn, these string theories are related by

a chain of dualities which connect the different regimes of that M-theory.

A mind-blowing fact in string theory is that it is not consistent in all spacetime backgrounds,

but only in those satisfying certain conditions. For the so-called bosonic string theory in flat

spacetime, the condition is that the dimension of spacetime is 26. And its supersymmetric

extension leads to a consistent theory only in ten-dimensional spacetimes. It is obvious that,

at first sight, we do not trust on a theory that make sense mathematically only in spaces with

more dimensions we live. But there are many ways to overcome this “drawback”, we could split

the spacetime in two or more subspaces, with one of them being our familiar four-dimensional

spacetime and some other compact spaces.

Every string theory has, as low-energy limit, a theory of supergravity. Such supergravities

are nonrenormalizable but their classical solitonic solutions, called Dp-branes, are relevant as

solutions of the full string theories. Those objects are nonperturbative and source the massless

sector of closed superstring theory. Moreover by T-duality they have a dual description as the

hypersurfaces in flat space where open strings attach. In this case, dynamics of a Dp-brane give

rise to a gauge theory living in its worldvolume.

Juan Maldacena conjectured in 1997, a specific duality relating a gauge theory, living on the D-

branes of the open string theory, with a string theory whose massless spectrum is sourced by those

solitonic solutions of supergravity. The statement is that type IIB string theory, a particular type

of closed superstring theory, on AdS5×S5 is dual to the four-dimensional N = 4 superconformal

Yang-Mills theory with SU(Nc) gauge group. In other words, the closed string sector of string

theory quantized on this ten-dimensional strange spacetime is conjectured to be dual to this field

theory living on a stack of Nc D3-branes. This is known as holographic duality, in the sense that
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the boundary of the AdS5 space where the gauge theory lives encodes all the bulk information.

Checking the correspondence includes matching correlations functions and symmetries between

both theories. But for technical reasons, this duality has been more accurately tested so far in

the low-energy limit of the strings side, i.e. supergravity. In this limit we can extract information

about the strong coupling regime of the gauge theory side by merely performing computations

in a supergravity background. This is the celebrated AdS/CFT correspondence, whose first clue

was realized by ’t Hooft by expanding a U(Nc) gauge theory on the dimensionless parameter

1/Nc and taking the limit of large Nc. The Feynman diagrams can be arranged as a sum over the

genus of surfaces in which the diagrams can be drawn. This is similar (dual) to the computation

of string amplitudes where the sum is now over the genus of the possible worldsheets of the string.

These results correspond as we mentioned to a weak form of the duality, a solution of supergravity

is dual to a certain supersymmetric gauge theory at strong (’t Hooft) coupling. The fact that

the AdS/CFT correspondence is a weak/strong coupling duality makes it interesting, but, at the

same time, also difficult to prove (or disprove) because reliable computational techniques on the

two sides of the duality do not have an overlapping domain of validity.

Then we have found a way to “complete“ a theory which is untreatable at scales when the

coupling becomes strong, and perturbatives methods are not useful anymore. Indeed, someone

could say that the dual theory is supersymmetric and conformal, it does not describe reality

and it is actually true. N = 4 SYM involves supersymmetry, we know that some forms of

supersymmetry are being searched for by the LHC now. But those forms involve symmetries

that are broken. In our gauge theory, supersymmetry is unbroken. Every particle has the same

mass (zero) and charge. There are no particles like that in the standard model. Even though this

theory does not describe a real system (it does not pretend to do it either), it allows to extract

very useful knowledge about gauge theories. The AdS/CFT correspondence helps a lot when field

theory is not well-behaved.

Extensions of the above ideas towards more realistic theories (from a phenomenological point of

view) have been considered since Maldacena conjectured the original gauge/gravity duality. The

reduction of the amount of supersymmetries and the breaking of the conformal invariance would

lead to a more (phenomenologically) interesting statement of dualities. The final goal would be

to find the stringy dual of QCD, a nonsupersymmetric, nonconformal and assymptotically free

theory.
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One of the first attempts to generalize the AdS/CFT conjecture was to consider spacetimes

in the string theory side which break supersymmetries but not conformal invariance, conifold

geometries. The Klebanov-Witten model was suggested as a way to obtain a less supersymmetric

gauge theory, but it could be thought as a even less realistic theory because its gauge group is

the product SU(N) × SU(N). We have gained an N = 1 gauge theory as was expected from

the stringy side. The dual gauge theory, as we said, is still conformal; so in a way to break

this symmetry, Klebanov, Gubser, Nekrasov and Tseylin considered to add fractional D3-branes

together the usual D3-branes on the conifold space. This is known as the Klebanov-Tseytlin

model, since they developed the N = 1 non-conformal gauge theory beyond the leading terms of

a M/N expansion as was studied by Klebanov and Nekrasov. For this model, the presence of this

D5-branes leads to an SU(N + M) × SU(N) gauge theory, which is no longer conformal. They

get an expression for the RG and show that the obtained gauge theory becomes invalid in the IR

limit.

The clue to solve this problem was to consider a symmetry between two supersymmetric

theories in the IR limit, the so-called Seiberg duality. It relates, under some conditions, two

different supersymmetric gauge theories when we approach to the IR limit, so by means of this

duality we can cascade down the gauge group, i.e., modify it in the IR in order to obtain a

QCD-like gauge group. As a consequence, all branes are replaced by flux, which geometrically

translates into a deformation of the conical singularity.

Organization of the thesis

In Chapter 2, we make a self-contained review about supersymmetric field theories. Sections (2.1)

and (2.2) introduce basics on algebra and representations for N = 1 and N > 1 supersymmetry.

There we define the different multiplets, massless and massive, which are labeled by energy and

mass, and contain states with different helicities and spins. Section (2.3) is about the superspace

formalism, which introduces two extra fermionic coordinates, allows to define superfields as gen-

eral fields containing the usual fields in an expansion in terms of those fermionic coordinates.

Defining the corresponding variations together with covariant derivatives in this superspace, we

can obtain a general form for variations of the content fields. Next we study in (2.3.3.1) and

(2.3.3.2), chiral and vector superfields respectively, by imposing conditions as chirality and re-

ality, the general form of a superfield will reduce to a specific kind of field with a characteristic
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content. A very important part of this section will the definition of supersymmetric field strength

in (2.3.3.3) from a vector superfield. All these superfields will be included in supersymmetric

lagrangian, that are expanded in terms of their component field, will give general expressions for

explicitly supersymmetric lagrangians including gauge fields accompanied with their correspond-

ing supersymmetric partners. In this chapter we dedicate a review about some basic constructions

of supersymmetric lagrangians, (2.4). We introduce the Wess-Zumino model in (2.4.1), in order

to include interactions in a supersymmetric model of scalars and fermions. Gauge theories are

studied next in (2.4.3) as a way to include more complicated interactions mediated by gauge

fields. Potential coming form the kinetic term in this theories leads to define the moduli space

of vacua, in terms of the called D- and F-terms. We will be back to these issues at the end for

the Klebanov-Witten model. A very important topic, in supersymmetric gauge theories is to

calculate the β function, which in the case of supersymmetric theories, is exact. The NSVZ β

function is briefly explained and calculated in (2.4.3.1). It will allow to define the fixed-curve of

couplings in the Klebanov-Witten model later.

Section about basic conformal and superconformal symmetry is included in (2.5), since the

particular case of N = 4 super Yang-Mills theory in four dimensions is, besides being supersym-

metric, conformal. This gauge theory will be important since is dual to a supergravity theory.

N = 4 SYM is studied in (2.6) from its higher dimensional origin, an N = 1 SYM theory in ten

dimensions.

Chapter 3 is dedicated to a brief revision in string theory and supergravity. In section (3.1), we

begin to study superstring theory in the RNS formalism. Covariant quantization is developed in

section (3.1.2), where we establish commutations rules as usual. In section (3.1.3) we classificate

the spectrum in terms of sectors for open and closed strings states. The critical dimension

is found by requiring that there are no states with negative norm. GSO projection allows to

eliminated tachyonic states and have the same number of bosons and fermions. In the section

(3.1.4) we write explicitly the spectrum for type IIB superstring theor. and recognize the different

field of its massless spectrum. Compactifying one of the directions in spacetime, D-branes are

introduced in section (3.2) as objects required by T-duality for open strings. Extra degrees of

freedom called Chan-Paton factors are studied in section (3.2.3). It leads to define gauge field

on the brane worldvolume and scalars defining its position in the compactified direction. If we

compactify more than one direction, we could define the so-called Dp-branes, in section (3.2.4),
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we generalize the idea of gauge field on branes. Focusing in a particular type of superstring,

type IIB, is section (3.2.6.1) dedicated to define this Dp-branes as charged objects in type IIB

superstring theory. There we mention some about stability of branes and remind the idea of BPS

states in this context. The Dirac-Born-Infeld action is introduced in section (3.2.7) in order to

explain the nonperturbative nature of branes. From section (3.3, we focus in the low-energy limit

of superstring theories, the called supergravity (see [1] for a classic review and [2] for a modern

one). Being even more specific, section (3.3.1 study the particular case of IIB supergravity

because it will be the corresponding stringy side of the duality proposed by Maldacena and later

by Klebanov and Witten. In this section we establish the supersymmetric transformations for

type IIB supergravity by using the inherent SU(1, 1) symmetry of the theory. The called Dp-

branes, as solutions of supergravity will be studied in section (3.4) for type IIB. There we find

the exact form of the metric of the spacetime in presence of N D3-branes, and we find its limit

when we approach to the origin. The section (3.5) concentrates in a brief study of the anti de

Sitter space, which is necessary because it is the near-horizon limit of the space curved by branes.

With all tools and concepts reviewed in Chapter 2 and 3, we introduce formally the AdS/CFT

correspondence in chapter 4. In section (4.1) we establish the near-horizon limit of the solution

for black p-branes. We obtain the product of spaces AdS5 × S5. In section (4.1.1), we focus in

the deep throat and boundary (of the throat, i.e. the region before spacetime becomes totally

Minkowskian), where we appreciate the decoupling of the spectra for extreme limits of the pa-

rameters of spacetime and the string/gauge theory. This decoupling allows to understand the

original Maldacena conjecture, two totally ”different“ theories describe the same physics at differ-

ent scales. This is not the end of the story, we must prove or test this correspondence. In section

(4.1.2.1) we review the matching parameters between both sides of the duality. In section (4.1.2.3,

we explain how the symmetries of spacetime in the string theory side match to the symmetries

of the gauge theory. Finally, in section (4.1.2.4), we show partially how observables in the gauge

theory, i.e. operators, translate into fields on the boundary of the spacetime in the string theory.

Since calculations to prove the equivalence between correlation functions are a little large for our

purposes, we will focus on the case of the scalar field on AdS-space. Precise results for the specific

gauge and string theories involved in the correspondence will be referenced.

Chapter 5 focuses in the Klebanov-Witten model, one extension of the Maldacena’s idea for

considering more general spaces with conical singularities. In section (5.1 we sketch the form of
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the conical metric as the transverse compactified part of the ten-dimensional spacetime where

type IIB superstrings live now, and mention some of its properties. There we also give some

detailed calculations in presence of the five-form flux, and find some precise condition for the

spinors and thus for the transverse compactified six-dimensional space. We specialize in a conical

space whose basis is constructed as a coset T 1,1. This particular space is parametrized by four

”fields“ which define it by a equation that come from intersecting the cone and the sphere. In

section (5.3, those ”fields“ become fields in a N = 1 superconformal gauge theory. The gauge

theory living on the worldvolume of the stack of N D3-branes will have some subtle details, one

of them is that its gauge group is inherited from a theory in orbifold, as we argue in (5.3.2). That

is why we review some basic concepts in orbifold in section (5.3.2.1), and focus in the field theory

in the particular case of AdS5×S5/Z2 in (5.3.2.2). Superpotential is introduced in section (5.3.3)

as a way to perform Higgs mechanism to give mass the chiral superfield, in order to have branes

at generic smooth points on the conifold. In section (5.3.4) we apply the NVSZ β function to

impose conformal invariance. We find the fixed surface of parameters that leave our the theory

conformally invariant. We also argued the existence of exactly marginal operators associated to

this surface. Finally we establish the conjecture in (5.4), and perform some tests by comparing

symmetries in both the string theory and the field theory sides.

Chapter 6 we give some comments about the continuation of this extension of the Maldacena

idea. The Klebanov-Tseylin and Klebanov-Strassler models which are still supersymmetric but

not longer conformal. We also give some advances on non-supersymmetric theories and duality

cascades without going into detail.



Chapter 2

Supersymmetric field theories

Symmetries are crucial in the description of physical systems. In the realm of particle physics

symmetries are believed to permit a classification of all observed particles. A very important

symmetry, which has been established both theoretical and experimentally is that of Poincaré

group. Besides this fundamental symmetry there are other so-called internal symmetries (such as

the SU(3) symmetry in the QCD) which have also been firmly established over the last decades.

In the course of time several attempts have been made to unify the spacetime symmetry of

the Poincaré group with some of the internal group. Such attempts have bee shown to be

futile if the theory is expected to satisfy certain basic requirements. The well-known no-go

theorem established by S.Coleman and J.Mandula shows that if one makes the assumptions of

locality, causality, positivity of energy and finiteness of the number of particles the invariance

group of the theory can at best be the direct product of the Poincaré group and the internal

group, and this therefore does not offer a true unification of one group with the other [3,4]. The

generators of the Poincaré group satisfy well-known commutation rules. It was realized by J.Wess

and B.Zumino that if one allows also anticommutation relations of generators of supersymmetry

transformations which transform bosons into fermions and viceversa, then the unification of the

spacetime symmetries of the Poincaré group with this internal symmetry can be achieved. The

formal proof was established by R.Haag, J.T.Lopuszański and M.F.Sohnius [5]. Supersymmetry

thus arises as a symmetry which combines bosons and fermions in the same representation of

the enlarged group which encompasses both the transformations of the Poincaré group and the

appropiate supersymmetry transformations. So, every bosonic particle must have a fermionic

partner and viceversa.

8
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In this first chapter, we will review some interesting concepts about supersymmetry, irreducible

representations to construct states and the superspace formalism to get manifest supersymmetry

in our lagrangians. This chapter is based on [4] and [6]. General reviews on supersymmetry may

be also found in [2, 3, 7, 8].

As an introductory chapter, that is very necessary for understanding the gauge field side of

the correspondence and its generalizations to less symmetric cases, we decided to include some

detailed calculations and comments that allow to explain what we need to learn and also some

further topics, in a reasonable extended chapter about supersymmetry with emphasize in gauge

theories at the end. In this sense, the aim of this chapter will be to give some concepts and

detailed results to understand how to construct a supersymmetric gauge theory, and in particular

to construct N = 4 super Yang-Mills. This is a critical starting point that could be skipped out

if the reader has a suitable background in this subject.

2.1 The supersymmetric algebra

2.1.1 Graded algebra

In order to have an extension of the Poincaré algebra, Galfand and Likhtman suggested to intro-

duce the concept of graded algebras, considering even and odd generators in the same algebra.

Then

[ even, even ] = { odd, odd } = even,

[ even, odd ] = odd.

For supersymmetry, generators are the Poincaré generators Pµ, Mµν and the new spinor gener-

ators QAα and QAα̇ , where A = 1, ...,N . For N = 1 we speak of a simple SUSY, and for N > 1 of

an extended SUSY. Since we added two generators, there will be new commutation rules,

[Qα,M
µν ] = (σµν) β

α Qβ,

[Qα, P
µ ] = {Qα, Qβ} = 0,{

Qα, Q̄β̇

}
= 2 (σµ)αβ̇ P

µ, (2.1)

where (σµν) β
α = 1

4 [ γµ, γν ] β
α .

The first relation says that Qα is a Weyl spinor, since it transforms in the Lorentz representa-

tion. The second commutation rule shows us that Qα is invariant under translations. The fourth
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one is very important, it indicates that the number of bosons and fermions in the theory are the

same [3]. Two SUSY transformations (Qα) are equivalent to a simple translation.

2.1.2 Casimir operators for SUSY

It is easy to notice that [Qα, P
µ ] = 0 ⇒

[
Qα, P

2
]

= 0, so P 2 is a Casimir operator, one that

commutes with all generators. Then, all the states of a supersymmetry multiplet will have the

same mass, then the mass will label a massive multiplet. In the non-SUSY Poincaré group, there

is another Casimir operator which follows from the squared Pauli-Ljubanski vector Wµ,

Wµ =
1

2
εµνρσP

νMρσ. (2.2)

But in the supersymmetric case this operator is no longer a Casimir, it doesn’t commute with all

the fermionic generators and its eigenvalues cannot be a label for the multiplet. In other words,

it could contain fields with different spins,

[
W 2, Qα

]
= Wµ

(
/Pγµγ

5Q
)
α

+
3

4
P 2Qα 6= 0. (2.3)

We define Bµ by

Bµ := Wµ +
1

8
Q̄γµγ

5Q, (2.4)

and then,

Cµν := BµPν −BνPµ. (2.5)

This second rank tensor commutes with the supercharge Qα. From Cµν we can construct the

Casimir operator, i.e. It commutes with all generators of the SuperPoincaré group,

C2 = CµνC
µν ,

[
C2, {Qα, Pµ,Mµν}

]
= 0. (2.6)

2.2 Classification of irreducible representations

2.2.1 N = 1 supersymmetry

The irreducible representations of the super Poincaré algebra are characterized by the eigenvalues

of P 2 and C2. Let P 2 = m2 > 0, and for simplicity we choose the rest frame Pµ =
(
m,~0

)
. Then,

C2 = 2m2BkB
K , (2.7)
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where k = 1, 2, 3. Now,

Bk = Wk +
1

4
Xµ = mSk +

1

8
Q̄γkγ

5Q := mJk. (2.8)

Here J is called the superspin operator (we will see later that this operator has the same eigenvalue

of the spin operator). We can now rewrite C2 in terms of Jk as

C2 = 2m4JkJ
k. (2.9)

2.2.1.1 Massless multiplet

States of massless particles have Pµ-eigenvalues pµ = (E, 0, 0, E). The Casimirs C1 = P 2 and

C2 = CµνC
µν are zero. Consider the algebra:

{
Qα , Q̄β̇

}
= 2 (σµ)αβ̇ Pµ = 4E

1 0

0 0

 (2.10)

which implies that Q2 is zero in the representation

{
Q2 , Q̄2̇

}
= 0⇒ Q2 = 0. (2.11)

The Q1 satisfies
{
Q1 , Q̄1̇

}
= 4E, so defining the creation and annihilation operators a and a† via

a :=
Q1

2
√
E
, a† :=

Q̄1̇

2
√
E

⇒
{
a , a†

}
= 1. (2.12)

From the relation (2.1), [
S3, a

]
=

1

2

(
σ3
)

11
a =

1

2
a. (2.13)

For the massless case S3 is the helicity 1 operator with eigenvalue λ. Choosing an eigenstate

| pµ, λ 〉

S3 (a | pµ, λ 〉) = (λ− 1/2) a | pµ, λ 〉. (2.14)

So a | pµ, λ 〉 has helicity λ − 1/2. In the same way, a† | pµ, λ 〉 has helicity λ + 1/2. To build a

representation, start with a vacuum state (which is not actually a physical vacuum) of minimum

helicity λ, let’s call | Ω 〉. Obviously a | Ω 〉 = 0 and a†a† | Ω 〉 = 0. Then, the whole multiplet

consists of two states

| Ω 〉 = | pµ, λ 〉 a† | Ω 〉 = | pµ, λ+ 1/2 〉. (2.15)

1Remember that the helicity is the projection of the spin along the momentum direction and allow us to label

massless particles.



CHAPTER 2. SUPERSYMMETRIC FIELD THEORIES 12

CPT invariance 2 requires the presence of states with helicity −λ and −(λ+ 1/2) as well,

| Ω̄ 〉 = | pµ,−(λ+ 1/2) 〉 a† | Ω̄ 〉 = | pµ,−λ 〉. (2.16)

We can construct the massless chiral multiplet by choosing the called Clifford vacuum (and its

CPT conjugate) with zero helicity,

| Ω◦ 〉 = | 0 〉 , a† | Ω◦ 〉 = | +1/2 〉, (2.17)

| Ω̄◦ 〉 = | −1/2 〉 , a† | Ω̄◦ 〉 = | 0 〉, (2.18)

so the massless chiral multiplet corresponds to a Weyl fermion and a complex scalar. The massless

vector multiplet is constructed from a vacuum state with helicity 1/2:

| Ω◦ 〉 = | +1/2 〉 , a† | Ω◦ 〉 = | +1 〉, (2.19)

| Ω̄◦ 〉 = | −1 〉 , a† | Ω̄◦ 〉 = | −1/2 〉. (2.20)

Thus, the massless vector multiplet corresponds to a Weyl fermion and a massless spin 1 particle

(gauge boson). As well as the graviton and his partner:

| Ω◦ 〉 = | 3/2 〉 , a† | Ω◦ 〉 = | +2 〉,

| Ω̄◦ 〉 = | −2 〉 , a† | Ω̄◦ 〉 = | −3/2 〉. (2.21)

These are a tensor-spinor and a tensor.

2.2.1.2 Massive multiplet

In case of m 6= 0, there are Pµ- eigenvalues pµ = (m, 0, 0, 0) and Casimirs,

C1 = PµP
µ C2 = CµνC

µν = 2m4JiJ
i, (2.22)

where Ji is the superspin operator. This operator also satisfies the SU(2) algebra,

[Ji, Jj ] = iεijkJk, (2.23)

2CPT symmetry means that the superfield must be invariant under charge conjugation, time reversal and

parity operations. Since the total CPT operation changes the sign of spin, for massless particles (labeled by

helicity), invariance under CPT follows that components with helicity λ have (−λ)-helicity partners.
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so, Ji is an angular momentum operator. For J2, eigenvalues are j(j + 1), they label irreducible

representations by | m, j 〉. Again, the anticommutation relations for Q and Q̄ are the key to get

the states, {
Qα , Q̄β̇

}
= 2 (σµ)αβ̇ Pµ = 4m

1 0

0 1

 (2.24)

Since both Q’s have nonzero anticommutators with their Q̄ partner, define two sets of ladder

operators:

a1,2 :=
Q1,2

2
√
E

a†1,2 :=
Q̄1̇,2̇

2
√
E

(2.25)

with anticommutation relations{
ap, a

†
q

}
= δpq , {ap, aq} =

{
a†p, a

†
q

}
= 0. (2.26)

Let | Ω 〉 be the vacuum state, annihilated by a1,2. Consequently,

Jk | Ω 〉 = Sk | Ω 〉 −
1

4m
Q̄α̇(σ̄k)

α̇β
���

��:0
Qβ | Ω 〉 ⇒ Jk | Ω 〉 = Sk | Ω 〉, (2.27)

i.e. for | Ω 〉 the spin number s and the superspin number j are the same. We can label the

massive states by | m, s, sk 〉. From the relation

[Mij , Qa ] = − (σij)abQb, (2.28)

for k = 3,

[S3, Q1 ] =
1

2
(σ3)11Q1 =

1

2
Q1 [S3, Q2 ] =

1

2
(σ3)22Q2 = −1

2
Q2. (2.29)

So a1 descreases the spin in 1
2 , and a2 increases it in 1

2 . In other words, as we did for the massless

multiplet

a1 | s, s3 〉 = | s3 −
1

2
〉 a†1 | s, s3 〉 = | s3 +

1

2
〉,

a2 | s, s3 〉 = | s3 +
1

2
〉 a†2 | s, s3 〉 = | s3 −

1

2
〉. (2.30)

For example, the case S = 0, the massive chiral multiplet

| Ω 〉 = | m, j = 0, pµ, j3 = 0 〉,

a†1,2 | Ω 〉 = | m, j =
1

2
, pµ, j3 = ±1

2
〉,

a†1a
†
2 | Ω 〉 = | m, j = 0, pµ, j3 = 0 〉 =| Ω 〉. (2.31)
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which corresponds to a Majorana fermion and a complex scalar. We say a Majorana fermion

since we have a single two component fermion that we have assumed to be massive.

The massive vector multiplet is formed by starting with the spin 1
2 Clifford vacuum:

| Ω 〉 = | m, j =
1

2
, pµ, j3 = ±1

2
〉 =| 1

2
, ±1

2
〉. (2.32)

Then,

a†1 |
1

2
, −1

2
〉 = | 0, 0 〉,

a†2 |
1

2
, −1

2
〉 = | 1,−1 〉,

a†1 |
1

2
, +

1

2
〉 = | 1,+1 〉,

a†2 |
1

2
, +

1

2
〉 = | 0, 0 〉. (2.33)

and,

a†1a
†
2 |

1

2
, −1

2
〉 = | 1

2
, −1

2
〉,

a†1a
†
2 |

1

2
, +

1

2
〉 = | 1

2
, +

1

2
〉. (2.34)

and no more. These correspond to two Majorana fermions, a massive vector and a real scalar.

2.2.2 N > 1 extended SUSY

The spinor generators get an additional label A,B = 1, ...,N . The algebra is the same as for

N = 1 except for {
QAα , Q̄β̇ B

}
= 2(σµ)αβ̇Pµδ

A
B ,

{
QAα , Q

B
β

}
= 2
√

2εαβZ
AB, (2.35)

where ZAB is the antisymmetric central charge commuting with all the generators.

[
ZAB, P µ

]
=
[
ZAB,M µν

]
=
[
ZAB, QAα

]
=
[
ZAB, ZCD

]
=
[
ZAB, Ta

]
= 0. (2.36)

Then, they form an invariant subalgebra of internal symmetries. In presence of this ZAB, the

SUSY operators cannot be straightforwardly interpreted as creation and annihilation operators.

For ZAB = 0, we obtain the following representations [4, 6, 9].
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2.2.2.1 Massless multiplet

This case is the simplest but it has very important implications. Let pµ = (E, 0, 0, E), then

{
QAα , Q̄β̇B

}
= 4E

1 0

0 0


αβ̇

δAB (2.37)

So QA2 = 0 for all A. Immediately we see that the central charges must vanish. There are no

problems to define the creation and annihilation operators to construct the massless multiplet,

aA :=
1

2
√
E
QA1 , aA † :=

1

2
√
E
Q̄A

1̇
. (2.38)

Starting from the vacuum | Ω 〉, with helicity λ0 and considering antisymmetric products of k

different creation operators, we get that the state

aA1 †... aAk † | Ω 〉, (2.39)

has helicity λ0 + k
2 . It is not difficult to see that there are actually

(N
k

)
states with this helicity,

by ordering creation operators. Then, the full multiplet will have

N∑
k=0

(
N
k

)
= 2N (2.40)

states. Now consider the following examples:

2.2.2.2 N = 2 vector multiplet

Starting from a state with λ0 = 0,

| Ω0 〉 = | 0 〉 (1),

aA † | Ω0 〉 = | +1

2
〉 (2),

aA †aB † | Ω0 〉 = | +1 〉 (1). (2.41)

Considering the CPT conjugate states, then the N = 2 consists of a scalar, a Weyl spinor and a

vector. Note that the massless this vector multiplet can be built from one N = 1 vector multiplet

and one N = 1 chiral multiplet.
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2.2.2.3 N = 2 hypermultiplet

Starting from a state with λ0 = −1
2 . The states of helicity are

| Ω0 〉 = | −1

2
〉 (1),

aA † | Ω0 〉 = | 0 〉 (2),

aA †aB † | Ω0 〉 = | +1

2
〉 (1). (2.42)

So, this multiplet is composed by a complex scalar and two Weyl spinors. Notice also that it is

CPT invariant. If we are considering theories with gauge interactions then the fermions of this

multiplet must be in the same gauge representation. Theories where all fermions can have mass

terms are called vector-like as opposed to chiral theories where at least some of the fermions do

not have gauge invariant mass terms. The structure of the N = 1 chiral multiplet allows us to

construct chiral theories. Since the standard model of particle physics is a chiral theory, it is

thought that N = 1 theories are more directly relevant to the real world, as we will see at the end

of this work, when we study the known duality cascade that leads to an N = 1 SU(M) gauge

theory living on branes placed at the tip of a conical singularity.

2.2.2.4 N = 4 vector-multiplet

In this case we start with λ0 = −1,

| Ω0 〉 = | −1 〉 (1),

aA † | Ω0 〉 = | −1

2
〉 (4),

aA †aB † | Ω0 〉 = | 0 〉 (6),

aA †aB †aC † | Ω0 〉 = | +1

2
〉 (4),

aA †aB †aC †aD † | Ω0 〉 = | +1 〉 (1). (2.43)

This multiplet consists of one N = 2 vector multiplet and two N = 2 hypermultiplets plus

their CPT conjugates. Or one N = 1 vector and three N = 1 chiral multiplets plus their CPT

conjugates. From these results we can extract that for every multiplet,

λmax − λmin =
N
2
. (2.44)

We know that renormalizable theories does not contain states with |λ0| > 1 (since gravity is not

renormalizable). It implies that renormalizable supersymmetric theories will be possible when

N ≤ 4. Hence N = 4 is called the maximal supersymmetric theory.
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2.2.2.5 Massive representations and BPS states

As shown by Haag, Lapuszanski and Sonhius, the superalgebra admits central extensions, called

central charges. Existence of central charges do not allow to define creation and annihilation

operators to construct states. Let us consider for simplicity pµ = (m, 0, 0, 0) (the static case). So

{Qα , Q̄β̇} = 2 (σµ)αβ̇ Pµ = 2m

1 0

0 1

 (2.45)

Here, the central charge will not vanish. Therefore, we have to distinguish two cases. First, when

ZAB = 0, there are 2N creation and annihilation operators, corresponding to QA1,2 and Q̄A
1̇,2̇

,

leading to 22N states instead 2N . In this case the number of states, given N is larger than the

massless case. When ZAB 6= 0, we see clearly in (2.36) that is not possible to define creation and

annihilation operators independently. But the central charge can be skew-diagonalized to N/2

real eigenvalues. It is sufficient to consider the N = 2 case,

{QAα , Q̄β̇ B} = 2σµ
αβ̇
Pµδ

A
B,

{QAα , QBβ } = 2
√

2εαβε
ABZ. (2.46)

Central charges can be skew-diagonalized by defining,

Aα =
1

2
(Q1

α + εαβQ̄
2
β̇
),

Bα =
1

2
(Q1

α − εαβQ̄2
β̇
). (2.47)

These combinations have the algebra,

{Aα , Āβ} = δαβ(M +
√

2Z),

{Bα , B̄β} = δαβ(M −
√

2Z). (2.48)

Where M and Z are the mass and central charge of the supermultiplet. The other commutator

vanishes. Let us introduce the idea of BPS state. Since all physical states have positive definite

norm, it follows that for massless states, the central charge is trivially realized (Z = 0). For

massive states, this leads to a bound on the mass M ≥
√

2|Z|. When M =
√

2|Z|, one set of

operators in the last algebra is trivially realized and the algebra resembles the massless case and

the dimension of the representation is greatly reduced. For example, a reduced massive N = 2

multiplet has the same number of states as a massless N = 2 one. Thus the representation of
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N = 2 algebra with central charge can be classified as either long multiplets (when M >
√

2|Z|)

or short multiplets (when Z =
√

2|Z|). The latter are usually known as BPS multiplet. Because

the BPS condition, this state is annihilated by half of the supercharges, i.e. it is invariant under

half of the supersymmetries. We will see the same concept in the context of D-branes.

2.3 N = 1 superspace formalism

In order to construct supersymmetric lagrangians, we need a formalism in which supersymmetry

is manifest. It means that SUSY arises naturally in the theory together the other transformations.

Then we need to extend the Minkowski space to a space that allows us to include SUSY manifestly,

a superspace. Then, if we formulate the theory in terms of the two-components Weyl spinor

formalism, these new extra coordinates will be,

{θA}A=1,2 ,
{
θ̄Ḃ
}
Ḃ=1̇,2̇

. (2.49)

With these Grassmann coordinates we can transform the graded Lie algebra (involving both

commutators and anticommutators) into a regular Lie algebra (which involves only commutators)

by writing the elements of the spinor sector of the algebra,

θAQA , θ̄ȦQ̄
Ȧ. (2.50)

The anticommutation relations of the two-component Weyl spinors are given by

{θA, θB} =
{
θ̄Ȧ, θ̄Ḃ

}
=
{
θA, θ̄Ḃ

}
= 0, (2.51)

and an element of superspace is given by the supercoordinate (xµ, θA, θ̄Ḃ). Then, with these

properties the relevant part of the super Poincaré algebra in the Weyl formalism can be rewritten

as [
θAQA, θ̄ḂQ̄

Ḃ
]

= 2θAσµ
AḂ
θ̄ḂPµ, (2.52)[

θAQA, θ
BQB

]
=
[
θ̄ȦQ̄

Ȧ, θ̄ḂQ̄
Ḃ
]

= 0. (2.53)

2.3.1 SUSY transformations

In this formalism, the spacetime is essentially eight-dimensional, being parametrized by xµ and

θA and θ̄Ȧ. A simple way to obtain the group action on this homogeneous space is to define the



CHAPTER 2. SUPERSYMMETRIC FIELD THEORIES 19

unitary operators. Then we define translations on this superspace by

xµ → xµ + iθσµε̄− iεσµθ̄,

θ → θ + ε , θ̄ → θ̄ + ε̄. (2.54)

Next we will get the infinitesimal SUSY transformation. For Φ,

δsΦ = Φ(x, θ, θ̄) + i(θσµε̄− εσµθ̄)∂µΦ(x, θ, θ̄) + ε
∂

∂θ
Φ(x, θ, θ̄) +

ε̄
∂

∂θ̄
Φ(x, θ, θ̄) + ...− Φ(x, θ, θ̄). (2.55)

Considering expression for the variation of a field generated by some operator (Q in this case)

δsΦ = iεQΦ(x, θ, θ̄) + i ε̄Q̄Φ(x, θ, θ̄). (2.56)

Comparing the two expressions for δsΦ we obtain the following differential operator representation

of the generators,

QA = −i∂A − (σµθ̄)A∂µ,

Q̄Ȧ = −i ∂̄Ȧ − (σ̄µθ)Ȧ∂µ. (2.57)

For reasons of consistency, these operators must satisfy the same algebra we assumed before. And

they do,

{QA, QB} = 0 ,
{
Q̄Ȧ, Q̄Ḃ

}
= 0, (2.58)

which is not difficult to be proved. And

{
QA, Q̄Ḃ

}
= 2σµ

AḂ
Pµ. (2.59)

Covariant derivatives are derivatives which are useful in the construction of manifestly supersym-

metric lagrangians. So we define them as

DA := ∂A + iσµ
AḂ
θ̄Ḃ∂µ,

D̄Ȧ := −∂Ȧ − iθBσµ
BȦ
∂µ. (2.60)

These operators are invariant under SUSY transformations. In other words,

{DA, QB} =
{
DA, Q̄

Ḃ
}

= 0,{
D̄Ȧ, QB

}
=

{
D̄Ȧ, Q̄

Ḃ
}

= 0, (2.61)
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derivatives obey the following algebra,

{DA, DB} =
{
D̄Ȧ, D̄Ḃ

}
= 0,{

DA, D̄Ḃ

}
= 2σµ

AḂ
Pµ. (2.62)

2.3.2 Components fields

For a general scalar superfield Φ(x, θ, θ̄), one can make an expansion in powers of θ and θ̄ with a

finite number of nonzero terms,

Φ(x, θ, θ̄) = f(x) + θφ(x) + θ̄χ̄(x) + (θθ)m(x) + (θ̄θ̄)n(x) + (θσµθ̄)Vµ(x)

+(θθ)θ̄λ̄(x) + (θ̄θ̄)θψ(x) + (θθ)(θ̄θ̄)d(x), (2.63)

where f(x), φ(x), χ̄(x), m(x), n(x), Vµ(x), λ̄(x), ψ(x), d(x) are called component fields. Notice

also why this expansion stops, it is because of the anticommuting nature of θ and θ̄ that only

allow us to have terms until (θθ)(θ̄θ̄). The transformation law for superfields is defined as

δΦ(x, θ, θ̄) = δf(x) + θδφ(x) + θ̄δχ̄(x) + (θθ)δm(x) + (θ̄θ̄)δn(x)

+(θσµθ̄)δVµ(x) + (θθ)θ̄δλ̄(x) + (θ̄θ̄)θδψ(x)

+(θθ)(θ̄θ̄)δd(x). (2.64)

On the other hand, remember the transformation we found before,

δΦ(x, θ, θ̄) =
[
ε∂ + ε̄∂̄ + iθσµε̄∂µ − iεσµθ̄∂µ

]
Φ(x, θ, θ̄). (2.65)

Then, acting this variation operation over the expansion we wrote,

δsΦ(x, θ, θ̄) = { ε∂ + ε̄∂̄ + iθσµε̄∂µ − iεσµθ̄∂µ } × {f(x) + θφ(x)

+θ̄χ̄(x) + (θθ)m(x) + (θ̄θ̄)n(x) + (θσµθ̄)Vµ(x) + (θθ)θ̄λ̄(x)

+(θ̄θ̄)θψ(x) + (θθ)(θ̄θ̄)d(x)}. (2.66)
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Multiplying out this yields

δsΦ = εφ+ φ̄χ̄

+θ {2εm+ i(σµε̄)∂µf + (σµε̄)Vµ}

+ {2ε̄n+ i(εσµ )∂µf − (εσµ )Vµ} θ̄

+(θθ)

{
ε̄λ̄− i

2
∂µφσ

µε̄

}
+(θ̄θ̄)

{
εψ +

i

2
εσµ∂µχ̄

}
+(θσµθ̄)

{
εσµλ̄+ ψσµε̄+

i

2
ε∂µφ−

i

2
∂µχ̄ε̄

}
+(θθ)

{
2ε̄d+

i

2
ε̄∂µVµ + i(εσµ )∂µm

}
θ̄

+(θ̄θ̄)θ

{
2εd− i

2
ε∂µVµ + i(σµε̄)

}
+(θθ)(θ̄θ̄)

i

2

{
∂µψ σ

µε̄+ ε σµ∂µλ̄
}
. (2.67)

Comparing this result with the transformation law written before in (2.64), we obtain the trans-

formation laws for each field,

δsf = εφ+ φ̄χ̄,

δsφ = 2εm+ i(σµε̄)∂µf + (σµε̄)Vµ,

δsχ̄ = 2ε̄n+ i(εσµ )∂µf − (εσµ )Vµ,

δsm = ε̄λ̄− i

2
∂µφσ

µε̄,

δsn = εψ +
i

2
εσµ∂µχ̄,

δsVµ = εσµλ̄+ ψσµε̄+
i

2
ε∂µφ−

i

2
∂µχ̄ε̄,

δsλ̄ = 2ε̄d+
i

2
ε̄∂µVµ + i(εσµ )∂µm,

δsψ = 2εd− i

2
ε∂µVµ + i(σµε̄),

δsd =
i

2

{
∂µψ σ

µε̄+ ε σµ∂µλ̄
}
,

=
i

2
∂µ
{
ψ σµε̄+ ε σµλ̄

}
. (2.68)

Notice that δsd is a total derivative (the significance of this result will be seen later).
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2.3.3 Irreducible representations of superfields

Since the component fields of our superfield transform independently we can eliminate some

of them by imposing constraints, leading to a smaller superfield. There are some important

conditions to get those irreducible superfields.

