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Two things are infinite: the Universe and human stupidity; and I am not yet

completely sure about the Universe.

Albert Einstein
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Resumo

Nesta dissertagao exploramos as caracteristicas da formulacao de uma Teoria de Gauge
para particulas de spin continuo (CSP). Para tornar a nossa discussdo o mais auto-
contida possivel, comecamos por introduzir todas as informagdes basicas de Teoria de
Grupos — assim como de Teoria de Representagoes — que sdo necessarias para enteder
de onde surgem as CSPs. A partir dai aplicamos o que foi apresentado sobre Teoria
de Grupos para o estudo dos grupos de Lorentz e de Poincaré, até o ponto em que
conseguimos construir a representacao CSP. Finalmente, apds de uma rapida revisao
do formalismo de spin altos (Higher Spins), através do estudo das ac¢oes de Schwinger-
Fronsdal, damos inicio ao estudo de uma Teoria de Campos para CSPs. Estudamos e
exploramos todas as simetrias locais da acao que descreve uma CSP livre, assim como
todas as sutilezas que surgem a partir da introducao de uma nova coordenada, que
resulta em um espaco-tempo estendido no qual a acao é definida. Terminamos nossa
discussao mostrando que todo o contetdo fisico decorrente da ag¢ao para uma CSP livre

coincide com o que vimos em nossa discussao de Teoria de Grupos.
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Abstract

In this dissertation we explore the features of a Gauge Field Theory formulation for
continuous spin particles (CSP). To make our discussion as self-contained as possible,
we begin by introducing all the basics of Group Theory — and representation theory —
which are necessary to understand where the CSP come from. We then apply what we
learn from Group Theory to the study of the Lorentz and Poincaré groups, to the point
where we are able to construct the CSP representation. Finally, after a brief review of
the Higher-Spin formalism, through the Schwinger-Fronsdal actions, we enter the realm
of CSP Field Theory. We study and explore all the local symmetries of the CSP action,
as well as all of the nuances associated with the introduction of an enlarged spacetime,
which is used to formulate the CSP action. We end our discussion by showing that
the physical contents of the CSP action are precisely what we expected them to be, in

comparison to our Group Theoretical approach.

iii
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Chapter 1
Introduction

The Poincaré group is of fundamental importance in Theoretical Physics. When one
attempts to extend the validity of Quantum Mechanics to include particles that move
relativistically, one ends up with Quantum Field Theory, the ‘marriage’ of Quantum
Mechanics and Special Relativity. When we take into account the effects of Special
Relativity, we find that our systems are invariant under a different, larger symmetry
group. In the case of Quantum Mechanics, for instance, our systems are invariant under
Galilean transformations, while in Quantum Field Theory, our systems are invariant

under Poincaré transformations.

In fact, Poincaré symmetry is so powerful that one needs to go to the extreme
scenarios of Nature for it to lose its validity. When one attempts to study large masses
of the cosmic scale, that is, one invokes the concepts of the General Theory of Relativity,
then one must make use of a even more suitable and powerful group, the group of
general coordinate transformations. Although this is an equally interesting group, we
will not attempt to study it in this dissertation. Instead, we will explore some aspects

of the Poincaré, analysing some not well known aspects.

Among Lie groups, we have what is called a Lie algebra and a representation of a Lie
group’s Lie algebra [3]. In these representations, we can build all the states described
by a Quantum Theory. The study of all possible irreducible representations of the
Poincaré group shows that they describe states corresponding to massive and massless
particles of integer and half-integer spin, and also the Continuous Spin Particle (CSP),
which was first studied by Wigner [1].

Out of all these particles, only the CSP has not yet been detected. The main reason
for this is because we still do not have a Quantum Field Theory that can describe free
nor interacting CSPs. In fact, it was only very recently that local, covariant actions

describing a single CSP degree of freedom were proposed. In 2014, Schuster & Toro
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proposed an action describing a bosonic CSP [12], followed by further analysis by
Rivelles [13, 15]. Later, in 2015, an action describing a fermionic CSP was proposed by
Bekaert, Najafizadeh, and Setare [16]. As already mentioned, CSP-matter interactions
(or even CSP-CSP interactions) are unknown!, but the actions proposed in [12, 13, 16]

are big motivations for us to seek the form of such interactions.

Another motivation for the study of CSPs is their analogues in 2+ 1 dimensions, as
a form of massless generalization of anyons. Although we will not analyse this case in

this dissertation, we refer the reader to [12, 17] and their references for further reading.

In this dissertation, we will study the realm of bosonic CSPs?, studying them first
from a Group Theoretical approach and then from a Field Theoretical approach. In
chapter 2, we will introduce everything we will need of Group Theory and Represen-
tation Theory in order to understand where CSPs come from [2, 3|. In chapter 3,
we study the Poincaré group and its main features [2, 3]. In chapter 4 we study the
theory of higher spin particles, through the Schwinger-Fronsdal formalism [11]. Fi-
nally, in chapter 5, we approach the problem of CSPs from a Field Theoretical point
of view, through the analysis of the recently proposed action that describes a single,
free, bosonic CSP by Schuster & Toro [12] and the further analysis of this proposal
made by Rivelles [13, 15]. In chapter 5 we also show the connection between the for-
malism proposed in [12, 13, 15] with that of higher spin particles [11] and what was
available previously in the CSP literature [1, 14], as well as check the validity of the
theory in comparison to our Group Theoretical approach to the problem [2]. We also
refer the reader to Appendix A for a better understanding of the notations we will use
throughout the dissertation. Appendices B and C contain identities and calculations
that correspond to some of the results presented in chapter 5, but were too long to be

kept in the main text.

f you look in [12, 16], you can see that CSPs can be coupled to currents, but nothing is known
about the currents symmetries.

2Studying the fermionic case should be straightforward after the reader becomes familiar with the
content of this dissertation.



Chapter 2
Group Theory

In this chapter we would like to introduce all the basic concepts of Group Theory and

Group Representations that we will need throughout this dissertation.

Section 2.1 contains an introduction to Group Theory and all the necessary defi-
nitions we will need. In section 2.2 the same is done for Group Representations. We
then end the chapter applying the presented definitions to a concrete example, namely

the SO(3) group.

All of the material presented in this chapter is based on the great texts available on
the references [2, 3]. Still, we point out some references to aid the reader to better un-
derstand some of the connections between the Group Theory and Quantum Mechanics,

which would digress us from the main subject of this dissertation.
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2.1 Basic Definitions

Group theory is the natural way to formulate symmetry principles and understand their
applications to both Mathematics and Physics. As every physicist learns, symmetries
are extremely important when analysing a problem, as they can often lead to drastic
simplifications. With this in mind, we provide here the basics of Group Theory which

we will need to study the problem of continuous spin particles (CSP).

A non-null set {G : a,b,c...} is said to form a group if there is an operation,
called group multiplication, which associates any given pair of elements a, b € G with
a well-defined product a - b € G, such that:

» The operation is associative, i.e. a-(b-c)=(a-b)-¢, VY a,b,c€ G;

o Among the elements of G, there is an element F, called the identity, which has

the property a- £ = F -a = a.

o For each a € G, there is an element a~! € G, called the inverse of a, which has

the property a-a ' =a'-a=E.

The group multiplication operation is, in general, dependent on the ordering of the
elements of the group involved in said operation. A particular category of groups is
that for which the group multiplication is commutative, i.e. a-b=0b-a, V a,b € G.
In this case, the group is said to be an Abelian group. Otherwise, when the group

multiplication is not commutative, the group is said to be non-Abelian.

Another definition which will be important when we study the Lorentz and the
Poincaré groups in the next chapters will be that of a homomorphism. A homomor-
phism from a group G to another group G’ is a mapping (not necessarily one-to-one)
which preserves group multiplication. In other words, if g; € G — ¢, € G’ and
g192 = g3, then gig5 = ¢4 (from this point forward we will omit the - and leave the
group multiplication operation implicit). A special case of a homomorphism is when
the mapping s one-to-one. This is called an isomorphism and the groups are said to

be isomorphic.

A subgroup of G is defined as a subset H of a group G which forms a group under
the same multiplication rules as G. Then, let H; and Hs be subgroups of a group G. If
every element of H; commutes with any element of Hs, i.e. hihy = hohy for all hy € Hy
and ho € Hy, then G is said to be the direct product of H; and Hs; symbolically we
write G = H, ® H,.
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2.2 Group Representations

If there is a homomorphism from a group G to a group of operators U(G) on a linear
vector space V', we say that U(G) forms a representation of the group G. The dimension

of the representation is the dimension of the vector space V.

The group representation is said to be wunitary if the group representation space
is an inner product space and if the operators U(G) are unitary for all g € G. A
representation U(G) on V' is irreducible if there is no non-trivial invariant subspace in
V with respect to U(G). Otherwise, the representation is reducible. In the latter case,
if the orthogonal complement of the invariant subspace is also invariant with respect

to U(G), then the representation is said to be fully reducible.

For a given finite group G, the group algebra g consists of all formal linear com-
binations of g;, r = g¢;r', where g; € G and {r‘} are complex numbers. In ad-
dition, multiplication of one element of the algebra (q) by another (r) is given by
rq = gig;r'q’ = gk(Afjriqj ), where Afj are determined by the group multiplication rule
as indicated. An element C' of the group which commutes with all other elements, i.e.

Cr =rC,Vr € G, is said to be a Casimir element, or Casimir operator of the group.

The groups we will be working with are matriz Lie groups, which we will define
after considering the following. The General Linear Group, GL(N;R), is the group of
all N x N invertible matrices with real entries. The General Linear Group over the
complex numbers, denoted by GL(N;C), is the group of all N x N invertible matrices
with complex entries. A matrix Lie group is any subgroup G of GL(N;C) with the
following property: if A, is any sequence of matrices in GG, and A,,, converges to some
matrix A, then either A € G or A is not invertible.

This allows us to cast yet another definition for the group algebra: if G is a matrix
Lie group, then the Lie algebra of GG, denoted by g, is the set of all matrices X such
that e "X € @ for all real numbers ¢. This means we have defined an exponential
mapping, which takes elements of the algebra to elements of the group. X is said to

be the generator of the group G.

An example: The SO(3) group

Classical Mechanics and the SO(3) group

We begin our discussion with a simple review of rotations in three dimensional Classical

Mechanics. We can label the space coordinates (z,y, z) in the more compact form x;,
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with ¢ = 1,2,3 so that (z1,22,23) = (x,y,2). Following this notation, rotations in

three dimensional Euclidean space are transformations that take z; to x} such that

XT; — 33’; = Rijl'j, (21)

where R is a 3 x 3 matrix that represents a transformation that preserves the length
of a vector |Z|? = z;x;. When we choose these matrices to have determinant equal to 1
(called special matrices) and to respect orthogonality (RT R = RRT = 1343), we obtain

the desired group. One can write this transformation, in an infinitesimal form, as

where §6 is the infinitesimal parameter of the transformation and J; are the generators

of SO(3). These generators can be expressed as

(S = —i€ijn, (2.3)
or in their explicit matrix form
00 0 0 0 2 0 —i 0
(J)=10 0 —i|, (o)=|0 0 0|, (Jay=|i 0 Of. (2.4)
0 7 0 —i 0 0 0 0 0

To see that (2.4) indeed generate rotations in three dimensions, we can use the ex-
ponential mapping to relate the elements of the algebra, J;, with the elements of the

group, R, by writing

R(0) = exp[—if'J;]. (2.5)

Say we would like to perform a rotation about the z—axis, that is, rotations in the
(z,y)—plane. This is the equivalent of saying that §' = §* = 0 in (2.5). By noting that

(J3)3 = Js, we can write R in the familiar form?

cos) —sinf 0
R3(0) = | sinf® cosf 0 (2.6)
0 0 1

'Here the lower index 3 is used to specify that this is a rotation about the z-axis. The same is
done for what follows in the text with the indices 1 and 2 representing rotations about the z-axis and
y-axis, respectively.
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by doing a simple series expansion of equation (2.5). The same can be done to show

that R; and Ry also have their usual forms.

Irreducible Representations of the SO(3) Lie Algebra - so(3)

We now focus on the role played by the SO(3) group in Quantum Mechanics. The
generators (2.4) obey the Lie algebra

From the generators of the SO(3) group, we can construct an operator that commutes
with all the generators of the group. This is the Casimir operator of SO(3) and is
given by

J2= (L) 4+ (L) + (J3)? =2

o O =

o = O

_— o O
~~
o
(0.¢]
SN—

which obviously commutes with all three generators J;.

To formulate a representation of s0(3), we choose basis vectors that are eigenvectors
of J? and one of the generators, which by convention we choose to be J3 (this choice is
completely arbitrary). A representation of s0(3)? is characterized by two labels, j and
m, where j(j + 1) is the eigenvalue of J? and m is the eigenvalue of Js, when these
act on one of the eigenvectors of the basis we have chosen. The values of 7 and m

3

are either integers or half-integers®. Here j is called the particle’s spin and m is the

particle’s helicity. Symbolically, we have

J2\j,m) = (5 + 1)lj,m)

. . (2.9)
J3|]>m> = m|.]7 m>
We can also construct two operators from the remaining generators, given by
Ji = Jl + iJQ, (210)

which have the interesting properties

2For a complete and detailed discussion of these results, see [2, 4, 5, 6].
3We will elaborate further on this later in the text.
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[ S, Jo] = +Jx, (2.11)

[Ty, J_] = 2Js, (2.12)

JL = I, (2.13)

J3Ji|m) = [Js, Ji]|m) + JxJs3lm) = (m £ 1)Jx|m), (2.14)

thus allowing us to conclude that Ji|m) are also eigenstates of J; with eigenvalues
(m+£1). This means that Jy act on states as raising and lowering operators, changing
the values of m by £1 each time they act on a state. We then require the following

conditions

J_|m = —j) =0, (2.15)
Jilm=j) =0, (2.16)

so that our representation has dimension (2j + 1), since the possible values of m are
m = —j,—j+1,---,7 — 1,7, and the possible values of j are j = 0,%,1,%,--- (a
rigorous way to see this would be to compute (I|J.J_|l) = 0, where |l) is the last
non-vanishing vector and check the result for consistency). We then conclude that the

basis vectors have the properties

J23,m) = j(j + 1)|5,m) (2.17)
J3|7,m) = m|j, m) (2.18)
Teljym) = /3G + 1) — m(m £ 1)]j,m + 1) (2.19)

Example: 5 = %

This representation has dimension d = 2, which means that the operators will be 2 x 2
matrices. Equations (2.17)-(2.19) tell us that

J?,:( Ol), J+:(0 1), J_:(O 0). 220)
~1 00 10

It is easy to see that J; = %ai, where o; are the Pauli matrices

O =
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01 0 — 1 0
01:(1 O)’ UQI(i 0)’ 03:<O _1>. (2.21)

and that the possible states are

|L/2,1/2),
Y2, 1 2) = |Yf2, —1/2),
J_|1f2, —1/2) = 0, (2.22)
Jillf2, —1/2) = |Vf2,1/2),
Jil1/2,1/2) = 0

where

Tifo, ) = $11f2,112),

Pifa, =112) = 312, ~112), (2:23)
Tol, 112) = 12, 11),

Jalte, =) = —4[12, =112,

This should suffice as a simple, though far from complete, introduction to the rich
fields of Group Theory and Group Representation. More complete discussions can be
found on the many great books available on the subject, some of which can be found

on the references for this dissertation.



