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Power Spectrum Estimators
in Galaxy Surveys

Lucas Frozza Secco

Advisor: Prof. Dr. Luis Raul Weber Abramo

Dissertation presented to the Institute of Physics of the University of

São Paulo as a partial requirement for the title of Master of Science.

Examination Committee:

Prof. Dr. Luis Raul Weber Abramo (IF-USP)

Prof. Dr. Laerte Sodré Jr. (IAG-USP)
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Resumo

No presente trabalho, revisamos o bem estabelecido formalismo de formação de es-

truturas no universo e a fundamentação teórica do espectro de potência da matéria.

Revisamos então a literatura atual sobre estimação do espectro de potência, focando

nos métodos de análise de Fourier que possuem conexão com o formalismo da matriz de

Fisher. Com a mesma motivação, desenvolvemos um conjunto de estimadores para lev-

antamentos de galáxias com múltiplas espécies e testamos eficientemente nossas previsões

em catálogos artificias simplificados. Esse método é adequado parar tratar levantamentos

contendo diferentes espécies de traçadores da estrutura em larga escala, como galáxias,

quasares, sistemas de absorção de Lyman-α, etc. Encontramos boa concordância en-

tre nossas expectativas e os resultados numéricos, e uma notável superioridade do nosso

método quando comparado a outros pré-existentes.





Abstract

In the present work, we review the well established formalism of structure formation

in the universe and the theoretical foundation for the matter power spectrum. We then

review the current literature on power spectrum estimation, focusing on Fourier methods

that have a close connection to the Fisher matrix formalism. With the same motivation,

we develop a set of estimators for surveys with multiple galaxy species and efficiently

test our predictions in simple mock catalogs. This method is suitable for treating surveys

containing different species of tracers of large-scale structure, such as galaxies, quasars,

Lyman-α absorption systems, etc. We find good agreement between our expectations

and the numerical results, and a remarkable superiority of our method when compared

to pre-existing ones.
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expressar gratidão seja tão diminuto. Minha sensação reflete o extremo oposto: poderia

resumir em apenas uma página qualquer contribuição que tenha feito, mas facilmente

cobriria dezenas delas em agradecimentos.

Agradeço primeiramente a Raul Abramo, meu orientador durante essa etapa da pós-
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Chapter 1

Introduction

Modern survey projects and ongoing experiments promise to deliver overwhelming quan-

tities of data with breakneck speed. With different strategies, the current, state-of-the-art

astronomical instruments will play a crucial role in unveiling fundamental characteristics

of the cosmos and explaining a plethora of astrophysical processes that populate it.

Different observational techniques will be employed by many groups and collaborations

across the world, many of them already taking and analyzing data. Even though ingenuity

is a common feature among all different instruments, the science that can be done with

each of them varies significantly.

The current generation of astronomical instruments consist of broad-band ([1, 2, 3]

Pan-STARRS1) and narrow-band imaging [4], with spectroscopic follow-ups in a number

of them ([5], eBOSS2), as well as high-performance space missions (JWST3, [6]) which

combine a set of instruments for both imaging and spectroscopy. The CCD technology of

these experiments’s respective cameras has evolved to a point where the typical number

of pixels is of around several hundred Megapixels to a few Gigapixels.

The upcoming large-scale structure surveys with such instruments will cover typical

areas of around 10,000 square degrees, a significant fraction of the whole sky, and will

easily gather tens of Petabytes of data after a few years. The predicted number of observed

objects is also enormous: J-PAS alone expects to obtain images and photometric redshifts

for 14 million early-type, luminous red galaxies (LRG), as well as several million AGNs

and quasars, and many millions of other galaxies.

Not only these promising surveys cover a broad area, they go also very deep in redshift.

This combination will enable the exploration of the universe not only in its spatial domain,

but also in its history and evolution in time. As another example, J-PAS expects to observe

galaxies up to z ≈ 1.3, emission-line galaxies up to z ≈ 2.5 and quasars up to z ≈ 6. As

1http://pan-starrs.ifa.hawaii.edu/public
2https://www.sdss3.org/future/eboss.php
3http://www.stsci.edu/jwst/doc-archive/white-papers
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a simple comparison, a redshift of z = 1 corresponds to 6 billion years into the past, and

the images of the furthest objects in the Hubble Ultra Deep Field, star-forming galaxies

at z ≈ 8 [7], correspond to looking 13 billion years back in time – when the universe itself

was only around 800 million years old. In other words, we are about to map larger and

larger fractions of the observable universe.

The complication introduced by such powerful instruments, however, is the unavoid-

able need for sophisticated and efficient data analysis tools and, at least ideally, complete

control over systematic effects that will likely undermine eventual conclusions. As a con-

venient example, the statistical method previously used for power spectrum estimation

had to change from a direct Fourier sum to modern implementations of Fast Fourier

Transforms (FFTs), which will be thoroughly explained in the following sections.

Different observational techniques and astrophysical observables have, each of them,

different systematic effects to be taken into account. These characteristics are specially

relevant for measurements of the large-scale distribution of matter across the universe. A

brief description of these observables is listed in the rest of this section.

Firstly, from an observational point of view, one could say that the more natural tracers

of large-scale structure (LSS) are galaxies themselves. Even though their sheer numbers

and spatial densities are of major importance for cosmological LSS studies, it is becoming

ever more appealing to consider also their diversity of types. The reasons for this will

become clear throughout the present work. A precise determination of the position of

every galaxy in a survey is perhaps the number one challenge in this context. Broad-

band and, to a lesser extent [8], narrow-band imaging (1.1), bear an inherent uncertainty

in the determination of redshifts, and, therefore, of radial positions. With only a few

known points in the spectral energy distribution (SED), specific emission lines must be

inferred and then a photometric redshift (photo-z) – hopefully an accurate estimate of

the true redshift – can be obtained. Different strategies are currently used to infer the

photo-z of an object, as extensively studied by [9]. The alternative method, employing

spectroscopy in redshift surveys, goes around this problem and provides highly accurate

redshift determinations. The drawback is that spectroscopy generally takes much longer

to be carried out, which translates into fewer observed galaxies and poorer statistics than

photometric surveys.

In sufficiently dense environments, galaxies clump together to form galaxy clusters.

Clusters are interesting for cosmologists for a number of reasons. Their hot gas component,

for instance, can be observed in X-ray and analyzed along with the Cosmic Microwave

Background (CMB) through the kinetic Sunyaev-Zeldovich effect [10]. Also, the most

massive ones betray the position of the largest dark matter haloes, which would be other-

wise unobservable. Additionally, cluster counts conveniently probe both the growth rate

of density perturbations and the geometry and expansion rate of the universe [11], making
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Figure 1.1: The J-PAS filter system as presented in [4]. Tens of narrow filters (FWHM
of 145Å) cover the visible spectrum, while another 2 broad-band filters cover the infrared
and ultraviolet.

it a powerful observational tool.

The largest baryonic component of the universe, neutral hydrogen, also traces the den-

sity field across the universe. Upcoming experiments such as [SKA4,CHIME5,[12]] will

map the position of large hydrogen clouds even in the neutral regime of the primordial

universe, before reionization. The rest-frame characteristic wavelength of neutral hydro-

gen is the 21cm line, emitted from the transition between hyperfine energy levels of the

H atom. For being such a ubiquitous component and for having a transition line which

is believed to be exactly the same all over the universe (see, for instance, [13] for bounds

on the variation of the fine-structure constant), a representation of the hyperfine transi-

tion was even inscribed in the Pioneer plaques launched in the 1970’s (figure 1.2). The

radio-telescopes employed in this field consist of large dishes to collect radiation with a

characteristic wavelenght of a few meters. The statistical methods of analysis in 21cm

radiation science is actually a mixture of galaxy power spectrum techniques for low red-

shifts, where neutral hydrogen clouds are found mostly within galaxies, therefore sparsely

accumulated, and CMB power spectrum techniques for redshifts close to reionization,

where hydrogen is spread and broadly distributed.

Lyman-α forests, which are dense sequences of absorption lines in frequencies higher

than the Lyman-α emission line of distant galaxies and quasars, are also powerful tracers

of neutral hydrogen clouds, and also probe the reionization epoch through the Gunn-

Peterson trough.

4https://www.skatelescope.org/
5http://chime.phas.ubc.ca/
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Figure 1.2: Left panel: The representation of the 21cm hiperfine transition as depicted
by Carl Sagan and Frank Drake, inscribed in the Pionner plaques in the 1970’s. Right
panel: the Canadian Hydrogen Intensity Mapping Experiment (CHIME).

Other astrophysical observables, even though not tracing large-scale structure directly,

are extremely useful in cosmology. In the late 1990’s, for instance, a great discovery came

from the study of type I-a supernovae (SNIa) [14, 15], which was later honored with the

Physics Nobel Prize. Analyzing several tens of SNIa and making use of the fact that

their light curves (i.e. the evolution of their apparent magnitudes during their lifetime)

are standardizable, Schmidt, Perlmutter, Riess and others showed that the universe is in

accelerated expansion, and that some strange energy component, later called dark energy,

is responsible for this – or, strictly speaking, that the distance moduli of the observed SNIa

were dimmer than they would be in an Einstein-de Sitter universe, and that a Ωm ≈ 0.2,

ΩΛ ≈ 0.8 universe with an FRLW metric was a best fit to data (figure 1.3).

Figure 1.3: The Hubble diagram for the 42 SNIa detected by the Supernova Cosmology
Project [15], where the best fit is a universe with a cosmological constant.

Another landmark in the cosmological scenario of the last few decades is the set of

compelling evidences for dark matter [16], most likely in the form of a weakly interacting

massive particle (WIMP). The excessive velocity in the rotation curves of spiral galaxies
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[17] and the obervations of the bullet cluster [18] (figure 1.4) are perhaps the most striking

evidences for our current paradigm.

Figure 1.4: Left panel: the measured rotation curve (black dots) cannot be explained
by luminous matter and gas (dotted and dashed curves respectively). An unobservable
dark halo (dot-dashed curve) is also necessary. Extracted from [17]. Right panel: hot
gas (red) as mapped by its X-ray emission seems disrupted by the collision, while in
blue is the dark matter halo, which emerged unscathed form the collision, mapped by
gravitational lensing of the background galaxies. Composite image from [18].

One could not forget to mention also the modern and past CMB experiments. Since

the accidental discovery in 1964 of the cosmic microwave background by astronomers Pen-

zias and Wilsion, later honored with the Physics Nobel Prize in 1978, the experimental

methods have grown in complexity, reaching sensitivities of a few nK. Space missions

[COBE, WMAP, Planck] have estimated with great precision and accuracy the back-

ground temperature and the CMB angular power spectra, confirming predictions of the

standard model of cosmology which quickly became landmark discoveries. In fact, CMB

played a crucial role in establishing the standard model as such, being perhaps the most

important probe in the history of the field. The geometrical flatness of the universe, the

near-perfect blackbody spectrum of the background radiation, the validity of Big Bang

Nucleosynthesis (BBN), the oldest snapshot of the universe at z ≈ 1000, just to list a few,

are remarkable byproducts of the endeavor of the scientific community to understand and

explore CMB.
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Chapter 2

Structure in the Universe

2.1 The Smooth Universe

The standard model of cosmology slowly began taking its current form after Einstein’s

general theory of relativity was recognized as a useful framework to describe the large-

scale universe. In short, the current paradigm has a hot Big Bang as origin, followed by a

period of cosmic inflation that leads to a spatially flat, isotropic and homogeneous FLRW

universe, composed of cold dark matter, dark energy, baryons, photons and neutrinos,

with general relativity connecting the dynamics of these components with the metric.

Even though experimental results in general agree with that scenario, the physics

involved is not cast in stone, in the sense that each single part of this “vanilla” description

are still active research fields.

The Einstein field equations (EFE) of GR can be given some motivation, but must

ultimately be postulated [19]. In units of ~ = c = kB = 1, which will be used throughout

this work, the EFE read

Gµν ≡ Rµν −
1

2
gµνR = 8πGTµν . (2.1)

It is said that the left-hand side of this equation contains information about the ge-

ometry of spacetime, with Gµν being the Einstein tensor, Rµν the Riemann tensor, R the

Ricci scalar and gµν the metric tensor. The right-hand side regards the energy and matter

content in it, where G is Newton’s gravitational constant and Tµν the energy-momentum

tensor. Here greek indexes range from 0 to 3, encoding the 3+1 dimensions, and latin

indexes, when they appear, refer strictly to the spatial dimensions 1 to 3. The energy-

momentum tensor effectively includes an important term proportional to Λgµν , which will

be made explicit shortly.

To solve the EFE is to obtain a relation between the metric tensor and the energy-

momentum content. We make a few assumptions about the underlying characteristics of
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such relation and proceed to solve equation (2.1). Indeed, our asumptions should later be

tested against observations.

The simplest 4-dimensional, constant and flat metric tensor is diagonal and, to prop-

erly reproduce the spacetime invariant of special relativity ds2 = −dt2 + dx2, should be

defined as ηµν = diag[−1, 1, 1, 1], also known as Minkowski’s metric. If we want the spatial

components of this flat metric to represent an expanding space, we can define comoving

coordinates which, for the sake of simplicity, factor out this expansion from the physical

coordinates ~r and introduce a fixed coordinate system ~x. In other words, we define the

comoving coordinates ~x such that ~r = a(t)~x, where a(t) is the scale factor. We then

rewrite an expanding version of ηµν as

gµν =


−1 0 0 0

0 a2(t) 0 0

0 0 a2(t) 0

0 0 0 a2(t)

 . (2.2)

Equation (2.2) is known as the Friedmann-Lemaitre-Robertson-Walker metric, and

readily encapsulates the very reasonable assumption that the universe is isotropic and

homogeneous, i.e., that the universe as observed from our point in space is, on average,

no different than what a distant observer in another galaxy would find. The FLRW is

indeed more complicated for a spacetime with an arbitrary geometry, – a geometrically

open or closed universe – but equation (2.2) suffices for the present work.

Our next assumption is that the energy-momentum content of the universe is similar

to that of a perfect fluid. In this case, T µν = diag[−ρ, p, p, p], where ρ is the density of the

fluid and p its pressure. Here we are also using Einstein’s summation convention and the

usual identity between vectors and 1-forms Aµ = gµνA
ν .

We now have a physical motivation for both sides of eq. (2.1). Solving the EFE now

means solving a set of differential equations for the scale factor a(t). Substituting the

T µν for the perfect fluid on the right-hand side and (2.2) on the other one, and using

the definition of Gµν [20], we find 2 independent differential equations for a(t), known as

Friedmann Equations:

H2(t) ≡
(
ȧ
a

)2
= 8πG

3
ρ

ä/a = −4πG
3

(ρ+ 3p) ,
(2.3)

where we have defined H(t) ≡ ȧ/a as the Hubble parameter. The first equation can be

rewritten for the current time t = t0 as ρcrit,0 = 3H2
0/8πG ≈ 2.77 × 1011 h2 M�Mpc−3 ≈
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10−30g/cm3, which is called the critical density, and where subscripts 0 mean current time

(t = t0) quantities. The physical meaning of ρcrit is better understood when we consider

a universe with an arbitrary geometry, in which case the critical density is the value for

which the universe is flat.

Now, considering a universe composed of several different perfect fluids is equivalent

to writing ρ(t) =
∑

i ρi(t). We can then rewrite the first equation of (2.3) as

H2(t) = H2
0

∑
i

ρi(t)

ρcrit,0

. (2.4)

Right now, we just lack an understanding of how the densities ρi(t) evolve with time.

To sort this out, let us consider the expansion of the universe to be approximately adia-

batic. This assumption holds quite well during epochs distant enough from the transition

between the domination of different components. Following this idea, we have, for an adia-

batic process, dE = d(ρV ) = −pdV . However, since V ∝ a3(t), we have d(ρa3) = −pd(a3)

and then a3dρ+ 3ρa2da = −3a2p da which finally yields

∂ρi
∂t

+ 3H (1 + wi) ρi = 0, (2.5)

where wi = pi/ρi is the equation of state parameter for the fluid i. It can be readily

checked that, with initial conditions ρi(t = t0) = ρ0, equation (2.5) is solved by

ρi(a) = ρi,0a
−3(1+wi). (2.6)

One can also consider two photons, following null geodesics, i.e. with null relativistic

invariants ds2, the first emitted at te and observed at to and the second emitted at te+δte

and observed at to + δto, but traveling the same comoving distance. In this case, ds2 =

−dt2 + a2dx2 = 0 implies ∫ to

te

dt

a(t)
=

∫ to+δto

te+δte

dt

a(t)
. (2.7)

Regarding δt � t, the previous equation is equivalent to writing λe/λo = a(te)/a(to)

(since cδt = λ, but recall that we define c = 1). Finally, defining the redshift z as the

relative variation of the photon’s wavelength, we find a useful relation between the scale

factor, which is an unobservable quantity, and a measurable wavelength shift

1 + z =
λ0

λe
=

1

a
, (2.8)
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where we also used a(t0) = 1.

Using equation (2.8), we can rewrite (2.6) as

ρi(z) = ρi,0(1 + z)3(1+w). (2.9)

The question to be asked now is what are the wi for each component of the universe’s

energy-momentum budget. Matter, which can be treated as dust, is a pressureless fluid,

so w = 0. For radiation, the statistical mechanics of a photon fluid yields w = 1/3.

A third component, of yet unexplained origin, which we currently call dark energy, and

forces the universe to expand, can also be treated as a perfect fluid, with w ' −1 [21].

Going back to equation (2.4) and introducing the density parameters

Ωi(t) ≡
ρi(t)

ρcrit,0

, (2.10)

we can finally write the first Friedmann equation in a very convenient way as

E(z) =
H(z)

H0

=
[
Ωr,0(1 + z)4 + Ωm,0(1 + z)3 + ΩΛ

]1/2
. (2.11)

One can also note from eq. (2.4) that, at t = t0,

Ωr + Ωm + ΩΛ = 1. (2.12)

The power of the Friedmann equations relies on the fact that, given a set of reasonable

and simplifying assumptions, the expansion history of the universe and the energy den-

sity of all its components are uniquely determined. The assumptions employed should,

obviously, be minutely tested. As an example, one can carry out a straightforward inte-

gration to determine the solution a(t) for the case of a flat universe with matter as its

only component, also known as an Einstein-de Sitter universe:

a(t) =
3

2
H0Ωmt

2/3. (2.13)

Another important relation we get from the Friedmann equations is the redshift-

distance relation, which tells us how the comoving distance out to redshift z, which we

shall call χ(z), depends on the cosmology. For an object at redshift z, this relation is

χ(z) =
1

H0

∫ z

0

dz′

E(z′)
, (2.14)
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where H0 = 100hMpc−1km s−1 in conventional units. Here h is a dimensionless factor

which represents our ignorance of the correct value. Recalling that light follows the null

spacetime trajectory ds2 = 0, we can also define the conformal time as the total comoving

distance light could have traveled out to time t, which is nothing more than the integrated

dx = dt/a(t) (recall that c = 1):

η(t) =

∫ t

0

dt′

a(t′)
. (2.15)

The quantity η monotonically increases with time and has a very interesting physical

meaning: it determines the size of the comoving horizon. If two objects lie at a distance

greater than η, there will be no causal contact between them at instant t, assuming that

the expansion started at t = 0.

For completeness, the reader can refer to [22] for other important definitions of cos-

mological distances such as the angular diameter distance and the luminosity distance.

One final remark is necessary. Equation (2.6) shows that radiation and matter evolve

differently, so we expect them to contribute in different proportions to the energy budget

of the universe. Since ρr ∝ a−4 for radiation while ρm ∝ a−3 for matter, the further we

look into the past, the more radiation will dominate over matter 1. We call this regime

radiation domination era. Conversely, when (mostly dark) matter dominates, we say it is

the matter domination era. As will become clear shortly, this has a great impact on how

structures evolve in the universe.

Of course, there should be an aeq ≡ a(t = teq) such that the energy of radiation and

matter are equal. Taking into account the effective number of neutrino species and the

current cosmic background temperature, we can equate Ωm = Ωr to get

aeq ≈
1

4000
, (2.16)

which also yields, for the useful case of a flat universe containing only dark matter and

radiation,

keq = H0

√
2

Ωma0

aeq

= 0.072 Ωm h
2Mpc−1. (2.17)

2.2 The Inhomogeneous Universe

Until now, we’ve been describing the physics of a smooth universe. It is smooth in the

sense that all of its components are perfect fluids without any clumpiness. The density

1For a brief discussion on the kind of physics that will emerge as a consequence, see Appendix A.



12 Structure in the Universe

of each fluid in any point of space is precisely the average density over all space.

This smooth FLRW universe, however, won’t generate the kind of structures we ob-

serve in nature. Matter, for instance, clumps in scales that span many orders of magnitude,

from a few atoms/m3 in the intergalactic medium to 1017 kg m−3 in neutron stars. The

unperturbed universe is clearly not rich enough to describe this variety of environments.