Depending of the condition we impose we can define different irreducible representations.

2.3.3.1 Chiral superfields

Superfields which satisfy either of the constraints,

D̄Φ = 0, DΦ = 0, (2.69)

are called chiral or scalar superfields. A superfield Φ which satisfies D̄Φ = 0 is called left-handed

chiral superfield, and if it satisfies DΦ = 0, is called right-handed chiral superfield. Let us consider

the left-handed chiral superfield. The constraint,

D̄ȦΦ(x, θ, θ̄) = 0, (2.70)

where D̄Ȧ = −∂̄Ȧ − iθBσµ
BȦ
∂µ,

yµ := xµ + iθσµθ̄. (2.71)

The constraint for chiral superfields reduces to ∂̄ȦΦ = 0. For a superfield Φ(y, θ),

Φ(y, θ) = A(y) +
√

2θψ(y) + (θθ)F (y). (2.72)

Where A(y) and F (y) are complex scalars. Back to the variable x, the superfield can be expanded

by using (2.71) as

Φ(xµ, θ) = A(x) + i(θσµθ̄)∂µA(x)− 1

4
(θθ)(θ̄θ̄)∂2A+

√
2 θψ

− i√
2

(θθ)∂µψσ
µθ̄ + (θθ)F (x). (2.73)

In the same way, we can impose other condition:

DAΦ†(x, θ, θ̄) = 0, (2.74)

and introduce the new variables,

zµ := xµ − iθσµθ̄, (2.75)
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and DA = ∂A + iσµ
AḂ
θ̄Ḃ∂µ. Working out in the same way we did before we will get,

Φ†(x, θ, θ̄) = A∗(x)− i(θσµθ̄)∂µA
∗(x)− 1

4
(θθ)(θ̄θ̄)∂2A∗(x) +

√
2θ̄ψ̄(x)

− i√
2

(θ̄θ̄)(θσµ∂µψ̄(x)) + (θ̄θ̄)F ∗(x). (2.76)

This is called left-handed chiral superfield. From the general expression of the supersymmetry

transformation (2.68), we can deduce the transformation laws for these superfields. For the

components of the left-handed chiral one we obtain,

δsA(y) =
√

2αψ(y),

δsψA(y) =
√

2αAF (y) + i
√

2σµ
AḂ
ᾱḂ∂µA(y),

δsF (y) = −i
√

2∂µψ(y)σµᾱ. (2.77)

It is evident that these component fields constitute an irreducible representation of the super-

symmetry algebra since they transform into themselves. It is also important to notice in the

third transformation that δF is proportional to the field equation of ψ. So the algebra closes on-

and off-shell. The fact that F transforms as a total derivative allows us to get a supersymmetry

invariant quantity whose variation can be integrated out.

In order to construct supersymmetric lagrangians we need the product of a left- and a right-

handed chiral superfield. This product will not be neither chiral nor antichiral. Consider a set of

fields,

Φ†(z) = A∗(z) +
√

2θ̄ψ̄(z) + (θ̄θ̄)F ∗(z),

Φ(y) = A(y) +
√

2θψ(y) + (θθ)F (y), (2.78)

then,

Φ†Φ(x) = A∗(x)(x) +
√

2θψ(x)A∗(x) +
√

2θ̄ψ̄(x)A(x) + (θθ)A∗(x)F (x) + (θ̄θ̄)F ∗(x)A(x)

+2θ̄ψ̄(x)θψ(x) + i(θσµθ̄)[∂µA(x)A∗(x)− ∂µA∗(x)A(x)]

−
√

2(θθ)θ̄Ȧ{
i

2
σµ
AḂ
εḂȦ(ψA(x)∂µA

∗(x)−A∗(x)∂µψ
A(x)) + ψ̄Ȧ(x)F (x)}

+
√

2(θ̄θ̄)θA{− i

2
σµ
AḂ

(ψ̄Ḃ(x)∂µA(x)−A(x)∂µψ̄
Ḃ(x)) + ψAF

∗(x)}

+(θθ)(θ̄θ̄){1

2
∂µA

∗(x)∂µA(x)− 1

4
A∗(x)∂2A(x)− 1

4
A(x)∂2A∗(x) +

i

2
∂µψ(x)σµψ̄(x)

− i

2
ψ(x)σµ∂µψ̄(x) + F ∗(x)F (x)}.
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The last term (θθ)(θ̄θ̄)N(x) can be written easily in a more suggestive form,

N(x) = −A(x)∗∂2A(x) + i∂µψ̄(x)σ̄µψ(x) + |Fi(x)|2 + T.Der. (2.79)

2.3.3.2 Vector superfields

They are superfields that satisfy the reality condition,

V (x, θ, θ̄) = V †(x, θ, θ̄). (2.80)

The superfield is as usual defined by its power series expansion in θ and θ̄,

V (x, θ, θ̄) = C(x) + θφ(x) + θ̄χ̄(x) + (θθ)M(x) + (θ̄θ̄)N(x) + (θσµθ̄)Vµ(x)

+(θθ)θ̄λ̄(x) + (θ̄θ̄)θψ(x) +
1

2
(θθ)(θ̄θ̄)D(x). (2.81)

The hermitian conjugate is

V †(x, θ, θ̄) = C∗(x) + θ̄φ̄(x) + θχ(x) + (θ̄θ̄)M∗(x) + (θθ)N∗(x) + (θσµθ̄)V ∗µ (x)

+(θ̄θ̄)θλ(x) + (θθ)θ̄ψ̄(x) +
1

2
(θθ)(θ̄θ̄)D∗(x). (2.82)

And the reality condition constraints the expansion to be

V (x, θ, θ̄) = C(x) + θφ(x) + θ̄φ̄(x) + (θθ)M(x) + (θ̄θ̄)M∗(x) + (θσµθ̄)Vµ(x)

+(θθ)θ̄λ̄(x) + (θ̄θ̄)θλ(x) +
1

2
(θθ)(θ̄θ̄)D(x). (2.83)

where M(x), D(x) and C(x) are scalar fields, λ(x) and φ(x) are spinor fields, and Vµ(x) is a

vector field. The vector field lends its name to the entire multiplet V (x, θ, θ̄). We already know

how the (θθ)(θ̄θ̄)-component transforms (as we see in (2.68)), thus for our case we will get,

δD(x) =
i

2
(∂µλ(x)σµᾱ− ∂µλ̄(x)σ̄µα), (2.84)

which is a total derivative, and a good candidate for a supersymmetric lagrangian. An important

example of a vector superfield is the sum of a left- and right-handed chiral superfield. We can do

this since (Φ + Φ†)† = Φ + Φ†, which is the reality condition we imposed before. Expanding this

sum in terms of component fields,

Φ + Φ† = A(x) +A∗(x) +
√

2θψ(x) +
√

2θ̄ψ̄(x) + (θθ)F (x) + (θ̄θ̄)F ∗(x)

+i(θσµθ̄)∂µ(A(x)−A∗(x))− i√
2

(θθ)θ̄σ̄µ∂µψ(x)− i√
2

(θ̄θ̄)θσµ∂µψ̄(x)

−1

4
(θθ)(θ̄θ̄)∂2(A(x) +A∗(x)). (2.85)
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Now, we could modify some components of the vector superfield in order they are invariant under

gauge transformations. This is achieved by making the following replacements,

λ(x) → λ(x)− i

2
σµ∂µφ̄(x),

D(x) → D(x)− 1

4
∂2C(x). (2.86)

With these changes,

V (x, θ, θ̄) = C(x) + θφ(x) + θ̄φ̄(x) + (θθ)M(x) + (θ̄θ̄)M∗(x) + (θσµθ̄)Vµ(x)

+(θθ)θ̄(λ̄(x)− i

2
σ̄µ∂µφ) + (θ̄θ̄)θ(λ(x)− i

2
σµ∂µφ̄)

+
1

2
(θθ)(θ̄θ̄)(D(x)− 1

4
∂2C(x)). (2.87)

The following transformation for the vector superfield, V 3,

V (x, θ, θ̄)→ V ′(x, θ, θ̄) = V (x, θ, θ̄) + Φ(x, θ, θ̄) + Φ†(x, θ, θ̄). (2.88)

The transformed superfield then has the following form,

V ′(x, θ, θ̄) = C(x) +A(x) +A∗(x) + θ[φ(x) +
√

2ψ(x)] + θ̄[φ̄(x) +
√

2ψ̄(x)]

+(θθ)[M(x) + F (x)] + (θ̄θ̄)[M∗(x) + F ∗(x)]

+(θσµθ̄)[Vµ(x) + i∂µ(A(x)−A∗(x))]

+(θθ)θ̄[λ̄(x)− i

2
σ̄µ∂µ{φ(x) +

√
2ψ(x)}] + (θ̄θ̄)θ[λ(x)− i

2
σµ∂µ{φ̄+

√
2ψ̄}]

+
1

2
(θθ)(θ̄θ̄)[D(x)− 1

4
∂2{C(x) +A(x) +A∗(x)}]. (2.89)

3If we choose Φ = iΛ, the gauge transformation will be

V (x, θ, θ̄)→ V ′(x, θ, θ̄) = V (x, θ, θ̄) + i{Λ(x, θ, θ̄)− Λ†(x, θ, θ̄)},

which came from applying an U(1) transformation U = eiqΛ(x,θ,θ̄),

eqV
′(x,θ,θ̄) = e−iqΛ†(x,θ,θ̄)eqV (x,θ,θ̄)eiqΛ(x,θ,θ̄).

So, this is an Abelian gauge transformation. We will see later that it is obviously possible to do non-Abelian

transformations.



CHAPTER 2. SUPERSYMMETRIC FIELD THEORIES 26

Comparing (2.87) and (2.89), we obtain the transformations for each component of the super-

field,

δC(x) = A(x) +A∗(x),

δφ(x) =
√

2ψ(x),

δM(x) = F (x),

δVµ(x) = i∂µ{A(x)−A∗(x)},

δλ(x) = 0,

δD(x) = 0. (2.90)

We see that λ and D are invariant under (2.88). We also observe that δVµ(x) = i∂µ{A(x) −

A∗(x)}, which corresponds to an Abelian gauge super-transformation. For vector gauge fields we

usually define the field strength, Fµν = ∂µVν − ∂νVµ. The transformation (2.88) is called a the

supersymmetric extension of a gauge transformation. Since the (θθ)(θ̄θ̄) term is a good candidate

for a supersymmetric lagrangian as we mentioned above, we see that the invariance of D(x) under

(2.88) implies the invariance of this lagrangian under supersymmetry gauge transformations. We

also could choose a particular gauge, looking at the Φ superfield, in order to reduce the components

of the vector superfield. Hence we choose the so-called Wess-Zumino gauge [4, 9],

VWZ(x, θ, θ̄) = (θσµθ̄)[Vµ(x)− 2∂µImA ] + (θθ)θ̄λ̄(x) + (θ̄θ̄)θλ(x)

+
1

2
(θθ)(θ̄θ̄)D(x). (2.91)

Here Vµ is the gauge field and λ is its supersymmetric partner. D(x) is the so-called auxiliary

field, and its significance will become clear later. Note that in the last expression Im (A ) is not

defined. We say then that the Wess-Zumino gauge does not fix the gauge freedom completely [4].

Now, we will see why this gauge is useful to construct lagrangians in supersymmetric gauge

theories. Let us calculate powers of VWZ by taking into account the fact that θ3 = 0. By taking

Im (A ) = 0, we get

VWZ(x, θ, θ̄) = (θσµθ̄)Vµ(x) + (θθ)θ̄λ̄(x) + (θ̄θ̄)θλ(x) + (θθ)(θ̄θ̄)D(x),

V 2
WZ(x, θ, θ̄) =

1

2
(θθ)(θ̄θ̄)Vµ(x)V µ(x),

V 3
WZ(x, θ, θ̄) = 0. (2.92)
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These properties make this gauge convenient. The expression exp{V } acquire a simple form

exp{V } = 1 + V +
1

2
V 2.

Then,

exp{V } = 1 + (θσµθ̄)Vµ(x) + (θθ)θ̄λ̄(x) + (θ̄θ̄)θλ(x)

+
1

2
(θθ)(θ̄θ̄)(D(x) +

1

4
(θθ)(θ̄θ̄)Vµ(x)V µ(x)). (2.93)

2.3.3.3 The supersymmetric field strength

In a supersymmetric theory, the supercovariant field strength of an arbitrary vector superfield,

V (x, θ, θ̄) is defined by

WA := −1

4
(D̄D̄)DAV (x, θ, θ̄), (2.94)

W̄Ȧ := −1

4
(DD)D̄ȦV (x, θ, θ̄), (2.95)

where WA is a left-handed chiral superfield and W̄Ȧ is right-handed. We express this statement

as

D̄ȦWA = 0 , DAW̄Ȧ = 0, (2.96)

which is easy to prove by using the definitions. As field strength, these fields are invariant under

supersymmetric gauge transformations. The next step is to expand WA in the Wess-Zumino

gauge. In this gauge,

WA(x, θ, θ̄) = −1

4
(D̄D̄)DAVWZ(x, θ, θ̄), (2.97)

where the covariant derivative was defined in (2.60). It is more convenient to use new variables,

which are just the translated xµ, (2.71) and (2.75). The vector superfield, in the Wess-Zumino

gauge, acquires a little different form

VWZ(y, θ, θ̄) = (θσµθ̄)Vµ(y) + (θθ)θ̄λ̄(y) + (θ̄θ̄)θλ(y)

+
1

2
(θθ)(θ̄θ̄)

[
D(y)− i

2
∂µV

µ(y)

]
= VWZ(z, θ, θ̄), (2.98)

and which are equivalent to VWZ(x, θ, θ̄). In these coordinates, the covariant derivatives are,

DA(y, θ, θ̄) = ∂A + 2iσµ
AḂ
θ̄Ḃ∂µ,

D̄Ȧ(y, θ, θ̄) = −∂Ȧ,

D̄Ȧ(y, θ, θ̄) = ∂Ȧ. (2.99)
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Thus, the supersymmetric field strength is “easily” obtained,

WA(y, θ, θ̄) = −1

4
D̄ȦD̄

ȦDAVWZ(y, θ, θ̄)

=
1

4
∂Ȧ∂

ȦDA{ (θσµθ̄)Vµ(y) + (θθ)θ̄λ̄(y) + (θ̄θ̄)θλ(y)

+
1

2
(θθ)(θ̄θ̄)[D(y)− i

2
∂µV

µ(y) ] }.

After some work with Grassmann variables, we obtain

WA(y, θ, θ̄) = λA(y) + θAD(y) + (σµνθ)AFµν(y)− i(θθ)σµ
AḂ
Dµλ̄

Ḃ(y), (2.100)

where Fµν is the non-supersymmetric field strength for Vµ. The component expansion of W̄Ȧ can

be obtained in a similar way, but by using zµ (2.75) instead of xµ. It is given by

W̄Ȧ(z, θ, θ̄) = λ̄Ȧ(z) + θ̄Ȧ − εȦḂ(σ̄µν θ̄)β̇Fµν(z) + i(θ̄θ̄)(∂µλ(z)σµ)Ȧ. (2.101)

These are the supersymmetric field strength tensors. They also obey

D̄ȦW̄
Ȧ = DAWA. (2.102)

2.4 Supersymmetric lagrangians and gauge theories

In the last section we introduced basic concepts of supersymmetry in order to have a good

background for the following sections and the next chapter. Now, we would like to construct

consistent supersymmetric theories. The simplest model that is manifestly supersymmetric was

proposed by Wess and Zumino [3, 4, 6]. Their method considers auxiliary fields that allow us to

write the transformations of fields under SUSY in a way that is independent of the interactions

in the model, and also does not require field equations. The superspace formalism we studied

before, allows to compact in a supermultiplet all the field in the theory including the auxiliary

ones.

2.4.1 The Wess-Zumino model: free and interacting

Recall the vector superfield (2.83), its last component, D, is the coefficient in front of (θθ)(θ̄θ̄)

transforms as a total derivative. Then we can use this fact to construct a suitable lagrangian.

The action,

S =

∫
d4x d2θ d2θ̄ V (x, θ, θ̄), (2.103)
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is invariant under supersymmetry. We saw before that Φ†Φ, the product of a chiral and antichiral,

is a vector superfield. This is given by (2.79). Since only the term with (θθ)(θ̄θ̄) survives the

integration and looks like a lagrangian, this product can be written as

Φ†Φ = ...+ (θθ)(θ̄θ̄){∂µφ†∂µφ+ i ψ̄ σ̄µ∂µψ + |F |2 }. (2.104)

Then, the lagrangian will be

L =

∫
d2θ d2θ̄Φ†Φ

=

∫
d2θ d2θ̄ (θθ)(θ̄θ̄){∂µφ†∂µφ+ i ψ̄ σ̄µ∂µψ + |F |2 }

= ∂µφ
†∂µφ+ i ψ̄ σµ∂µψ + |F |2. (2.105)

The action is

Skin =

∫
d4x {∂µφ†∂µφ+ i ψ̄ σ̄µ∂µψ + |F |2}, (2.106)

where φ is a complex scalar, ψ is a Weyl spinor and F is auxiliary field that is needed for matching

degrees of freedom and closing the supersymmetry algebra off-shell. Note that the field equation

of this field is F = 0. The supersymmetry transformations are

δψA = −i(σµε̄)A∂µφ+ εF,

δF = −i ε̄σ̄µ∂µψ,

δφ = ε̄ψ. (2.107)

The invariance of the action under these transformations is easily showed. It is possible to show

that this algebra closes off-shell (i.e. without using the equations of motion). It is proved by

calculating the commutator of two transformations

[ δε1 , δε1 ]X = i(ε1σ
µε̄2 − ε2σµε̄1)∂µX, (2.108)

where X are all the components of the off-shell multiplet.

The superpotential

Now we will consider the interacting case. By definition, the potential terms are those with

no derivatives. In general, they are quadratic or of higher order in the component fields. For

example, the mass terms, for both bosons and fermions, are quadratic. So, we can consider a
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function W(Φ) of the chiral field, called superpotential. This function will be a polynomial of Φ.

Since the argument of W is a chiral superfield, the W will be chiral too. So the W term in the

action will be

Sint =

∫
d4x{d2θW(Φ) + d2θ̄ W̄(Φ̄)}, (2.109)

which is superinvariant. Note that the superpotential must have dimension [mass]3, then for

renormalization grounds, in four spacetime dimensions, W must be at most cubic in Φ [9], since

the measure of the integral has dimension [mass]−3 and the chiral superfield has [mass]1 by

construction [4].

The interacting model

The interacting Wess-Zumino model contains one chiral superfield, its complex conjugate and the

potential terms (interactions). The action is

SWZ =

∫
d4x d2θ d2θ̄Φ†Φ +

∫
d4x{d2θW(Φ) + d2θ̄ W̄(Φ̄)}. (2.110)

The holomorphic function W(Φ) must be viewed as a generic superpotential. In order to have

terms that interact with the component fields of Φ, the superpotential lagrangian must be

Lint = F W ′(φ)− 1

2
W ′′(φ)ψψ + h.c. (2.111)

This form is justified from the fact that, W has mass dimension 3, the auxiliary field F has

mass dimension 2 and, the Weyl spinor ψ and the scalar φ have mass dimensions 3/2 and 1,

respectively. The action of the interactive Wess-Zumino model is

SWZ =

∫
d4x {∂µφ†∂µφ+ i ψ̄ σ̄µ∂µψ + |F |2 + (F W ′(φ)− 1

2
W ′′(φ)ψψ + h.c )}. (2.112)

From (2.111) we can eliminate the auxiliary field F on-shell. Its equation of motion is

F ∗ = −∂W
∂φ

. (2.113)

Hence the lagrangian without auxiliary field is

SWZ =

∫
d4x {∂µφ†∂µφ+ i ψ̄ σ̄µ∂µψ − |W ′|2 −

1

2
{W ′′(φ)ψψ + h.c }. (2.114)

Note that the scalar potential describing the self-interaction of φ is

V (φ) = |W ′|2. (2.115)
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This expression implies that the potential energy is positive definite. Unlike non-supersymmetric

theories, supersymmetric theories can have vacuum degeneracy without spontaneous symmetry

breaking. Than, when V = 0 we get the so-called vacuum manifold. A silly example could be,

whenW vanishes, any coordinate independent field φ0 can serve as a vacuum. Then, the vacuum

manifold is the one-dimensional complex manifold C1 = {φ0}. The continuous degeneracy is due

to the absence of potential energy, while the kinetic energy vanishes for any constant φ0. We will

see later more interesting examples of moduli spaces of vacua when we study specific theories.

2.4.2 R-symmetry

Remember that [Ta, Tb] = iCabcTc, where Ta represents a generator of some group of symmetry

G. Let G be a internal symmetry group, then define the R-symmetry H ⊂ G to be the set of G

elements that do not commute with the SUSY generators,

[
QAα , Ta

]
= S A

a B Q
B
α 6= 0 Ta ∈ H. (2.116)

We say that R-symmetry “rotates” the supersymmetry generators without changing the super-

symmetry algebra. If ZAB = 0, then the R-symmetry is H = U(N ) , and for ZAB 6= 0 it

will be a subgroup H ⊂ U(N ). In the case of N = 4 super Yang-Mills, we should have U(4)

supersymmetry, but actually have SU(4) as we will see later.

R-charges

Since R-symmetry does not commute with supersymmetry, the component fields of the chiral

superfield do not carry the same R-charge. We will call the R-charge of the lowest component

field of a given superfield, the R-charge of the superfield. From (2.116) we say that for a general

chiral multiplet containing a scalar φ and a fermion ψ, the following relation for the R-charges

holds,

Rψ = Rφ − 1. (2.117)

Now, a way to establish fixed values for these R-charges, we need to assume that the superpotential

has R-charge 2. Since the superpotential is at most of the form Φ3, we deduce that the R-charge

of the scalar field is 2/3. An by using (2.117), the R-charge of the fermion field will be −1/3.
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2.4.3 Supersymmetric gauge theories

This section will summarize what we have learned before but applied to gauge theories. As usual,

we begin considering abelian gauge theories. Remember the interacting Wess-Zumino model

(2.114) (we could have more than one fields). The kinetic term of the WZ model is invariant

under global phase transformations, as is easy to see. But the superpotential part must satisfy

some special requirements that are also easy to find. When we go towards gauge transformation,

this kinetic term must change in order to be invariant under local transformations. Remember our

study before about vector superfields. Under super gauge transformations, a vector superfield

V transforms as (2.88) (see also the footnote under that expression). So, as the kinetic term

is actually a vector superfield, we can define an invariant vector superfield, and thus an gauge

invariant kinetic term, as

L = Φ†i (θ, θ̄, x)eqV (θ,θ̄,x)Φi(θ, θ̄, x). (2.118)

Thus, the local U(1) invariant Wess-Zumino model (written as superfields like in (2.110)), plus

the dynamics of the gauge fields coming from the squared field strength, will have the following

form

S =

∫
d4x d2θ d2θ̄{Φ†eqV Φ +Wδ2(θ̄) + W̄δ2(θ) +

1

4
WAWAδ

2(θ̄) +
1

4
W̄ȦW̄

Ȧδ2(θ)}, (2.119)

where,

Sgauge =

∫
d4x d2θ d2θ̄{ 1

4
WAWAδ

2(θ̄) +
1

4
W̄ȦW̄

Ȧδ2(θ)}, (2.120)

represents the dynamical part of the gauge field, just like the non-supersymmetric gauge theory.

Besides being gauge invariant, the kinetic term in (2.119) contains the supersymmetric general-

ization of the minimal coupling in ordinary gauge theories. Consider the expansion of eqV (2.93)

and the (θθ)(θ̄θ̄)−term (2.79) in the product Φ†Φ, then

Φ†eqV Φ = {Φ†Φ + q(θσµθ̄)VµΦ†Φ + q(θθ)θ̄λ̄Φ†Φ + q(θ̄θ̄)θλΦ†Φ

+
g

2
(θθ)(θ̄θ̄)(D +

q

4
V 2 )Φ†Φ}|(θθ)(θ̄θ̄), (2.121)

where it is obvious that we must consider only the (θθ)(θ̄θ̄)−term of the expansion. So,

Φ†eqV Φ = |F |2 + i(D∗µψ̄) σ̄µ ψ + |DµA |2 − q√
2
( λ̄ψ̄A+ λψA∗ ) + q D |A |2, (2.122)

where we have defined the covariant derivative as

Dµ := ∂µ − iqV (x). (2.123)
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Thus, the kinetic term considers the supersymmetric form of the minimal coupling as we men-

tioned before. Now, if we expand the lagrangian in (2.120), considering (2.100) and 2.101), we

will get

WAWA|(θθ) = {D2 − i λσµ∂µλ̄−
1

2
FµνF

µν − i

2
FµνF

µν ∗},

W̄ȦW̄
Ȧ|(θ̄θ̄) = {D2 + i ∂µλσ

µλ̄− 1

2
FµνF

µν +
i

2
FµνF

µν ∗}. (2.124)

Replacing these results in 2.120) we obtain

Sgauge =

∫
d4x { 1

2
D2 − 1

4
FµνF

µν − iλσµ∂µλ̄}. (2.125)

Then the scalar potential will acquire a new form,

V (φ∗, φ) = |F |2 +
1

2
D2. (2.126)

In order for the vacuum to preserve supersymmetry, we must have V = 0 and hence F = 0 and

D = 0 independently. The field equation for F is F = 0, but for D, it is

D = −q|φ |2. (2.127)

Then, if we consider a set of scalar fields, say {φi}, with U(1) charges qi. Vanishing the potential

will give an equation that defines the vacuum manifold,∑
i

qi |φi |2 = 0. (2.128)

We will be back to this definition later in order to define the conifold as the vacuum manifold in

the Klebanov-Witten model.

The non-abelian case

As usual in gauge theories, the internal degrees of freedom are associated with hermitean gener-

ators T a, allow to have internal components for the vector field and its gauge transformations,

V = V aT a , Λ = ΛaT a. (2.129)

Then, unlike of the abelian case, where we only have one generator (the unit operator), the

non-abelian symmetry allows to “rotate” fields in an internal space of freedom. That generator

satisfies a Lie Algebra,

[T a, T a ] = ifabc T c. (2.130)
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We want to keep the kinetic term Φ†eqV Φ, invariant under gauge transformation Φ→ eiqΛΦ but

the noncommutative nature of Λ and V enforces a nonlinear transformation law V → V ′,

eV
′

= e−iΛ
†
eV eiΛ

= exp{V + i( Λ− Λ†) +
1

2
i
[
V ,Λ + Λ†

]
+ ...}.

Then we can deduce the transformation for the vector superfied V ,

V ′ = V + i( Λ− Λ†) +
1

2
i
[
V ,Λ + Λ†

]
+ ...

An important fact is that this transformation above is independent of the particular representation

of the gauge group, since the last transformation can be expressed as V ′ = V ′aT a. The field

strength we defined before in (2.94) and (2.95) must be redefined to be invariant under non-

abelian gauge transformations. An appropriate definition is

WA := −1

4
(D̄D̄)e−gVDAe

gV ,

W̄Ȧ := −1

4
(DD)e−gV D̄Ȧe

gV . (2.131)

Expanding WA, we can see how much it has changed. In the same way we calculated WA (2.100)

for the abelian case, we get

W a
A = λaA + θAD

a + (σµνθ)AF
a
µν − i(θθ)σµ

AḂ
Dµλ̄

Ḃ a, (2.132)

where,

F aµν = ∂µV
a
ν − ∂νV a

µ + gfabcV b
µV

c
ν , (2.133)

Dµλ̄
a = ∂µλ̄

a + gV b
µ λ̄

c fabc. (2.134)

If we replace W a
AT

a in 2.120 with coupling g,

Sgauge =

∫
d4x d2θ d2θ̄{ 1

4g2
WAWAδ

2(θ̄) +
1

4g2
W̄ȦW̄

Ȧδ2(θ)} (2.135)

we get,

Sgauge =

∫
d4x { 1

2g2
DaDa − 1

4g2
F aµνF

µν a − 1

g2
iλa σµDµλ̄

a}. (2.136)

Note that with this convention, the vector fields Aµ and the gaugino (gluino) field λα contain

the coupling constant and hence, in accordance with the non-abelian gauge symmetry are not

renormalized.
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The kinetic term for non-abelian gauges theories is the same we developed in eq. (2.121). The

scalar potential will be

V (A∗, A) = |F |2 +
1

2g2
DaDa. (2.137)

2.4.3.1 The NVSZ β function for N = 1 SUSY gauge theories

As we know, the β-function in quantum field theory encodes information about the behavior of

the couplings of the theory with the energy scale. It is defined by [10]

β(g) =
∂g

∂ logµ
, (2.138)

for a theory with coupling g and scale µ. This function can be positive, negative or zero. The

β = 0 case is special, since it says that the theory is conformal.

For supersymmetric field theories, that β-function can be also calculated. Actually, for a

general supersymmetric gauge theories, the β-function can be calculated exactly. That is what

V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I Zakharov did in 1986 by using instanton

methods for a SU(N) gauge group [11,12]. Let us review some facts about it.

The bare lagrangian of an N = 1 supersymmetric gauge theory with generic matter content

is given by [13–15],

L =

∫
d2θ

1

4g2
WAWA + h.c +

∫
d2θ

∑
i

Φ†ie
ViΦi + h.c, (2.139)

where WA is the supersymmetric field strength and {Φi} is a set of scalar superfields. The gauge

coupling is complexified as

1

g2(M)
→ 1

g2
h(M)

=
1

g2(M)
+ i

θ(M)

8π2
=
τ(M)

4π
, (2.140)

where g(M) and θ(M) stands for the bare coupling constant and vacuum parameter, M being

the ultraviolet cutoff. By generalized nonrenormalization theorem4, the effective Lagrangian at

scale µ ( one loop corrections only ) takes the form

L =

∫
d2θ

1

4

(
1

g2
+

b0
8π2

log
M

µ

)
WAWA + h.c +

∫
d2θ

∑
i

Zi(µ,M)Φ†ie
ViΦi + h.c, (2.141)

4The nonrenormalization theorems state that the superpotential is not renormalizable, i.e. it does not receive

quantum corrections. Furthermore, the gauge field term is renormalized only through the gauge coupling τ ,

such that its dependence is preserved. Moreover, the Adler-Bardeen theorem ensures that τ receives quantum

contributions only at first order, i.e. through 1-loop graphs. The kinetic term on the other hand does receive

renormalization at perturbative level.



CHAPTER 2. SUPERSYMMETRIC FIELD THEORIES 36

where b0 = −3Nc +
∑

i TF i. The factor Zi(µ,M) in front of the kinetic term represents the

change of the parameters with the scale µ.

In order to work with canonically normalized matter fields, we need to make the standard

change of variable Φi = Z
−1/2
i Φ

(R)
i , but the measure in the path integral, DΦiDΦ†i , is not invariant

under this change, and there is an anomalous Jacobian [16]. It is exactly known and cutoff

independent,

D(Z
−1/2
i Φi)D(Z

−1/2
i Φ†i ) = DΦiDΦ†ie

−
∑
i
TF

32π2 logZi(µ,M)
∫
d4xd2θWAWA+h.c. (2.142)

Then, at scale µ, the renormalized lagrangian is

L =

∫
d2θ

1

4g2
h

WAWA + h.c +

∫
d2θ

∑
i

Φ
†(R)
i eViΦ

(R)
i + h.c, (2.143)

where,
1

g2
h

≡ 1

g2
+

b0
8π2

log
M

µ
− 2

∑
i

TF
16π2

logZi(µ,M). (2.144)

The beta function can be calculated as the real part of

1

µ

∂

∂µ

(
1

g2
h

)
= −2

1

µ

1

g3
h

∂

∂µ
gh → βh(µ) = −1

2
g3
h

1

µ

∂

∂µ

(
1

g2
h

)
,

to obtain

βh(µ) = −
g3
h

8π2

(
3

2
Nc −

1

2

∑
i

TFi(1− γi)

)
, (2.145)

where γi = − 1
µ
∂
∂µZ(µ,M) is the anomalous dimension. The “holomorphic” coupling constant

gh(µ) is well-behaved as M →∞ with µ finite.