This page intentionally left blank.



11

Chapter 3
The Lorentz and Poincaré Groups

Special relativity is the generalization of the homogeneity and isotropy of three-dimensional
space to include the time dimension as well. We drop the concept of absolute time and
allow for it to transform similarly to spatial coordinates, generalizing the concepts of
space and time into the new concept of spacetime. These generalizations had to be
introduced as a consequence of Albert Einstein’s proposal that the speed of light is
a constant of Nature. The (proper) Lorentz group and the Poincaré group are the

symmetry groups of four-dimensional spacetime.

The Lorentz group generalizes the concept of rotations to what is known as Lorentz
transformations. This is done with the introduction of new transformations, called
boosts. A boost is a form of “rotation” that mixes time and spatial coordinates, in
constrast with regular rotations which only mix spatial coordinates. When we also
allow for translations, we then deal with the Poincaré group, which generalizes the so
called Fuclidean groups (these are groups that include rotations and translations in

Euclidean space).

In section 3.1 we introduce the Lorentz group and the transformations associated
with the group. We then move on to find the group’s Lie algebra in section 3.1.1. In sec-
tion 3.1.2 it is shown how the group’s Lie algebra can be decomposed into the product
of two su(2) Lie algebras, thus allowing us to build the representations of the Lorentz
group’s Lie algebra. The Irreducible, finite-dimensional, non-unitary representations

of the Lorentz group are then presented in section 3.1.3.

In section 3.2 we introduce the Poincaré group’s multiplication rule, followed by
the generators of the Poincaré group and its Lie algebra in section 3.2.1. The Casimir
operators of the Poincaré group are introduced in section 3.3. Within section 3.4,
sections 3.4.1 - 3.4.3 list all the possible representations of the Poincaré group’s Lie

algebra.
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The starting points of each section are based on the references [2, 3], but we work
out every calculation to avoid the necessity for repeated citations. The construction
of the representations of the Lorentz and Poincaré groups are based on the reference
[2], but we also work them out explicitly. When we cite examples of Quantum Field
Theory, further references are offered for the reader, as we cannot cover all these topics

in this dissertation.
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3.1 The Lorentz Group - SO(1,3)

The Lorentz group! (also called the SO(1,3) group) is composed by a set of transfor-
mations, called Lorentz transformations, that leave the length of four-vectors invariant.
Here, Lorentz transformations are considered as “rotations” in four-dimensional space-
time, with the transformations that act only on the spatial coordinates called rotations
and the transformations that mix time and spatial coordinates called boosts. Thus, we
will refer to Lorentz transformations as the collection of both rotations and boosts that
can act on four-dimensional spacetime. An element of the Lorentz group, A, acts on a

four-vector z* (n=0,1,2,3) as

= " = A Y (3.1)

such that the product 2z, remains invariant. This means that

/ / / v OAV v .0
T “xp = NuwT Ha' = N = TI,LLVAHU‘/E A pl‘p = T]lul,A'LLaA pﬂf fL’p, (32)

where we have introduced the Minkowski metric n,, = diag(1,—1,—1,—1). Equation

(3.2) then implies the following condition on the elements of the Lorentz group

NNy A ) = 1oy (3.3)

Another way of saying this is that A is an element of the Lorentz group if, and only if

nMVAMUAVp = Aalunw/Ayp = Nop = AT77A =1, (34)

where in the last equality we have omitted the indices for a more transparent result.

The superscript T in (3.4) indicates the matrix transposed. Also, note that n? = 7.

We can interpret Lorentz transformations in analogously to rotations, as we did
when we studied the SO(3) group. Indeed, Lorentz transformations can be split in two
categories: rotations (which act upon the spatial coordinates z*, i = 1,2,3) and boosts
(which are “rotations” that mix time and spatial coordinates). It is easy to notice that
there are six of said transformations - three possible ways to perform rotations and

three possible ways to perform boosts. This means we will need six generators for the

!Even though we are abusing notation, it is important to know we are dealing here with the proper
Lorentz group. This is the group where we choose A% = 1. We will, however, drop the word proper
since we will make no mention to time-reversal transformations, which are allowed when A% = —1.
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Lorentz transformations and six parameters associated with these transformations.

A clever way of labelling these is through the use of antisymmetric tensors. If we define
M,,, and " as the generators of the Lorentz group and the parameters associated with
the transformations, respectively, and choose them to be antisymmetric (i.e. M,, =
—M,,, and &* = —£&*), we guarantee that each of them will have only six non-trivial

entries.

Then, the exponential mapping that connects the elements of the algebra so(1,3) to
the elements of the group SO(1,3) is given by

1
A(g) = eXp [_2€MVM;UJ:| . (35)
In equation (3.5) we have omitted the matrix indices, but they can be written explicitly
as in

A7 = {exp (—;g“l’Muy)] . (3.6)

p

3.1.1 The Lie Algebra of the Lorentz Group - so(1,3)

Consider, now, an infinitesimal Lorentz transformation, that is, take the transformation
parameter " to be infinitesimal. This means that a Lorentz transformation can be
written as A¥, = (Lyxq + 6€)", where 0§ is an infinitesimal transformation parameter.

Then, we can write the transformation, using (3.1), as

27 = A% = (L + 6€)7, 0 = o + 3%, (37)

On the other hand, we can use the exponential mapping (3.6) to see that

IIU = Aapxp = {eXp (-;65””Muy):| P = |:14><4 — %(55“”]\/[“” z’
| / / (3.8)
o 4 v o
=7 — 555“ (Myw)°, 2,

These last two results allow us to write

57, = — 506" (M) (3.9)

p P

so that M, has the matrix form
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(MMV)Up = Z.(Tlup(so—y - T]Vp(sau)' (310)

Result (3.10) shows explicitly that M,, = —M,,. A quick way of checking if (3.10) is
correct is by plugging it back in (3.9):

i 1759 g ag 1 v o (e ag
06, = —50E" i1, — My, = 5(06,°0%, — €1,57,) = 0%, (3.11)

where we used the fact that 6§ is antisymmetric under indices exchanges. To find
the Lie algebra of the Lorentz group we must then discover what is the commutation
relation between two generators of the group. We can do this by noticing that a Lorentz

transformations act on M, as

AM, A = My, AY A7, (3.12)

Then the left-hand side of (3.12) reads

l ?
AM AT = [Lis = 2067 Mg | My, [Lasa + 206 Mo
‘ (3.13)
? 0
= MNV -+ iéfka[Mum M)\a] +Q€éf27:

and the right-hand side

A

g

i {
M)\O'A)\HAUV = M, | Laxs — 25§aﬁMa6} {ﬂ4x4 - §5émMm

) Z v : (3.14)
= M,uu - 555)\0 (My)\nua - Mucrnl/)\ + M)\un,ua - Mazﬂ?,uA)

thus resulting in

[M,uz/a M)\o] =1 (M,LL)\T]Z/O' - M,Lwnzx)\ + M)\Vn,uo - Maunu)\) s (315>

which is the so(1,3) Lie algebra.
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3.1.2 The Lie Algebra so(1,3) as su(2) x su(2)

To find the representations of the Lie algebra of the SO(1,3) group, it is convenient
to separate the generators and parameters in those of boosts and rotations. Let K;
be the boost generators and .J; the rotation generators, with parameters ¢' and 67,

respectively (i = 1,2,3). We define them as

My, = —-K;

Mi' = €;; J,

501-]_ gbi]k ‘ (3.16)
gij — _ idkgk

where €, is the totally antisymmetric symbol with €123 = +1. The exponential map-

ping (3.6) then becomes

A(¢, 8) = exXp [ - ;( - Q(blKl - GijkEijg Qng)] = exp {Z(ﬁJKJ + ZHJJ]} . (317)

£
26,

It can be shown, using (3.10) and (3.15), that K; and J; satisfy the following commu-

tation relations

[JZ', J]] = iEiijk
[Ki, KJ] = _ieijkjk

The first two commutation relations show that J; and K; behave like vectors under
ordinary rotations, but the third one shows that K; do not transform into one another,
i.e. the algebra for K; is not closed. The minus-sign of the third commutator expresses
the difference between the non-compact group SO(1,3) and its compact form SO(4)
or between SL(2,C) and SU(2) x SU(2). Because SL(2,C) and SO(1,3) are locally
homomorphic, as well as SO(4) and SU(2) x SU(2), they have homomorphic Lie

algebras.

We now perform a basis change by introducing the complex linear combinations
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1
Jj = 5(Jj + 1K)
- . (3.19)
Ky = 5(J; — 1K)
Using (3.19), we can write (3.17) as
A(6,0) = exp [i(07 +i¢?)T; +i(07 —id?)Ky] (3.20)

or, in terms of new transformation parameters, o/ = 6/ +i¢’ and p7 = 6/ — i¢’, as

Aa, B) = exp [ia? T +iB'K;] . (3.21)

We can then use (3.18) to show that these new generators obey the Lie algebra

[ji, -7]] = iﬁijkjk
[Ki, ICs] = i€ KCh- (3.22)
[»71'7 ,CJ] =0

This is a very interesting result. We can now see that the generators [J; and K;
obey two distinct su(2)? Lie algebras. However, this decomposition holds only for the
complexified® Lie algebra so(1,3)c, which contains the real Lie algebra so(1,3). The
Lie algebra so(1, 3)c considers the set of real 4 x 4 matrices A satisfying

Al = —nAn (3.23)

as a complex vector space. This allows complex linear combinations of the form J; and

KC;. Thus, the decomposition

50(1,3)c = su(2) x su(2), (3.24)

is only valid for the complexified Lie algebra of the Lorentz group. However, there is a
one-to-one correspondence between representations of a complex Lie algebra and the
representations of any of its real forms [3]. This means we can use the irreducible rep-

resentations of the complex Lie algebra so(1, 3)¢ to find the irreducible representations

2We will comment on this in the beginning of the next section.
3We have done this when we chose the combinations (3.19).
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of the real Lie algebra so(1, 3).

3.1.3 The Irreducible, Finite-Dimensional, Non-Unitary Rep-

resentations of so(1, 3)

The SU(2) group, which is the group of special, unitary, 2 x 2 matrices, is homomorphic
to the SO(3) group, which we have seen in chapter 2. The generators of SU(2) obey a
Lie algebra that is identical (up to a constant, which can be absorbed by the structure

constants) to the so(3) Lie algebra.

Since we have seen the irreducible representations of s0(3), we have, in a sense,
also seen the irreducible representations of su(2). The Lorentz group’s Lie algebra
has two Casimir operators, one for each su(2). They are, of course, J? and K2,
which have eigenvalues j(j + 1) and j/(j” + 1), respectively, with j = 0,3,1,--- and
j =0, %, 1,---. We also have that the eigenvalues of the operators [J5 and K3 are
m=—j,—j+1,---,j—1,7and m' = —j',—j" +1,--- ,j'—1,7". The total spin of the
one-particle states is then given by s = j + j’. The dimension of the representation? is
then given by d; ; = (25 +1)(2j' + 1).

It is important to note that these two su(2) subalgebras are not independent. A

parity transformation acts on J; and K; as

so that J; < IC;. Because we can choose J; and K; to be Hermitian, under a Hermitian
conjugation we also have the interchange between 7; and IC;. This means that, for this

particular case, a parity transformation is equivalent to Hermitian conjugation.

The representations of so(1,3) are then given by the product of two su(2) rep-
resentations. We will now list them, with one remark on notation: we will label
the states of the representations of so0(1,3) keeping both j and j' implicit, that is,
|7,7,m,m') — |m,m’). The finite-dimensional, non-unitary, irreducible representa-

tions of the Lie algebra of the Lorentz group are then listed in the following table.

Table 3.1: Finite Dimensional, Non-Unitary Representations of so(1,3)

4The dimension of the representation is the number of allowed states for a particular combination
of spin values. This can be seen explicitly in table 3.1.
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Spins - (4, 7) Possible States Total Spin Dim. of the Rep.
(0, 0) |0, 0> s=0 do’o =1
(1/2,0) |£1/2,0) s=1p dipo =2
(0,1/2) |0, £1/2) s=1/ doj = 2
(1/2,1/2) |£1/2,1/2) |1 /2, —1/2) s=1 dipip =4
(170) |070>7H:17O> s=1 d1,0:3
(0,1) 0, 0),]0, £1) s=1 do1 =3
(jaj,) ‘_ja _j,>7‘_j+17_j/>>"'7|j7j,> S:j+j, dj,j’ :<2]+1)(2]/+1)

3.2 The Poincaré Group - 150(1,3)

We now start our discussion on the Poincaré group, which is our main group of interest.
The Poincaré group (also called the 1.SO(1,3) group) is characterized by transforma-

tions on the four-vectors z* such that

g
St = A+ 0

(3.26)

where b* is a constant translation of the vector z# and A*, is a Lorentz transforma-
tion. A group element g is characterized as g(A,b). When we have two consecutive

transformations, we find the group multiplication rule

g(A b)g(A D)z = g(A', ) (Ax+b) = NAz + ANb+V =

= g(A,V)g(A,b) = g(NA,AND+ 1), (3.27)

where we have, again, suppressed the indices for a more transparent result. We now
move on to the ten generators of the Poincaré group (four generators of translations

and six generators of Lorentz transformations) and the group’s Lie algebra.

