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Resumo

Neste trabalho apresentamos o estudo de decaimentos radiativos do méson exdtico X(3872)
nos canais J /1y e ¥ (25)~, usando uma teoria de campos efetiva. Assumindo o méson exdtico
como sendo um estado molecular dos mésons D e D*, nés fizemos uma andlise da renormali-
zagao para estimar a contribuicao da fisica de curtas distancias. Isso é feito através de duas
prescricdes diferentes, o popular esquema de subtracdo minima (M.S), valido somente em
célculos perturbativos, e o esquema de subtragao de diveréncias potenciais (PDS), usado em
teorias efetivas para sistemas fracamente ligados e intrinsecamente nao-perturbativo. Mos-
tramos que, sem a fisica de curtas distancias, os observaveis sao bastante dependentes da
escala de renormalizacao, portanto requerendo renormalizacao adequada. Nos incluimos dois
termos de contato, um para cada canal de decaimento, e impomos a condi¢ao de renorma-
lizacdo dentro dos esquemas MS e PDS. Nés obtivemos o comportamento dos termos de
contato com a escala de renormalizacao p, que pode ser util em guiar modelos de curtas
distancias para este méson exético. Porém, notamos comportamentos bem distintos entre os
esquemas M S e PDS. Ambos prevéem limites inferiores para as larguras de decaimento que

podem, em principio, ser testados experimentalmente.
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Abstract

In this thesis we study radiative decays of the exotic meson X(3872) into J/¢vy and
¥ (29)7 using an effective field theory framework. Assuming the exotic meson to be primarily
a molecular state of the mesons D and D*, we perform a renormalization analysis to estimate
the contribution of the short-distance physics. This is done using two different prescriptions,
the popular M S scheme, valid only for perturbative calculations, and the PDS scheme,
used in EFTs for loosely-bound systems and intrinsically non-perturbative. We show that,
without a short-distance contact interaction, the observables become very dependent on
the regularization scale, therefore demanding proper renormalization. We include two short-
distance contact terms, one for each decay channel, and impose the renormalization condition
within both MS and PDS schemes. We obtain the behavior of the contact term with the
renormalization scale p, which can be useful in guiding models for the short-distance part.
We note, however, distinct behaviors between M S and PDS. Both also lead to lower limits

in the decay widths that could, in principle, be tested experimentally.
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Introduction

The pion, postulated by Yukawa in 1934 as the mediator of nuclear forces [1], was the
first meson measured in 1947, by Lattes and collaborators [2, 3]. With subsequent improve-
ments in detection and energy in particle accelerators, several new particles started being
discovered. At that time, there was even a joke that the next Nobel prize should be given
to someone who has not found a new particle. With the purpose of classifying this “particle
zo0” Gell-Mann, in 1961, introduced a geometrical system, the Eightfold Way, which orga-
nizes the strongly interacting particles according to their quantum numbers, such as charge,
isospin, and strangeness. These particles were separated in two groups named baryons and
mesons (fermions and bosons, respectively). This simple theory was quickly upgraded few
years later in 1964 by Gell-Mann [4] and independently by Zweig [5]. They introduced the
concept of quark, initially just a mathematical entity. In this model, baryons are composed
by three quarks while mesons, by a quark and an anti-quark. The so-called quark model
turned out to be very successful in describing and predicting hadron spectra.

Meanwhile during the 1960’s several experiments performed at SLAC (Stanford Linear
Accelerator Center) on deep inelastic scattering revealed that protons and neutrons (nucle-
ons) were not point-like particles, but have a substructure. In the following years Feynman
proposed that nucleons were made out of partons, small granular objects [6]. The parton
model described quite well the experiments on deep inelastic scattering. These facts corrob-

orated that hadrons were not fundamental particles, but indeed had a substructure. With



time it became more and more evident that quarks and partons, initially unrelated ideas to
explain hadron properties in different energy regimes, were actually the same objects.

Following the success of quantum electrodynamics (QED), the relativistic quantum the-
ory for electromagnetic processes, one saw a great effort from the scientific community in
finding a quantum field theory for strong interactions that would contemplate the aspects
of both quark and parton models. It was not until the early 1970s that quantum chromo-
dynamics (QCD) emerged as a mathematically consistent quantum field theory. Based on
the non-Abelian SU(3) color gauge symmetry, QCD has two distinguished features, namely,
asymptotic freedom and infrared slavery. Both are related to the dependence of the coupling
constant as a function of the energy scale. At high energies the coupling constant becomes
very small, implying that quarks are almost free (asymptotic freedom). On the other di-
rection, the coupling constant increases at low energies, implying that quarks are confined
within hadrons (infrared slavery). Quark degrees of freedom and its nearly-free behavior
were confirmed in several high-energy particle accelerators. In particular, experiments with
electron-positron collisions exhibited two, three, and four jets of hadrons with the expected
angular distribution predicted by QCD [7-13]. The increase of the coupling constant down
to energies of around 3-5 GeV is also qualitatively observed. However, a clean determination
is plagued with non-perturbative effects, especially in its infrared limit. The QCD behavior
at this low-energy sector is hard to deal and not yet solved, therefore, one still relies on
models that are able to grasp few qualitative features of QCD, like the quark model.

The quark model actually provides a very good account of meson properties, specially
in the heavy quark sector. For nearly four decades it described and predicted several states
in the charmonium and bottomonium spectra. However, new mesons have been recently
discovered that did not fit in the conventional quark model. This suggests that structures
beyond the naive quark model might be actually playing a role in these states, so-called
exotic mesons. The motivation of this work is trying to get a better understanding about
the structure of these exotic particles, with focus on mesons with charmed quarks. For this,
we analyse the radiative decays of the exotic meson X(3872) in the outgoing channels J /iy
and 1(2S5)y. We use the framework of effective field theory, a rigorous method to study

the interactions among hadrons at low energies, with chiral and heavy quark symmetries.



Hadronic decays of the exotic X(3872) seem to be quite well described assuming a molec-
ular state of two other weakly-bound mesons [14-16], since the long-range interactions are
dominant. On the other hand, radiative decays may have a considerable contribution from
short-distance physics. In this work we wish to investigate the sensitivity of radiative decays
to long- and short-distance contributions through a detailed renormalization analysis, in the
above mentioned channels.

This thesis is organized as follows. In Chapter 2 we present an introduction to QCD and
quark model, describing some experimental findings about the exotic states, with emphasis
on radiative decays of the exotic meson X(3872). In Chapter 3 we review basic concepts
about quantum scattering, relevant to understand a few steps in the calculations. In Chap-
ter 4 we present a short overview about effective field theory, explaining with some detail
the renormalization procedures to be used. In Chapter 5 we show how to construct the am-
plitudes for radiative decays of the exotic meson X(3872). In Chapter 6 we present the main
results of this work, namely, the renormalization group analysis of the X(3872) radiative
decays and the dependence of the short-distance contact interactions with the energy scale.

Finally, we present the conclusions and perspectives of this work in Chapter 7.



Exotic States

2.1 Quarks and Gluons

Quarks are fermions with spin 1/2 and, by convention, positive parity and baryon number
1/3. There are six different types of quarks distinguished by a quantum number called flavor:
up (u), down (d), strange (s), charm (c), bottom (b) and top (t). They have another quantum
number called color, which is directly related to the strong force, similar in some aspects to
the eletromagnetic force in quantum electrodynamics (QED). There are three types of “color
charge”: red, green and blue. Since not a single colored object was ever directly measured in
experiments, it became almost a postulate that all observable particles have zero net color

13

charge. In other words, observable particles should have “white color”. This behavior is
expected from quantum chromodynamics (QCD): quarks can only be free in the asymptotic
limit, where the energy goes to infinity.

As demanded by relativistic theories, for every quark exists an associated anti-quark, with
the same mass but opposite quantum numbers. The quantum numbers and quark masses
can be seen in tables 2.1 and 2.2.

Table 2.2 shows the values of the current quark masses from reference [7]. One clearly
observes a distinct separation of scales, where the so-called light-flavored quark masses remain
at the MeV scale while the heavy-flavored ones stay above one GeV. These two different

regimes can be explored by two approximate symmetries, namely, chiral and heavy-quark

symmetries.



Quantum Numbers | u d s c b t
Electric Charge (Q) | -1/3 | +2/3 | -1/3 | +2/3 | -1/3 | +2/3
Isospin-z (I,) -1/2] 1/2 0 0 0 0
Strangeness (S) 0 0 -1 0 0 0

Charm (C) 0 0 0 +1 0 0
Bottomness (B) 0 0 0 0 -1 0
Topness (T) 0 0 0 0 0 +1

Table 2.1: Quark quantum numbers [7]

u d S
2.3707 | 48755 | 95(5)
MeV
c b t
1.28(3) | 4.18(3) | 173.2(7)
GeV

Table 2.2: Quark masses [7]

Gluons are the carriers of the strong force. They are massless bosons with spin one and
negative parity. In contrast to photons, the carriers of the electromagnetic force, gluons have
color charge. Therefore, they interact not only with quarks, but also among themselves. This

is a consequence of the non-abelian structure of the color gauge group, highlighted in the

following subsection.

2.2 Quantum Chromodynamics

Quantum Chromodynamics is the relativistic quantum field theory for strong interactions,
with SU(3) color symmetry. The special unitary group SU(3) is the Lie Group of 3x3 matrices

with determinant 1 (UTU = 1 and det(U) = 1). The transformations within the SU(3) color

space can be parametrized as

8
U(©) = exp (—i Z G%%) ,
a=1




where O, are the “rotation angles” in color space and ), are the eight linearly independent
Gell-Mann matrices. The T, = \,/2 are the generators of the SU(3), which satisfy the

following commutation relations,

[T(za Tb} = ifabcTca (22)

with fu. = f2% being the totally antisymmetric non-vanishing structure constant of SU(3).
Analogously as done in QED, the local gauge invariance of SU(3) color symmetry is

imposed on the free Dirac Lagrangian for quarks, thus becoming

. 1 v
Locp= Y @i —mys)qs — §T?"(G“ Gu), (2.3)

f=flavors

where ¢y is the quark field of a color triplet (red, green and blue) for each flavor,

qf,red
qar = qf,green | - (24)

qf, blue

G is the field strength tensor of the non-Abelian color symmetry,
G = 0,A, — 0, A, —ig[A,, A, (2.5)
where A, corresponds to the sum of eight possible gluon color configurations,
A
A=) A (2.6)

The trace (Tr) in the last term of equation (2.3) is performed in color space. D, is the
covariant derivative, which guarantees color local gauge invariance in the QCD Lagrangian.

It gives rise to the interaction term between quarks and gluons,

D, =0, —1igA,. (2.7)



The coupling constant of QCD, ag = ¢*/4w, defined in analogy with the fine structure
constant of QED, depends on the energy scale. For high energies (small distances), it be-
comes small and allows one to perform reliable theoretical calculations using perturbation
theory. This property is known as asymptotic freedom, meaning that quarks and gluons
are approximately free at high energies. However, the same running behavior implies an
increase of the QCD coupling constant at low energies (large distances). The force between
quarks does not diminish as they are separated, in this situation it is not possible to use
perturbation theory anymore. This property of QCD is known as confinement or infrared
slavery and implies that for low energies the physical observables are hadrons, the relevant

degrees of freedom.

