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ABSTRACT 

The estimation of coalescence rates in multiphase flow systems is a key factor to predict 

critical situations, in which phases start to separate. This can be a guideline to control 

emulsion stability and to prevent unnecessary replacement in processes where oil/water 

(O/W) dispersions are used. CFD studies exhibit attractive alternatives to predict the increase 

of droplet size due to coalescence phenomena in cases where emulsions flow through 

different circulation systems, and are subject to sudden expansions and contractions. 

In this study the behavior of emulsions under different flow conditions was investigated by 

coupling Navier Stokes equations with population balance and droplet coalescence models. 

This study analyzes coalescence effects in an O/W system, when hydrodynamic forces 

promote events in which two droplets collide to give rise to new droplets. In the study, the 

performance of different turbulence models (k-ɛ, k-ω) is compared by evaluating their 

influence on the interaction between phases. Different algorithms for pressure-velocity 

coupling (PIMPLE, SIMPLEC, PIMPLEC) are also evaluated, since they can affect 

computational times and convergence. The effect of flow conditions and properties of each 

phase on droplet size distribution is studied for the flow of O/W emulsions in a pipeline with 

sudden enlargement. The results enable to evaluate the effect of coalescence model and 

efficiency on the mean Sauter diameter of droplets. The performance of each model with 

respect to computational time and convergence is also discussed. 

 

Keywords: Multiphase systems, emulsions, coalescence 
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OBJECTIVES 

The overall objective of this study was to investigate the flow behavior of O/W emulsions 

using CFD tools. The study comprises the development of a mathematical model to simulate 

droplet coalescence associated with the flow of O/W emulsions in a tube with sudden 

expansion. 

The study included the following specific objectives: 

1) Evaluation of the effect of physical parameters of the system on the stability of the 

emulsions. 

2) Evaluation of different droplet coalescence models that can be applied to liquid-liquid 

systems. 

3) Elaboration of a set of computer codes based on an open source platform, for simulating 

the behavior of O/W emulsions under different flow conditions. 
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BACKGROUND AND MOTIVATION 

Emulsions are thoroughly used in chemical processes due to their high capacity to transport 

one phase dispersed in another. Examples of emulsions in industrial processes include liquid – 

liquid extraction systems, and emulsion polymerization reactors. A number of industrial 

products consist of emulsions, including foods, cosmetics medicines, and lubricants. Most 

applications take advantage of the rheological properties of emulsions, which may vary from 

an essentially Newtonian liquid to an elastic solid. 

Emulsions also find applications in metalworking processes, mainly as lubricants and cooling 

fluid. The objective in this case is to control temperature, reduce friction and remove metal 

particles in industrial machining and grinding operations. These fluids are commonly called 

Metalworking Fluids (MWFs) and can be classified into three broad categories: oil-in-water 

(O/W) emulsions, synthetic fluids and semi-synthetic fluids whose differences are based on 

their formulation. Oil in water emulsions are the focal point in this study. These emulsions 

have a milky white appearance, with oil concentrations ranging between 1 and 10% w/w. 

 

One of the main problems observed in emulsions consists of degradation by contamination 

with substances from the manufacturing process. This degradation promotes coalescence of 

the dispersed droplets, increasing droplet size until complete phase separation takes place. At 

this point, the emulsion can lose its properties. For example, emulsions used as MWF in 

industrial processes must be disposed when contamination levels are high, since, in such 

situations, contaminants cause droplet coalescence and loss of lubricating properties. 

However, due to their composition, the disposal of MWF can cause environmental problems 

and their treatment and disposal usually involves significant costs. It is estimated that for each 

dollar of MWF concentrate purchased, eleven dollars are spent in mixing, managing, treating 

and disposing spent emulsions. It is also estimated that MWFs use and management 

contributes to about 12% of all industrial machining costs. This is an important aspect in a 

sector that has traditionally focused on tool costs. MWFs are also a major source of oily 

wastewater in the effluents of industries in the metal products and machinery sector. About 10 

years ago, it was estimated that 3.8 to 7.6 million m
3
 of oily wastewater resulted annually 

from the use of MWFs (GREELEY; RAJAGOPALAN, 2004). 



iv 

 

For this reason, technologies for improving emulsion quality, minimizing its environmental 

impact or preventing their degradation have been fostered. Recent studies show several 

alternatives for emulsion treatment. For example, Benito et al. (2009) carried out experiments 

to obtain optimal formulations for MWFs, and proposed the disposal of spent O/W emulsions 

using techniques such as coagulation, centrifugation, ultrafiltration, and vacuum evaporation. 