3.2.1 Generators of the Poincaré Group and the Lie Algebra
iso(1,3)

We start by considering the infinitesimal versions of T°(b) and A(§). Defining P, as the

generators of translations and M, as the generators of Lorentz transformations, we




20 CHAPTER 3. THE LORENTZ AND POINCARE GROUPS

have

T(6b) =1 — %5b“PH, (3.28)

and

A((Sf) = ]]-4><4 - %5£MVMMV’ (329)

respectively. Note that we are assuming both 0b* and 0é*”, the transformations param-
eters, to be infinitesimal. Here, P, can be identified as the four-momentum operator,
whose eigenvalue is the four-momentum of the particle p, = (E,p), with E the par-
ticle’s energy and p’ its momentum. The contravariant generators of translations are
defined by P* = n*P,.

We can then proceed to find the group’s Lie algebra. The possible commutation rela-

tions between these generators are

[P, P,], (3.30)
[Py Mo ], (3.31)
(M, My, , (3.32)

where the last one is known from the last section, and repeated here for the sake of

the reader

[M,uz/a M)\a] =1 (M,u)\nyo - M,uanz/)\ + M)\Vn,uo - Mm/n/,L)\) . (333>

We also remind ourselves that the matrix form of M, is

(MMV)Up = i(nup5ay - 771/,050“)' (3.34)

The first commutation relation we are interested in, namely (3.30) is trivial. This
is because P, are the generators of translations, which commute among themselves.
This is known for those who have studied Quantum Mechanics. It is easy enough to
demonstrate this by making the identification P, = —i0, and applying the commutator

on a trial function f(x)
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[PIM Pl/] f(l’) == [a,uﬁau] f(l') = O = [PIU PV] = 0 (335)

This is merely a consequence of the Abelian nature of the translational subgroup of
the Poincaré group. To evaluate (3.31), we remember that P, is a vector and thus

transforms, under a Lorentz transformation, as

APA™ = PA",. (3.36)

Using the infinitesimal transformation (3.29) on (3.36) yields, for the left-hand side

l l
ABAT = [Liea = 5060y ] B [ L + 5067

Z. : (3.37)
=P+ 555/\0[13;“ M)+ OEYT
and, for the right-hand side
P, = B, L — L0870, : = P S8 (Pano — o). (339
Since equation (3.37) must be equal to (3.38), we get
[Py, Myo] = i(Pajue — Pollun)- (3.39)

Results (3.33), (3.35), and (3.39) form the Lie algebra of the Poincaré group, iso(1, 3).

3.3 The Casimir Operators of the Poincaré Group

The Poincaré group has two Casimir operators. The first one is the four-momentum
operator squared, P? = P*P,, while the second one is the square of the Pauli-Lubanski

pseudo-vector, which is defined as

1
W, = —iewpaP”Mp”. (3.40)

Since we are claiming that P? and W? = W,W* are Casimir operators, then we

must show that
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[P?,P,] =0, (3.41)
[P?, M,,] =0, (3.42)
(W2 P,] =0, (3.43)
(W2 M,,] =0, (3.44)
(W2, P? = 0. (3.45)

Result (3.41) is the simplest to show and is a direct consequence of (3.35). We have

[P?,P,) = P,[P",P,] + [P,, P.JP" = 0. (3.46)

Showing result (3.42) requires us to use (3.35) and (3.39)

[PQ,MW} = PA[PAa M/W] + [PMMW]P/\
= iP\(P,0", — PV(SAM) + i(Punux — Ponun) P (3.47)
=i[P,, P,] +i[P,, P,] = 0.

For the other commutation relations we will need to use the following result

|
Wy PA] = == o (P” (M*, Py] +L&Pﬂ7\9pa)

- %euupaPV(Pp5g,\ — P?§%,) =0,

(3.48)

where the last equality is achieved upon realizing €,,,, is antisymmetric under v < p
and v < o, while PYP? and P”P? are symmetric under the same exchanges. It is also

useful to notice that

1
WP = =€y PV M P! =0, (3.49)

by the same index symmetries mentioned above. This means we have
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[WuP*, Mag] = 0 =W, [P*, Mag] + [W,,, Mag] P*
= [Wua Ma/ﬂpu = _iWu(Pa(SMﬁ - P55“a) = _i(Wﬂn/wc - Wanuﬁ)Pu
= [Wua Maﬁ] = i(WanuB - Wﬁnua)' (350)

Hence, using (3.48) and (3.50), we can show that

(W2, B, = W,[W*, B,] + [W,, BJP* =0, (3.51)

and

[W2= Maﬂ] = WH[W“7 Maﬂ] + [Ww MGB]W“
= iWM(Wa(sM,B - Wﬂ(sua) + i(WanuB - Wﬁnmx)wu (352>
= 1[Wps, Wo| + i[W,, Ws] = 0.

The final commutation relation we are interested in is very straightforward to show
using (3.51), in the same way we have done in (3.46), and will not be repeated here.
Since we have shown that P? and W? commute with all other generators of the Poincaré

group, we conclude that they are indeed Casimir operators of the group.

3.4 Unitary Irreducible Representations of the Poincaré

Group

We will now construct the representations of the Poincaré group based on the concept
of little group. The little group of the Poincaré group is defined as the set of trans-
formations that leave the particle’s four-momentum invariant. Result (3.48) shows us
that W, commutes with the four-momentum operator and, therefore, leaves the parti-
cles four-momentum invariant. This means that the components of the Pauli-Lubanski
pseudo-vector will be the generators of the little group of the Poincaré group. This

will become clearer once we start constructing the representations explicitly.
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3.4.1 Massive Particles

p? >0

We start by considering the usual massive particles with timelike four-momentum,
which are particles with positive mass squared. Examples of these particles are electrons
and quarks, responsible for most of the matter content we know. We can always boost a
massive particle’s four-momentum to their rest frame, that is, p* = (M, 0,0,0), where
M is the particle’s mass. In this case, it is simple to see that any transformation that
acts upon the spacial components of p* will leave it invariant. It seems reasonable, at
least as an initial guess, that the little group for this case is SO(3). To confirm this,

we construct the generators explicitly

1 o
Wo = =5 eoie P' M7 =0, (3.53)
1 w M y
Wi = —§€i0jkP0M]k = ?fijkelﬂjé = MJ;, (3.54)

where in (3.54) we have used (3.16). The Casimir operators in this case are P? = M?
and W? = —M?2J% This clearly shows that the symmetry group is SO(3), since
all generators are identical (up to a normalization constant) to those of SO(3). The
representations are exactly the same as those of SO(3), except they now carry mass

and momentum labels®

P?|M,0;s,\) = M?|M,0;s,)\), P,JM,O0;s,\) = p"|M,0;s,\)
W?2|M,0;s,\) = —M?s(s+1)|M,0;s,\),
J?|M,0;s,\) = s(s+ 1)|M,0;s,\), (3.55)
Ts| M, 0; 5, \) = A[M, 0; 5, ),
JL|M,0;8,\) = N.|M,0;8, A+ 1),

where N are normalizations such that J.|M,0;s, +s) = 0.

SWhen dealing with the Poincaré group we will change notation slightly. The particle’s spin will
be represented by the letter s and the particle’s helicity by A. A particle’s helicity indicates whether
its spin is aligned or anti-aligned with its momentum.



3.4. UNITARY IRREDUCIBLE REPRESENTATIONS OF THE POINCARE GROUP25

p?’ <0

In this case we are dealing with a particle with spacelike four-momentum, or negative
mass squared (or imaginary mass). These particles, which move faster than the speed
of light, are known as tachyons. The appearance of tachyons in a theory is usually an
indication of instabilities. One example we can comment on is that of the Higgs boson.
In its uncondensed state, the Higgs field is a tachyonic field, which would give rise to a
particle of negative mass squared. Through spontaneous symmetry breaking, however,
the Higgs field’s instability disappears®.

A standard four-momentum to deal with this case is p* = (0,0,0,Q), so that
p? = —Q?, and thus the desired condition is satisfied (this choice is not unique, as
we could have chosen, for example, p* = (1Q),0,0,0), yielding the same result). The

generators of the little group for this case are

Wo = —Q.Js, (3.56)
and
W) = —QKo,
Wi = EijkPij = WQ = QKl, (357)
W3 = 0.

The Lie algebra satisfied by these generators is given by

(K71, J3] = —iKy,
[Kg, Jg] = 1K, (3.58)
[Kl,Kg] = —iJs.

This is almost the algebra so(3), but the last commutator should have a plus sign for
this to be true. We have, once again, found a non-compact group. Just as the Lorentz
group SO(1,3) was the non-compact version of SO(4), this group is the non-compact
version of SO(3), namely SO(1,2). By the same arguments used before, we notice
the homomorphism so(1,2)¢ = su(2) = so(3), so that the representations of so(1,2)
are those of s0(3), which we have already constructed. However, there is one subtlety

regarding the eigenvalues of W2. Note that

6Standard Quantum Field Theory textbooks, such as [7, 8, 9, 10], should cover the details of this
wonderful phenomenon, which would take us far away from the scope of this dissertation.
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W? = W, W = Q[ (Js)* — (K1)* = (K»)? . (3.59)

If we assign to W? an eigenvalue w, then when w > 0, this automatically implies
(K1)? = (K3)* = 0, because these do not have finite range. Therefore the representa-
tions are exactly the same as the representations of the so(3) algebra, with w = s(s+1)
and s = 0, %, 1, %, 2,-+- (where we are allowing double-valued representations). This
would mean that the states described by the theory would obey

P2t s, A) = —Q%[p!s s, ), PPIptss, \) = pHpHs s, A),
(J3)2[p"s 8, A) = s(s+ 1)|p"; s, \), (3.60)
J3|pt; s, A) = Alpt; s, ).

However, when we allow w to be negative, we cannot control its range. This means
—00 < w < 0. This representations cannot be specified by the particle’s spin nor its

helicity. It is labelled, instead, by a continuous, negative parameter w

P ptw, \) = —Q°|p"w, A), PFpsw, A) = p*|p"iw, A),
W2 [p";w, A) = wp";w, A) (3.61)
J3|p,u; W, )\> = /\|pﬂ’ w, /\>

It is important to notice that we can still build our raising and lowering operators
through K; = K; + 1K5, which raise and lower the value of A by unit. In the case
where w > 0, we have that the representation has dimension d; = 2s 4 1. However, in
the case where w < 0, we have no limit to how many times we can raise or lower the

helicity of the particle. This means we have a infinite dimensional representation.

3.4.2 The Null Vector Representation

This is a special case of the Poincaré group, where we consider a particle with four-
momentum p* = (0,0,0,0). In this case, p* is invariant under all Lorentz transfor-
mations. This means that the little group of this representation is SO(1,3), i.e. the
Lorentz group. The representation is then given by that of section 3.1.3. The only
difference would be that the states described by the theory now carry an extra lable

p* = 0, however there is no Lorentz transformation that can change this quantity.
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3.4.3 Massless Particles

When we deal with massless particles, we have p?> = 0. We can consider a standard
four-momentum of the form p* = (E, 0,0, E), where E is the energy of the particle. In

this case, the Pauli-Lubanski pseudo-vector takes the form

1 o .
Wo = _§€ijkPZM]k =—P'J;=—EJ;,

1 . . .
Wi = —§€Z‘OjkPOM]k — EijOkPJMOk = EJl — EijkPJKk,

Wi = E(J; + K,), (3.62)
Wy = E(J, — Ky),
W3 = EJ3
This means
W, = E(—J3,J1+K2,J2—K1,J3>, (3.63)
and
W“:E<—J3,—J1 —KQ,—J2+K1,—J3), (3.64)
so that
W2 =W ,WH=—(W,)* — (Wy)> (3.65)

This means that the eigenvalues of W? are either zero or negative. We call them

—p? <0, where p € R. We now have two possibilities, which we will discuss separately.

Usual Massless Particles - p =0

When p = 0, we can look at (3.65) and see that the eigenvalue of W2 must vanish.
This is the equivalent of saying that this operator annihilate physical states. The
representation is then labelled by the particle’s four-momentum and its helicity, p*
and A\, which are respectively the eigenvalues of P* and J;. The states described by
the theory must obey
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P2[pt; A) = 0, PPpHs A) = pH[pHs ),
Js|pt; Ay = Alp's ), (3.66)
W2|p \) = Wi pHs Ay = WalpH; A) = 0.

These are the states that describe the usual massless particles we encounter, for example
the gauge bosons’. These elementary particles are the force carriers of all the known
interactions (e.g. the photon is the force carrier of the electromagnet field, while
the gluons are the force carriers of the strong force). These particles are extremely
important to the understanding of the fundamental interactions of nature and thus it

is more than relevant to include this discussion in this dissertation.

The Continuous Spin Particles - p # 0

Finally, we enter the realm of the last possible representation of the Poincaré group’s Lie
algebra: that of the continuous spin particles (CSP) [1]. These are massless particles
that have p # 0, which make them differ greatly from the usual massless particles. In

this case, we have that

[Wh W2} = 07
Wy, J5] = W7, (3.67)
(W, J3] = —ilWs,

which follow from (3.62). This is the Lie algebra of the Euclidean group in two dimen-
sions (rotations and translations in two dimensional Euclidean space), denoted by FE,
or ISO(2). This is then the little group of the CSP representation. In this case, the

operators

W:t = —(W1 + ZWQ) (368)

act on states as raising and lowering operators of the helicity A by unit. The states

described by the theory must, then, obey

"We use the term gauge here to differ these bosons from the Higgs boson, which we mentioned
earlier. The Higgs boson is a scalar boson. This means that the class of bosons we are describing here
arise from gauge fields, while the Higgs boson arises from a scalar field. Again, more information can
be found in the references [7, 8, 9, 10]
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Pp*; p; A) = 0, PEJpts p; A) = pP[p"; p; A),
J3|p"; s A) = AP pi A),
W2[p#; p; A) = =p?[p"; p; ), (3.69)
Wi lp;s p A) = iplp"; ps A + 1),
W_[p!; pi A) = —ip|p"; p; A — 1),

and the representation is also infinite dimensional, since in this case we do not have a
limit on how many times we can act with our operators W.. In other words, all values
of \ are needed to furnish the representation. It is also important to note that we have
two classes of CSPs. When A\ is integer, then the states are |p#; p; 0, £1,+2,---), and
we say this is a bosonic CSP representation. On the other hand, if A\ is half-integer,
then the representation is |p#; p; 0, j:%, i%, --+), and we say this describes a fermionic
CSP. The field theoretical analysis we will do for CSPs will deal with the case of a
bosonic CSP.