Sept. 2013
o, v T decays (N3LO)
S(Q) Lattice QCD (NNLO)
a DIS jets (NLO)
03¢ 0 Heavy Quarkonia (NLO)
o e'e¢ jets & shapes (res. NNLO)
® 7 pole fit (N3LO)
v pp—> jets (NLO)
0.2+
01+t
— QCD 0,(M,) = 0.1185 + 0.0006
1 100 1000

" Q[Gev]

Figure 2.1: Behavior of the coupling constant of QCD [7]

Figure 2.1, extracted from reference [7] shows the behavior of the coupling constant «g.
The data are from several experimental measurements and theoretical predictions, which

qualitatively confirms both features of QCD, namely, confinement and asymptotic freedom.

2.3 Mesons

In the original quark model mesons are bound states of quark-antiquark (gq) pairs. The

parity (P) of a meson is defined by the relative angular momentum (1) of the ¢g as P =



(—1)*1. The total spin (J) of a meson is determined by the usual relation [l —s| < J < |I+s],
where s is always zero or one, due to the spin combination of two fermions. The charge
conjugation C' = (—1)"*¢ is defined only when ¢ and ¢ has the same flavor.

Mesons are classified by the quantum numbers J7¢ receiving specific names, such as

scalars (07), pseudoscalars (071), vectors (177), axial vectors (17" and 1*7) and tensors

(27%). Several combinations of quark flavors are possible. However, mesons containing ¢
or t have not been observed until now. The difficulties lie on the short lifetime of the top

quark. Tables 2.3 and 2.4 display the mesons predicted by the quark model and observed by

quarkonia spectroscopy [7].

n2stly,  gPC I=1 =1 1=0 =0

ud, ud, -=(dd — uw) u3, ds; ds, —us f! I

2

115, 0—t T K n 7' (958)
138 1= p(770) K*(892) $(1020) w(782)
11p 1+= b1(1235) Kyt h1(1380) h1(1170)
13P ot+ ap(1450) K((1430) fo(1710) fo(1370)
13p; 1+ a1(1260) K4t f1(1420) f1(1285)
13p ot++ a2(1320) K3(1430) f5(1525) f2(1270)
11D, o+ mw2(1670) Ko(1770)F 12(1870) 72(1645)
13Dy 1-- p(1700) K*(1680) w(1650)
13D, 27— K2(1820)
13D3 37~ p3(1690) K3(1780) $3(1850) w3 (1670)
13Fy 4+t a4(2040) K;(2045) £4(2050)
13G5 57~ p5(2350) K} (2380)
13Hg 6+t ag(2450) f6(2510)
218, 00—+ w(1300) K (1460) 1(1475) 1(1295)
238 1== p(1450) K*(1410) $(1680) w(1420)

Table 2.3: Mesons with just the light quarks (u, d, s) [7]

Similarly to the hydrogen atom, it is possible to predict the spectrum of a bound state
of two quarks. For heavy quarks it is possible to use the Schrodinger equation to get the
energy levels. The system can be considered nonrelativistic, since the binding energy is small
compared to the rest energies of the constituents. Although the potential between quarks is
unknown, it is possible to create a simple potential, which satisfies some qualitative features
of QCD. The potential must have a term that increases at large distances, taking into ac-

count the quark confinement at low energy. At short distances one expects the interaction



n s+l JPC 1=0 =0 =1 1=0 =1 =0 =0
cc bb , cd; cu, ©d CS; Cs b, bd; bu, bd U3, bs bE; be

118y o+ 1(1S) m(1S) D DF B B? BF

1351 1= J/p(18) T(1S) D* D+ B* B

11p 1= he(1P) hy(1P) D1 (2420) D, (2536)* B (5721) B;1(5830)°

13P, o+t Xc0(1P) X0 (1P) Dj(2400) Do (2317)%F

13p 1+t Xc1(1P) xp1(1P) D1(2430) D;;(2460)*1

13P 2++ Xc2(1P) Xp2 (1P) Dj3(2460) D%, (2573)* B3(5747) B?,(5840)°

13Dy 1= ¥ (3770) D¢, (2700)*

215, 0~ 1:(25) D(2550)

238 1=~ $(25) x(25)

21p 1+ hy(2P)

23Py10 0P, 1HF 2%+ Xc2(2P) Xb0,1,2(2P)

Table 2.4: Mesons with heavy quarks (c,b) [7]

to be dominated by the exchange of a single gluon (which is massless) similar to one pho-
ton exchange between two charged particles. Therefore, at short distances the interaction
must be very similar to the Coulomb potential. Assuming a central potential with these
two features, ignoring spin and more complicated interaction terms, one is able to obtain
the biding energy levels associated with different particles. The qualitative success of this
simple model against data lends credit to this quark model picture, generating a research
line towards more detailed and sophisticated versions of the model aiming at quantitative

agreement with data and robust predictions.

2.4 Exotic States

At the beginning of the 21th century, the collaborations BaBar at SLAC in the USA and
Belle at KEK in Japan started collider experiments with electron-positron beams operating
at center of mass energies around 10.6 GeV. One of the main purposes of these facilities was
to measure CP-violation processes and comparing with standard model predictions. These
facilities were nicknamed B-factories, due to the copious amount of BB meson pairs pro-
duced. The products of B meson weak decays involve pairs of ¢ and ¢. Therefore, open-charm
D-mesons and cc states are usually present in the outgoing channel. However, they observed

mesons whose properties were incompatible with the assignments of the quark model. This



raised questions about what would be the structure of these exotic states, boosting the search
for theoretical explanations that accommodate these heavy exotic particles.

The X (3872) was discovered in 2003 by the Belle collaboration [17] and then confirmed by
CDF and DO collaborations, both at Fermilab in the USA, from proton-antiproton collisions
[18, 19]. As the conventional quark model does not explain the properties of this particle,
alternative suggestions flourished, such as tetraquark, molecular state, hybrids of quarkonium
and gluons, quarkonium-glueball mixtures, linear combination of these effects and other
exotic explanations [20-23]. However, the purely molecular interpretation is very appealing,
since the X(3872) has a mass remarkably close to the D D* threshold. Thus, the exotic meson
X(3872) could be understood as a weakly bound state of other two mesons, similar to the
deuteron, formed by a proton and a neutron with a very small binding energy.

Figure 2.2 shows the charmonium spectrum obtained by the conventional quark model
(black solid lines) and the positions of these new exotic states (red dots). The blue dashed
lines indicate the threshold for a pair of open-charm states (mesons with a single charm
content). In particular, it is evident the proximity of the X(3872) mass to the threshold of
the DD* pair.

In addition to this puzzle, the collaborations Belle [24] and BESIII [25, 26] confirmed
very recently the discovery of charged exotic mesons. These mesons cannot be formed by a
simple c¢ pair, requiring at least two additional quarks to provide the electric charge to the

1meson.

2.4.1 Experimental Data for X(3872)

Several decay modes were observed for the X(3872), for instance, hadronic decays such
as mtrJ /1, mtr 70T /4, D°D7° and radiative decays (when photons are in the outgoing
channel) such as J/¢ v and ¢(25)~ [28]. From the decays of X(3872) it is possible to extract
information about its quantum numbers. In particular, from radiative decays one obtains

that the charge conjugation is positive (C = +), whereas hadronic decays indicate a positive

10
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Figure 2.2: Charmonium spectrum with exotic mesons [27]

parity (P = +). The most recent data about the quantum numbers [29] and the mass [30]

of the X(3872) are
mx = (3871.68 £0.17) MeV , J'Y =17+, (2.8)

Radiative decay widths are hard to measure not only for being smaller than the hadronic
counterpart, but also due to difficulties in achieve a proper normalization of data. The latter
can be bypassed by determining branching fractions. For this work in particular, the ratio

of interest is
[[X(3872) — v (29)]

= TXGs2) S 4700

(2.9)

This ratio is an experimental observable, first measured by the BaBar Collaboration, R =
3.4+ 1.4 [31]. Afterwards the Belle Collaboration tried to measure the same observable;
however, they could not find a significant signal for the decay X (3872) — v(2S). They

set an upper limit R < 2.1 at 90% confidence level [32]. Recently, the LHCb Collaboration
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reported R = 2.46 4+ 0.64 £+ 0.29, where the first uncertainty is statistical and the second is
systematic [33].

Table 2.5 shows the lower limits of the branching fractions for X(3872) decays. In par-
ticular, one can see the branching fractions for radiative decays into J/v¢ and ¥ (25) to be
above 6 x 1073 and 0.03, respectively. These values can be combined with the ones from
table 2.6, which shows the upper limits for the total decay width. In chapter 6 we combine

these numbers with our theoretical calculations.

Mode Fraction (I';/T)
i ete”
M, 7wtmx™ J/9(15) > 26%
s p2J/6(1S)
s wJd/Y(1S) > 1.9%
rs DODPr0 >32 %
Mg D*0p° >24 %
7 vy
rg DODO
o Dt D~
Mo VXe1
M1 YXe2
M2 nd/Y
r13 ")/J/'l/} > 6 X 10_3
F1a  YY(2S) [a] > 3.0%
F15 7T+7T_’I]C(1S) not seen
Me PP not seen

[a] BHARDWAJ 11 does not observe this decay and presents a stronger 90%
CL limit than this value. See measurements listings for details.
Table 2.5: Lower limit of the measured decay channels of X(3872), determined by different experi-
ments [7]

X(3872) WIDTH

VALUE (MeV) CL% EVTS DOCUMENT ID TECN COMMENT

<1.2 90 CHOI 11 BELL B— Krta—J/w

e o o We do not use the following data for averages, fits, limits, etc. e o o

<2.4 90 ABLIKIM 14 BES3 ete™ — J/ynTa~
<3.3 90 AUBERT 08y BABR BT — Kt J/yrtn—
<4.1 90 69 AUBERT 06 BABR B — Krtx— J/y
<23 90 36 14cHol 03 BELL B— Krta— J/u

1tLSuperseded by CHOI 11.

Table 2.6: Upper limit of the total decay width of X(3872), determined by different experiments [7]
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2.4.2 Previous Theoretical Works on Radiative Decays

In this section we comment about other theoretical studies on X(3872) radiative decays,
in particular the ones that also address the molecular nature for its structure.

In reference [34], Swanson studied the X(3872) radiative decays into y.J/¢ and vy (2S) us-
ing vector meson dominance and quark models. When he assumes, in his model, a molecular
structure for this exotic meson, he obtains R = % ~ 4 x 1073, On the other hand,
charmonium calculations lead to R in the range 0.1-6. Given these results, he claims that
this ratio could be a valuable probe to reveal the dominant structure of the X(3872), with
a small (large) value favoring the molecular (charmonium) interpretation. He also observes,
though, that his predicted values are very sensitive to model details.

In reference [35] Dong et al. use a phenomenological Lagrangian approach to calculate
the width of the radiative decay X (3872) — ~.J/1, assuming that the exotic meson is a
loosely-bound state of the charmed D° and D*® mesons. Although they find that the width
is not very sensitive to a variation of the binding energy, it depends on a cutoff parameter
Ay that is roughly related to the shape and size of the hadronic molecule. They affirm that
this radiative decay is fully compatible with a predominantly molecular nature of X(3872),
and allows only a very small admixture of c¢. They also determined an upper limit of the
decay width, I'j/, = 118.9 keV.

Another work exploring the molecular nature in radiative decays of X(3872) was done
by Mehen and Springer [36]. They studied the outgoing channel ¢ (2S)y using EFT with
contact interactions, only at tree level. They were interested in assess the different angu-
lar distributions between the 17+ and 271 quantum number assignments for the X(3872).
They also estimated the mean separation of this exotic meson (rx = 4.971%* fm) from the
estimated biding energy.