Remember that the gauge term in (2.143) is given by (2.136) is not normalized yet. One would

naively think that canonical normalization can be easily achieved through the following scaling

redefinition V = gcVc ( and so its components given in (2.91)). The analogous Jacobian coming

from this redefinition is

D(gcVc) = DVc e
Nc

32π2 log g2
c

∫
d4xd2θWAWA+h.c (2.146)

and as consequence, it leads to the change of the coupling constant coming from canonical nor-

malization,

Re
1

g2
h

=
1

g2
c

+
Nc

8π2
log g2

c , (2.147)
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as a way to reconcile holomorphy and renormalization. Then, the NSVZ beta function follows

from (2.145) and (2.147) [6, 13–15],

βc(g) = − g3
c

8π2

3
2Nc − 1

2

∑
i TFi(1− γi)

1−Ncg2
c/8π

2
. (2.148)

As we will see later, a conformal gauge theory will impose an equation for the γi’s, the so-called

critical surface which is parametrized by the coupling of the theory.

In the calculations above there are some subtle details connecting exact and perturbative

results. The so-called anomaly puzzle in SUSY gauge theories arises as follows. In N = 1 SYM

theory, the R-symmetry, which is just U(1), has an anomaly [13]. This anomaly is known to

be exactly of 1-loop order because of the Adler-Bardeen theorem (see [11, 13] and the original

reference therein), implying that its trace (the trace anomaly) is exhausted also at 1-loop. On

the other hand, this trace anomaly, which in turns represents the trace of the stress tensor, is

proportional to the β function and receives higher-order contributions. Then, apparently, the β

function is exactly of 1-loop order. However, explicit perturbative calculations show that there

are higher-order corrections. This is the puzzle.

Shifman and Vainshtein presented the solution to this puzzle [11]. They distinguished between

the wilsonian holomorphic gauge coupling gh appearing in the effective action, wich runs at 1-

loop, and the physical coupling gc, which receives higher-order corrections. This distinction led

to the NSVZ β function.

2.5 Conformal and superconformal symmetry in d dimensions

An interesting generalization of Poincaré symmetry is the addition of scale invariance, linking

physics at different scales. Theories that are invariant under both conformal and Poincaré trans-

formations are called conformal field theories. These extra symmetries allow to get information

and even solve the theory, just exploiting the consequences of the symmetries.

We will see that something special occurs when the dimension of the spacetime is d = 2. So,

let us introduce first the conformal group and its respective algebra for any d. There are many

good textbooks on conformal field theory, in this section we recommend [17–19]. There are also

other standard references in the context of string theory as [20–22]
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2.5.1 The conformal group and the conformal algebra

Conformal transformations are those that preserve the angle between two lines. Mathematically,

the conformal transformations preserve the form of the metric up to an arbitrary scale factor. In

other words,

ηρσ
∂x′ρ∂x′σ

∂xµ∂xν
= Λ(x)ηµν , (2.149)

where the positive function Λ(x) is called the scale factor. Note also we are dealing with flat

spaces. Now, let us study infinitesimal coordinate transformations up to first order

x′ρ = xρ + ερ(x) +O(ε2). (2.150)

Then, following (2.149), we get

ηρσ
∂x′ρ∂x′σ

∂xµ∂xν
= ηµν + (∂µε

ν + ∂νε
µ) +O(ε2). (2.151)

The second term can be written as

∂µεν + ∂νεµ = K(x)ηµν , (2.152)

where K(x) is some function that allow to perturb the flat metric η. This function can be obtained

easily, by tracing the last equation out

K(x) =
2

d
∂µεµ. (2.153)

So, the condition for the infinitesimal transformation is

∂µεν + ∂νεµ = K(x)ηµν =
2

d
∂ · ε ηµν . (2.154)

The scale factor Λ is

Λ(x) = 1 +
2

d
∂µεµ +O(ε2). (2.155)

The infinitesimal coordinate transformation (2.150) must contain the conformal and the Poincaré

transformations. It is possible to show that the infinitesimal function εµ(x) is at most quadratic

in x, and so we can make the following ansatz

εµ(x) = aµ + bµνx
ν + cµνρx

νxρ, (2.156)

where aµ, bµν and cµνρ are small constants. The explicit for of these constants can be easily ob-

tained by taking derivatives of (2.154) and replacing our ansatz in them. After some calculations,
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• bµν = αηµν +mµν where α is some scale, and mµν represents infinitesimal rotations.

• cµνρ = ηµρbν + ηµνbρ − ηνρbµ where bµ = 1
dc
ρ
ρµ.

Thus, ε will have the final form,

εµ(x) = aµ + αxµ +mµνx
ν + 2(b · x)xµ − (x · x)bµ. (2.157)

The last two terms are referred to Special Conformal Transformations (SCT). The finite form of

this transformation is

xµ → x′µ =
xµ − (x · x)bµ

1− 2(b · x) + (b · b)(x · x)
. (2.158)

The whole finite conformal transformations and corresponding generators can be summarized as

Translation x′µ = xµ + aµ Pµ = −i∂µ

Dilation x′µ = αxµ D = −ixµ∂µ

Rotation x′µ = Mµ
νxν Lµν = i(xµ∂ν − xν∂µ)

SCT x′µ = xµ−(x·x)bµ

1−2(b·x)+(b·b)(x·x) Kµ = 2(b · x)xµ − (x · x)bµ

Table 2.1: Conformal transformations

It is important to note that the SCT can be thought as a sequence of inversion, translation

and inversion transformations,
x′µ

x′ · x′
=

xµ

x · x
− bµ (2.159)

or,

x′µ =
xµ

x·x − b
µ

( x
µ

x·x − bµ)2
.

Notice also that the Special Conformal Transformations are not globally well defined when xµ =

1
b·bb

µ, so

1− 2(b · x) + (b · b)(x · x) = 0.
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The transformations in Table 2.1 obey the following algebra,

[D,Pµ ] = i Pµ,

[D,Lµν ] = 0,

[D,Kµ ] = −i Kµ,

[Kµ, Pν ] = 2i {ηµν D − Lµν},

[Kρ, Lµν ] = i {ηµρKν − ηνρKµ},

[Pρ, Lµν ] = i {ηµρ Pν − ηνρ Pµ},

[Lµν , Lρσ ] = i {ηνρ Lµσ + ηµσ Lνρ − ηµρ Lνσ − ηνσ Lµρ}. (2.160)

which is known as Conformal Algebra. The number of generators, the dimension of the algebra,

is easily determined as

N = d+ 1 +
d(d− 1)

2
+ d =

(d+ 2)(d+ 1)

2
.

In order to put the above rules into a simpler form, we define the following generators

Jµ,ν = Lµν ,

J−1, µ =
1

2
(Pµ −Kmu),

J−1,0 = D,

J0, µ =
1

2
(Pµ +Kmu), (2.161)

where Jm,n = −Jm,n with m,n = {−1, 0, 1, ..., d − 1}. These generators satisfy the following

commutation relations,

[ Jmn, Jrs ] = i {ηms Jnr + ηnr Jms − ηmr Jns − ηns Jmr}. (2.162)

It is worth to see that the dimension of this algebra is the same that we found before, since we

just redefined the generators. But the algebra (2.162) with (d+2)(d+1)
2 generators, represents the

SO(d+1, 1) algebra5. Then, we conclude that the conformal algebra is isomorphic to SO(d+1, 1).

An important property in conformal theories is that the energy-momentum tensor is traceless

for arbitrary d. This is easy to show by writing the scaling of the metric as

gµν(x)→ eσ(x)gµν(x). (2.163)

5For Euclidean d-dimensional space Rd,0, the metric η we used above was ηmn = diag(1, 1, ..., 1). If we consider

Minkowski space, the metric will be ηmn = diag(−1, 1, ..., 1), and the conformal group SO(d, 2) [17].
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Then δgµν = σ(x)gµν . The energy-momentum tensor is defined as usual by

Tµν(x) = − 2
√
g

δW [ g ]

δgµν(x)
. (2.164)

Invariance under scaling leads to

0 = δW [ g ] = −1

2

∫
ddx
√
g T µ

µ σ(x). (2.165)

Hence T µ
µ = 0. This is one of the most important constraints in order to consider a classical

field to be conformal.

Conformal anomaly

As we know from quantum field theory, anomalies represent the breaking of classical symmetries.

Conformal symmetry is sensitive to quantization, and in the context of string theory, cancellation

of this anomaly in the Polyakov formalism leads to the critical dimension (see [21]).

2.5.1.1 Conformal symmetry in d = 2

There are very interesting features of the conformal group in two dimensions [17, 19, 23]. The

condition for infinitesimal conformal invariance (2.154) reduces to the usual Cauchy-Riemann

conditions of the complex analysis,

∂0ε0 = ∂1ε1 , ∂0ε1 = −∂1ε0. (2.166)

Then, it is natural to work in complex coordinates,

z = x0 + i x1 , z̄ = x0 − i x1. (2.167)

An infinitesimal conformal transformation will acquire the following form

z → f(z), (2.168)

where f(z) = z+ ε(z), since ε(z) = ε0 + i ε1 must be holomorphic because of (2.166). The metric

transforms as

ds2 = dzdz̄ → ∂f

∂z

∂f̄

∂z̄︸ ︷︷ ︸
| ∂f∂z |

2
scale factor

dzdz̄. (2.169)

The function ε(z) is holomorphic, but it can be promoted to a meromorphic function having

isolated singularities outside the open set where the function is holomorphic. Then it is possible
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to perform a Laurent expansion of ε(z) around z = 0. So the conformal transformation can be

written as

z′ = z + ε(z) = z +
∑
n∈Z

εn(−zn+1), (2.170)

z̄′ = z̄ + ε̄(z) = z̄ +
∑
n∈Z

ε̄n(−z̄n+1), (2.171)

where εn and ε̄n are infinitesimal constant parameters. It is possible to note, by making an

infinitesimal transformation of any field, that the generators of transformations for each n are

ln = −zn+1∂z,

l̄n = −z̄n+1∂z̄. (2.172)

These generator obey a particular conformal algebra,

[ lm, ln ] = (m− n) lm+n,[
l̄m, l̄n

]
= (m− n) l̄m+n,[

lm, l̄n
]

= 0, (2.173)

which is infinite dimensional since n ∈ Z. Since the ln’s and the l̄n’s satisfy independent algebras

(Witt algebras), it is customary to treat z and z̄ as independent variables. So, actually we are

considering C2 instead C. Despite the algebra is infinite, there are only three of those generator

that close to form the algebra for the global conformal transformations we saw before. In order

to do that we need to compactify R2 into a Riemann sphere C∪{∞}6. Then, the globally defined

conformal transformations on this compactified space is generated by { l−1, l0, l1 }.

The operator l−1 = −∂z, generates translations z → z + b. The operator l0 and l̄0 form

together dilations and rotations as lo + l̄0 = −r∂r and i (lo + l̄0) = −∂φ, respectively. In order to

have these expressions we expressed the z variable in polar coordinates. The SCT’s are generated

by l1. Then, the conformal transformations has the following form

z → az + b

cz + d
, (2.174)

with a, b, c, d ∈ C. And, in order for this transformation to be invertible (z → z′ → z), these

constants must satisfy ad − bc = 1. The last expression is also invariant under Z2. Then,

6Note that we are focusing only in ln, one copy of the Witt algebra.
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in order to “factorize out” this symmetry, we need to divide the SL(2,C) (symmetry group

generated by l−1,0,1) by this group. The conformal group then is known as the Möbius group [17]

SL(2,C)/Z2 = SO(3, 1).

As we will see in the next chapter, the Witt algebra admits a central extension, i.e. an extra

term proportional to the unit. This es known as the Virasoro algebra.

2.5.2 Constraints of conformal invariance in d dimensions

Back to arbitrary d, we will study how this new symmetry constraints the theory, in particular,

the correlation functions.

2.5.2.1 Representations of the conformal group

The conformal group of spacetime consists of coordinate transformations that include as we

saw, dilations, special conformal transformations and the inhomogeneous Lorentz transformations

whose generators satisfy the algebra (2.160). The subgroup of conformal transformations that

leaves x = 0 invariant is given by special conformal transformations. dilations and homogeneous

Lorentz transformations. From the algebra (2.160) one finds that the Lie algebra of this subgroup

is isomorphic to a Poincaré algebra + dilations [24],

(SO(3, 1)⊗ {D})⊗ T4.

The four-dimensional translation subgroup T4 corresponds to the special conformal transforma-

tions, and SO(3, 1) is the spin part of the Lorentz group. Then, given a representation of the

“little” group, we can now determine the complete action of the generators of the whole conformal

group on the field ϕ as follow. On the field ϕ we have, for every element X of the conformal

algebra,

Xϕ(x) = exp(−i Pµx
µ)X ′ϕ(0), (2.175)

where,

X ′ = exp(+i Pµx
µ)X exp(−i Pµx

µ),

=

∞∑
n=0

in

n!
xµ1 ... xµn [Pµ1 , [... [Pµn , X] ...] ] , (2.176)

by using the Hausdorff formula. The sum on the RHS of (2.176) is actually finite. From the

commutations rules (2.160) it is found by inspection that there are most three non-vanishing
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terms in the sum. Evaluating the finite commutators. For example, for X = Kµ we obtain

exp(+i Pµx
µ)Kα exp(−i Pµx

µ) = Kα − 2xβ(gαβD +Mαβ) + 2xαx
βPβ − x2Pα. (2.177)

Thus, we can apply this operation to deduce the action of Kµ, D and Mµν on ϕ(x), since the

action on ϕ(0) is known by hypothesis; e.g. Kµϕ(0) = κµϕ(0). The final results are

Pµϕ(x) = i∂ϕ(x),

Mµνϕ(x) = { i(xµ∂ν − xν∂µ) + Σµν }ϕ(x),

Dϕ(x) = { ixν∂
ν + δ}ϕ,

Kµϕ(x) = { i( 2xµxν∂
ν − x2∂µ − 2ixν [ gµν∆ + Σµν ]) + κµν}ϕ(x), (2.178)

where the matrices Σµν , ∆ and κµ are the infinitesimal generator corresponding to Lorentz

transformations, dilations and special conformal transformations, respectively, and satisfy (2.160).

So, we have shown that all field theoretically admissible representation of the conformal algebra

are induced by a representation of the algebra of the little group that leaves the point x = 0

invariant.

2.5.2.2 Conformal invariance, correlation functions and OPE’s

It is worth to show how the conformal symmetry allows to “solve” part of the theory without

reference to an action, i.e. to find the correlation functions of the theory, up to structure constants

depending of the theory. If we assume conformal invariance in a theory, at quantum level, those

correlation functions must be related by that symmetry. This property is precisely that we will

exploit to anticipate its spacetime dependence. The two-point function for scalar fields,

〈φ1(x1)φ2(x2)〉 =
1

Z

∫
[dφ]φ1(x1)φ2(x2) exp{−S[φ]}. (2.179)

We assume that, according to

〈φ1(x′1)φ2(x′2)〉 = 〈F(φ1(x1))F(φ2(x2))〉, (2.180)

where F describes the functional change of the field under some transformation, the two-point

function can be then written as

〈φ1(x1)φ2(x2)〉 =

∣∣∣∣∂x′∂x

∣∣∣∣∆1/d

x=x1

∣∣∣∣∂x′∂x

∣∣∣∣∆2/d

x=x2

〈φ1(x′1)φ2(x′2)〉, (2.181)
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where the scalar fields are chosen to be quasi-primary7, i.e. they transform as

φ(x)→
∣∣∣∣∂x′∂x

∣∣∣∣∆1/d

φ(x′). (2.182)

Under scaling x→ λx, then
∣∣∣∂x′∂x ∣∣∣∆/d = λ∆. For (2.181) we get

〈φ1(x1)φ2(x2)〉 = λ∆1+∆2〈φ1(λx1)φ2(λx2)〉. (2.183)

If we impose also invariance under rotation and translation, the two-point function will be

〈φ1(x1)φ2(x2)〉 =
C12

|x1 − x2|∆1+∆2
. (2.184)

The finite special conformal transformation was given in Table(2.1), then,∣∣∣∣∂x′∂x

∣∣∣∣ =
1

(1− 2b · x+ b2x2)d
=

1

γd
.

Replacing in (2.181), and requiring invariance as

C12

|x1 − x2|∆1+∆2
=

C12

γ∆1
1 γ∆2

2

(γ1γ2)(∆1+∆2)/2

|x1 − x2|∆1+∆2
, (2.185)

we deduce that two quasi-primary fields are correlated only if they have the same scaling dimension

∆1 = ∆2 = ∆. (2.186)

Finally, the two-point function for scalar fields with scalar dimension ∆ is

〈φ1(x1)φ2(x2)〉 =
C12

|x1 − x2|2∆
. (2.187)

The three-point function is found performing the same analysis. Rotation, translation and dilation

invariance require that the three-point function has the following form

〈φ1(x1)φ2(x2)φ3(x3)〉 =
C123

|x1 − x2|a|x2 − x3|b|x1 − x3|c
, (2.188)

where a+b+c = ∆1 +∆2 +∆3, which come from the invariance under dilations. Invariance under

special conformal transformations allows to find a, b and c as functions of the scaling dimensions

∆i,
C123

xa12x
b
23x

c
13

=
1

γ∆1γ∆2γ∆3

(γ1γ2)a/2(γ2γ3)b/2(γ1γ3)c/2

xa12x
b
23x

c
13

, (2.189)

7The rest of fields can be expressed as linear combinations of quasi-primary fields and its derivatives.
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by requiring invariance we get a system of equations

2∆1 = a+ c

2∆2 = a+ b

2∆3 = b+ c (2.190)

Then, we can solve them

a = ∆1 + ∆2 −∆3

b = ∆2 + ∆3 −∆1

c = ∆3 + ∆1 −∆2 (2.191)

The three-point function then can be written as

〈φ1(x1)φ2(x2)φ3(x3)〉 =
C123

|x1 − x2|∆1+∆2−∆3 |x2 − x3|∆2+∆3−∆1 |x1 − x3|∆3+∆1−∆2
. (2.192)

The structure constant C123 will depend of the theory. The four-point function is not possible

to write explicitly by conformal invariance as we were doing above. Instead, we could define the

so-called harmonic ratios as

r =
x12x34

x13x24
and s =

x12x34

x23x14
, (2.193)

which are conformally invariant. Then, the n-point function, for n ≥ 4, may have an arbitrary

dependence on these harmonic ratios as, e.g. for n = 4

〈φ1(x1)φ2(x2)φ3(x3)φ4(x4)〉 = f(r, s)
4∏
i<j

x
∆/3−∆i−∆j

ij , (2.194)

where ∆ =
∑4

i=1 ∆i. The function f(r, s) may be singular only when two of the four points

coincide, so

r = 0 , s = 1 , r = 1 , s = 0 , r = s =∞, (2.195)

for all the other choices of (r, s) the function f must have finite values. The correlation function

must also respect crossing symmetry if some of the fields in the correlation function are equal,

if ∆1 = ∆3 f(r, s) = f(s, r),

if ∆1 = ∆2 f

(
r

s
,
1

s

)
= f(r, s),

if ∆1 = ∆4 f

(
1

r
,
s

r

)
= f(r, s). (2.196)
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We can also use the two- and three-point functions as fundamental objects in order to construct

correlation functions for n ≥ 4 by bringing two operators to the same point and defining an

Operator Product Expansion (OPE).

Let us review how this OPE can reduce products of fields inside correlators [17,18,21]. Given

a correlation function in a d-dimensional field theory

〈A(x)B(y)φ2(x2)...φn(xn)〉. (2.197)

Then, we will be interested in its behavior when x → y, i.e. when the operators A(x) and B(y)

approach one another. Wilson was who has the idea to replace the product A(x)B(y) by

A(x)B(y) =
∑
l

Cl(x− y)Ol(y), (2.198)

where Ol are a set of local operator and Cl are their coefficients which depend on only x−y. OPE’s

are valid only within the correlation function and as such operators which appear in them must

be regarded as being normal ordered. If the expansion (2.198) holds, the four-point correlation

function can be expanded as follows

〈φ1(x1)φ2(x2)φ3(x3)φ4(x4)〉 =
∑
k

Ck12(x1 − x2)〈φk(x2)φ3(x3)φ4(x4)〉. (2.199)

Then, we can construct a four-point function from combinations of three-point functions, that we

can write explicitly from the theory. Now, let us consider the supersymmetric extension of the

conformal group.

2.5.3 The superconformal algebra and its representations

We saw that one generalization of the Poincaré algebra was adding supersymmetry, which in-

cludes additional fermionic operators Q. It is interesting to ask whether supersymmetry and the

conformal group can be joined together to form the largest possible simple algebra including the

Poincaré group. In addition to the generators of the conformal group, given in (2.160), and the

supersymmetry, (2.1), the called superconformal algebra include two other types of generators.

There are fermionic generators (one for each supersymmetry generator) coming from the commu-

tator of Kµ with Q, and there are (sometimes) R-symmetry generators forming some Lie Algebra,

which appear as the anticommutator of Q with S. The full classification of the superconformal
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algebra was given by Nahm [25]. The superconformal algebras, in addition to (2.1), read as8

{Qaα, Qbβ } = {Sαa, Sβ b } = {Qaα, S̄bβ̇ } = 0,

{Qaα, Q̄β̇ b } = 2σµ
αβ̇
Pµδab ,

{Saα, S̄β̇ b } = 2σµ
αβ̇
Kµδab ,

{Qaα, Sβ b } = εαβδ
a
b (D + T ab ) +

1

2
δab Mµνσ

µν
αβ. (2.200)

In general, the generator of a superalgebra can be considered to be matrix elements in a vector

space with both commuting and anticommuting components. The matrices take the formconformal group Q, S̄

Q̄, S R-symmetry


The generators of the bosonic subalgebra appear in the diagonal blocks. All structure relations

are straightforward from this representation.

2.6 N = 4 SU(N) superconformal Yang Mills theory in d = 4

Four dimensional N = 4 supersymmetric Yang-Mills theory is a very special quantum field

theory. Its action was given for the first time in [26, 27]. As we saw before in (2.43), N = 4

supersymmetry contains a gauge field Aµ , four Weyl fermions λaα, and six real scalars Φm. Let us

see, how this theory and its corresponding lagrangian are obtained by dimensional reduction of

a ten-dimensional N = 1 super Yang-Mills theory on a T 6 (a six-dimensional torus). This latter

contains a gauge field AM and a Weyl spinor λα, as can be seen in our treatment for N = 1 with

field content given in (2.19) and (2.20).

We begin with a ten dimensional N = 1 super Yang Mills theory, whose lagrangian is (see

(2.136)) [7, 26,28]

L10 = tr

{
− 1

2g2
YM

FMNF
MN − θ

8π2
FMN F̃

MN + i
1

g2
YM

λ̄ΓMDMλ

}
, (2.201)

where λ is the gaugino field and Γ is the set of 32× 32 Gamma matrices in ten dimensions. They

satisfy the algebra,

{ΓM ,ΓN } = 2ηMN , (2.202)

8 The exact form of the commutation relations is different for different dimensions and for different symmetry

groups. Here, we will focus in d = 4.
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where M,N = 0, 1, ..., 9, and,

F̃MN =
1

2
εMNABF

AB. (2.203)

In order to get a theory in four dimensions, we need to compactify six of the ten dimensions. We

choose the torus T 6 = S1 × ...× S1 (six factors), and split the spacetime as M10 = M4 × T 6. We

also assume that the fields depend only on the four-dimensional coordinates. Then, gauge field

will splits in Aµ(x0, ..., x3), where µ = 0, ...3, and Φm(x0, ..., x3), where m = 1, ..., 6. The gaugino

λ(x0, ..., x3) is a 16-component chiral spinor of SO(1, 9), which is broken to SO(1, 3) × SO(6)

because of the compactification. We have considered a Majorana-Weyl spinor 16, which in turns

decomposes as (see [22])

16→ (2,4) + (2̄, 4̄), (2.204)

where 2 and 2̄ are Weyl spinors living in SO(1, 3), and ,4 and 4̄ corresponding to spinors in

SO(6) ∼= SU(4). In d = 10, Gamma matrices also split as

Γµ = γµ ⊗ 18×8 , (µ = 0, ..., 3) , Γm = γ5 ⊗ γm (m = 1, ..., 6).

Here, γm is the set of 8× 8 Gamma matrices in six dimensions, and γ5 = iγ0γ1γ2γ3.

In this representation λ in ten dimensions could be written as two complex spinors according

to (2.204) by

λaα , λ̄α̇b (α, α̇ = 1, 2 , a, b = 1, ..., 4). (2.205)

So the algebra of supersymmetry generators will be

{Qaα, Q̄β̇b } = 2σµ
αβ̇
Pµ δ

a
b, (2.206)

which is the algebra for N = 4 supersymmetry. Now, let us see how the lagrangian (2.201)

changes under dimensional reduction. Remember that we did the fields in N = 1, dependent

only on coordinates on M4. The field strength FMN will split as

Fµν = ∂µAν − ∂νAµ − igYM [Aµ, Aν ] ,

Fµm = ∂µΦm − igYM [Aµ,Φm ] ≡ DµΦm,

Fmn = −igYM [ Φm,Φn ] . (2.207)

Then the first term in (2.201) can be written by

FMNF
MN = FµνF

µν + 2DµΦmD
µΦm − g2

YM [ Φm,Φn ]2 . (2.208)
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The kinetic term for the spinor λ in ten dimensions will read as

i λ̄ΓMDMλ = i λ̄ΓµDµλ+ gYM λ̄Γm [ Φm, λ ] , (2.209)

and,

FMN F̃
MN = FµνF̃

µν . (2.210)

Here we have considered the fact that the only SU(4) invariant tensor in four dimensions is εµνρσ.

Then we obtain an N = 4 super Yang-Mills theory in four dimensions [6, 28–30],

L4 = tr{− 1

2g2
YM

FµνF
µν − θ

8π2
FµνF̃

µν − 1

g2
YM

DµΦmD
µΦm +

1

2

∑
m,n

[ Φm,Φn ]2

+ i
1

g2
YM

λ̄ΓµDµλ+
1

gYM
λ̄Γm [ Φm, λ ] }. (2.211)

Rescaling the fields as (Aµ,Φi, λ )→ gYM (Aµ,Φi, λ ) we get,

L4 = tr{−1

2
FµνF

µν − θ

8π2
FµνF̃

µν −DµΦmD
µΦm +

g2
YM

2

∑
m,n

[ Φm,Φn ]2

+ i λ̄ΓµDµλ+ g2
YM λ̄Γm [ Φm, λ ] }. (2.212)

2.6.1 Symmetries of N = 4 SYM

If we make explicit the SU(4) indexes, we can show that the terms involving Weyl spinors are

invariant under SU(4), and since the supersymmetry operators Q and Q̄ are also Weyl spinors,

this group also rotate them. So the SU(4) group is actually the R-symmetry of N = 4 super

Yang-Mills in four dimensions. But there is a subtle detail, we know that the N = 4 SUSY algebra

has actually a U(4) R-symmetry given by the action on the generators Q, Qa → U b
a Qb, where

U b
a is a U(4) matrix. In four dimensions N = 4 is special, the diagonal part of the R-symmetry

generator decouples from the algebra, as can be seen explicitly from the commutators in [28,31].

The second term in (2.211) has an very special meaning, it allows to violate CP invariance in

order to include magnetic monopoles (dyons) with non-integer magnetic charges without spoiling

renormalizability [29,32]. We are not to deal with this topic here.

In addition, there are two more ways to formulate N = 4 SYM. First in terms of N = 1

superfields, one vector V and three chiral Φ superfields all in the adjoint representation of the

gauge group. And it is also worth to consider N = 2 multiplets (a vector and a hypermultiplet),

which are useful in instanton calculus.
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Clasically the action (2.211) is scale invariant. This may be seen by assigning the standard

mass dimensions to the fields and couplings,

[Aµ ] = [ Φ ] = 1 , [λ ] =
3

2
, [ g ] = 0. (2.213)

Then all terms in the lagrangian are of dimension 4, from which scale invariance follows. Then our

action (2.211), possesses together with SU(4)R and N = 4 supersymmetry, conformal invariance.

Moreover, the gauge theory is in general SU(N), since we can give internal degrees of freedom to

the gauge field, Aµ → Aaµ. We could see that the global invariance group is actually larger. If we

calculate the corresponding energy-momentum tensor of (2.211) or (2.212) as usual by means of

Tµν = ∂νX
∂L

∂ ∂µX
− gµν L, (2.214)

where X = (Aµ,Φi, λ ). We easily show that T µ
µ = 0. Then, N = 4 SYM is classically confor-

mal. For this reason, the theory is invariant under the full conformal group, that in Minkowski

four-dimensional space is SO(2, 4) ' SU(2, 2). Moreover, we know that combination of confor-

mal invariance with supersymmetry gives rise to a more general and extended symmetry group.

Our theory thus exhibits superconformal symmetry, with four supersymmetry generators. This

symmetry group is denoted as PSU(2, 2|4), with subgroups

• four dimensional conformal transformations SO(2, 4),

• maximally extended global supersymmetry,

• and SU(4) R-symmetry.

To summarize, at the classical level we are dealing with a four-dimensional interacting gauge

theory with a huge global invariance. This is the most constrained interacting theory without

gravity in four dimensions.

Conformal quantum symmetry

We ask whether or not this theory preserves its symmetries, in particular the conformal, at the

quantum level. Due to its relation with Poincaré invariance, supersymmetry cannot be anomalous,

so it is preserved also at quantum level. As we saw in section (2.4.3.1), NSVZ β function at one

loop for SU(N) SYM in the N = 1 language is proportional to ( 3T (G)−
∑

i TFi ). Since, from the
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section (2.2.2.4), a N = 4 vector consists of a N = 1 vector and three N = 1 chiral superfields,

we say that the NVSZ β function vanishes to all orders. Thus, it is conformal invariant.

This theory gives rise to 32 supercharges (since in any conformal theory, the supersymmetries

are doubled). Then we say that the theory is maximally supersymmetric. It also displays a

(strong/weak) S-duality under which the complexified coupling constant (as given in (2.140)),

τYM =
θYM
2π

+
4πi

g2
YM

, (2.215)

transforms into −1/τYM
9. This combines with shifts in θYM to complete the group SL(2,Z)

(see [6,9]), as we will see later, this symmetry exists also in type IIB SUGRA, and motivates one

test for the AdS/CFT correspondence.

2.6.2 Spectrum of N = 4 SYM

Now we are interested in analysing more conformal properties in this theory. For this reason, a

classification of the local operators of the theory in the superconformal phase is a good starting

point.

2.6.2.1 Superconformal multiplets of local operators

In this section we construct local, gauge invariant operators in the theory that are polynomial

in the fundamental fields. This restriction stems from the fact that such operators must have

definite dimensions. The properties of the adjoint representation of SU(N) determine that such

operators necessarily involve traces of products of fields.

The canonical field Φm, λa and Aµ have unrenormalized dimensions, given by 1, 3/2 and 1

respectively. But gauge invariant operators will be constructed rather from the gauge covariant

objects Φm, λa and Fµν and also the covariant derivative Dµ, whose dimensions are

[ Φm ] = [Dµ ] = 1 [Fµν ] = 2 [λa ] =
3

2
. (2.216)

If we ignore for now the renormalization effects of composite operators, we see that all operator

dimensions will be positive and that the number of operators whose dimension is less than a given

number is then finite.

9A particular case may be seen for θYM = 0, where the map for gYM is gYM → 1/gYM . As we will see later,

this will correspond to the map λ→ N2/λ in the ’t Hooft coupling. We say that a weak (strong) coupled theory

has been mapped into a strong (weak) coupled one. This statement will be important in Chapter4.
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Now we introduce the idea of superconformal primary operator [7], since the conformal super-

charges S given in (2.200) have dimension −1/2 (as is easy to see since Kµ has dimension −1),

successive application of S to any operator of definite dimension will lead eventually to an oper-

ator with dimension 0, otherwise we would start generating operators with negative dimension,

which are not allowed in unitary representations. Therefore, we define a superconformal primary

operator O to be a non-vanishing operator such that,

[S,O ]± = 0 , O 6= 0. (2.217)

We could define a superconformal primary operator equivalently as the one with lowest dimension

in a given superconformal multiplet or representation. Now, let us define the superconformal

descendant operator, O, as

O = [Q,O′ ]±. (2.218)

where O′ is a well-defined local polynomial gauge invariant operator. Then we say that O is a

descendant of O′, and belongs together O to the same superconformal multiplet. From (2.218)

we say that their conformal weights are related by ∆O = ∆O′ + 1/2, where ∆, the conformal

dimension, is eigenvalue of the dilation operator and can be read off from the two-point function,

as we learn in (2.187)10

〈O(x)O(0)〉 ∼ 1

x2∆
. (2.219)

The operator O can never be a superconformal primary operator because there is in the same

multiplet at least one operator O′ operator with lower dimension than O. Thus, all local gauge-

invariant operators which are not superconformal primaries can be derived fom one of the super-

conformal primaries by successive

O′(x) = [Q, [Q, ..., [Q,O(x) ] ] ]±. (2.220)

Such operators are called superconformal descendants of O′. As a result, in a given irreducible

superconformal multiplet, there is only one superconformal primary operator (the one of lowest

dimension) and all others are superconformal descendants of this one.

In N = 4 SYM, we construct superconformal primary operators by using the fact that a

superconformal primary operator cannot be a Q-commutator of another operator, since they

10In general ∆ depends on the ’t Hooft coupling, i.e. ∆ = ∆0 + γ(λ), where ∆0 is the classical dimension and γ

is called the anomalous dimension.
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are descendants. Thus, by commuting each canonical field in N = 4 SYM, we conclude that

superconformal primary fields in N = 4 SYM can be formed only by products (neither derivatives

nor commutators) of scalars Φm, since they do not come from Q-commutations of the field in the

theory. Moreover, invariance under under gauge transformations leads to the simplest form for

these superconformal primary fields, the single trace operators,

O(x) = str Φ{i1Φi2 ...Φin}, (2.221)

where ik, k = 1, ..., n stands for the SO(6)R fundamental representation indexes. Here, “str”

denotes symmetrized trace and { } stands for the traceless (with respect to the SO(6) indexes)

part. The operator in (2.221) is totally symmetric in the SO(6)R-indices ik and in general they

transform under a reducible representation (namely the symmetrized product of n-fundamentals)

and irreducible operators may be obtained by isolating the traces over the SO(6)R indexes. Since

tr Φi = 0, the simplest operators are

∑
i

tr ΦiΦi ∼ Konishi multiplet,

tr ΦiΦj ∼ SUGRA multiplet. (2.222)

2.6.2.2 N = 4 chiral or BPS multiplets of operators

The representations of the superconformal algebra PSU(2, 2|4) may be labeled by the quantum

numbers of the bosonic subgroup as

SO(1, 3)× SO(1, 1)× SU(4)R,

(j1, j2) ∆ [ r1, r2, r3 ], (2.223)

where j1,2 are spin labels, ∆ is the positive dimension and [ r1, r2, r3 ] are the Dynkin labels of

the irreducible representations of SU(4)R. In unitary representations, the dimension ∆ of the

superconformal primary operators are bounded from below by the spin and SU(4)R quantum

numbers [7, 8]. Since in N = 4 SYM these operators are products of scalars, the spin quantum

number vanishes, and the dimension is bounded from below by the SU(4)R quantum numbers

only. Now, some of these bounded dimensions will correspond to the so-called discrete series of

representations, for which at least one supercharge Q (or some combination of Q’s) commutes

with the primary operator. Such representations are shortened and usually referred to as chiral
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multiplets or BPS multiplets. These kind of operators are protected from quantum corrections

and then do not renormalize. Hence for chiral primaries, ∆ = ∆0 at any order.