In this section, we will consider a flat universe which contains only dark matter and

radiation. The contribution of baryons will be neglected. We will introduce perturbations

in the radiation and matter densities and see how they evolve in time. The matter and

radiation domination epochs described in the previous section will be useful here: we can

mostly neglect radiation in the matter domination period and vice-versa.

We should keep two things in mind: first, gravity is a “greedy” force. Without an

external agent, even small overdensities will tend to colapse and attract matter towards

them. The second thing is that radiation has pressure, while matter hasn’t. This means

that when the photon bath in the universe is too hot, it can erase and smooth out

overdense regions. These forces are thus competing against each other in the scenario of

structure formation.

We can already guess that aeq will be an important quantity in what follows: the

domination of matter over radiation or vice-versa will explicitly tell whether gravity or

pressure wins the fight. Also, since we’re dealing with an expanding universe, the charac-

teristic length of perturbations will be important to determine how they evolve. Suppose

a perturbation with a very long wavelength (we are implicitly describing these perturba-

tions in Fourier space) emerges when the universe itself is much smaller than it. In this

case, we say that this mode has not yet entered the horizon, 2 or that it’s super-horizon.

Accordingly, short wavelength modes will enter the horizon much earlier in the history of

the universe. It is then called sub-horizon.

An important aspect of this section is that we will assume the primordial universe is

already, in fact, slightly inhomogeneous. There is a large, rich branch of cosmology that

describes how this is possible, and inflation [23] is perhaps the most succesful of these

theories of the primordial universe. Further detailing is beyond the scope of this work.

The gravitational potential Φ will respond to the distribution of matter and radiation.

Since in general the potential will also affect them, the evolution of all these quantities

will be coupled. To step away from the smooth universe, we must define perturbation

quantities. The gravitational potential Φ itself will be one of them. We will also have the

radiation temperature contrast field Θ = ∆T/T̄ , the matter density contrast δ = ∆ρ/ρ̄

2For the sake of all the beginners who, like the author, struggled to make sense of this abstruse jargon:
“entering the horizon” means that the perturbation as a whole is in causal contact. It will then evolve
according to the state in which the universe is. Before that, when this same perturbation was “super-
horizon”, the lack of causal contact would keep it from “feeling” the epoch of the universe and evolving
accordingly.
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and the peculiar velocity of matter v. We perturb the smooth metric tensor (2.2) by

introducing two potentials:

gµν =


−1− 2Ψ(~x, t) 0 0 0

0 a2(1 + 2Φ(~x, t)) 0 0

0 0 a2(1 + 2Φ(~x, t)) 0

0 0 0 a2(1 + 2Φ(~x, t))

 . (2.18)

Although this could have been done in a number of ways, we chose this specific one for

the simplicity of keeping the metric tensor diagonal. Also, for now we will differentiate

between Ψ and Φ, but later on we will take them to be the opposite of each other, based

on physical arguments.

We will write the perturbation solutions in term of Φ. Since the present-day matter

distribution traces it very accurately, we can (and certainly will) use redshift surveys to

compare the real world with our theoretical expectations. The link between theory and

observations is the purpose of this whole section.

Schematically, we can write the potential as

Φ(~k, a) = Φp(~k) [Transfer function(k)] [Growth function(a)] = Φp(~k)T (k)
D1(a)

a
. (2.19)

Here, Φp(~k) is the primordial inhomogeneity, which we are taking for granted. The transfer

function is the part that carries information about when different modes will enter the

horizon – before, approximately on or after aeq. For convenience, we define the growth

function as D1(a)/a because, as it will become clear, the potential is a constant for a� aeq

and a� aeq and D1, which is actually the factor by which the matter overdensities grow,

is roughly proportional to a. In other words, D1(a) is the part that carries our notion

that matter will tend to accumulate due to gravity. Formally, we define

T (k) =
Φ(k, alate)

ΦLS(k, alate)
(2.20)

D1(a)

a
=

Φ(a)

Φ(alate)
, (2.21)

where alate is much later than the regime during which the trasfer function acts, – recall

that it will “kick in” only during horizon crossing – and ΦLS is the primordial potential

decreased by a small amount, a factor of 9/10 as we shall soon show.

Now, Φp(~k) is essentially stochastic, which is perfectly reasonable. If it was not this

way, the initial potential would be deterministically defined over all space (and therefore

k-space), and we would be able to predict the position of every single overdensity in
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the universe. In other words, we would have an infinitely fine-tuned – and infinitely

unappealing – theory of the primordial universe. The goal of such theories is exactly the

opposite: to simplify the initial conditions.

What we must actually do, then, is predict observables in terms of statistical moments

of the potential. We define the power spectrum of a stochastic variable in Fourier space,

in this case Φ(~k, a), as the second moment of its distribution:

PΦ =
〈∣∣Φ2

∣∣〉 . (2.22)

The power spectrum of the matter density contrast δ is then〈
δ(~k, a) δ∗(~k′, a)

〉
= (2π)3δ(~k − ~k′)P (k, a), (2.23)

where we explicitly dropped the directional dependence of P on ~k on the basis of isotropy.

Finally, δ relates to eq. (2.22) through the Poisson equation in Fourier space (for late

time, large-k and no radiation limit):

Φ =
4πGρma

2δ

k2
, (2.24)

which, together with eqs. (2.10), the first (2.3) and (2.19), reads

δ(~k, a) =
3

5

k2

ΩmH2
0

Φp(~k)T (k)D1(a). (2.25)

The bottom line here is: if we have a good description for what the transfer and growth

functions are, we can use eqs. (2.25) and (2.23) to compare theory with observations.

The ultimate goal of the present work is to obtain P (k) directly from observations. First,

however, we need to know what to expect from T (k). The rest of this chapter is dedicated

to that.

2.2.1 Evolution Equations

We shall begin by deriving the general evolution equations for cold dark matter (CDM)

and radiation. For CDM, we will use the fluid mechanics approach. This can be made

easy by the fact that dark matter is pressureless and cold (non-relativistic). For the

(Newtonian) fluid mechanics description, we will need a generalized version of the Euler

equation for the conservation of energy and momentum, and another for continuity.
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The generalized continuity equation is

∂ρ

∂t
+

1

a
~∇(ρ~v) + 3

(
H +

∂Φ

∂t

)
ρ = 0, (2.26)

which properly reduces to eq. (2.5) when the perturbations, given by ~v and Φ, are

neglected. Here ρ represents the density of dark matter alone, as previously explained.

To introduce the density perturbation, let

ρ ≡ ρ̄(1 + δ),

where ρ̄ is the unperturbed matter density, a zero-order quantity in terms of the pertur-

bation. Since we want to deal only with first-order perturbations, we replace by ρ̄ the ρ

factors in equation (2.26) that are already multiplying the first order quantities ~v and Φ,

and by ρ̄(1 + δ) the other ones. The result is

∂ρ̄(1 + δ)

∂t
+

1

a
~∇(ρ̄~v) + 3Hρ̄(1 + δ) + 3

∂Φ

∂t
ρ̄ = 0.

To obtain the purely first-order terms, we subtract the zero-order continuity equation

from the perturbed one and, dividing by ρ̄, we finally have

∂δ

∂t
+

1

a
~∇.~v +

∂Φ

∂t
= 0. (2.27)

In the same spirit, the generalized version of the Euler equation is

∂(ρv)

∂t
+ 4Hρv +

ρ

a
~∇Ψ = 0. (2.28)

Since none of the terms in the above equation is of order zero in the perturbations, we

can simply replace ρ→ ρ̄, use the usual zero-order relation (2.5) and then divide by ρ̄ to

arrive at
∂v

∂t
+Hv +

1

a
~∇Ψ = 0. (2.29)

Equations (2.27) and (2.29) describe the evolution of dark matter. We now want a set

of equations to describe the evolution of radiation. The newtonian approach would only

be useful in this case if we tackled the relativistic formulation of fluid dynamics. Another

way to proceed, however, is to try and describe the evolution of the distribution function

for radiation. Appendix A briefly describes various phenomena in the thermal history

of the universe which cannot be explained with equilibrium thermodynamics. What we

want, then, is to use the Boltzmann equation

df

dt
= C [f ] . (2.30)
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The left-hand side of eq. (2.30) expresses the variation in time of the distribution func-

tion f = f(~x, p, t), where p is the momentum of the photons. The perturbed distribution

function is given by

f(~x, p, t) =
1

exp
[
p/T̄ (1 + Θ)

]
− 1

, (2.31)

where Θ = ∆T/T̄ , in the same way we did with the matter density perturbations. The

right-hand side of eq. (2.30) is a functional of f which comprises all possible interactions

(collision) terms. Generally, we would introduce the Compton scattering terms in this side.

However, since we intend to deal with radiation in a broad sense, which includes neutrinos

too, and we want both photons and neutrinos to follow the same evolution equations, we

will disregard these scattering terms. In other words, we will neglect variations in optical

depth.

The left-hand side can be rewritten as

∂f

∂t
+
∂f

∂xi
dxi

dt
+
∂f

∂p

dp

dt
. (2.32)

From the geodesics of the photon we can determine dxi/dt, and from the dynamics in the

perturbed metric we determine dp/dt. We get

dxi

dt
=
p̂i

a

dp

dt
= −p

[
H +

∂Φ

∂t
+
p̂i

a

∂Ψ

∂xi

]
.

The physical meaning of dp/dt is that the photon will gain energy when falling into

potential wells and lose it once it emerges. Using the functional form (2.31) we can derive

the other terms in (2.32). The first-order part is then given by

df

dt
= −p∂f

∂p

[
∂Θ

∂t
+
p̂i

a

∂Θ

∂xi
+
∂Φ

∂t
+
p̂i

a

∂Ψ

∂xi

]
. (2.33)

Since we are neglecting the collision term, it suffices to equate (2.33) to zero. By doing

this, we get the evolution equation for radiation in first-order perturbation theory:

∂Θ

∂t
+
p̂i

a

∂Θ

∂xi
= −∂Φ

∂t
− p̂i

a

∂Ψ

∂xi
. (2.34)

We just need one more equation to close the set of perturbation equations we need to

describe the universe, along with (2.27), (2.29) and (2.34). That would be a generalized

version of the Poisson equation, which we can get from the Einstein equations (2.1) in

the perturbed metric. After calculating the connections, the Riemann tensor and the
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Ricci scalar for the metric (2.18) 3 and the energy-momentum tensor, the “00” Einstein

equation yields

k2Φ + 3
ȧ

a

(
Φ̇− ȧ

a
Ψ

)
= 4πGa2 [ρdmδ + 4ρrΘ0] , (2.35)

or, in a useful algebraic form, without derivatives but carrying the same information,

k2Φ = 4πGa2

[
ρdmδ + 4ρrΘ0 +

3aH

k
(iρdmv + 4ρrΘ1)

]
. (2.36)

In both (2.35) and (2.36), for convenience, we are using dots to denote derivatives

with respect to the conformal time defined in (2.15). The final step is to express (2.27),

(2.29) and (2.34) also in conformal time and Fourier space. We can separate (2.34) in its

monopole and dipole terms (respectively Θ0 and Θ1), which is the same we already did in

eqs. (2.35) and (2.36), through multiplication by Legendre polynomials and integration.

One more thing is that we will set Ψ = −Φ, which means we will neglect higher moments

of the photon distribution4. The final set of equations is:

Θ̇0 + kΘ1 = −Φ̇ (2.37)

Θ̇1 −
k

3
Θ0 = −k

3
Φ (2.38)

δ̇ + ikv = −3Φ̇ (2.39)

v̇ + ȧv = ikΦ, (2.40)

and recall that we have 2 choices for the generalized Poisson equation that closes our set

of 5 perturbed quantities and 5 equations: (2.36) or

k2Φ + 3
ȧ

a

(
Φ̇ +

ȧ

a
Φ

)
= 4πGa2 [ρdmδ + 4ρrΘ0] , (2.41)

which is exactly (2.35) with the Ψ = −Φ approximation. We can finally start to under-

stand how different scales evolve and find the transfer function.

2.2.2 Large Scales

As the universe expands, so does its comoving horizon η. The expansion also slowly

changes which component dominates the energy budget of the universe. As we were pre-

viously discussing, a perturbation mode starts entering the horizon when its characteristic

length is close to the horizon size. Since large scales correspond to very long wavelength

3Which is a once-in-a-lifetime effort, then one is allowed to cheat and copy the final results for the
rest of his/her life.

4In other words, we are neglecting any kind of anisotropic stress in the distribution of the components.



18 Structure in the Universe

modes (therefore small k), we expect these modes to enter the horizon relatively late in

the history of expansion. The meaning of “late” here is a(tcrossing)� aeq. In other words,

we will start dealing with modes that enter the horizon during the matter domination

epoch.

During the radiation and equality epochs, then, these modes are super-horizon. We

will track the evolution of the potential before the perturbations enter the horizon, and

then through horizon crossing.

Much before entering the horizon (for very large scales), since η is the size of the size

of the horizon itself, it is valid to assume that kη � 1 for these modes, so we can start by

neglecting all terms with k in the equations (2.37)-(2.40). Since (2.36) has terms which

are inversely proportional to k, we will use equation (2.41). The relevant equations are

(2.41) and

Θ̇0 = −Φ̇ (2.42)

δ̇ = −3Φ̇. (2.43)

Eqs. (2.42) and (2.43) tell us that δ − 3Θ0 is a constant, which we know is zero from

initial conditions. Setting δ/3 = Θ0 and defining a new evolution variable y ≡ a/aeq =

ρdm/ρr, such that
d

dη
=
dy

dη

d

dy
= aHy

d

dy
,

the Einstein equation becomes

3
ȧ

a

(
Φ̇ +

ȧ

a
Φ

)
= 4πGa2ρdmδ

[
1 +

4

3y

]
. (2.44)

We want a differential equation that decouples the system. We can do that by differ-

entiating one of the two first-order equations, then plugging it into the other will yield

a second-order equation. Doing this and changing derivatives with respect to η, denoted

by dots, by derivatives with respect to y, denoted by primes, we have the second-order

equation for the potential given by

Φ′′ +
21y2 + 54y + 32

2y(y + 1)(3y + 4)
Φ′ − Φ

y(y + 1)(3y + 4)
= 0. (2.45)

The relevant solution to this equation was found by [24]:

Φ =
Φ(0)

10

1

y3

[
16
√

1 + y + 9y3 + 2y2 − 8y − 16
]

(2.46)

Taking the limits correctly, we see that the Φ→ Φ(0) when y is small, and Φ→ 9/10 Φ(0)

when y � 1, after equality. This is the origin of the factor of 9/10 explained in the

beginning of the section.
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Solution (2.46) is valid only for super-horizon modes. For late times, we just showed

that the potential remains constant. In these late times, radiation can safely be neglected

since we are in the matter domination epoch. To solve our set of equations (2.37)-(2.40)

for this different regime, we will disregard both radiation equations and use the algebraic

Einstein equation (2.36). We then have

δ̇ + ikv = 0 (2.47)

v̇ + aHv = ikΦ (2.48)

k2Φ =
3

2
a2H2

[
δ +

3aHiv

k

]
, (2.49)

and from the previous case for a super-horizon mode, we expect that a solution for the

potential will be a constant. Indeed the above set can be rearranged in order to get a

differential equation of the form αΦ̈+βΦ̇ = 0, for a which a constant Φ is a solution. The

conclusion is that Φ = 9/10 remains constant during the matter domination for the large

modes. We could then say that the power spectrum is roughly scale-independent for this

regime.

Conceptually, we had already realized that the scale up to which this conclusion holds

is approximately given by eq. (2.17). If the potential is constant, it means that P (k) ∝
k with the initial conditions given by inflation, which is called the Harrison-Zel’dovich

spectrum. A constant potential also means that

δ ∝ a,

and the consequence for T (k) is that it will be constant for the large scales we are dealing

with. We will now investigate the small scales (k > keq) of the spectrum.

2.2.3 Small Scales

The fundamental difference now is that the modes we will deal with are small enough so

that they enter the horizon during the radiation epoch, i.e. when a < aeq. Since in this

case super-horizon modes will not have much time to evolve, we will study the cases of

modes entering the horizon during the radiation domination, and modes already inside

the horizon when a = aeq.

Analogously to what we did for the matter domination epoch, here we will disregard

the contribution of δ to the potential. Even though matter will be influenced by the

potential, it won’t influence it in this epoch.

We start by taking equation (2.36) without the matter source terms and use it to
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eliminate Θ0 from (2.37) and (2.38). We are left with

− 3

kη
Θ̇1 + kΘ1

[
1 +

3

k2η2

]
= −Φ̇

[
1 +

k2η2

6

]
− Φ

k2η

3
(2.50)

Φ̇ +
1

η
Φ = − 6

kη2
Θ1. (2.51)

Again, we differentiate to find a single second-order equation for Φ, given by

Φ̈ +
4

η
Φ̇ +

k2

3
Φ = 0 (2.52)

With a clever change of variables, we an see that this equation is a spherical Bessel

equation of order 1, with solutions given by a Neumann function (which blows up for

η � 1, therefore will be disregarded) and a Bessel function. We can express the Bessel

function of order 1 in terms of trigonometric functions, and the solution is finally

Φ = 3Φp

[
sin(kη/

√
3)− (kη/

√
3) cos(kη/

√
3)

(kη/
√

3)3

]
. (2.53)

Figure 2.1: The evolution of the potential during the epoch of radiation domination.
The dashed curve is the approximate solution (2.53), while the solid lines are the actual
numerical evolution of the perturbation equations. Before oscillating, the potential
drops significantly as the perturbation is suppressed. Extracted from [20].

In the limits of large and small η, the potential will tend to a constant. Right after

crossing the horizon, however, the potential decays and starts to oscillate with a decreasing

amplitude (see figure 2.1). With the solution for the potential we can now track what
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happens to the matter perturbations we had disregarded before. Differentiating eq. (2.40)

and eliminating v using (2.40) again, the evolution for δ becomes

δ̈ +
1

η
δ̇ = −3Φ̈ + k2Φ− 3

η
Φ̇. (2.54)

The dominating part of the solution to the above equation is that

δ ∝ ln a,

which means that the matter perturbations will still grow in the radiation epoch, but

otherwise slower than the δ ∝ a behavior in the matter epoch, due to the radiation

pressure.

Now, what about the modes that are already inside the horizon (sub-horizon) when

the transition from radiation to matter domination occurs? When this happens, we can

approximately disregard the contribution of radiation to the potential – dark matter will

begin affecting it more than radiation could. We will look for a description in terms of

our usual set of equations (2.39), (2.40) and (2.36). Changing variables to the convenient

y = a/aeq, we have

δ′ +
ikv

aHy
= −3Φ′ (2.55)

v′ +
v

y
=

ikΦ

aHy
(2.56)

k2Φ =
3y

2(y + 1)
a2H2δ. (2.57)

Differentiating and eliminating variables other than δ, we arrive at the Meszaros equa-

tion for the evolution of sub-horizon modes of cold, dark matter perturbations when

a = aeq and radiation starts to become negligible:

δ′′ +
2 + 3y

2y(y + 1)
δ′ − 3

2y(y + 1)
δ = 0. (2.58)

The solution is of the form

δ(k, y) = C1D1(y) + C2D2(y),

where D1(y) = y + 2/3 is the growing solution, which will dominate at late times. The

transfer function for late times (k � keq) is such that [25]

T (k) ∝ ln k

k2
,
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which is a descreasing function.

Figure 2.2: Transfer function for many different scenarios. The one we’ve been treating
is “CDM”, which is constant for large scales and is supressed for small scales. Extracted
from [26].

We now understand the asymptotic behavior of T (k) for large and small scales. The

exact form of the transfer function is only available to us using numerical techniques, but

there are known fits for it. One of them was given by [25], and appropriately recovers the

asymptotic limits:

T (x) =
ln(1 + 0.171x)

0.171x

[
1 + 0.284x+ (1.18x)2 + (0.399x)3 + (0.49x)4

]−1/4

where x ≡ k/keq. The derivation carried out in this and the previous sections is restricted

to a flat universe in which Ωcdm = 1. The y � 1 limit in the Meszaros equation, however, is

not valid if another component dominates over dark matter at late times. Currently, from

the SNIa research and many other probes, we know that this is precisely the case: a form

of dark energy ΩΛ currently dominates the energy budget. For a general cosmology, the

shape of the transfer function can change dramatically (see figure 2.2), and the appropriate

expression for the growing solution is

D1(a) ∝ H(a)

∫ a da′

[a′H(a′)]3
.

2.2.4 The Effect of Baryons

Interactions between cold dark matter and radiation occur only indirectly: both of them

influence the gravitational potential Φ in different epochs, and the potential in turn in-
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fluences the other component. The interaction between them, therefore, relies on their

coupling with the gravitational potential. This should not come as a surprise, since eqs.