Guo et al. [37] made a more elaborated EFT calculation, assuming a D-D* molecular
state for X(3872) and including these mesonic degrees of freedom in the one-loop calculations
of the decay amplitudes into v.J/1¢ and v1)(2S) channels. They conclude that the radiative
decays do not allow one to draw conclusions on the nature of the X(3872), contrary to [34].

However, their calculations are not complete, since a proper renormalization of the results
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and a more reliable estimate of short-distance effects were not performed. To fulfill these
requirements is the main motivation of the present work. Therefore, this reference is the
most important in this thesis, where we use the same effective field theory formalism and
conventions during the construction of the amplitudes and decay widths.

There are other studies of X(3872) radiative decays using other approaches. For instance,
QCD sum rules were used by Nielsen and Zanetti [38, 39], assuming a mixture of a molecular
state and charmonium with mixing angle 5° < 6 < 13°, obtaining compatible results with
the experimental data for the decay width into v.J/v. Takizawa et al. [40] also constructed
a charmonium-molecule model with the quark model potential. However, they do not obtain
results compatible with the observations (R = 0.22), concluding that their results are very
sensitive to the amount of the charmonium component. A few other approaches to X(3872)
radiative decays that avoid a molecular description, most of them using more sophisticated
quark models, also exist in the literature. A selected sample of them [41-45] present results

shown in table 2.7.

Reference | '/ (keV) | T'y25),(keV) | Ratio R
[34] 71 95 1.34
[34] 139 04 0.68
[41] 33 146 4.4
[42] 11 64 5.8
[43] 70 180 2.6
[44] 45 - 80 24-66 | 0.53- 0.83
[45] 30.8 -42.7 | 70.5-73.2 | 1.65-2.38
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Quantum Scattering

In this chapter we introduce some basics concepts, based on references [46, 47], about
quantum scattering theory, one of the central tools to this work. Moreover, the background
on quantum scattering is a necessity for almost all research lines in particle and nuclear
physics. Understanding physical quantities such as scattering amplitude, cross section, and
phase-shifts is fundamental to extract physical information about particle scattering and

decays. For simplification we use natural units, that is, c = h = 1.

3.1 Nonrelativistic Quantum Scattering

Quantum scattering is understood as an incident wave packet travelling through a scat-
tering potential and producing an outgoing wave packet. A general wave packet is an infinite
sum of plane waves of different frequencies and wave numbers. The general solution is ob-
tained by solving the time-dependent Schrodinger equation, which can be extremely technical
and complicated. However, a time-independent Hamiltonian allows us to separate the time
from the spatial dependence for each plane wave, thus resulting in the time-independent
Schrodinger equation. Solving the latter for each plane wave allows us, in principle, to re-
construct the desired wave packet solution. From now on, our references to the Schrodinger

equation implies the time-independent one.
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For the sake of simplicity, and without significant loss of qualitative discussion, we con-
sider a two-body scattering via a finite-range central potential V' (x) = V(r), neglecting spin

and other internal degrees of freedom. The total Hamiltonian can be written as

H=Hy+V, (3.1)

where the free Hamiltonian H, stands for the kinetic energy operator. The latter can be

expressed in the center of mass frame as

p
Hy=— 3.2
0 2/,6 ) ( )
where p is the reduced mass of the particle,
1Mo
= — . 3.3
a my + Mo (3:3)

When there is no scatterer the potential V' is zero—therefore, the energy eigenstate F is just

that of a free-particle state. Using |¢) as the energy eigenvector of Hy,

Hylo) = El¢). (3.4)

The presence of a scatterer V implies that the energy eigenstate is not the same as the free-
particle state. However, when one considers elastic scattering processes, they have the same
energy eigenvalue. In other words, the total energy before the particles enter the interaction
region is an eigenvalue of the free Hamiltonian, which has to be the same eigenvalue of the
total Hamiltonian, since the energy is conserved. Thus the basic Schrodinger equation we

wish to solve is

(Ho+ V) [¢) = El¢). (3.5)

The expected solution of equation (3.5) is

¥ = gV 19). (3.
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However, this solution does not satisfy the physical boundary condition, that ) — |¢) as

V' — 0. This can be fixed by including the appropriate boundary condition:

1
-~ E— H,

|¥) Vi) +10) . (3.7)

We make E slightly complex to deal with complications arising from the singular nature of
the operator 1/(E — Hy). Despite of being a mathematical trick, as we show in the following
sections, this small imaginary part (i€) guarantees the unitarity of the S-Matrix, for the
physical scattering case (F > 0). Thus we rewrite equation (3.7) in the form that is known

as the Lippman-Schwinger equation (LS):

1

s (£)
E_%ikvw ). (3.8)

[v) =1o) +

The physical meaning of + is related to the temporal direction of the propagation of |¢)).
The minus sign (—) is the solution that propagates backwards in time, while the plus solution
(4) corresponds to the one with physical significance, as we show below.

The LS is a ket equation independent of a particular representation. It can be written in
configuration space by multiplying (x| and introducing the unity operator [= [ &Pz |x) (x].

The LS in the position basis becomes

(xlu) = () + 2u [ o/ Glx.x) (KIVI9) 39
where G(x,x’) is defined as

1 +ip|x—x/|
x>: S (3.10)

T

1 1
Glx.x) = — - -
(x, x) M<4E—HMH6

For |x| = r >> |x/|, which is the case when x is related to the position where particles are

observed in an experiment,

(xJo) ~ (xlg) — 2=

/ ! e (V) (3.11)

17



The second term of equation (3.11) is interpreted as a spherical wave modulated by a quantity
related to the scattering amplitude. It is evident the meaning of the sign of the ie term: the
plus (minus) sign corresponds to an outgoing (incoming) spherical wave.

Analogously to the position space, the LS equation in the momentum space reads

(PlY) = (PI6) + ——— (pIVI0). (3.12)
~ o + 1€

This equation (3.12) determines the wave function in momentum space. Besides, one can
obtain the transition matrix 7" starting from equation (3.8), applying the potential operator

V from the left and inserting a complete set of states. That leads to

/ — ! / d3q / 1
T(p,p):<prlwp>=<p\V|¢p>+/<2W)3 (P'|V]a) o (alV]p)
— £ +ieg
R Pq .,
=V(p'.p) +/ (QW);,,V(I) ,q)—E my H.GOT(q, p)- (3.13)

The transition matrix and the scattering amplitude are proportional to each other, as we
present in the following section. It describes the non-trivial part of the S-Matrix and directly

relates to experimental observables.

3.2 The Scattering Amplitude

The asymptotic solution of the Schrédinger equation, (3.11), has the form

W(r,0) ~ A [eipz + £(0) GW] , (3.14)

r

where A is the normalization factor and the momentum p is related to the energy of the
center of mass,

p=+/2uE. (3.15)

A graphic representation of equation (3.14) is displayed in figure 3.1. The scattering am-
plitude f(0) is the amplitude of the outgoing spherical wave and carries all the information

about the physical process.
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Figure 3.1: Quantum scattering

Comparing equations (3.11) and (3.14) it is straightforward to see the relation between the

scattering amplitude and the transition matrix,
f=-L7 (3.16)

Particles incident through an infinitesimal part of the cross-sectional area do scatter into
a corresponding infinitesimal solid angle df). The ratio do/dS) is called the differential
(scattering) cross-section. It can be calculated by dividing the number of particles scat-
tered into df) per unit of time by the number of incident particles crossing an unit of area
per unit of time. The numerator is related to the current density of the outgoing spherical
wave |jseqre| While the denominator is related to the current density of the incident plane
wave |jincid|, assuming a large number of identically prepared particles, as it is indicated in

the equation below,

dO' r2|jscatt|
—d) = ————df). 3.17
From equation (3.14), the first term relates to the incident flux, |jincia| = |AJ?, and second
one, to the scattered spherical flux, |jseart| = |A]*|f(0)|?/r* . Therefore one has
do
—==f(O)]. 3.18
o —150) (3.18)

3.3 Partial Wave Decomposition

It is technically complicated to solve the integral equation (3.13) due to the existence of
three integration variables (d3q). As many processes in nature, the quantum numbers j and

[ (total and orbital angular momentum, respectively) are conserved in the scattering process.
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In this way, the partial wave decomposition method replaces the angles for partial waves,
letting the integral equation only dependent on the variable ¢ = |q|. Thus, it is possible
to expand a physical quantity, such as the scattering amplitude, in terms of the spherical

harmonics Y},,(0, ) [48],

FOLP) =D (A7) Yira () Vi () frrme im (0, ). (3.19)

''m! I,m

When orbital angular momentum is conserved both the interaction and the amplitude are

diagonal in [ and m,

fl’m’,lm<p/7p) = 51’,16m’,mflm(p/7p)- (320)

By choosing p in the z-direction, p’ forming an angle # with p, and assuming azimuthal

120+ 1

20+ 1
47

isotropy, one has

YEO(QP/) =

Py(cosb). (3.22)

Leading to the more familiar form of the partial-wave expansion of the amplitude,

f(p,p) = Z(Ql + 1) P (cos ) fi(p), (3.23)

=0

with p = |p| = |p’|, the condition for the physical elastic scattering.

As mentioned before, conservation laws such as orbital angular momentum (in specific
cases) relieves our task of solving the whole scattering problem to a specific partial wave. In
these cases, we are interested in solving the LS equation for f;(p) or, by means of (3.16), the I-
wave component of T', ¢;(p). The latter is obtained by also expanding the potential in a similar

way as (3.23). Using the orthogonality of the Legendre polynomials f_+11 P(z)P,(x)dx =

20mn
2n+1°

one gets

vu(p',p) = %/j V(p',p)Pi(cosB)d(cosb). (3.24)
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It is straightforward to obtain the LS equation for the partial-wave transition matrix:

1 [ u(p', Qti(g, p)
(D) — (o 1 24 ) ) 3.25
'(P'sp) vl(p,p)+2ﬂ2/0 q qE—q2/2u+ie’ (3:25)

where #;(p, p) is known as the half off-shell scattering amplitude !. The physical amplitude
t;(p) is obtained at the on-shell point p' = p = \/2uF:

fil) = =3=ti(p,p). (3.26)

3.4 Unitarity of S-Matrix

The S-Matrix is the operator that relates the initial and the final states in a scattering

process:

) out = S 1¥)in - (3.27)

The probability flux j must satisfy the continuity equation

_OWE _

V=g

0, (3.28)
where the probability density p = [|?>. Using Gauss’s theorem and considering a spherical

surface with a very large radius, we have the expression:

/j -dS = 0. (3.29)

Physically, both (3.28) and (3.29) mean, considering j as the flux of particles in the scattering
process, that there is no source or sink of particles. The outgoing flux must equal the
incoming flux. Furthermore, because of angular-momentum conservation, this must hold for
each partial wave separately:

Si(p) =1+ 2ipfi(p). (3.30)

1Since f; and t; are proportional to each other, the names transition matrix and scattering amplitude are
quite often freely interchanged.
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Si(p), defined in equation (3.30), is the /th diagonal element of the S operator, which is
required to be unitary as a consequence of probability conservation. The most that can
happen is a change in the phase of the outgoing wave. The unitarity relation for the [th

partial wave is

1Si(p)| = 1. (3.31)

The unitarity of the S-Matrix implies that the scattering amplitude f;(p) must be a
complex number. From the denominator in equation (3.13), one can notice that the transition
amplitude becomes imaginary only in a small region around q¢ = /2uF, where the real part

is zero and the imaginary term ze¢ becomes the major contribution.