Zimmerman et al. (2003) have focused their research on the design of mixed anionic/nonionic 

emulsifier systems for petroleum and bio-based MWFs that improve fluid lifetime by 

providing emulsion stability under hard water conditions, a common cause of emulsion 

destabilization leading to MWF disposal. Greeley and Rajagopalan (2004) carried out an 

analysis about the impact of environmental contaminants on machining properties of 

metalworking fluids. Several experiments were performed to evaluate the lubricating, cooling, 

corrosion inhibition, and surface finishing functionalities of MWFs in presence of natural 

contaminants to analyze MWFs management and to minimize their destabilization. 

Alternatives such as replacing one or more compounds in the emulsion with environmentally 

friendly compounds have become attractive, too. Zhang et al. (2010) carried out experiments 

to replace conventional oil with castor biomass oil. The results showed stability of emulsions 

for different formulations. 

 

Differently from the published results mentioned, this study uses an approach based on the 

fundamentals of fluid flow to simulate the behavior of O/W emulsions with properties typical 

of MWF. The objective is to evaluate the effect of flow conditions and properties of the fluid 

on the coalescence of dispersed oil droplets, which can lead to emulsion destabilization. The 

study consists of the elaboration of a mathematical model based on Computational Fluid 

Dynamics (CFD), based on the coupling of a population balance and its solution techniques, 

coalescence models, and flow model. The mathematical model enabled the visualization of 

the effect of variables as velocity, droplet size and rheological properties on coalescence rates, 

resulting in the increase in the mean droplet size. The results enable the prediction of the 

system behavior, especially concerning the destabilization process in O/W emulsions. Thus, it 

is an objective of this study to contribute to the improvement of the ability to predict emulsion 

destabilization based on a fundamental approach, i.e., based on a mathematical model of a 

flowing emulsion.  

 



v 

 

This work is part of the Bragecrim Project carried out together with the University Bremen 

titled: “Emulsion Process Monitor in Metalworking Processes". The aim is to development 

of a device for continuous in-process control of MWF quality and stability, through different 

activities as: Development and testing of the device; Destabilization mechanics of metal 

working fluids, data treatment (neural networks and / or numerical algorithms); and Coupled 

CFD models for coalescence and MWF. The last one as the main purpose of this project. 
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CHAPTER 1. INTRODUCTION 

A two-phase liquid-liquid system can be defined as two immiscible liquids flowing together 

with a shared interface. Depending on the kind of fluid and its application, the interaction 

between phases can result in four basic flow types: Stratified layers with either smooth or 

wavy interface; large slugs, elongated or spherical, of one liquid in the other; a dispersion of 

relatively fine drops of one liquid in the other; annular flow, where one of the liquids forms 

the core and the other liquid flows in the annulus, or a combination of them (Brauner, 2004). 

Sketches of possible liquid/liquid (L/L) flow types observed in horizontal systems are shown 

in Figure 1.1. In particular, small oil droplets dispersed in water is a common system in 

industrial processes (Figure 1.1 (j)). Usually called emulsions, these types of dispersions are 

widely used in several applications, such as in liquid-liquid extraction, two-phase fluid 

transport and in a number of products, such as foods, cosmetics, agricultural chemicals, and 

lubricants, such as in metalworking processes. 

 

Figure 1. 1 Types of L/L flow across a horizontal pipe (a)/(b) Stratified flow of two separated layers. 

(c)/(d) Stratified layers of a free-liquid and a dispersion of the liquid. (e)/(f) Stratified layers of a free 

liquid and a dispersion (g)/(h) Layers of dispersions (i)/(j) Fully dispersion or emulsion of one liquid 

in the other liquid. (k)/(l) Core-annular flow; a core of the one liquid within the other liquid. (m)/(n) 

Annular flow of a liquid with a dispersion in the core (p)Intermittent flow (q)/(r) Large elongated or 

spherical bubbles of one liquid in the other (Brauner, 2004) 

An emulsion is defined as a heterogeneous system where the dispersed phase are drops of 

microscopic or colloidal size. For high performance, it must be thermodynamically stable. 