(2.37)-(2.35) clearly couple matter and radiation perturbations to the potential.

Recall also that we have neglected Compton scattering terms to derive eqs. (2.37) and

(2.38). Scattering, after all, is not an issue between radiation and a dark matter fluid

that by definition does not feel electromagnetic forces.

As mentioned in the first section, the universe in which we actually live does contain

baryonic matter, and it is significantly less abundant than its dark counterpart. The

perturbation theory treatment we used is therefore incomplete.

Figure 2.3: The ratio between the experimentally obtained P (k) from the SDSS-II
and BOSS surveys and a smooth, featureless PCDM(k). The oscillation pattern is very
clear in the best-fit curve (solid line). Extracted from [27].

At very early times, the universe was hotter5 and the baryon-photon plasma was

tightly coupled via Compton scattering. Not too long after the matter-radiation equality,

approximately at z = 1100, baryons recombine to form neutral hydrogen and the universe

5See Appendix A.
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suddenly becomes transparent to radiation. In other words, the Compton cross-section is

not large enough to keep photons and baryons coupled anymore.

Although we have not paid too much attention to the evolution of the radiation per-

turbation Θ, directing our focus to δ, we surely expect the oscillation in the potential

represented in figure 2.1 to be followed by the baryon-photon plasma. A physical inter-

pretation to this oscillation lies in the competition between gravity and pressure in the

primordial universe.

As gravity tends to accumulate the perturbation and make it denser, radiation pressure

will dominate at some point and pull the fluid apart. Schematically, we can write this

simple harmonic oscillator as

δ̈ − [Pressure - Gravity] δ = 0.

We can then think of it as a sequence that starts with the gravitational collapse of an

overdensity, followed by the response of the enhanced radiation pressure, followed by an

intense rarefaction of the fluid, when gravity starts dominating again and the cycle restarts

with a recollapse. For radiation, a similar qualitative picture can be drawn, which roughly

captures behavior of the plasma:

Θ̈0 + k2c2
sΘ0 = f. (2.59)

Equation (2.59) also represents a forced harmonic oscillator, with f being a driving force

due to gravity. Here, cs is the sound speed of the combined baryon-photon fluid, and it

is given by

cs =

√√√√ 1

3
(

1 + 3ρb
4ρy

) . (2.60)

Equation (2.59) qualitatively translates the oscillations on the matter distribution,

shown on figure 2.3, to the anisotropies found in the CMB angular power spectrum (figure

2.4). Looking at eq. (2.60), if the amount of baryons is enhanced, the sound speed will

go down and, keeping the forced oscillator in mind, the frequency will decrease too. We

can think of the quantity of baryons as a component of inertia, changing the frequencies

at which we see the oscillation peaks.

The tight coupling we have been describing, however, does not account for the damping

that increases towards the small scales. To take it into account, we must remember that,

not only photons will follow the exact movement of baryons, but also they will suffer

diffusion.

The path a photon follows in a sea of electrons is well described by a random walk.

The mean free path between two scatterings is roughly λMFP ∼ 1/neσT , so that if the
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scattering rate σT or the density of electrons ne becomes too large, the free path will

become too short. Now, the number of scatterings suffered by a photon in a characteristic

time scale H−1 is the product between the rate and the time (neσTH
−1). Since the total

distance traveled in a random walk is given by the mean free path times the square root

of the number of steps, the mean distance a photon moves in a Hubble time is

λD ∼ λMFP

√
neσTH−1 =

1√
neσTH−1

. (2.61)

Perturbations smaller than λD, therefore, will be suppressed. This corresponds to high

k-modes in Fourier space, as we already expected.

Once photons and baryons decouple, however, the oscillation will become “frozen” and

leave an imprint on both the matter and radiation distributions. We can think of it as

the sound horizon at the time of last scattering (z ≈ 1100). This scale is a measure of

how much a sound wave has traveled by the time η if the expansion starts at η = 0. The

comoving sound horizon is given then by

rs(η) ≡
∫ η

0

dη′ cs(η
′). (2.62)

Using the sound speed (2.60) in the above equation and knowing the conformal time at

the last scattering from eq. (2.15), we find that

rs(η = last scattering) ≈ 100h−1 Mpc.

Figure 2.4: The CMB temperature (TT) cangular power spectrum obtained from the
Planck satellite [28]. The horizontal axis is the multipole l, and the plot also shows
the cosmic variance errors as green shaded regions. The positions of the peaks and
small-scale damping are strongly affected by the baryon density ρb.
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This scale can be understood as a standard ruler for, after decoupling, matter and

radiation will evolve independently, and that distance scale will remain pristine6.

The resulting effect on the galaxy power spectrum P (k) will be a damped oscillatory

pattern corresponding to the Bessel function in eq. (2.53), on scales smaller than the

turnover mode keq from eq. (2.17).

Since luminous matter, and not its dark counterpart, is the component most influenced

by these baryon acoustic oscillations (BAOs), we also verify that the oscillatory pattern

is damped by a factor Ωb = 0.05. This feature has already been found in actual galaxy

surveys of luminous red galaxies (SDSS-II) and LRG+quasars (BOSS) [27], as shown in

figure 2.3.

6This statement is only exact within the linear perturbation theory framework we have been employing.
The velocity equations will play a role in adding noise to this standard ruler, blurring the distance scale.
For more on how to overcome this issue, see [29].



Chapter 3

Power Spectrum Estimation

The goal of the previous chapter was to build up a consistent framework to link cosmo-

logical perturbations (our theoretical knowledge about the inhomogeneous universe) and

observations. The transfer function T (k) and the growth function D1(a) contain relevant

information about the evolution of those perturbations, and the bottom line is that we

can analyze the statistics of matter distribution to obtain that information.

The rest of this work focuses on the other part of the game: how to estimate the

matter power spectrum P (k) directly from redshift surveys? In fact, our goal here goes

beyond estimating a spectrum, we want to do it in an, at least in principle, optimal way.

The powerful modern surveys will deliver data more accurate than ever, and it would be

a waste of time (and money) not to extract as much information as possible from it. We

should start by understanding how statistical noise can influence our analysis.

3.1 Signal × Noise

The fundamental quantity we will use in our statistical study of galaxy surveys will again

be the density contrast δ, to wit

δ(~x) =
ρ(~x)− 〈ρ〉
〈ρ〉

(3.1)

where now 〈ρ〉, the average density over all the universe, is the average density within the

whole survey area. From this definition, it is easy to check that 〈δ〉 = 0.

We will deal with statistical properties, and since we have a definition for the second

moment in Fourier space (2.23), it would be useful to have an analog for the real space.
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We define the correlation function1 as

〈δ(~x)δ(~x+ ~r)〉 = ξ(~r) = ξ(r), (3.2)

where we again assume isotropy to disregard the direction of ~r. We can recover our

previous definition, from eq. (2.23), by taking the Fourier transform of (3.2):

〈
δ(~k)δ∗(~k′)

〉
=

〈∫
d3r ei

~k·~rδ(~r)

∫
d3xe−i

~k′·(~r+~x)δ(~r + ~x)

〉
=

∫
d3r ei(

~k−~k′)·~r
∫
d3x e−i

~k·~x〈δ(~r)δ(~r + ~x)〉︸ ︷︷ ︸
ξ(x)

= (2π)3δD(~k − ~k′)P (k),

which clearly recovers our previous definition. This calculation also yields an important

connection between the correlation function and the power spectrum:

P (k) =

∫
d3x e−i

~k·~xξ(x) = 4π

∫
dx x2 sin(kx)ξ(x).

This means that, by definition, the correlation function and the power spectrum are a

Fourier pair. Notice that we started using D as a subscript on δ to differentiate between

the density contrast and the Dirac delta-function. In principle, ξ and P contain exactly the

same information. This is only true, however, for the analytical form of these quantities,

and will not necessarily hold when they are estimated directly from data. We will comment

on this issue later. Notice also that the previous calculation defines our Fourier transform

convention.

The power spectrum and correlation function are the signal we try to measure at

the end of the day. We now turn to the types of noise that can hinder our analysis.

Problems arise when the volume we are dealing with is finite (and possibly irregularly

shaped) and when the density field δ(~x) is not continuous across the universe, making

itself available only through some other stochastic point process. The first problem we

call cosmic variance and the second will add what we call Poisson shot noise (or simply

shot noise) to our estimates.

3.1.1 Poisson Noise

We begin by describing the Poisson noise. For what follows, we will assume that galaxies

form approximately a Poisson sampling of the density field δ. To be more specific, this

1In the context of galaxy surveys, the correlation function (or 2-point auto-correlation function) can
be thought of as the excess in probability of finding a galaxy in the position ~x + ~r, given that one was
observed in ~x.
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means that in every fraction i of the whole survey volume (which we shall call a cell),

the number of observed galaxies represents a Poisson point-process with a mean n̄i, with

units of [volume]−1.

We need to review the definition (3.1) to properly account for a discrete field. We can

describe such a distribution by taking n(~xi) as the position of i th galaxy, so that

n(~x) =
∑
i

δD(~x− ~xi).

Equation (3.1) then becomes

δ(~x) =
n(~x)− n̄(~x)

n̄(~x)
. (3.3)

The average number of galaxies n̄(~x), which is precisely the mean number density that

characterizes the Poisson distribution, can now be a complicated function of space. It

usually varies significantly with the radial position, and can also vary angularly. We

include in it, therefore, every kind of systematic uncertainty and geometric issue of the

survey 2. For our description of shot noise, however, we will take n̄ to be uniform and

constant throughout the survey volume – which is a strong assumption, but nevertheless

necessary in order to study the simpler aspects of statistical noise. We will drop this

simplifying assumption soon, when dealing with the window of the survey.

The main idea here is that, since we are dealing with a Poisson process for the i th

fraction of the survey volume (Vi), n̄(~xi)Vi represents the expected number of galaxies in

that volume, not the real, observed number, which will be given by P{n̄(~xi)Vi}, where

P{λ} is a Poisson distribution with mean λ.

Taking the Fourier transform δ(~k) in the discrete definition (3.3), we have

δ(~k) =

∫
d3r δ(~x)ei

~k·~r → 1

n̄

∑
i

nie
i~k·~ri − δK~k,0,

where δK is the Kronecker delta and the discrete limit comes from slicing the volume

V into cells dVi that are small enough so that each cell contains either 0 or 1 galaxy,

ni = 0, 1, then 〈ni〉 = 〈n2
i 〉 , which is a signature of the Poisson distribution (i.e. it

2All sorts of real-world effects are encapsulated in n̄(~x). Radial variations can be attributed not only
to the limitation in magnitude of our instruments, but also to the evolution of the luminosity function,
which describes the number counts of objects in redshift bins. The phases of the moon will also change
the minimum magnitude achievable, and the observations will be shallower or deeper according to the
time of the month. Other effects might influence the angular part of the selection. Galactic extinction,
for instance, will redden objects observed through the dust of our galaxy. The anisotropic distribution of
nearby globular clusters will unevenly contaminate galaxy samples with stars. Atmospheric conditions
such as clouds or humidity will change the seeing during the observing night, and even non-uniform
sensitivity across the surface of the CCD will play a role. The function n̄(~x), thus, is a very compact way
to introduce highly non trivial complications.
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naturally appeared when we discretized the distribution). Now, knowing that

〈ni〉 = n̄ dVi (3.4)

〈ninj〉i6=j = n̄2dVidVj [1 + 〈δ(~xi)δ(~xj)〉] , (3.5)

we can calculate the ensemble average
〈
δd(~k1)δ∗d(

~k2)
〉

3, which yields:

〈
δd(~k1)δ∗d(

~k2)
〉

= 〈 1

n̄2

∑
ij

ninje
i~k1·~rie−i

~k2·~rj − 1

n̄

∑
i

nie
i~k1·~riδK~k2,0

− 1

n̄

∑
j

nje
i~k2·~rjδK~k1,0 + δK~k1,0δ

K
~k2,0
〉.

The cross terms reduce to Kronecker deltas and then we have〈
δd(~k1)δ∗d(

~k2)
〉

=
1

n̄2

∑
ij

〈ninj〉 ei
~k1·~rie−i

~k2·~rj − δK~k1,0δ
K
~k2,0

=
1

n̄2

∑
i6=j

〈ninj〉 ei
~k1·~rie−i

~k2·~rj +
1

n̄2

∑
i

〈ni〉 ei~ri·(
~k1−~k2) − δK~k1,0δ

K
~k2,0

=
〈
δ(~k1)δ∗(~k2)

〉
+
δK~k1,~k2
n̄

where the last step comes from taking the continuum limit to retrieve the initial expected

value, and assumes ~k1 or ~k2 6= 0. Schematically, what we just found is that

Pdiscrete(k) = P (k) +
δK~k1,~k2
n̄

. (3.6)

Equation (3.6) is telling us two things. First, for a given distribution of galaxies, the

power spectrum will have an added noise which is correspondent to the inverse global

number density of those galaxies. This should not come as a surprise, for it is natural to

think that, the higher the density of some kind of discrete tracer of a continuous field,

the more accurate our information of that field is. In the limit n̄→∞, we have perfectly

recovered the continuous field and therefore Poisson shot noise is null.

Secondly, shot noise is diagonal in k, as the Kronecker delta in eq. (3.6) shows. This

is a fortunate fact, because we know that Poisson fluctuations will correlate the estimate

of different k’s. As a final remark, one can think of shot noise as the spurious correlation

of a galaxy with itself, which does not represent true information about the density field

and must therefore be subtracted.

3Subscripts “d”, only for the present calculation, stand for discrete.
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3.1.2 Cosmic Variance

The range of wave numbers k ∼ 1/λ that can be assessed by a survey obviously depends

on the characteristic size of the survey itself. We will not be able to measure and make

statistics with, for instance, a scale k = 0.01 Mpc−1 (λ ∼ 102 Mpc) with a survey that

does not cover that (comoving) volume. We also will not be able to extract useful infor-

mation about this survey in its extremely small scales, because we often reach a limit of

computational resources in terms of how fine a Fast Fourier Transform grid can be.

In other words, at least for the largest scales, the limitation in k has a physical and

statistical meaning. Not only some modes are completely inaccessible, but also the larger

modes that the survey does contain are very poor in statistics, which will affect the

precision (the size of the error bars) of our estimates. This limitation is called cosmic

variance, (whose definition is close to what is called sample variance) and, along with

shot noise, is one of the first problems encountered in power spectrum estimation.

For a more quantitative notion on how cosmic variance acts, consider a survey of

characteristic volume of order V . The number of subvolumes of characteristic length L

that fit inside V is of order V/L3. Consider now that some quantity that we want to

evaluate follows an underlying probability distribution that is approximately Gaussian,

within each subvolume. We know that the uncertainty in a gaussian distribution falls as

∼
√
N where N is number of events (or samples) drawn from that distribution. This

means that, for a characteristic length which is around half the survey size σrel

√
2

2
∼ 0.7.

That means that there is an intrinsic limitation on how much an error bar can be

shrinked which corresponds to around 70% of the signal, for modes close to the length of

the survey. These scales naturally correspond to the largest scales of the power spectrum,

i.e. those that contain information about the early universe. This problem would be

easily circumvented if we had more realizations of the density field on these large scales

– more realizations of the universe itself – which is clearly not possible.

This problem is not limited to galaxy surveys, it also affects CMB analysis. For CMB,

the important observable is the spherical harmonic decompostion Y l
m(θ, φ) of the tempera-

ture (or polarization) field. For a mode l, there are 2l+1 “independent subvolumes” which

correspond to number of values of the azimuthal number m. The intrinsic uncertainty for

the CMB spectrum is then roughly

∆Cl
Cl
≈
√

2

2l + 1
.
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3.2 General Formalism

The least we expect from an estimator, in a qualitative way, is for it to be both accurate

and precise. For a method to be accurate, it means that, given that the act of measuring

a quantity has an intrinsic probability distribution of output values4, then the ensemble

average of all measurements coincides with the true value of that quantity. If an offset

exists between the average of a sufficiently large ensemble and the true value, this offset

is called a bias. In a more quantitative form, suppose that an estimator Ê is derived for

a physical quantity whose true value is E0, then Ê is unbiased if〈
Ê
〉

= E0.

Precision, however, does not reflect how close to the true value the measurement

gets. It quantifies how narrow the distribution function is around its ensemble average:

the standard deviation σ. In the approximation that the distribution is approximately

gaussian around its peak, we can think of σ as defining a ∼ 68% confidence level region

surrounding it. This section follows closely the work of Tegmark et al (1998)[30], and a

series of related papers.

These two features are the least we expect. Apart from that, there are still the real-

world necessities of feasibility and efficiency. When considering parameter estimation,

for instance, the usual Bayesian statistical analysis for a data set x = (x1, ..., xN) (with

ensemble averages µi = 〈xi〉) to constrain a parameter vector Θ is to write down the

probability distribution f(x,Θ) (called likelihood) and reinterpret it to find the probabil-

ity of the parameters given the data, using Bayes’s theorem 5. If x is the “raw” data set

containing the positions of N observed galaxies, the likelihood is impossible to be com-

puted, with the CPU time growing faster than exponentially with N for the correlations

between the N(N + 1)/2 galaxy pairs.

Following the general formalism introduced in [31, 30], we take x to be a compressed

data set instead, and subsequently make sure that such compression does not destroy

data. The convenient choice in power spectrum estimation is to consider band-power

estimates in shells that exhaust k−space. Even for the compressed data set, within the

(sometimes inaccurate) simplification that a multivariate Gaussian (3.7) for the likelihood

4We are considering a quantity that is deterministically defined, so that there is indeed a true value
for it. In this case, we are simply introducing a probability distribution to quantify the ignorance in our
instruments/methods.

5Bayes’s theorem can be neatly expressed as P (A|B) = P (B|A)P (A)/P (B) provided that P (B) 6= 0,
where P (B|A) is the likelihood function itself, P (A) is the prior, which encapsulates our prejudices regard-
ing the parameter A, P (B) is a normalization called evidence, and P (A|B) is the posterior probability. In
practical terms, we use this theorem to invert conditional probabilities and find the probability of a set of
parameters given the data. For this, we must make assumptions on how we obtain data (the likelihood)
and on the values we expect for the inferred parameters (the prior). The explicit quantification of our
assumptions is in stark contrast with the frequentist approach in probability.
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is applicable

G(x = x1, x2, ..., xN) =
1

(2π)N/2 |C|1/2
exp

{
−1

2
(x− µ)tC−1(x− µ)

}
, , (3.7)

where µ = (µ1, ..., µN), there is still a time-consuming step of calculating the determinant

and inverse of the covariance matrix C. For an N×N matrix, this step alone scales as N3

in CPU time. Another problem is that perhaps none but the most powerfull computers

can even handle, in terms of RAM memory, matrices such that N ∼ 106. A method that

yields an analytic expression for the covariance, then, is highly desirable. We will see that

this is indeed the case for the estimators in the literature and for those derived in the

present work.

A complete description of the errors of an estimator is given by the covariance matrix

C, introduced in eq. (3.7). In a sense, it quantifies the notion of precision, extending it also

to the case when different band-power estimates (or bins) are not completely independet,

in which case they are said to be correlated. When the xi of x are random variables with

finite variance, the covariance matrix is defined as

Cij =


σ2

1 σ12 · · · σ1N

σ21 σ2
2 · · · σ2N

...
...

. . .
...

σN1 σN2 · · · σ2
N

 (3.8)

where σij = 〈(xi − µi)(xj − µj)〉 , σ2
i ≡ σii.

The off-diagonal terms in the covariance matrix express the correlation between quan-

tities, or, in our context, between different bins of k in the estimated P (k). The diagonal

terms σ2
i represent the square of what we quote as error bars, the squared standard devi-

ation (or variance). A method that yields perfectly uncorrelated errors between different

bins will have a diagonal covariance. That is the best we can hope for, since it trivially

simplifies the matrix operations required by eq. (3.7).

A related quantity is the correlation matrix, defined as

Corrij =
Cij√
σii σjj

. (3.9)

By this definition, the diagonal of Corrij is identically unitary. It is therefore a version

of the covariance matrix normalized by its diagonal, its error bars. The effect of this

normalization is to subtract the structure of the diagonal terms and enhance the cross-

covariances in the off-diagonals. The cross-correlations then become more apparent.

If the covariance matrix represents the error bars in our estimates and how correlated
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different band-powers are, and if in principle we can find an analytical covariance, then

we should try to make it as small as possible. The smaller the error bars, the better we

constrain parameters of interest. It turns out there is a well-established framework to do

so. It relies heavily on the Fisher information matrix, which we define as

Fij ≡
〈

∂2L
∂θi∂θj

〉
, (3.10)

where L = − ln f , the logarithmic of the likelihood.