The last two relations in (3.69) fix® the eigenvalues of Wy upon realizing that
W? = —W.W= and that, therefore

—WLWelph; p; A) = W2pH; ps X) = —p*[p"; 03 A). (3.70)

Although they are predicted by theory, CSPs are not observed in Nature. The
main reason for this is because we do not have a Quantum Field Theory that describes
CSPs, meaning we cannot predict how these particles would interact with the other
known particles. The lack of a local, covariant actions that can describe bosonic and
fermionic CSPs restricted our capability of studying such particles. However, recently,
action were proposed that can describe bosonic CSPs [12, 13, 15] and fermionic CSPs
[16], at least at the classical level. These are major progresses towards a Quantum
Field Theory describing CSPs.

This concludes the group theoretical description of our CSPs. We will now begin
a field theoretical approach to the subject, following the references [12, 13, 15], and

study a more useful approach for dealing with bosonic CSPs.

8We could have also chosen to set the eigenvalues of W to —ip, but we chose the positive sign
since this is an arbitrary choice.
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Chapter 4
The Schwinger-Fronsdal Formalism

In this chapter we present the Schwinger-Fronsdal formalism for massless Bosons. We
take the general spin-s action, given by (4.1), and study explicitly, as examples, the
cases where s < 4, finding the equations of motion for each case and checking the
actions’ gauge invariance. Through the study of these examples, we are able to infer
the form of the equations of motion in the general case, which is the main result of this

chapter.

In section 4.1 we introduce the general Schwinger-Fronsdal formalism that will be
used throughout this chapter. From sections 4.1.1 to 4.1.5 we study the cases of s < 4,

generalizing our results to a particle of spin-s in section 4.1.6.

4.1 Massless Bosons

Here we present the general action for a spin—s Boson (integer spin) as proposed by
Fronsdal [11] and written in terms of spacetime derivatives instead of the particle’s

momenta [12]

So = (=1)" [ a2 [3(0a0)* = 5(0- 0)* = 520" (99 6) — 5 (0a0))?

_ %(3.&)2 —¢-JM|,

(4.1)

where ¢ is a rank-s completely symmetric tensor field, restricted to be double traceless
(i,e. ¢” = 0), s is the particle’s spin, J is a rank-s tensor source, and the factor
(—1)® ensures a canonical kinetic term with our mostly-negative metric. The notation

0 - ¢ indicates a contraction between the derivative and the first index in ¢, i.e.
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9.l = om GOt pia---s - Although we will explore the gauge invariance of this action, it
is clear from our discussion of the Lorentz and Poincaré groups in the previous chapter

that (4.1) is invariant under Poincaré transformations®.

The action (4.1) is also invariant (when J = 0) under the gauge transformations [11, 12]

6 =9 oelb, (4.2)

where ¢ is a traceless rank-(s — 1) tensor (¢' = 0). Both our field ¢(® and our gauge

parameter ¢~V are symmetric under indices exchanges.

It is not obvious a priori to understand the implications of the conditions on the
field ) and the gauge parameter €Y. Thus, we will study a few examples explicitly,
which will allow us to find the necessity for these conditions, as well as allow us to infer

the form of the equations of motion associated with the action (4.1).

Starting with the cases of spin zero, one, and two, we will notice that the actions we
obtain from (4.1) are equivalent to the Klein-Gordon, Maxwell, and linearized Einstein
actions, respectively. We will then move on to study the spin three and four cases,
where the necessity of a traceless condition upon the gauge parameter and a double-
traceless condition upon our tensor field will become explicit. In what follows, all

actions will be studied for the free theory case.

4.1.1 The Spin-0 Action

By setting s = 0 in (4.1) we obtain the familiar action for a massless scalar field

So= [ @'z 5(0,0)(0"9)| = S, (4.3)

also known as the Klein-Gordon action. We cannot construct a gauge transformation

such as (4.2) for this case.

A variation in our field ¢ by an infinitesimal amount ¢ — ¢ + d¢ yields a variation

in the action given by

wm:/#x

(©,)(2"50)| = . (1.4

IThe action is clearly Lorentz invariant because all indices are fully contracted. It is also invariant
under spacetime translations by a constant amount ¢ (z) — ) (x—a), where a is a constant vector
in spacetime.
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which upon an integration by parts?, and the principle of least action®, allow us to

obtain the equations of motion

?p=0¢p=F =0, (4.5)

known as the Klein-Gordon equation. The notation F, which is the symbol we will use
to denote the equations of motion, is here introduced for the first time, and although it
might not accomplish much in this case, it will be useful when we attempt to generalize

our results to the case of a particle with spin-s.

4.1.2 The Spin-1 Action

To make the connection with electromagnetism simpler, we will rename our rank-1
tensor field (or vector field) ¢,, - obtained by setting s = 1 in (4.1) - to A,. We then

have

Sir == [ e 50,47 — §(0,42) = 3 [ ate]@,4,)0°4") — (B,4%) (0,4

= [dia] @A) 0ma) - @47 0,4,
(4.6)

where in the last equality we have integrated the last term by parts twice. If we remind

ourselves of the electromagnetic field tensor

Fo = 0,4, — 0,A, = F,,F* = (0,A, — 0,A,)(0" AY — 9" A") =

= F P =2 {(8,“4”)(6“/1”) —(0,47)(8,4M)], (4.7)
we can rewrite (4.6) using (4.7) as

S:I:l — /ddl’[ — iFuyFlW:| = SMaxwell» (48)

which is the Mazwell action. Varying the field A, in the action (4.8) yields the equations

2We will not keep track of the surface terms that arise when we perform integrations by parts,
assuming that all of them vanish.
3Which we already used on (4.4) when we set the variation of the action to zero.



34 CHAPTER 4. THE SCHWINGER-FRONSDAL FORMALISM
of motion

Fu=04,-0,0-A=0, (4.9)

where we again have used the notation J, to denote our equation of motion.

In the spin-1 case, the action is invariant under the gauge transformation

A, = 0,¢. (4.10)

To check whether what we are claiming is true or not, we could set

Ay — A+ 0A,, (4.11)

in (4.6) and keep only the linear terms in dA, (which is the same procedure used to
obtain the equations of motion). But, because [0, 0,] = 0, it is much simpler to notice
that

SF . = 0,04, — 8,6A, = [0,,0,]c =0, (4.12)

which implies that (4.8) is invariant under the transformation (4.10). The equations

of motion are also clearly invariant under (4.10), since

0F, =064, — 0,0,0A" = 00,z — 9,0z = 0. (4.13)

4.1.3 The Spin-2 Action

For s = 2, the action (4.1) becomes

Sir= | dd[ Oatu)? — (0 6,)7 — (0,0,6™) — 1(0ud)?].  (414)

The gauge transformation that leaves (4.14) invariant is given by

5¢,u1/ = augu + 81/5;“ (415)

where our gauge transformation parameter is now a vector field. To see that (4.15)
indeed leaves (4.14) invariant, we vary our field ¢,, in (4.14) and maintain only the

terms linear in the variation
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0542 = / A2 |00 P 00" — 20 - $,0 - 66" — ¢'0,0,60" — 6¢/0,0,¢" — Dot/ 03¢
= / d'z [aaqbw(aaaﬂgv 070" —2( - ¢,) ¥ —2(0 - $,)0” (9 - €) —24/0(0 - )
2(9-¢,,)0e¥ +2(9-0-9)(9-¢)
—2(0-¢)(0-0-9) —2(9“(;5'8“(8 c€)| = 6512 =0,
+2¢/0e

(4.16)

where the brackets below the terms in the expression above indicate the results obtained
after we used integration by parts. Thus, (4.14) is invariant under transformations of
the form (4.15). The equations of motion obtained by varying ¢,, in (4.14) can be
read (after some integrations by parts) directly from the first line of equation (4.16)

D¢uu - 8#(8 : Cbu) - au(a : ¢u) + auau¢/ + gul/<a -0 ¢> - guvm¢, = 0. (4-17)

We can then write equation (4.17) in a more compact form by defining

Fur =00 — 0,(0 - ¢) — 0,(0 - ¢,) + 8uav(b/7 (4.18)

and noticing that

F =g Fr=0¢ —20-0-¢)+0¢ = —%g,ﬂ,]:’ = guw(0-0-¢) — g,0¢". (4.19)
We can thus rewrite (4.17) using (4.18) and (4.19) as

Fuw = 2guF =0, (4.20)

This equation of motion can be split into two equations of motion upon realizing that
the trace of (4.20) gives

F—4F =0=F =0=F,=0, (4.21)

so that
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Fo =0. (4.22)

Finally, we can also check that (4.17) is gauge invariant by noticing that a variation of
the form (4.15) yields

00,60 + Ouey) — 0, |Uey, + 0,(0 - 6)] -0, [D% +0,(0-¢) (4.23)

+20,0,(0-€) +2¢,0(0 - ¢) — 29,00 -¢) = 0.

The Linearized Einstein’s Equations

The equations of motion (4.22) resemble the linearized Einstein’s equations of motion.
To notice that they are indeed those equations, we will now derive them from a different

approach.

Consider a curved spacetime metric G, which differs from the flat spacetime

metric g,, by a small deviation ¢,,

G;u/ = Guv + gbul/' (424)

Now, because ¢,,, is a small deviation, we will disregard all terms that are “quadratic”
in ¢ and its derivatives, such as ¢¢, ¢0¢, 090, etc. We use g,,, to raise and lower ¢,

indices and, for completeness, we give the inverse metric

G = gh — ghv, (4.25)

so that, as usual, G,G"? = ¢of,. With these considerations, the Christoffel symbol

associated with G, becomes

FMVP = %(auﬁbw + 8V¢MP - ap¢uV)v (4'26)

so that the Riemann curvature tensor can be constructed as follows

Rpaw/ = aurpuo - 81/Fppa = %(auao'gbpu - 8uap¢uo - 81/80¢pu + 8I/ap¢uo')- (427)

Result (4.27) does not contain terms such as I',,,I'), because these would contain
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terms of order O(9d¢p0d¢). From (4.27) we can construct the Ricci tensor

Ruw = 0, = =400 = 0,(0+6,) 0,00+ 6,) + 0,6 (428)

and, finally, the Ricci scalar

m

R=R" :—{ng'—(@-ﬁ-qﬁ)]. (4.29)

If we now compare results (4.28) and (4.29) with (4.18) and (4.19), respectively, we

can make the identifications

Fuu = %Rm/a 4.30
F'=-1R, 4.31)
so that we obtain
Ru — 19w R =0, (4.32)
R, =0, (4.33)
R=0. (4.34)

Thus the Schwinger-Fronsdal formalism for a massless spin 2 Boson (the graviton) is
completely equivalent to that of the linearized Einstein’s equations (up to an overall

normalization factor that does not affect the equations of motion).

4.1.4 The Spin-3 Action

We now start studying the action (4.1) when s = 3. This will lead us to find the

necessity for the condition ¢’ = 0. The s = 3 action is

Sﬁ:S /dd [ a¢uuo - %(a ' Qb;w)z - 3¢, ' (a -0 - Qb) ( a(b ) %( ¢,)2 :
(4.35)

This action is invariant under gauge transformations of the form
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5¢uua = a,ugua + aygua + 805,“/~ (436)

Varying our field ¢ in (4.35) and keeping only the linear terms in d¢ we get

3515 = [ d'5](0u0) - (0°06) = 3(0-0) - (0 00) ~ 3¢/ - (00 09) 364/ - (90 ¢)
= 3(0a) - (07606 = 30 9)(0 - 50)

= /ddx[aa%waa(@“sw + 0"e!? +07e") —=3(0 - @) (0"0 - ¥ + 070 - e + Oe”)
3(8-¢)-(Ce) 6(0-0-¢)-(9-¢)—3(9-¢)-(Le)
0, € is traceless
—6(00-¢)- ¢ —3¢'°0,(0-0-€)—6(0-¢)-(0-0-¢) —3(0-0-e)(0)
+3(9-0)(9-9-¢)
—60,¢" - (00 - €) =3(0-¢)(D-D-e)| = dS+3 =0,

+6¢/-(00-€)

(4.37)

where we must use the traceless condition of our gauge parameter € to obtain the
desired result. Here, for the first time, we that it is key that ¢ is traceless in order for
the action (4.35) to be gauge invariant. This condition will also be necessary when we
study higher spins. Again, on equation (4.37), every term with a bracket underneath
them indicates that we have to perform an integration by parts, and the results of said

integrations are indicated below those brackets.

The equations of motion for the action (4.35) can be found after a simple manipu-

lation of the first equality in (4.37), yielding

D¢uua - [8u(8 . Cbua) + perm,’] + {a,ﬁyqb; + perm/} + [g;w(a .0 - Cba) + perm‘/
a [Q’WD(%’ + perm/] + ;[Quuaa(a -¢') + perm.’} =0,

(4.38)

Y

where “perm.”” stands for inequivalent permutations of the involved indices with no

symmetry factor, e.g.

aﬂ(a ) ¢V0) + perm.' = au(a ’ ¢Va) + aV(a ’ Qb/w) + 80(6 ' ¢MV)' (4'39)
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Note that on (4.39) we get only half the terms of the “full” permutation because the field
Guve 1s symmetric under indices exchanges. Since terms like 0,,(0 - ¢,,) and 0,,(0 - ¢o)

are equivalent to each other, we drop one of them.