However, changes in temperature, continuous phase evaporation, fluid flow, and the presence 
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of chemical and biological compounds can induce phase separation because the free energy 

tends to decrease with time, by reducing the total interfacial area (KABALNOV, 1998).  

 

 

 

 

 

 

 

 

Figure 1. 2. Emulsion destabilization by aggregation 

 

The destabilization of emulsions proceeds through aggregation of droplets (Figure 1.2). This 

process can take place by means of two distinct mechanisms. The first, known as Ostwald 

ripening, is observed in liquid dispersions and describes the change of an inhomogeneous 

structure over time driven by the difference in Laplace pressure between droplets;  here, one 

droplet grows at the expense of a smaller one as a result of the difference in the radius of 

curvature of the drops (TAYLOR, 1998) .  The rate of droplet growth may be determined by 

the molecular diffusion across the continuous phase and/or by the permeation across the 

surfactant films (CALDERON, SCHIMITT AND BIBETTE, 2007). The second mechanism, 

known as coalescence, consists of the rupture of the thin film that forms between droplets, 

leading them to fuse into a single one. At a microscopic scale, a coalescence event proceeds 

through the nucleation of a thermally activated hole that reaches a critical size above which it 

becomes unstable and grows. These different mechanisms are illustrated in Figure 1.3. In this 

study, since the droplets in an emulsion are typically small and stabilized by the action of 

surfactants, the ripening phenomenon is not significant, and thus only the coalescence is 

considered as a cause of emulsion instability. 
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Figure 1. 3. Illustration of mechanisms that cause the destabilization of emulsions: (a) Ostwald 

ripening: Particle interaction happens by difference between droplet sizes. (b) Coalescence: drop 

interacts with the nearest drop. 

In order to maintain an insoluble compound dispersed in a continuous phase it is necessary to 

add emulsifiers, generally surfactants, which reduce the surface tension and form complex 

interfacial films on the surface of the dispersed droplets, thus avoiding phase separation by 

droplet coalescence. Surfactants produce a protective barrier around the dispersed droplets 

and act efficiently if they contain approximately equal ratios of the polar and non-polar 

portions of each molecule. Thus, in O/W emulsions the polar groups are attracted to or 

oriented towards the water, and the non-polar groups are oriented towards the oil droplets. 

The amount of emulsifying agent depends on the properties of the oil and water phases. A 

common criterion used to calculate the fraction of surfactants present in emulsion 

formulations is the HLB criterion (CALDERON, SCHIMITT AND BIBETTE, 2007).  

A surfactant is a substance that, when present at low concentration in a system, has the 

property of adsorbing onto the surfaces or interfaces of the system and alter to a marked 

degree the surface or interfacial free energies of those surfaces (when one of the phases is air) 

or interfaces (when both phases are liquids) (ROSEN, 2004).  

Surfactants have a characteristic molecular structure consisting of a structural group that has 

very little attraction for the solvent, known as a lyophobic group, together with a group that 

has strong attraction for the solvent, called the lyophilic group. This is known as an 

amphipathic structure. When a molecule with an amphipathic structure is dissolved in a 

solvent, the lyophobic group may distort the structure of the solvent, increasing the free 

energy of the system. When that occurs, the system responds in some fashion in order to 

minimize contact between the lyophobic group and the solvent. As a result of this distortion, 
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some surfactants are classified as anionic (contain negatively charged groups like a 

sulphonate, sulphate or carboxylate), cationic (the hydrophilic part is positively charged, as 

for the quaternary ammonium ion) and nonionic (non-charged hydrophilic part) (ROSEN, 

2004). 

In emulsions, surfactants properties are very important to maintain one phase dispersed in 

another.  For maximum mechanical stability, the interfacial film resulting from the adsorbed 

surfactants should be condensed, with strong lateral intermolecular forces, and should exhibit 

high film elasticity (Figure 1.4).  