To better understand what the Fisher matrix means, let us Taylor expand L around

its maximum value, the vector Θ0 of true parameters

L(x,Θ) = L(x,Θ0) + (x− µ)
∂L
∂θi

∣∣∣∣
Θ=Θ0

+
(x− µ)2

2

∂2L
∂θi∂θj

∣∣∣∣
Θ=Θ0

+O{3} (3.11)

By definition, the first derivative will vanish at the maximum point, since the likelihood

has zero slope there. Also, we will consider the third-order terms to be subdominant,

then the relevant term will be the second-order one. Since f = exp(−L), we see that the

likelihood close to the maximum is Gaussian to a very approximation.

We can even rewrite f explicitly as

f ∝ exp

[
−1

2
(x− µ)t

∂2L
∂θi∂θj

(x− µ)

]
(3.12)

and immediately associate the inverse covariance matrix to the second derivative of L,

by comparing it with (3.7). The Fisher information matrix is then tightly related to

the expectation value of the covariance at the maximum likelihood point. The second

derivative, by its turn, is also a measure of the curvature of this likelihood peak. As we

could expect, then, a sharp peak in f would have a small covariance around it, and a

large information content F . In other words, the inverse Fisher matrix roughly estimates

the covariance C.

Nevertheless, we can refine this statement a bit more. Still in the Gaussian case, from

the definition (3.7) we have, after dropping an irrelevant constant factor,

2L = ln detC + (x− µ)tC−1(x− µ). (3.13)

We can also recast Cij from (3.8) in a more neat way as

C =
〈
(x− µ)(x− µ)t

〉
(3.14)

and define a data matrix as D ≡ (x − µ)(x − µ)t. Then, using the matrix identity
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ln detC = Tr lnC and the associativity of the trace, we rewrite (3.13) as

2L = Tr[lnC + C−1D]. (3.15)

We now want to differentiate L with respect to its parameters θ. For this we will use

the usual comma notation C,i ≡ ∂C/∂θi. Using the chain rule, we have

(C−1),i = −C−1C,iC
−1 and (lnC−1),i = C−1C,i, (3.16)

which we use to obtain

2L,i = Tr
[
C−1C,i − C−1C,iC

−1D + C−1D,i

]
. (3.17)

Since we are evaluating the likelihood at its maximum point (the true parameters Θ), the

expectation values of the derivatives of D can be written as

〈D〉 = C (3.18)

〈D,i〉 = 0 (3.19)

〈D,ij〉 = µ,iµ
t
,j + µ,jµ

t
,i (3.20)

From eqs. (3.17) and (3.18)-(3.20), we can check that, as expected, 〈L〉 = 0. Applying

the chain rule to (3.17), we get

2L,ij = Tr[−C−1C,i − C−1C,j + C−1C,ij

+C−1(C,iC
−1C,j + C,jC

−1C,i)C
−1D

−C−1(C,iC
−1D,j + C,jC

−1D,i)

−C−1(C,ijC
−1D − C−1D,ij)],

which, going back to the definition (3.10), neatly reduces to a short and useful expression:

Fij = 〈L,ij〉 =
1

2
Tr
[
C−1C,iC

−1C,j + C−1 〈D,ij〉
]
. (3.21)

In the case of null expectation values for µ and going back to the usual partial derivative

notation, we finally arrive at

Fij =
1

2
Tr

[
C−1∂C

∂θi
C−1 ∂C

∂θj

]
, (3.22)

which is a very well-known result, obtained also by [32, 33].

Not only we have found a connection between F and C, but also we have a pow-
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erful theorem relating these 2 quantities that will be very useful. This theorem is the

Cramér-Rao inequality [34], which asserts that, for and unbiased estimator, when all the

parameters are being estimated from data, we are assured that

σ(θi) ≥
√

(F−1)ii (3.23)

where σ(θi) is the uncertainty for the parameter θi.

All the statistical subtleties discussed above were employed by [30, 31, 32, 33] and

others to maximize the gains from analyzing galaxy surveys. They reinterpreted pre-

existing useful theorems in statistics in light of cosmological data analysis. The goal

was to develop maximum likelihood (ML) estimators. In fact, another important result

obtained in those works was the connection between the statistical tools of CMB and

those of galaxy surveys. In the CMB formalism, the definition of a pixel that contains

information comes almost naturally, for it is a 2D discretized problem.

It turns out that power spectrum estimates can be treated along the same lines,

regarding subvolumes of the galaxy distribution as pixels containing noisy information

about the actual distribution. With a sensible definition of pixels and how they carry

information, we can reinterpret eq. (3.22) as the Fisher matrix for (galaxy) counts-in-

cells and eq. (3.8) as the pixel covariance. But how do we accurately pixelize this 3D

problem?

We should make an interlude now and expose a clear distinction between the methods

under analysis. The maximum likelihood methods explained above culminated in what

is known as the Karhunen-Loève (also called linear) method. The KL method employs

linear operations to the data to extract the relevant information, more specifically in

terms of Singular Value Decompositions. Even though it is widely applicable to CMB

problems (which are only 2-dimensional in essence), the amount of data in a 3-dimensional

survey makes its application much more cumbersome. The alternatives are known as the

traditional method (the FKP and PVP methods 6 - see sections 3.3 and 3.4) and quadratic

method (the multi-tracer estimator - see 4.1). In the end, the gains of the KL method

over the others is not so expressive. As an example, while the SDSS-II P (k) estimation

used a version of the KL method [35], the SDSS-III (BOSS) returned to the usual FKP

recipe [27]. We will, therefore, focus on the traditional and quadratic methods for what

follows.

The first step is to quantify our band power estimates qi, which are the estimated

amplitudes of the power spectrum in a given band i. A very general way to do this is

6We are making reference to two methods that have not been explained yet, but this interlude serves
only as a contextualization for the derivations that will be studied soon.
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defining it as

qi =

∫ ∫
Ei(~r, ~r

′)
n(~r)

n̄(~r)

n(~r ′)

n̄(~r ′)
d3r d3r′, (3.24)

where the Ei are pair-weighting functions. Different methods basically consist in finding

different Ei functions. Ultimately, the weighting scheme is what we need to optimize in

order to obtain an estimator that is, at least under approximations, optimal, in the sense

that it has the minimum possible variance. The expectation value of the band power qi

is then

〈qi〉 = Wi(0) +

∫
Ei(~r, ~r

′)

n̄(~r)
d3r +

∫
Wi(~k)P (k)

d3k

(2π)3
. (3.25)

We will make this step more explicit when analyzing the estimators in the literature,

in the next sections. The first term on the right-hand side is the 3-dimensional window

function of the survey, evaluated at ~k = 0. This window is defined as W (~k) = Ei(~k,~k),

where

Ei(~k,~k
′) ≡

∫
Ei(~r, ~r

′)e−i
~k·~rei

~k′·~r ′
d3r d3r′ (3.26)

is the Fourier transform of Ei. The second term in (3.25) is precisely the shot noise bias

(which one could immediately guess from the ∝ n̄−1 dependence) defined as

bi ≡
∫
Ei(~r, ~r

′)

n̄(~r)
d3r. (3.27)

The last term on the right-hand side of (3.24) is the desired power spectrum. It is

convolved, however, with the window function.

A very important case is when Ei is a separable function of the galaxy pair for some

set of functions ψi:

Ei(~r, ~r
′) = ψi(~r)ψi(~r

′)∗,

in which case the window can be neatly written as

Wi(~k) =
∣∣∣ψi(~k)

∣∣∣2 . (3.28)

Two consistency relations of great importance should hold for the weighting Ei(~r, ~r
′)

and for ψi(~r). The first is a normalization condition for the weights and for the window

function, given by ∫
Ei(~r, ~r)d

3r =

∫
W (~k)

d3k

(2π)3
= 1, (3.29)

where the first equality follows from Parseval’s theorem. The other condition is such that∫
ψi(~r)d

3r = 0, (3.30)
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which basically means that the average density of the survey will be correctly subtracted.

The importance of this condition and its direct application will become clear in the next

sections.

With these definitions, we can finally define the overdensity in the N pixels x1, x2, ..., xN

that exhaust the survey volume as

xi ≡
∫ [

n(~r)

n̄(~r)
− 1

]
ψi(~r)d

3r. (3.31)

The functions ψi must be carefully chosen. As long as the condition (3.30) holds, we are

free to choose ψi so that the pixels are well localized in real space or in Fourier space

(in which case they will be fuzzy in real space, perhaps even distributed across the whole

survey volume). The importance of this choice is that it will basically filter the wave

numbers k of the band powers, so that they are, hopefully, uncorrelated. Since we want

to have control over the correlation between different bins in k, the popular choice is for

compact pixels in Fourier space.

In order to make pixels reasonably well localized in Fourier space, (which will not

resemble “pixels” in real space, but we will keep using the same word for it nevertheless)

we define the set of modes ψi as plane-waves multiplied by some weight

ψi(~r, k) = φ(~r)ei
~ki·~r. (3.32)

Two popular choices in the literature are

φ(~r) ∝

1 inside survey volume

0 outside survey volume
(3.33)

and

φ(~r) ∝ n̄(~r)

1 + n̄(~r)P0(k)
, (3.34)

where (3.33), when applied to the pixelization (3.31), becomes nothing more than the

Fourier transform of the overdensity field, without actually weighting different cells.

Equation (3.34), on the other hand, proved its usefulness as an optimal estimator for

a single-species survey.

The descriptions above define what was called by [30] a traditional approach: a sep-

arable Ei(~r, ~r
′) with well localized pixels in Fourier space. The power is then simply

obtained by squaring the pixels

qi = |xi|2
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and eq. (3.25) becomes

〈qi〉 = φ(0)2 +

∫
φ(~r)2

n̄(~r)
d3r +

∫ ∣∣∣φ(~k − ~k′)
∣∣∣2 P (~k)

d3k

(2π)3
. (3.35)

The above procedure is useful, but does not necessarily fulfill the condition of minimum

variance. Even though in principle many functions φ(~r) could be used, it is not clear (in

fact, very unlikely) that any choice would yield a minimum variance weighting scheme.

In order to do that, one still needs to verify that the weighting is indeed optimal. As we

shall soon show, eq. (3.34) has been proven to be optimal by [36] (hereafter FKP).

What if we tried to derive weights which are already optimal from the very beginning?

Since we already have a useful statistical method based on the Fisher matrix and, if

we can derive an unbiased estimator, the Cramér-Rao theorem will assure us that the

corresponding covariance is minimal. We would then think about using some type of

inverse covariance weighting.

This was explored by [37], and explicitly uses the (assumed known) Fisher matrix for

a galaxy survey. We start by defining the estimators qi as generalized quadratic forms of

the data vectors d

qi ≡ dtEid (3.36)

where

Ei = C−1C,iC
−1. (3.37)

We now parameterize the power spectrum by its band estimates in such a way that

P (k) = pi for ki ≤ k < ki+1, and group them into a vector p. This means that the corre-

sponding Fisher matrix we are looking for is not a function of some general parameters

θi, which in principle could be anything, even cosmological parameters. We are explicitly

parameterizing P (k) so that the convenient choice is Fij = F (pi, pj).

For the Gaussian case, the Fisher matrix can be written as (3.22) and both the mean

and covariance of qi are given in terms of F :

〈q〉 = Fp (3.38)

〈
qqt
〉
− 〈q〉 〈q〉t = F. (3.39)

This guarantees that F−1q is an optimal estimator for p, since its covariance matrix

is the inverse of the Fisher matrix, saturating the Cramer-Rao bound. For sufficiently

narrow k bands, this procedure is lossless in the sense that the Fisher matrix for q,

a compressed (quadratic) data set, contains as much information as the Fisher matrix

for the original, uncompressed data set [31]. This characteristic guarantees that, when

constraining cosmological parameters, the reduced data set is as powerful as the original
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data set, which is surely a desirable feature.

3.3 The FKP Estimator

3.3.1 Formalism

A very successful power spectrum estimator, both unbiased and with minimal variance,

was obtained in 1994 by Feldman, Kaiser & Peacock [36] in the context of large-scale

structure analysis of the one-in-six IRAS-QDOT survey (see, for instance [38]). It con-

sisted in a random selection of 1 out of every 6 galaxies from the IRAS Point Source

Catalog, covering ∼ 74% of the whole sky, with redshifts corresponding to objects at a

radial distance between 20h−1 Mpc and 500h−1 Mpc. They analyzed 1824 galaxies in

that work. Notice that the number of objects is many orders of magnitude smaller than

what we are currently observing, as commented on the Introduction.

FKP start the analysis by considering a function F (~r) (not to be mistaken with the

Fisher matrix Fij, which will always have a pair of sub-indices):

F (~r) =
w(~r) [ng(~r)− αnr(~r)][∫

d3r n̄2(~r)w2(~r)
]1/2 . (3.40)

This expression is nothing more than the pixelization scheme (3.31) with a weight given

by w(~r). The denominator is a convenient normalization, and follows the condition (3.29)

as it should: ∫
d3r n̄2(~r)w2(~r) = 1.

There is a subtlety regarding the αnr(~r) being subtracted from the discrete galaxy distri-

bution ng(~r). Here, nr(~r) is a random catalog, artificially created with exactly the same

radial and angular selection function n̄(~r), but otherwise without structure. It is gener-

ated by taking a Poisson process in each cell of the survey, but with a larger number of

galaxies than the original catalog. The factor α matches the number density of this new

catalog with the original one’s. Quantitatively,

n̄g(~r) = αn̄r(~r). (3.41)

FKP explicitly used α = 0.1, which means that their random catalog had 10 times more

galaxies than ng. Translating back to [30], we see that this is no more than condition

(3.30) being fulfilled so that the discretization (3.31) won’t have an extra spurious term.

We will comment about the role of random catalogs in greater depth shortly.

The next steps in the “mantra” of the traditional methods are: taking the Fourier

transform of F (~r), squaring it and taking the expectation value. In other words, what we
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want is FKP’s version of eq. (3.35). Carrying out that procedure on F (~r), what we have

is 〈∣∣∣F (~k)
∣∣∣2〉 =

∫ ∫
w(~r)w(~r ′)

〈
[ng(~r)− αnr(~r)]

[
ng(~r

′)− αnr(~r ′)
]〉
ei
~k·(~r−~r ′)d3r d3r′∫

d3r n̄2(~r)w2(~r)
.

(3.42)

Three distinct 2-point functions appear in the above expression, and we must calculate

them. The first is
〈
ng(~r)ng(~r

′)
〉
, but we already know the result for this one: it is nothing

but the real-space version of eq. (3.6), derived in the presence of shot noise. The next

one, the cross-correlation
〈
ng(~r)nr(~r

′)
〉
, is quite simple: since there will be no shot noise

and correlation in this cross term (recall that the physical meaning of shot noise is the

counting of an object with itself, which won’t happen here), it is just the average of ng and

nr. The remaining one is the correlation of the random catalog with itself,
〈
nr(~r)nr(~r

′)
〉
.

By definition, there will be no correlations in the random catalog, so the only term that

survives besides the ensemble average is shot noise. Collecting these results, we have:

〈
ng(~r)ng(~r

′)
〉

= n̄(~r)n̄(~r ′)
[
1 + ξ(~r − ~r ′)

]
+ n̄(~r)δD(~r − ~r ′) (3.43)

〈
nr(~r)nr(~r

′)
〉

= α−2n̄(~r)n̄(~r ′) + α−1n̄(~r)δD(~r − ~r ′) (3.44)〈
ng(~r)nr(~r

′)
〉

= α−1n̄(~r)n̄(~r ′). (3.45)

Now, translating the FKP window function WFKP (~k) from (3.26) and plugging the

2-point functions into (3.42), we get〈∣∣∣F (~k)
∣∣∣2〉 =

∫
d3k′

(2π)3
P (~k′)W (~k − ~k′) + Pshot, (3.46)

where, with WFKP (~k − ~k′) =
∣∣∣G(~k − ~k′)

∣∣∣2 as defined in eq. (3.28),

G(~k) ≡
∫
d3r n̄(~r)w(~r)ei

~k·~r[∫
d3r n̄2(~r)w2(~r)

]1/2 (3.47)

and with the shot noise defined as

Pshot = (1 + α)

∫
d3r n̄(~r)w2(~r)∫
d3r n̄2(~r)w2(~r)

. (3.48)

Notice that (3.48) already takes into account that the random catalog nr(~r) might

add shot noise if α & 1. Equation (3.46) is the formal FKP result. To get another insight

about the estimator, we can assume the window is compact in k-space, and sufficiently

sharp on the scales in which P (~k) is sufficiently smooth, so that W (~k−~k′)→ δD(~k−~k′),



42 Power Spectrum Estimation

in which case our final estimator P̂ (~k) for FKP is just

P̂ (~k) =
∣∣∣F (~k)

∣∣∣2 − Pshot. (3.49)

The final estimator for the absolute value k =
∣∣∣~k∣∣∣ is an average of P̂ (~k) over shells of

volume Vk in Fourier space:

P̂ (k) ≡ 1

Vk

∫
Vk

d3k′P̂ (~k′). (3.50)

Until now, there is no reason to believe that this method minimizes variance. The

only way to do that in this framework is by specifying the function w(~r) in such a way

that it explicitly does so. Since FKP aims at minimizing variance, the fluctuation in P̂ (~k)

must first be analyzed.

The variance in the estimated power of bin k, P̂ (k) is given by

σ2
P (k) ≡

〈[
P̂ (k)− P (k)

]2
〉

=
1

V 2
k

∫
Vk

∫
Vk′

〈
δP̂ (~k)δP̂ (~k′)

〉
d3k d3k′, (3.51)

where δ stands for a small variation. If the underlying fluctuation is Gaussian, i.e., if the

density field follows a Gaussian distribution, we can write
〈
δP̂ (~k)δP̂ (~k′)

〉
=
∣∣∣〈F (~k)F ∗(~k′)

〉∣∣∣2.

This result is obtained in the Appendix B of FKP, and relies on the same basic assump-

tion that we used for the Fisher matrix and will continue using: the underlying random

process is essentially Gaussian. To obtain
〈
F (~k)F ∗(~k′)

〉
we retrace the steps that led to

(3.46) and make the same assumption on the sharpness of the window function to get

〈
F (~k)F ∗(~k′)

〉
' P (~k)

∫
d3r n̄2(~r)w2(~r)ei

~k·~r∫
d3r n̄2(~r)w2(~r)︸ ︷︷ ︸

≡Q(~k)

+ (1 + α)

∫
d3r n̄2(~r)w2(~r)ei

~k·~r∫
d3r n̄2(~r)w2(~r)︸ ︷︷ ︸
≡S(~k)

, (3.52)

which means that 〈
δP̂ (~k)δP̂ (~k′)

〉
=
∣∣∣P (~k)Q(δ~k) + S(δ~k)

∣∣∣2 . (3.53)

Notice that in the previous expressions for the variance, there are factors of P (k). If

we use P (k) = P̂ (k), i.e. this input power spectrum happens to be equal to the estimated

power spectrum, then the error bars are self-consistent in the sense that they were also

obtained from the data. If, on the other hand, P (k) is the fiducial spectrum P0(k) for

some cosmology, then we obtain the uncertainties for this cosmology.

With this expression for the uncertainties, we can write the relative variance for FKP

as
σ2
P (k)

P 2(k)
=

(2π)3
∫
d3r n̄4w4 [1 + 1/n̄P (k)]2

Vk
[∫
d3r n̄2w2

]2 . (3.54)
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The last step is to minimize the previous expressions by varying w(~r). Requiring that

(3.54) be stationary with respect to variations w = w0 + δw, FKP found the optimal

weight to be

w(~r) =
1

1 + n̄(~r)P (k)
, (3.55)

where P (k) is the fiducial spectrum as explained above. Notice that w(~r) is always

multiplied by n̄(~r) so that, again drawing a parallel with [30] in the previous section,

φFKP (~r) = n̄(~r)w(~r) in a direct comparison with eq. (3.34).

3.3.2 Implementation

With the machinery fully developed and having guaranteed that the covariance is minimal

for the weighting scheme given by (3.55), FKP applied their estimator for the IRAS-QDOT

survey. The original paper contains a general description on how to actually implement

the method, which basically consists in discretizing the integrals by defining, for instance:

F (~k) =

∫
w(~r) [ng(~r)− αnr(~r)] ei

~k·~rd3r →
∑
g

w(~rg)e
i~k·~rg − α

∑
r

w(~rr)e
i~k·~rr . (3.56)

The previous equation is a discrete Fourier transform. For the ∼ 2,000 galaxies in their

original catalog, plus ∼ 20,000 galaxies in the random catalog, they explicitly performed

this Fourier sum. We can call this a “brute force” Fourier Transform. Of course the

computing time for such a method would, roughly speaking, scale linearly with the number

of galaxies, and maybe even faster than that when increasing the range of k bins. In a

current catalog, we deal with ∼ 102, 103 times as many galaxies, plus a random catalog

nr which, for low signal-to-noise (n̄g ∼ 10−5), should have around 105 as many galaxies

as ng. A direct Fourier summation is extremely inefficient and, therefore, clearly not a

choice.