For the purpose of generalization, we also try to write down the equations of motion

(4.38) in terms of an F tensor. First we define

Fuve =000 — [0,(0 - o) + perm.'} + {@L&,QS; + perm.’|. (4.40)

Then, taking the trace of (4.40) we get

Fo=20¢, —2(0- 0 ¢5) +9,(0 - ¢'). (4.41)

If we compare results (4.40) and (4.41) with (4.38) we see we can write it in the very

elegant form

Fuve — 3(go F) =0, (4.42)

nvo

which resembles the linearized Einstein’s equations. We can also trace (symmetrically)
equation (4.42), so that (4.42) can be written as

]:uua = 0. (443)

The equations of motion (4.43) are gauge invariant under transformation (4.46), as

long as ¢/ = 0. We can see this explicitly by doing

0F o = 0| 0ueve + perm.’} — [@(6 Eyo) F perm.'] + {ﬁuﬁyg“ﬁ‘@asgg + perm’

= 30,0,0,' = 0.
(4.44)

4.1.5 The Spin-4 Action

The action for a spin-4 particle can be obtained by setting s = 4 in (4.1)

S:I:4 = /ddaj[;(aa¢uupa)2_2(8-¢w/p)2_6¢;W(8.8.¢/W)_3(8a¢;w)2_3(a‘¢2)2 ‘ (445)
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This action is invariant under the gauge transformation

0Guvpo = 3 [Ouvpo + OuEpps + O0pEpvo + Oo€pusp| - (4.46)

To check that the action is gauge invariant, we will abuse notation and gather all per-
mutations of the terms as a single term multiplied by the total amount of permutations.
This will make the notation less clustered, but could be confusing*. We will return to

the proper notation once we write down the equations of motion. We then have

5S1s = / 4%z [aaqswpgaacswm — 40° G D — 65, (0 - D - 5
— 609, (00 ¢") — 60a6,,0"0¢™ —6(0 - ¢,)(0 - 5¢"‘)}

=3 [d% {4@0@,%{,0&@”5%0 4D dy) (Ds“”” 1+30%(0 - 5””)

4(0-Ppuvp)derve

(0BT 1200y (D-61) (4.47)

~60],, (200 ) + 2000 ")) =120+ 0 6,,)(0 - )

—12¢1,, 0(8-e1)+12(0-¢4,,)(0-0-e+¥)
~120,60,0°(0 ) 1200 (09 )| = 554 =0

12¢},,0(9-ev)

The equations of motion obtained by varying ¢ in (4.45) are obtained by looking at
(4.47). We get

O¢,p0 — [0,(0 - bupo) + perm.] + [(‘L&,Qﬁ/pg + perm.’} + (9 (0 - 0+ ¢po) + perm.]

1
—5 [9,1,0,(0 - @) + perm.'] — {gw,DqS;m + perm.’} =0
(4.48)
To write them in a way that resembles Einstein’s equations, we define
Frvpoe = O0pvpe — [04(0 - dupo) + perm.’] + [@&,Qﬁ:}(, + perm.’} , (4.49)

which has trace

4The main example is the third term in the action (4.45). Once you write down bop = 9" Puvops
you can see that there are twelve possible inequivalent permutations of the indices, but the term has
an overall factor of %7 which hides this fact.
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Fluw=—|2(0-0- ) —0u(0-¢,) —0,(0-¢,) —20¢,,|. (4.50)

To arrive at result (4.50), we must use the property ¢” = 0. Still, this is just a way
of rewriting the equations of motion and should not necessarily have any physical
importance. We will discuss the double-traceless condition of our field in the next

section. Thus, we can write down equation (4.48) as

Fuvpoe — %(9 © ]:/)/Wpcr =0, (4.51)

where

! ! 1 / !
%(9 oF );wpﬂ == [Qul/(a -0 ¢po) -+ perm. ] + 2 {guvap(a - ¢,) + perm.

(4.52)
+ [g,ngzS;G + perm./].
As before, we can trace out equation (4.51) symmetrically, thus reaching
f,uupa =0. (453)
(4.54)

The Double-Traceless Condition

Up to spin-3, the double-traceless condition upon our tensorial field ¢ was not used.
In fact, we also did not need the condition to find the equations of motion (4.48) for

our spin-4 action. Why do we require a double-traceless condition?

Remember the linearized Einstein’s equations, (4.32). That equation can be written

as the Einstein tensor, £, as

1
B = Ru — 59 R =0. (4.55)

The Einstein tensor obeys the following property

0-E,=0, (4.56)

known as the Bianchi identity. Since we are attempting to write every equation of
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motion in a form that resembles the linearized Einstein’s equation, we could imagine
a generalized Einstein tensor, which would obey a generalized Bianchi identity. In
fact, the generalized Einstein tensor for the spin-3 particle, given by (4.42), obeys a
generalized Bianchi identity

d- g,uzx = 0" {f/,wo - %(90.7:/) } =0. (457)

uvo

However, consider equation (4.50) without the use of the double-traceless condition.
We would have

]?/W ==2{(0-0 " du) — (0 ¢.,) — qu;w + 0,0,¢" = ]:;/w — 0,0,9". (4.58)

If we then built the equations of motion similarly to (4.51), but with F instead of F,

we would get

Evwpr = Fuvpo — (90 F ) ppo — 1 19,00,0,¢" + perm.’] = 0. (4.59)

This “modified” Einstein tensor does not satisfy a generalized form of the Bianchi

identity, since we would have

d-EW ~ 9009, (4.60)

where the (4) indicates the tensor’s rank. This identity is satisfied when ¢” = 0. If
we did not choose it to be this way, the generalized Einstein tensors of rank-4 and
above would always contain terms with two or more traces of our field ¢, which would
not vanish. Thus the double-traceless condition is required in order for the generalized
versions of the Einstein tensors of rank-4 and above to satisfy the generalized versions
of the Bianchi identity. A physical interpretation to this is that we are eliminating the

propagation of undesired degrees of freedom®.

Thus, for the case of spin-4, if we define the correct generalized Einstein tensor

g,uzzpo = f;wpa - %(g © Jrl)m/paa (461>

it satisfies the generalized Bianchi identity

SFor example, the double trace of our spin-4 field would be ¢ = g" g°° ¢, 0, Which satisfies the
Klein-Gordon equation (4.5) and is, therefore, a spin-0 field.
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- Eppo = 0. (4.62)

4.1.6 The General Case — Spin-s

Now that we have studied five specific cases explicitly, we are ready to study the general
case for a massless Bosonic particle of spin-s. The results obtained in this section would
have definitely simplified the discussions of the previous ones if we chose to put this
section first, but the explicit analysis of the other cases can be very fruitful for the

reader unfamiliar with the material.

For the general case, we take our starting point to be the action (4.1), repeated

here for the sake of the reader

5o = (=1 [ d's| 500 = 5(0- 9 = 25297+ 0+ 0 ¢) — 720"

o 5(5712(372) (a . ¢/>2 _ ¢ . J(s) )

(4.63)

Our discussion from the specific cases already allows us to impose the double-traceless
condition upon our field. Furthermore, we want to obtain equations of motion that
can lead to the results (4.5), (4.9), (4.20), (4.42), and (4.51), for particles of spin 0, 1,
2, 3, and 4, respectively, once we specify one of these spins for our particle.

A variation of our action with respect to ¢ gives®

ozass:(—1)S/d%[—(Dqs)+aoa-¢—aoao¢/_go(a-a-¢)
: (4.64)
Fgo(00)+ 500000 8)] 00,

so that the equations of motion can be written as

(ng)—608-¢+8080¢’+go(3-6-¢)—go(ng')—;go(ﬁoa-gb/)zo. (4.65)

6We will write one term explicitly for the sake of the reader. The variation of the second term in
(4.63) gives (omitting the integral) —s(0-$)(9-0¢). Upon integration by parts, we arrive at (dropping
the surface term) s(0,,0 - @uy...p, )0H s, Because the only permutations that are inequivalent are
those where we exchange the index of the derivative with the (s — 1) indices of 9 - ¢, we see that
there are precisely s inequivalent permutations for this term. Thus we can cast the result in the form
(000 @) - ¢, which is the second term in the second equality of (4.64).
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Now we wish to construct a tensor F®), in analogy with what we have done in the
previous sections. Since we know the structure of the equations of motions from the

previous section, we know that a good choice for F*) would be

FO L (@O¢)— 008 -¢+do0dod, (4.66)

but we have to check if this is a consistent choice. Taking the trace of (4.66) gives

F V=g . F&) = _20-0-¢—0¢)+000-¢, (4.67)

so that our equations of motion (4.65) can be written precisely in the form we wanted

1
FO - ~goF ¥ =, (4.68)

thus allowing us to conclude that (4.66) is indeed the correct form of F(*)7. To compare

our result with the literature, we can take the trace of equation (4.68) to find that

FeP=0=FY=(0¢)—00d-¢+0d0dog¢ =0, (4.69)

which agrees with result (2.4) of [12]. Now we have to check the gauge invariance of

our action under the general transformation

6 = doel™h), (4.70)

where the gauge parameter £~Y is a traceless rank-(s — 1) tensor. This is a rather
straightforward calculation but one must take care not to get confused with notation.

For example, remember the following

000 8], . = (00 Gup, + PErm] = 59,0 By, (4.71)

s ineq. perm.

where we have used the notation = because this is not strictly true, since the terms do
not have identical properties. However, not using this trick can make the computation

extremely long. We can then write (4.64)% as

7 At this point, one can check explicitly that the equations of motion obtained in this section reduces
to the equations of motion in the previous sections.

80f course, since we are now specifying the form of our variation, we do not intend to force §S; = 0.
Instead we want to find this equality in order to show that the action is gauge invariant.
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/dd [ (06)+000-¢—0o0dod —go(d-0-¢)
1
+go<m¢'>+2go<aoa.¢'>}-<aoa>

_(—1)° /ddx{ (500 - Gy, = 00 - Sy, — 5(5 = 1010+ - 0

s(s—1) s(s —1)(s —2) -
+ 200,00+ Gy, + 5 030130 - B, .. }gﬂ s
s(s—1)(s—
+ [ s(s —=1)0- 0 Ppgp, + 5(s — 1)D¢H3 e T ( ;( )8#38 (bm e } 5“3'““5}}
= 0.

(4.72)

For the second equality to be achieved, one must realize that

0

SGpr s O M2 = gy, [0 H  perm./] = 20 - gt H +W (4.73)

where we used the traceless property of €. Similar manipulations are also required for

the integrations by parts, for example (omitting the integral)

s(s—1 s(s—1
— ( 5 )amaquiwmus Samguz s N 2 ( )a QDQS;BMMSEW Hs

(4.74)
+ (s —2) ( )a 0,0 - @ ekEHe

M4 s

where the arrow in (4.74) corresponds to an integration by parts. Thus, result (4.72)

shows that our action (4.63) is invariant under the gauge transformations (4.70).
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Chapter 5

A Continuous Spin Particle Gauge
Field Theory

5.1 The Action for a Single CSP

In 2014, Schuster and Toro proposed an action that describes a single free CSP particle
[12]. The particle is described through the usual spacetime coordinates z* and an
additional four-vector coordinate n*. The CSP field, W(x,n), is a scalar field, analytic
in 1. The action is given by [12]

S= ;/d% d'n {5'(772 +1) [0, (n, 2)]* + ;(5(7;2 +1) [A\If(n,x)]z} , (5.1)

where ¢’ indicates the derivative of the Dirac’s delta function with respect to its argu-
ment, A = 0, - 0, + p, and p is the particle’s continuous spin. The action is invariant

under the gauge transformation [12]

1 1
SU(n,x) = |n-0, — =(n* + DA | e(n,z) + 1(772 +1)’x(n,z) = 0.V (n,z) + 6,V (n, z),

2
(5.2)
for arbitrary gauge parameter €(n,x) and x(n,z). To check this gauge invariance ex-
plicitly, we will first consider a y-transformation and then a e-transformation, verifying
that the action (5.1) is invariant under each of these transformations. We start by per-
forming an infinitesimal variation of our field ¥ of the form W — W 4 §W¥ in our action

(5.1), which leads to a variation of the action given by
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§S = /d% d*n {6’(772 +1) (8,9) - (0,00) + ;5(772 + 1)A\I/A5\If} : (5.3)

Then, when we choose a y-transformation, we are setting 6¥ = 6, U in (5.3), giving

5,8 = i/d“w d'n {5’(772 +1) (0:0) - [(* + 1)20x| + ;5(772 + DATA [(? + 1)29(4 })
5.4

Now we make use of the Dirac’s delta function identities xd(z) = 0 and z%§’'(z) = 0 so
that

5,8 = i/d‘lx d'n {;6(772 + 1AV [2(0° + 1) - Bpx + (” + 1)2AX}} =0, (59)

and thus the action (5.1) is invariant under y-transformations. In the same way,

performing a e-transformation means setting ¥ = 6.V in (5.3), giving

5.5 = /d“x d477{5’(n2 +1) (0,9) - 0, {n -0y — ;(772 + 1)4 €

(5.6)
+ ;5(772 +1)ATA {n $ Oy — ;(772 + 1)4 6}

To continue, we must make use of the identity zd'(z) = —d(x) and perform a few

integrations by parts®, so that

.S = —/d%« d'n §'(n* + )W {n Oy — ;(nQ + 1A | O,e
+ ; / d'z d'n WA [5(n* + 1)0,e]
= /d%; d*n \1/{ —8(m*+ 1)y - 0,0, — ;5(772 + 1)AOe + 8 (% + 1)n - 0,0,¢
+ ;5(772 + 1)ADxe} =0,
(5.7)

where O, = 0, - 0,. Thus, we have 65 = §.5+ 0,5 = 0 and the action (5.1) is invariant

Tn this chapter we will also consider that all the surface terms that arise from these manipulations
vanish.
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under the gauge transformation (5.2).

The equations of motion for our field ¥ can easily be obtained through (5.3) after
integrating both terms by parts, and are given by

§'(n* 4+ 1)0,¥ — ;A [5(?72 + 1)Aqf] =0, (5.8)

in agreement with result (4.4) of [12]. The equation of motion (5.8) are trivially in-
variant under y-transformations upon usage of the Dirac’s delta function identities we
have presented in this discussion. They are also invariant under e-transformations, as

can be seen by doing a variation ¥ — ¥ + 6.V in (5.8)

S+ 1) [n- 0, — L2 + 1)A] Oye — ;A {6(772 LA K” 0y — SR+ 1)A> eﬂ

2 2
(5.9)
It is easy to notice that (5.9) vanishes upon realizing that the second term can be
written, using §(z) = —zd'(z), as
1
-3 {607 + 1020 0:0,¢ + 6(n* + 1) Al,e (5.10)

which cancels the first term in (5.9).