Other important contribution of surfactants to the emulsion stability is the formation of an 

electrical barrier to the close approach of two particles each other. This is believed to be a 

significant factor only in O/W emulsions. In emulsions stabilized by ionic surfactants, the sign 

of the charge on the dispersed droplets is always that of the amphipathic ion. The presence of 

groupings in the interfacial film that may be forced into higher energy arrangements by the 

close approach of two dispersed droplets constitutes a steric barrier to such approach. Highly 

hydrated hydrophilic groups on the surfactants constitute the interfacial film in O/W 

emulsions, which may be forced to dehydrate for the close approach to each other. Depending 

on the emulsion composition, a mixture of two or more surfactants is more efficient than an 

individual surfactant. A commonly used combination consists of a water-soluble surfactant 

and an oil-soluble one. The oil-soluble surfactant, which generally has a long, straight 

hydrophobic group and a hydrophilic head that is only slightly polar, increases the lateral 

interaction between the surface-active molecules in the interfacial film and condenses it to one 

that is mechanically stronger than in its absence. For example, in metalworking fluids it is 

common to find mixtures between anionic surfactant as sodium dodecyl sulfate (SDS), 

CH3(CH2)11OSO3Na, and sodium dodecylbenzenesulfonate  (SDBS), C12H25C6H4SO3Na, with 

non-ionic surfactants as polyoxyethylene 2 stearyl ether (BRIJ72) C58H118O21 and 

dodecoxhetanhol (BRIJ30),C14H30O2. The Figure 1.4 is an example of the film generated 

around a drop of oil forming charged micelles. 
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Figure 1. 4. Surfactant film generated around an oil drop at oil-water interface (CALDERON, 

SCHIMITT AND BIBETTE, 2007) 

 

Currently, there are several ionic, anionic and nonionic surfactants used to stabilize 

emulsions. A study carried out as part of the present study has proven that even from organic 

wastes it is possible to obtain efficient stabilizers which delay the phase separation (See 

Appendix C). In the absence of a surfactant, phase separation takes place much faster. Thus, 

external conditions and chemical properties of the fluids are important factors to determine 

the emulsion stability. 

While much of the literature dedicated to predict phase separation in emulsions is based on 

empirical or semi-empirical correlations, the present study is based on a different approach, 

consisting of a mathematical model based on the fundamentals of fluid flow, coupled with a 

population balance for the dispersed droplets, and incorporating a model for droplet 

coalescence. Thus, the study is aimed at developing a computational tool to predict emulsion 

destabilization from the modeling of droplet coalescence rate under different flow conditions. 
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CHAPTER 2. TWO-FLUID MODELING 

Two-phase flow can be described by means of the Navier Stokes equations, which provide 

information about flow performance in different flow conditions. The modeling is based on 

one phase flow, and can be extended for two-phase flow by using the Euler-Euler or Euler-

Lagrange approaches. In the Euler-Lagrange case, each droplet is tracked individually, 

leading to a compact set of equations where the relation between the evolution of the droplet's 

spatial coordinate 𝜑𝑖 and its velocity 𝒖𝒊 is given by: 

 𝐷𝜑𝑖
𝐷𝑡

=
𝜕𝜑𝑖
𝜕𝑡
+ 𝒖𝑖 . ∇𝜑𝑖 

(2. 1) 

 

In the Euler-Lagrange model, the forces are calculated individually for each droplet dispersed, 

resulting in better accuracy concerning the droplet behavior, but involving a larger numerical 

effort.  

By using the Euler-Euler method, the dispersed phase is considered as a continuum, for which 

transport equations can be written. Among the Euler-Euler method, the Two Fluid model is 

based on the so-called average values of the conserved variables (represented with the 

̅ −operator), which represents the conditional ensemble average over all droplets present in 

a given control volume.  

For the two-phase Euler-Euler analysis, the differential form of the continuity (mass 

conservation) equation per unit volume of dispersion for phase i is: 

 𝜕

𝜕𝑡
(𝛼𝑖𝜌𝑖) + 𝛻. (𝛼𝑖𝜌𝑖 𝒖𝑖) = 𝛹𝑖     𝑓𝑜𝑟  𝑖 = 𝑎 𝑜𝑟 𝑏 

(2. 2) 

Where α is the volume fraction of  phase i (dispersed phase 𝑎, or continuous phase 𝑏), ρi 

means the mass density of a phase constituent, 𝒖𝑖 is the phase velocity and 𝛹𝑖  represents the 

mass rate of production of  phase i from the other phase present at the interface per unit 

volume. 