The most convenient way to proceed is by using some Fast Fourier Transform (FFT)

implementation. There are two choices in order to do so. The first one is to turn the

arbitrary distribution of galaxies into a square grid using some mass-assignment scheme 7

that creates a smooth field, sampled on the grid positions. The second option is to come

up with a method to generate mock galaxy distributions that are already in the form of a

square grid. The latter method was extensively used in this work, and will be described

soon, in Section 4.4.1. Both methods are equivalent in the sense that they smear the

structure on scales smaller than the size of a cell.

In defining the weights w from eq. (3.55), there is an important caveat: we have to

set the fiducial P0(k) (we will introduce the subscript 0 from now on, for the fiducial

7These methods introduce an additional convolution to the power spectrum, with the new window
given by the order of the mass-assignment scheme. The final spectrum should obviously be deconvolved.
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spectrum). In principle, the dependence w = w(~r, k) implies that a single weighting

function cannot be optimal for every scale k. The weights should, therefore, be chosen

to have a fiducial P0(k) matching the power of the scale which is being estimated. Of

course this would require knowing the estimated P̂ (k) before setting the weights and

actually estimating the spectrum, which is not possible. One sensible way around this is

performing an iterative process: an initial guess P0(ki) is taken for each scale ki, then the

obtained P̂ (k) feeds back a new fiducial guess, P̂ (ki) → P0(ki). The procedure goes on

until convergence, or can be truncated if there is danger of underestimating uncertainties

with this type of “bootstrapping”.

The iterative process described above, however, is very cumbersome for two reasons.

The first is that, for a large number of bins of k, and several iterations for each bin, the

algorithm would take a long time to run, which would render it inefficient when using

along with an MCMC method, for instance. Second, it could somehow fine-tune the

obtained spectrum according to our theoretical prejudice, implicit in P0(k).

What was done in actual surveys [39, 36] is to choose a single fiducial P0(k) = P0

that represents roughly an average of the expected spectrum of the survey. In our appli-

cations, we extensively tested the weighting scheme and checked that different choices in

P0 changed the recovered power by a factor much smaller than 1%. Again, the minute

details of the application to our mock catalogs will be postponed to the last chapter.

We make one final remark. According to eq. (3.50), the isotropic power spectrum is

an average over shells in Fourier space. The explicit calculation of this average in the

discretized grid will not really take into account the analytical volume in k-space, which

would be simply 4πk2∆k, where ∆k is the width of the bin. Since we are dealing with a

discretized quantity, it makes more sense to consider the volume of the shell with width

∆k as the number of modes that fall within that shell. Indeed, equation (2.4.5) of FKP,

reproduced below as (3.57), regards exactly that:

P̂ (k) =
1

Nk

∑
k<|~k|<k+δk

[∣∣∣F (~k)
∣∣∣2 − Pshot

]
, (3.57)

where Nk is number of modes between k and k+ δk the discrete version of the volume for

the shell.

3.4 The PVP Estimator

3.4.1 Different Galaxies are Different

Until now, we have been considering an abstract, ideal galaxy field ng(~r) that happens

to follow the underlying dark matter field, and we translate it into δ(~r). No matter the



3.4 The PVP Estimator 45

characteristics of this galaxy field, we say that it is a tracer of the dark matter field. Hence,

red galaxies, blue galaxies, quasars, etc, are all tracing the same underlying density field,

but in different ways. Within the previous assumption, we should expect that such a

galaxy field ng would follow exactly the same statistics of dark matter.

It has been known for a long time, however, that in galaxy clusters, the densest ob-

jects in the universe, galaxies of different morphological types inhabit environments with

different densities, as shown by [40] using 55 low-redshift rich clusters (figure 3.1). While

elliptical galaxies (E) and lenticular galaxies (S0) inhabit the denser regions of rich clus-

ters, towards their center, spiral galaxies (S) inhabit the lighest, more external parts.

Early-types are therefore more clustered than late-types. It was also shown that this

effect could not be explained by dynamical phenomena within the clusters, such as the

stripping of gas from spirals to form S0’s. This morphological segregation is then inter-

preted as an effect of the environment on the morphology of galaxies.

Figure 3.1: The study of 55 rich clusters in the local universe by [40] showed that
galactic morphology is correlated with local density. While spirals prefer the outmost
regions,early-types prefer the denser, central regions. Extracted from [41], in a reanalysis
of the study conducted in [40].

It was later shown by [41] using 10 medium-redshift clusters (z ∼ 0.5) that the fraction

of S0 in these clusters is significantly different from the low-redshift clusters, and the spirals

do not have a distribution as steep as in the low-redshift case. This indicates that galaxy

evolution must also play a role in determining the morphology-density relation.

More recently, [42] analyzed clusters even further (z ∼ 1) and found segregations which

resembled more the case of z ∼ 0.5 than the local universe (z ∼ 0), possibly indicating

that segregation starts dominating around z ∼ 0.5.
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With these evidences, we can safely say that galaxies are biased tracers of the underly-

ing density field. Indeed, it has been shown that morphology will play a role in large-scale

structure studies [43]. Our estimators, therefore, should somehow take into account the

fact the statistics of different species of tracers will deviate in disctinct ways from that

of dark matter. One of the first direct approaches was the one by [44] (hereafter PVP),

which we describe in this section.

The biasing of peaks in the framework of a Gaussian distribution was studied by [25]

and provides hints on how to describe a biased galaxy overdensity field δg. In the crude

approximation of linear, deterministic biasing, we can recast the correlation function of a

galaxy field as

ξg(r) = b2ξ(r), (3.58)

where ξ(r) is the correlation function for the underlying dark matter field and b =

b(~k, z, ...) is the bias of the corresponding galaxy, which in principle can be a complicated

function with non-trivial spatial dependences. Still within the linear approximation, we

can translate this relation for the correlation function into the biasing of the overdensity

field itself:

δg(~r) = b δ(~r). (3.59)

Even though eq. (3.58) follows from (3.59), the reverse is not true. The deterministic,

linear biasing characterized by eq. (3.59) is specially controversial when dealing with

voids, in which case we might well have δg < −1 if b & 1, an unphysical result if one

considers the very definition of δ, eq. (3.1). Furthermore, within the context of the

evolution of gravitational instabilities, we would not expect galaxies to be linearly biased

anyway.

The linear, deterministic bias, thus, is not a very realistic option. A more complete

picture should include stochastic and nonlinear effects [45]. Nevertheless, it is a starting

point, a simplification of an overly complicated problem that potentially mixes nonlinear

evolution of perturbations, stochasticity and the dynamical details of galaxy formation.

Perhaps a more compelling motivation is that the second moment of the distribution of

some types of galaxies, LRGs for instance, does behave, to a good approximation, like it

is linearly biased [46].

3.4.2 Formalism and Implementation

The power spectrum version of (3.58) is straightforward:

Pg(k) = b2Pm(k), (3.60)
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where Pm(k) is the actual power spectrum of dark matter (differently from the previously

used P0(k), which was a “first guess” spectrum, although from now on there will be

little or no difference between these two quantities). PVP assumes linear bias, since this

is a good approximation. Given the previous motivation with the connection between

morpholy and large-scale clustering, we can take b to have a dependence on, for instance,

luminosity. For the case studied in PVP, b = b(L), and in their study it could, in principle,

be any function of the luminosity, as long as the bias of each set of galaxies can be entirely

determined. We will see soon in which context this assumption may be dropped.

In a magnitude-limited survey, galaxies more luminous than the average will be rel-

atively more numerous than others at high redshifts. At low-redshifts, conversely, low

luminosity galaxies will have a larger number density. The power spectrum at large-

scales, therefore, will be preferentially measured by the very luminous ones, which can

potentially distort the recovered spectrum.

The usual assumption that galaxies form, in each subvolume dV , a Poisson sampling

of the density field with mean n̄ now becomes

Prob(dV, L) = n̄(~r, L)dV dL [1 + b(~r, L)δ(~r)] , (3.61)

where Prob(dV, L) is the probability of finding a galaxy of luminosity L in the cell dV .

The luminosity dependence is acquired not only by b = b(~r, L) but also by n̄ = n̄(~r, L).

The weighted galaxy fluctation field is now defined as

F (~r) ≡ 1

N

∫
dL

w(~r, L)

b(~r, L)
[ng(~r, L)− αnr(~r, L)] , (3.62)

where the normalization N is now given by

N ≡

[∫
d3r

(∫
dL n̄(~r, L)w(~r, L)

)2
]1/2

. (3.63)

Equations (3.62) and (3.63) can be directly compared with (3.40). The integral over the

luminosity represents a sum over different galaxy sets, amounting to a single overdensity

field F . Such a distribution as a function of luminosity certainly wouldn’t be continuous.

In practice, the classification of galaxies into different species would be a discrete one. The

integral, therefore, is just a formality. PVP does present, however, a discretized version

of (3.62), which is a straightforward replacement of the integral sign by a sum.

Two things must be noticed about equation (3.62). The first is the natural redefinition

ng(~r) =
∑
i

δD(~r − ~ri)→ ng(~r, L) =
∑
i

δD(~r − ~ri)δD(L− Li).
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The second is that there is a bias term in the denominator, already factored out, which

guarantees a bias correction.

The same 2-point functions (3.43)-(3.45) apply to the PVP formalism, with additional

Dirac deltas and bias terms, although the window function now changes accordingly:

G(~r) ≡ 1

N

∫
dL n̄(~r, L)w(~r, L). (3.64)

The final PVP estimator is then very similar to the FKP eq. (3.52):〈∣∣∣F (~k)
∣∣∣2〉 =

∫
d3k′

(2π)3
P (~k)

∣∣∣G(~k − ~k′)
∣∣∣2 + Pshot, (3.65)

where

Pshot ≡
1 + α

N2

∫
d3r

∫
dL n̄(~r, L)

w2(~r, L)

b2(~r, L)
. (3.66)

Just like in the FKP case, the connection between PVP and the general formalism intro-

duced in section 3.2 is straightforward.

Again, the last step is to carefully determine the weights in order to make the estimator

optimal. Under exactly the same approximations employed in FKP, the relative error for

PVP is given by

σ2
P (k)

P 2(k)
=

(2π)3

VkN4

∫
d3r

{[∫
dL n̄(~r, L)w(~r, L)

]2

+

[∫
dL n̄(~r, L)

w2(~r, L)

b2(~r, L)

]
1

P0(k)

}2

.

(3.67)

The same considerations regarding the fiducial spectrum P0(k) in FKP apply to this case

(section 3.3.1).

Following the same procedure of variation calculus employed in the previous case,

we require that σ2
P (k) be stationary with respect to small variations δw. The solution,

representing the optimal PVP weights, is given by

w(~r, L′) =
b2(~r, L′)P0(k)

1 +
∫
dL n̄(~r, L)b2(~r, L)P0(k)

. (3.68)

Equation (3.68) has a subtlety: the weights depend not only on the bias and selection

function of one type of tracer in a location ~r, but also on the bias of every other species

of tracer in the same location. Furthermore, even though PVP defined the overdensity

field (3.62) with a factor of b−1, the weights become proportional to b, which means that

the clustering strenght is related to the signal-to-noise.

We implemented the PVP estimator for the case of only 1 tracer, in which case it is

completely analogous to the FKP implementation discussed in section 3.3.2. PVP tested

their estimator with a useful set of galaxy mocks generated from lognormal realizations
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that matched the selection effects of the 2dFGRS survey. We will discuss how to efficiently

generate them and what are their characteristics shortly.
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Chapter 4

The Multi-Tracer Estimator

4.1 Towards an Optimal Estimator

An observed galaxy field includes a combination of at least two stochastic processes. On

the one hand, galaxies and even larger structures in the univese are sampling an underlying

density field which is (or was, at early times) fundamentally the result of a Gaussian

process in each point. On the other hand, galaxies themselves form an approximately

Poisson distribution over this Gaussian field. We can relate the discussion of section 3.1)

to this issue by realizing that shot noise is a byproduct of the Poisson process, while

cosmic variance comes from the Gaussian realization.

However, the fact that, on the largest scales, we cannot reduce the error bars below

order unity for some quantities that are proportional to the power spectrum can be cir-

cumvented. This can be achieved if one considers that multiple species trace the same

field δ [47]. On the linear bias approximation δi = biδ for the tracer i, the ratio be-

tween the density fields, corresponding to b1/b2, will not be subject to the same statistical

fluctuations that affect δi:
P1(k)

P2(k)
=
b2

1P0(k)

b2
2P0(k)

.

In other words, the Gaussian fluctuations in P0(k) are exactly canceled when taking the

ratio of the tracers.

It has been found that “beating” cosmic variance this way can reduce the uncertainty

in some key cosmological parameters by around an order of magnitude, specially the fNL

factor of non-gaussianity and the redshift-space distortion parameter β [48, 49].

Diminishing the effects of cosmic variance is of special importance currently, since

we are aiming to build large and dense data sets in which shot noise will not dominate

over signal. The multi-tracer approach can also be studied in terms of the Fisher matrix

formalism, which yields a clear understanding of the auto and cross-covariances, which

did not exist in FKP and were not fully developed in PVP [50, 51].
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Suppressing cosmic variance in some cosmological observables is indeed a very good

perspective for an estimator. We must not forget, however, that to efficiently exploit a

data set and extract all the information available in it, we should make use of an optimal

estimator. Combining the multitracer methods with the statistical tools of section 3.2

is, thus, a promising approach. We will follow along the lines of [52] to derive optimal

multi-tracer estimators and test them. This reference is actually the byproduct of the

present work, developed by the author of this work and collaborators.

In a general way, we can regard the power spectra of multiple galaxy species as

Pα ≡ B2
αPm, (4.1)

where Pm is the underlying power spectrum they are all supposed to follow, and Bα =

Bα(~k, z, µk) is a generalized bias. This bias can have dependences on the cosine of angle

between the Fourier mode and the line of sight (µ~k) as well as on redshift, scales, etc. In

practice, we are introducing in this multiplicative factor any physical phenomenon that

might distort of shift the power spectrum. Note that we will denote different tracers with

greek indices – α = 0, 1, ..., N for N different sets of objects tracing the same underlying

structure. In this notation, cross-spectra are defined as

Pαβ = BαBβPm. (4.2)

To properly exploit the Fisher matrix, we rely on the Cramér-Rao bound and the

formalism from section 3.2. Let us consider our measured quantities, the data, as vectors

di that obey 〈di〉 = 0. Let us also regard the Gaussian assumption commonly used in the

literature: the parameters pµ we want to extract from the data are well described by a

multivariate Gaussian likelihood. According to (3.22), we can then write

Fµν =
1

2
Tr

[
C−1 ∂C

∂pµ
C−1 ∂C

∂pν

]
=

1

2

∑
ijkl

C−1
ij

∂Cjk
∂pµ

C−1
kl

∂Cli
∂pν

, (4.3)

where the second equality is just an explicit way to represent the trace, with a convenient

notation.

The next step, in direct analogy with eqs. (3.36) and (3.37), is to define a quadratic

form q̂µ with generalized weights given by Eij
µ :

q̂µ ≡
∑
ij

diE
ij
µ dj −∆µ, (4.4)

where

Eij
µ ≡

1

2

∑
kl

C−1
ik

∂Ckl
∂pµ

C−1
lj . (4.5)
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For convenience, in eq. (4.4) we have explicitly subtracted the bias1 of the estimator, ∆µ

and in eq. (4.5) we have factored out a 1/2.

With the quadratic form, the final goal is to build an estimator that obeys

p̂µ =
∑
α

F−1
µα q̂α (4.6)

and whose covariance is the inverse of the Fisher matrix, Cov(p̂µ, p̂ν) = F−1
µν . This can be

achieved, with the definition (4.6), if

Cov(q̂α, q̂β) = Fαβ. (4.7)

We must then show that the covariance of the quadratic form q̂µ is the Fisher matrix.

Disregarding the bias term, which will have no correlation, we can write the covariance

for q̂ as

Cov(q̂µ, q̂ν) =
〈(
diE

ij
µ dj
) (
dkE

kl
ν dl
)〉
−
〈
diE

ij
µ dj
〉 〈
dkE

kl
ν dl
〉

(4.8)

= Eij
µ E

kl
ν (〈didjdkdl〉 − 〈didj〉 〈dkdl〉) . (4.9)

The Gaussian distribution can be completely described by its 2-point function, which

means that N-point functions can be written as permutations of the second moment.

Exploiting this approximation again, we can write the 4-point function 〈didjdkdl〉 in the

previous equation as

〈didjdkdl〉 = 〈didj〉 〈dkdl〉+ 〈djdk〉 〈dldi〉+ 〈dkdi〉 〈djdl〉 (4.10)

= CijCkl + CjkCli + CkiCjl. (4.11)

Using this property, we finally get

Cov(q̂µ, q̂ν) =
∑
ijkl

Eij
µ E

kl
ν (CjkCli + CkiCjl) (4.12)

= 2 Tr
(
Eij
µ CjkE

kl
ν Cli

)
(4.13)

=
1

2
Tr

(
C−1 ∂C

∂pµ
C−1∂C

−1

∂pν

)
= Fµν , (4.14)

where the third equality follows directly from the definition (4.5). Having confirmed that

1We will use the same word for the offset between the ensemble average of the estimator and its true
value, – a measure of its accuracy – and for the multiplicative term Bα – a quantity degenerated with
the amplitude of the spectrum. Confusion is easily avoidable if one keeps in mind that Bα cannot ever
be “subtracted” and its value has nothing to do with an estimator being optimal or not, it just reflects
the combined effect of many physical phenomena that modify Pm.
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Cov(q̂α, q̂β) = Fµν , it follows that

Cov(p̂µ, p̂ν) =
∑
αβ

F−1
µα F

−1
νβ 〈q̂αq̂β〉︸ ︷︷ ︸

Fαβ

= F−1
µν , (4.15)

exactly as we expect from an optimal estimator in the sense of the Cramér-Rao bound.

Also, when requiring that the estimator be accurate, the bias ∆µ to be subtracted can be

directly found by taking 〈p̂µ〉 = p̄µ in (4.6), which yields

∆µ =
∑
ij

Eij
µ Cij −

∑
β

Fαβ p̄β

=
1

2

∑
ki

C−1
ik

∂Cki
∂pµ

−
∑
β

Fαβ p̄β (4.16)

With these definitions, we can start building the actual multi-tracer estimator. We

still lack, however, an expression for the covariance and the Fisher matrix of the multi-

tracer survey. Not only will we derive these quantities, but also we shall see how they

reduce to the FKP and PVP cases in the appropriate limits.

4.2 Fisher Matrix for Galaxy Surveys

4.2.1 Single Species

The limit in which the quadratic method of section 3.2 reduces to the FKP weighting

scheme (which is also a way to derive the FKP Fisher matrix) was obtained in [30]. We

retrace these steps below, and the result will ultimately be the optimized FKP weights,

but obtained by taking a different route from the one adopted in the FKP paper.

To obtain the pixel covariance in real space, we take the inverse Fourier transform of

eq. (3.6) (notice that eq. (3.6) is the pixelized second moment of our data):

C(~x, ~y) =

∫
e−i

~k·(~x−~y)P (~k)
d3k

(2π)3
+
δD(~x− ~y)

n̄(~x)
, (4.17)

where ~x and ~y are the center of real-space bins2. The derivative of C(~x, ~y) with respect

to the parameters θi = P (~ki) is then

C,i(~x, ~y) =
∂C(~x, ~y)

∂P (~ki)
=

1

(2π)3
e−i

~ki·(~x−~y). (4.18)

2Just as a remark, we have been using bins in real space and k-space for a while now, but this
intepretation will become more crucial as we move on and define a Fisher matrix for information density.
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If P (~k) varies slowly within the k bin of interest, we can approximate the covariance by3

C(~x, ~y) ≈
[
P +

1

n̄(~x)

]
δD(~x− ~y), (4.19)

which implies that the inverse covariance, since
∫
d3x′δD(~x − ~x′)δD(~x′ − ~y) = δD(~x − ~y),

is given by

C−1(~x, ~y) ≈
[
P +

1

n̄(~x)

]−1

δD(~x− ~y) (4.20)

= φFKP (~x)δD(~x− ~y), (4.21)

where φFKP(~x) is precisely the FKP weight with an additional normalization factor n̄ as

defined in (3.34).