3.5 Phase-Shift

As previously seen, the imprints of elastic scattering in the wave function, at large dis-
tances, resume to a phase in the outgoing spherical wave. Therefore, information about the
interacting forces among scattered particles is encoded in such phase. The requirement (3.31)
of unity modulus of S; allows its parametrization in terms of the partial-wave phaseshift ¢,

as

Sy(p) = e¥®) (3.32)

From (3.30) we have

G -1
fi= 2y (3.33)

Writing equation (3.33) explicitly in terms of the phase shift:

20— 1 e¥igin g, 1 p?
2ip D pcot o —ip  p?tlcoty, — ip?t

At low enough energies the denominator of the equation (3.34) can be expanded as
20+1 Lomy
pT oty R ——+ —p” — ... (3.35)
a

The expression (3.35) is known as effective range expansion and it was first introduced

by Bethe in 1949 [49]. From (3.34) and (3.35) it is easy to notice that at low energies the
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amplitude is dominated by S-waves. For [ = 0, the term 7 is called effective range and it is
related to the interaction range of the potential. The term ay is called scattering length. In

the limit where p — 0, it relates to the cross-section via

do

= IOF = a (3.36)

3.6 Bound States

When the potential between the particles is attractive and strongly enough to tie the
particles together, it is possible the formation of a bound state. Although the energy of
elastic scattering experiments are always positive, it is possible to theoretically make an
analytic continuation of S-Matrix in order to determine the bound state energy. In this way;,

for negative energy the momentum becomes imaginary,

p =iy =1i\2uB. (3.37)

From reference [46] and using equations (3.14) and (3.30) we get that the radial wave function

at large distances is proportional to the S-Matrix as follows:

P[(COS 9) eipr e—ipr—lﬂ'
(rly) = ;(2[ + 1) Fi(cos 0) 1i(p) o ;(21 + 1)W {Sz(p) Sl (3.38)
Using the momentum condition for the bound state we get
1 e eyr—lﬂ
Ui(p) o 2ip {51(27) T } (3.39)

At large distances we physically know that the bound state wave function must go to zero.
Therefore the second term of (3.39) has to vanish. Rewriting equation (3.39), apart from a

normalization,
e 1 e'yr—lTr

Yi(p) o , _Sz(i’y) ,

(3.40)

From the above equation, and the requirement that the second term vanishes, one can see

that the bound state condition implies a pole in the scattering amplitude.
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The LS equation for each specific partial wave (3.13) can be expressed as a homogeneous

equation for the bound state case, with one of the momenta on-shell ¢;(p’) = t,(p',p =

iv/2uB),

A 1 > 2 Ul(p/,Q)le(Q)
n(p') = ﬁ/o q dQ_B_—M7

/0 h dgq [5(q —p) - 2;2 _qBvl_Q; ;’/‘JQ)J di(q) = 0. (3.41)

The homogeneous equation (3.41) can be solved numerically by discretizing the integral and

solving the following matrix equation,
(I — K;)¢, = 0. (3.42)

A non-trivial solution of (3.42) can be obtained by imposing det(I — K;) = 0. This condition
allows us to numerically determine the biding energy.
For low enough energies, where the expansion (3.35) is valid, the scattering amplitude

can be expressed as
1

iy (3.43)

Jo

Therefore, considering that the bound state is a pole in the scattering amplitude, it is possible

to express the biding energy as function of the scattering length,

—1/ag—ip=0 = B= (3.44)

2ua3’
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Effective Field Theory

In this chapter we outline some basic concepts about effective field theory (EFT), which
is the theoretical framework of this thesis. For a more detailed perspective we suggest the

references that were used to built this chapter [50-55].

4.1 Introduction

One of the interesting questions in contemporary physics is the unification of the four
known forces in nature, that would resume all physical phenomena in a simple theory that
would explain everything. Although this is a very impressive and beautiful idea, even if this
theory will be achieved in the future, it would not be sufficient to comprehensively describe
nature at all physical scales.

Nature has a wide range of scales, such as galaxies, stars, atoms, nuclei, etc. In order
to obtain a good understanding of a particular physical system it is necessary to identify
the most relevant informations from the rest, in a way that it is possible to have a simple
description without dealing with complications that are irrelevant at a particular energy
scale. For this reason, a separation of energy scales is important, in this way it is possible to
analyse low-energy interactions without knowing the details at high energy. This provides a
good approximation, and can always be improved by considering the higher order corrections
as small perturbations.

EFT is the general theoretical framework for studying physical phenomena in a specific

range of energy (or length). It is a versatile method and it is used in many different areas
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of physics, from low energy scales, such as atomic and nuclear physics to high energy scales,
such as elementary particle physics. An EFT is often formulated by means of an effective
Lagrangian with the relevant degrees of freedom and symmetries from the interaction among

the respective particle fields.

4.2 Momentum Expansion

As mentioned before, the first step to construct an EFT is to define what is the interested
energy scale E' and the range of momenta for the physical system, limited by a cutoff A. For
low-energy physical processes, the cutoff A is a momentum scale considerably higher then
the momentum of interest p. Therefore, it is possible to make the expansion in powers of
p/A. The on-shell relation between the energy E and the momentum is defined by the
(non-relativistic) expression:

p=2uE, (4.1)

where 1 is the reduced mass of the interacting particles. If equation (4.1) is not satisfied one
says that the particles are off-shell, which do not correspond to a physical state, but it is
indeed a virtual state. The most general effective Lagrangian is built organizing the powers
of momentum, or the number of derivatives, just reminding that the momentum operator is
related to derivatives as

—ip, = 0. (4.2)

A systematic way of building a low-energy effective Lagrangian is outlined in the following

sections, the one about chiral perturbation theory in particular.

4.3 Dimensional Analysis

Dimensional analysis is a very important tool applied in several distinct areas of science as
well as a key ingredient in EFT. We define [O] as the mass dimension of a certain operator

O. That means, for a generic mass scale M, [0] = d if O ~ M? Thus, knowing that

26



the quadriposition is inversely proportional to the mass, we can get the dimension of the

quantities,
ml=1= [z,)]=-1, [0.,)=1 (4.3)

In natural units the action S is dimensionless, [S] = 0, and the relation with the Lagrangian

has the form

S = / oz L, (4.4)

from (4.4) we get that the dimension of the Lagrangian has to be
) =D, (45)

where D is the number of space-time dimensions of the problem. Just for illustration, let us

analyse the A¢? theory,

A

ST (4.6)

1 1
_ w202

Straightforwardly, from the second term of the Lagrangian (4.6), it is possible to check that

the dimension of the boson field is

Likewise one gets

For D =4, [¢] = 1 and A is dimensionless.

Let us write down now a generic effective interaction Lagrangian,
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where O; are operators constructed with light fields, and the information on any heavy
degrees of freedom is hidden in the couplings ¢;. The dimension of the operator O; can be

written as

[0i] = d;, (4.10)

which fixes the dimension of its coefficient:
[ci] =4 — d;. (4.11)

Clearly, from d; > 4 it is possible to notice that the coupling is inversely proportional to a

mass scale, so relating A with some characteristic heavy scale of the system,

1

C;

it is possible to determine the importance of the different operators, at energies below A, by

looking at their dimension. We can classify three distinct behaviours:
o Relevant (d; < 4)
e Marginal (d; = 4)
o [rrelevant (d; > 4)

The Irrelevant Operators are suppressed by powers of p/A, thus they are small at low
energies. Relevant operators have just the opposite behavior, they become more important
at lower energies. Some examples of Relevant operators are the boson mass terms (dimension
2), fermion mass terms (dimension 3) and 3-scalar interactions (dimension 3). The Marginal
operators have equal importance at all energy scales. Examples of Marginal operators are

¢*, the QED and QCD interactions, and Yukawa-like interactions.

4.4 Chiral Perturbation Theory

Chiral Perturbation Theory (ChPT) is an EFT method to parametrize QCD at low

energies. As previously discussed, due to the high value of the running coupling constant,
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quarks and gluons are confined inside hadrons. Thus at low energy hadrons are the relevant

degrees of freedom. In ChPT one starts with hadronic fields as building blocks of the effective

Lagrangian, interacting in the most general way consistent with all the symmetries of the

system. In particular, the approximate chiral symmetry in QCD places important constraints

on the form of the interaction terms. The latter is organized as a derivative expansion, which

is equivalent to an expansion in powers of p/A.

4.4.1 Chiral Symmetry

The quark fields can be expressed in two different projections, by means of the right-

handed (Pg) and left-handed (Pp) projection operators:

1
PR=§(1+75)=P12,

1
Pp=2(1—7) =Pl

Where 5 is known as the chirality matrix,

which satisfy the properties:

Pr and P, are orthogonal,

idempotent,

¥ =" =",

PrPp, = P Pr =0,

P]%:PB’J Pg:PLa
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(4.16)
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(4.18)
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and satisfy the completeness relation,
Pr+ P, =1. (4.20)
Thus the right-handed and left-handed quark fields are

qr = Prq,  qr = Prq. (4.21)
The expressions for the conjugate quark fields are
qr =qPr, 4L =qFr. (4.22)
In the chiral limit, the light flavor quark masses go to zero,
My, Mg, Mg — 0. (4.23)

Considering (4.23) and introducing the completeness relation (4.20) in the QCD Lagrangian

for light flavored quarks (2.3) we get

. . 1 v
L'%CD = Z [QRJ ilp qr.f + Q¢ i) qL,f] - §T7“(G“ Guw). (4.24)

f=u,d,s

Therefore, the Lagrangian (4.24) is invariant under left-right transformations, having global
UB)xU(B)r = SUB)LxSUB)rxU(1)y xU(1) 4 symmetry. The 18 currents (2 x (8+1))

associated with the transformation of right-handed and left-handed quarks are

a

R = QR’Y“?C]R, RMB) = qrytqp,

a

A s _ -
L = QLWALT‘JL, LM = quytqr (4.25)
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where the Gell-Mann matrices A* act in flavor space. The superscript (s) stands for the
flavor-singlet currents. From linear combinations of (4.25) we can built the vector (V#) and

axial-vector (A*) flavor and singlet currents,

)\a
VHa — R 4 [Ha — 67’)/“7(]7 V() — Mg, (4.26)
)\a
AR = RIS — I = gy g, AN = gy g (4.27)

In the chiral limit, the QCD Lagrangian is invariant under SU(3), x SU(3)r x U(1)y
transformations. The U(1) 4 invariance is only satisfied at the classical level (chiral anomaly),
therefore, not a true symmetry. The U(1)y invariance is related to baryon number conser-
vation.

The remaining SU(3), x SU(3)g corresponds to chiral transformations, a symmetry of
massless QCD. However, low-energy phenomenology implies that this symmetry is sponta-
neously broken (“hidden”) down to SU(3)y, with the subsequent appearance of Goldstone
bosons (pions, kaons, and the eta).