In a liquid-liquid system, the average volume V̅ can be divided into portions V𝑎  (dispersed 

phase volume) and V𝑏   (continuous phase volume) occupied by each phase, and likewise for 

its surface S𝑎 (x,t)  and S𝑏 (x,t)  respectively in the space x. The boundary of V𝑖  (𝑖 = 𝑎 𝑜𝑟 𝑏) 
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consists of surface S (x,t), (where S (x,t)= S𝑎 (x,t)  +S𝑏 (x,t)),   and of interface S𝑖𝑛𝑡 (x,t) 

contained inside V. Thus S𝑖 + S𝑖𝑛𝑡 is a closed surface for 𝑎 and 𝑏 (Figure 2.1).  

Defined the limits of each phase it is possible calculate the volume fraction (PROSPERETTI; 

TRYGGVASON, 2007):  

 
𝛼𝑖 =

V𝑖

V
 

(2. 3) 

Consequently, for a two-phase system: 

 𝛼𝑎 + 𝛼𝑏 = 1 (2. 4) 

 
 

 

Figure 2. 1 Scheme of average volume of phase 𝑎 dispersed in phase 𝑏 where the fluids are marked by 

the volume fraction (PROSPERETTI AND TRYGGVASON  2007)  

By considering 𝛹𝑖 = 0 (no phase production), the phase momentum equation is expressed by 

(RUSCHE, 2002): 

 𝜕

𝜕𝑡
(𝛼𝑖𝜌𝑖𝒖𝑖) + 𝛻. (𝛼𝑖𝜌𝑖𝒖𝑖 𝒖𝑖) + 𝛻. (𝛼𝑖�̿�𝑖) + 𝛻. (𝛼𝑖𝜌𝑖�̿�𝑖) 

= −𝛼𝑖𝛻𝑝 + 𝛼𝑖𝜌𝑖𝒈 + �̿�𝑖 

 

(2. 5) 

 

The first term is the transient term, the second is the convective  term, �̿�𝑖 is the phase laminar 

stress tensor, assumed to be Newtonian, �̿�𝑖 is the phase Reynolds stress tensor, p is the 

pressure, 𝒈 is the gravitational acceleration vector and �̿�𝑖 is the momentum exchange term.  

The laminar stress tensor is defined for each phase as: 

a  

 

 

 

 

a 

a 

a 

a 

b 

V 
S 
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�̿�𝑖 = −𝜌𝑖𝜈𝑖[𝛻𝒖𝑖 + 𝛻

𝑇𝒖𝑖] +
2

3
𝜌𝑖𝜈𝑖(𝛻.𝒖𝑖)𝑰 

(2. 6) 

Where 𝜈𝑖 is the molecular kinematic viscosity of the fluid constituting phase a or b, and 𝑰  is 

the identity matrix. The phase Reynolds stress tensor is given by: 

 
�̿�𝑖 = −𝜌𝑖𝜈𝑖,𝑇[𝛻𝒖𝑖 + 𝛻

𝑇𝒖𝑖] +
2

3
𝜌𝑖𝜈𝑖(𝛻.𝒖𝑖)𝐼 +

2

3
𝜌𝑖𝑘𝑖𝑰 

(2. 7) 

Where 𝑘𝑖 is the phase turbulent kinetic energy and 𝜈𝑖,𝑡 is the phase turbulent kinematic 

viscosity, defined as: 

 
𝜈𝑖,𝑡 = 𝐶𝑣

𝑘𝑖
2

휀𝑖
 

 

(2. 8) 

in which 𝐶𝑣 is a constant, and 휀𝑖 is the phase turbulent dissipation rate. The phase effective 

viscosity is calculated, based on Boussinesq Theory, as the sum of the phase molecular 

viscosity, 𝜈𝑖 , and the phase turbulent viscosity, 𝜈𝑖,𝑡, as: 

 𝜈𝑖,𝑒𝑓𝑓 = 𝜈𝑖 + 𝜈𝑖,𝑇 (2. 9) 

     

2.1 INTERFACIAL MOMENTUM TRANSFER MODELING 

To understand the behavior of two-phase flow in different situations, it is necessary to analyze 

the interactions between the particles and the surrounding continuous fluid phase based on the 

main forces for both phases. Some of these forces have sound physical basis, some do not; 

and some can be represented by simple correlations with efficient accuracy. In this study, 

three forces are considered: drag, lift and virtual mass. Then, the momentum exchange term 

can be simplified as a contribution of drag, lift and virtual mass forces (BEHZADI; ISSA; 