Using the expression for the Fisher matrix under the Gaussian approximation, we

have (where latin indices stand for actual matrix bins, since greek indices are clearly

unnecessary in this single species case)

Fij =
1

2
Tr
[
C−1C,iC

−1C,j
]

(4.22)

≈ 1

2

∫
φFKP (~x)e−i

~ki·(~x−~y)φFKP (~y)e−i
~kj ·(~y−~x)d3x d3y (4.23)

=
1

2

∣∣∣φFKP (~ki − ~kj)
∣∣∣2 . (4.24)

In a direct comparison with (3.35), we see that the Fisher matrix is acting as a window:

〈
qFKPi

〉
=

∫
FijP (~kj)

d3kj
(2π)3

,

in which case we have to normalize it to unity, according to (3.29), by dividing it by the

integral of Fij over k-space∫
Fij

d3kj
(2π)3

=
1

2

∫ (
n̄

1 + n̄P

)2

ei(
~ki−~kj)·~xd3x

d3kj
(2π)3

=
V ij

eff

2P 2
, (4.25)

where we have used Parseval’s theorem and the definition for φFKP (~x).

In the previous equation, we have introduced an important quantity Veff defined as

Veff(k) =

∫ (
n̄(~x)P (k)

1 + n̄(~x)P (k)

)2

d3x. (4.26)

The effective volume represents the information contained in the spatial volume probed.

3This is also commonly known as the stationary phase approximation.



56 The Multi-Tracer Estimator

We can regard n̄P = P/(1/n̄) as the signal-to-noise ratio in the approximation that the

nature of the noise is completely Poissonian. When n̄P � 1, i.e. signal dominates,

Veff → V , which means we are collecting the full information contained in the volume

probed. If, however, n̄P � 1, Veff � V which means that we are not efficiently exploiting

the survey volume. Another way to realize the importance of the effective volume is

considering that, since it is directly connected to the error bars in FKP – as we shall soon

show –, shrinking the error bars by a factor 2 is equivalent to probing a galaxy number

density and survey volume larger by a factor of 4.

For the final connection between the Fisher matrix approach and the FKP formalism,

consider equation (3.39), which shows that

σ(qFKPi )

〈qFKPi 〉
≈ 2

∫
φFKPd

3r∫
φ2
FKPd

3r
=
√

2

(
1 +

1

n̄P

)
, (4.27)

where the last equality holds if n̄ is constant over a volume-limited survey. Since we are

guaranteed that the covariance is the inverse Fisher matrix, and since eq. (4.27) is nothing

but the square root of the covariance, we immediately find the FKP Fisher matrix:

FFKP =
1

2

(
n̄P

1 + n̄P

)2

. (4.28)

Furthermore, since averaging equation (4.27) over shells in k-space yields exactly the FKP

error estimate (3.54), we have also shown that the FKP method is indeed optimal in the

quadratic estimator framework.

We have just derived an important result: both the method developed in FKP (weight-

ing the density contrast and then forcing the weighting scheme to be optimal) and the

Fisher matrix formalism (defining a quadratic form whose covariance is the inverse of the

Fisher matrix) reached an optimal estimator. Both routes were completely different, but

reached the same result.

A few final remarks are necessary. Firstly, note that equation (4.28) encapsulates

both signal-to-noise limits which we described in section 3.1. For n̄P � 1, i.e., when

shot noise is much larger than the power in a given bin, FFKP → 0 like a power-law.

This means that the information contained in the survey volume decreases rapidly as the

galaxy field becomes sparser. The other limit is n̄P � 1, when signal dominates and shot

noise is negligible. In this case, FFKP → 1/2, which means that, no matter how finely

the underlying density field is sampled, there is a maximum amount of information that

can be extracted. This is nothing but a re-statement of the cosmic variance effect. We

will see soon that for the multi-tracer estimator this is not true.

Secondly, since Veff is actually a spatial integral of FFKP , and since the actual FKP

error bars are a k-space integral (over shells) of the same quantity, we should regard
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FFKP as a density of information over phase space. In other words, we can rewrite the

uncertainty in the power estimate of bin ki as

(σP
P

)2

≡
(
σ(q)

〈q〉

)2

≈ 2

V~kiVeff

,

where V~ki = 4πk2
i ∆k, with ∆k defined as the thickness of the ith shell. This distinction

appeared naturally when comparing the Fisher matrix to the FKP prediction, and shall

continue to play an important role.

Also, from our derivation, the covariance is necessarily diagonal in k. Looking at

the Fisher matrix, it really could not be otherwise. We implicitly imposed this in the

approximation that led to eq. (4.19). It remais true as long as we consider bins in k

which are narrow enough when compared to the characteristic scale of the survey, which

ultimately constrains the range of wavelengths that P (k) can cover. In other words, bins

separated by much more than ∆k will be uncorrelated. In practice, we can easily define

the bins in k taking this constrain into account, so that our estimates retain as much

(uncorrelated) information as possible. Note also that bins narrower than ∆k will be

correlated with the surrounding ones, while those much wider than ∆k will be averaging

out the intrinsic fluctuations of the spectrum. Both limits are undesirable.

Let us reconsider the definition (4.3) in the continuum limit, now being careful about

the distinction between the integrated Fisher matrix and the one that represents its density

over phase-space. The FKP Fisher matrix can be rewritten as

F (θi, θj) =

∫
d3x d3k

(2π)3

∂ logPα
∂θi

Fα
∂ logPα
∂θj

, (4.29)

where the Fisher matrix density Fα for species α is nothing but our previous result of eq.

(4.28), but including the bias Bα, as defined in (4.1):

Fα(~x,~k) =
1

2

(
Pα

1 + Pα

)2

, (4.30)

and

Pα(~x,~k) ≡ n̄α(~x)Pα(~x,~k) (4.31)

is the signal-to-noise of tracer α. Note also that we have chosen to express (4.29) in

terms of logPα, which implies a simple projection of the Fisher matrix with a Jacobian

that is trivially given by the chain rule in this case. The expression (4.30) is the more

general form of writing the information density, because it expresses the total information

contained in the clustering of a species α as Pα. To obtain the Fisher matrix for other

variables, we must know how the new set of parameters relate to the old ones, so that we
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can project the Fisher matrix. In other words, we need to know what is the Jacobian of

the transformation from a set of variables to another, Θ → Θ̃. We write the Jacobian

matrices as

Jij =
∂θi

∂θ̃j
,

which means that the projection given by

F ′µ′ν′ = Jµ′µFµνJνν′ (4.32)

can be written more explicitly as

F (θi, θj)→ F (θ̃i, θ̃j) =
∑
lk

∂θl

∂θ̃i
F (θl, θk)

∂θk

∂θ̃j
. (4.33)

4.2.2 Multiple Species

We finally get to the point when we can start a studying of the covariance and Fisher

matrix of multi-tracer surveys. Alternative routes for the derivation have been proposed

[49, 53], and we will employ a generalization of the already known covariance for the single

species case [52, 50].

The generalization of (4.3) for the multi-tracer estimator is

Fµν;ij =
∑
αβγσ

∫
d3x d3x′ d3x′′ d3x′′′C−1

αβ (~x, ~x′)
∂Cβγ(~x

′, ~x′′)

∂Pµ,i
C−1
γσ (~x′′, ~x′′′)

∂Cσα(~x′′′, ~x)

∂Pν,j
,

(4.34)

where the pixel covariance also takes a generalized form, given by

Cαβ(~x, ~x′) = ξαβ(~x, ~x′) +
δαβ
n̄α(~x)

δD(~x− ~x′)

=

∫
d3k

(2π)3
ei
~k·(~x−~x′)

[
Bα(~x,~k)Pm(~x,~k)Bβ(~x′, ~k) +

δαβ
n̄α(~x)

]
. (4.35)

Under the same approximation that led to equation (4.19), we can rewrite this general

covariance in a way that can be inverted analytically:

Cαβ(~x, ~x′) ≈ δD(~x− ~x′)
[
δαβ
n̄α

+BαPmBβ

]
. (4.36)

One can check that the inverse of eq. (4.36) is given by

C−1
αβ (~x, ~x′) ≈ δD(~x− ~x′)

[
δαβn̄α − n̄α

BαPmBβ

1 + P
n̄β

]
, (4.37)

where we define the total clustering strength as the sum of all signal-to-noise ratios for
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each species (or the individual clustering strengths) as

P(~x,~k) ≡
∑
µ

n̄µ(~x)B2
µ(~x,~k)Pm(~x,~k) =

∑
µ

Pµ. (4.38)

Note that the covariance matrix and its inverse follow the property

∑
β

∫
d3x′C−1

αβ (~x, ~x′)Cβγ(~x
′, ~x′′) = δαγδD(~x− ~x′′). (4.39)

We already know the covariance and its inverse. The last piece needed to assemble

the right-hand side of eq. (4.34) is the derivative of C with respect to P . Using the fact

that4

∂f(~x,~k)

∂f(~x′, ~k′)
= (2π)3δD(~x− ~x′)δD(~k − ~k′), (4.40)

we can write ∂Pα(~x,~k)/∂Pµ,i = δi
~x,~k

. Using this in eq. (4.35), we get

∂Cαβ(~x, ~x′)

∂Pµ,i
=

∫
d3k

(2π)3
ei
~k·(~x−~x′)

(
δαµδ

i
~x,~k

+ δβµδ
i
~x′,~k

) Bα(~x,~k)Bβ(~x′, ~k)

2B2
µ(~xi, ~ki)

, (4.41)

where we have introduced the notation δi
~x,~k

to represent the limiting of the integral to a

bin i. More explicitly: ∫
d3x d3k

(2π)3
[· · · ]× δi

~x,~k
=

∫
Vi

d3x d3k

(2π)3
[· · · ] . (4.42)

Plugging eqs. (4.36), (4.37) and (4.41) into (4.34) and noticing that the Kronecker

deltas are always accompanied by their restriction over phase-space volume, we get, after

a lengthy but straightforward calculation, a neat expression for the Fisher matrix:

Fµν;ij =
δij

Pµ,iPν,j

∫
Vi

d3x d3k

(2π)3
Fµν , (4.43)

where the tracer µ corresponds to the phase-space bin i and ν to the bin j, and the density

of information in phase-space, for logPµ [50], is

Fµν(~x,~k) =
1

4

δµνPµP(1 + P) + PµPν(1− P)

(1 + P)2
. (4.44)

It is straightforward to check that eq. (4.44) reduces to FKP (4.28) in the limit of 1

species, in which case Pµ = P = n̄P , µ = ν.

4This is concept is borrowed from functional analysis.
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4.3 The Optimal Multi-tracer Quadratic Estimator

We can finally build the multi-tracer power spectrum estimators that will eventually be

numerically implemented and tested. We have developed all the necessary tools in this

chapter – the covariances and the Fisher matrix – and now all we need to do is retrace

the steps of section 3.2, explored in greater detail in section 4.1.

We begin by making an explicit choice of what to consider “data”: we shall use the

density contrasts δµ for each species µ. This means that we will need to subtract the

mean density of the survey volume. We shall follow the approach of PVP and FKP, and

do so using random maps, which we discuss in greater detail in the next section.

The quadratic form of equation (4.4), if we define the bias of the estimator as δQµ,i ≡
∆µ, becomes

Q̂µ,i =
∑
αβ

∫
d3x d3x′Eµ,i

αβ(~x, ~x′; ~xi, ~ki)δα(~x)δβ(~x′)− δQµ,i. (4.45)

The generalized weighting scheme Eµ,i
αβ is defined analogously to eq. (4.5):

Eµ,i
αβ =

1

2

∑
σγ

∫
d3y d3y′C−1

ασ (~x, ~y)
∂Cσγ(~y, ~y

′)

∂Pµ,i
C−1
γβ (~y′, ~x′). (4.46)

Continuing our analogy with the optimal quadratic scheme, we plug the multi-tracer

version of eq. (4.41), the derivative of the covariance, and (4.37), the inverse covariance,

into the previous expression for Eµ,i
αβ . Equation (4.45) then leads to

Q̂µ,i =
1

4B2
µ,i

∑
σγ

∫
d3x d3x′

∫
d3k

(2π)3
ei
~k·(~x−~x′)

[
fσ(~x,~k)

(
δσµδ

i
~x,~k

+ δγµδ
i
~x′,~k

)
fγ(~x

′, ~k)
]
−δQµ,i,

(4.47)

where

fσ(~x,~k) =
∑
α

wσα(~x,~k)δα(~x) (4.48)

is our weighted data, with the multi-tracer weights given by

wσα(~x,~k) =

[
δσα −

Pσ(~x,~k)

1 + P(~x,~k)

]
n̄αBα(~x,~k), (4.49)

which properly reduce to the FKP case if only one tracer is considered.

Limiting the integrals to specific bins using the δi
~x,~k

and applying the Kronecker deltas,
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we can rearrange eq. (4.47) and write

Q̂µ,i =
1

4B2
µ,i

∫
V~ki

d3k

(2π)3

∫
d3x ei

~ki·~xfµ(~x)

∫
d3x′ e−i

~ki·~x′f(~x′) + c.c.− δQµ,i

=
1

4B2
µ,i

∫
V~ki

d3k

(2π)3

[
f̃µ(~k)f̃ ∗(~k) + c.c.

]
− δQµ,i (4.50)

where we define the total density field as

f =
∑
σ

fσ =
1

1 + P
∑
σ

n̄σBσδσ. (4.51)

Equation (4.50) is, up to a volume factor, the average over shells in k-space. We can then

rewrite it as

Q̂µ,i =
V~ki

4B2
µ,i

〈
f̃µf̃

∗ + c.c.
〉
~ki
− δQµ,i. (4.52)

The last step is to make the correspondence between the quadratic form Q̂ and the

final estimator, as eq. (4.6) suggests. Following this procedure, we have

P̂µ,i =
∑
νj

[Fµν;ij]
−1 Q̂ν,j (4.53)

=
∑
ν

[Fµν;ii]
−1 Q̂ν,i. (4.54)

We now need an expression for the inverse of the Fisher matrix. This is rather simple,

since we already know expression (4.43). The result is that

F−1
µν = PµPνF−1

µν , (4.55)

where the inverse of the information density is

F−1
µν =

4(1 + P)

P

(
δµν
Pµ

+
P − 1

2P

)
. (4.56)

We can see that eqs. (4.53) and (4.52) inclube both fiducial, theoretical values (or at least

initial guesses) – Bµ and Pm – as well as the data itself. This mix was already present

in FKP and PVP, and it reflects the fact that the estimators do contain our theoretical

prejudices in the form of an initial guess, which is reflected on the weights. One can check

that the covariance of (4.52) is the Fisher matrix, which means that the covariance of

(4.53) is the inverse Fisher matrix, saturating the Cramer-Rao bound. The estimator was

indeed constructed to follow this property.

We are certainly guaranteed to have found a minimum covariance estimator, but we
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still need to make sure it is unbiased by fixing the correct δQµ,i. Equation (4.16) gives

us the definition, we just have to plug the already known relations for the covariance and

the Fisher matrix in it. We can then rewrite

δQµ,i =
1

2

∑
αβ

∫
d3x d3x′

∂Cαβ(~x, ~x′)

∂Pµ,i
C−1
βα (~x′, ~x)−

∑
ν;j

Fµν;ijPν,j (4.57)

as

δQµ,i =
1

2B2
µ,i

∫
Vi

d3x d3k

(2π)3

n̄µB
2
µ

1 + P
−
∑
ν

Fµν;iiPν,i. (4.58)

We will refine this expression for the bias of the estimator soon, when we consider the

random maps in greater detail. For now, we can have an insight what it means by taking

the 1-tracer (FKP) limit of eq. (4.58), in which case it becomes

δPµ,i ≡
∑
ν

[Fµν;ii]
−1 δQν,i →

〈
Pµ
P

〉
=

1

n̄
, (4.59)

which is exactly the Poisson shot noise, as we should expect.

One major difference between our estimators and FKP or PVP is that we are explicitly

including information about the cross-correlations, as can be seen in eqs. (4.47)-(4.50).

Even though what we want to measure are the individual spectra Pµ, there is a gain in

information when there are 2 galaxy fields tracing the same underlying dark matter field.

We can realize that this should make a difference when measuring the spectra of 2

tracers, one with high signal-to-noise and other much sparser. While FKP estimates

the spectrum of the sparser sample as if it were the only information available at all,

the multi-tracer estimator will take into account that another, more numerous tracer is

already sampling the same field, therefore the covariance of the sparser sample can be

improved. We actually tested this case and confirmed this scenario. We might wonder

if the noise in one sparse tracer might propagate to the others, rendering the covariance

of the densely distributed tracers larger than it would if they were analyzed alone. We

are protected against this problem: because the noise only appears in the diagonal of the

covariance matrix – eqs. (4.55) and (4.56) –, if one tracer has low signal, the noise will

only affect that same tracer. This can also be seen in the same test that shows a reduction

of covariance for the sparser tracer.

For high signal-to-noises ratios, we can see that eqs. (4.55) and (4.56) will yield

a positive cross-covariance. This means that, as expected, both tracers will clump in

the same dense regions and become sparser in the same voids. In other words, a high

number density for both tracers will yield distributions for them that are positively (and

tightly) correlated with each other. If, however, both tracers have very poor signal, the

cross-covariances become negative. We can interpret this by considering that tracing the
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overdensities is unlikely enough so that, if a galaxy of type α is at a given position, we

won’t expect the species β to be found along with it.

Now, recall that estimating the power spectrum from a discrete, potentially irregular

galaxy field will yield a convolution of the underlying spectrum with a window function.

The ensemble average of the quadratic form (4.47), taking that into account and neglecting

the bias of the estimator, is given by

〈
Q̂µ,i

〉
=

1

4B2
µ,i

∫
Vi

d3x d3k

(2π)3

∫
d3x′ d3k′

(2π)3
Pm(~k′)× ei(~k−~k′)·~xGµ(~x,~k)e−i(

~k−~k′)·~x′G(~x′, ~k) + c.c.

(4.60)

where

Gµ(~x,~k) =
1

Pm

Pµ
1 + P

(4.61)

and also G =
∑

µGµ. We then define the window function Wµ,i for the quadratic form as

Wµ,i =
1

4B2
µ,i

∫
Vi

d3k

(2π)3

[
G̃µG̃

∗ + c.c.
]
. (4.62)

Finally, completing the connection with the previous estimators, we rewrite the quadratic

form as a convolution given by

〈
Q̂µ,i

〉
→
∫

d3k′

(2π)3
Pm(~k)Wµ,i(~ki, ~k

′). (4.63)

For a general case, the final spectrum should obviously be deconvolved for a complete

analysis. In the tests carried out in the next chapter, however, in order to make a clean

analysis of the covariance of our estimators, we explicitly choose a trivially defined window,

as will become clear.

Another important remark is that, fixing the effective bias Bµ, our results reduce to the

PVP estimator. This can be seen by taking eq. (4.43) and setting ∂Pµ,k/∂Pm,i = B2
µ,iδk,i

in the projection

F (Pm,i, Pm,j) =
∑
µν

∑
kl

∂Pµ,k
∂Pm,i

Fµν;ij
∂Pµ,l
∂Pm,j

=
δij
P 2
m,i

∑
µν

Fµν,ii

=
δij
P 2
m,i

∫
Vi

d3x d3k

(2π)3

1

2

(
P

1 + P

)2

,
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so that the optimal estimator becomes

P̂ PV P
m,i =

1

Ni

〈∣∣∣f̃ ∣∣∣2〉
~ki

, (4.64)

where the normlization Ni is given by

Ni =
1

V~kiP
2
m,i

∫
Vi

d3x d3k

(2π)3

(
P

1 + P

)2

. (4.65)

Since P is really the sum of all clustering strenghts and f is the sum of all the overdensities,

we do recover the PVP estimator from section 3.4.

We now turn our attention to the random catalogs broadly used in Fourier analysis

across the literature – and even in correlation function estimation. The objective of the

synthetic catalog is to properly subtract the mean density of the survey, and reduce the

noise caused by local variations in the Poisson sampling.

For each species with number density n̄µ, we define a random map with number density

n̄rµαµ = n̄µ. The selection function of the random catalog must have, therefore, exactly

the same angular and radial dependences of the actual selection function of the survey, but

without structure. This means that they are created as a Poisson sample of the original

selection function. In order to reduce the fluctuations in the random map, however, we

might want to generate it with a much larger number of objects, which means that the

constant αµ will be much smaller than 1, matching the number densities of the real and

the synthetic catalog.

Subtracting the average density introduces a problem known as integral constraint : to

find the density contrast, we would like to subtract the average density over the whole

universe, but instead we subtract the average density within the survey volume itself.

Suppose that the survey area under study is some relatively large overdensity, with a

mean density significantly larger than the universe’s. This means that the average density

of the survey will be an overestimate of the true ρ̄. Even though this offset generates noise

in correlation function estimates, the power spectrum estimation is mostly unnafected by

complete ignorance on the average density n̄, since it will only affect the mode k = 0 [36].

Subtracting the average of the survey itself, however, forces P̂ (k = 0) = 0. It has been

shown that this might also lead to some systematic damping in the largest scales [54], but

otherwise leaves the shape of P̂ (k � 0) unaltered. We circumvent this problem ignoring

the very largest scales of our estimates (corresponding up to the first or second bins at

most).