Introducing external fields in the QCD Lagrangian [56], vector (v,), axial (a,), scalar (s)

and pseudoscalar (p), one gets

v’a7s7p

gon’ = Loop + a7 (v + auy5)q — (s — i5p)g; (4.28)

where the external fields are colorless (white) and v, and a, are Hermitian 3 x 3 matrices

for the light quark flavors u, d and s,

M "
v, = Z 5 U O = Z < G (4.29)
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The addition of the external fields makes the QCD Lagrangian exactly invariant under local

chiral transformations, provided that the external fields transform as

vy +ay — gr(v, + alt)g;r% + igRaugj%»
vu — = gr(ve — a,)g} + 9091,

s+ ip = gr(s +1ip)g}, (4.30)

where g, and gg are SU(3) left and right chiral rotations, respectively. Besides, the in-
terpretation of the external fields as photons, Z or W bosons, incorporates other types of
interactions beyond the strong force, such as the electroweak. The original QCD Lagrangian

is obtained via the limit

v,a,p— 0
s — M,, (4.31)
where
m, 0O 0
My=10 mg 0 [- (4.32)
0 0 ms,

Notice that the s+ip combination allows one to incorporate the explicit breaking of the chiral
symmetry of the original QCD Lagrangian. This term mixes the left and right component

of the quark fields,

Loep = Loop — (GrMyqr + 4 Myqr). (4.33)

4.4.2 Chiral Effective Lagrangian

In this section we discuss how to construct the chiral effective Lagrangian for mesons.
The first consideration is that the chiral Lagrangian must exhibit the same exact chiral

invariance of (4.28). Second, one has to find a representation of the Goldstone boson fields
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resulting from the spontaneous breaking of chiral symmetry. The mathematical details are

known [57, 58]. The boson fields are parametrized as

U = exp (@ %x)) , (4.34)

0

where
. 7r0—|—\/ig77 \/§7r+ \/§K+
o@) =D Mada(a) = | vIr a4 Ly V2K | (4.35)
a=1
- 0 2
V2K V2K — 0

The chiral object U is subjected to the following transformation

U— gRng. (4.36)

One also defines two other chiral objects that transform in a similar way, namely, the covari-

ant derivative acting on U,
DU = 0,U —i(v, + a,)U + iU (v, — a,), (4.37)
and the term that parametrizes the explicit chiral symmetry breaking,
X = 2By(s + ip). (4.38)

These are the building blocks to construct chiral invariant terms in the Lagrangian. For an
object O that transforms as O — grOgl, Tr(OTQ), where the trace acts on SU(3)y space,
is a chiral invariant.

The standard chiral power counting, first proposed by Weinberg [59], counts each co-
variant derivative acting on U as proportional to one power of the (soft) external momenta

p ~ @, where () is the typical low-momentum scale. It also counts the Goldstone boson mass

2

s

as a soft scale like the external momenta, Q? ~ m2 oc s — M,. The simplest non-trivial
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chiral invariant combinations that has the lowest power in () is assembled at the leading

order Lagrangian
F? F?

L= ZOTT(DMUD“UT) + ZOTT(UTX +x'0), (4.39)
where the term F/4 is fixed by requiring that the mesons have canonically normalized ki-
netic terms. The second term is the one that breaks chiral symmetry explicitly. One notices
that this Lagrangian has terms with two derivatives or proportional to the mass squared.
Higher order terms have more derivatives and/or more mass terms, that is, they are oper-
ators with increasing mass dimensions. Their coefficients, so-called low-energy constants,
are consequently couplings with higher negative mass dimensions. According to naive di-

mensional analysis, they are expected to be suppressed by inverse powers of the high-energy

momentum scale (cutoff) of the theory.

4.5 Heavy Quark Effective Field Theory

QCD has an intrinsic energy scale, Agcp ~ 0.2 GeV, that is defined from the beta
function of the theory. It is a rough estimate of the scale where perturbation in a, completely
breaks down. In other words, it separates the energy regions of confinement and perturbative
QCD. It can also be related to the typical size of hadrons, Rj, ~ 1/Agcp ~ 1 fm.

If one compares Agep with the quark mass values from table 2.2 one observes a clear
distinction between the so-called light- and heavy-quarks. For the quark flavors ¢ = ¢, b,
and t, one has m, >> Agcp, therefore at energies of the order of Agep an approximate
symmetry arises. The heavy-quark symmetry (HQS), in contrast with chiral symmetry, is
not a full symmetry of the QCD Lagrangian, but rather an effective symmetry valid in a
certain kinematic region [60].

The momentum of a softly interacting heavy quark nearly on-shell can be decomposed
as

pff = mqu" + k", (4.40)

where v is the 4-velocity of the hadron containing the heavy quark (v? = 1), and the “residual

momentum” k ~ Agcp. This off-shell momentum results from the soft interactions of the
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heavy quark with its environment. The heavy hadron field can be represented in a more

explicit way by separating the original hadron field in its light and heavy components [61],

U(z) = e ™[N, (z) + H,(z)]. (4.41)

With aid of equation (4.41) it is possible to split the original Lagrangian in the above
mentioned parts. The hard off-shell degrees of freedom are then integrated out of the path-
integral formalism, with the remaining effective Lagrangian containing almost-static heavy

fields with soft interactions suppressed by inverse powers of the heavy quark mass.

4.5.1 Effective Lagrangian for Heavy Mesons

The effective Lagrangian for two-body strong interactions between heavy mesons P and
P*, where (P, P*) stands for (D, D*) containing one heavy quark ¢, or (B, B*) with one

heavy quark b, can be written as [16, 62, 63]:

L=— z'Tr[H(Q)v . DH(Q)] —

_ A _
Tr[HQD>*H@] 4+ —ZTT[H(Q)U“”H(Q)UW]
2mp mp

+ %TT[H(Q)H(Q)W%(UT@“U —UUN] + ... (4.42)

where the ellipsis denotes terms with more derivatives or including explicit factors of light
quark masses. The covariant derivative acting on the heavy fields is written as DY, = §,,0" —
(1/2)(UTOrU — UO*UT), with U the same object (4.34) that contains the chiral Goldstone
boson fields. g is the coupling constant between the heavy meson and the Goldstone bosons.
The constant \, is related to the mass difference between the vector and pseudoscalar mesons,
A = mps —mp = —2Xo/mp. The superfield H (@) assembles the pseudoscalar and vector

mesons in a covariant doublet under the heavy quark symmetry,

@ _ 19

p 5 [P = Pi@s], HO =9 H{O (4.43)

a
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Similarly, the heavy antimesons fields, which contain the heavy antiquark Q, is written as

1y

5 HQ = /0 g@F,0 (4.44)

a Qa,

Q@ — [p*lSQ)fyu _ pé@)%]

The P field is written as P, = (P°, P*, PJ). For instance, for D-mesons one has P9 =

(D° D*, D&) and for the corresponding antiparticles, PCEQ) = (D° D=, Dy).

4.6 Renormalization

Renormalization is a technical procedure to handle infinities that appear in quantum
field theories. Since in quantum physics all that is not forbidden must be included, quantum
corrections coming from loop diagrams necessarily involve the sum of all possible momenta
from zero up to infinity. High values of momentum integration mean sensitivity to short-
distance physics. If a certain theory at relatively short distances is not well-defined or not
valid in the corresponding momentum range, then loop corrections at and beyond such range
are likely to diverge. There are several techniques to deal with this divergence. However, all
of them should have the same physical meaning, at least in principle.

To renormalize a loop diagram one first needs to establish the energy range one is inter-
ested in, and if possible, the energy scale where the theory breaks down. Quantum corrections
around the energy of interest are the ones physically relevant, while those at and beyond
the breakdown scale are not distinguished from contact-like interactions (e.g., coupling con-
stants) of the theory. In this way, the divergences are “absorbed” by contact interactions.
The first step to achieve this is to choose a regularization method. Regularization essentially
separates loop contributions into long- and short-distance terms via the introduction of a
regulator, in a way that make both pieces mathematically manageable. The short-distance
part goes to infinity as one eliminates the regulator. Once regularized, one needs to find, in
the theory, the correct short-distance operator that is able to absorb the short-distance loop
term. This second step is the renormalization procedure per se. If correctly done, all the
divergences are eliminated, and one can safely eliminates the regulator. There is, however,
a “price to pay” afterwards, which is a residual dependence on a momentum scale, usually

introduced during the regularization step. This momentum scale dependence is inherent
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to all renormalizable quantum field theory, like QCD. In fact, is precisely this momentum-
scale dependence of the QCD coupling constant gs (or, equivalently ag) that gives rise to
asymptotic freedom and infrared slavery.

Renormalization and its interpretation is essential in EFT approaches. In the following
sections we present two different renormalization schemes, the popular MS and a more

EFT-related PDS methods, both based on dimensional regularization.

4.6.1 Dimensional Regularization

Dimensional regularization (dim-reg) is an elegant approach to deal with infinities in
perturbative quantum field theory, while preserving symmetries such as gauge invariance
and chiral symmetry. It relies on an extension of the space-time dimensions to arbitrary D-
dimensions. D becomes the regulator, which is removed taking the limit D — 4. The loop
integrals become convergent for D sufficiently small, and can be evaluated in an analitically
closed form.

In appendix A, we calculate in details loops of two and three propagators, which are
important for the radiative decay amplitude of X(3872) into J/v and ¢ (2S) channels, using
the dim-reg procedure. In this section, just as illustration, we calculate a simple loop diagram

of a self-interacting boson.

> >
> >

Figure 4.1: Self interaction of a boson

The integral corresponding to the loop from figure 4.1 has just one boson propagator,

dth |
7- / : (4.45)

2m)4 (k2 — m? + ie)

Generalizing from 4 to D dimensions and using relations (A.15) and (A.18), based on the

Cauchy theorem shown in appendix A, it is possible to evaluate the integral (4.45):

_ 4-D d"k 1 _ 1—p(m?)> D
t=y / eoP e —mEvig " Gmpr (1 2) - (449



where p is a mass scale, which is introduced during the regularization.

Minimal Subtraction

It is possible to notice that for D — 4 the gamma function has a pole. For convenience,

we replace € = 4 — D. Therefore, when D — 4 we have ¢ — 0 from positive values. Our

T=—i (%)2 (4;’;2) i (g - 1) . (4.47)

Furthermore, using the expansion (A.37) together with the property of the gamma function,

integral becomes

2I'(z) =T'(2 + 1), we have

(4;’;2) s r (% . 1) - E +ln (4;/;2) ST+ 1] , (4.48)

where ["(1) = —vyy = —0.5772 (7 is the Euler constant).

In minimal subtraction (M S) the divergence 2/e defines A, the infinite term that
represents the physics of higher energies, to be cancelled by the high energy part of the
contact diagram,

MS:a=2 (4.49)

€

The most popular subtraction scheme, which we address in this work, is the modified
minimal subtraction (MS). Besides the divergent 2/e, it also subtracts the constant

term [n(47) and (1) that appears frequently in the D — 4 expansion,
- 2 ,
MS: A= |—-+In(dr)+T'(1)], (4.50)
€
Therefore, within the M S scheme one gets for the integral (4.45),
i (MY arm () 1 4,51
As mentioned before, the term A carries the divergence from high energy and must be

cancelled with the same high energy part of a contact diagram. All that is left from the M S
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scheme is a logarithmic dependence with the renormalization scale u. However, a simple

analysis of the superficial degree of divergence of the integral (4.45),

©  3dk © kdk(k*—m2+m?) ™ , [ dk
I~/0 —kz_mQ_/o i ”/o kzdk+m/0 -

indicates that M S only takes into account the second term of the above expression (log-

arithmic), mysteriously throwing away the first term, which diverges quadratically. This
is justified in a perturbative calculation, where loop expansion is justified. However, in
non-perturbative calculations, especially the ones regarding the structure of weakly-bound
objects like the molecular picture of the X(3872), this is unjustified and inequivalent to other
regularization methods. This issue, though interesting, is rather subtle and technical to be

discussed here. The details can be found in reference [64].