RUSCHE, 2004): 

 �̿�𝑖 = �̿�𝑖,𝑑𝑟𝑎𝑔 + �̿�𝑙𝑖𝑓𝑡 + �̿�𝑣𝑚 (2. 10) 

  

 



9 

 

2.1.1 Drag Force 

The friction force accounts for the drag of one phase on the other and is usually calculated by:  

 
�̿�𝑖,𝑑𝑟𝑎𝑔 =

3

4
𝛼𝑎𝐶𝐷𝑎

𝜌𝑏
𝑑𝑎
|𝒖𝑎 − 𝒖𝑏|(𝒖𝑎 − 𝒖𝑏) 

 

(2. 11) 

in which da is the dispersed phase particle diameter, 𝒖𝑎 − 𝒖𝑏 is the relative velocity vector and 

𝐶𝐷𝑎 is the drag coefficient. 

Depending on the regime (turbulent or laminar) different models have been proposed for 

calculating 𝐶𝐷𝑎. For the case of creeping flow (particle Reynolds number 𝑅𝑒𝑎 ≪ 1) a 

spherical particle or droplet, the drag coefficient is analytically derived from the so-called 

Hadamard-Rybczynski solution of the flow field (MAO;YANG, 2009): 

 
𝐶𝐷𝑎 = −

8

𝑅𝑒𝑎

2 + 3κ

1 + κ
,       κ =

𝜇𝑎
𝜇𝑏

 
(2. 12) 

For a solid sphere, κ → ∞, and 𝐶𝐷𝑎 = 24/𝑅𝑒𝑎; for a bubble, κ → 0, and  𝐶𝐷𝑎 = 16/𝑅𝑒𝑎. The 

drag coefficient for droplets lies between both extremes.  

When 𝑅𝑒𝑎 > 1 ,(𝑅𝑒𝑎 = 𝒖𝑎𝑑𝑎/𝜈𝑎) the assumption of creeping flow is not valid, and 

experimental measurements are used to define empirical correlations for the drag coefficient. 

For a solid sphere, the Schiller and Naumann correlation is commonly used: 

 

𝐶𝐷𝑎 = {

24

𝑅𝑒𝑎
(1 + 0.15𝑅𝑒𝑎

0.687 (𝑅𝑒𝑎 < 1000)

0.44 (𝑅𝑒𝑎 ≥ 1000)

     

 

(2. 13) 

This equation is used to estimate the drag force in turbulent multiphase flows in chemical 

reactors and pipes with reasonable agreement with experimental data (MAO;YANG, 2009). 

Another empirical expression was presented by Grace (1978) apud Behzadi, Issa and Rusche 

(2004). Here, the drag coefficient is given by: 

 
𝐶𝐷𝑎 =

4

3

𝑔𝑑𝑎

𝑢𝑇
2

∆𝜌

𝜌𝑏
 (2. 14) 
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According to Eq. (2. 14), 𝐶𝐷𝑎 is calculated from the density difference between phases, ∆𝜌, 

and the terminal velocity, 𝑢𝑇 , defined as: 

 𝑢𝑇 =
𝜇𝑏
𝜌𝑏𝑑𝑎

𝑀𝑜−0.149(𝐽 − 0.857) (2. 15) 

in which  the Morton number, 𝑀𝑜, and the parameter 𝐽 are respectively: 

 
𝑀𝑜 =

𝜇𝑏
4𝑔∆𝜌

𝜌𝑏2𝜎3
 (2. 16)  

  

 
𝐽 = {0.94𝐻

0.757 2 < 𝐻 ≤ 59.3
3.42𝐻0.441 𝐻 > 59.3

 
(2. 17) 

with: 

 𝐻 =
4

3
𝐸𝑜𝑀

−0.149 (
𝜇𝑏
𝜇𝑟𝑒𝑓

)

−0.14

 
 

(2. 18)  

Here, 𝐸𝑜 is the dimensionless Eötvos number, which measures the ratio between gravitational 

and surface tension forces: 

 
𝐸𝑜 =

𝑔∆𝜌𝑑𝑎
2

𝜎
 

(2. 19) 