Depending on the supercharges that annihilate the primary operator, BPS operators are called

1/2 BPS (8 supercharges), 1/4 BPS (4 supercharges), and 1/8 BPS (2 supercharges). If all 16

supercharges annihilate the primary operator, the representation is one-dimensional and moreover

trivial, i.e. the identity operator.

An example of a 1/2 BPS operator is Ok ∼ str Φ{i1Φi2 ...Φik} (the normalization constant is

fixed by the two-point function). It has dimension k and transforms in the [ 0, k, 0 ] representation

under SU(4)R. These operators will correspond to modes of scalar fields in supergravity, as we

will see later.



Chapter 3

Superstrings and supergravity

String theory was born out of attempts to understand the strong interactions (see [33] for a short

and understandable review, and also the classic historical introduction given in [34] and [21] are

recommendable). But soon it became in one of the most successful theoretical descriptions that

include gravity in a natural way. In principle, string theory was proposed as a theory of bosonic

strings which was consistent only in 26 dimensions, but supersymmetry led to a theory that

includes fermions in ten dimensions, a superstring theory.

Moreover, bosonic and supersymmetric string theories include, because of T-duality, a variety

of higher-dimensional and nonperturbative objects called D-branes. Which in the supersymmetric

case, are charged and source fields analogous to the electromagnetic field sourced by charged point

particles. Then, we could imagine those D-branes as generalization of those point-like sources

that also allow to attain open strings in them. Thus, superstrings and D-branes together give a

consistent theory that includes gravity plus other fields.

It is also possible to see how gravity emerge from local supersymmetry and gauge theory,

noting that actually the first one is an example of gauge theory, that contains the frame field

describing the graviton, plus a specific number of vector-spinor fields, whose quanta are the

gravitinos, the supersymmetric partners of the graviton. This supersymmetric theory of gravity

coming from local supersymmetry is known as supergravity (see [2,3]). It can be seen also as an

effective theory coming from the supertring theory at low energy limit, then it is very nonlinear

and interacting (see the classical textbook [35]).

For our purposes we will focus in a specific supergravity theory, called Type IIB which consists

of the massless content of Type IIB superstring theory [20, 34]. With that matter and gauge

56
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content we can solve Einstein equations in some cases as we will see later.

This chapter is equally important as the last one. Here we describe the gravity side of the

AdS/CFT correspondence, type IIB supergravity, as the low-energy limit of type IIB superstring

theory. As was mentioned in the introduction, we review with some detail, superstring theory in

order to understand how the massless field content we will consider later in the context of the

correspondence, is obtained from covariant quantization [20,34].

As was pointed out also in the first chapter, this is a revision that we included in order to

give a self-contained work that the interested reader could take almost without outer references

(we recommend obviously some classical textbooks and important papers that give support our

topics). So, if the reader consider necessary, here we give a concise overview on superstring

theory addressed to its low-energy limit, supergravity that will be recalled when we establish the

correspondence between results in this chapter and those we studied at the end of the last one.

Confident and experienced readers could skip the firsts sections where, we practically summarize

what is usually explained in textbooks, to go to the end where we analyze the results and give

extended calculations on supergravity.

3.1 A brief review on superstring theory

Strings are one-dimensional extended objects which move in a d-dimensional target spacetime.

As they move they span a two-dimensional surface Σ, which is referred to as the world-sheet.

Analogously to the point-particle description, the action for a string is proportional to its proper

area is called the Nambu-Goto action (see [36] for a detailed review),

S = − 1

2πα′

∫
d2σ

√
(Ẋ ·X ′)2 − Ẋ2X ′2. (3.1)

Bosonic string theory in flat Minkowski spacetime as described by the CFT theory (3.1) has a

number of drawbacks. Most importantly, its spectrum contains tachyons, i.e. a state of negative

mass, which means that flat space is an unstable vacuum of bosonic string theory. Moreover, the

perturbative spectrum of bosonic string theory contains no fermionic states. Even though this

is not an inconsistency of the theory in itself, it shows that bosonic theory cannot be provide a

description of the fermions.

Hence, we will try to modify the string action (3.1) in such a way that the theory can still be

quantized perturbatively and be stable. There are two basic approaches to face these ideas [34]:
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• The Ramond-Neveu-Schwarz (RNS) formulation, and

• The Green-Schwarz (GS) formalism.

Which differ in where the supersymmetry is manifested, either on the string world-sheet or on

the Minkowski space-time.

This section is a quick review on string theory, based on some classical textbook as [20,21,34,35]

and [22]. We also recommend some modern complete and pedagogical textbooks that contain

almost all we need to learn about string theory as [37] and [38].

3.1.1 The RNS string

The bosonic string action (3.1) is invariant under d−dimensional Poincaré, diffeomorphisms and

Weyl transformations, and needs to be supplemented by Virasoro constraints, which come from

the vanishing of the energy-momentum tensor. This is a free theory in two dimensions. In order

to include fermions on the world-sheet1 we could think of another free theory for fermions. They

will be new degrees of freedom of the world-sheet space where the string can propagate. One

can consider d Majorana fermions (real spinors) that belong to the vector representation of the

Lorentz group SO(d − 1, 1). So, the desired action will be the Dirac action for d free massless

fermions. Then, the total action (in the Polyakov formalism [20,21,36]) is

S = − 1

4πα′

∫
d2σ(∂αXµ∂

αXµ + ψ̄µρα∂αψµ), (3.2)

where ρα (α = 1, 2) represent the two-dimensional Dirac matrices

ρ0 =

0 −1

1 0

 ρ1 =

0 1

1 0

 (3.3)

which satisfy the Dirac algebra, {
ρα, ρβ

}
= 2ηαβ. (3.4)

These ψµ are Grassmann numbers, then {ψµ, ψν} = 0. In this representation the spinor ψµ has

two components (two chiralities) ψµA, A = ±

ψµ =

ψµ−
ψµ+

 (3.5)

1In the GS formalism, fermions are on the spacetime.
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Majorana spinors obey a number of important identities that do not hold for Dirac spinors. For

example, for Majorana fermions, ψ̄ is simply ψTρ0 (we do not need to take the complex conjugate

since ψ is real). Another propertie is that, for χ and ψ, χ̄ψ = χψ̄. Remember we wrote an action

for a two-dimensional field theory (on the world-sheet), not a field theory in spacetime; then

ψµA transforms as a spinor under transformations of the two-dimensional world-sheet, and as a

SO(d − 1, 1) vector in the spacetime. We say that the Lorentz group SO(d − 1, 1) is then an

internal symmetry from the world-sheet point of view.

In the bosonic string case there is an important problem coming from the commutation relation

of the bosonic coordinates,

[Xµ(σ), Ẋν(σ′)] = iπηµνδ(σ − σ′). (3.6)

This metric is not positive, and lead us to negative norm states or ghosts. The Virasoro algebra

allows us to get rid of those ghosts in the critical dimension d = 26, and we found an extra

symmetry, the conformal symmetry. Now, for our supersymmetric action, we have to face the

precisely analogous question. For the fermionic fields satisfy the quantum version of the equal-

time Poisson brackets for Grassmann variables,{
ψµA(σ), ψνB(σ)

}
= πηµνδABδ(σ − σ′). (3.7)

The familiar problem appears again. Since η00 = −1, the timelike fermions ψ0
A(σ) create negative

norm states, just like the timelike bosons X0(σ). Then, to solve this problem in the superstring

case we have to find a new symmetry and new constraints that can do for fermions what the

Virasoro conditions do for fermions. In our theory which is supersymmetric, the new emerging

symmetry will be then superconformal.

3.1.1.1 Global worldsheet supersymmetry

Let ε represent a constant (in σ and τ) anticommuting infinitesimal Majorana spinor. The usual

supersymmetry transformations which mix bosonic and fermionic coordinates are

δXµ = ε̄ψµ, (3.8)

δψµ = ρα∂αX
µε. (3.9)

The action must be invariant under these transformations, this is easy to prove. The result is

δS = −1

2

∫
d2σ∂α(ψ̄µραδψµ). (3.10)
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That is a total derivative and vanishes as usual. We also need to show that the commutator of

two supersymmetry transformations gives a spatial translation. Then,

[δ1, δ2]Xµ = 2ε̄2ρ
αε1∂αX

µ. (3.11)

In the same way, for ψ

[δ1, δ2]ψµ = 2ε̄2ρ
αε1∂αψµ + ε̄1ρβε2ρ

βρα∂αψ
µ. (3.12)

Here we have an important detail, to close the algebra one needs to use the fact that ψ obeys the

Dirac equation, ρα∂αψ
µ = 0. In this case, algebra closes on-shell. Later, we will look for that the

algebra closes without using the field equations. Then, on-shell we get

[δ1, δ2]ψµ = 2ε̄2ρ
αε1∂αψ

µ. (3.13)

It is important to emphasize that these are translations of the string world-sheet, since the

supersymmetry was imposed on the world-sheet.

Supercurrent and energy-momentum tensor

Because of the Weyl invariance in the free bosonic string theory, the energy-momentum tensor is

traceless. For the supersymmetric case, Tαβ is traceless too. Let Tαβ be the energy-momentum

tensor,

Tαβ = ∂αXµ∂βX
µ +

1

4
ψ̄µρα∂βψµ +

1

4
ψ̄µρβ∂αψµ −

1

2
hαβtrTαβ. (3.14)

It is not difficult to prove that it is conserved while the field equations are satisfied, and Tαα = 0.

This means that the two-dimensional supersymmetric field theory on the world-sheet is conformal.

3.1.2 Mode expansion and quantization

The fermion equation of motion we can obtain from the last action is ρα∂αψ = 0, a two-

dimensional Dirac equation, which must be supplemented by boundary conditions. Considering

the basis we choose before, the equation decomposes as

(
∂

∂σ
± ∂

∂τ
)ψµ∓ = 0, (3.15)

where ψ was expressed as in (3.5). Thus ψµ− and ψµ+ describe right- and left-moving movers,

respectively. The two-dimensional Dirac equation can be written in a form that makes manifest
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the decoupling of the modes by introducing light-cone coordinates on the world-sheet σ± = τ ±σ

and ∂± = 1
2(∂τ ± ∂σ). So the fermionic action can be expressed as

SF =
i

π

∫
d2σ{ψ−∂+ψ− + ψ+∂−ψ+}. (3.16)

The equations of motion are easily obtained as

∂+ψ
µ
− = ∂−ψ

µ
+ = 0. (3.17)

The supersymmetry transformations in light-cone coordinates are

δψµ∓ = ∓2∂∓X
µε±. (3.18)

Thus, the bosonic and fermionic coordinates are related by

∂±ψ
µ
∓ = ∂±∂∓X

µ. (3.19)

The latter results mean that the positive- and negative-chirality modes decouples. Then, the

world-sheet supersymmetry current and energy-momentum tensor can be written in terms of

positive- and negative-chirality modes. The commutation rules are

{ψµ+(σ), ψν+(σ′)} = {ψµ−(σ), ψν−(σ′)} = πηµνδ(σ − σ′), (3.20)[
∂±X

µ(σ), ∂±X
ν(σ′)

]
= ±i

π

2
ηµνδ(σ − σ′),

{ψµ+, ψν−} = [∂+X
µ, ∂−X

ν ] = 0.

3.1.3 Boundary conditions and analysis of the spectrum

In the bosonic string theory, the spacetime coordinate Xµ obeys a free wave equation in the

world-sheet coordinates. Then, we could expand this field on the world-sheet in different mode

series. These series satisfy boundary conditions corresponding to either closed or open strings2.

Recall the fermionic lagrangian (3.16), when the field equations for fermions (3.17) are satisfied,

the boundary terms in the variation of the action must also vanish. For open strings,

δS ∼
∫
dτ{(ψ−δψ− − ψ+δψ+)σ=0 − (ψ−δψ− − ψ+δψ+)σ=π}. (3.22)

2The modes expansion for X is

Xµ = xµ + l2sp
µ + ls

∑
m 6=0

1

m
αµme

−imτ cos(mσ), (3.21)

where ls is the length of the string, xµ is the position of the center of mass of the string and pµ is the momentum.
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So, the vanishing of δS implies that

ψ−δψ− = ψ+δψ+. (3.23)

The last equation is satisfied by making (in particular, for σ = 0),

ψ+(0, τ) = ±ψ−(0, τ). (3.24)

The relative sign allows us to consider two cases for expanding the fermionic variables:

Ramond boundary conditions (R)

In this case we choose ψ+(π, τ) = ψ−(π, τ) (for σ = π). The mode expansion of the fermionic

field in the R-sector is

ψµ±(σ, τ) =
1√
2

∑
n∈Z

dµne
−in(τ±σ). (3.25)

Neveu-Schwarz boundary conditions (NS)

In this case we choose ψ+(π, τ) = −ψ−(π, τ) (for σ = π). The mode expansion of the fermionic

field in the NS-sector is

ψµ±(σ, τ) =
1√
2

∑
r∈Z+ 1

2

bµr e
−ir(τ±σ). (3.26)

For closed strings the surface terms are given in (3.22) but with limits in σ and σ + π. Then,

vanishing of them implies that,

ψ±(σ, τ) = ±ψ±(σ + π, τ), (3.27)

Here the boundary conditions are periodic and antiperiodic for each component of ψ separately.

Thus, we have the so-called sectors of closed strings:

• For the right-movers,

R : ψµ− =
∑
n∈Z

dµne
−2in(τ−σ),

NS : ψµ− =
∑

r∈Z+ 1
2

bµr e
−2ir(τ−σ). (3.28)
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• For the left-movers,

R : ψµ+ =
∑
n∈Z

d̃µne
−2in(τ+σ),

NS : ψµ+ =
∑

r∈Z+ 1
2

b̃µr e
−2ir(τ+σ). (3.29)

Different pairings of left- and right-moving modes give the four sectors for closed strings:

• R− R

ψµ− =
∑
n∈Z

dµne
−2in(τ−σ) , ψµ+ =

∑
n∈Z

d̃µne
−2in(τ+σ),

• R−NS

ψµ− =
∑
n∈Z

dµne
−2in(τ−σ) , ψµ+ =

∑
r∈Z+ 1

2

b̃µr e
−2ir(τ+σ),

• NS− R

ψµ− =
∑

r∈Z+ 1
2

bµr e
−2ir(τ−σ) , ψµ+ =

∑
n∈Z

d̃µne
−2in(τ+σ),

• NS−NS

ψµ− =
∑

r∈Z+ 1
2

bµr e
−2ir(τ−σ) , ψµ+ =

∑
r∈Z+ 1

2

b̃µr e
−2ir(τ+σ). (3.30)

where R-R and NS-NS are called bosonic, and R-NS and NS-R, fermionic [20]. Using the com-

mutation rule (3.20),we can find a relation for the modes in the expansion:

{dµm, dνn} = ηµνδm+n,0, (3.31)

with m,n ∈ Z3.And

{bµr , bνs} = ηµνδr+s,0, (3.32)

3This relation for zero modes is identical to the Dirac algebra,

{dµ0 , d
ν
0} = ηµν .

Then we say that the ground states in the R-sector must furnish a representation of this algebra. Hence, we can

write the action of dµ0 on a state |a〉, where a is a spinor index, as

dµ0 |a〉 =
1√
2

Γµab|b〉.
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with r, s ∈ (Z + 1
2). For completeness sake, we recall the commutation rule for the bosonic

coordinates which came from the mode expansion of X

[αµm, α
ν
n] = mηµνδm+n,0. (3.33)

Back to the anticommutation relations, notice that for µ, ν = 0, the right-hand side in (3.31) and

(3.32) have negative sign, which implies that they give rise to negative-norm states, just like the

time components of the bosonic modes.

The oscillator ground state is defined by

αµm|0〉R = dµm|0〉R = 0 for m > 0, (3.34)

in the R-sector, or

αµm|0〉NS = bµr|0〉NS = 0 for m, r > 0, (3.35)

for the NS-sector. The zero-frequency part of the Virasoro constraints give the mass-shell condi-

tion,

α′M2 = N + C, (3.36)

where C is a constant we will define later. The number operators in terms of the bosonic and

fermionic modes in each sector is, in the R-sector,

N =
∞∑
m=1

α−m · αm +
∞∑
m=1

md−m · dm, (3.37)

and

N =
∞∑
m=1

α−m · αm +
∞∑
r= 1

2

rb−r · br, (3.38)

for the NS-sector. When the mass operator (3.36) is applied to the two ground states,

• R-sector

α′M2|0〉R = C|0〉R, (3.39)

• NS-sector

α′M2|0〉NS = C|0〉NS. (3.40)

So, this constant is the minimum mass value for both ground states. But, are these ground states

unique?. The answer is no, for the R ground state. In the case with half-integer modes it is

possible to choose a unique (nondegenerate) ground state, which may therefore be identified as
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a spin zero state ,|0〉NS. In the case with integer modes this is not possible because the mode

d0, can be applied on |0〉R without changing the ground mass. So, in this the ground state is

degenerate.

The dµ0 and dν0 modes obey the algebra (3.31), which is just the Dirac algebra for dµ0 =

Γµ/
√

2. Hence, the set of ground states in the R sector must be an irreducible representation of

SO(d− 1, 1), a set of fermionic states.

The super-Virasoro operators are given by the modes of Tαβ and Jα
4. For open strings,

Lm =
1

π

∫ π

−π
dσeimσT++ = L(b)

m + L(f)
m m ∈ Z,

Fm =

√
2

π

∫ π

−π
dσeimσJ+ =

∑
n∈Z

α−n · dm+n m ∈ Z,

Gr =

√
2

π

∫ π

−π
dσeirσJ+ =

∑
n∈Z

α−n · br+n r ∈ Z +
1

2
. (3.41)

where,

L(b)
m =

1

2

∑
n∈Z

: α−n · αm+n :, (3.42)

for the bosonic modes. There are two options for the fermionic modes,

• R-sector

L(f)
m =

1

2

∑
n∈Z+ 1

2

(n+
m

2
) : d−r · dm+n :, (3.43)

• NS-sector

L(f)
m =

1

2

∑
n∈Z+ 1

2

(r +
m

2
) : b−r · bm+n :, (3.44)

where : : is for normal ordering, which means that the creation operators appear to the right of

the annihilation operators.

4These expressions can be obtained by inserting the mode expansions of X and ψ given in (3.21), (3.25) and

(3.26) in the expressions for the components of the energy-momentum tensor and the supercurrent,

J± = ψµ±∂±Xµ,

T++ = ∂+X · ∂+X +
i

2
ψ+ · ∂+ψ+,

T−− = ∂−X · ∂−X +
i

2
ψ− · ∂−ψ−.
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An important generator will be the L0,

L0 =
α2

0

2
+
∞∑
n=1

: α−n · αn : +L
(f)
0 =

α2
0

2
+N, (3.45)

where L
(f)
0 has two options,

L
(f)
0 =

∞∑
r= 1

2

r : b−r · br :,

or,

L
(f)
0 =

∞∑
n=1

n : d−n · dn : .

3.1.3.1 Super-Virasoro algebra for open strings

In the R-sector, the algebra is

[Lm, Ln] = (m− n)Lm+n +
D

8
m3δm+n,0, (3.46)

[Lm, Fn] = (
m

2
− n)Fm+n, (3.47)

{Fm, Fn} = 2Lm+n +
D

2
m2δm+n,0. (3.48)

And, in the NS-sector, the algebra is

[Lm, Ln] = (m− n)Lm+n +
D

8
m(m2 − 1)δm+n,0, (3.49)

[Lm, Gr] = (
m

2
− r)Gm+r, (3.50)

{Gr, Gs} = 2Lr+s +
D

2
(r2 − 1

4
)δr+s,0. (3.51)

When quantizing the RNS string one can only require that the positive modes of the Virasoro

generators annihilate the physical state. Let |φ〉, in the NS-sector. A physical state is one that is

annihilated by half of the Virasoro generators5,

J+ ∼ Gr|φ〉 = 0 r > 0,

T++ ∼ Lm|φ〉 = 0 m > 0. (3.52)

Together with the mass-shell condition 6,

(L0 − aNS)|φ〉 = 0. (3.53)

5This statement come from the Gupta-Bleuler quantization in electrodynamics, the requirement that only the

positive-frequency states annihilate the physical state, which is very useful to eliminate the two non-physical degrees

of freedom of the photon field.
6The usual mass-shell condition is p2 + M2 = 0. Since L0 = α′p2 + N and α′M2 = N − a (here we changed

C = −a); (3.53) and (3.55) represent the mass-shell condition for |φ〉.
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Similarly, in the R-sector last conditions are,

J+ ∼ Fn|φ〉 = 0 n ≥ 0,

T++ ∼ Lm|φ〉 = 0 m > 0, (3.54)

and the mass-shell one,

(L0 − aR)|φ〉 = 0. (3.55)

From (3.48), for m,n = 0, we get

L0 = F 2
0 ⇒ aR = 0.

It is worth to notice that in the NS−algebra, which is infinite, exists a closed superalgebra. In

(3.51) the anomaly term vanishes when r = ±1
2 , then the commutator in (3.50) vanishes for

m = ±1. But the algebra closed also when m = 0. The anomaly term in (3.49) vanishes with

these values of m. Hence, G± 1
2
, L±1 and L0 form a closed algebra (no anomaly terms) which is

called SU(1, 1|1).

3.1.3.2 The critical dimension

An important issue is to determine what is the critical dimension where this superstring theory

works as a consistent description of nature. In a string theory (whether bosonic or supersym-

metric) we could have negative-norm states. A clue to notice that our quantum theory is not

correct at all, is when we promote the position and momentum to operators, the commutation

rules (3.20) are proportional to ηµν , so when µ, ν = 0, a minus sign appears. The spectrum of

the theory is free of these states only for certain values of the dimension of spacetime, d.

In string theory, the space of states with positive and negative norm, is divided by a huge

number of zero-norm states. In order to determine the value of d, the strategy is to look for

zero-norm states that satisfy the physical-state conditions.

A state |ψ〉 is called spurious if it satisfies the mass-shell condition and is orthogonal to all

physical states, so it decouples from all physical processes,

(L0 − a)|ψ〉 = 0 and 〈φ|ψ〉 = 0, (3.56)

where |φ〉 represents any physical state in both sectors of the theory, and a is aR = 0 or aNS = 1/2.

The dimension of flat-spacetime that allow the presence of these non-physical states is d = 10.
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Spurious states appear before that negative-norm states appear, that is why the value d = 10 for

the dimension of spacetime is called critical.

There is another way to restrict the dimensionality of the string theory. In the bosonic case,

the Weyl anomaly coming from the nonvanishing of the trace of the energy-momentum tensor,

leads to consider in the Polyakov formalism to cancel the central charge appearing as proportional

to the anomalous trace. In the supersymmetric case we have a similar situation involving the

central charge, that by including the anticommuting scalar ghosts, leads to an expression for

the total central charge, whose vanishing results in d = 10 for an anomaly-free theory (see for

example [21,22], for detailed calculations).

3.1.3.3 The spectrum of the open string

We found that aNS = 1
2 in the NS-sector. By acting the mass operator on the ground state |0〉NS

we get,

α′M2|0〉NS = (
∞∑
m=1

α−m · αm +
∞∑
r= 1

2

rb−r · br −
1

2
)|0〉NS = −1

2
|0〉NS,

M2|0〉NS = − 1

2α′
|0〉NS < 0. (3.57)

Thus, the ground state in this sector is a tachyon, and must be eliminated. The first excited state

can be obtained by acting a rising operator bi1
2

7 on the ground state, bi− 1
2

|0〉NS, which is a vector

with eight transverse components. The the mass will be calculated and gives,

α′M2bi− 1
2

|0〉 = (

∞∑
m=1

α−m · αm +

∞∑
r= 1

2

rb−r · br −
1

2
)bi− 1

2

|0〉.

M2(bi− 1
2

|0〉) = 0. (3.58)

We could apply another rising operator α−1, but the mass of α−1|0〉NS is greater than zero

(M2 = 1
2α′ ). That is the reason why the first excited state is built by acting with a bi− 1

2

operator.

The we got a massless spacetime vector with eight polarizations.

In the R-sector, the mass-shell condition is,

α′M2|0〉R = (
∞∑
m=1

α−m · αm +
∞∑
m=1

md−m · dm)|0〉R,

M2|0〉R = 0. (3.59)

7We only consider the transverse coordinates because of the light-cone gauge, that allows us to eliminate two

of ten degrees of freedom.
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Then, the ground state |0〉R is massless. Recall that since there is a degenerate set of ground

states, so the solutions to (3.59) is not unique. We saw before that this ground state belongs to

the spinor representation of SO(9, 1) or Spin(9, 1). In ten dimensions, SO(9, 1) spinors have 32

complex components, but can be restricted by Majorana and Weyl conditions. The Majorana

condition impose reality, then we have 32 real components (16 complex). And the Weyl condition

8 selects one chirality (since one could imagine that both chiralities are allowed), hence the spinor

has eight components at the end, and is called a Majorana-Weyl spinor in ten-dimensions. So,

the minimal possibility for a Ramond ground state has eight degrees of freedom corresponding

to an irreducible spinor of Spin(8).

3.1.3.4 GSO projection, eliminating the tachyon state

From our results above, we can realize that the RNS string has several problems. First, the

NS-sector contains a tachyon (see (3.57)). Second, there is no spacetime supersymmetry, tachyon

is a scalar which has not fermionic partner. The number of degrees of freedom in the ground

state is not the same in both sectors, we have a scalar and a spinor with eight components.

A way to turn the RNS formulation into a consistent theory was proposed by Gliozzi, Scherk

and Olive in 1976. It consists in truncating (or projecting) the spectrum in a very specific way

that eliminates the tachyon to match the number of bosonic and fermionic states in the spectrum.

This method is called GSO projection (see [34]).

Let us define the G-parity operator that in the NS-sector is given by

G = (−1)F+1 = (−1)

∑∞
r= 1

2
bi−rb

i
r+1

, (3.60)

where F is the number of b−modes, which is the world-sheet fermion number. So this operator

determines whether a state has an even or an odd number of world-sheet fermion excitations. In

8Whenever d is even one can define a matrix, analogous to γ5 in four dimensions, that can be used to define

chirality of spinors in d dimensions. For our case, in d = 10, we introduce

Γ11 = Γ0Γ1...Γ9,

which satisfies Γ11,Γµ and (Γ2
11). Spinors ψ that satisfy Γ11ψ = +ψ or Γ11ψ = −ψ are called spinor of positive

and negative chirality, respectively. Then, the operator (1± Γ11)/2 projects one of the chiralities. A spinor which

is eigenspinor of this operator, having a definite chirality, is called a Weyl spinor. And, the restriction to spinors

of one chirality or the other is called Weyl condition.
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the R-sector the corresponding definition is

G = Γ11(−1)
∑∞
n=1 d

i
−nd

i
n . (3.61)

The GSO projection consists of keeping only the states with G = 1 in the NS-sector, then

(−1)F = −1, (3.62)

whilst the states with negative G-parity should be eliminated. Then, states constructed with an

even number of b-oscillator excitations will not be considered. In the R-sector, truncation will

depend of the chirality of the spinor ground state. Then, GSO projection eliminates the tachyon

from the spectrum of open strings, leaving to the massless vector as the ground state of the

NS-sector. Hence the bosonic and fermionic degrees of freedom match nicely. This is a clue that

the spectrum could be spacetime supersymmetric after GSO projection.

It is possible to show that the GSO condition, artificial in a way, allows us to have equal

number of boson and fermion states at each massive level. Then, the GSO projection indeed

leads to a supersymmetric spectrum.

3.1.4 The closed string spectrum, type IIA and IIB superstrings

Recall that for closed strings, we need to consider left- and right- movers. There are four sectors:

R-R, R-NS, NS-R and NS-NS. The tachyon was eliminated by GSO in the NS sector, by projecting

onto states with positive G-parity. As we said before, in the R-sector one can project onto states

with positive or negative G-parity depending on the chirality of the ground state on which the

states are built. Depending on whether the G-parity of the left- and right-moving states in the

R-sector, is the same or opposite, we can formulate two types of superstring theories, called type

IIA and type IIB.

For our purposes, type IIB superstring theory will be a central matter. In this theory the left-

and right-moving R-sector ground states have the same chirality, which by definition is positive.

Therefore, the two R-sectors have the same G-parity. We can use our results for open strings to

obtain the massless ground states for type IIB closed strings, just taking products of the ground
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states for open strings. Thus, the massless spectrum is

|+〉R ⊗ |+〉R ,

b̃ i− 1
2

|0〉NS ⊗ b j− 1
2

|0〉NS ,

b̃ i− 1
2

|0〉NS ⊗ |+〉R ,

|+〉R ⊗ b i− 1
2

|0〉NS . (3.63)

One can notice that each sector have 8×8 physical states. The other superstring theory is called

type IIA. Here, the left- and right-moving R-sector ground states have opposite chirality, since

that is the other option. Then, the massless spectrum is given by

|−〉R ⊗ |+〉R ,

b̃ i− 1
2

|0〉NS ⊗ b j− 1
2

|0〉NS ,

b̃ i− 1
2

|0〉NS ⊗ |+〉R ,

|−〉R ⊗ b i− 1
2

|0〉NS . (3.64)

Both theories contain two Majorana-Weyl spinors (gravitinos), therefore they form N = 2 su-

persymmetric theories. Let us name the massless states for both. Remember that each sector

must have 64 states 9

• NS−NS Type IIA-IIB: A scalar (dilaton), an antisymmetric two-form gauge field and a

symmetric traceless rank-two tensor (graviton). They have 1, 28 and 35 degrees of freedom

respectively.

• NS− R and R−NS Type IIA-IIB: spin 3/2 gravitino (56 states) and a spin 1/2 fermion

called the dilatino (8 states).

• R− R

– Type IIA: A one-form (vector) gauge field (8 states) and a three-form gauge field (56

states).

– Type IIB: A zero-form (scalar) gauge field (1 state), a two-form gauge field (28 states)

and a four-form gauge field with a self-dual field strength (35 states).

9This matter content cames from the counting of states of each term in the product of representations (see [34]

and [22]).
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3.2 T-duality and D-branes

We have discussed some details about superstrings, but that is not the whole story. There

exist higher-dimensional and nonperturbative objects called D-branes where open strings end. In

principle, it is natural to postulate those objects, open strings must be attached somewhere. But

there is a stronger way to motivate their necessary existence in the theory, T-duality. In order to

achieve those concepts, we need to establish the idea of T-duality first for closed bosonic strings,

and then continue to open and supersymmetric strings.

3.2.1 T-duality for closed bosonic strings

Remember the mode expansion for closed strings,

Xµ
R =

1

2
xµ + α′pµ(τ − σ) +

√
α′

2
i
∑
n6=0

1

n
αµne

−2in(τ−σ),

Xµ
L =

1

2
xµ + α′pµ(τ + σ) +

√
α′

2
i
∑
n6=0

1

n
α̃µne

−2in(τ+σ). (3.65)

Now, assume that the spacetime is M25 × S1, where we have compactified X25 in a circle S1 of

radius R, and M25 is for 25-dimensional Minkowski spacetime.

To describe a closed bosonic string in this compactified theory , one takes periodic boundary

conditions for X25 as

X25(σ + π, τ) = X25(σ, τ) + 2πWR where W ∈ Z, (3.66)

where K is called the winding number, which indicates the number of times the string winds

around the circle. X25 can be split into left- and right-movers as

X25(σ, τ) = X25
L (σ + τ) +X25

R (σ − τ). (3.67)

In order to include this compactification, the expansions for the left- and right-movers must

change as

X25
R =

1

2
x25 + α′

K

R
(τ − σ)−WR(τ − σ) + ...,

X25
L =

1

2
x25 + α′

K

R
(τ + σ) +WR(τ + σ) + ..., (3.68)

where ′′...′′ refers to the oscillator terms. Here K is an integer number coming called Kaluza-

Klein excitation number, and came from the quantization of the linear momentum p25 in the

compactified direction, p25 = K/R.
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We can set the zero-modes α25
0 and α̃25

0 to be

√
2α′α25

0 = α′
K

R
−WR,

√
2α′α̃25

0 = α′
K

R
+WR. (3.69)

The 26-dimensional mass squared is given by

1

2
α′M2 = (α25

0 )2 + 2NR − 2,

=
1

2
α′

[(
K

R

)2

+

(
WR

α′

)2
]
−WK + 2NR − 2,

=
1

2
α′

[(
K

R

)2

+

(
WR

α′

)2
]

+N − 2, (3.70)

where we have defined,

NR −NL = WK,

NR +NL = N. (3.71)

The usual level matching condition that in closed bosonic string theory NR = NL is modified for

closed strings with both nonzero winding number W and Kaluza-Klein momentum K.

Now, let us establish the duality. If we interchange simultaneously W ↔ K and R ↔ α′/R.

Equation (3.70) is invariant under this change, which is called T-duality. It suggest a physical

equivalence10 between compactifying on a circle of radius R and on a circle of radius R̃ = α′/R.

As R → ∞, all states with W 6= 0 become infinitely massive, while the W = 0 states for all

values of K go over to a continuum. As R→ 0, all states with K 6= 0 become infinitely massive,

and when K = 0, we get a continuum of states, since it is very “cheap” to wind around a small

circle. Then, we say that, in this limit, the compactified dimension reappears as a dual theory

with R→∞. This is one piece of evidence for the idea that there is a minimum length in string

theory, the self-dual radius R =
√
α′ = ls with mass

α′M2 = K2 +W 2 + 2(NR +NL )− 4. (3.72)

T-duality can also be expressed as

α25
0 → −α25

0 , α̃25
0 → α̃25

0 , (3.73)

10This physical equivalence is a clear indication that ordinary and intuition can break down in string theory at

the string scale.



CHAPTER 3. SUPERSTRINGS AND SUPERGRAVITY 74

as we can see from (3.69). Then we say that T-duality is a left-handed parity transformation11.

Actually, it is not just the zero mode, but the entire right-moving part of the compact coordinate

that flips sign under T-duality,

X25
R → −X25

R , X25
L → X25

L . (3.74)

Then, X25 given in (3.67) transforms as

X25(σ, τ)→ X̃25 = X25
L (σ + τ)−X25

R (σ − τ), (3.75)

which has an expansion

X25(σ, τ)→ X̃25 = x̃+ 2α′
K

R
σ + 2WRτ + ... (3.76)

From we can read off that the periodicity in the dual circle is 2πR̃, and its conjugate momentum

p̃25 = WR/α′ = W/R̃

3.2.2 T-duality for open bosonic strings

The action for bosonic strings was given at the beginning of the chapter in (3.1), in conformal

gauge as

S = − 1

4πα′

∫
d2σ ηµν∂αX

µ∂αXν . (3.77)

As we know, variation of this action gives the equations of motion and a boundary term, which

must vanish,

δS = − 1

2πα′

∫
dτ ηµν ( ∂σX

µ δXν ) |σ=π
σ=0 = 0. (3.78)

The only choice of boundary condition that is compatible with Poincaré invariance is Neumann

boundary conditions for all Xµ,

∂σX
µ(σ, τ) = 0 , for σ = 0, π. (3.79)

The expansion for open strings is also known,

Xµ = xµ + 2α′pµτ +
√

2α′i
∑
m6=0

1

m
αµme

−imτ cosmσ. (3.80)

11Actually, this was a choice beacause there are some references where T-duality is a right-handed transformation

(see [21,39] and [22]). That came from the definition of the left- and right-movers.
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Again, it convenient to split this expansion into left- and right- movers,

Xµ
R =

1

2
xµ + α′pµ(τ − σ) +

√
α′

2
i
∑
n6=0

1

n
αµne

−in(τ−σ),

Xµ
L =

1

2
xµ + α′pµ(τ + σ) +

√
α′

2
i
∑
n6=0

1

n
α̃µne

−in(τ+σ). (3.81)

If we compactify, once again, on a circle and carrying out T-duality to get,

X25
R → −X25

R , X25
L → X25

L , (3.82)

as before. The dual coordinate X̃25 = X25
L −X25

R reads,

X̃25 = x̃25 + 2α′p25σ +
√

2α′
∑
m6=0

1

m
αµme

−imτ sinmσ. (3.83)

Notice that the T-dual coordinate has not oscillator terms at σ = 0, π, then, its position is fixed.