Power-Divergence Subtraction

The power divergence subtraction (PDS) is, as well as M S, a scheme based on
dimensional regularization. However it takes into account not only the logarithmic, but also
power divergences with the renormalization scale p [54, 64]. In PDS, power divergences are
taken into account by looking at logarithmic divergences not only at D — 4, but also in lower
dimensions. Appendix A shows that the loop diagrams contributing to the radiative decays
are divergent at D — 2, which generates terms proportional to 2. This fact has consequences
on the interpretation of the short-distance contributions, as shown in chapter 6.

We illustrate the PDS scheme applying it to the boson self-interacting example in the
previous section. It is necessary to include the divergences not only at D = 4, but also
at lower dimensions. Returning to equation (4.46) one observes that it is also divergent at

D — 2. Replacing e = D — 2 one gets

2 2\ %
o (ATt 2 <e>
7 =—i— r{=|). 4.52
147r(m2) 2 (452)
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Using the expansion (A.27) it is possible to extract the divergence of the gamma function.

Then, returning to D — 4, one gets

2 2
=~ — D4 = —1. 4.53
e 2-D ( )

The PDS prescription adds to the result (4.51) a new term, quadratically divergent with

the renormalization scale yu, as expected from the previous analysis of the superficial degree

o m2 w2 NG
T=i (E> [A +1In <ﬁ> + 1} il (4.54)

of divergence,
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Amplitudes for Radiative Decays of X(3872)

In this chapter, we show in some detail the calculations of the radiative decays of the
exotic meson X(3872) into J/v and (2S). Starting from the effective Lagrangians we
determine the interaction vertices and construct the amplitudes represented by the relevant
Feynman diagrams in figure 5.1. All the amplitudes were derived in reference [37]. Apart
from a global convention-dependent multiplicative constant, we were able to reproduce all
the interaction vertices below. The numeric values of the constants used in this work are

shown in table B.1 in appendix B.

Figure 5.1: Amplitudes Diagrams of Radiative Decay
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5.1 Interaction X — DD*

The vertices of the interaction among the exotic meson and the mesons D and D* can

be obtained from the Lagrangian below.

o — — e
,C:—XT D*OUDO+DOD*OG 4+ <
Xl )+

Ignoring charge dependence and isospin breaking, the values of the coupling constants of

XN (D**°D~ + D"D*"%) + h.c..

the interaction of the X(3872) with the charged and neutral charmed mesons are equal, that
is xp = . = x. The expression below relates the relativistic coupling constant with the

non-relativistic one,

T = Tpp/Mmxmem, (5.1)

where the m, m, and mx are the masses of the mesons D, D* and X(3872), respectively. The
value of the constant x,, is taken from reference [65], which was determined by considering
the X(3872) as a hadronic molecule of a linear combination of the pairs DD* and DD*. In this

way, extracting the Feynman rules from the Lagrangian (5.1) we determine the vertex (5.2),

. 1
ch/DD = (=T Gov- (52)

V2

5.2 Interaction v — DD*

In this section, we show how to obtain the vertices of all possible combinations of D and
D* interacting with 1, where ¢ stands for either J/v or 1(2S5). One shows the relevant part
of the interacting Lagrangian in each specific case. We use the notation k; for the meson
D or D* and —k, for D or D*. The couplings are related via heavy-quark symmetry. From

refs [66, 67] one gets the following relations with the non-relativistic coupling gs,
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gop = G21/My,

m
db*p = 292 mwa
m

*

DD = 2T/ Ty (5.3)

L= ZggD{DapD — (8,D)D}¢M + h.c..

The corresponding interaction vertex is
V.= 9pp (k1 + ka) (5.4)

D*D+ and DD*y

L = ~igp-pewas{(0°D;)(9° D) — (9°D)(9° D)} + h.c.,

V,uu = gD*DEMVa,B{(lﬁ)ﬁ(kQ)a}- (55)
D*D*
D*(9,D*) — (9,D*)D* _ _
L= —igp-p-{( o (s ) 5 ( ’ ) + (&,DZ)D*” — D*”(@VDZ)}W‘T + h.c.,
Viag = 9p=p{9as(k1 + k2)u — gua(k1 + k2)s — gup(kn + k2)at- (5.6)
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5.3 Electric Interactions

Only the charged mesons interact electrically with the photon. To get the electric inter-
action between the charged mesons with the photon one replaces the ordinary derivatives in

the Lagrangian by the covariant ones, 9, — 0, + ieA, (minimal substitution).

Charged Scalar Mesons - DD~

The free term of the charged scalar boson Lagrangian is

£ = (9,0)1(9"¢) + m*¢'.

Minimal substitution in equation (5.7) gives

L= (0,0)"(0"¢) +m*¢' ¢ + ie{(9,0)' A6 — A,0'0,9)} + *A,A4"¢19,

VM = 6(1{71 + kQ)’u. (57)
Charged Vector Mesons - D*D*~y

1

£:2

W, W — m2V, V',

where W, = 9,V, — 9,V,,. The vertex for charged vector mesons and the photon is, via

minimal substitution,

V;w/\ = e{g;w(kl + k2))\ - g,u)\(lﬁ)u - gu)\(k2),u}' (58)

5.4 Magnetic Interactions

The covariant generalization of the non-relativistic Lagrangian for magnetic interactions

can be found in refs [37, 68, 69]. v is the four-velocity of the heavy quark with v*v, = 1,
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Q = diag(2/3,—1/3) is the light quark charge matrix, and m. and Q. are the charmed
quark mass and charge, respectively. In the magnetic Lagrangian, terms proportional to
Q)./m. come from the magnetic moment of the charm quark and the S-terms account for the

nonperturbative light-flavour cloud around the charmed meson.

D*D~

The magnetic interaction among D, D* and the photon is given by

L= e\/mm*ewa/waﬁﬁA)‘{DZ“T (ﬁQab + %5@) Dy + h.c.},

Vir = e\/mm*gu)\aﬁvaqﬁ (@Qab + %5@) . (5.9)

D*D*~

E = i@m*FMVD;MT (5@(16 - %6ab) DZV7
m

C

L
ODOANI D,

Gm*{(iq,,g}»\) - (iquV/\)} </6Qab - %5@) s (510)

where ¢ is the photon momentum.

5.5 Propagators

The propagators of the scalar meson D and the vector meson D* are respectively

Sk) = —— (5.11)

1 k.k,
Sw(k) = 5———- (—guy + #) . (5.12)
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5.6 Constructing the Amplitudes

We already have all the individual vertices and propagators necessary to construct the
amplitudes. The total amplitude is the sum of each Feynman diagram shown in figure 5.1.

The long-range loop contribution, from diagrams (a)-(e), is given by

AP = e (1)e”(X)e(7) Apor, (5.13)

where
d4k;
Ayor = €Tprmy/m S(k —p)Juwa. (5.14)
The individual contributions of diagrams (a)-(e) are included in the tensor .J,,\. Note
that diagrams (a) and (d) have only magnetic contributions, diagrams (c) and (e) have only

electric contributions, and diagram (b) has both magnetic and electric contributions. The

explicit expressions are written below,

#VA Z w/)\ (515)

J;Sw\ % (ﬁ + i) €vaf paqﬁ((:k__@% (5.16)

TN = 26,90 (k(;k _p)qc;gk; Wgﬁ [(2k = @)rg) — (k — @)ug} — K gua] (5.17)
Tan " = 2% (5 — mi> €upa (ké — Ljﬁ’“_‘njf (0,95 — ¢°Gu] (5.18)
TS = 26umas(k = p+ q)°k” (2 —2p + g)x (5.19)

(k—p+q)?*—m?
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My 4
Jﬁi)x =3 (B + g) [(2k —p+ @) ulgsy — 2k — p+ q@)aguw — (2k —p + q)u]98,

v 0 L — ol — B
€alys pP'q _gaﬁ + ( p + Q) ( p + Q) (520)
(k—p+q)*—m? m?
J,E?A = —2€xap" (5.21)
The amplitude from diagram (f) is written as
AD = —iC, ey (V)7 (X)) ¢, (5.22)

and represents all short-distance physics not explicitly included in the long-range effective
Lagrangians. From the technical point of view, this term is necessary to absorb the ultraviolet
divergences coming from the loop contribution. Consequently, it depends on the renormal-
ization scale. The main goal of this work is to perform a full renormalization-group (RG)
analysis of this short-distance term, something missing in [37]. The results are presented in

the following chapter.
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Results and Discussion

In this chapter we present the main results of this work. The loop integrals are sim-
plified with Feynman parametrizations, as shown in appendix A. The D-dimensional loop
integration is solved via standard techniques, and we are left with one or two integrations in
Feynman parameters, which are solved numerically with a Gauss-Legendre quadrature. The
results depend explicitly on the renormalization scale p, which has distinct form for each
regularization method adopted. This dependence is made clear in section 6.2, which implies

a different interpretation of the short-distance contributions made in reference [37].

6.1 Decay Width

The formula for two-body partial decay width is well known and can be found in the liter-
ature [13]. When spin polarization in the incoming and outgoing channel are not considered
it can be expressed as follows,

2 2
myx —m
N SV (6.1)

48Tm5

where the total amplitude squared is defined as
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IMP = 7 MM (5050 0)5 ) (el 020 @) (28 (@=1(@)

all pols.

C (P e\ (P :
= M,U/O'/)\’Muo')\ (m— —g ) ( 2 - gﬂ M) <_g>\ A) . (62)

2
X mx

6.2 Long-Range Results

We evaluate the expression (6.1) similarly as done in reference [37], without explicitly
taking into account diagram (f) and using dim-reg with M S. In addition, we present the

same calculation using the PDS scheme.

Modified Minimal Subtraction

I' (KeV)

Figure 6.1: Decay widths of X(3872), calculated in the usual MS scheme.

Figures 6.1 and 6.2 show the results of the decay widths, considering only the long-
range loop diagrams (a)-(e), as functions of the renormalization scale p. At this point the
analyses are similar as in reference [37], that is, we let p vary within a mass range around
myx, and assess the corresponding dependence of the decay widths. The error-bands in
these figures assume an error of 0.2 in the coupling constant x,, = 0.97. This is not the
theoretical uncertainty quoted in reference [37], which is larger, but gives an estimate of the
theoretical error involved in these calculations. Figure 6.1 shows the results using dim-reg
in the usual M S scheme. This essentially reproduces the results of reference [37]. However,

in the PDS scheme the variation of the decay widths are remarkably larger, of the order
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Power Divergence Subtraction

500 "~

—

T (MeV)

1 (GeV)

Figure 6.2: Decay widths of X(3872), calculated in the PDS regularization scheme

of MeVs (compare the vertical scales). Such large u-dependence indicates the need of a
p~-dependent short-distance contact contribution (diagram (f)) in order to guarantee almost
p-independent decay widths.

Since the only experimental information about radiative decays are branching ratios,
we present them in figure 6.3. Although short-distance physics from diagram (f) are not
included, it is interesting to notice that naive dim-reg with MS provides a ratio way below

the observed R ~ 2.46 [33], while in PDS the agreement is easier to accommodate.