The power spectrum estimation, therefore, is robust against problems of this nature.

A quote from [30] summarizes the problem: “we have a systematic problem with a certain

mode and can immunize our results from this problem by making them independent of this
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untrustworthy mode”. This is true once the condition (3.30) is fulfilled and we require that

the window is such that Wi(0) = 0, so that the band expectation value is truly unbiased,

as can be seen on eq. (3.25). Power spectrum estimation, therefore, is robust against the

integral constraint. We have also checked that our estimator has the same property.

We can make these statements more quantitative defining the density contrasts as

fµ(~x,~k) =
∑
ν

wµν(~x,~k)
nν(~x)− Aνnrν(~x)

n̄ν
(4.66)

=
∑
ν

wµν(~x,~k)

[
δν(~x)− Aν

αν
δrν(~x) + 1− Aν

αν

]
,

where eq. (4.66) is what we actually use in the implementation, and Aν is such that∫
d3xfµ = 0, given by

Aµ =
∑
ν

R−1
µνDν , (4.67)

where

Dν =

∫
d3x

∑
σ

wνσ(~x,~k) [1 + δσ(~x)] , Rµν =
1

αν

∫
d3xwµν(~x,~k) [1 + δrν(~x)] .

Taking the expectation value of eq. (4.58) with these additional terms and setting

αµ = α, which is what we actually do in the implementation for simplicity, without losing

accuracy, we find an expression for the bias of the estimator which actually takes into

account any level of shot noise generated by the random catalog itself:

δQµ,i =
1 + α

2B2
µ,i

∫
Vi

d3x d3k

(2π)3

n̄µB
2
µ

(1 + P)2
. (4.68)

In practice this won’t matter too much, since we make Aν ≈ α � 1 in order to have a

random catalog much denser than the original one.

4.4 Testing the Multi-tracer Estimators

In the last section, we derived the main properties and subtleties of the multi-tracer

estimators. We did it by following the general formalism described in sections 3.2 and

4.1, and constructed the Fisher matrix and covariances that would guarantee an optimal

behavior of the estimator.

In the present section, we apply the formalism to simple mock catalogs and test our

predictions. The implementation is straightforward and should be quite easy for those

already familiar with the FKP/PVP recipes. We test the method in real space, but the
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generalization to redshift-space is also quite simple.

For the generation of the galaxy maps we chose a simple method that is both efficient

and computationally cheap enough that hundreds of realizations of a single fiducial matter

power spectrum can be analyzed. We implemented the multi-tracer estimators in a cubic

grid with constant, uniform mean number density (or selection function), for the case

of two different species of tracers, with biases b1 = 1.0 and b2 = 1.2. It can be shown

that the convolution with the corresponding window function for this geometry is the

identity, so we don’t have to worry about deconvolving the spectrum before analyzing

it. Nevertheless, we have checked that the estimators are as robust as the FKP or PVP

methods against variations in the survey geometry.

In order to test the performance of the estimators in situations of high and low signal-

to-noise, we consider three different cases, as shown in table 4.1. In each case we generate

1000 galaxy maps (each consisting of two catalogs, one for each tracer), and estimate the

spectra using the methods described in this chapter.

Case n̄1(h3 Mpc−3) b1 n̄2(h3 Mpc−3) b2

A 10−2 1.0 10−2 1.2

B 10−2 1.0 10−5 1.2

C 10−5 1.0 10−5 1.2

Table 4.1: Three cases which we use to test the robustness of the multi-tracer esti-
mators. In all cases, the two tracers used have biases b1 = 1.0 and b2 = 1.2. Case A
has overall high signal-to-noise, while case C is the opposite. Case B is a mixed case in
which tracer 1 is very dense and tracer 2 is sparse over the grid.

A physical analogy could be drawn for each of these cases. Case A could represent a

low-redshift survey with high completeness, so both tracers are densely distributed over

the whole volume. Case B represents, on the one hand, a highly biased, luminous tracer,

reaching out to long radial distances and therefore becoming very sparsely distributed –

quasars, for instance. On the other hand, it also contains a denser tracer – LRGs, for

instance. Case C represents a high redshift survey, with both species being sparse.

4.4.1 Lognormal Maps and the Algorithm

Our mocks follow the same procedure used in, e.g., PVP. A detailed description of the

generation of lognormal maps can be found in [55]. The basic idea is that a Gaussian

density contrast δ(G)(~x) is not bounded from below, which implies that negative values

for the density are possible in any finite-volume realization of such a Gaussian field.

Lognormal fields, on the other hand, are positive-definite, so we map the Gaussian field

into a lognormal field. By this argument alone, however, any distribution which respects
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the bound δdistr. ≥ −1 could be a candidate. The choice for a lognormal distribution is

more subtle: the current density field actually approximately resembles a lognormal one.

This can be understood qualitatively if we regard the fact that gravitational instabilities

to grow close to exponentially in the nonlinear regimes. Gravity thus acts as a map

from the primordial, Gaussian density field, to another one which underwent exponential

clustering. This turns out to be the very definition of a lognormal distribution: one whose

logarithm is a normal distribution.

Going back to our starting point, a lognormal field obeys the condition δ(L)(~x) ≥ −1.

We can obtain a lognormal density field in terms of a Gaussian density field through the

definition

1 + δ(L)(~x) = exp[δ(G)(~x)− σ2
G/2], (4.69)

where σ2
G is the variance of the Gaussian field inside a cell. Furthermore, one can check

that

〈
δ(L)
〉

= 0 ,
〈
δ(L)δ(L)

〉
= eσ

2
G − 1 ≈ σ2

G +O(σ4
G), (4.70)

where we used the property 〈exp[δg]〉 = exp[〈δg〉+σ2
G/2] = exp[σ2

G/2], for the exponential

of a Gaussian random variable. What eq. (4.70) is telling us is that the lognormal density

field not only fulfills the requirement that it be greater than -1, but also that it has the

correct first moment and approximately reproduces the correct second moment.

Now, the Gaussian correlation function is related to the physical (assumed lognormal)

correlation function by

ξ(G)(x) = ln[1 + ξ(ph)(x)]. (4.71)

We may want, however, a biased version of this correlation function, in order to describe

different types of tracers. In this case, we can define the Gaussian correlation function as

b2ξ(G)(x) = ln
[
1 + b2ξ(ph)(x)

]
. (4.72)

Given a fiducial cosmology, we obtain the z = 0 matter power spectrum P0(k) from the

Boltzmann code CAMB 5 [56], and inverse-Fourier transform it to get the physical correlation

function ξ(ph)(x). We then convert the physical (assumed lognormal) correlation function

to the correlation function of the corresponding Gaussian field, and Fourier-transform

that correlation function into a power spectrum for the Gaussian field. This is the power

spectrum which is employed to generate the Gaussian random modes for the density

contrast.

The next step is the generation of biased lognormal maps for each galaxy type. We

5http://CAMB.info
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Figure 4.1: A slice of a lognormal map for the denser tracer (n̄ = 10−2 h3 Mpc−3).
White pixels in this 256 × 256 grid correpond to empty positions of the grid, and the
color bar is in logarithmic scale. The biased lognormal maps have a second moment that
corresponds to an input power spectrum, but with small deviations (see text). Since we
will always compare the spectra we estimate from these maps with the slightly deviated
version of the input, our analysis is not affected.

define the lognormal maps as

1 + δ(L)
µ (~x) = exp[bµ δ

(G)(~x)− b2
µσ

2
G/2]. (4.73)

One issue must be made clear at this point. According to (4.70), this whole procedure,

when using equations (4.69) and (4.71), is guaranteed to give us approximately the same

second moment of the underlying distribution of the input. In other words, for one

unbiased tracer, the lognormal mocks are quite accurate.

When considering different tracers, however, we must use different values of bµ accord-

ing to eq. (4.73). Notice, however that the Gaussian field that was generated as shown in

eq. (4.72) with an already fixed bias. The moments of the lognormal correlation function

will have higher order terms in the biased Gaussian correlation function:

〈
(δ(L)
µ )2

〉
= eξ

(G)
µ − 1 ≈ b2

µξ
(G) +O

{
bnµξ

(G)m
}〈

(δ(L))2
〉

= eξ
(G) − 1 ≈ b2ξ(G) +O

{
bnξ(G)m

}
.
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As it can be seen, the higher order terms will not be linear relations between each

correlation function. This prescription, then, is only entirely consistent for one tracer,

with one bias. For a multi-tracer case, the result of is a slight distortion in the obtained

spectra, for the moments of the biased lognormal field will be slightly different from the

ones in the Gaussian field. In other words, the second moment in equation (4.70) will not

follow exactly that relation when we consider
〈

(δ
(L)
µ )2

〉
.

This means that the actual power spectrum contained in our maps is not the exact

input, but rather a slightly distorted one, as if it had a scale-dependent bias b = b(k). We

can estimate this spectrum directly from the Gaussian field, before introducing galaxies

through a Poisson process, and simply take this to be the input power spectrum. This

issue could have greater importance if we were comparing our results against the initial

CAMB spectrum, but we are circumventing this problem. For all our applications, the main

idea is that we are assuredly recovering the correct power spectrum contained in the map.

Going back to the map generation, we finally create the galaxy maps as independent

Poisson realizations over the lognormal fields. Each tracer has its own spatial number

density (or selection function) n̄µ(~x) and bias bµ, so that the maps for each tracer is

given by integer numbers in each cell of volume dV through a Poisson sampling, Nµ(~x) =

P{n̄µ(~x)[1 + δ
(L)
µ (~x)]dV }, where P{λ} is a Poisson distribution with mean λ. An example

of one of the generated lognormal maps in shown in figure 4.1, which represents a dense

tracer.

In the three cases explained above we considered cubic 2563 grids with a fiducial

cosmology characterized by a flat ΛCDM model with Ωbh
2 = 0.0226, ΩCDMh

2 = 0.112

and h = 0.72. Each cube has a physical (comoving) volume of 1280 h−3 Mpc3. It is

important to note that lognormal maps created this way do not show the usual effect of

suppression in power at small scales when a smoothing algorithm is applied to convert

from a continuous distribution to a discrete grid, such as Nearest Grid Point (NGP). In

any case, the formalism is general enough to accommodate this necessity. Even though

any discretization scheme could be used, the square grid is required in order to employ an

implementation in terms of a Fast Fourier Transform (FFT), which is the only practical

way to perform a Fourier analysis of large data sets.

With the galaxy maps nµ(~x) as input, along with an initial guess for the biases bµ, we

can start to deploy the machinery developed in the previous chapters. A previous step,

in case we had not explicitly generated maps with constant, uniform number densities,

would be to appropriately estimate n̄µ(~x) 6. We start by building up random maps, nrµ(~x),

for each tracer as a Poisson process in each cell of the grid, with the same shape for the

mean number density as the data, but with a larger number of objects, n̄rµ = n̄µ/αµ, with

αµ small constants. We then construct the density contrasts δµ(~x) = δdµ(~x)− Aµδrµ(~x).

6Estimating the selection function is a complicated task by itself, outside the scope of this work.
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With an initial guess for the biases and for the amplitude of the power spectrum, we

can construct Pµ and P =
∑

µPµ, plug them into the weights (4.49), and calculate the

weighted density constrasts of eq. (4.66). We then perform an FFT over f(~x) and fµ(~x)

to obtain the integrand of eq. (4.50). Taking proper care of the volume factors (in real

and in Fourier space), this step should be analogous to the average over modes in equation

(2.4.5) of FKP [36].

We then subtract the bias of the estimators using eq. (4.68). Since we are taking the

effective biases Bµ to be constants b1 and b2 (see table 4.1), we can rewrite (4.68) as

δQµ,i =
1 + α

2

∫
Vi

d3x d3k

(2π)3

n̄µ
(1 + P)2

, (4.74)

which is what we actually use. Our choice for the matching between random and real

catalogs is α = 10−6. The final spectra are then obtained with eq. (4.53).

Our estimates were evaluated in ∼200 evenly spaced bins with ∆k = 0.005hMpc−1,

from k = 0.005hMpc−1 up to k ≈ 1.0hMpc−1. For our analysis, however, we consider

only the band estimates up to k = 0.2hMpc−1, slightly into the nonlinear regime but

still below the Nyquist frequency, so that our results are not affected by discretization

effects. We employed the same common simplification used in FKP and PVP: fixing

Pm(k) as a constant for the weights of all bandpowers. In our case, we used Pm(k) =

Pm = 104 h−3 Mpc3, and found no significant changes in our estimates for values different

by a factor 2 or 1/2.

An instructive summary of the algorithm could be represented as follows:

1. Define input parameters: b1, b2, n̄1, n̄2, physical size of the grid, number of cells,

number of realizations, input (theoretical) P0(k);

2. Generate Gaussian field;

3. Generate two lognormal realizations, one for each tracer – see detailed description

above;

4. Generate catalog by using the Poisson distribution for each lognormal realization;

5. Estimate the power spectrum for each tracer;

6. Store spectra for subsequent covariance analysis;

7. Repeat from step 2.

Notice that, in this scheme, it is crucial that both catalogs follow the same underlying

Gaussian field. The galaxy catalog (resulting from the Poisson distribution) of, say, tracer

1 of a given iteration, cannot be used along with the catalog for the tracer 2 created in
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another iteration. The pair of catalogs that emerged from a given Gaussian realization

must necessarily be analyzed together, otherwise they will not follow the same underlying

structure and the whole argument of the present work is flawed.

Step 5 is where the whole multi-tracer formalism comes into action. For all our tests,

with the purpose of making a direct comparison between the different methods, we per-

formed both the multi-tracer estimation and the usual FKP routine, exemplified in section

3.3.2. We find that the most time-consuming step is the average over shells in k-space,

both for FKP and the multi-tracer. This is due to the fact that, in the present imple-

mentation, a vectorized operation could not be carried out with the ∼200 matrices of

2563 cells. The alternative was to loop over all elements 7, and the CPU time for 1000

realizations was of ∼24h with the available hardware8.

4.4.2 Results

In this section, we present the results obtained with the estimators developed in the

present work, as well as a direct comparison between their auto-covariances and covariance

matrices. Our results are also reported in [52].

We first present, in figure 4.2, the estimated spectra for all the three cases. The error

bars, as expected, are enlarged in the cases with low signal-to-noise. Notice that, as

explained in section 4.3, even though tracer 2 in case B is much sparser than tracer 1,

its noise does not propagate to tracer 1, whose error bars are the same size as they are

in case A. Figure 4.3 is an even better indicative of that. The error bars represented in

figure 4.2 are the theoretical ones, obtained using the fiducial power spectrum. These are,

then, the error bars for the fiducial cosmology. As explained by the end of section 3.3.1,

we could have also found the self-consistent error bars by replacing the fiducial P0(k) by

the estimated P̂ (k) for a single realization. We performed this test and found a slightly

noisier pattern for the error bars (i.e. they did not decrease monotonically depicted in

fig. 4.2), but no striking change in their magnitude.

The dashed line is the input spectrum P0(k) from CAMB, but corrected for the deviations

that arise due to the inconsistency of the lognormal “recipe” (see section 4.4.1). These

spectra are, nevertheless, the actual second moment of the galaxy distribution contained

in the lognormal maps. Since red circles and blue squares are the ensemble average of the

estimated spectra over 1000 realizations, we clearly see that the multi-tracer estimators

succesfully recover the expected galaxy power spectrum. We checked that the deviations

between the average band power estimate and the theoretical spectrum are, at most,

7Both estimators were fully implemented in Python. Even though direct iterations are notoriously
slow in this language and we were dealing with excessively large matrices, there are smarter ways to
perform this simple computation.

8A desktop computer with 8Gb RAM memory separated in 4 cores. The code was not paralelized to
make use of the whole available computing power.
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around ∼2%.

With 1000 realizations and storing each pair of spectra obtained using the FKP method

and ours, we can perform a direct comparison between both. Furthermore, we can test the

theoretical predictions for the covariance of the multi-tracer against the actual, empirically

obtained covariance. We expect the theoretical error bars to be a good estimate of the

empirical ones. Our prediction for the covariance and error bars, are, revising eq. (4.55),

given by

Cov(Pµ,i, Pν,j) = δij

[
1

Pµ,iPν,j

∫
Vi

d3x d3k

(2π)3
Fµν
]−1

, (4.75)

where Fµν is given by eq. (4.44).

In figure 4.3 we present a comparison between the theoretical and empirical error

bars of FKP, and the theoretical and empirical errors of the multi-tracer estimators. For

FKP and the multi-tracer, the theoretical error bars were obtained, respectively, with

eqs. (3.54) and (4.75). The empirical error bars are the standard deviation of each bin

estimate, for each method separately.

We find that the theoretical expectations and the empirical variances generally agree

very well. In some of them, the theoretical errors slightly underestimate the empirical

values, which is consistent with the notion that the Fisher matrix is an underestimate of

the true covariance, or, in other words, the ideal covariance. This is also found in the

FKP implementation. In cases B and C, the multi-tracer method performs significantly

better than FKP, both regarding the theoretical and empirical variances. We pay special

attention to case B, in which the difference between FKP and the multi-tracer is of almost

an order of magnitude around k = 0.1hMpc−1. We attribute the better performance of

multi-tracer to the fact that it contains information regarding the cross-spectra, which is

simply not taken into account by FKP, since it assumes single galaxy sets are sampling

the underlying field.

In figure 4.4 we compare the theoretical and empirical variances for the cross-spectra

of the two-tracers and for the ratio of the spectra, P1/P2. Since the FKP method cannot

make a prediction in this case, we show only the multi-tracer results. To perform this

test, we follow the technique exploited by [48], reproduced below.

We can diagonalize the multi-tracer Fisher matrix (4.44) to have a better insight on

the cross-correlations. The set of variables which diagonalize the Fisher matrix are defined
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as

Y1 = S1 = P

Y2 =
P1

S1

...

YN =
PN−1

SN
,

where N is the number of tracers and S are effective powers given by

Sa =
N∑
α=a

Pα. (4.76)

We can then regard Y as relative effective powers. For 2 types of tracers, then, the

variables which diagonalize the 2 × 2 Fisher matrix are P = P1 + P2 and P1/P2. The

corresponding Fisher matrix per unit of phase space for log(P1/P2) is then

Fratio =
P1P2

4(1 + P1 + P2)
, (4.77)

from which follows that the relative covariance of that ratio is, for a bin i,[∫
Vi

Fratio d
3x d3k/(2π)3

]−1

.

Figure 4.4, then, evinces the power of the multi-tracer approach in measuring the

quantity
P1

P2

= B2
1(k, z, µk)/B

2
2(k, z, µk),

which can be used to place tighter constraints not only on the biases of each species but

also on redshift-space distortions, non-gaussianities, etc. Notice that, for the case A, on

the scales around k = 0.1hMpc−1, even though the uncertainties in each species are of

order 10−3 (fig. 4.3), the uncertainty in their ratio is close to 5×10−5, more than an order

of magnitude below. The uncertainty in the ratio is also much smaller than the one for

the cross-spectra, in the same figure. Notice also that we are plotting the absolute value

of the cross-covariance, since it runs negative for low signal-to-noise regimes (see section

4.3).

Figure 4.5 (upper panel) shows the full covariance matrix, empirically obtained from

the lognormal realizations. We exploit the symmetry of the the matrix (Cij = Cji, as can

be seen in eq. (3.8)) to plot both FKP and the multi-tracer together, with the diagonal

subtracted. This figure represents the case B for tracer 2. The conclusion that can be
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drawn is roughly the same we obtained form figure 4.3: FKP yields a larger covariance for

the sparse tracer, while the multi-tracer estimators take into account the cross-correlations

to suppress the covariance.

Figure 4.5 (lower panel) shows the correlation matrix for tracer 2 in case A. This

matrix is defined in eq. (3.9) and basically subtracts the structure in the covariance

matrix, showing more clearly the correlations between different modes. Values close to 0

mean that modes are perfectly uncorrelated, while 1.0 means complete correlation. By

definition, the diagonal will show perfect correlation (Corrii = 1.0) of a mode with itself.