Remember that we begin with Neumann boundary condition in the 25 direction. So now, for X̃25

we actually have Dirichlet boundary conditions (then we say that T-duality maps Neumann to

Dirichlet boundary conditions and viceversa). The difference,

X̃25(π, τ)− X̃25(0, τ) = 2πKR̃, (3.84)

allows to say that the endpoints of the open strings are fixed in those points, and are free to move

in the other directions,

X̃25(0, τ) = x̃25,

X̃25(π, τ) = x̃25 + 2πKR̃. (3.85)

Then, there exists a hyperplane described by the other 25 remaining coordinates where those

endpoints lie (see [40]). Observe also that this string wraps the dual circle K times. This winding

mode is then topologically stable, since the end points of the string are fixed by the Dirichlet

boundary conditions. We say that the string cannot unwind without breaking.

3.2.3 T-duality with Chan-Paton factors and Wilson lines

We can endow the string endpoints with non-dynamical degrees of freedom without spoiling

neither spacetime Poincaré nor conformal invariance. These are called Chan-Paton degrees of

freedom [39], and can be seen by defining a basis to write a string state |k〉 with momentum k as

|k〉 =

N∑
i,j=1

|k; ij〉λij , (3.86)
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where λij is a N×N matrix and |k; ij〉 are called the Chan-Paton factors. Those matrices must be

invariant under global U(N) in order to have invariant amplitudes. Then every state in the open

bosonic string spectrum has now an additionalN2 multiplicity. For the case of oriented strings, the

two endpoints are distinguished, so it make sense to associate the fundamental representation N

with the σ = 0 end and the antifundamental representation N̄ with σ = π end the bifundamental

representation (N, N̄) of U(N).

Now let us introduce the idea of Wilson line, or more precisely a Wilson loop, as a gauge

invariant object defined for the 25-direction by

WC = exp

(
i

∮
C
dX25A25

)
. (3.87)

Then we define a pure gauge which breaks U(N)→ U(1)N as

A25 = diag{θ1, ..., θN}/2πR = −iΛ−1∂25Λ, (3.88)

where,

Λ = diag
{
eiX

25θ1/2πR, ..., eiX
25θN/2πR

}
. (3.89)

Then the Wilson line will be

WC = diag
{
eiθ1 , ..., eiθN

}
. (3.90)

The gauge transformation is not periodic, it will acquire a phase WC ,

Λ(X25 + 2πR) = WCΛ(X25), (3.91)

under X25 → X25 + 2πR. Now, let us see how T-duality acts on Chan-Paton factors. Since λij

matrices are invariant under U(N), in particular under U(1)N , the transformed state |k′〉 is given

by

|k′〉 =

N∑
i,j=1

|k; ij〉e−i
X25

2πR
(θi−θj)λij , (3.92)

and under X25 → X25 + 2πR we finally obtain the string state,

|k′〉C =
N∑

i,j=1

ei(θi−θj)|k; ij〉e−i
X25

2πR
(θi−θj)λij . (3.93)

Furthermore, if we write |k; ij〉 = eiX
25p25 |ij〉,

|k′〉C =

N∑
i,j=1

ej (θj−θi)|ij〉eiX25(p25+ 1
2πR

(θj−θi))λij , (3.94)
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then we can read off that the state |ij〉 picks up a phase ei(θj−θi) and the corresponding momentum

will be given by

p25
ij =

K

R
+

1

2πR
(θj − θi) =

[ 2πK + (θj − θi) ]R̃

2πα′
. (3.95)

The Dirichlet boundary condition corresponding to |ij〉 is

X̃25(π, τ)− X̃25(0, τ) = [ 2πK + (θj − θi) ]R̃. (3.96)

Since the momentum is dual to the winding number, we expect the field in the T-dual description

to have fractional winding number, which means that their endpoints are no longer on the same

hyperplane. Moreover, note that [ 2πK + (θj − θi) ]R̃ is the minimum length of a string winding

between two of N D-branes placed in θiR̃ and θjR̃.

3.2.4 Dp-branes

Let us compactify a set of directions, say {Xp+1, ..., X25}, instead of only one. We can use T-

duality to find that the open string endpoints lie on N (p + 1)-dimensional hyperplanes. That

hyperplane is the worldvolume of a p-dimensional extended object called Dirichlet p-brane, or

Dp-brane for short.

Dp-branes are in fact not rigid in spacetime. The are dynamical, and can fluctuate both in

shape and position. That is what will lead us to a description in terms of gauge fields on the

brane, and scalars as its positions.

We firstly look at the mass spectrum,

M2
ij = (p25)2 +

1

α′
(N − 1),

=

[
[ 2πK + (θj − θi) ]R̃

2πα′

]2

+
1

α′
(N − 1). (3.97)

Let us focus in string states with K = 0 (non-winding) and N = 1 (αi−1|k; ij〉), then mass

spectrum will be proportional to the distance between hyperplanes i and j as

Mij =
|θi − θj |R̃

2πα′
(3.98)

Thus, generically massless states only arise for non-winding open strings, i.e. open strings that

not necessarily ends in the same point of the brane, whose ends lie on the same D-brane i = j.

We can see that there are two such types of states,
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• αµ−1|k; ii〉: These states correspond to a gauge field Aµ(Xa) on the D-brane with p + 1

coordinates tangent to the hyperplane, where µ, a = 0, 1, ..., p are coordinates on the D-

brane worldvolume.

• αm−1|k; ii〉: These states correspond to massless scalar fields φm(Xa), m = p+1, ..., 25 which

give the transverse position of the D-brane in the compact directions.

Then, a flat hyperplane in spacetime can be described by open string states corresponding to

gauge fields. This gives a remarkable description of these objects in terms of gauge theory and

conversely, we could learn much about gauge theories from D-branes dynamics and string theories,

such as their strong coupling expansions as we will see later.

3.2.5 Non-abelian gauge symmetry and Higgs fields

Suppose that k ≤ N D-branes coincide, say

θ1 = θ2 = ... = θk = θ. (3.99)

From (3.98), it follows that Mij = 0 for 1 ≤ i, j ≤ k. The new massless states can arise because

of open strings can now attain a vanishing length. Then, there will be k × k massless vectors

forming an adjoint representation of a U(k) gauge group. This coincident limit corresponds to

the Wilson line,

W = diag{ eiθ1k×k , eiθk+1 , ..., eiθN }, (3.100)

where 1k×k denotes the k×k identity matrix. The background field configuration leaves unbroken

a U(k) ⊂ U(N) subgroup, acting on the upper k × k block of W in (3.100) [41]. Thus the D-

brane worldvolume carries a U(k) gauge field αµ−1|ij〉 ↔ Aµ(Xa)ij , and, at the same time, a set

of k2 massless scalar fields αm−1|ij〉 ↔ Φm(Xa)ij , where the subscript ij = 1, ..., k represents the

corresponding field for a coincident pair of D-branes placed in θi = θj . Then, the k D-branes

positions in spacetime are promoted to a set of matrices Φm(Xa) in the adjoint representation of

the unbroken U(k) gauge group.

Generally, the gauge symmetry of the theory is broken to the subgroup of U(N) which com-

mutes with the Wilson line W . If all D-branes coincide, we say that W belongs to the center of the

Chan-Paton gauge group12, and then we recover the original U(N) gauge symmetry. Since Φm is

12The center of a group G is the set of elements that commute with every element of G. The center is a subgroup

of G, which by definition is abelian and contains the identity.
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a Hermitian matrix, we can diagonalize it by a U(N) gauge transformation as U †ΦmU = Φm
diag.

The diagonal elements of Φm
diag describe the classical positions of the D-branes, in other words,

the ground state of the system of N D-branes. The N × N unitary matrices U describe the

fluctuations Uij , i 6= j about classical spacetime. Thus, the off-diagonal elements Φij , i 6= j may

act as Higgs fields for the symmetry breaking mechanism. We will see this later specifically for

the Klebanov-Witten model.

3.2.6 T-duality for type II superstring theories

We can generalize our results to superstrings. Let us consider the effects of T-duality on the

closed, oriented type II theories. Remember that under T-duality the bosonic coordinates change

as (3.74). Then, if we compactify X9 on a circle of radius R we will get the same result since the

expansions are the same,

X9
R → −X9

R , X9
L → X9

L. (3.101)

Supersymmetry requires the world-sheet fermion ψ9 to transform in the same way as its bosonic

partner, then

ψ9
R → −ψ9

R , ψ9
L → ψ9

L. (3.102)

Remind the mode expansions for the fermion field given in (3.28) and (3.29). In particular, the

zero mode of ψ9
R in the Ramond sector transforms as

d9
0 → −d9

0. (3.103)

Then, under T-duality Γ9 will transforms as Γ9 → −Γ9. There is also defined the matrix Γ11 =

Γ0Γ1...Γ9 which projects the chirality of the Ramond ground states, which also flips sign under

T-duality.

We conclude that T-duality transforms type IIA (same chirality) superstrings compactified

on a circle of radius R into type IIB (opposite chirality) superstrings compactified on a circle of

radius R̃. Then in this sense the type IIA and the IIB theories are duals under T-duality ( [42–45]

are recommendable.).

3.2.6.1 D-branes in type IIB superstring theories

There are some new properties that these branes will have in order to ensure its stability, they

must carry a conserved charge, just like point particles carry electric (or magnetic) charge.
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p-forms and charged p-branes

Let us remember the ordinary electromagnetism, where charged point particles moving in some

background, source an electromagnetic field. This field is described by a 1-form, A(1). This field

couples naturally to the worldline of the particle γ in the action,

SP = −m
∫
γ
dτ + q

∫
γ(1)

A(1).

And, if we also consider that electromagnetic field as part of the matter content of the system,

we must to include its kinetic term, which is, as usual, written by means of the field strength

F(2) = dA(1), as F 2. The equation of motion of electromagnetism are the Maxwell equations,

written in a compact form, they read as

d ∗ F(d−2) = ∗J(d−3) e , dF(2) = ∗J(1)m.

The first equation contains the dual field strength, that in a d-dimensional spacetime, is a (d-2)-

form. We also have included a magnetic current Jm, which is a (d-3)-form.

Now, Maxwell equations, written in the differential form language, do not allude neither to

the rank of the forms nor the dimension of the spacetime, then we can generalize the theory by

making F an (p+2)-form, then A will be an (p+1)-form sourced by a p-dimensional object, which

will be called p-brane.

Following the last discussion, the (p+1)-field A(p+1) will couple to the worldvolume of the

p-brane, ∫
Vp+1

A(p+1).

Locally we could define the a (d-p-2)-form, F(d−p−2), which is dual to F(p+2). This dual form comes

from ∗F = d ∗ A, where A(d−p−3) is called the dualized potential sourced by a ”magnetically”

charged (d-p-4)-dimensional object. This potential couples to the worldvolume of this ”magnetic”

object as ∫
V(d−p−3)

∗A(d−p−3).

Gauss law allows to comment about how the electric and magnetic charges are distributed in

those higher dimensional objects,

Qe =

∫
∂Vd−p−1

∗F, (3.104)

Qm =

∫
∂Vp+1

F. (3.105)
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Thus, we have extended the ideas of the electromagnetic theory, firstly considering ”magnetic”

charges and then, higher dimensional objects, p−branes, that source electric and magnetic po-

tentials which in turn defines field strengths F and ∗F . These p−branes are electrically and

magnetically charged, and as special case, some of them are charged electrically and magnetically

at the same time when

p =
d− 2

2
. (3.106)

D-branes as BPS states

Remember what we learned in the chapter about supersymmetry, a BPS state is an invariant

state under a half of the supersymmetry, as we have mentioned before in (2.48). Let us see how

this concept arises in the context of D-branes. Far from the D-brane we see only the closed string

spectrum, with two gravitinos. However, worldsheet boundary conditions (R and NS) reflect the

right-moving into the left-moving, so only one linear combination of the two supercharges is a

good symmetry of the full state (containing both R and NS states). In other words, in the type

II theory with D-branes, half of the supersymmetries of the bulk theory are broken, this is a BPS

state [46].

Stable D-branes

Let us focus first in the massless R-R sector of type IIB superstrings given in (3.64), where we have

obtained as gauge fields, a zero-form, a two-form and a four-form. According to our generalized

idea of charged objects, if type IIB has electrically and magnetically charged Dp-branes, there

will exist Dp-branes for p = −1, 1, 3, 5, 7. The D(-1)-brane is known as a Dirichlet instanton, the

D1-brane is a one-dimensional object, similar to a string but electrically charged. It is coupled

magnetically to a D5-brane. The D3-brane is an special case, an both object electrically and

magnetically charged at the same time. The D3-brane source the four-form of the massless

spectrum, which in turns has as field strength a five-form F(5) which is self-dual, F(5) = ∗F(5).

In type IIA, we know from (3.63) that the massless spectrum is given by a one-form, a three-

form and a five-form. Then Dp-branes in this theory will exist for p = 0, 2, 4, 6.

We conclude that stable D-branes arise for type IIA with p even, and with p odd for type IIB

superstrings.
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But why do we say that those higher dimensional objects are stable?

BPS objects are stable because they are the lightest objects with given values of certain charges.

So there exists no potential final state that would be lighter.

3.2.7 The Dirac-Born-Infeld action and the nonperturbative nature of branes

We mentioned that D-branes are nonperturbative and dynamical objects in string theory. Then

it is natural to try to write the corresponding action for them.

Since Dp-branes source (p+ 1)-forms that, just like electromagnetism of point particles, have

kinetic terms described by (p+2)-field strengths, we could generalize the Maxwell theory in order

to introduce them as kinetic terms in an action. If we consider a Dp-brane, then there will be a

Fab field strength of the gauge fields Aa living on its worldvolume,

Fab = ∂aAb − ∂bAa + ... (3.107)

In 1989, Leigh proposed a σ-model for Dp-branes, in which one introduces coordinates ξa, a =

0, ..., p on the Dp-brane worldvolume. The action, called Dirac-Born-Infeld (DBI) action [43–45]13,

for a Dp-brane is

Sp = −Tp
∫

dp+1ξ
√

det (Gab + k Fab ), (3.108)

where k = 2πα′. We also have the pulled back the ten dimensional metric Gµν to a (p + 1)-

dimensional one.

Now, tension of branes, Tp, depends of the inverse of the string coupling gs. It can be seen by

noticing that the DBI action contains the usual kinetic term for the field strength of the gauge

field Aa living in the D9-brane worldvolume. Maxwell action for a gauge field in p+ 1 dimensions

is

SYMp+1 = − 1

4g2
YM

∫
dp+1ξ FabF

ab, (3.109)

where g is the correspoding coupling to open strings. Then we can compare this action with the

13The Born-Infeld action was suggested as a way to generalize Maxwell theory in order to eliminate the infinite

self-energy of a charged point particle.
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analogous term coming from the expansion of the DBI action and find that14,

Tp ∼
1

g2
YM

∼ 1

gs
. (3.110)

The last result allows to say that Dp-branes are indeed nonperturbative objects, since they become

heavy at weak coupling. We will clarify better some details about this weak-coupling limit in the

next section.

3.3 Low-energy effective actions

The low-energy string effective action describes the low-energy dynamics of a given string theory.

Here, low-energy means energies lower than the relevant energy scale, the string mass. Then, at

low-energies only the massless modes are relevant and their dynamics is described by the so-called

supergravity [2].

Exact effective actions for massless fields are very complicated and non-local. Even in field

theory, integrating out a massive field in the whole action, introduces non-locality. But, in the

extreme low-energy limit, the leading terms in the efective action can be constructed just from

invariance principles (gauge and supersymmetry) [35] as we will do below.

3.3.1 Type IIB supergravity

The massless spectrum of type IIB superstring theory was given in the last section, where we

found that in terms of transverse SO(8) representations, the physical content can be written

by [34],15

(8v + 8c)⊗ (8v + 8c) = (1 + 1 + 28 + 35v + 28 + 56c)B + (8s + 8s + 56s + 56s)F , (3.111)

14The relation between open- and closed-string couplings comes from the vertex operators for open- and closed-

strings. The first one acts on the boundary, and the second on the interior of the worldsheet. Then we could say

that gs is the coupling of strings to the two-dimensional worldsheet.
15In order to write this expression, we need to review a little about group theory and representations. The

product in (3.111) can be written as

(8v + 8c)⊗ (8v + 8c) = U i ⊗ V j + U i ⊗ ψβ + χα ⊗ V i + χα ⊗ ψβ ,

where U i and V j are vector of SO(8), and, χα and ψβ correspond to Majorana-Weyl spinors in SO(8),

| i , s 〉Γiss′ ,

that transform among themselves under SO(8) in the 8′ representation with opposite chirality. There are 56 degrees
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where, in the bosonic sector, the 1’s are scalars (φ, τ), the 28’s are two second-rank antisymmetric

tensors (AMN , BMN ), 35v is the graviton (gMN ) and 56c is four-rank antisymmetric self-dual

tensor (AMNPQ). In the fermionic sector we have that the 8s’s are a pair of Majorana-Weyl spinors

(λ, ν) and the 56s’s are the two gravitinos (ψM , ϕM ), two vector-spinor quantities which are the

supersymmetric parters of the graviton. Then there are 128 bosonic states and 128 fermionic

states. The self-duality of the SO(8) representation 35c is reflected in the free covariant theory

by the SO(9, 1) self-duality of the field strength FMNPQR = 5∂[MANPQR]. Because of the self-

duality of the field strength, there will be some problems constructing an action for the theory and

then the field equations coming from it (see however [47–49], and also [22] for some constructions).

But there is a way to obtain the field equations without varying a covariant action, and we will

follow that route. The key to do this is to identify the symmetries of the theory and to work out

the symmetry transformations formulas of the fields.

In supersymmetry, as we saw before, the algebra has two ways to close, on-shell and off-shell.

The first one means that we must consider the field equations in order to close the algebra, in

the second we usually need to include auxiliary fields to close it. Then, if we know the super-

symmetry variations, the commutator of two local supersymmetry transformations corresponds

to a combination of the local symmetry of the theory, which can be general coordinates, local

Lorentz, local supersymmetry or gauge transformations. Since we do not have any auxiliary field,

the algebra (commutation of two variation) must close on-shell. It means that in the process

of constructing supersymmetry transformations of the fields with a consistent algebra one can

actually deduce some of the fields equations (see [3] for a revision on Noether method on/off-shell

closing of SUSY algebra).

In addition to the local symmetries, the theory possesses a global SU(1, 1)16 invariance. Once

this fact is recognized it is not very difficult to derive the supersymmetry transformations formulas

of each of the fields. Let us see briefly how that symmetry helps to find the variation of the content

fields, and finally its field equations (see for that [35,50–52] and [53] for a modern review.).

of freedom left. They form an irreducible representation too. Thus, the product U i⊗ψα splits as 8′s and 56s. The

same for the third term,

The fourth term, χα ⊗ ψβ , splits as

8s × 8s = [0] + [2] + [4]±,

where [4]± will depends of chiralities (see [22] for a brief review on product representations),
16This group is the noncompact form of SU(2), isomorphic to SL(2,R), the conformal group in two dimensions.
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We can arrange the two scalars of the theory as a SU(1, 1) (see [51,53]),

V =

V 1
− V 1

+

V 2
− V 2

+

 (3.112)

where the V α
± ’s contain an auxiliary field, and ± labels the U(1) charges17. And satisfying,

detV = εαβV
α
−V

β
+ = 1. (3.113)

From the left-invariant form

V −1∂MV =

−iQM PM

P ∗M +iQM

 (3.114)

we read off two important quantities. An U(1)−covariant quantity18

PM = −εαβV α
+ ∂MV

β
+ , (3.115)

which has charge 2 under U(1); and the connection19

QM = −iεαβV
α
− ∂MV

β
+ . (3.116)

The two-forms are collected in an SU(1, 1) doublet AαMN satisfying the constraint A1
MN = A2 ∗

MN .

Its corresponding field strength,

FαMNP = 3 ∂ [MA
α
NP ], (3.117)

is invariant respect to the gauge transformations,

δAαMN = 2 ∂ [MΛαN ]. (3.118)

17Each arrangement of scalars V α± transform, under local U(1), as

δV α± = ±iΣV α± .

So, scalars of the theory as described by the matrix U have symmetry SU(1, 1)/U(1).
18The local U(1) transformations of some field Φ with infinitesimal parameter Σ(x) are written as

δΣΦ = iqΣΦ.

Then q is called the charge.
19Or gauge field. It means that the field transform as the derivative of the parameter, i.e.

δQM = ∂MΣ.
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The four-form is invariant under SU(1, 1), and varies as

δAMNPQ = 4 ∂ [MΛNPQ ] −
i

4
εαβ Λα[M F βNPQ ], (3.119)

under local gauge transformations, so that the gauge invariant five-form field strength is

FMNPQR = 5 ∂ [MANPQR ] +
5i

4
εαβ A

α
[MNF

β
PQR ]. (3.120)

This five-form satisfies the self-duality condition,

FMNPQR =
1

5!
εMNPQRSTUVWFSTUVW . (3.121)

The SU(1, 1) doublet of U(1) neutral fields strengths (3.117) can be replaced by an equivalent

expression that is an SU(1, 1) singlet with U(1)−charge U = 1,

GMNP = −εαβV α
+F

β
MNP . (3.122)

By requiring the closure of the algebra on the bosonic fields, it is possible to deduce the super-

symmetric transformations of each field,

δeNM = −2κIm(ε̄ΓNψM ),

δV α
+ = κV α

− ε̄
∗λ , δV α

− = κV α
+ ε̄λ

∗,

δAαMN = V α
+ ε̄
∗ΓMNλ

∗ + V α
− ε̄ΓMNλ+ 4iV α

+ ε̄Γ[Mψ
∗
N ] + 4iV α

− ε̄
∗Γ[MψN ],

δAMNPQ = 2Re(ε̄Γ[MNPψQ])−
3

8
iκεαβA

α
[MNδA

β
PQ],

δλ =
i

κ
ΓM ε∗P̂M −

1

24
iΓMNP εĜMNP ,

δψM =
1

κ
DM ε+

i

480
γNLPQRΓM εF̂NLPQR +

1

96
(Γ NLP
M ĜNLP − 9ΓPQĜMPQ)ε∗

+fermions2. (3.123)

The first variation corresponds to the usual supersymmetric transformation of the vierbein eNM ,

the second line contains the supersymmetric variations of the scalars, which are written having

the correct SU(1, 1) × U(1) properties. The supersymmetry transformations of the gauge fields

AαMN and δAMNPQ, the third and fourth lines, can be obtained so that the commutator of

two supersymmetry transformations give rise to a consistent set of gauge transformations with

special parameters. The last two variations, corresponding to the supersymmetric variations of

the dilatino and the gravitino, are calculated in the same way the gauge fields transformations

were done.
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In general, the commutator of two local supersymmetry transformations gives all six types of

local symmetry transformations [52].

[ δ(ε1) , δ(ε2) ] = δ(ξ) + δ(ι) + δ(ε) + δ(Λ.) + δ(Λ...) + δ(Σ) (3.124)

where ξ refers to general coordinate transformations, ι is for local Lorentz, ε is for local super-

symmetry, Λ. and Λ... correspond to local gauge transformations, and Σ parametrizes local U(1)

transformations.

Furthermore, supertities were defined as

P̂M = PM + fermions,

ĜMNP = GMNP + fermions,

F̂MNPQR = FMNPQR + fermions. (3.125)

And also, the supercovariant derivative,

DM ε = (∂M +
1

4
ω AB
M ΓAB −

1

2
iQM )ε, (3.126)

where the last term was added since QM transforms as a gauge field. The spin connection ω AB
M

contains a combination of bilinear products of fermions.

There is no auxiliary field in type IIB supergravity to close the supersymmetry algebra (3.124)

off-shell. This fact can be turned to advantage as we mentioned before. In the case of eNM , V α
± ,

and AαMN , clousure of the algebra is achieved without invoking equation of motion. However,

for AMNPQ, it is necessary to use its field equation, the self duality condition of the five-form

FMNPQR. The equations of motion can be deduced from the variation of the Fermi fields λ and

ψM . Two of them, which we will consider later, are

RMN = PMP
∗
N + P ∗MPN +

1

6
κ2FABCDMF

ABCD
N

+
1

8
κ2(GPQ

M G∗NPQ +G∗PQM GNPQ −
1

6
gMNG

PQRG∗PQR ), (3.127)

FMNPQR = F̃MNPQR. (3.128)

It is interesting to investigate the field equations of this theory for the solution that describes

compactified spaces as will be seen later.
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3.4 p-branes and black p-branes

In the last section we have arrived to a supersymmetric theory describing a gravity as the low-

energy limit of a particular superstring theory. But solving the whole theory, considering all the

fields of supergravity, is practically impossible. In order to find solutions to the field equations,

we motivate the existence of some higher dimensional objects that source those fields [46].

In d dimensions, the spacetime can be decomposed as SO(1, p)×SO(d−p), where the SO(d−p)

factor came from the fact that the brane can rotate in the transverse direction. Hence, we can

write the spacetime metric hMN that respects that symmetry (Schwarzschild-like) as (see [54]

and [55] for general solutions)

ds2 = e2A(r)dxµdxνηµν + e2B(r)dymdymδmn , (m,n = p+ 1, ..., d− 1)

(µ, ν = 0, ..., p), (3.129)

where r =
√
ymym is the isotropic radial coordinate in the transverse space. Since the metric

components depend only on r, translational invariance in the worldvolume directions xµ and

SO(d− p) symmetry in the transverse directions ym is guaranteed.

Now, general solutions for any values of d and p are beyond of the scope of this work, but they

can be found in [54, 56–58]. So we will focus in finding classical solution for d = 10 and p = 3.

Then, the object to be studied will be a three-brane in a ten-dimensional spacetime.

Following the discussion about generalized electromagnetism and the ansatz for the brane, we

conclude that the three-brane will source a four-form A(4), which in turn have as field strength a

five form F(5). A special feature of this field strength is that it is a self-dual form, i.e. its Hodge

dual (see [59] for studying some about differential geometry) F̃ (or ∗F ) is

F̃MNPQR =
1

5!
εMNPQRSTUVWFSTUVW = FMNPQR. (3.130)

For p = 3, d = 10, the ansatz of the brane (3.129) is [60,61]

ds2 = e2A(r)dxµdxνηµν + e2B(r)dymdymδmn , (m,n = 4, ..., 9)

(µ, ν = 0, ..., 3), (3.131)

where δmn corresponds to the transversal flat space δmn = diag{ 1, 1, 1, 1, 1, 1 }.
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3.4.1 Type IIB solution

Let us consider type IIB string theory in ten dimensions, and look for a black hole solution

carrying electric/magnetic charge with respect to the R-R four-form A4. The R-R charges can

be quantized according (3.104) as ∫
S5

∗F(5) ∼ N, (3.132)

where we have chosen the R-R charge as Qe = N .

Now, we will try to solve the field equations in order to find the expressions for A and B in

(3.131). As first step, we assume that the only matter content in the type IIB SUGRA consists of

the graviton and the four-form appearing as a five-form in the supersymmetry transformations.

Then, we set the fermions vanish in the theory. In (3.123),

δλ =
i

κ
ΓM ε∗P̂M = 0, (3.133)

δψM =
1

κ
DM ε+

i

480
ΓNPQRSΓM εFNPQRS = 0, (3.134)

with

DM ε = (∂M +
1

4
ω AB
M γAB )ε, (3.135)

are known as the supersymmetry conditions. (3.133) and (3.134) allow to obtain the Killing

spinors of the theory and then, the number of preserved supersymmetries in the background.

The equation (3.133) says that the dilatino field λ is actually just a constant. Then, we

must solve (3.134). First, remember that the five-form is the field-strength of a four-form A(4).

An ansatz for this form can be thought of as proportional to the worldvolume of the brane,

M4, [54, 61,62]

Aµνρσ = εµνρσe
C(r), (3.136)

where eC(r) allows to have SO(6) symmetry, corresponding to the symmetry of the transverse

space in (3.131). The five-form field strength was defined in (3.120), and for the case of three-

branes and the field content mentioned above, F(5) is defined by

FMNPQR = 5 ∂ [MANPQR ]. (3.137)

Fo our ansatz we obtain,

Fµνρσm = − 1
4h
εµνρσ∂me

C(r) = e−4A(r)εµνρσ∂me
C(r), (3.138)
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where 4h is the determinant of the four-dimensional metric hMN .

Back to the ansatz for the brane in (3.131), we obtain the spin connections in this background,

eµ = eA(r)dxµ,

em = eB(r)em. (3.139)

The torsion-free condition again allows us to obtain the spin-connections for the metric.

For M = µ,

deµ + ω
µ
m ∧ em + ω

µ
ν ∧ eν = 0.

Then,

ω
µ
ν = 0 , ω

µ
m = ∂mA(r)eµ. (3.140)

In the same way for the M = m,

dem + ωmn ∧ en + ωmµ ∧ eµ = 0, (3.141)

we get,

ωmn = ∂nB(r)em = ωmn. (3.142)

We also need to split the coordinates and the Γ matrices, since we have assumed that the ten-

dimensional spacetime is of the form M4×B6, where B6 is an Euclidean six-dimensional space with

SO(6) symmetry. The coordinates split as xM = (xµ, xm), where µ = 0, ..., 3 and m = 4, ..., 9.

Then, the Γ matrices split as

Γµ = γµ ⊗ I (3.143)

Γm = γ5 ⊗ γm, (3.144)

where γµ and γm are SO(1, 3) and SO(6) gamma matrices respectively. These are constant

matrices in the tangent space ηMN = {−1,+1, ...,+1} and satisfy,

{ΓA,ΓB} = 2ηAB. (3.145)

We recall that,

ΓAB...C = Γ[AΓB...ΓC], (3.146)

is the antisymmetrized product of Γ matrices. We also define

γ5 = iγ0γ1γ2γ3 (3.147)
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so (γ5)2 = 1, and

γ7 = −iγ4γ5γ6γ7γ8γ9, (3.148)

so that (γ7)2 = 1. Thus, Γ11 = γ5⊗γ7. The most general spinor consistent with SO(1, 3)×SO(6)

takes the form,

ε(xM ) = ε⊗ η, (3.149)

where ε is a spinor of SO(1, 3) which may be further decomposed into chiral eigenstates by using

the projection operators 1 ± γ5, and η is an SO(6) spinor which may be also decomposed into

chiral eigenstates via the projection operator 1± γ7.

A final assumption to solve (3.134) is 1
κ = 4, then

DM ε+
i

4× 480
ΓNPQRSΓM εFNPQRS = 0. (3.150)

The covariant derivatives in the last expression can be written, by using (3.140) and (3.142),

Dµε = ∂µε+
1

2
∂mA(r)ΓµΓmε, (3.151)

Dnε = ∂nε+
1

2
∂nB(r) +

1

2
∂mB(r)ΓmΓnε,

Now we need to work in the second term of (5.22). The contraction of the antisymmetrized

product of Γ matrices and the five-form F (5) can be written as

ΓNPQRSFNPQRS = ΓµνρσmFµνρσm + ΓnlpqrFnlpqr.

Apparently we need to know Fnlpqr, but it is not necessary. We can use the self-duality (3.130)

condition and the formula

ΓM1...MN = − 1

(10−N)!
(−1)

N(N−1)
2

εM1...M10

√
−h

ΓMN+1...M10Γ11 , (3.152)

to obtain,

ΓNPQRSFNPQRS = ΓµνρσmFµνρσm(1− Γ11). (3.153)

For M = µ, (3.150) reads as

∂µε+
1

4
ωµABΓABε+

i

4× 480
ΓNPQRSFNPQRSΓµε = 0. (3.154)

Now we can include our last results to get,

∂µε+
1

2
∂mA(r)ΓµΓmε+

i

4× 480
ΓµνρσmFµνρσm(1− Γ11)Γµε = 0. (3.155)



CHAPTER 3. SUPERSTRINGS AND SUPERGRAVITY 92

If we choose the chirality of ε to be positive, i.e. Γ11ε = ε, the ansatz (3.138), and our splitting

of Gamma matrices (3.143) and (3.144), we obtain

∂µε+
1

2
∂mA(r)ΓµΓmε+

i

8× 120
ΓµνρσmFµνρσmΓµε = 0,

∂µε+
1

2
γµ ⊗ γm{γ5∂mA−

1

4
e−4A∂me

C}ε = 0. (3.156)

For M = m, (3.150) acquire the form

∂mε+
1

2
∂mB(r) +

1

2
∂nB(r)ΓnΓmε+

i

8× 120
ΓµνρσnFµνρσnΓmε = 0,

∂nε+
1

2
∂mBε−

1

2
γ5 ⊗ γnγm{γ5∂nB +

1

4
e−4A∂me

−C} = 0. (3.157)

Let us assume a form for the spinor (3.149) to be ε = eA(r)/2ε0⊗η0, where ε0 and η0 are constant

spinors in M4 and B6 respectively. Then we obtain some extra relations for the functions A(r),

B(r) and C(r),

C = 4A , B = −A. (3.158)

The ansatz for the brane (3.131) will be now,

ds2 = e2A(r)ηµνdx
µdxν + e−2A(r)δmndx

mdxn, (3.159)

and the ansatz for the five-form (3.138),

Fµνρσm = − 1
4h
εµνρσ∂me

C(r) = e−4A(r)εµνρσ∂me
4A(r). (3.160)

The explicit form of A(r) can be obtained by solving the equations of motion (3.127) for our case,

in other words, just metric and the five-form are turned on. Then,

Rµν =
1

96
FµρσλmF

ρσλm
ν . (3.161)

Since R = 1
4F

2 = 0, (3.161) reduces to

e8A(r) ∂m∂m e
−4A(r) = 0, (3.162)

A is a function of r =
√
xmxm only, we need to write the last equation in this coordinates. If we

go to “spherical” coordinates in this six-dimensional space δmn, we get the laplacian

r−3∂r

(
r5 ∂r e

−4A(r)
)

= 0, (3.163)
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which is easy to solve to obtain

e−4A(r) = 1 +
|Q |
r4

. (3.164)

The ten-dimensional metric (3.159) takes the form

ds2 =

(
1 +
|Q |
r4

)−1/2

ηµνdx
µdxν +

(
1 +
|Q |
r4

)1/2

δmndx
mdxn. (3.165)

The near-horizon geometry at r → 0 tuns out to be

ds2
h =

r2

√
Q
ηµνdx

µdxν +

√
Q

r2
dr2 +

√
QdΩ5, (3.166)

where dΩ5 is the volume element of the five-dimensional sphere at fixed r in the transversal six-

dimensional space, and |Q | is an integration constant. We say that the near-horizon geometry

of D3-branes placed in a ten-dimensional spacetime M4 ×B6 looks like AdS5 × S5.