We could continue our discussion using action (5.4) and check that it indeed de-
scribes a single CSP degree of freedom. However, in 2015, Rivelles [13] proposed an
expansion of our field ¥ which uses two scalar fields, ¥y and 11, to describe our CSP
instead of one scalar field. The action obtained through this expansion contains a sim-
pler local symmetry. We explore these features in the next section and move on to the

physical contents of our theory through these new approach.

5.2 Reducibility of the Local Transformations

When we look at action (5.1), we can notice that the role played by the Dirac’s delta
function is that of making the equation of motion (5.8) non-trivial in the hyperboloid

n* +1 = 0. We can then perform the following expansion for our field ¥ [13]

[e.9]

Z {7+ 1) (0, @), (5.11)

where 1, are also scalar fields that can be written as [13]
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< ]
Un(n, @) = D2 " e, (@), (5.12)
s= 0

In (5.12), %(L " )u (x) are arbitrary completely symmetric tensor fields that depend only
on our spacetime coordinates x# [13]. Although the choices (5.11) and (5.12) are not
unique, they are quite natural given the structure of our action, and they also lead to

a new transformation, a Z-transformation, defined as

[e's} n—1
5¢n n,x Z 77 + 1)pEn,n+p(777 1’) - Z En,p(nv ZL‘), (513)

which leaves W, as written in (5.11), invariant. This is not a gauge transformation,
as we are not able to remove any degrees of freedom from it. To check that W is left

invariant, we can explicitly perform the substitution (5.13) in (5.11), giving

o

1
SV = Zn, n* 4+ 1) 54,

7] +1 n+p n—1 oo 77 +1
—*nn+ Zn
nz;)pzo (n+p)! g ,;)nzl P
- +1)7° 2413
[(772—1-1): +(7]2|>(:0,24—51,2)—1-(”3,)(:0,3+:1,3+52,3)+"‘
2 2 2 3
- +1)° _ _ +1)° _ _ -
_[(n2+1):170+mw)(:,2’04_\:'271)—'—(,’73‘)(:370+:3’1+:3’2)+...‘|’

(5.14)

where the first and second terms in square brackets of the third equality are the explicit
forms of the first and second double sums present in the second equality. This means
that, for 0¥ = 0, we must have =, = = ,, which is precisely the condition presented
n [13].

Now, notice that our gauge transformations in (5.2) are themselves invariant under

the local transformations [13]

Se = ;(7# +1)A(, 2), (5.15)
Ix = AA(n, ), (5.16)

where A(n, x) is a new local transformation parameter. This is precisely the definition
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of reducibility, so that we can say that the gauge transformations (5.2) are reducible. To
verify this gauge invariance, we perform the gauge transformations (5.15) and (5.16)

in (5.2), getting

1 1 1 1
n-0p = 50" + DA| de £ 2 (" + 1)%0x = %i%—gﬁ+UAhﬁ+DA+Jﬁ+D%

(P +1) = (P + 1) - 0.7

1
(n? +1)°A + 1(772 +1)%A

= Ll S R

(5.17)

If we now expand €(n, ) and x(n,z) in analogy to the way we have expanded our

field ¥ in (5.11), we find that the gauge transformations (5.2) can be written as

00 2 1" 1@ 2 1
oy n! 2= n!
1 fe’e) (772 + 1)n+2
* 4 nX::O n! "
00 2
+ 1) 1 1
= nz::O 1 oy ) [(1 —n)n - Op€p — §nAen,1 + Zn(n — Dxn—2| -
(5.18)
Comparing (5.18) with (5.11) allows us to conclude that
1 1
0 = (1 —n)n - Opey,, — inAen_l + ZTL(” — 1)xn—2, (5.19)

which is in agreement with result (8) from [13]. We can use the same expansions in

(5.15) and (5.16), which, in an analogous manner, allow us to conclude that

de, = ;n/\n_l, (5.20)
OXn = 21 - Ox N1 + AA,. (5.21)

First, notice that deg = 0, using (5.20) with an arbitrary A. Now we can use our A

gauge symmetry to choose A,,_1 = —(2/n)e,, for n # 0 [13], which upon substitution
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in (5.20) yields

Sep = 2 (—2%) = —n, n £ 0. (5.22)

n
This means we can gauge away every €, with n # 0. Then we can use our x gauge
symmetry to choose y,_s = —ﬁiﬂm n > 2, which gauges away every 0¢, in (5.19),

except for 01y and d1); [13]. This means that all our transformations are reduced to

0o = 1 - D€, (5.23)
5w1 = —;Aﬁo, (524)
deg = 0. (5.25)

Since the gauge parameter ¢y does not transform, as can be seen from (5.25), we now

say that the gauge transformations are irreducible.

5.3 The CSP Action in Terms of v, and v,

Now that we have studied the consequences to our gauge transformations when making
the expansion (5.11), we will study the consequences of this expansion in our action
(5.1). Remember the identities xd(z) = 0, z0'(z) = —d(x) and z%§'(x) = 0, as they
are all used when attempting to write the action in terms of the fields 1y and ;. Our
analysis of the reducibility of the gauge transformations allowed us to notice that these

are the relevant fields for our study of the CSP action.
When we substitute (5.11) in (5.1), the Dirac’s delta function in the first term of

the action will eliminate all terms of the expansion except for those that contain 1
and 11, while the Dirac’s delta function of the second term of the action will eliminate

all terms of the expansion except for those that contain 1. We are then left with

1 1
S =3 / d'z d'n {5'(n2 +1)(0t0)* + 5007 +1) [(Abo + 20 Datfn)? — 4(Duthy) - (aqul)]} .
(5.26)
which is the action (14), proposed by Rivelles in [13]. Even though we have fixed the A
and x symmetries in the previous section, the action (5.26) does not allow any terms

¥, with n > 2, as already explained.
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Now we will explore all the local symmetries of our action (5.26). At first we see

that our action is invariant under the transformations [13]

Sthg = 1 - Opeo + (0% + 1)*x0 + (1* 4+ 1)Z, (5.27)

1 —
0 = —§A€0 + (772 +1)x1 — &, (5.28)

where we have defined = = Zy; = 2, as found in (5.13). These transformations are

also invariant under the gauge transformations [13]

== (n*+1)0(n,z), (5.29)
dxo = —0(n,z), (5.30)
dx1 = 0(n,x), (5.31)

for a new local parameter 6(n, z). This indicates that transformations (5.27) and (5.28)
are reducible. Checking the invariance of (5.27) and (5.28) under the transformations
(5.29), (5.30), and (5.31) is extremely simple. We have

(n? + 1)3(=0) + (n* + 1)%6 = 0, (5.32)

and

(P +1)0 — (> +1)0 =0, (5.33)

respectively.

Since these transformations act only upon xg, X1, and =, it means that (at least) one
of these parameters can be removed. To understand the implications of the reducibility
of these transformations, we first find the equations of motion obtained by varying

and 1 in (5.26). Varying the action with respect to v gives

55 = [t dty {8167+ 1)(@uto) - (0.800) + 3007 + 1) [ Ay Adis

(5.34)

Making use of the Dirac’s delta function identities, integration by parts, and the prin-
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ciple of least action, we get

1 1
5/(772+1) [Dx¢0 - a’rAwO - 2(77 : ax)le} _25(772+1) [wal + 577 : awal + ZAQwO =0,
(5.35)
which is result (20) of [13]. Doing the same thing for a variation of

(5.36)

resulting in the equation of motion

S(n* +1) [Oatbo — 1+ 02880 — 2(n - ,)*n] =0, (5.37)

which is result (21) of [13]. These equations of motion are not independent, since
multiplying (5.35) by 7% + 1 eliminates the second term of that result and the first
term becomes (5.37) upon using a Dirac’s delta function identity.

We are now ready to explore the reducibility of the transformations (5.27) and
(5.28). First we note, as we mentioned before, that the equations of motion (5.35) and
(5.37) are defined around the hyperboloid 7+ 1 = 0. This will make our analysis very
difficult because this is not a trivial constraint. Our plan is then to extend the validity

of the equations of motion to all n-space and continue our analysis from there.

5.4 Reducibility Revisited

We start by calling the first term in square brackets in (5.35) of A(n, ) and the second

term in square brackets of B(n,z). This means our equations of motion now become

&' (n* + 1)A(n, x) — 28(n* + 1)B(n, z) = 0, (5.38)
§(n* +1)A(n,z) = 0. (5.39)

We can see that A and B are not independent by considering
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AA = ADI\IIO - AwaO -1 &pAQi/fo - 4(77 ' 81)511/11 - 2(77 ’ aﬂﬁ)zAwl
= - amA2¢0 - 4(77 : 8w)|jm¢1 - 2(77 : aw)2A1/}lv

and

1 1

so that [13]
AA(n,z) = —4n - 0,B(n, ).

We now can notice that A and B are invariant under ¢, transformations

0A = D;ﬂ] . 8160 /N axA (77 ' aac€0> + (77 ’ 82)2A60
=n- 0,060 — (- 0:)*Acg — 1 - 0.0,€0 + (1 0:)*Aeq

=0,
and
1 1 9 1.5
0B = —§A|:|z€0 — 0. A€y + ZA (n - Oveo)
= 1AD ! 0, A? +1AD +1 0, A2
— 2 z€0 477 x €0 2 z€0 47] ] €0
=0,

95

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

respectively. However, they are not invariant under o, i1, and = transformations.

Under x( and y; transformations, A transforms as

A = (0 + 1)°Daxo — - A [ + 1)°x0] — 20° + D) (n- 0:)°xa
= (" + 1)* [0, = - %:A] xo — 2(n* + 1) (0 - 32)* [2x0 + xa] ,

while under = transformations it transforms as

(5.45)
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0A = ( + DO,E = - 3:A [(* + DE| +2(n - 0.)°

(5.46)
=+ 1) [0, —n-0,A]2.

This means that under the transformations (5.27) and (5.28), we get

(5.47)
The same can be done, analogously, for B, giving
1 -
0B = _§(Dz_U'A>:+(n'ax)2<2XO+Xl)+<772‘|’1) (Ox + 27 - 3.A) X0
(5.48)

1 1 1
+ (Dx + U &cA) X1+ ZAQE + 1(772 +1)A%y .

These last two results are, however, invariant under 6 transformations of the form
(5.29)-(5.31), which we can check explicitly for (5.47)

(P + 1) |(* + )00 — (7> + 1)n - 080 — 2(n) - 0,)°0 + 4(n - 92)*0 — 2(n) - 8)*0

— (772 + 10,0 + (772 +1)n-0.A0| =0,
(5.49)

and for (5.48)

1 1 1 1
(n*+1) 1(772 +1)A% +n-0,A0 + 50at = 0a — 20 0 A0 + D) + S+ 0,00 — 1(772 +1)A2%0
1

1
= 5P+ D00+ 50 - 0:00 + (0 02)*0 — (1 0:)°0 = 0.

(5.50)

Now we will use our yo and x; symmetries to extend the validity of (5.39) to all
of n-space. This means that even without the Dirac’s delta function, we will have
A(n,z) = 0 [13]. This imposes the condition
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(712 + 1)2 [Dm - n: axA] Xo — 2(772 + 1)(77 ’ aa:)Q [QXO + Xl] = 07 (551)

which comes from (5.38) after setting A(n,z) = 0. Using the 6 symmetry, we will set
Xo = 0, which leads to (1 - 9,)?x1 = 0, using (5.51). Now, if we Fourier transform this
last result to momentum space, we read it as (9, - p)>x1 = 0, where w is the Fourier
conjugate of our coordinate 7. Since we do not want to constraint the momentum of
our particle, we conclude that y; = 0. Now, if we remember result (5.42), setting A = 0
leads to 1 - 9, B(n, z) = 0 which, by the same arguments given for x;, sets B(n,z) =0
[13].

In this way, we have explored some of the local symmetries of our Lagrangian in
order to extend the equations of motion outside the hyperboloid n? + 1 = 0. We have

that the equations of motion, extended to all of n-space, are

wao —n: 3mA¢0 - 2(77 : 81)2¢1 = 07 (552)
1 1
O, + 31 Op Ay + ZAQ% =0, (5.53)

and they are invariant under the transformations

6tho =1 - Oueo + (* + 1)Z, (5.54)

1
(52/)1 = _iAEO - E, (555)

which are now irreducible. These last four results are, respectively, in complete agree-
ment to what we see in equations (30), (31), (32), and (33) of [13].

5.5 Connections to the CSP Literature

We will now show that the extended equations of motion (5.52) and (5.53) are in
agreement to the results obtained in [14]. The notation used in most of the CSP
literature is that of momentum space, thus, to make the connection clearer, we will
Fourier transform our results to momentum space. As mentioned before, we give the

name w to the Fourier conjugate of our coordinate 7.