We see in this figure a similar behavior in the correlations of FKP and the multi-tracer

among their modes. We performed the same test for the other tracers and cases and see

a similar result. This means that, even though in general the FKP method yields larger

uncertainties, its band estimates are roughly as uncorrelated as the multi-tracer method’s.
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Figure 4.2: Galaxy power spectra estimated using the multi-tracer method. Dashed
lines correspond to input power spectra from CAMB properly corrected for the deviation
in the lognormal scheme. Red dots are the estimated spectra for the tracer with bias
b1 = 1.0, while blue squares are for the tracer with b2 = 1.2. We are showing the
average spectra of 1000 realizations for each case, which represents a different signal-to-
noise situation (see table 4.1). The error bars (1σ) are the theoretical ones, obtained
by inverting the multi-tracer Fisher matrix (eq. (4.55)). This figure encapsulates 3
important results. Firstly, the multi-tracer method developed in this work manages
to recover the power spectrum and it is robust when the signal is low. Second, the
error bars for tracer 1 in cases A and B do not change significantly, which means the
uncertainty in tracer 2 does not propagate into the the other estimate. Finally, the error
bars are enhanced when signal-to-noise is depleted, as expected.
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Figure 4.3: Analysis of the relative variance [σ(k)/P (k)]2 for each tracer in each case.
Dashed lines correspond to empirically obtained errors – the standard deviation of 1000
realizations. Solid symbols are theoretical predictions from the multi-tracer method,
while empty symbols are theoretical predictions from FKP. Red curves and symbols are
for tracer 1 (b1 = 1.0), and blue for tracer 2 (b2 = 1.2). All curves and symbols overlap
in case A, so both estimators behave roughly the same way in this signal-to-noise regime
(see table 4.1). The multi-tracer performs significantly better than FKP in all scales
for cases B and C. The most interesting result is in case B, where the reduction in
covariance is very clear for the sparser tracer2, when using the multi-tracer methods.
We attribute this to the gain in information of using 2 tracers and taking into account
their cross-correlations.
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Figure 4.4: Theoretical and empirical covariances of the cross-spectra and ratio be-
tween spectra. Green triangles and curves are theoretical and empirical estimates,
respectively, for the cross-spectra. Black diamonds and curves are, respectively, theo-
retical and empirical errors for the ratios between spectra. Case A shows clearly the
gains of using the multi-tracer approach for constraining the ratio between effective
biases (which may contain physical information such as redshift-space distortions and
etc): the relative error in the ratio is much smaller than the relative error on the spec-
trum of each species separately (see fig. 4.3) and on the cross-correlation (in green).
We see that this advantage only holds for the high signal-to-noise case.
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Figure 4.5: Upper panel: Covariance matrix for tracer 2 in case B. The upper tri-
angle is the result using the multi-tracer method, while the lower triangle results from
FKP. The lower triangle shows higher values, indicating a larger covariance as estimated
by FKP. The multi-tracer method performs significantly better. Lower panel: Cor-
relation matrix for tracer 2, case A. In the definition of this matrix, the diagonal is
unitary (see text and eq. (3.9)) and values close to 1 are correlated between each other.
We see that both methods yield similar results.
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Conclusions

The current and forthcoming generation of astronomical instruments and redshift surveys

will deliver overwhelming quantities of data. Control over systematics of various sorts

is indispensable and have been occupying a central role in the research scenario. Nev-

ertheless, minute understanding of the statistical properties of data is a powerful tool,

and should not be disregarded. The goal of cosmology for the years to come is to test

our current paradigm to exhaustion, and thoroughly look for flaws and imperfections in

our theories. Ultimately, what we want is a consistent and comprehensive description of

the universe. With accurate data and rigorous analysis, we are in the right direction to

achieve that.

In the present work, we have explored the two sides of this endeavor. We began by

developing the theoretical framework of the smooth, unperturbed universe, an ideal con-

struct that serves amazingly well its objective of cementing the basic notions of spacetime

and cosmological evolution. Assuming isotropy and the Copernican principle, both en-

capsulated in the FLRW metric, we studied the evolution of several components of the

universe using the Einstein’s Field Equations (section 2.1).

We then perturbed the smooth distributions of matter and energy to obtain a more

realistic picture of the cosmos. With Newtonian fluid dynamics in an expanding back-

ground and the Boltzmann equations formalism, we were able to describe the evolution

of radiation and dark matter in thermodynamical regimes which are slightly out of equi-

librium. Taking into account the expanding causal horizon, we were able to track the

evolution of small- and large-scale perturbations, and ultimately describe how they af-

fected the gravitational potentials in the early universe. Along with a specific prescription

for the initial conditions, we were able to make a theoretical prediction for the Fourier

transform of the second moment of the matter distribution, which we called power spec-

trum. This quantity and its characteristic features were the starting point for developing

a link between physical cosmology and observations (sec. 2.2).

Keeping the theoretical background in mind, we started reviewing the existing efforts
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on how to properly – in fact, optimally – extract the power spectrum from actual obser-

vations of matter in the universe. We begin by describing the main sources of statistical

(not systematic) noise that affect our analysis, to wit, the discreteness of the galaxy fields

and the intrinsically poor statistics of finite volume samples (sec. 3.1).

Our desire is to exploit the rich available data to its limits, so we continue our work

tackling the problem of optimally estimating the power spectrum from a given galaxy

distribution. Following the existing literature, we studied well-known statistical tools

based on the Cramér-Rao theorem and reproduced a general framework by which data

sets can be optimally analyzed. During this study, we found that a major role is played

by the Fisher matrix (sec. 3.2).

We then reviewed two popular and widely used sources in the literature that took

a different but effective route in constructing optimal estimators. Feldman, Kaiser &

Peacock (1994; FKP) designed a scheme in which they weighted the density contrast,

built by subtracting from the actual observed galaxy distribution a synthetic one. They

required that the relative error be minimum, and by doing so constrained the optimal

weights (sec. 3.3). We subsequently tested this estimator in a variety of signal-to-noise

regimes. Percival, Verde & Peacock (2004; PVP) later generalized this estimator by

considering that different galaxies are biased in different ways, and obtained the optimal

weights following the same idea of FKP (sec. 3.4).

Our next step was to refine the general formalism of optimal quadratic estimators.

For that, we needed to better understand the derivation of the Fisher matrix for a single

species of tracer. We then reviewed the generalization of this tool for an arbitrary number

of tracers (secs. 4.1 and 4.2).

After gathering knowledge on the different existing methods, we created a set of opti-

mal estimators that follow all the necessary conditions, including feasible implementation

and reasonable computing time. We derived and thoroughly tested the expressions for

the bias of the estimator, the subtleties of the random catalogs, the window functions and

the theoretical auto- and cross-covariances. Our framework is also in tune with the recent

advances of the large-scale structure research field, being a potential tool for developments

in non-gaussianities and redshift distortions (sec. 4.3).

Finally, we extensively test our predictions in regimes with realistic physical motiva-

tions. We find remarkably good agreement between our predictions and the results of our

tests. Not only our estimators robustly recover the power spectrum of matter the same

way as other works in the literature, but also we find that they reduce the covariance

and shrink error bars by significant factors (sec. 4.4). We publicly report our results in

[52]. The specific contribution of the author of this dissertation was in implementing the

estimators described throughout the work and performing the relevant tests. Many of the

derivation steps were also discussed within the group as a whole.
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Several future lines of work become clear at this point. Firstly, we would certainly

want to apply our formalism to ever more realistic data sets. We could start by using

N-body simulation mocks, which are the data sets that more closely resemble the physical

properties of an actual observation. A distribution of this sort can easily be turned into

a square grid with some smoothing scheme. To do that, we should be able to use grids

preferably larger than 2563 and study the distortions that appear in the power spectrum

due to that convolution. The N-body mocks also allow for the possibility of changing

the geometry of the survey into any arbitrary shape and employing an arbitrarily realistic

selection function. In this case, we should be able to find efficient means to deconvolve the

final power spectrum. We already have clear ideas on how to do that using Markov chain

Monte Carlo methods [57]. These would be intermediate steps to apply our estimators to

actual observational data. After careful analysis of these topics, we expect our pipeline

to be used by the J-PAS collaboration community.

Secondly, we could introduce more theoretical subtleties to the estimators. One of

them would be to account for the fact that, at least in photometric surveys, the best one

can hope for is a probability distribution for the redshift of each object. Our weights

should then reflect that uncertainty, while currently they assume well-defined positions

for each object. We expect the largest scales to be only weakly affected by the photo-z

uncertainties, but the small scales would probably suffer a greater impact, since blurring

the structure on these scales would generally cause a significant suppression of power.

Another important research line would be to take a closer look to redshift distortions in

our formalism. Even though our expressions are general enough to account for that, we

have not performed tests in that direction. Perhaps the most direct question to be asked

is how well we can constrain the redshift distortions parameters. To accomplish that,

we would certainly have to introduce an expansion in Legendre polynomials of the power

spectrum, and test it accordingly. This is also a reason why N-body simulations would

be useful, because it is not clear how peculiar velocities could be introduced in the simple

lognormal realizations.

Other alternatives exist and many questions remain open: how do the multi-tracer

behave with reconstruction algorithms? What are the actual gains of the estimators

when including refinements such as the 1-halo term? Can we figure out cross-applications

between the multi-tracer and other probes such as, say, SNIa? What are the constrains

on non-gaussianities from the multi-tracer estimators on real data sets?

Only one certainty exists: the territory is ripe for exploration.
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Appendix A

Brief Thermal History

In the previous section, we have noted that the evolution of the energy density of a

photon bath decreases with a(t)−4. A heuristic argument to explain this fact is that not

only photons will decrease in number density with a(t)−3, following the volume expansion,

but also their wavelengths will grow proportionally to the characteristic size of the box

that contains them, a(t), so their energy will fall with another factor of a(t)−1.

The temperature of the photon bath, which is proportional to the energy of the pho-

tons, should then decrease as a(t)−1. In other words, we can unambiguously define the

evolution of the cosmic temperature as

T =
T0

a(t)
= T0(1 + z). (A.1)

What equation (A.1) tells us is that the universe was much hotter in the past. It is

natural to think that, when hot enough, this bath would hinder the formation of light

elements or even protons and neutrons.

As the universe expands, however, the slowly cooling bath won’t be energetic enough

to ionize the existing atoms, alowing them to form. As long as the interactions between

atoms or particles in the bath is effcient, the plasma will be in equilibrium and the

production or annihilation of the constituents will continue. If, however, the rate of an

interaction falls below the rate of expansion, the lack of physical contact will bring the

production of elements to a halt, called freeze-out. Frozen abundances will be preserved

and we can try to measure them today.

A brief thermal history along the lines of [58] can be summarized in the following

timeline:

• Before 10−14 s (T � 10 TeV) : we may hope to probe these scales directly in future

colliders, but maybe most of our knowledge on energies well above 10TeV, in the

near future, will come from a possible B-mode polarization detection on the CMB.
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If the result had held true, the BICEP2 announcement of the B-mode detection [59]

would have yielded cosmological information on timescales before 10−30 s. We also

do not expect the usual particle physics and general relativity to be valid on scales

before 10−40s or so;

• ∼ 10−5 – 10−14 s (T ≈ 200 MeV – 10 TeV): formation of the first baryons, and the

standard model of particle physics is widely confirmed by experiments;

• ∼ 0.2 s (T ≈ 1 – 2 MeV): the neutrino bath falls out of equilibrium and starts

propagating without further scatterings. Also, the ratio of protons to neutrons

freezes out too, determining the future element abundances that we can observe;

• ∼ 200 s – 300 s (T ≈ 0.05 MeV): free protons and neutrons start forming helium and

other light elements as nuclear reactions become efficient. This epoch is responsible

for most of the predictions of Big Bang nucleosynthesis (BBN);

• ∼ 1012s – 1013s (T < 1eV): nearly all free electrons and protons combine to form

hydrogen. Curiously, this only happens when the temperature of the thermal bath

is much below the binding energy of the H atom, 13.6 eV. This can be explained by

the fact that a blackbody spectrum with temperature slightly below 13.6 eV has a

long tail of high frequency photons, which can easily ionize newly formed hidrogen

atoms. The universe abruptly becomes transparent to radiation, creating the last

scattering surface that we observe in the CMB.

In general, BBN predictions have been very succesful when confronted with experi-

mental results. A more thorough description of the theory and observations of BBN can

be found in [60].
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The Multi-tracer Algorithm

We present here the actual implementation of the multi-tracer algorithm described in

Section 4.4.1. The entire source code is written and explained below. The source code

was written in Python 2.7.61, and makes extensive used of the numerical package numpy2.

This version is far from optimal in terms of speed, but nevertheless it obtains the correct

results. We will omit here the implementation of the routines that generate the lognormal

mocks used. In principle, it should suffice to use the code in this Appendix – written as

a Python external function – in a loop that creates as many mocks as desired.

Even though the code transcripted below is in a specific programming language, it

should be straghtforward to be implemented in others. When using any specific feature

of Python/numpy, we will make clear its meaning, so that translation to another language

becomes easier. Comments are also widely used in the code, with the symbol #. Each

block of code is in between red lines.

We start with the usual Python headers and definition of inputs of our external func-

tion:

#!usr/bin/env python

# -*- coding: utf-8 -*-

import numpy as np

def multi(gridsize,nbar1,nbar2,nr1,nr2,ng1,ng2,b1,b2,phsize,bins):

The definition of each of the variables declared inside the multi() function is:

1https://www.python.org/download/releases/2.7.6/
2http://www.numpy.org/
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• gridsize: The number of cells of the grid, assumed cubic (we used 256 in our

applications);

• nbar1,nbar2: n̄1 and n̄2 for the tracers, this is supposed to be a cubic (gridsize3)

matrix;

• nr1,nr2: the random catalogs for each tracer (a gridsize3 matrix);

• ng1,ng2: the real catalog for each tracer (a gridsize3 matrix);

• b1,b2: the initial guess for the bias of each tracer;

• phsize: the physical size of a side of the (cubic) grid;

• bins: the number of bins in which the power will be estimated.

Notice that, implemented this way, the funtion already assumes the random catalog

was created and, therefore, α is already set (see section 4.3). We did not write it as an

input of this function, but the value used for this variable in what follows must be the

same that was used to create the maps. In the next block, we define the overdensity fields

δµ and the clustering streghts Pµ (called Pc1 and Pc1) and the Pµ (Ps1 and Ps2).

nbarr1=np.mean(nr1) #the number density of the random cat.

nbarr2=np.mean(nr2)

P0= 10000.0*((gridsize/phsize)**3) #initial guess for

the underlying power spectrum

delta1= (ng1-alpha*nr1)/(alpha*nbarr1) #overdensity for tracer 1

delta2= (ng2-alpha*nr2)/(alpha*nbarr2) #overdensity for tracer 2

Pc1= nbar1*(b1**2)*P0 #P ’curved’ for tracer 1

Pc2= nbar2*(b2**2)*P0

Ps1= (b1**2)*P0 #P ’straight’ for tracer 1

Ps2= (b2**2)*P0

Pt= Pc1 + Pc2 #total P curved
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Notice that here we make the explicit choice of a fiducial, constant power P0, called P0.

The factor ((gridsize/phsize)**3) serves only to convert from “real” units to “grid”

units. The returned quantities will by multiplied by the inverse factor to have proper

physical units of volume. Notice also that the total clustering strenght P =
∑

β Pβ is

called Pt.

Another important thing in the previous block is that delta1, delta2, Pc1, Pc2 and

Pt are all matrices. In the next block we define the overdensity fields fµ and f =
∑

µ fµ

using eqs. (4.48) and (4.49) explicitly, and take their n-dimensional Fourier transform

using the numpy package called as np.fft.fftn().

f1= (1.0 - Pc1/(1+Pt))*nbar1*b1*delta1 - (Pc1/(1+Pt))*nbar2*b2*delta2

f2= -(Pc2/(1+Pt))*nbar1*b1*delta1 + (1.0-Pc2/(1+Pt))*nbar2*b2*delta2

f= f1 + f2

f1k= np.fft.fftn(f1)

f2k= np.fft.fftn(f2)

fk= np.fft.fftn(f)

The FFT employed in the block above is very fast an takes approximately 10−3s for

the 2563 grids we’ve been using. For this step, however, the RAM required is roughly

twice the size of the grid being transformed. In the next block we define Q̂µ from eq.

(4.50) and the inverse Fisher matrix from eqs. (4.55) and (4.56).

Q1= (1.0/(4*b1**2)) * 2* (f1k*np.conjugate(fk)).real

Q2= (1.0/(4*b2**2)) * 2* (f2k*np.conjugate(fk)).real

F1_11= Ps1*Ps1 * (4*(1+Pt)/Pt) * (1/Pc1 + (Pt-1)/(2*Pt))

F1_12= Ps1*Ps2 * (4*(1+Pt)/Pt) * ((Pt-1)/(2*Pt))

F1_21= Ps1*Ps2 * (4*(1+Pt)/Pt) * ((Pt-1)/(2*Pt))

F1_22= Ps2*Ps2 * (4*(1+Pt)/Pt) * (1/Pc2 + (Pt-1)/(2*Pt))

estP1= (F1_11*Q1 + F1_12*Q2)/(gridsize**3)

estP2= (F1_21*Q1 + F1_22*Q2)/(gridsize**3)
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A few things should be noticed here. First, what we are calling Q1 and Q2 are only

the integrands of eq. (4.50), without the (2π)3 term which is unnecessary in the FFT

implementation of numpy and without subtracting shot noise, which we can do later. After

defining the inverse Fisher matrix terms F1..., we multiply them by Q1 and Q2, obtaining

estP1 and estP2 according to equation (4.53), with a volume factor as normalization.

Notice that we skipped the average over shells in k-space to obtain the estP, and will

carry out this calculation in a later block. This choice was made for convenience, to make

the code a bit easier to debug. It is mathematically correct to commute the average over

shells with the matrix multiplication only in the case we explored, where the grids for n̄

and F−1 are uniform and constant.

In the next block we define the bias to be subtracted from the estimated power,

according to eqs. (4.59) and (4.68). We also called δPµ by Pshot just as a reminder that

it should be the shot noise in the 1 tracer, FKP case with which we can compare.

deltaQ1= (1+alpha)*(0.5)*nbar1/((1+Pt)**2)

deltaQ2= (1+alpha)*(0.5)*nbar2/((1+Pt)**2)

Pshot1= (1.0/gridsize**3) * np.sum(F1_11*deltaQ1 + F1_12*deltaQ2)

Pshot2= (1.0/gridsize**3) * np.sum(F1_21*deltaQ1 + F1_22*deltaQ2)

We now define the frequencies sampled in the FFT and the edges of the bins of k. In

the last line we define the ∆k.

kfft=np.fft.fftfreq(gridsize) #generates the fft frequencies

kminfft=np.amin(np.abs(kfft)) #finds the lowest frequency (should be 0)

kmaxfft=np.amax(np.abs(kfft)) #finds the highest frequency (Nyquist)

kmax=np.sqrt(3)*kmaxfft #higher absolute value of k is given by this

kmin=kminfft #lowest possible absolute value of k

kNy=kmaxfft #Nyquist freq.

k_bins=np.linspace(kmin,kmax,bins+1) #edges for bins in k

delta_k=k_bins[4]-k_bins[3]

In the next block, we perform the average of shells in k-space, which is the bottleneck

of the code because it uses some long loops along with the fast, vectorized operations. In

principle, this whole block can be exchanged by something faster.
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P1=np.zeros(bins) #initializing final spectrum

P2=np.zeros(bins)

counts1=np.zeros(bins) #initializing counts vector

counts2=np.zeros(bins)

kfft2=kfft**2

for ii in range(len(kfft)):

kx2=kfft[ii]**2

for jj in range(len(kfft)):

ky2=kfft[jj]**2

k_sum = np.sqrt(kx2 + ky2 + kfft2) #absolute value of k

m = np.asarray(k_sum/delta_k-0.000001).astype(int) #gridsize/2

indices

zcounter=0

for ind in m: #iterating over the indices to attribute the power

to the correct bins

P1[ind]=P1[ind]+estP1[ii,jj,zcounter]

P2[ind]=P2[ind]+estP2[ii,jj,zcounter]

counts1[ind]=counts1[ind]+1

counts2[ind]=counts2[ind]+1

zcounter=zcounter+1

P1=P1/counts1 - Pshot1 #mean power on each bin and shot noise correction

P2=P2/counts2 - Pshot2

In the last line of the block above, we divided each spectrum by the volume of the

shell (the number of counts in each mode) and subtract the bias of the estimator. What

the parts inside the loop are doing is finding the bin to which each mode belongs and add

the corresponding power to that bin.

In the final block of the code, we re-define the bins such that they are in between

each of the bin edges, and multiply by the appropriate factors to return k, P1 and P2 in

physical units (h−3 Mpc3 and hMpc−1).
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k=np.zeros(len(P1))

for i in range(len(k_bins)-1):

k[i]=(k_bins[i]+k_bins[i+1])/2.0

return k*(2*np.pi*gridsize/phsize),P1*((phsize/gridsize)**3),

P2*((phsize/gridsize)**3)

For the error bars, it suffices to take the average over k-shells of the matrices F1...

define in the previous blocks. When doing this, one can change the initial guess P0 for the

theoretical spectrum in each bin of k, in order to get the error bars for the corresponding

theory.

As a final remark, notice that the current implementation depends heavily on the

uniformity of most of the grids. In fact, the only grids which are not constant in the

studied case are those involving delta1 and delta2. For a general application, this

source code should be reviewed.
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