3.5 Anti-De Sitter space

As was mentioned above, in the limit in which r → 0 the black p-brane solution (3.165) becomes

into (3.166). This spacetime is a product of a five-dimensional scape with constant negative

curvature called Anti De Sitter space [2, 30, 63–65]. This space can be expressed in terms as the

six-dimensional embedding of a hyperboloid (with AdS radius L),

−X2
0 −X2

5 +
4∑
i=1

X2
i = −L2, (3.167)

into a flat six-dimensional R2,4 space,

ds2 = −dX2
0 − dX2

5 +

4∑
i=1

dX2
i . (3.168)

By construction, the space has the isometry SO(2, 4), and it is homogeneous and isotropic 20.

Eq. (3.167) can be solved by setting,

X0 = L cosh ρ cos τ , X5 = L cosh ρ sin τ,

Xi = L sinh ρΩi ( i = 1, ..., 4 ;
∑
i

Ω2
i = 1 ). (3.169)

20Homogeneity is the statement that the metric is the same throughout the manifold M. In other words, given

any two points p and q in M, there is an isometry that takes p into q. Isotropy applies at some specific point in

the manifold, ans states that the space looks the same no matter in what direction you look. There is no necessary

the relationship between homogeneity and isotropy.
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where Ωi parametrizes an S3. Substituting this into (3.168), we obtain the metric on AdS5,

ds2 = L2(− cosh2 ρ dτ2 + dρ2 + sinh2 ρ dΩ2 ). (3.170)

By taking 0 ≤ ρ and 0 ≤ τ < 2π the solution (3.169) covers the entire hyperboloid once.

Therefore, (τ, ρ,Ω) are called the global coordinates of AdS. The metric behaves near ρ = 0 as

ds2 ≈ L2(−dτ2 + dρ2 + ρ2 dΩ2 ), (3.171)

where dΩ2 is the volume element of an S3. The hyperboloid (3.171) in this limit has the topology

of S1 × R4, with S1 being the timelike curves in the τ directions. To prevent inconsistencies

concerning causality, AdS5 is therefore regarded as the causal spacetime obtained by unwrapping

S1, taking −∞ < τ <∞ without any identification.

The isometry group SO(2, 4) of AdS5 has a maximal compact subgroup SO(2)× SO(4), the

former generating translations in τ , the latter rotating the Xi’s of the S3.

Figure 3.1: AdS3 spacetime as a hyperboloid with closed timelike curves (source: Strings and

Fundamental Physics [29]).

To study the causal structure of AdS5 in more detail, it is convenient to introduce a new

coordinate θ related to ρ by tan θ = sinh ρ (0 ≤ θ < π/2). Then the metric (3.170) takes the form

ds2 =
L2

cos2 θ
(−dτ2 + dθ2 + sin2 θ dΩ2 ), (3.172)

by a conformal rescaling, the causal structure of the spacetime does not change. Multiplying the

metric by L−2 cos2 θ,

ds′2 = −dτ2 + dθ2 + sin2 θ dΩ2, (3.173)

which, at fixed τ , is known as the Einstein static universe R × S2. However, since 0 ≤ θ < π/2,

this metric covers only half of R × S2. Namely, AdS5 can be conformally mapped into one-half
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of the four-dimensional Einstein static universe; the spacelike hypersurface of constant τ is a

four-dimensional hemisphere. The equator at θ = π/2 is a boundary of the spacetime ( ρ→∞ )

with the topology of S3 as shown below (for AdS3)

Figure 3.2: AdS3 can be conformally mapped into one-half of R× S2 (figure taken from [65]).

In addition to to the global parametrization (3.169) of AdS, there is another set of coordinates

(u, t, x) where 0 < u, x ∈ R3 which will be useful later. They are defined by

X0 =
1

2u
( 1 + u2(L2 + ~x2 − t2 ) ) , X5 = Lut,

Xi = Luxi , ( i = 1, ..., 3 ),

X4 =
1

2u
( 1 + u2(L2 + ~x2 − t2 ) ). (3.174)

These coordinates cover one-half of the hyerboloid (3.167). Substituting them into (3.168), we

obtain another form of the AdS5 metric

ds2 = L2

(
du2

u2
+ u2(−dt2 + d~x2 )

)
. (3.175)

The set of coordinates (u, t, x) are called the Poincaré patch. In this form of the metric, the

subgroups of SO(2, 4): ISO(1, 3) (Poincaré transformations on (t, x)) and SO(1, 1)

(t, x, u)→ (ct, cx, c−1u) , c > 0, (3.176)

is manifest.
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Figure 3.3: Poincaré patch, AdS2 can be conformally mapped into R×[−π/2, π/2 ]. The (u, t) coordinates

cover the triangular region. Light rays propagating in this plane can reach the boundary and bounce back

in finite time, whereas massive particles moving along geodesic cannot (figure taken from [65]).

The boundary at u→∞ can be better analyzed in terms of a new variable y,

y :=
1

u
⇒ ds2 =

L2

y2
( dy2 − dt2 + d~x2 ), (3.177)

After a conformal rescaling by y2, we obtain

ds2 = dy2 − dt2 + d~x2. (3.178)

When we fix y → 0 (u→∞ ), we get the Minkowski four-dimensional spacetime.



Chapter 4

AdS/CFT correspondence

String theory emerged as an attempt to explain strong interactions, and later it evolved into a

proposal for a theory able to incorporate all forces of nature into a coherent framework (as we saw

before, it contains gravity!). Gauge theories are the core of the standard model, and they have

been successful so far. Then, a theory that describes nature in some sense, must “intersect” our

current physics in some regime. That is why one can realize that there exists a special limit in

string theories where we will get gauge theories. We could invert the assertion to say that, hidden

within every gauge theory is a theory of quantum gravity. Then, we have a duality in words. Two

totally different theories match in some special regimes, a theory with gravity will correspond to

a gauge theory (without gravity). But, why do we need another formulation of the same thing? It

is well-known that gauge theories become untreatable when the coupling becomes stronger. Since

normally quantum field theory calculations are done by means of perturbation theory, there is

no way to solve the strongly coupled theory. We cannot achieve the whole description of nature

with gauge theories. Duality, in turns, allows to go further but not from the same description of

nature. The idea in dualities, is to find a theory that “completes” that strong coupling regime

(see [64–67] and also [7] for some reviews).

We can see the general idea of this statement in fig.(4.1)

97
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Figure 4.1: General structure of the AdS/CFT and the limit involved.

At the end of the nineties, J. Maldacena proposed the exact and complete equivalence between

a specific superstring theory in a specific background, and a specific supersymmetric non-abelian

gauge theory in four dimensions. This ideas can be written in a simple and short expression (as

was first introduced by Maldacena in [68]),

D = 4 , N = 4 , SU(N) Yang-Mills ≡ Type IIB superstrings on AdS5 × S5.

The left-hand side corresponds to a supersymmetric non-abelian gauge theory, which obviously

does not describe some realistic interactions, and the right-hand side is a specific superstring

theory we studied before. In spite of our standard model of particles is neither conformal nor

supersymmetric, this duality is useful because it is a huge step forward to describe the whole

coupling regime of couplings of any gauge theory. Unfortunatelly, it is very hard to prove the exact

equivalence between type IIB superstrings on this special background, and this supersymmetric

gauge theory. In the gravity side (strings) there are almost the same problems we found in gauge

theories, the UV regime of the string theory, i.e. the nonperturbative formulation of superstrings,

is not very well understood. Even at string tree level, we do not know how to solve it. Then,

we are forced to accept a weaker form of the correspondence. The strong coupling limit of the

supersymmetric gauge theory is dual to type IIB supergravity, the low-energy limit of type IIB

superstring theory. We say that the AdS/CFT correspondence is a strong/weak coupling duality.

There are arguments that not will be discussed in this work pointing towards the fact that

Maldacena conjecture might be stronger, a complete duality. We then might state three different

versions of the conjecture which, in increasing level of conservatism, can be named as the strong,
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the mild and the weak. They are decribed below, where the appropiate limits are assumed on

the parameters of the theory are also mentioned [69,70].

Gravity side Gauge theory side

Type IIB string theory N = 4 SU(Nc) super

on AdS5 × S5 Yang-Mills theory Strong∗

∀ gs, gsNc ∀ gYM , Nc

Classical type IIB strings ’t Hooft large Nc limit of

on AdS5 × S5 N = 4 SU(Nc) SYM Mild∗

gs → 0, gsNc fixed Nc → ∞, λ = g2
YMNc fixed

Classical type IIB supergravity Large ’t Hooft coupling limit

on AdS5 × S5 of N = 4 SU(Nc) SYM Weak

gs → 0 , gsNc → ∞ Nc → ∞, λ→ ∞

Table 4.1: Three versions of the Maldacena conjecture: the strong, the mild and the weak (source: J.Edelstein and

R.Portugues [69]). The (∗) was put because we actually do not have evidence for these forms of the correspondence

[71].

So, actually we do not have a formal correspondence, but two complementary descriptions of

the same “thing”. In the following we will try to explain how this duality is formulated. It is

time to apply all we have learned before.

4.1 The Maldacena limit

The spacetime metric of Nc
1 coincident D3-branes given in (3.165) as

ds2 =

(
1 +
|Q |
r4

)−1/2

ηµνdx
µdxν +

(
1 +
|Q |
r4

)1/2

δmndx
mdxn, (4.1)

and,

|Q | = R4 = 4πgsNcα
′ 2

= 4πgsNc l
4
s ⇒

(
R

ls

)4

= 4πgsNc, (4.2)

1The subscript in Nc is because of the number of branes will characterize the rank of gauge group in their

worldvolume.
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where the radius R of the D3-brane. As r � R, we recover flat spacetime R10. When r < R, the

geometry is often referred to as the throat and would at first appear to be singular r � R. If we

redefine u ≡ R/r as we did in section (3.5), the throat limit with this redefinition is

ds2 = R2

(
1

u2
ηµνdx

µdxν +
du2

u2
+ dΩ2

5

)
. (4.3)

So the geometry close the stack on branes ( r → 0 , u → ∞) is regular and highly symmetrical.

And as we saw in section (3.4.1), this geometry is AdS5 × S5.

Figure 4.2: The geometry of the black D3-brane solution. Far away we have ten-dimensional flat space. Near

horizon we have a throat AdS5 × S5 (source of the picture: [72]).

4.1.1 The decoupling limit

An important property of the metric (4.1) is its nonconstant redshift factor coming from the g00

term of the metric [29],

g00 =

(
1 +
|Q |
r4

)−1/4

,

whose near-horizon limit is (
1 +

R4

r4

)−1/4

=

 ∼ 1 : large r

∼ r/R : small r
(4.4)

The energy Ep of an object measured by an observer at constant position r differs from the energy

Ei of the same object measured by an observer at infinity(
1 +

R4

r4

)−1/4

Ep = Ei. (4.5)
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When the object approaches to the throat r → 0, it appears to have lower and lower energy to

the observer at infinity. This gives another geometric notion of low energy regime. Then, we have

to distinguish two kinds of low-energy excitations ( as seen from r →∞ )

• particles approaching to the throat r → 0,

• and massless particles propagating in the “bulk“ ( away from r = 0 ).

Their excitations decouple from each other in the low-energy limit, in other words, bulk massless

particles decouple from the near horizon region around r → 0. On the other hand, excitations

close to r = 0 are trapped by the gravitational potential to the AdS5 × S5 region. Thus we have

two decoupled actions in the low-energy limit, supergravity of massless particles in flat space and

supergravity (of arbitrarily massive modes) in the AdS5 × S5 region.

Now, let us study some approximations in terms of the parameters involved in R (see for

example [65]). In (4.2), if we fix gsNc ∼ R4/l4s � 1, then the description in terms of open

strings attached to heavy (fixed in flat space) branes and closed strings is reliable2. When

gsNc ∼ R4/l4s � 1, classical gravity becomes a good description, since the radius of curvature R

of AdS and of S5 becomes large compared to the string length. A way to understand this limit

is to think that D3-branes produce backreaction in M10, so they could be considered as black

threebranes whose solution was found in section (3.4.1) for the type IIB case.

These limits are not connected continuously, in other words, we cannot get into the gravity

regime, R/ls � 1, by taking Nc small and gs very large, since in that case the D1-brane or

D-string becomes light and renders the the gravity approximately invalid as we see from (3.108).

Another way to see this is to notice that,

R4

l4P
=

4πgsl
4
sNc

gsl4s
= 4πNc ∼ Nc.

So, it is always necessary, but not sufficient, to have large Nc in order to have weakly coupled

supergravity description.

Now we are ready to motivate the AdS/CFT correspondence (in its weak version), by consid-

ering excitations around the ground state in the two descriptions above and taking a low-energy

or decoupling limit. As we said, in the first description, the excitations of the system consist of

open and closed strings. At low-energy we may focus on the light (massless) degrees of freedom.

2Notice that we have assumed gs < 1, in order to have a perturbatively well-behaved theory.
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Let us be more specific. In the first description, when gsNc � 1, consider a system of Nc D3-

branes. As we saw, the dynamics on the D3-branes is a U(Nc) gauge theory3 in four-dimensions.

Furthermore, this theory will be actually N = 4 supersymmetric, since it is conformal and is

also the most general renormalizable consistent possibility as we learned from section (2.6). We

saw in (3.2.7) that the DBI action for a D3-brane contains a Yang-Mills term which couples as

∼ 1/gs, so we could relate g2
YM ∼ gs. As this gauge theory comes from open strings with Nc

Chan-Paton factors, ending on the D3-branes, the string coupling gs gets dressed by a factor Nc,

hence the effective loop expansion parameter will be gsNc. On the other hand, quantization of

the closed string modes leads to a massless graviton supermultiplet plus a tower of massive string

states, all of them propagating in flat ten-dimensional spacetime. The strength of interactions

of closed strings modes is controlled by the Newton’s constant G10 which in turns is related to

gs as G10 ∼ g2
s l

8
s , so the closed string coupling gs scales (at an energy E) as G10E

8. So, the

strength of interaction of closed strings with matter vanishes at low-energy and so in this limit,

closed strings become non-interacting, which is essentially the statement that gravity is infrarred

free. Moreover, interactions between closed and open strings4 are also controlled by the same

parameter, since gravity couples universally to all forms of matter (including the gauge field on

the brane). Therefore, at low-energies, open strings decouple from closed strings, i.e. gauge

theory decouples from gravity,

S = Sbrane + Sbulk + Sint ⇒ Sbrane + Sbulk, (4.6)

3U(Nc) can be split as U(Nc) → U(1) × SU(Nc). The U(1) factor can be shown to decouple so that one is

eventually left with SU(Nc).
4The interaction terms between closed and open strings are proportional to gs, so they vanish at low-energy.
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Figure 4.3: When gsNc is very small, gravity (closed strings) on the bulk and the gauge theory (open strings)

on the branes decouple.

where Sbrane is four-dimensional N = 4 super Yang-Mills with gauge group SU(Nc) with

coupling λ = gsNc, and Sbulk is ten-dimensional type IIB supergravity.

Let us examine the same limit in the second description, type IIB closed strings on AdS5×S5.

At the beginning of this section, we examine some interesting properties of the solution for black

threebranes in (4.1). If we apply them to type IIB strings on this spacetime, we see that as seen

from infinity, only the massless spectrum of type IIB strings will be considered at low-energies.

In fact, closed strings in the flat space have in this limit very large wavelengths and do not ”see“

the throat. In the throat region, however, the whole tower of massive string excitations survives.

As we focus on low-energies, these modes become supported deeper and deeper in the throat

as so they decouple from the massless states in the outer Minkowskian region. We conclude

that at low-energies the second description of the system reduces to interacting closed strings on

AdS5 × S5 plus free gravity on flat ten-dimensional spacetime.
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Figure 4.4: When gsNc is very large, gravity on in the throat decouple to gravity on the flat space (figure taken

from [72]).

r →∞ r → 0

D-brane (gsNc � 1) free gravity N = 4 d = 4 SU(Nc) SYM

Black brane (gsNc � 1) free gravity Type IIB SUGRA on AdS5 × S5

Table 4.2: Decoupling limits when r → ∞. Descriptions in the throat (r → 0) for gsNc � 1 and

gsNc � 1.

4.1.2 Maldacena’s conjecture

Comparing the results of the low-energy limits in the table (4.1.1), it is ”reasonable“ to conjecture

that N = 4 SU(Nc) SYM in four dimensions and type IIB string theory on AdS5 × S5 are two

apparently different descriptions of the same underlying physics, and we will say that the two

theories are ”dual“ to each other (see [68])5.

This is a striking statement, but actually we are not able to prove it. As we said before, at

present there is no consistent nonperturbative formulation of string theory yet, in particular not

in curved spacetime. Let us focus instead in the weak formulation of the correspondence, the

equivalence between N = 4 SU(Nc) SYM in four dimensions and Type IIB SUGRA on AdS5×S5.

5Notice we still have a SU(N) gauge theory, the U(1) extra factor describes the collective motion of the stack

of branes, so it can be decoupled not only in the IR limit [64]
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4.1.2.1 Matching parameters

Let us examine more closely the parameters that enter in the definition of each theory, an the

map between them. In the gauge theory side, the gauge symmetry is specified by the rank

of the group, Nc, and also the ’t Hooft coupling constant, λ = g2
YMNc. The string theory is

determined by the string coupling constant, gs, and by the size of the AdS5 and S5 spaces. Both

spaces are maximally symmetric and are completely characterized by a single scale, their radius of

curvature. Remind that R4/l4s ∼ gsNc so R4/l4s ∼ λ. This means that the so-called α′-expansion

(since R is fixed) on the string side, which controls corrections associated to the finite size of

the string (when ls � R) as compared to the size of the spacetime it propagate in, corresponds

to the strong coupling λ � 1. Hence, it is necessary, in order to supergravity limit to be a

good approximation, we must have actually λ→∞6 in order to ensure the additional degrees of

freedom such as D-strings, whose tension as 1/gs, remains heavy and not propagate.

The string coupling is related to the gauge theory parameters through,

gs ∼ g2
YM ∼

λ

Nc
,

which means that, for a fixed size of AdS5 × S5 geometry (i.e. for fixed λ), the string loop

expansion corresponds precisely to the 1/Nc expansion in the gauge theory.

The above statements imply that the correspondence in this AdS/CFT conjecture holds in

the Nc →∞ limit at large and fixed ’t Hooft coupling λ.

Let us give some words about this 1/Nc expansion in the gauge theory side. Large Nc gauge

theory amplitudes have a convenient topological expansion in terms of powers of Nc. In this

picture Feynman diagrams can be viewed as two-dimensional surfaces and assigned Euler char-

acteristic number, χ = 2− 2g, for closed oriented surfaces,

∼
∑
g

N2−2g
c ,

where g is the genus (the number of handles) of the surface. In the large Nc limit we see that

any computation will be dominated by the surface of maximal χ or minimal genus (sphere or

equivalently, a plane). All these planar diagrams will give a contribution of order N2
c , while all

other diagrams will be suppressed by powers of 1/N2
c .

6Note, however, that this condition is not sufficient: it must be supplemented by the requirement that gs → 0

(which then implies that Nc →∞.
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4.1.2.2 Holographic duality

The metric on AdS5, in the so-called Poincaré match was written in (3.166) as

ds2
h =

r2

R2
ηµνdx

µdxν +
R2

r2
dr2. (4.7)

The coordinates xµ may be thought of as the coordinates along the worldvolume of the brane,

and hence they can be identified with the gauge theory coordinates. The coordinate r together

those of S5, describe the transverse directions to the brane. As r → ∞, we approach to the

so-called ”boundary” of AdS5, ∂AdS5. Actually, this is not a boundary in the topological sense

but in the conformal sense of the word.

As we know N = 4 SYM is a conformal field theory, in this side, the transformation x→ Λx

is a symmetry of the theory. At the same time, in the gravity side, this transformation is also a

symmetry. In (4.7), the rescalings r → r/Λ plus x→ Λx leave the metric invariant.

Let us focus in the limits of Λ (see [72] also for some advances on QCD). When Λ � 1, in

the gauge theory side, we get physics at large distances, i.e., at small energies (IR limit). This

limit is associated with the near-horizon limit, r → 0. Whereas, when Λ � 1 we have physics

at short distances, which means large energies (UV limit). We conclude that the energy in the

gauge theory side is associated with the radial coordinate in gravity side.

Scale Factor Gauge Theory AdS5 space

Λ� 1 E � 1 r → 0

Λ� 1 E � 1 r →∞

Table 4.3: Correspondece between the energy in the gauge theory and the radial distance in the AdS5

space.

In other words, r is identified with the renormalization group (RG) scale in the gauge theory

E ∼ r (4.8)

We know that N = 4 SYM is a conformal field theory in the UV limit, and since this limit

corresponds to r →∞ in the AdS5 space, we say that this gauge theory resides at the boundary

of AdS5. The correspondence between string theory in AdS space and super Yang-Mills theory

is an example of the holographic principle according to which a quantum theory with gravity

must be describable by a boundary theory. According to this principle, a macroscopic region of
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space and everything inside it can be represented by a boundary theory living on the boundary

of this region. A question emerges: where are the D3-brane located in the AdS space then? At

the beginning we said that they are at the horizon r = 0. But what we found is that the place

of the D-branes depends on what frequency (energy) we consider. In other words the location

of the D-branes is given by the RG, at low-energies we see that branes are at r = 0 but as the

frequency increases, the brane appears to move toward the boundary at r → ∞. This is known

as the UV-IR connection [73] (see also [74,75] for excellent revisions on holography).

4.1.2.3 Matching symmetries

Now, let us study in a little more detail the global symmetries of the both sides of the correspon-

dence. The N = 4 SYM is invariant under Conf(1, 3)×SU(4), where Conf(1, 3) is the conformal

group in four dimensions, which contains the Poincaré group, the dilation symmetry and special

conformal transformations. The second factor is the R-symmetry of the theory. The theory is

also invariant under the 16 supersymmetries, the fermionic superpartners of the translation gen-

erators, as well as under 16 special conformal transformations, the fermionic superpartners of the

special conformal symmetry generators. On the other hand, in the string theory side, excitations

extend all the way to the boundary where the gauge theory lives in. When this space is written

as a hypersurface embedded in R2,4, as in (3.167, it is easy to see that it possesses an SO(2, 4)

isometry group. The remaining S5 factor has obviously a SO(6) isometry. Now, here comes the

magic matching of symmetries, the SO(2, 4) symmetry of AdS5 is isomorphic to the conformal

group Conf(1, 3), and the second group, SO(6), corresponds to the R-symmetry group in the

gauge theory side, SU(4).

We therefore conclude that the global symmetries are the same on the both sides of the duality.

4.1.2.4 Field-operator map

We will now make more precise the conjecture relating our gauge theory on the boundary of AdS

to supergravity (and then string theory) in the bulk. We will make an ansatz whose justification,

initially, is to combine ingredients of both sides in a natural way.

Then the aim of this section is to work out the relation between observables of both equivalent

theories, in other words, to work out “the dictionary” between representations of the gauge theory

and the string theory side, operators and field respectively. We will relate them in the bosonic
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subgroup of the superconformal group, SO(2, 4) × SO(6). This matching provides a one-to-

one map between gauge invariant operators in N = 4 SYM and classical fields in type IIB on

AdS5 × S5.

As a conformal theory, N = 4 does not allow to define asymptotic states [65], so if we say

spectrum of the theory, we refer instead to the collection of gauge invariant operators O(x) that

are polynomial in the field of the theory (the gauge invariant condition is respected by taking

traces over the gauge group, as we saw in section (2.6.2)).

Consider a general n-point function of composite regularized gauge invariant operators Ok(x)

(1/2 BPS operators for our N = 4 SYM theory, or 1/4 BPS [76])

〈O1(x1)O2(x2)...On(xn)〉 =
δn lnZ[J ]

δJ1(x1)δJ2(x2)...δJn(xn)

∣∣∣
Ji=0

, (4.9)

where,

Z[J ] :=
〈

exp

(
−
∫

dDxLJ
)〉

, (4.10)

and LJ is the lagrangian of a given QFT with added source term coupled to a basis {Oi} of gauge

invariant local operators

LJ = L+
∑
i

Ji(x)Oi(x), (4.11)

as usual. Then for our gauge theory we write

ZN=4 SYM[J ] =
〈

exp

(
−
∫

d4xJk(x)Ok(x)

)〉
. (4.12)

As we learned, this theory lives in ∂AdS5 (the boundary of AdS5) as a strong coupled gauge theory.

In the gravity side, consider, for sake of simplicity, a scalar field with mass m on M = AdSp+1.

The action is

S =
1

2

∫
M
dd+1x

√
−g ( gAB∂AΦ ∂BΦ +m2Φ ). (4.13)

This leads to the Klein-Gordon equation in d+ 1 dimensions

(−∆ +m2 )Φ = 0 , ∆ =
1√
−g

∂A(
√
−g gAB∂B ) (4.14)

with the metric in (3.177), we obtain

∆ =
z2

R2
( zd−1∂z( z

−d+1∂z ) + f∂2 )

=
z2

R2
( ∂2

z − (d− 1)z−1∂z + ∂µ∂
µ ). (4.15)
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There is also a boundary term coming from integrating by parts (4.13)

Sb =
1

2

∫
M
dd+1x ∂A(

√
−g gABΦ ∂BΦ ) =

1

2

∫
∂M

ddy
√
γ Φnz∂zΦ

∣∣∣z=∞
z=ε

, (4.16)

where nz = z/R is the vector normal to ∂M, γ is the induced metric and y the coordinates on the

surface. We have introduced a cutoff because the induced metric diverges for z = 0, so γε = R2

ε2
η.

If we “assume“ an exponential decay for Φ at z →∞, then

Sb =
1

2

∫
M
dd+1x ∂A(

√
−g gABΦ ∂BΦ ) =

1

2

∫
∂M

ddy
√
γ Φnz∂zΦ

∣∣∣
z=ε

, (4.17)

where actually nz = ε. Now we want to solve (4.14). Let us write the field Φ as

Φ(z, x) = f(z)φ(x). (4.18)

Then (4.14) becomes

− z2

R2
( zd−1∂z( z

−d+1∂zf )φ+ f∂2φ ) +m2fφ = 0, (4.19)

where ∂2 = ∂µ∂
µ. Performing separation of variables

− zd−1

f
∂z( z

−d+1∂zf ) +
m2R2

z2
=
∂2φ

φ
= −k2, (4.20)

where k2 is the norm of a d-dimensional vector kµ. This gives

− zd+1∂z( z
−d+1∂zfk ) + (m2R2 + k2z2 )fk = 0, (4.21a)

∂2φk + k2φk = 0. (4.21b)

The solution can be written as

Φ(z, x) =

∫
ddk fk(z)φk(x), (4.22)

since one get modes depending on kµ, the full solution will be obtained by superposing all of

them7. Solving (4.21b) we obtain plane-waves

φ(x) =
1

(2π)d
eikµx

µ
. (4.23)

7Before solving the equations, let us summarize some consequences of the k2 sign:

• k2 = µ2 > 0, the momentum is off-shell. The z solution is real exponential. µ cannot be considered as the

mass.

• k2 = −µ2 < 0, the momentum satisfies the usual on-shell mass condition and so µ would be indeed the mass

in x-space (M4).
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So let us ”sum“ the modes,

Φ(z, x) =

∫
ddk

(2π)d
fk(z)e

ikµxµ . (4.24)

The z-equation can be written as

z2fk
′′ − (d− 1)zfk

′ − ( z2k2 +m2R2 )fk = 0. (4.25)

This is almost the modified Bessel equation. Let us do a clever change of variable, fk = zd/2gk

to get

(kz)2gk
′′ + (kz)gk

′ − { d
2

4
+m2R2 + (kz)2 }gk = 0, (4.26)

which is the modified Bessel equation (see [77] for an excellent handbook of mathematical func-

tions). Here gk
′′ = ∂2gk/∂

2(kz) and gk
′ = ∂gk/∂(kz). The solutions to (4.26) can be written in

terms of the so-called modified Bessel functions, Kν(kz) and Iν(kz),

fk(z) = zd/2 [ akKν(kz) + bkIν(kz) ] , (4.27)

where Kν(kz) and Iν(kz) are the modified Bessel functions of first and second kind respectively.

We have defined the parameter ν as

ν =

√
d2

4
+m2R2 (4.28)

Now we have to impose that solutions are regular everywhere, and more specifically for z → ∞

(r → 0, the deep interior of AdS-space). Modified Bessel functions are well known. So in this

limit the modified Bessel functions behave as

Kν(kz) ∼ e−kz , Iν(kz) ∼ ekz. (4.29)

We see that Iν(kz) diverges, so bk = 0 and then,

fk(z) = ak(kz)
d/2Kν(kz). (4.30)

Using the asymptotic form of Kν(kz) when z → 0 (near the boundary of AdS-space), we find

fk(z) ≈ ak(kz)d/2
[

Γ(ν)

2

(
2

kz

)ν
+

Γ(−ν)

2

(
2

kz

)−ν ]
. (4.31)

Let us express these results as

fk(z) ≈ φ0(k)z∆− + φ1(k)z∆+ , (4.32)
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where we have defined

φ0(k) = ak2
ν−1Γ(ν)k∆− , φ1(k) = ak2

−ν−1Γ(−ν)k∆+ . (4.33)

In position space (4.32) becomes

φ(z, x) ≈ φ0(x)z∆− + φ1(x)z∆+ . (4.34)

The “scaling” components ∆± are defined as

∆± =
d

2
± ν =

d

2
±
√
d2

4
+m2R2 ⇒ ∆+ + ∆− = d. (4.35)

We can redefine

∆+ = h , ∆− = d− h. (4.36)

Notice also that the positivity of the square-root gives the Breitenlohner-Freedman bound [6,20,

39],

m2R2 > −d
2

4
. (4.37)

Now we study in more detail the asymptotic form (4.32) of the solution. Since ∆+ > 0, the

solution z∆+ is a normalizable solution and corresponds to a bulk excitation which decays at the

boundary (z → 0). But the other solution, z∆− does not decay since ∆− < 0. Then we say that

it defines a non-normalizable8 field on the boundary,

φ0(k) = lim
z→ 0

z−∆−fk(z) = lim
z→ 0

zh−dfk(z) ⇒ φ0(x) = lim
z→ 0

zh−dφ(z, x). (4.38)

In principle one asks only for normalizable modes, since they correspond to modes which propa-

gate in the bulk. On the other side, non-renormalizable modes are necessary to specify boundary

conditions, and then these modes do not fluctuate and they provide the classical background on

which the normalizable modes propagate. Thus we should not throw away them.

It is also possible to verify that φ0 is an operator with conformal dimension ∆− = h − d.

Under scaling z → λz,

φ0(λx) = lim
z→ 0

zh−dφ(z, λx) = λh−d lim
z→ 0

(λ−1z)h−dφ(z, λx)

= λh−d lim
z′→ 0

(z′)h−dφ(λz′, λx) = λh−d lim
z′→ 0

(z′)h−dφ(z′, x),

8For non-normalizable fields, it is not possible to construct the corresponding Hilbert space, H of the theory
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where we have done φ(λz′, λx) = φ(z′, x). This leads to

φ0(λx) = λd−hφ0(λx). (4.39)

So we will label φ0(x) as φd−h(x), and define a “source“ on the boundary,

J(k) ≡ φd−h(k) = lim
z→ 0

zh−dφ(k, z). (4.40)

In this sense we could relabel our solution in (4.34 and write the ”bulk field“ as

φ(z, x) ≈ φd−h(x)zd−h + φh(x)zh, (4.41)

where φh(x) = φ1(x) will correspond to a field in the boundary with scaling dimension h, which

in the gauge theory side will be a local operator Oh(x)

〈Oh(k)〉 ≡ φh(k) = lim
z→ 0

zhφ(k, z). (4.42)

If we insert (4.41) in (4.21a) we obtain an important relation between h and the mass of the

scalar field in AdS-space

h(h− d) = m2R2. (4.43)

In order to see that φh(x) corresponds to an operator in the gauge theory, and φd−h(x) is a source

on the boundary, we establish the equivalence between partition functions of both sides of the

correspondence (see [63,78,79])

ZdQFT[ J ] ≡ Zd+1
QG [φ ]

∣∣∣
φ∂M=J

, (4.44)

which translates all the ideas we explained before, a quantum field theory in d-dimensions lives

on the boundary of a string theory (quantum theory of gravity) in d + 1-dimensions. But since

we are considering the Maldacena limit, i.e. gsNc � 1, we have actually〈
exp

(
−
∫

d4xJ(x)Oh(x)

)〉
≈ e−ISUGRA

∣∣∣
φ∂M=J

, (4.45)

where Oh is a local operator in the CFT (single-trace operator in N = 4 SYM) and ISUGRA is

the effective action in the bulk of AdS. Under scale transformations, this operator transforms as

O(x)→ λhO(λx), (4.46)

where we intentionally write the conformal dimension of O as h. Then, for our scalar action

(4.13),

〈Oh(x)〉 =
δ

δφd−h(x′)

(
− S[φ(z, x) ]

)∣∣∣
z→ 0

. (4.47)
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As we saw before, the scalar field has a boundary behavior given in (4.41). Since the first term

dominates over the second near z = 0, the construction of φ(z, x) from φd−h(x) is accomplished

with the help of the boundary-to-bulk propagator,

φ(z, x) =

∫
ddx′K(z, x;x′)φd−h(x′), (4.48)

where,

K(z, x;x′) = Ch
zh

( z2 + |x− x′ |2 )h
. (4.49)

So we write the bulk field propagated from the boundary as (see for example [63,80])

φ(z, x) = Ch

∫
ddx′

zh

( z2 + |x− x′ |2 )h
φd−h(x′). (4.50)

Here Ch is a constant chosen by boundary requirements. Now, let us compute the r.h.s of (4.47).

Variation on-shell of the action (4.13) leads to

δS = Chh

∫
∂M

ddx ddx′
φd−hδφd−h
|x− x′ |2h

, (4.51)

where we have taken the limit z → 0 and suppressed terms of order zh+1. Then we obtain

〈Oh(x)〉 = −Chh
∫
∂M

ddx ddx′
φd−h

|x− x′ |2h
, (4.52)

which is in agreement with the expansion of [81]

〈Oh(x)〉 = 〈Oh(x)e−
∫
ddx′Oh(x′)φd−h(x′)〉 ∼

∫
ddx′〈Oh(x)Oh(x′)〉φd−h(x′), (4.53)

and since 〈Oh(x)Oh(x′)〉 ∼ 1
|x−x′ |2h (see (2.187)). We say that φd−h is indeed the source of an

operator Oh on the boundary. We also notice from (4.41) and (4.50) when z → 0 that

φh(x) = Ch

∫
∂M

ddx ddx′
φd−h

|x− x′ |2h
∼ 〈Oh(x)〉. (4.54)

Then we confirm that φh corresponds to the expectation value of and operator Oh(x) with con-

formal dimension h.

The mapping between correlation functions in the case of N = 4 SYM and the SUGRA

dynamics is given as follow: The generating functional for correlators of single-trace operators

Oh given in (2.221) is related to the source fields φd−h. The boundary values of these supergravity

fields at the four-dimensional boundary of the five-dimensional AdS space become the sources for

the gauge theory operators (see [6, 7, 65] for exact results).
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The complete correspondence between the representations of PSU(2, 2|4) on both sides of the

correspondence is given in [7]. The whole mapping of the descendants states is also given in [7],

and developed totally in [82,83]. Since here those calculations are very extensive for the scope of

this work, we only reference them.