We perform the usual Fourier transformation (on both z* and n*) on our fields ;

as
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Uiln,a) = [ dhw d'p =, p) (5.50)

and similarly for ¢y. This implies that equation (5.52)

—p*o+p - Qu(—p - w+ p)ho — 2(p - 0.)"t1 = 0
= —p™Py — p*Uo — (p-w — p)p - utho — 2(p - )’ =0
= p*o + 3(p-w — p)p - Autlo + (p- 0.,)*o = 0, (5.57)

and, analogously, (5.53) can be written as

P — (p-w—p)p- Outhi — 2(p-w — p)*y = 0. (5.58)

We then use our = symmetry to choose the gauge [13]

o+ (O — Dthy =0, (5.59)

so that our transformations (5.54) and (5.55) are reduced to

by = —p - Dufo, (5.60)

51 = 1p-w — p)éo- (5.61)

Once we apply our gauge choice (5.59) to (5.58), favouring the field ¢, we find

P — (prw—p)p-0uti + 3(p-w—p)* (0, — )by = 0, (5.62)

which is equation (5.2) of [14]. The field constraint (5.3) of [14], which is the analogous
version of the double-traceless conditions of our fields ¢ in the Schwinger-Fronsdal

formalism, can also be found by using our gauge choice in (5.57)

(5.63)

where to go from the first to the second equality in (5.63), we must multiply equation
(5.62) by (O, —1) and substitute the result in favor of the term of the last equality. We

can then proceed in analogy with what we argued when we found B(n,z) = 0 in the
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previous section. Because we do not want to constrain the momentum of our particle,

we end up with the result

(O, — D)y =0, (5.64)

which reproduces result (5.3) of [14]%. By using (5.59) in (5.60), we can also reproduce

the following condition on our gauge parameter ¢g,

500 = —p-0ufo = ~(Ou = 130y = (O = Dip-w — o

_ 1 N 1 5 5
= —p - 0,60 = 5(1) cw— p)éy — 5%“ [Pu€o + (p-w — p)Ouuéol

1 B 1 .
:>i(p-w—p)eo—5[2p-8w+(p-w—p)Dw]eo
=p-w-—p(0,—1)é=0
= (0o — Dé =0, (5.65)

where in the last line we used the fact that we do not want to constrain our particle’s
momentum. (5.65) is result (5.6) from [14]. Even though we did not mention previously,

our gauge transformation (5.61) is equivalent to the gauge transformation (5.5) of [14].

5.6 Connections to the Higher-Spin Literature

This section is devoted to analysing the considerations proposed in [13] that shows
the equivalente between the action (5.26) (in the limit p — 0) to a sum of Schwinger-
Fronsdal actions [11]. We start by considering the action (5.26) with p =0

S = ;/d‘lx d*n {5’(772 + 1)(0uth0)* + ;(5(772 +1) {(&7  Oatho + 20 - Oatr)* — 4(Datho) - (aazwl)] } -
(5.66)

The equations of motion for 1y and 1, can be obtained by explicit variations of these

fields in (5.66). However, since we have already found the equations of motion for

p # 0, namely (5.35) and (5.37), we will just set p = 0 in those results, finding

2There is a sign difference between our result and the one found in [14]. This is due to the fact
that we have chosen A = 0, - 0, + p, while the choice made in [14] is A = 9, - 9, — p. There is also
a difference in the way the eigenvalue of W? are set, since theirs is +p? (in their notation, p?), while
in our discussion of chapter 3 we found the eigenvalue —p?. These differences arise from the fact that
the Minkowski metric we are using in this dissertation is mostly negative, while the one used in [14]
is mostly positive.
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(7 + 1) Dt — 1820, - Dt — 200 02)2

, , (5.67)
= 2007 + 1) [Tty + 31 0.0, 0t + (0, - 0.0 =,

and
o(n° +1) [meo =1 050y - Oxtbo — 2(n - (91)2%} =0, (5.68)

respectively. Now we can proceed in a completely analogous manner as we have done
in section 5.4 and extend the validity of (5.67) and (5.68) to all of 7-space. We get [13]

Dxd}ﬂ —n- axan : 8x¢0 - 2(77 : 8x)2¢1 = 07 (569)
1 1
where (5.69) would be the p = 0 analogous of A(n,z) = 0 and (5.70) would be the

p = 0 analogous of B(n,x) = 0. These results are invariant under the transformations

5ty =1+ Oueo + (* + 1)Z, (5.71)

51/}1 = —;87] . axE() — E, (572)

which are the p = 0 analogous of (5.54) and (5.55), respectively. Now we can use our

= symmetry to choose the gauge [13]

1
Y1+ Oytho =0, (5.73)
which implies the relation
R -
(1+n-0,)=+ Z(77 +1)0,2=0, (5.74)

when we use (5.71) and (5.72). We can then use (5.73) back in our equations of motion
to find
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1
Catho =1+ 020y - Dutpo + 5 (0 - 0.)* 0y = 0, (5.75)
1
DanwO + 577 : azan : 8an1/10 - (&7 . 8x)2¢0 =0. (576)
Now applying O, in (5.75) we get
1 1

O.0,%0 — (9, - 9.)*o + 31 9.0, - 0,0, + Z(" - 0p)*D2ahy = 0, (5.77)

which, when compared to (5.76), implies
(- 0,224 = 0. (5.78)

Because we do not want to constrain the particle’s momentum, equation (5.78) reduces
to O74p = 0. This is a double-traceless condition®, in analogy to what we had in the
Schwinger-Fronsdal formalism [11, 13]. Making a = transformation in (5.78) implies
that D%ég@bo = 40,= = 0, which when used back in (5.74) implies = = 0. If we
apply an ¢, transformation to (5.78), we are left with O, ey = 0, which is the traceless
condition of our gauge parameter [11, 13]. Now that we have fixed the = symmetry,
we found all the conditions of our field and gauge parameter to be exactly the same as

the ones we had in chapter 4.

We now rewrite the expansion (5.12) as

o(n,w) = > - i 0m (z) =Y e g (), (5.79)
n=0 """ n=0 """

where we drop the superscript (0,n) to keep the notation less cluttered. Using (5.79)
in (5.75) yields

o0

1 1 )
Z mnm e [wam...un(x) — 10, 0 Yy (T) + §n(n — 10,0, (2)| = 0,
n=0 """

(5.80)

3To understand why this means a double-traceless condition, try looking at 1y as in (5.12). When

we apply D% the left-hand side of (5.12), we are effectively taking two traces of wﬁi’:‘f?us (z), on the

right-hand side.
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where every derivative that appears in (5.80) is taken with respect to . Also, as usual,
we have 0y, () = 0y, and ), =P = 9P Ypop; .y, Comparing
(5.80) with (4.65), allows us to notice that (5.80) is a sum of Schwinger-Fronsdal
equations for all integer helicities? [11, 13]. This means that the action proposed by
Rivelles in [13] reduces to a sum of Schwinger-Fronsdal actions, as discussed in chapter

4, in the limit p — 0.

5.7 The Eigenvalues of P? and W?*

After completing the analysis of our action when p — 0, we go back to the case
where p # 0 and study its physical content. As we have seen in chapter 3, a CSP
representation is characterized by the eigenvalues of two operators (called the Casimir
operators of the Poincaré group), P? and W2, acting on the eigenstates of the theory
with eigenvalues 0 and (—p?), respectively. We then wish to write down these operators

using our n-space notation and compute their eigenvalues when they act on our fields
Yo and ;.

First we construct the Pauli-Lubanski pseudo-vector in 7n-space. In chapter three

we have cast a definition for this vector, which we present here again

1
WH = — e P, My,. (5.81)

When we take into consideration the effects of our 7-space, we see that we can write
[13] P, = —i0, and M, = —i (IE[H@E ] + N0y ,,]>. This means that (5.81) becomes

1 vV po
WH = _56“ P71 O (1 0s 1) + 00w (NpOns — Mo Onp)
N————

0, using the €

I L e
= —56“ p 8,,3,,7],,&70 + 5 et pag:unoanp
—

o=p

I L e
= =3¢ OupOhe — 5 € OaupOno
—

EMVIP—_ v po

(5.82)

v,
= —¢M paawnpam

Now we must compute W?2. To do this, we will need two identities involving the product

“The factors of n that appear in (5.80) are equivalent to the number of symmetric, inequivalent
permutations of the terms in the Schwinger-Fronsdal equations.
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between two Levi-Civita symbols, e#*P?, which are

7 gy = — (0707507, — 8,07, 0% + 6407, 87,

) (5.83)
— §%30°,0%, + 6%,89,6% — 6%.8"58%,

and

€17 € oy = —2 (87,67, — 07,07, ) (5.84)

This is a very lengthy, though simple, computation which we will leave to Appendix
B. The result we get is

W = [(n - 0)(1 +n - 0y)0: — 0*0,0, — 21 0:)(0y - 0x)(n - Oy)

(5.85)
+ (n - 81)2D7, + 7]2(8,7 - 0)* s, i =0 or 1.

Now we must work on the right-hand side of equation (5.85) for both vy and v, subject
to their equations of motion in all of n-space, given by (5.52) and (5.53), respectively.
After another pair of very long computations(which we leave to Appendix C) we can
show that

W2y = —p*eho + 8o + =0, (5.86)
and

Wiy = 0 p*y + 8ty + Oz, (5.87)

where the transformation parameters ¢y and = are given by

€0 =1 0y(L+ 1+ 0,)0y - Oty + p [2+ 30+ 0y + (- 0,)| o — (A — - 0,) 0o
+2(24 300y + (7 0,)| 0+ Dutbr — 20 (0 Qa0 + 30, - 0 — p) U,
(5.88)

and
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(1]

= oM. (5.89)

These results agree with results (78)-(81) of [13]. It is important to notice that the
equations of motion we have chosen to find results (5.86) and (5.87) where the equations
of motion extended to all of n-space. However, result (5.87) makes it clear that we will
only get the correct eigenvalues to both 1y and 1; when we are on the hyperboloid
n? +1 = 0, that is, when we are in the presence of the Dirac’s delta functions of the

previous sections. In other words, the correct eigenvalues for W? are obtained when

3(n? + 1YWy = 3(n? + 1) [~ ™o + detbo + d=tbo| , (5.90)
O + W2y = 307 + 1) [=p*n + 0 + 0=t (5.91)

These results indicate that CSP degrees of freedom live only on the hyperboloid and
not on all of n-space [13].

The other eigenvalue we are interested in is that of the operator P2. However, if
we look at the equations of motion (5.52) and (5.53) a little bit more carefully, we see

they can be written in the form

.0 = 04 ¢, %0, (5.92)
wal =0+ 6eow17 (593>

where
€ — Awo -+ 27] . arpwl, (594)

and the €p-transformations are given by the first terms of equations (5.54) and (5.55).
Since we can write P? = —[J,, then we have P%*y; = 0 and W?¢; = —p*y;, which are
the correct eigenvalues for our two Casimir operators. Of course, if you look directly
at results (5.86), (5.87), (5.92), and (5.93), you will see the the eigenvalues of P? and
W2 hold up to a gauge transformation (or up to a pure gauge term, if you will). This
happens because we are studying a gauge theory, thus we can only demand these kinds

of relations up to pure gauge terms [12, 13].
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5.8 Physical Contents

To find our physical degrees of freedom, we will work with the same gauge choice we
made in section 5.6, namely (5.73), but now favouring 1y instead of ;. We start by
reminding ourselves that our expansion (5.11) actually only have two terms (that are

relevant)

U(n,x) = o(n,z) + (n° + L (n, x). (5.95)

We also remember that when we do a similar expansion for our gauge parameter €(n, ),
we can use the symmetry in A to remove all terms of the expansion except one, so that
€(n,x) = eo(n, z) [13, 15]. If we choose only these considerations as our starting point,
then we have no condition on the traces of ¢; and €;. This means that we still have our
= symmetry, so that our local transformations are given by (5.54) and (5.55). Also,
the equations of motion we are working with are the ones valid for all of n-space, given
by (5.52) and (5.53).

Applying our gauge choice to (5.52) gives

1
[Dx 0 0+ 5 (10, Dn} o = 0, (5.96)
and, for (5.53),
0— {— iDan _ ;n L9,AD, + iN} Yo
(5.97)

where in the last equality we used (5.96). If we take a gauge transformation of (5.73),

we get

1
1
— —27eg + 20, - Dueo + 1 - Duyeq (5.98)

= (77 - 0,1, — 2p>(—:0 =0.

1 1
0vr + 00 = —5 ey + {0y - oo = —2A¢o + 0, - Ouo)

We can notice that (5.96) reduces to the Schwinger-Fronsdal equations of motion for

1o and (5.98) reduces to the traceless condition for the gauge parameter, both when
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p = 0 [15]. Now we have partially fixed our gauge, but we still have a residual gauge

symmetry for a parameter €, satisfying (5.98). To continue, we will choose a harmonic

gauge

so that the equations of motion (5.96) and (5.97) are reduced to

Uatpo = 0, (5.100)
(n- 0.0, —20) Ty = 0, (5.101)

respectively. Also, taking a gauge transformation of (5.100) and keeping the particle’s

momentum arbitrary means that our gauge parameter must satisfy the condition

O,€0 = 0. (5.102)

These are the new conditions our field 1)y and our gauge parameter €y must satisfy
after gauge fixing. Now we want to use our gauge symmetry in ¢, to gauge away some
components of ¢ in the expansion (5.12). We will work on a Lorentz frame where
the light-cone components of the momentum are (p4, p_, p1, p2) = (p+,0,0,0). We will
also be a bit more explicit with our series expansions in order to avoid confusion with
the notation. Expanding €y, as in (5.12), in (5.98) gives

> 1

Z H(/)7 . 8x|:|77 — 2p> [17/"1 e 771"7160 . (:L,)] — 0 (5103)
0 .

The first term in (5.103) can be read as

< 1 1
D Oy [ €0 ()] = 0 Oy €9() + Sy 1 Do €0) ()
— ) !

(5.104)

171
T3 [2!’7“1"“277’“‘3% €opan) ()

_i_...’

171
+ 41 {3!77“177“277N377#43x(#1EE)HQ%M)(z)

while the second term can be read as
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© 1 1
=2p3 = " eo(@)] = =2p | eo(w) + 1" €op () + G 0 o ()
0 : .

1 1
+ ?77“17}”277“‘"‘60“1#2“3 (z) + E’f?"lﬂ”n“gn“%oﬂmw?,M () +---

(5.105)

so that, comparing (5.104) and (5.105), we can find (after going to momentum space)
[15]

1 ) ~ R
T = D1 P e (P) = 20810, (p) = 0, (5.106)

where € is the Fourier transform of ¢y and € is the trace of €. Because of our choice of

Lorentz frame, we can simplify result (5.106) to [15]

IMpy€y o poaa, — 20864 4aya, =0, (5.107)
——— N—_——
m—1 times m times

where A = (—, ). This can be achieved because of the symmetric permutation notation
we are using in (5.106), out of all the terms that arise from those permutations, the
only ones that survive are the ones that are listed in (5.107). We can note that setting
p = in (5.107) will give us the usual traceless condition on the gauge parameter ¢.