Ratio of the Branching Fractions
20071 71 T T 1 T T T T T T

0.1F

2 3 4 5 6 7 8
u (GeV)

Figure 6.3: Ratio of the branching fraction of each one of the radiative outgoing channels
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6.3 R(G-Analysis

The previous section indicates the need of including explicitly the contact interaction
from diagram (f) and perform a careful renormalization-group (RG) analysis of the problem.

Since the decay width I' is an observable, the RG-constraint can be written as

ar
— =0. (6.3)
o

This condition is imposed, numerically, for each decay channel v.J/¢ and ¢ (25). That in-
troduces two p-dependent contact terms, Cjy, and Cyy. It is important to mention that, since

the decay width is proportional to the modulus squared of the amplitude, the condition (6.3)

generates two possible solutions for each contact term. We also impose the experimental con-

— DX @872 7 9(29)] - 9 46 33].

straint, namely, that both decay channels satisfy the ratio R = TR 387255 7701

In figure 6.4 we present our RG-analyses for the short-distance couplings Cj, and Cy.
The left and right pannels correspond to two distinct solutions of equation (6.3). The other
two possible solutions are very similar to these ones. As indicated, each line corresponds to
a different value of the decay width. The four uppermost graphs refer to C},, the coupling
in the J/v¢y channel. The first and the second rows of graphs use the MS and PDS renor-
malization prescriptions, respectively. The four remaining graphs are the equivalent of the
first four for the ¢ (25)v channel.

The general trend is that, in both channels, the pu-dependence is more pronounced in
the PDS scheme (note the different vertical scales). This is somehow expected from the
results of the previous section. Its physical interpretation is that, in PDS, there are relevant
short-distance physics not taken into account by the naive M.S scheme. This short-distance
contribution is as relevant as loop contributions to a point that, as seen in the previous
section, if not present the decay width would be an order of magnitude larger. Such large
cancellations between long- and short-distance terms may be a consequence of an underlying
symmetry and is a question worth pursuing. The p-dependence shown in figure 6.4 may also

be relevant in guiding theoretical models for the short-distance part.
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Figure 6.4: Behavior of the contact terms with p

Another interesting information from this study is that, imposing Cj,; and Cy to be
real numbers gives rise to lower limits on the decay widths. These limits depend on the
renormalization scheme used. One has

(MS) (MS)
FJ/w >25 keV, Fw(zs) > 61.5 keV,

(PDS) 52-(PDS)
P09 >55 kev,  "TD9) > 1353 keV, (6.4)



which may be checked, at least in principle, via experimental measurements.
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Summary and Conclusions

This work presents a study of the radiative decays of the exotic meson X(3872) assuming
a long-range molecular structure and parametrizing the short-distance physics by a contact
interaction.

Initially we present basic concepts about QCD and quark model, putting into perspective
the main motivation of this work, namely, the challenge for hadron spectroscopy to cope with
these new exotic mesons. It was shown experimental findings and previous theoretical works,
specifically for the X(3872) radiative decays. After reviewing basic concepts of scattering
theory and effective field theory, we show how to construct the amplitudes for the radiative
decays from Feynman diagrams with hadronic loops.

The loop diagrams exhibit divergences whose origin comes from summing quantum cor-
rections at all momentum scales. In order to have a renormalizable theory, we use two
different regularization methods, the traditional minimal subtraction (M S) and the power
divergence subtraction (PDS). Both provide a prescription to separate the long-range loop
contribution from the (divergent) short-distance one, the latter being absorbed by a contact-
like Feynman diagram. There is a residual high energy dependence that is represented by
the renormalization scale . MS always provides a logarithmic dependence on i, while PDS
also takes into account the power-law behavior from the superficial degree of divergence,
which in this particular case is quadratic.

Our analyses started by looking at the results only for the long-range contribution of

the Feynman diagrams. We noticed that M S provides a ratio R way below the observed
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experimental value, while PDS could agree with the experimental result within a small range
of . However, we observed a strong variation of the decay widths with the renormalization
scale u, which indicates the need for proper renormalization.

In both regularization schemes the contact term must be included in order to eliminate
the dependence on g of the observables. We use the renormalization group equation, by
imposing that the width is independent of y, that is, the derivative of the width with respect
to p must be zero. We predict the behavior of the contact terms, one for each radiative decay
mode, as functions of the renormalization scale p. This result can assist one who desires to
build a short-range model for the exotic meson X(3872). From the experimental value of the
ratio R and the assumption about the short-distance coupling constants, our RG-analysis
was able to set lower limits on the decay widths, given by equation 6.4.

As mentioned, the RG-results of this work can be used as guide to build models for the
short-distance contributions. An immediate extension of this work is trying to build a simple
charmonium contribution and check if its RG-evolution corresponds to the one observed here.
Another issue that can be addressed is the dependence of the coupling constant among the
X(3872) and the charmed mesons D and D*, equation 5.1, with the renormalization scale
p. In reference [37], this coupling was obtained from a simple relation analogous to the
one from a theory for the molecular X(3872) with only contact interactions, which does not
generate a p-dependence. Including pion exchanges between D and D*, which are subleading
contributions, is likely to induce a p-dependence on this coupling, that should be taken into
account. The analyses done in this work can also be extended to other exotic candidates

with a molecular structure, especially the charged ones.
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Calculation of Loop Integrals

In chapter 5, the amplitudes of radiative decays of X(3872) were constructed in order
to determine the decay width. In this part, we show in details how to calculate these loop
integrals. We use Feymann parametrization to simplify the integrations, then from Cauchy
theorem it is possible to transform from Minkoviski dimension to Euclidan space and solve
the integration for the loop momentum k. Finally we evaluate numerically the integrals on

the Feynman parameters by using the method of Gauss-Legendre quadrature.

A.1 Feynman Parametrization

The Feynman parametrization is a technique that helps the evaluation of loop integrals.
The expressions that we really needed are with two and three denominators, which are
related to the loops with two and three propagators. In this way, the necessary Feynman

parametrizations are

1 ! 1

=TI(2 d , Al
DlDQ ( )A a[(l —G)Dl +CLD2]2 ( )
! r(g)/ d / db ¢ (A.2)

— = a —. :

D1D2D3 0 0 [(1 — G)Dl + a(l — b)Dg + Clng]s
Thus we rewrite the denominator of all integrals as

! / d / db (A.3)

DD, D, ¢ - ZkP )R '
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where P and Y are specific for each diagram in figure 5.1 and depend on the Feynman
parameters. This trick allows us to evaluate the integration in dk by using dimensional
regularization, however we add two more integrals in da and db, which are not easy to solve

by hand, thus we compute these integrals numerically.

A.2 Dimensional Regularization

In this section we explain the method of dimensional regularization (dim-reg), using two
regularization schemes, M'S and PDS. We evaluate the integration in the loop momentum
k. This loop integral varies from zero to infinity, however we are interested just in low
momenta, so that it is necessary to regularize the ultraviolet divergences from the high

values of momentum. The typical integral that we have to evaluate is

APk k.
I = 4—D M1 12 ] A4
a / (2m)D (k2 — 2kP — 3" (A.4)

The terms P and Y are constants in the integration and they depend on each characteristic
loop diagram, D is the number of space-time dimensions, £, is the quadri-momentum in the
numerator, and n is just a natural number, which will depend on the number of propagators
in the loop. p is called renormalization scale, which is introduced when the generalization
to D dimensions in the integration is done.

Using derivative tricks to remove the quadri-momenta from the numerator of the integral,

e / APk ok,
(2m)P (k2 — 2kP — %)n

=P 1 0 0 0 / dPk 1 (A.5)
(N)(N+1)(N +2)..(N +J)(2)! 0P, OP,, 0P,, ] (2m)P (k* —2kP —X)N’ '
where N =n — J. Therefore, the unique integration left in the momentum £ is
dPk 1
Iy = . A.
0 / (2m)P (k2 — 2kP — )N (A.6)
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Rearranging the equation (A.6) in a more convenient way,

Pk 1
I = A.
0 / @2m)P (k2 — A2 +ie)N’ (A7)

where
k> —2kP — % = (k—P)Q— (Z+P2) = k? — A% (A.8)

First, we separate the temporal component of the quadri-momentum k& as follows,

/ dPk 1 _/ dP1k /OO% 1 (A.9)
2m)P (k2 — A2 +ie)N ) 2m)P=t | 27 (k2 — k2 — A2 4 i)V '
Then we use Cauchy’s theorem,

ff(Z)dz =0, (A.10)

for converting from Minkowski dimension to Euclidean space, by changing the integration

path in the complex plane.

Am k

Figure A.1: Complex path of Cauchy integration

According to Cauchy’s theorem (A.10), the sum of all curves in figure A.1 has to be zero:

R Al
o 2 (K§ = W2N — Joppoo 2m (2 =WV i 2w (22 = W2V '

o8



where W2 = k2 + A% — je. If we rewrite the integration in the curves C'1 and C2 (first term
of (A.11) on the right side) as function of R and take the limit R — oo we get that both

these integrals can be discarded, provided N > 0,

dz 1 ™2 ™ | iRe®dd 1
o A Wy A : =0. (A.12
/CHCQ 27 (22 — W2)N e [/0 * /?m/2 o R2N[e26 — W2 /RN ( )
Making z = 7 one gets
o0 4z 1 > dr 1
T TN 5= : Al
/ioo 2m (22 — W2)N ' /oo 2m (—1)N (72 + W2)N (A.13)

In this way, we rewrite the equation (A.9) as

/ dP-1k /°° dko 1 B / dP~1k (1) /00 dr 1
(2m)P=Y J o 21 (k2 — k2 — A2 +ie)N @m)P1" L 21 (T2 WRN

(A.14)

Therefore, it is possible to change from Minkowski’s space to Euclidean’s space. Putting the

equation (A.14) in a more compact way,

"k 1 . ~ [ dPkg 1
/ (2m)P (k% — A% 4-ie)N =i=1) / 2m)D (k2 + A2 — i)V (A.15)

27 T T T
« / i, / 0 sin(0p_») / 0 sin?(0p_s)- - - / d6y sinP2(6,)-- -]
0 0 0 0

2R
_ 1 OO D—-1
= 4mPPr(DJ2) /0 sl (A.16)

With the help of the gamma and beta functions one gets

© D-lgl o T(DJ2)T(N - DJ2)
2/0 Ty — (4" o | (A7)

Thus, the solution for the integral (A.6) is
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/(de 1 o 4—D) (_1)1;72 (AQ)D/2*N F(N_ D/Q) (Alg)

2D (W — 2P —s)F ) gy T(N)

As shown in the expression (A.5) all tensor integrals of the amplitudes (5.14) can be expressed

as derivatives of (A.18). Below we calculate all the necessary derivatives.

A.2.1 Derivatives

Reminding the notation: (4?) =¥ + P? and B =2 — N.