Chapter 5

The Klebanov-Witten model (KW)

This is the central chapter, here we will study a different form of the usual gauge/gravity duality

established by Maldacena, proposed by I.Klebanov and E.Witten in 1998 [84]. Let us think

instead of the S5 (which is Ricci-Flat) factor in the AdS5 × S5 background for the type IIB

superstring theory we studied before, in a special five-dimensional compact space X5 with some

interesting properties that will be mentioned later.

Our task is to know what is the new dual field theory, how many supersymmetries are preserved

and what are the new symmetry groups that both the gravity theory and the gauge theory share.

Recall that for the AdS5×S5 case, the dual field theory was N = 4 SU(N) gauge theory in four

dimensions. The number of conserved supercharges in this theory was determined by the number

of preserved components of the Killing spinor equation on S5, namely 32. But when we consider

another less symmetric transverse space, this number will be reduced.

5.1 Branes at conical singularities

We will consider parallel Dp-branes near a conical singularity, a point on an n-dimensional man-

ifold Yn where the metric can locally be put in the form [61,84]

hmndx
mdxn = dr2 + r2gijdx

idxj (i, j = 1, ..., n− 1), (5.1)

gij is the metric on an (n− 1)-dimensional manifold Xn−1; the point r = 0 is a singularity unless

Xn−1 is a round sphere. Let us clear up some facts about it. First, the last comment could be

applied to a two-dimensional plane. In polar coordinates the algular variable θ runs from 0 to

2π, for constant radius, this will be a circle S1. But, what happens if we impose that θ runs
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to some θ0 < 2π, and identify θ = 0 with θ0?. It is not difficult to imagine that this will be

a two-dimensional cone, with the apex in r = 0. Thus, the basic property of the metric hmn,

which makes it conelike, is that there is a group of diffeomorphisms of Yn that rescale the metric

(make the cone larger or smaller); the group is r → tr, with t > 0. Back to our two-dimensional

example, the base of the cone will be an S2 circle. Then, we call Yn, a cone over Xn−1.

For both our example and the Yn space, the point r = 0 will be a singularity since the

geodesic curves cannot be continued any further than r = 0. That is what is called a geodesically

incomplete singularity.

A crucial ingredient in identifying two theories, is to understand what symmetries they ex-

hibit. Thus, we must compute precisely how many supersymmetries, if any, are preserved by

the background we have just introduced. As we mentioned above, the duality between type IIB

strings on AdS5 × S5 and the dual N = 4 SYM is naturally generalized to dualities between

backgrounds of the form AdS5 × X5 and other conformal gauge theories (see [85–87] for some

detailed papers about extensions of AdS/CFT correspondence to supersymmetric theories with

less than maximal supersymmetry). This space X5 is required to be a positively curved Einstein

manifold. Steps to follow are the same as we performed in the chapter 3.

For n > 2, the condition that Yn is Ricci-Flat is that Xn−1 is an Einstein manifold of positive

curvature. Let us see some results:

For hij , the (n− 1)−dimensional part of hmn, we have

Rij(h) = Rij(g) + ∂rΓ
r
ij + ΓkkrΓ

r
ij − ΓrjkΓ

k
ri − ΓkjrΓ

r
ki. (5.2)

Solving the Christoffel symbols for gij
1, we get

Rij(h) = Rij(g)− (n− 2)gij . (5.3)

Now, if we set Rij(h) = 0 (Ricci-flatness condition), then

Rij(h) = (n− 2)gij . (5.4)

Thus, for n > 2, gij is an Einstein metric.

Now we focus in the case that n = 6. We take spacetime to be M4 × Y6, with M4 being

a four-dimensional Minskowski space and the Y6 space is the above one. Then, we consider N

1Christoffel symbols: Γrij = −rgij , Γkkr = 1
r
, Γkij(h) = Γkij(g).
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parallel D3-branes on M4 × P , where P is the conical singularity of Y6. The ten-dimensional

spacetime has the metric [84]

ds2 = H−1/2(r)ηµνdx
µdxν +H1/2(r)hmndx

mdxn, (5.5)

where,

H(r) = 1 +
|Q |
r4

, |Q | ∼ gsNα′2. (5.6)

If we want to know how many components of a spinor in this space will survive parallel transport,

we need to solve an equation defining Killing spinors in hmn,

Omη = 0, (5.7)

or by definition,

(∂m +
1

4
ωmabΓ

ab)η = 0, (5.8)

here ωmab are the spin-connections, which allow us to define a covariant spinor over Y6. Let us

evaluate this expression. First, we have to write the vierbeins for the metric hmn

er = dr , ei = rei. (5.9)

The torsion-free condition allows us to find the connection forms. First for the r-coordinate,

der + ωri ∧ ei = 0,

then,

ωri ∧ ei = 0→ ωri ∼ e i. (5.10)

For the i−coordinate, the torsion-free condition has more terms,

dei + ω
i
j ∧ e

j + ω ir ∧ e r = 0,

which yields,

ω ir = e i ω
i
j = ω ij . (5.11)

The Killing spinor equation for the r−variable can be expanded in the following form,

(∂r +
1

4
ωrijΓ

ij)η = 0,

and the more interesting Killing spinor equation for the i−variable,

(∂i +
1

4
ωijkΓ

jk +
1

2
ωijrΓ

jr)η = 0.
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Replacing the values of the ω’s, we get2

(∂i +
1

4
ωijkΓ

jk +
1

2
Γri)η = 0, (5.12)

which is the same Killing spinor equation coming from Type IIB strings on AdS5×X5, including

the effects of the five-form.

Type IIB Superstrings with R-R Flux

We can check the last assertion writing down the supersymmetric transformations of the dilatino

and gravitino in a pure bosonic background (no fermions, so δ(bosons) = 0 at the first order

formulation [51]). We are also considering only the effect of in (3.123)3. Then

δλ = 0 (5.13)

This equation says that the dilaton φ is constant. And,

δψM = DM ε+
i

4× 480
ΓNPQRSFNPQRSΓM ε = 0, (5.14)

where,

DM ε = (∂M +
1

4
ωMABΓAB)ε, (5.15)

and ε is a complex Weyl spinor (Γ11ε = ε). The five-form FNPQRS satisfies (3.130),

√
−hFMNPQR =

1

5!
εMNPQRSTUVWF

STUVW . (5.16)

The first possibility for A(4) is to support a four-dimensional worldvolume. This is what we shall

call the elementary or electric ansatz (known as Freund-Rubin type ansatz in [62]),

Aµνρσ ∼ εµνρσ. (5.17)

We need to have SO(1, 3) × SO(6) symmetry. Hence, in order to guarantee the symmetry, the

four-form field acquire the following form4,

Aµνρσ = − 1
4h
εµνρσe

C(r). (5.18)

2Notice that these Γ−matrices are not constants. But we could use i−coordinates in the tangent space where

the Γ−matrices are actually constants.
3Remember that the five-form F(5) (F(5) = dA(4)) is the field strength of a three-dimensional object, in the same

way that the usual two-form F(2) is the field strength of a zero-dimensional object, a point particle.
4This form was assumed by M.J.Duff and J.X.Lu (1991) in [60].
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Notice that the factor r−dependent manifests SO(6) invariance. The five-form, is then

Fµνρσm = − 1
4h
εµνρσ∂me

C(r) = e−4A(r)εµνρσ∂me
C(r). (5.19)

Where 4h is the determinant of the four-dimensional metric in (5.21). This field strength satisfies

the self-duality condition,

FMNPQR = ∗FMNPQR. (5.20)

And the metric can be thought as we motivate before, but in more intuitive form,

ds2 = e2A(r)ηµνdx
µdxν + e2B(r)hmndx

mdxn. (5.21)

This metric has some subtle details. It is not the same that (3.129), the metric hmn has not

SO(6) symmetry, but its tangent metric.

Now, we can to solve (5.14) to know how many Killing spinors survive or are conserved by

supersymmetry,

∂M ε+
1

4
ωMABΓABε+

i

4× 480
ΓNPQRSFNPQRSΓM ε = 0. (5.22)

We split the coordinates as xM = (xµ, xm), and the Γ matrices as we did before in (3.143) and

(3.144), where µ = 0, ..., 3 and m = 4, ..., 9, and the Γ matrices split as

Γµ = γµ ⊗ I,

Γm = γ5 ⊗ γm. (5.23)

In our background (5.21), the vierbeins are

eµ = eA(r)dxµ

em = eB(r)em (5.24)

The torsion-free condition again allows us to obtain the spin-connections for the metric.

For M = µ,

deµ + ω
µ
m ∧ em + ω

µ
ν ∧ eν = 0.

Then,

ω
µ
ν = 0 , ω

µ
m = ∂mA(r)eµ.

In the same way for the M = m,

dem + ωmn ∧ en + ωmµ ∧ eµ = 0, (5.25)
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we get,

ωmn = ∂nB(r)em + ωmn.

Hence, the covariant derivatives (5.15) are,

Dµε = ∂µε+
1

2
∂mA(r)ΓµΓmε, (5.26)

Dnε = Onε+
1

2
∂mB(r)ΓnΓmε

= Onε+
1

2
∂nB(r) +

1

2
∂mB(r)ΓmΓnε. (5.27)

The second term in (5.22) satisfies,

ΓNPQRSFNPQRS = ΓµνρσmFµνρσm(1− Γ11). (5.28)

So, (5.22), for M = µ is

∂µε+
1

4
ωµABΓABε+

i

4× 480
ΓNPQRSFNPQRSΓµε = 0. (5.29)

By inserting (5.26) and (5.28) we obtain,

∂µε+
1

2
∂mA(r)ΓµΓmε+

i

4× 480
ΓµνρσmFµνρσm(1− Γ11)Γµε = 0. (5.30)

Using (5.19), (5.23) and the fact that Γ11ε = ε, it is not difficult to get that

∂µε+
1

2
γµ ⊗ γn{γ5∂nA−

1

4
e−4A∂ne

C}ε = 0. (5.31)

In the same way, for M = m, by using (5.27) and (5.28),

Onε+
1

2
∂mBε−

1

2
γ5 ⊗ γnγm{γ5∂nB +

1

4
e−4A∂me

−C} = 0. (5.32)

In order to solve these equations, let us assume a form for ε to be ε = eA/2ε⊗ η. Where ε and η,

are chiral spinors, then

(1− γ5)ε = (1− γ7)η = 0 (5.33)

The equation (5.32) is reduced to

Onη = 0, (5.34)

a covariant spinor in B6. Hence,

C = 4A , B = −A. (5.35)
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The five-form (5.19) and the ten-dimensional metric (5.21) will have the following form,

Fµνρσm = εµνρσ∂mC(r) , (5.36)

and,

ds2 = e2A(r)ηµνdx
µdxν + e−2A(r)hmndx

mdxn. (5.37)

Let us extract a little more information about M4 × Y6 from (5.34). The integrability condition

guarantees the existence of a spinor, and is written as

[On,Om]η =
1

4
RmnpqΓ

pqη = 0. (5.38)

Then,

ΓnΓpqRmnpqη = 2gnqΓpRmnpqη = 0 → Rmn = 0. (5.39)

Hence, the six-dimensional internal space must be Ricci-flat. The exact form of the function

A(r) will come by solving the field equations. Fortunately we have already found the solution for

the corresponding Einstein equations with this matter content. Obviously we are dealing with a

different spacetime, but it is Ricci-flat too. Then we have, in the same way that (3.165),

ds2 =

(
1 +
|Q |
r4

)−1/2

ηµνdx
µdxν +

(
1 +
|Q |
r4

)1/2

hmndx
mdxn︸ ︷︷ ︸

SO(6)

. (5.40)

This hmn space (B6) has symmetry SO(6) which is covered by SU(4). A real spinor on such a

manifold has eight components, but they can be decomposed into two irreducible SU(4) repre-

sentations (see [88] for general surveys on field theories with 16 supercharges),

8 = 4⊕ 4̄. (5.41)

A spinor that is covariantly constant remains unchanged after being parallel transported around

a closed curve. The existence of such spinor is required if some supersymmetry is to remain

unbroken. The largest subgroup of SU(4) for which a spinor of definite chirality can be invariant

is SU(3), which is called the holonomy group. We have deduced two more properties of the

internal spacetime, it is Ricci-flat and has SU(3) holonomy, which identify B6 as a Calabi-Yau

manifold [59]. Thus, the equation (5.27) has as solution, a spinor of eight-components. In other

words, the internal space preserves 1/4 of the supersymmetries.

These eight conserved spinors allow us to conclude that the dual theory will be N = 1

superconformal in four dimensions, since this theory has eight generators, four for supersymmetry

and four for conformal transformations.
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Back to the specific form to hmn, given in (5.1). The metric for a ten-dimensional spacetime,

in presence of N D3-branes sourcing an A(4) gauge field with a F(5) form as field strength, and

with a conelike tranverse space read

ds2 =

(
1 +
|Q |
r4

)−1/2

ηµνdx
µdxν +

(
1 +
|Q |
r4

)1/2

( dr2 + r2gijdx
idxj ), (5.42)

where |Q | ∼ N . The near-horizon limit (r → 0) of the spacetime (5.42) is

ds2
h =

r2

√
Q
ηµνdx

µdxν +

√
Q

r2
dr2 +

√
Qgijdx

idxj , (5.43)

and, thus, it is AdS5 ×X5. With the metric (5.1), (5.34) turns out to be

Onη = (∂i +
1

4
ωijkΓ

jk +
1

2
Γri)η = 0, (5.44)

which is the same equation (5.12).

Figure 5.1: In the Maldacena limit, D3-branes on M4 space times the conifold are replaced with an AdS5× T 1,1

space with F5 flux on it (source of the figure, [89]).

5.2 A special case: T 1,1

We could consider the simplest case for a non-trivial (non Euclidean) five-dimensional space, the

base of the cone X5 (see Fig(5.1)). We can define the conifold, a complex manifold in C4 as5 [90],

C :
4∑

A=1

(zA)2 = 0. (5.45)

5A conifold could be thought as a manifold near a singularity of some manifold that not necessarily has to be

non-compact.
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This equation describes a surface which is smooth apart from the point zA = 0, which is a double

point singularity6. Note also that if zA solves (5.45) then so does λzA, so the surface is made up

of complex lines through the origin and is therefore a cone.

We define an everywhere nonzero holomorphic three-form Ω as7 [35],

Ω =
dz2 ∧ dz3 ∧ dz4

z1
. (5.47)

The product Ω∧ Ω̄ gives the volume form on the Calabi-Yau. The holomorphic form should also

transform as the volume form of the superspace d2θ. If we assign charge one to the coordinates

z under the U(1) symmetry, then Ω will have charge two under those transformations. Thus, it

is natural to identify this U(1) symmetry with the R-symmetry, as we will see in short.

The base of the cone can be found intersecting (5.45) with a sphere of radius 1 in C4 = R8,

4∑
A=1

∣∣zA∣∣2 = 1. (5.48)

The group SO(4) acts transitively on this intersection. So the base of the conifold will have this

symmetry8. There is also a U(1) ⊂ SO(4) which leaves invariant any point of the intersection.

6The apex or node is a double point, i.e. a singularity for which C and dC but for which the matrix of second

derivatives is nondegenerate.
7In general, given a single homogeneous polynomial P of degree k in the N + 1 complex variables z1,...,zN+1.

The equation P = 0 defines a hypersurface Q in CPN (the complex projective space). There is a well defined

holomorphic form for certain k and N . In the region of Q in which zN+1 6= 0, we could reparametrize Q with

coordinates xa = za/zN+1, a = 1, ..., N . The (N − 1)−form,

Ω = dx1 ∧ dx2 ∧ ... ∧ dxN/ ∂P
∂xN

. (5.46)

By P , here mean P (x1, ..., xN , 1). At first sight it seems that the definition of Ω depends on arbitrarily singling

out xN . Actually not, we should remember that on Q, the polynomial P is a constant on Q, so dP = 0 on Q. This

allows us to write Ω as,

Ω = (−1)M−mdx1 ∧ dx1 ∧ ... ∧ dx̂m ∧ ... ∧ dxN/ ∂P
∂xm

,

where dx̂m means that dxm is not considered, since it was single out. This form shows that the apparent singularity

in the first expression, is harmless as long as zN+1 6= 0.
8Formally we say that the base of the conifold has the topology S2×S3. It can be easily elucidated by separating

the complex coordinates into its real and imaginary parts, z = x+ iy. Then (5.45) and (5.48) becomes

x · x =
1

2
, y · y =

1

2
, x · y = 0.

The first of these defines an S3 with radius 1/
√

2. The other two equations define an S2 “fiber” over S3. Since all

“bundles” over S3 are trivial, we have that the base X5 has the topology of S2 × S3. Then we say that C is a cone

over S2 × S3.
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Hence, in order to consider only non-identifiable point, we divide by this U(1), so the base will

be the coset SO(4)/U(1) = (SU(2)× SU(2))/U(1). We can clarify more this coset by making a

simple change of variables,

z′1 = z1 + iz2 , z′2 = z1 − iz2,

z′3 = z4 − iz3 , z′4 = −z4 − iz3 , (5.49)

so the conifold C is defined by

z1z2 − z3z4 = 0. (5.50)

This equation can be “solved” by writing,

z1 = A1B1 , z2 = A2B2 , z3 = A1B2 , z4 = A2B1, (5.51)

where Ak and Bl (k, l = 1, 2) are variables that satisfy,

(|A1|2 + |A2|2)(|B1|2 + |B2|2) = 1, (5.52)

in the intersection with the four-sphere. Notice that we obtain the same zi if we do,

Ak → λAk , Bl → λ−1Bl , k, l = 1, 2, (5.53)

with λ ∈ C∗. We can choose λ in order to have,

|A1|2 + |A2|2 = |B1|2 + |B2|2 = 1. (5.54)

There is an extra U(1) symmetry (which is the U(1)B in the field theory), which “rotates” around

the base,

Ak → eiαAk , Bl → eiαBl. (5.55)

Back to (5.52), we see that this is the product S3×S3 = SU(2)×SU(2). The base of the conifold

X5 is obtained by dividing by this U(1),

X5 =
SU(2)× SU(2)

U(1)
, (5.56)

which is called T 1,1 (see [62,90] for detailed studies about this space), a coset space that belongs to

a family of Sasaki-Einstein manifolds labeled by Y p,q (or T p,q), originally considered by Romans in

the context of Kaluza-Klein supergravity [62] (see [91–93] for some important papers about this

countably infinite class of Sasaki-Einstein manifolds and their corresponding AdS/CFT duals,
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and also [94] for a very good work about these general backgrounds). In terms of this variables,

the base of the cone can be written as,

|A1|2 + |A2|2 − |B1|2 − |B2|2 = 0. (5.57)

The metric on T 1,1 was found by P.Candelas and X. de la Ossa (see [90]),

ds2
5 =

1

9
( dψ + cos θ1dφ1 + cos θ2dφ2 )2 +

1

6

2∑
i=1

[ dθ2
i + sin2 θidφ

2
i ], (5.58)

where the angular coordinates were introduced as follows. One can parameterize two SU(2) by

two set of Euler angles {ψi, θi, φi }, i = 1, 2.Factorization by a U(1) in this case means that we

need to identify the two ψ angles. Then ψ ∈ [ 0, 4π ].

5.3 Constructing the dual field theory

5.3.1 N = 1 Superconformal field theory

Remember the conifold parametrization (5.51), the idea is to find a field theory whose vacuum

manifold, i.e. V = 0, gives us that definition. Then we consider a U(1) gauge theory with N = 1

supersymmetry, and field content {Ak, Bl}, where k, l = 1, 2 [84]. These superfields are chiral

and have U(1)B charges 1 and −1, respectively.

If we are not considering interactions, the F -term will vanish (no superpotential), so the

potential will only contain the called D−term. As we saw in the first chapter, vanishing of the

potential will yield not point but a curve or in general, a vacuum manifold (just like in (2.128)) [6],

D = |A1|2 + |A2|2 − |B1|2 − |B2|2 = 0. (5.59)

But there is a subtle symmetry in the last expression. Each field can be rotated by an U(1) phase,

giving the same expression. So, in order to get rid of this “overcounting”, we need to divide by

the gauge group. Then we get what we want, the vacuum manifold is actually the definition of

conifold.

As was mentioned before, this theory should be N = 1 superconformal, in order to have the

same number of conserved supercharges than that were found by analyzing the geometry of the

conifold.

To describe parallel D3−branes on M4 × C, we actually need to introduce a second U(1), so

the gauge group will be U(1) × U(1) in each brane (see [84, 95, 96]). The chiral superfields Ai
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and Bj , will have opposite U(1) charges, (1,−1) and (−1, 1). But why do we need to introduce

a second U(1) in the gauge group?

In order to answer this question, we need to do a short study in orbifolds.

5.3.2 Strings on orbifolds, a review. The flux to AdS5×T 1,1: A slight digression

The field theory living on D3-branes placed in conical singularities is related with theories on

D3-branes at orbifold singularities. In this sense, the field theory will inherits some properties of

the gauge group from the orbifold to conifold theory. That is why we need to do a short review on

orbifolds in order to understand the reasons for introducing the second U(1) gauge group when

we consider parallel branes in M4×C. Next, we will do a brief and qualitative review on orbifold

compactifications, in particular type IIB on AdS5 × S5/Z2, whose dual field theory flows to the

field theory coming from the coset space T 1,1.

5.3.2.1 The idea of orbifold

With the purpose of understand at least superficially the emergence of this second gauge group,

we need firstly to acquire some basics on orbifolds (we recommend [20, 39, 59]). Since it is not a

principal issue here, some mathematical details will not be given.

Let M be a smooth manifold and let G be a discrete symmetry group of M . Then the quotient

space M/G is called an orbifold. Then, a point of this quotient space belong to an orbit. If the

manifold has some points that are invariant under G, the quotient space will have singularities

in those points. At nonsingular points, the quotient space is well-defined and indistinguishable

from the original manifold M . So, it is natural to define local structures coming from the smooth

manifold to its quotient. Literature gives a lot of illustrative examples, but there is one in

particular that will be useful later, the noncompact orbifold C/Z2. This orbifold is defined by

identifying z and −z in C, the resulting space looks like a cone, which is smooth except at the

origin (conical singularity). The base of the cone is a circle with a deficit angle equal to π. Note

that this conelike orbifold is not a manifold, because of the singularity at the origin.

5.3.2.2 Orbifolds of type IIB on AdS5 × S5/Z2, breaking N = 4 to N = 2

Four-dimensional conformal field theories were provided as nonperturbative definitions of type

IIB string theory in orbifold backgrounds with 0, 8 and 16 supercharges [97–99]. Then, the
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strategy is to study orbifolds of type IIB on AdS5 × S5 which preserve the AdS5 structure but

break some of the supersymmetries, in other words, that act only over the S5 factor. Thus, the

dual field theory on the D3-brane will have that superconformal symmetry translated from the

symmetry group of the AdS space. The type IIB string theory has constant coupling, that is the

reason why we need to have as dual field theory, a SCFT.

One might think that a physical theory defined on an orbifold space should be singular, since

orbifold indeed has singularities as we mentioned. Interestingly, these theories are nonsingular

and well behaved because of the presence of the so-called twisted sector [100–102].

Now, let us consider the AdS5×S5/Z2 case. In general, we take N type IIB D3-branes at the

Zk orbifold singularity of an Ak−1 ALE (asymptotically locally Euclidean) space9,10 [103, 104].

Then, we can construct the worldvolume theory by taking kN D3-branes on the covering space

and doing a Zk projection on both the worldvolume fields and the Chan-Paton factors. This

translates into a Zk orbifold of AdS5×S5 tpe IIB supergravity solution. The Zk acts only on the

S5 factor, leaving the AdS5 untouched.

S. Kachru and E. Silverstein [97] proposed that a N = 2 SCFT can be constructed by studying

D3-branes at orbifolds singularities of the form R4/Γ, where Γ ⊂ SU(2) is a discrete group (see

also [98]) and this R4 is the four-dimensional space contained in the R6, transversal to the D3-

branes worldvolume. But before taking the scale limit, the D3-branes sit at a point in this R6.

The orbifold ( Γ = Z2 ) fixes a plane in R6, which intersects the S5 in an big “singular circle“

S1 ⊂ S5 [105,106] when,

(x6, x7, x8, x9)→ −(x6, x7, x8, x9). (5.60)

Then, in R6, exists a circle (x4)2 + (x5)2 = 1, when x6 = x7 = x8 = x9 = 0 [106]. This is the

fixed circle where are localized the so-called twisted states, propagating in the six-dimensional

space-time AdS5 × S1. This orbifold operation leads to the breaking of supersymmetries, from

N = 4 to N = 2 (see [97–99,105]). The Z2 breaks the SO(6) down to SO(4)×SO(2), where the

SO(2) factor corresponds to the fixed circle. Since

SO(6) ≡ SU(4)R → SO(4)× SO(2)→ Γ× SU(2)R × U(1)R, (5.61)

9Example: An obvious generalization of the conelike orbifold, is the orbifold C/ZN , where the group is generated

by a rotation by 2π/N . This type of singularity is called AN singularity, and is included in the more general ADE

classification of singularities.
10An ALE space or gravitational instanton M4 is a four-manifold with hyperkälher metric asymptotic to R4/Γ,

where Γ ∈ SU(2) is a discrete group.
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where we see clearly the breaking of N = 4→ N = 2.

The presence of the unchanged AdS5 factor in spacetime means we will have an SO(4, 2)

conformal invariance after the “orbifolding“. The gauge group will be U(N)k, and the matter

content will be in the

(N, N̄, 1, ..., 1)⊕ (1, N, N̄ , ..., 1)⊕ ...⊕ (1, ..., 1, N, N̄), (5.62)

representation [97, 99, 103, 107]. There are k terms containing 2N fundamental hypermultiplets

each. A simple form to understand the last statement is by means of introducing accompanying

image D3-branes placed on the S1 fixed circle, in order to have an Zk invariant transverse space.

There will be open strings whose endpoints are placed only on the D3-brane, only on its images,

and on both. Correspondingly, the massless spectrum of this orbifold will be the one given in

(5.62).

Figure 5.2: Under orbifold action, the kN D3-branes regroup in k stacks of N D3-branes each (figure taken

from [30]).

The N = 2 gauge theory is superconformal, as expected, and have a fixed surface parametrized

by the gauge coupling of each factor. If the bare gauge couplings of all the U(1) theories are equal

one can set them equal to the string coupling.

In the near horizon limit the field theory becomes the SU(N)k with the same matter content,

since the diagonal U(1) factors are IR-free. This theory is dual to type IIB superstring theory

on AdS5 × S5/Zk, where the Zk action leaves fixed an S1 inside the S5 sphere. The SO(4, 2)

isometry of AdS5 is not broken and corresponds to the conformal symmetry of the SCFT on the

D3-brane worldvolume.

Now, for k = 2, the gauge group on N D3-branes will be U(N) × U(N), with matter in

the (N, N̄) ⊕ (N̄ ,N) bifundamental representation. In the IR limit, the gauge group becomes

SU(N) × SU(N), since the U(1) is free and becomes a global U(1)B baryonic symmetry. This
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gauge theory is dual to type IIB string theory on AdS5 × S5/Z2.

Figure 5.3: D-branes in presence of orbifold singularities and their image. There are open strings whose endpoints

are on the D3-branes, on its image, and on both. The resulting gauge group is doubled to U(1)× U(1) (source of

figure, [69]).

5.3.2.3 Blowing up S5/Z2, breaking N = 2 to N = 1

The orbifold theory we have just reviewed, inherits its gauge group to our T 1,1 theory by blowing

up the orbifold singularity of the factor S5/Z2. We explain briefly the method given in [84], where

one can see that the blowing up of the singularity of S5/Z2 corresponds exactly to S2×S3, which

is precisely our T 1,1 space. The blow up consists in replacing the singular point of the orbifold

S5/Z2 by a copy of S2 in such way a way that we can map the regular points of S5/Z2 ≡ RP 3

to S2. Mathematically, S5/Z2 defines a fiber over S2. And the inverse map from S2 to S5/Z2

defines a copy of S3. Hence, we say that the blow up of S5/Z2 is an S3 bundle over S2 or, as

was argued in [90], an S3 × S2. Now, if we recall our T 1,1 = (SU(2) × SU(2))/U(1), one can

say (see again [84]) that it is a fiber bundle over S2. Let us see. If we forget for a moment, say,

the second SU(2), T 1,1 maps to SU(2)/U(1) = S2. So our T 1,1 is also a fiber bundle over S2.

The fiber, connecting T 1,1 and the base manifold S2 is the remaining SU(2) which is isomorphic

topologically to S3. Then we say that T 1,1 is an S3 bundle over S2.

In other words, this means that when we approach r → 0 (IR limit) the S5/Z2 looks like the
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T 1,1, then the theory on AdS5 × S5/Z2 flows to AdS5 × T 1,1.

Remarkably, an interpolating Calabi-Yau solution between R2 × R4/Z2 and the conifold, and

then the holographic Klebanov-Witten RG flow between the two CFT’s exists [108], from the

orbifold theory at infinity to the cone over T 1,1 in the interior.

The blow up of the singularity breaks down N = 2 to N = 1 when r → 0 [65,84,106,109,110].

This result can be seen by perturbing an N = 2 superpotential with a Z2 term to produce the

N = 1 quartic superpotential of the Klebanov-Witten model. We say that the Z2 orbifold with

relevant perturbation flows to the T 1,1 model associated with the conifold [84,111,112].

We have just understood that the gauge group of our dual field theory was inherited from

a different theory, dual to strings on an orbifold background. Now, it is time to consider the

presence of interactions or contact terms involving our chiral superfields.

5.3.3 The superpotential

The theory does not admit a renormalizable superpotential11, so as a first guess we suppose that

it vanishes. If we assume that the chiral multiplets Ak, Bl are N × N matrices that in some

basis are also diagonal with distinct eigenvalues, one finds a family of vacua parametrized by the

positions of N D3-branes at distinct points on the conifold, as [113]

∣∣Ai1∣∣2 +
∣∣Ai2∣∣2 − ∣∣Bi

1

∣∣2 − ∣∣Bi
2

∣∣2 = 0 , i = 1, ..., N. (5.63)

Then the group will be broken down to U(1)N , one factor of U(1) for each D3-brane. If we place

the D3-branes at generic smooth points in C, there will arise massive modes for the chiral multi-

plets as non-diagonal modes that also describe the motion of the branes in the space, transversal

to the conifold. In order make massive those modes, we need to introduce a superpotential which,

by means of Higgs mechanism, gives mass to the non-diagonal components of Ak, Bl.

We are dealing with a U(N)×U(N) gauge theory, since the U(1)B decouples at the low-energy

limit (because its β function is positive), we have a SU(N) × SU(N) gauge theory coupled to

two chiral superfield, Ai, in the (N, N̄) bifundamental representation and two chiral superfields,

Bi, in the (N̄ ,N) bifundamental representation of the gauge group. The A’s transform as a

doublet under one of the global SU(N)’s, while the B’s transform as a doublet under the other

SU(N), as has been motivated from (5.51). As we know, the defining equation of the manifold

11This is because of nonrenormalization theorems which say that couplings in the superpotential are not renor-

malized at any order in perturbation theory.
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is related to the moduli space of vacua of the gauge theory. The anomaly-free12 U(1)R of the

N = 1 superconformal algebra is realized as a common phase rotation of Ak and Bl (or of the four

coordinates z, z = eiαz, as we saw in the definition of the conifold (5.45) and the holomorphic

form in (5.47)). Both Ak and Bl have charge 1/2 under U(1)R in order to cancel the anomaly13.

Then, we try to construct a superpotential that satisfies the SU(2)×SU(2)×U(1)B ×U(1)R

symmetry of the chiral fields. The simplest choice is

W =
λ

2
εijεkltrAiBkAjBl, (5.64)

where λ is dimensionless, so its classical β function is zero. Since the chiral fields carry R-charge

1/2, W has R-charge 2. Then we say that the superpotential is a non renormalizable marginal14

perturbation of the free conformal theory.

The vacuum configuration, |W ′|2 = 0, in some basis, has a family of vacua which describes the

motion of the N D3-branes on C, and then the gauge group is broken to U(1)N . And in general,

the off-diagonal fields will receive mass from the superpotential by Higgs mechanism.

We summarize the representations of the chiral superfields under the gauge and global sym-

metry group in Table 5.3.3.

12An anomalous symmetry in QFT corresponds to a symmetry which is satisfied in the classical theory, but

is violated by quantum effects (divergence of its current is not zero anymore). Then, a symmetry which is not

modified by quantum effects is called anomaly-free. It is also known that the anomalies come from the “triangle

graph” of fermions, with all the fermions of the theory appearing in the loop, the R-current inserted at the cross,

and two gluons coming out as is depicted below

The contribution from each fermion is proportional to its R-charge times the index of the SU(N) representation.

For our case, summing over the “gluino” and fermions gives [6],

1× T ( Ad ) + (−1

2
)× T (� )2F = 0.

If we evaluate our SU(N) theory, with 2N flavors, we conclude that the assignament of R-charges leads to an

anomaly-free R-symmetry.
13 We define R-symmetry so that chiral superspace coordinates have charge one. Then, gluino fields λA in WA

have also charge one.
14In a CFT, there is a special class of operators, say O, known as marginal operators whose scaling dimension

is 2. For such an operator, the density O dzdz̄ is conformally invariant. If we perturb our action by g
∫
O dzdz̄, we

can expect that the theory remains conformally invariant, at least classically.
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SU(N)× SU(N) SU(2)A SU(2)B U(1)R U(1)B

A (N, N̄) 2 1 1/2 1

B (N̄ ,N) 1 2 1/2 −1

Table 5.1: Field content and symmetries of the Klebanov-Witten model with massless flavors.

This field content is usually summarized in the “quiver diagram”,

N N

Figure 5.4: Quiver diagram for the Klebanov-Witten theory. Circles represent gauge groups (and

vector superfields), arrows represent bifundamental chiral superfields.

where circles represent gauge groups and arrows represent bifundamental fields (fundamental

under the gauge group the arrow is exiting from, antifundamental under the gauge group the

arrow is entering).

5.3.4 Conformal invariance

We can study the behavior of our SU(N) × SU(N) gauge theory looking at from one of the

SU(N)’s point of view. Indeed, the SU(N)× SU(N) looks like a supersymmetric SU(N) gauge

theory with 2N flavors (copies of N ⊕ N̄) as seen from one of the SU(N)’s. Now, let us see how

the coupling behaves in this theory by studying its β function.

For a supersymmetric SU(Nc) gauge theory, the β function can be obtained from (2.148).

N.Seiberg argued [114] in 1995 that there exists a fixed point in the range 3
2Nc < Nf < 3Nc.

The same behavior is then expected for our SU(N) × SU(N) gauge theory, where Nc = N and

Nf = 2N .