However, in the CSP case, we no longer have this condition! For m = 0, we learn from
(5.107) that

€Ayn, = 0= €., =0, m > 1. (5.108)
Then, the gauge part of our transformation (5.54) can be written as

> L
6¢0M1"'ﬂn = mlp(ﬂleuT“un)’ (5109)

which because of our choice of Lorentz frame can be written as

5'QZ+ ceedAyA, T Zmp+€+ S Y m 2 0. (5110)
times m—1 times

When m = 0, v,..;,, is trivially gauge invariant because of (5.108). For m > 1, we can
gauge away the components of ¢ with + indices by making use of our € symmetry. In

other words, we set [15]
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1/){1'?“/ CALA, T Yy paa, Timpréyr . 4, =0, p2>1 (5.111)
ti m times m—1 times

For this condition to be reached, we must solve (5.111) for € in terms of 1, substitute
the result in (5.106) and find an analogous condition for ¢°. The condition ) must

satisfy in order for (5.111) to be reached is

mp oy aea, — 2040 o qoaa, — 2004 o, =0, p>0. (5.113)
~—— — S——

m—1 times m times m times

This means we can reach the gauge ¥V, , ..a, = 0 [15]. We can rewrite the harmonic
gauge condition (5.99) as
mp(/“w;l?"ﬂn) — 2Zp+¢_#l...#n — 2pwﬂ1"'#n = 07 (5114)

which is exactly the same as (5.113) [15]. Now that our gauge is completely fixed, we
can find, using (5.113) with m = 0, that

¢
~ P ~
——— 1Py

£ times

Result (5.115) can be obtained iteratively. After setting m = 0, we get result (5.115)
with ¢ = 1, that is

P+

Then, setting one of the 7 indices to “minus” on both sides of (5.116) gives

2
L (—,”) Disoi (5.117)
P+

P+

®Remember that, for a symmetric tensor, A’ = g"*A,,, = 2A_, — A;;, where we are working with
light-cone coordinates with metric

(") = (5.112)

cor~o
oo o
|
—
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This can be done ¢ times, for instance, thus reaching result (5.115). When p = 0, then
every component of 1 with a — index vanishes. With result (5.115), we also find that
our condition (5.101) is satisfied.

Setting m = 1 in (5.113) we can conclude that (using, again, the trace of ¢ in our

light-cone coordinates) @Z)jjz‘y-w‘n — 0 [15]. This is a traceless condition upon our field v.

Now we are ready to interpret our results. We found that the 1@1@” contain all the
degrees of freedom of our theory, since they are the only independent components of our
field ¢). We also found that the field is subject to the traceless condition @Ejjil.“in =0.
This means we have, as expected from our discussion in chapter 3, that the CSP field
carries all integer helicities, from —oo to co, each one appearing only once. In the
p = 0 limit, we also have that our fields 1y decouple into a sum of Schwinger-Fronsdal
fields for all integer helicities [15].
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Appendix A

Notation and Conventions

Throughout this dissertation we will be using the mostly minus Minkowski metric!

signature, that is

(M) =

oS o o =
|
—

with p, v =0,1,2,3. We use the metric to raise and lower spacetime indices, i.e.

at =n"x,, (A.2)

and

Ty = nuymy- (A?))

When we talk about groups in chapter 2 and 3, the notation SO(N, M) indicates
the special orthogonal group with N time coordinates and M spatial coordinates (N

positive metric eigenvalues and M negative metric eigenvalues, if you wish).

Sometimes, we may simplify some antisymmetrization operations with the short-

hand notation

AYBY = AYBY — APB —AYBS +ASB,. (A4)

'In chapters 2-4 we will denote the Minkowski metric by Nuv, but in chapter 5 we switch notation
to gy in order to avoid confusion with the extra coordinate 7 of the enlarged spacetime.
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Throughout chapter 4 and 5, contractions between two tensors are defined by
XY = X#Y,, , keeping in mind that contractions with derivatives and the metric
are always taken to be outer products (ie. 0-X = 9,X* and g- X = g, X"").
Also, we define the inequivalent symmetric contraction with no symmetry factor be-
tween two tensors, X and Y, by X oY. Here, X oY is a (n+m) tensor if the ranks of
X and Y are n and m, respectively. This means that for n = m = 1, for example, we
have X oY = XY, + X,Y,,. The trace of a tensor is written as X’ and is defined as
X=Tr(X)=g-X.
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Appendix B

Computing W? in the Field Theory

Formalism

Now we will elaborate further on how to get to result (5.85). In this appendix we will

use g, for the Minkowski metric.

We will start by writing again the identities for contractions between two Levi-

Civita symbols that we listed on chapter 5

€77 €y = det(g) 07,0707, — 07,0787 + 0730%, 6,

a” y” B
— 87507, 0%, + 67,060,075 — 8%,8756°, (B.1)
= —[0%,0750%, — 07,07, 0% + 6"30°,6°,
— 000,07, + 0%, 0°,0% — 6%,0%507,]
and
€176 10y = det(g)2! (87,07, — 6%,07,) B2)
2

= —2(8%,0°, — 6“,0%,) .
Let us start by reviewing our definition of the Pauli-Lubanski pseudo vector

1
W = =27 P, M. (B.3)
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Then we write.

P, = _iazua (B4)
Mpo‘ = —1 (xpama - Iaaxp + npaﬂo' - T]Ua”lp) . (B5)

Using (B.4) and (B.5) in (B.3) we get

1
WH = —55“””"@;” (29036 — To0zp + 1p0ne — NoOyp)
I L e
= _§€H P (gypa:va — gyU@zp + &Wm,f)ng) + 5 euuupi axynpana. (B6)
= _Euupgarunpana

Now we can compute W?2¥(z,n) using (B.6)

W2 = (77 0,,1,000) (euam@g‘nﬁ@g) 1\

(B.7)
= €y (o1 0no 0] + 0%,1,07) D05 V.
Making use of our identity (B.1), the first term in (B.7) can be written as
—(0",0°50°, — 0",6°.0% + 6”50, 6%, — 0"507,0% + 6",67,0% — 0"07507,) X
X 50,500 0,,0%) ¥
(10”0103 0, 05 ) (B.8)

= [_772[]775% +(n- 877)2Dr —2(n - 02)(n - 0y)(Oy - Ou)+
+(n- a:v)QDn + 772(877 ) 31,)2]\11.

Now, using (B.2), the second term in (B.7) can be written as
€7 € sy o0 O, 02T = 2 (87,07, — 6% 07, ) 0,07 0y 05U
—_———

(B.9)
=2[(n - 877) O —(n-0,) (8,7 - 0p)] .

Thus, adding results (B.8) and (B.9) we get



W20 = [(n-0,)(1+n-0,)0, — n°0,0p — 2(n - 9:)(y - 02)(n - 9y)
+ (77 : ax>2D77 + 772(817 ) ar)z]q/v

which is precisely result (5.85) once we change ¥ — 9, i =0, 1.

77

(B.10)
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Appendix C

Computing the Eigenvalues of W2

When performing the manipulations of the next few sections, it is necessary to use
commutation relations between a few operators of our theory. For example, we can

write the term 1 - 9, Af(n, x), where f(n,x) is an arbitrary test function, as

A(n-0uf) = 0.AF +0uf = - 0.0F = A(n-0uf ) = Tuf. (C1)

These manipulations occur frequently on what follows and it might be difficult for the
reader to keep track of all of them. Still, we would like to list a few of the most useful

ones here

n-anAf=A<n-8nf)—8n-8xf, (C.2)

(0 02 AF = A|(n-0,1*F| = (200, + 15 - 0. (€3)

Notice that most calculations which involve 0, - 0,, that is, (A — p), are very similar

to the ones already listed here, just making the substitution A — 9, - 0.

C.1 Computing W?yy

First, we write down, for the sake of the reader, the equations of motion for vy and v,
extended to all of n-space and how these fields transform under gauge transformations.

The equations of motion are

Oatbo — 1 - Ox by — 2(n - 0y) ¢y = 0, (C.4)
1 1
Lt + 577 -0 AUy + ZAQ% =0, (C.5)
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and the transformations are

Sthg = n - Opeo + (1* 4+ 1)Z, (C.6)
1
5¢1 = —§A€0 = (C?)

Now we want to use our result (B.10) with W — 4y, that is

W2 = [(n - 8y)(1 41 - 0,)00 — n*0, 0 — 2(n - 0:)(9y - 82) (n - Oy)
+ (- 0.)°0y + 177 (0y - 02)* o,
= [(n-8,)0x + (- 0y)*0p — 7’000 = 2(1- 95)(9y - 3) (1 D)
+ (- 02)°0y + 17 (0, - 92)° o,

(C.8)

where in the second equality we have expanded the first term inside the square brackets
of the first equality. Because each term in (C.8) requires lots of manipulations, we will
work out each of them separately. The first term in the second equality of (C.8) can

be written as

1-0p n-ﬁwaoJr?(n-@x)%l] =10, {A%M-%A%Mn-@xwl+2n-3x77-8n?/)1 . (C.9)

The second term can be written as

(- 0p)°Oatho =1+ 0, [Awo + 20 - 0y Aty + (17 - 0y)? Athg + 81 - 0, Uy + 81 - Oy - Dty

+ 20 9u(n - Oy)*1hr |-
(C.10)

The third term can be written as

_772‘:’17wa0 = _772 {2817 : awaO +n- aanAwO + 4wa1 + 877 ’ axan : axwl + 2(77 ' 395)2577?/11}

= ﬁ2A2?/10 +n- am |:27]2 (A% - 287] ’ aa:AQ/}O - DnA% - 887] : 3:;:1/11 - 27] ’ amljnwl)}
(C.11)

The fourth and fifth terms in (C.8) do not require further manipulations since they are
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already in pure gauge form. The last term can be written as

020y - 0:)*t0 = N2 (A — p)*ho = 2 A%y + 0 p*he — 207 pAty. (C.12)

Then, adding (C.9), (C.10), (C.11), (C.12), and the two terms we did not manipulate,

gives

W2y = 0o + b0 = n*to + p*bo — p*to + Sibo = —p*bo + Sty + (772 + 1)/92%

= —p*tho + Sty + =1,
(C.13)

which is precisely result (5.86). Note, however, that although our = parameter already
has its correct form, = = p2iy, our ¢y parameter is still messy when compared to (5.88).

We will fix that a couple of sections below.

C.2 Computing W?y,

Now we will perform the same calculation for W?21);. This calculation is more difficult
because the e-transformation of ¥, contain n derivatives. Still, the principle is the same

and no further difficulties should arise. We have

W277Z)1 — [(77 : an)Dz + (77 ' 877)2Dx - 772D77Dw - 2(77 ' aa:)(an ’ aﬂ?)(n ' aﬁ)

(C.14)
+ (0 806)2[’77 + 772(877 : ax)2]¢1~

We will start our calculation with the last term of expression (C.14). We have

(A = p)*hr = 17 p*hy + A Agpy) — 21 - D Aipy — 2A(7° pin) + 4pn - Daihy

= 0 p*h1 + 4pn - Outhr + AP Ahy — 2% piby — 41 - Duthy — Ady).
(C.15)

Now, the third term can be written as
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1
—HQDan% = §DnA(277 - 01 + Ay)
1 (C.16)

The fourth term can be written as

20 - 0:(A — p)n - Oy = —=2n - O An - Oy + 2pm - a1 - Oyihn
= —2pn - 001 + 2pn - O - Opthr — A<2n “ Oy - Opthr 4+ - 0y Aty
By Ot — 2 - Dyt + 20 Dy - anwl).
(C.17)

The fifth term needs no manipulation, so all we are left with is the first two terms.

The first term gives

1
0 yBatr = —5m - A2 - Opthr + Addo)
1 1
1
= —pn - 01 — §A(277 : 87777 - Op1 41 - 877A¢0 - 37; - Optpg — 21 - 33:%)-
(C.18)

Finally, the second term gives

(- 00Tty = 51, (20 - Duiy + M)

= pn - Opthr + ;pAwo —2pn - Opthr — 2pn - Oy - Opin

- ;A{ (- 02— 20+ 0y + 1] (20 Dun + Adhy) — pwo} (C.19)
= =P Outhr = 2pn - 01 -

_ ;A{ [(7] . 62 —2n-0,+ 1} (21 - Outhr + Atbg) — P@/)o}‘

Then, adding every term of (C.14) after the manipulations above we get the desired

result
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W21/11 = 772P2¢1 + 0cP1 + 0=, (C.20)

again with the correct form of = but a messy form of ¢. Result (C.20) is precisely
result (5.87).

C.3 Working out ¢

Now that we have reproduced results (5.86) and (5.87), we want to manipulate the
form of the ¢, parameter in the results above to show that they can be cast in the form
(5.88). The calculations are very similar for the ¢y parameter of ¢ and 1, so will

perform the calculation for vy only.

Writing down the €q of result (C.13) explicitly we get
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€0 = 20tg + 31 - Oy Ao + 1217 - Dytdy + 100 - Dy - Dyl
+ (- 0)* At + 217 - (- By) 1 — 2(1 +17- 0y)0, - Dty
+ 1+ 0,0,00 — n°0, At — 800, - O — 20°n - 0,001 + 20° Ay
= (-0 = *A)0ytbo — 21°(n - 0u 00y + 30y, - By — p)ihn
+ 20,0700 + 2pto + 30 - Op0y - Optbo + 3pn - Ontho
+ 12 - Optfy + 100 - o - Oythy + (1 - 0y)?0y - Db
+ p(n - 0y)*to + 21 - Op(n - 0,)?01 — 20,810 — 21 - 0, 07050
= p(2+ 300y + (- 9,)*)tbo + (- 0 — 1 A)Tyebg
— 202 (n - 8,0, + 30y - 0y — p)th1 +1- (1 + 1+ 0,)0, - Dty
+ 100 - 0,m - Opthr + 121 - 0,91 + 21 - O,m - Opihn
+ 21 - O - Op0yn
=1 014100y - Db + p |2+ 30 - 0y + (- 0,)° o — (A = - ) Dyt

+2(24 300y + (7 0))%| 0+ 0uttr — 20° (- 3.0, + 30, - 0o — p) 1,
(C.21)

where the last equality in (C.21) reproduces result (5.88), as desired.
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