12 Derivative

9 (A%)"
OPm

— B(4))" ' 2P, (A.19)
22 Derivative
92 (A%)P

OPrQPr
+ B (A%)77 ggmme, (A.20)

B(B-1) (AQ)Bi2 22Pu1pu2

32 Derivative

o7 (A2)° DB
OPx19PraQ PHs - B<B_1)<B_2) (A ) 2 PMPMP/%
P3
+B(B—1) (4%)"7 22 [¢"¥2 B, + ¢ P,, + ¢""* P, (A.21)
g 3 g M2 g MlJ. .
gP
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42 Derivative

ot (A%)P
OPHLY) Pr2d PHs Q) Pra

— B(B—1)(B—2)(B-3) (4" 2'P, P,,P,,P,,
~—————

+B(B—1)(B—2) (4" 2

X [ Py (g""2 Py + g"" Py, + g Py,)

+(g#1#4P“2P“3 + QMMPMPM + 9#3“4PM1PM2)]

()
+ B(B —1) (4%)77% 22

X<gm#2gu3#4 + gmusgmm + guwxxgmu:i). (A.QZ)

N

-~

g2

52 Derivative

& (A2)P
QPO Pr2d PHsd Prad Phs

— B(B—1)(B—=2)(B—3)(B—4) (A" 2° P, P,,P,, P, P,

Ps

+ B(B—1)(B—2)(B - 3) (AQ)Bfll ot
x {P,. [P, (g"" Py, + ¢"*3P,, + g"**3P,))
+ (9“1M4PMPM3 + gM2M4PM1 PM:S + gu3M4PM1Pu2)]

+[9”1N5PMQPM3PM4 + QM%PMP/BPM + QNBMSPMPMQPM + gM'%PMlPMP%]}

TV
gPs

+B(B—1)(B-2) (4?7 2

X g (M Py + g By 4 g1 B,

+ ‘PM4 (gﬂll‘29ﬂ3u5 + gl‘1M39N2H5 + gHZ.UBng/LS)

+ [gMIIM (9H21L5PM3 + PM29143.U5) + gM2M4 <g.ulll5PM3 + PMlgH3u5)
+ g (guw:)Pm + nguzus)]

j_P/% (gm,uzguzsm + gulu:sguz,lm + gmmguzm)} . (A23)

g2 P
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A.2.2 Integrals

In this section we use the derivatives from previous section to compute all necessary
integrals. The amplitudes of diagrams (a) — (d) from figure 5.1 have three propagators, thus
n = 3. The integrals of diagram (e) from figure 5.1 have just two propagators, therefore,
n = 2. In this case there are just two integrals to solve, one without any tensor and the other
with two Lorentz indices. We call “order” the number of momentum £, in the numerator of

the integrals. Besides, 1®® and I® correspond to each respective number of propagators.

Order O

The integral 1(53), with three propagators and no momentum £, in the numerator, does

not have any divergence as D — 4 or in any lower dimension.

Pk 1 _ iy (EDY oy pp-n T(N = D/2)
For
n=3 J=0= N =3,
D — 4,
@ _ [ d°k 1 - i
o= / (2m)P (k2 — 2kP — X)3 ~ 2(4m)2(X + P?)’ (A.25)

For the loop integral with two propagators the procedure is similar. However it diverges

when D — 4. Rewriting it as function of e,
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1o - (4;)2 (41_’;2);1‘ <§> (A.26)

The unique divergence observed is when D — 4 =—> ¢ — 0. Thus, one needs to use the

expansion below.

Expansion 1

where we use the modified minimal subtraction scheme (M.S),

MS: A= E +In(4n) + r’(1)1 . (A.28)

(

In this way, the solution for IOQ) is

I = (4;)2 [)\—Hn <Z—Z>} . (A.29)

Order 1

We don’t need to calculate I 1(2), since it does not appear in the amplitude. I{?’) doesn’t

have any divergence.

/ (;iw)kD (= 212}3 —xye =) GO TW = D/2) 1 g y2top  (a30)



d°k k —iP,
= m — [
= / (2m)D (k2 — 2kP — X)n 2 (47)2 (A2) (A.31)

Order 2

Pk kukw o ap ((DNT(N-D/2) 1
/ e e —akP 5 W e T T NV T )

(B(B—1) (4%)"* 2°P, P,

+B (A%)77 ggmmm), (A.32)
Introducing e =4 — D,
(2m)P (k? — 2kP — X)) 22(47m)2 (47)~</2T(N +2)

T (v §) () 0D 2p,

I (N+5-1) (42)" (V5 g, (A.33)

For 12(3) there is a divergent term,
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/ dPk K K _ i e
2m)D (k2 — 2kP — Sy 22 T(3)(4nm)? (47) /2

P (3+1) () 2R R

T (5) (4371 2gme]. (A.34)

Analogously, as done before, we can use the expansion (A.27), together with the M S (A.28),

to write down the final expression for 12(3),

/o _ / dPk Ky Ko _
2 (27)D (k2 — 2kP — ¥)n

2

e | PP - b (G e s

Similarly for I 2(2) ,

/ dPk Ky By B i e
(2m)P (k2 — 2kP —X)* 22 T'(2)(4m)? (4m)=</2
1 (5) (4% 2B, P
T (5 1) (4375 ggme]. (A.36)

Expansion 2
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Therefore, using the expansions (A.27) and (A.37) in both divergent terms of (A.36) we

have

- stapbon ()] fon () e
(A.38)

For this specific case, we notice that if D — 2 the second term of (A.32) is still divergent.
The PDS prescription tells that it is necessary to consider this divergence. Going back to

(A.32) and rewriting it for e = 2 — D, one can find the divergent term,

22(4:;??(2) <4§f§ ) r(3) 2o (A.39)

Using the expansion (A.27) we isolate the divergence, then returning to D — 4,

=" — D4 = —1. (A.40)

2 2
€ 2—D

Therefore, we include a new term in the expression (A.38), which comes from the PDS

scheme. It has a quadratic dependence on the renormalization scale p.

. 2 2
2) ? v 2 Y 2 12
L = SYRUISY] (4@2{ [A+ln (F)} 2°P,, P, + [/\+ln (E) +1] 2(A )gu Iz

+ 2(4W)u2g“1“2}. (A.41)
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Order 3

de kulkuzkm . 4-D (_1)N F(N_D/Q) 1
/ P = 2P -5y W ) T T(N) B NN (N1 D)

{B(B - 1)(B - 2) (AQ)B_g 23PM1PM2PM3

+B(B —1) (42777 22[gmrzp,, + grap,, + g p, ]},

(A.42)
/ de k#lkﬂzkﬂs _ ( 4—D) (_1)N 1 i
2mP (&2 —2kP —x)r W umn)PRT(NV 1 3) 23
{T(N — D/2 +3) (42) "7/ 931 py]
+T(N — D/2+2) (A% NP2 2. (A.43)
For
e=4—-0D,
n=3 J=3 — N=0,
As before, we observe a divergence for Iég) when D — 4 (e — 0),
/ d"k k#lkmkﬂs _ —1 ©
(2m)P (k2 — 2kP — X)3 23 T(3)(4)? (4m)~</2
P (5+1) (435 2ppy
4T (%) (42)79) 22[gp). (A.44)

Expanding the second term of (A.44), with the help of expansion (A.27) and using the M S

scheme, we get
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18 :/ dk Kyus By Ko _
3 (27)P (k2 — 2kP — X)n

W {—% 2°[P]+ A +1n <%)] 22[gP]} : (A.45)
Order 4
de kulku2ku3ku4 _ (. 4—D (_1)N F(N_ D/2> 1
/ BrP 2 — 2P — vy W )R T TN NN T DN L9V £3)

{B(B—-1)(B-2)(B—-3)(4%)"" 2'[P]

B-3

+B(B-1)(B-2) (4" 2[gP)

+ B(B —1) (42)77* 2%[gy]}. (A.46)

/ de k’mk‘mk‘mk’M _ Z( 4—D) (_1)N 1 l
(2m)D (k2 — 2kP — %)" (4m)P2T(N + 4) 24

{T(N — D/2 +4) (42)" P2 911
—T(N — Dj2+3) (4% P9 931 py]

+T(N = D/2+2) (4% VP2 9200y (A.47)

When
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/ d"k k#l ku2 kuskm _ —1 e
(2m)P (k? —2kP —X)» 24 T'(3)(4n)? (4m)—</?

(1) ()6 2igpy
-T (%) (A2)_(§) 23[gP2]

+1(5-1) (42)" ) 920, (A.48)

/ d"k k#l km ku3 ku4 _ —1 I
(2m)P (k? —2kP —X)» 24 T'(3)(4m)? (4m)=</?

(1) (076 2py
1 () () ) 2y

T ﬁr (S5+1) () B 2 (aa9)

The first term of (A.49) does not diverge when D — 4. However the others do. Using the

expansions (A.27) and (A.37) we get

/ dD k kﬂl kﬂ2 kﬂs kﬂ4 _
(2m)P (k2 — 2kP — $)n
2 2

W;@W {% 2'[P)] - [A +In <%>] 2[gPo] — A+ 1+1n (%)] 2% (4?) [92]} -

(A.50)

Again, we find divergences when D — 2. Going back to (A.47), we notice that the third

term is divergent,
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oy 111

IR LEE,

{(D(=D/2+1) (4%) 7Y 226733, (A.51)

Substituting € = 2 — D and using again the expansion (A.27), we do the same as (A.40). In

this way, PDS adds the following term,

) o gy Ll (A.52)
Therefore, the final result for I f’) is
; APk Kk ko,
= /( P (32 — 2hP — 5
24F {Ai “D+n (A2>]23[gp2] A+1+1In <A2)]22 (A2) [92]—u2(47r)22[92]}.
(A.53)
Order 5
de kmkuzkuskuszMS _ 4—D (_1>N F(N_D/2> 1
/ P 2 —2kP -5y W) noE T T(N) BNV T 1)(N +2)(N +3)(N +4)
{B(B—1)(B—2)(B-3)(B—4)(4%)"" 2°[Py]
+B(B—1)(B—-2)(B-3) (4" 2'gPy
+ B(B—1)(B —2) (42" 2%[g,P]}. (A.54)
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/ de k#lk#2k#3k#4kﬂ5 _ i(u4_D) <_1)N 1
(2m)P (k? — 2kP — X)» (47T)D/2 25T(N +5)

{~T(N = D/2+5) (4%)" VP2 95y
+T(N — D/2+4) (A% NP 1 py)

_T(N = Dj2+3) (42) VPP 9810, Pk (A55)

When

dPk kulkmkmkMkus T 1 1
/ P —2kP -5y ) e )
-r(5+1) (42)" (540 991py
+T (g) (42)7(8) 214y
(S -1) (1) 6 Bigry. (A.56)

From expansions (A.27) and (A.37), we get

](3) — / d"k klﬂkuz kusku4kus —
b (27)P (k2 — 2kP — %)3
2 2

(471T)2 25r1<3) {—% 2[Ps] + [A +1In (%)] 2[gPs] + A+ 1+1In (%)] (42) 23[9213].}

(A57)

We use PDS since 1, ég) is still divergent when D — 2. The final result is

71




i :/ "k Ky Kpao K By B _
b (27)P (k2 — 2kP — %)3

P { - % 2[P5] + [\ + In (ﬁ—i)] 2'g Py

+A+1+1n <“—2)] (A%) 2°[goP] + M2(4W)23[92P]}. (A.58)

We replace these results in expressions (5.13) - (5.21). However, still remains integrations
on the Feynman parameters, which are solved via numerical integration with aid of the Gauss-
Legendre quadrature. We also make use of the software Mathematica together with Feyncalc

to manage the extensive combination of the Lorentz indices.
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Constants

The table below shows the adopted values for the constants that are used in this work.

m 1865 MeV

M 2007 | MeV

mx | 3872 MeV

Mg/ 3097 MeV

Mayp(289) 3686 MeV

m, | 1876 | MeV

Bl | 379 | MeV

|Zpe| | 0.97 | GeV™1/2

|g2| 2 GeV’3/2

Table B.1: The constants were extracted from the reference [37].
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