The superpotential (5.64) will inherit its marginal nature in the infrared theory, as a marginal

perturbation. Let us impose now the conditions of conformal invariance for our SU(N)×SU(N)

gauge theory with the superpotential (5.64). From the vanishing of the NSVZ β function (2.148),

we get

β = 3N − 2N(1− γA1 − γA2 − γB1 − γB2) = 0. (5.65)
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Because of the SU(2)× SU(2) of the superpotential, the anomalous dimension satisfy,

γA = γA1 = γA2 , γB = γB1 = γB2 , (5.66)

If we apply the vanishing of the NVSZ β function to either of the two SU(N)’s with matter in

the adjoint representation, we find the condition for the anomalous dimensions

γA(g1, g2, λ) + γB(g1, g2, λ) +
1

2
= 0, (5.67)

where g1 and g2 are the couplings of the two gauge factors which appear in front of the corre-

sponding kinetic terms of the gauge field. The scale invariance of the superpotential leads to the

same condition. The equation (5.67) gives a critical surface for the couplings. But, if we impose

the symmetry under interchange of the two SU(N)’s, then the fixed surface degenerates into a

fixed line with g1 = g2 = g,

γA(g, λ) + γB(g, λ) +
1

2
= 0. (5.68)

We have generated a line of fixed points or a fixed line from adding a marginal perturbation [115],

then we say that the superpotential is actually an exactly marginal operator15 [116]. But actually

there are two exactly marginal operators. We can see prove this statement from the fixed surface

(5.67). This is a two-dimensional surface in the three-dimensional space of couplings. The

surface can be parameterized by two couplings-exactly marginal couplings, which in general has a

complicated relation to the original couplings. Then, corresponding to these couplings, there are

two exactly marginal operators. In the other hand, we know that the superpotential is exactly

marginal, and in the limit g1 = g2, the critical surface becomes a critical line. Therefore the

second marginal coupling must be a function of the difference of the two couplings, more general

an antisymmetric combination, that corresponds to the difference of the kinetic terms. So, since

the coupling λ is untouched in the parameterization, the difference between the kinetic energies

of the two SU(N)’s corresponds also to an exactly marginal operator.

In 1995, R.G.Leigh and M.J.Strassler showed that manifolds of fixed lines, which are generated

by exactly marginal operators, are common in N = 1 supersymmetric gauge theories.

15Quantum theory typically spoils conformal invariance. When it persists after adding the marginal perturbation,

we say that O is an exactly marginal perturbation. Perturbing by O we obtain a continuous family of CFT’s

parameterized by g.
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5.4 The Klebanov-Witten conjecture

We finally arrive to the conjecture, proposed by I.Klebanov and E.Witten in 1999. The SU(N)×

SU(N) SCFT with the superpotential (5.64) is dual to type IIB string theory on AdS5×T 1,1, with

N units of R-R flux on T 1,1. Unlike the original conjecture, the Klebanov-Witten’s conjecture

could be tested by comparing symmetries between both sides, superstrings and SCFT.

Let us give some usual tests of the duality:

5.4.1 Comparison of R-symmetries

Remember the U(1) symmetry that rotates the conifold coordinates by zi → eiφz Under this

transformation, the holomorphic three-form (5.46) transforms as Ω → e2iφΩ. The existence of

covariantly constant spinors on the manifold implies the existence of covariantly constant p-forms

given by

Ωi1...ip = εT γi1...ipε, (5.69)

where γi1...ip is the antisymmetrized product of gamma matrices on the six-dimensional space.

Thus, these spinors transforms as Ω1/2, and then the chiral superspace coordinates transform as

eiφ. If we set φ = π, it gives an element of the R-symmetry that acts on the conifold coordinates

by zi → −zi, and on the chiral superspace coordinates θ by θ → −θ. In the gauge theory, since

Ak and Bl have R-charge 1/2, under θ → −θ, they transform as Ak → iAk and Bl → iBl. This

agrees with the definitions (5.51), which for the dual field theory reads as z = trAB (traced

because of the gauge d.o.f’s), so z → −z in terms of the fields in the gauge theory, since the chiral

superfields must have R-charge 1/2 to cancel the anomaly of the R-symmetry.

5.4.2 Global structure of the symmetry group

Remember that SU(2)×SU(2) is a symmetry of the superpotential, with one SU(2) acting on Ak,

and one on Bl. Actually, this symmetry must be (SU(2) × SU(2))/Z2 where Z2 is the diagonal

subgroup of the product of centers of the two SU(2)’s16, i.e. Ak → −Ak, Bl → Bl and Ak → Ak,

Bl → −Bl are equivalent. This statement is easily seen from the form of the superpotential

(5.64). Another way to see this equivalence is by means of the gauge group U(N) × U(N). It

contains a U(1)B subgroup that acts by Ak → eiαAk, Bl → e−iαBl. Setting α = π we get the

16See [117] for more details.
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gauge transformation Ak → −Ak, Bl → −Bl, so the transformations A → −A, B → B and

A→ A, B → −B are indeed gauge equivalent to each other.

Then, the group acting properly is (SU(2)×SU(2))/Z2, which is isomorphic to SO(4) 17. But

this is precisely the global symmetry group of the conifold.

5.4.3 Reflection

Invariance under SO(4) rotations of the conifold, can be extended to O(4), as the conifold is

invariant under z4 → −z4 with other coordinates invariant, in other words, under reflection. This

transformation changes the sign of the holomorphic three-form in (5.46), Ω → −Ω. It leads to

the transformation, θ → iθ, of the chiral superspace coordinates. Since this transformation came

from an special case of R-transformation of z4, we say that θ → iθ is also an R-symmetry.

In the gauge theory side, there is a Z2 symmetry coming from the SO(4) ∼= (SU(2)×SU(2))/Z2

symmetry of the conifold. It translates into the exchange symmetry between the A’s and B’s. But

as A transforms under U(N)×U(N) as (N, N̄) as while B transforms as (N̄ ,N), the exchange of

A and B in the geometry corresponds to an exchange of the chiral fields accompanied by either

exchange of the two factors of the gauge group or charge conjugation that exchanges the N and

N̄ representations as can be seen from the definition of the conifold in terms of the gauge fields

as the vanishing D-term in (5.59).

Υ-symmetry

There are some subtle details about the R-symmetry, θ → iθ, from the point of view of field

theory. The superpotential (5.64) is odd under exchange of Ak ↔ Bk. So, we must find an

odd transformation that accompanies this R-symmetry in order to the superpotential is even.

Such a transformation, if exists, is not unique since one could always multiply it by an ordinary

symmetry of the theory. Then we could fix that symmetry by asking for a symmetry that leave

fixed the lowest components of the superfields A and B.

The required symmetry is actually the naive R-symmetry that acts as we saw before, θ → iθ.

It transforms the gluino in the vector superfield as λ → iλ, as we can see from (2.91). For the

fermionic component ψ of the chiral superfields (see (2.73)), the transformation that leaves it

invariant will be ψ → −iψ. We will call this transformation Υ. This symmetry is in agreement

17This Z2 corresponds to the reflection of the SU(2)’s that give the same SO(4) rotation.
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with the reflection of the conifold, which in turns corresponds to the exchange of A and B. Hence,

the superpotential is odd under Υ, so the product of this R- and the Υ-symmetries lead to an

even symmetry of the superpotential.

Possible anomalies in this new symmetry are not meaningful. In their paper [84], Klebanov

and Witten argued that the relevant combined symmetry, Υ and the exchange of the two gauge

group factors, do not have any anomaly.

5.4.4 Center of SL(2,Z)

The center element −1 0

0 −1

 , (5.70)

of the symmetry group of SL(2,Z), that is a symmetry group of type IIB superstring theory, will

be called w-symmetry. Then, this symmetry acts trivially on the coupling (and theta angle) of

type IIB superstring theory on the conifold as long as the NS NS two-form vanish, as we have

assumed so far.

This transformation is equivalent to Ω(−1)FL , where Ω is the exchange of the left- and right-

movers on the string worldsheet, and (−1)FL multiplies left-moving worldsheet fermions by −1

[84]. If we write QL and QR for superscharges that come from left- and right-movers, then Ω

acts by QL ↔ QR, and (−1)FL by QL → −QL, QR → QR. Hence our w transformation acts

by QL → QR and QR → −QL. The unbroken supersymmetries of the spacetime are linear

combinations of the form εLQL + εRQR, where εR = Γ0123εL. Then w acts on εA,B by εL → εR,

εR → −εL, or equivalently εL → Γ0123εL. Here Γ0123 (Γ0123 = −iΓ5) acts on spinors of positive

(negative) chirality as i (−i). So w is an R-symmetry, since it acts on chiral superspace by θ → iθ.

From the field theory point of view, we expect that w to act on the gauge group by charge

conjugation as we saw for the reflection symmetry. But, different from reflection, this symmetry

only exchange the two factors in the gauge group. So we identify w with a transformation that

exchanges the two factors of the gauge group, in such a way that the N of the first U(N) is

exchanged with the N̄ of the second (and N̄ of the first is exchanged with N of the second) while

mapping A to A and B to B.

This transformation can be seen as transposing the matrix form of A and B, which lead to a

changing of sign of the superpotential. To compensate for this, we must include the action of Υ,

which we encountered in analyzing the reflection z4 → −z4.
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5.4.5 Chiral operators (the field-operator map)

As a final argument in favor of the duality one could discuss the chiral operators of the field

theory, namely the gauge invariant operators which have the lowest possible conformal dimension

for a given R-charge. We assigned the R-charge 1/2 to each of the A’s and B’s. Thus, the lowest

possible R-charge for a gauge invariant operator is 1. We construct the corresponding chiral

operator as

trAkBl. (5.71)

It has dimension 3/2 (since the product of them must have dimension 3), and they transform

as (2, 2) under SU(2) × SU(2) (vector). In general, we find that a chiral operator of positive

R-charge n and dimension 3n/2 are of the form,

Ck1...kn
L C l1...lnR trAk1Bl1 ...AknBln , (5.72)

where CL and CR are completely symmetric tensors. It can be seen from the equation for the

critical points of the supepotential (5.64)

B1AkB2 = B2AkB1 , A1BlA2 = A2BlA1. (5.73)

Now, remember that AKBl was defined as the original conifold coordinate z. Then the operator

(5.72) will represent traceless polynomials in z of order n.

The chiral operators (5.72) are analogous to the traceless symmetric polynomials (2.221) in

N = 4 SYM. On the SUGRA side, such operators corresponds to modes of hαα (the trace of the

metric on the compact manifold) and the four-form gauge potential on S5 which are described by

scalar spherical harmonics (see [7,82]). Thus, we expect that the spectrum of the chiral operators

(5.72) should coincide with the spectrum of scalar spherical harmonics on T 1,1.

As we said in Chapter 4, some results about this map between fields and operators go further

the scope of this work, and give the here will be a little hard. That is why we reference again to

very complete papers about it that also include general results on coset spaces as [85,95,96,111,

118,119].



Chapter 6

Some comments on extensions of the

Klebanov-Witten model: Towards

“more realistic” gauge theories

If we think that gauge theories arising from string theories should finally have something to do

with the physical world, we might be interested in seeing if some construction of strings and

D-branes can give rise to a gauge theory with more “realistic” properties with respect to ones we

have studied in the previous chapters.

But, what do we mean precisely by “realistic”? As we have said, the standard model of particle

physics is described (in part) by a gauge theory that is neither supersymmetric nor conformal,

but by QCD, which is an SU(3) gauge theory which becomes strongly coupled at low-energies

(see [70] for a comparison between SYM and QCD). Then it would be interesting to find a

good description of this theory in the regime where the original variables of QCD (the quarks

and gluons) become strongly coupled. For describing nature it would be more interesting to

understand various strong coupling properties of QCD, such as confinement and chiral symmetry

breaking. That is what we call a realistic gauge theory, and since QCD has shown to be useful to

explain several experimental data, the aim since the original Maldacena conjecture was proposed

was to find the gravitational description of the QCD [69,112,120]. This crusade is still ongoing.

Even though N = 4 SYM differs in many ways from realistic theories such as QCD, it is

important from theoretical perspective to understand its structure in detail. The same is true
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for more general classes of supersymmetric field theories, as they can provide models where

our intuitions about different phenomena can be scrutinized in detail while retaining analytic

computational power. In this sense, while it is weakly coupled at high energies, but strongly

coupled at low-energies developing holographic techniques for a wide range of theories is essential.

As we saw in Chapter 4, the theoretical motivation for the AdS/CFT correspondence arises

by comparing the low-energy limit of a stack of N coincident D3-branes in flat space with the

corresponding back-reacted gravitational solution [68]. On the one hand, such limit leads to

N = 4 SYM as the theory describing the brane dynamics. On the other hand, one finds a black

p-brane supergravity background whose near horizon geometry is precisely AdS5×S5. Following

the same reasoning as in [68], a considerable number of dualities have been discovered by studying

the dynamics of D-branes in backgrounds with richer structure. A well known example is that

we studied in detail in Chapter 5, D3-branes placed near conical singularities [84] whose field

theoretic description turns out to be dual to string theory on AdS5 × X5, for X5 = T 1,1. The

field theory is an N = 1 SU(N) × SU(N) SCFT with a quadratic superpotential that exhibits

SU(2)× SU(2)× U(1) global symmetry (just as T 1,1).

In this chapter we review, without much detail, some progress in this line. The first step was

given by I.Klebanov, S.S.Gubser, N.Nekrasov and A.A.Tseytlin in [121–123]. In those papers the

Klebanov-Witten model is perturbed by M fractional D3-branes placed at the conifold singularity

in order to break conformal symmetry.

6.1 Klebanov-Tseytlin (KT): Non-conformal field theory

Breaking of conformal symmetry by adding fractional branes to the background was proposed

by S.S.Gubser and I.Klebanov in [121] inspired by a work of E.Witten [124] that suggested to

construct baryon vertex in the gauge theory side ( since it is an SU(N) gauge theory, rather

than U(N) )1 of the AdS/CFT correspondence by wrapping a D5-brane over S5. He argued that

if external quarks are regarded as endpoints of strings in AdS space, then one can construct a

baryon vertex connecting N external quarks placed at the boundary points x1, ..., xN , by an N th

1Finding a baryonic vertex in the N = 4 theory does not mean that the theory has baryonic particles, or

operators. Baryonic particles would appear in a theory that has dynamical quark fields, i.e. fields transforming

in the fundamental representation of SU(N). In their absence, we get only baryonic vertex, a gauge invariant

configuration of N external charges.
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order antisymmetric tensor of SU(N). The configuration can be depicted as below in figure 6.1.

Figure 6.1: N elementary strings attached to N points x1...xN on the boundary of AdS space and joining at a

baryon vertex in the interior (this image was taken from [124])

Then, if the N strings are joined at the baryon vertex in AdS5 and their ends are in S5 × R

boundary, we could say that those strings are attached to a D5-brane wrapped on S5, and the N

endpoints are on its worldvolume. In [124] was argued that this D5-brane is actually the baryon

vertex.

Witten also studied the effect of adding D3-branes in AdS5, which was understood as a domain

wall in AdS5, i.e. the flux of the R-R F5 field strength jumps by one unit when the D3-brane

wall is crossed.

Figure 6.2: A domain wall D3-brane separates the flux units of the F5 by one (figure taken from [124]).

Since this flux is related to the number of colors in the dual gauge theory, the effect in it is to

decrease the gauge group from, say, SU(N + 1) (in P ) to SU(N) (in Q).

As we learned in the last chapter, the coset space T 1,1 can be thought topologically as S2×S3

[90] and represented below
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Figure 6.3: In the Klebanov-Witten solution, only a stack of N parallel D3-branes located at the tip of the

conifold with base T 1,1 = S2 × S3 (figure taken from [125]).

Now, in [121] is argued that wrapping D3-branes over the 3-cycle of T 1,1 is identified with

baryon-like operators AN and BN in the field theory, where the indexes of SU(N) groups are

fully antisymmetrized. It is also argued that a domain wall made out of a D5-brane wrapped over

a 2-cycle of T 1,1 separates a SU(N) × SU(N) gauge theory from a SU(N + 1) × SU(N) gauge

theory. In this sense, a D5-brane does not change the nature of the matter field, so Ak and Bl

are still bifundamentals.

With these results in mind, I.Klebanov and N.Nekrasov considered in [122] to add M fractional

D3-branes or equivalently M D5-branes wrapped on the S2 of T 1,1 [126]. This equivalence can

be easily understood in the inverse direction, a D5-brane when wrap the S2 looks like a D3-

brane as seen from the four-dimensional worldvolume point of view. The difference between

these fractional D3-branes and the regular ones, is that the first cannot move off as the regular

D3-branes, since there is no moduli space for them [37,39].

Since the M D5-branes do not lose it nature when wrapping, they source a F7, and from the

Gauss law we write the “electric charge” to be,∫
S3

∗F7 =

∫
S3

F3 ∼M. (6.1)

The presence of this D5-branes also turns on a NS-NS B2 two-form [22], whose flux goes through

the S2, ∫
S2

B2, (6.2)

since F̃5 = F5+B2∧F3. In other words, presence of D5-branes lead to an nonzero F3 which in turns

lead to the existence of a NS-NS B2 flux in order to close the supersymmetry transformations.
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If M is fixed as N → ∞, then the back-reaction of F3 on the metric and the F5 background

may be ignored to leading order in N , since their contributions comes in at order (N/M)2 [122].

However, we still have the NS-NS two-form. Then, adding D5-branes wrapped on the S2 breaks

the symmetry between two SU(N) factors in the gauge group, which now, based on [121, 124],

becomes SU(N + M) × SU(N), as we mentioned. The chiral superfields Ak and Bl are now in

the (N+M, N̄) and (N +M,N) representations. The space of vacua will still be given by (5.59),

which tells that the D3-branes are classically constrained to move on the conifold as before.

With these results, the NSVZ β function can be calculated from (2.148) to be proportional to

β(g1) ∼ 3(N +M)− 2N(1− γA − γB),

β(g2) ∼ 3N − 2(N +M)(1− γA − γB), (6.3)

where g1 and g2 are the corresponding coupling constants for the two gauge groups, and γA and

γB are the anomalous dimensions of operators A and B. Now, if M = 0 (if γA = γB = 1/4) then

the theory is conformal again. At nonzero M , however, it is impossible to make both β functions

vanish (even if we allow to the anomalous dimensions of A and B to be different) and then the

difference of the inverse squared gauge couplings g−2
1 − g

−2
2 undergoes a logarithmic RG flow.

The solution we have described above was valid only in the limit M/N → 0, and did not

take into account the back-reaction from the metric and the five-form. In [123], I.Klebanov and

A.A.Tseytlin got the complete solution of supergravity equations (see also [113, 125] for concise

revisions), and found the supersymmetric RG flow at all scales, however, since the singular conifold

has no preferred scale, the warp factor is not cut off at small r, and at some point there will be

a naked singularity. The model can be illustrated as

Figure 6.4: In the Klebanov-Tseytlin solution, M parallel D5-branes are placed on the top of the N D3-branes

on the collapsed S2 of T 1,1 (figure taken from [125]).
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An exact supergravity solution was found for the three- and five-form fluxes, where D5-branes

source M units of fluxes of F3. If we assume a ten-dimensional metric 4 + 6 as in (5.21), in this

case we get [94,123,125]

e−4A(r) ∼ πgs
r4

(
N +

3gsM
2

2π
ln r/r0 +

3gsM
2

8π

)
, (6.4)

where r0 is a UV scale and,

K(r) =

∫
T 1,1

F5 ∼ N +
3gsM

2

2π
ln r/r0, (6.5)

represents the effective flux of F5 through T 1,1. Notice that when M = 0 we recover the solution

when r → 0 in the Klebanov-Witten model in the same way we did it gauge theory side. This

flux may completely disappear at some value of r = rN/M given by

rN/M = r0 exp

(
− 2πN

3gsM2

)
. (6.6)

This behavior is related to the fact that
∫
S2 B2 is no longer a periodic variable in the supergravity

solution once the M fractional D3-branes are introduced [111,127]. Klebanov and Tseytlin noticed

that the RG flow described by this background seems to enjoy a cascade, where K(r)→ K(r′) =

K(r) −M as r → r′ = exp
(
− 2π

3gsM

)
r. This comes from the non-conservation of the F̃5 flux

dF̃5 = H3 ∧ F3 6= 0. Given a radius r0 the flux units of F5 corresponds to N , we can see easily

that when we move to r1,

r1 = r0 exp(− 2π

3gsM
), (6.7)

the flux units changes from N → N −M [111, 127, 128]. In general, the flux units will changes

from N → N − kM , with k ∈ Z. Then

rk = r0 exp(− 2πk

3gsM
). (6.8)

Thus we say that the continuous logarithmic variation of K(r) is related to a continuous reduction

in the number of degrees of freedom as the theory flows to the IR.

The metric has also a naked singularity of repulson-type at r = rs, where exp(−4A(r)) = 0.

If we write,

e−4A(r) =
L4

r4
ln(r/rs) , L2 ∼M. (6.9)

At the radial position where the effective flux vanishes (and the warp factor changes sign), gravity

becomes repulsive [129]. The singularity of the supergravity solution appears due to the fact that
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there are M units of F3 flux through the S3. The flux does not depend on the radius of the

sphere, therefore, to maintain the constant flux (M), the energy density F 2
3 must become infinite

at zero radius (when S3 shrinks to zero). Now, the metric (5.21) looks like [94,111,127,130]

ds2 =
r2

L2
√

ln r/rs
ηµνdx

µdxν +
L2
√

ln r/rs
r2

dr2 + L2
√

ln r/rsds
2
T 1,1 . (6.10)

From the gauge theory point of view, since r ∼ Λ. When we flow to the IR limit (r → 0), the F5

flux reduces to zero and eventually becomes negative. So, the “cascade” downwards must stop,

since both the gravity and field theory sides breaks down. This solution cannot be used to extract

IR properties of the dual field theory, and should be modified to resolve the naked singularity in

the metric.

Thus, once the effect of theM fractional branes is accounted for, the supergravity metric can no

longer be AdS5×S5. The dual field theory will not inherit conformal symmetry from the geometry

of the space. In the gravity side, the F5 flux will not be neither conserved nor quantized. Then

we see that the fractional branes introduce a logarithmic running of the couplings, and thereby

explicitly breaking conformality.

6.2 Klebanov-Strassler (KS): The duality cascade

The background introduced by Klebanov and Tseytlin in [123] becomes invalid in the deep IR. It

was conjectured that the strong dynamics of the gauge theory should somehow resolve this singu-

larity. In a seminal paper [130], I.Klebanov and M.Strassler showed that this conjecture indeed

is correct. Their solution not only provides a mechanism to resolve and avoid the singularity for

r < r̃, but also gives a geometrical realization of confinement, as would be like to obtain from

QCD-like theories! Let us explore briefly how this occurs.

In the gauge theory side, the central idea is based on the Seiberg duality [114,131], that relates

two different gauge theories in the IR limit. Given an N = 1 SU(N) gauge theory, with F of the

fundamental representation N , and F flavors of the antifundamental representation N̄ , strongly

coupled. There exists a N = 1 SU(F − N) gauge theory being also asymptotically free in the

UV. And flowing to a non-trivial IR fixed point, just like its cousin when 3N/2 < F < 3N , the

conformal window that we mentioned in the last chapter. Then for our SU(N + M) × SU(N)

gauge theory with 2N flavors for the first factor, the Seiberg duality gives,

SU(N +M)× SU(N)→ SU(N)× SU(N −M)→ SU(N −M)× SU(N − 2M)→ ..., (6.11)
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where the first factor of each gauge group would get strongly coupled faster in the IR than the

second one. So the second factor on the left will not govern the IR behavior, but it has 2N flavors

(N from A1 and B1, and N from A2 and B2). We can see this by vanishing (6.3), from we find

the anomalous dimensions for each gauge factor,

γ1 = −1

2
− 3M

2N
< 0,

γ2 = −1

2
+

3M

2(M +N)
> 0. (6.12)

Notice also the deviation of the values for the γ’s due to the presence of the M wrapped D5-branes.

In general the transition from the kth of the cascade to the (k + 1)th is

SU(N +M − (k − 1)M)× SU(N − (k − 1)M)→ SU(N − (k − 1)M)× SU(N − kM), (6.13)

for k = (1, 2, ...). If we calculate the symmetrized (i.e. averaged ) anomalous dimension for the

first term of the cascade SU(N +M)×SU(N) and the kth term can be read off from (6.3) [132],

γ = −1

2
− 3M2

4N(N +M)
→ −1

2
− 3M2

4(N − kM)(N − (k − 1)M)
. (6.14)

Notice that as k → ∞, the theory comes closer and closer to the Klebanov-Witten model (γ =

−1/2), and our understanding of the latter should prove conceptually and technically useful. The

cascade should stop at the point, where N − kM becomes zero or negative.

Let us study an special case, N = kM . So the cascade will end as

...→ SU(M)× SU(0) = SU(M). (6.15)

We reached pure N = 1 SU(M) SYM theory with no flavors, whereupon we get confinement,

chiral symmetry breaking, etc [89]. The inverse cascade never stops. In a sense, the UV limit is

a SU(∞)× SU(∞) gauge theory [133].

From the supergravity point of view, at the end of the cascade we will have the well-known

resolution of the geometry. This changes the compactification geometry from that of the conifold

to the deformed conifold with a finite size of S3 in the IR. In this limit, both B2 and F5 go to

zero at r = 0 while F3 remains non-zero and is spread over the S3. This is understood as there

are no regular D3-branes, and the D5-branes wrapping the collapsed (as r = 0) S2 are smeared

or dissolved over the S3, leaving no branes remaining in the IR limit.
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Figure 6.5: At the end of the duality cascade, all the D3- and D5-branes have been dissolved into fluxes on the

geometry, resulting in a finite size S3 at the tip of the conifold (figure taken from [125]).

Let us summarize it, the full Klebanov-Strassler solution interpolates the Klebanov-Tseytlin

solution in the UV, where branes wrap the conifold as a superstring solution and generate the

gauge group on their worldvolume, and the deformed solution in the IR limit, where branes

dissolve into the geometry, reducing the gauge group and leaving us with a pure supergravity

solution without branes as a source.

6.3 Pando Zayas-Tseytlin (PT): The resolved conifold

It is of obvious interest to explore further the class of backgrounds which have similar D3-branes

on conifold-type structure. There are two natural ways to smooth the singularity in the apex of

the conifold at r = 0: Making the S3 finite sized (deforming) [123], or making the S2 finite sized

(resolving) [134].

Similarly to the work of Klebanov and Strassler [130], Pando Zayas and Tseytlin [134] showed a

way to complement the deformed conifold in [130], exploring a similar case for the S2 factor of the

base T 1,1. The type IIB supergravity solution they found coincides with the original background

of [123] for large r but has somewhat different (though still singular) small r (IR) behavior. To

make short the idea, Pando Zayas and Tseytlin wrapped M D5-branes on a non-singular S2, as
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Figure 6.6: The PT solution is a natural extension of the KT solution, based on the KS one, where in this case,

the non-singular S2 is wrapped by D5-branes (fractional D3-branes) (figure taken from [125]).

The asymmetry in the resolved geometry plays a crucial role as it determines the asymmetry

in the flux on the S2 and is the source of supersymmetry breaking.

All three geometries we have studied, the KW solution in Chapter 5, KS and PT solutions,

share the base S2×S3. So we can begin with the KS (the deformed) solution at the bottom of the

cascade, pass through the singular solution of the KW solution, to attain the PT (the resolved)

solution by blowing up the S2. This is known as conifold transition [135]. The geometric transition

between conifold geometries is an example of a string theory duality between compactifications

on different geometrical backgrounds.

Figure 6.7: The conifold transition. All three geometries share the same base S2×S3, but the S3 of the deformed

conifold remains finite. In the conifold transition it can be shrunk to zero size to give the singular conifold, from

which blowing up the S2 gives the resolved conifold (this figure was taken from [20]).

So far we have considered theories without flavors. It is interesting to generalize these pure

“glue“ theory to a gauge theory with flavor degrees of freedom. In the gravity side this can be

done by adding D7-branes that fill the four dimensional space tangent to the D3-branes, and
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wrap four dimensions in the conifold. Since we are not going to discuss these results here, we

recommend some interesting further references in this subject in [136–142].



Conclusions

In this thesis we have studied in reasonable detail some general aspects of the original AdS/CFT

correspondence, addressed towards extensions that can be phenomenologically interesting, in or-

der to obtain the gravitational dual of QCD-like theories that are neither conformal nor maximally

supersymmetric as was N = 4 SYM.

As was mentioned at the beginning, this work intended to be self-contained so we included

some reviews on supersymmetric gauge theories and superstring theories. These previous chapters

are very important since in there we explained for example, irreducible representations for N ≥ 1

supersymmetry that allowed to construct the field content for supersymmetric theories, and the

superspace formalism that simplifies the construction of supersymmetric lagrangians. We also

studied conformal symmetries (and their corresponding supersymmetric extension), in order to

develop at the end the N = 4 SYM theory, which is the superconformal field theory dual by

means of AdS/CFT to a particular supergravity theory, type IIB on AdS5 × S5. Because of

this, we needed to include a concise chapter on superstring theory focused at the end on its low-

energy limit, supergravity. There we understood the need to consider new higher-dimensional

objects called Dp-branes where open strings can end, and also how a gauge theory lives on its

worldvolume. We also solved with detail the Einstein equations for type IIB supergravity in

presence of 5-form RR flux and give some basics on anti-de Sitter space as a way to complete the

necessary background of the gravitational side of the correspondence.

The Maldacena correspondence proposed the total equivalence between N = 4 SYM in four

dimensions and type IIB string theory, not only supergravity. This complete duality has not been

proved so far, since the nonperturbative side of string theory is still not calculated.

Forty-one years after the discovery of the asymptotic freedom, QCD, the theory of the inter-

actions between quarks and gluons, remains a challenge. There is no analytic, truly systematic

methods with which to analyze its nonperturbative limit. The aim of this work was to study,
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in the spirit of the AdS/CFT, models that could give some light in this way. The Klebanov-

Witten model was one of the firsts attempts that considered a less symmetric transversal space,

a conifold C, that also has a conical singularity. Placing N D3-branes at the tip of this space

led to a supersymmetric N = 1 field theory with gauge group SU(N) × SU(N) living on their

worldvolume. This gauge group was inherited from the orbifold theory. In the stringy side this

corresponded to a solution of type IIB supergravity on AdS5 ×X5, where X5 is the base of the

conifold, that in general was not S5, as in the original Maldacena’s work. As the maximally

supersymmetric case, the gauge theory inherited the conformal symmetry of the AdS part, so the

field theory on the worldvolume was superconformal. The five-dimensional space, X5, was the

coset T 1,1, that topologically can be expressed as S2 × S3. This way to write the space allowed

to modify the model by adding M fractional D3-branes (which actually were D5-branes wrapped

over the S2), the called Klebanov-Tseytlin model broke the conformal symmetry of the gauge

theory to SU(N + M) × SU(N). Since the variable r of the AdS part of the ten-dimensional

metric corresponds to the energy scale, and since in this model the metric has a logarithmic

dependence of r in the warp-factor, the IR limit of the gauge theory was not well defined in its

dual description. So we broke conformal symmetry but did not obtain a suitable description in

this limit. This apparent singularity was solved in the Klebanov-Strassler model, by performing

consecutive Seiberg duality transformations that reduce the gauge group when r became smaller.

This process in the field theory could be understood as a decreasing of the number of regular

D3-branes. In the supergravity side, we had a decreasing of the flux units of the NS-NS two-form

as r increases. This duality, known as duality cascade, led to an N = 1 SU(M) gauge theory

without flavors.

What happened at the end of the cascade was best illustrated from the gauge theory side. In

the UV, D5-branes wrapped the conifold as a superstring solution and generate the gauge group

on their worldvolume. As we moved towards the deep IR, the D3- and D5-branes dissolved into

the geometry, deforming the conifold, reducing the gauge group. Then, at the end of the cascade

we got a finite size S3, there is no longer a singularity.
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in the Klebanov-Strassler background,” Journal of High Energy Physics, vol. 2007, no. 09,

p. 109, 2007.

[138] F. Benini, “Backreacting flavors in the Klebanov-Witten model via D7-branes,” Fortschritte

der Physik, vol. 56, no. 7-9, pp. 936–942, 2008.

[139] F. Bigazzi, A. L. Cotrone, and A. Paredes, “Klebanov-Witten theory with massive dynam-

ical flavors,” Journal of High Energy Physics, vol. 2008, no. 09, p. 048, 2008.

[140] F. Bigazzi, A. L. Cotrone, A. Paredes, and A. V. Ramallo, “The Klebanov-Strassler model

with massive dynamical flavors,” Journal of High Energy Physics, vol. 2009, no. 03, p. 153,

2009.

[141] S. Cremonesi, “Unquenched flavors in the Klebanov-Strassler theory,” Fortschritte der

Physik, vol. 56, no. 7-9, pp. 950–956, 2008.



BIBLIOGRAPHY 162

[142] P. Ouyang, “Holomorphic D7-branes and flavored gauge theories,” Nuclear Physics B,

vol. 699, no. 1-2, pp. 207–225, 2004.


	Acknowledments
	Resumo
	Abstract
	Index
	List of figures
	List of tables
	Introduction and Overview 
	Supersymmetric field theories 
	The supersymmetric algebra
	Graded algebra
	Casimir operators for SUSY

	Classification of irreducible representations
	N=1 supersymmetry
	Massless multiplet
	Massive multiplet

	N>1 extended SUSY
	Massless multiplet
	N=2 vector multiplet
	N=2 hypermultiplet
	N=4 vector-multiplet
	Massive representations and BPS states


	N=1 superspace formalism
	SUSY transformations
	Components fields
	Irreducible representations of superfields
	Chiral superfields
	Vector superfields
	The supersymmetric field strength


	Supersymmetric lagrangians and gauge theories
	The Wess-Zumino model: free and interacting
	R-symmetry
	Supersymmetric gauge theories
	The NVSZ beta function for N=1 SUSY gauge theories


	Conformal and superconformal symmetry in d dimensions
	The conformal group and the conformal algebra
	Conformal symmetry in d=2

	Constraints of conformal invariance in d=2 dimensions
	Representations of the conformal group
	Conformal invariance, correlation functions and OPE's

	The superconformal algebra and its representations

	N=4 SU(N) superconformal Yang Mills theory in d=4
	Symmetries of N=4 SYM
	Spectrum of N=4 SYM
	Superconformal multiplets of local operators
	N=4 chiral or BPS multiplets of operators



	Superstrings and supergravity 
	A brief review on superstring theory
	The RNS string
	Global worldsheet supersymmetry

	Mode expansion and quantization
	Boundary conditions and analysis of the spectrum
	Super-Virasoro algebra for open strings
	The critical dimension
	The spectrum of the open string
	GSO projection, eliminating the tachyon state

	The closed string spectrum, type IIA and IIB superstrings

	T-duality and D-branes
	T-duality for closed bosonic strings
	T-duality for open bosonic strings
	T-duality with Chan-Paton factors and Wilson lines
	Dp-branes
	Non-abelian gauge symmetry and Higgs fields
	T-duality for type II superstring theories
	D-branes in type IIB superstring theories

	The Dirac-Born-Infeld action and the nonperturbative nature of branes

	Low-energy effective actions
	Type IIB supergravity

	p-branes and black p-branes
	Type IIB solution

	Anti-De Sitter space

	AdS/CFT correspondence 
	The Maldacena limit
	The decoupling limit
	Maldacena's conjecture
	Matching parameters
	Holographic duality
	Matching symmetries
	Field-operator map



	The Klebanov-Witten model (KW) 
	Branes at conical singularities
	A special case: T11
	Constructing the dual field theory
	N=1 Superconformal field theory
	Strings on orbifolds, a review. The flux to AdS5xT11: A slight digression
	The idea of orbifold
	Orbifolds of type IIB on AdS5xS5/Z2, breaking N=4 to N=2
	Blowing up S5/Z2, breaking N=2 to N=1

	The superpotential
	Conformal invariance

	The Klebanov-Witten conjecture
	Comparison of R-symmetries
	Global structure of the symmetry group
	Reflection
	Center of SL(2,Z)
	Chiral operators (the field-operator map)


	Towards ``more realistic'' gauge theories
	Klebanov-Tseytlin (KT): Non-conformal field theory
	Klebanov-Strassler (KS): The duality cascade
	Pando Zayas-Tseytlin (PT): The resolved conifold

	Conclusions
	Bibliography