A
 
simpler model is proposed by Ishii and Zuber (1975) apud Rusche (2002); considering the 

drag force independent of the Reynolds number, but dependent on particle shape through the 

Eötvos number 𝐸𝑜: 

 
𝐶𝐷𝑎 =

2

3
𝐸𝑜
1/2

 
(2. 20) 
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Drag models Parvini, Dabir and 

Mohtashami, (2010) 

Farrar and Bruun 

(1996) 

𝐶𝐷 = 0.44   

Schiller and Naumann   

Grace et al   

Ishii and Zuber   

Figure 2. 2. Effect of various drag models on the dispersed phase hold- up at an axial position of 1.25 

m for the data set of Farrar and Bruun (1996) (PARVINI, DABIR AND MOHTASHAMI, 2010) 

Parvini, Dabir and Mohtashami (2010) carried out simulations to evaluate the effect of 

previous drag force models for the kerosene oil dispersed in water flowing in a vertical 

pipeline. Experimental data presented by Farrar and Bruun (1996) were used to validate 

simulations carried out by Parvini, Dabir and Mohtashami (2010) showing high correlation 

among models and experimental data (Figure 2.2) when the dispersed phase volume fraction 

is measured over a cross-sectional area. 

2.1.2  Lift Force 

 The Lift term is used mainly for modeling bubbles rising in a liquid. The lift force refers here 

to the force exerted on a particle in the direction perpendicular to the particle motion path. 

Two mechanisms can create this force: the shear in the flow induces the Saffman force, and 

the rotation of the particle leads to the Magnus force (MAO;YANG, 2009). This term is used 

to obtain a correct spatial distribution of phase fraction, and can be defined as (DREW; 

LAHEY 1987 apud MAO;YANG, 2009): 
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 �̿�𝑙𝑖𝑓𝑡 = 𝛼𝑎𝐶𝑙𝜌𝑎(𝒖𝑏 − 𝒖𝑎) × (𝛻 × 𝒖𝑏) (2. 21) 

where 𝐶𝑙  is the lift coefficient. For a solid sphere in an ideal flow with shear 𝐶𝑙 is 0.5. The 

sign of this force depends on the orientation of the slip velocity with respect to the gravity 

vector. The simulations made by Parvini, Dabir and Mohtashami (2010) show that positive 

values of the lift coefficient are closer to experimental data than negative values (Figure 2.3).  

2.1.3 Virtual Mass Force 

When a bubble or drop moves in a liquid field with a non-uniform velocity, it accelerates 

some of the liquid in its neighborhood. Due to the acceleration induced by the bubble or drop 

motion, the surrounding liquid experiences an extra force, which is due to the motion in a 

non-inertial frame of reference, called virtual or added mass force, which can be expressed as: 

 
�̿�𝑣𝑚  = 𝛼𝑎𝛼𝑏𝐶𝑣𝑚𝜌𝑏

D𝒖𝑠𝑙𝑖𝑝

D𝑡
 

(2. 22) 

where 𝒖𝑠𝑙𝑖𝑝 is the slip velocity of the particle and 𝐶𝑣𝑚 is the mass force coefficient, equivalent 

to 0.5 for inviscid fluids. For droplets with density far less than that of the continuous phase 

�̿�𝑖,𝑣𝑚  is much larger than the force to accelerate the droplets mass and becomes significant. 

This phenomenon is commonly observed in bubbles.  
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Figure 2.3. Effect of various lift models on the dispersed phase hold- up at an axial position of 1.25 

m for the data set of Farrar and Bruun (1996). (a) Positive Lift Coefficient (b) Negative Lift 

Coefficient. Figures published by Parvini, Dabir and Mohtashami (2010) 

 

Some suggestions to calculate  
D𝒖𝑠𝑙𝑖𝑝

D𝑡
  are presented in the following correlations:  

Anderson and Jackson (1967a) apud Mao and Yang (2009) 

 D𝒖𝑠𝑙𝑖𝑝

D𝑡
= (

∂𝒖𝑎
∂𝑡

+ 𝒖𝑎. ∇𝒖𝑎) − (
∂𝒖𝑏
∂𝑡

+ 𝒖𝑏 . ∇𝒖𝑏) 
(2. 23) 

Anderson and Jackson (1967b) apud Mao and Yang (2009) 

 D𝒖𝑠𝑙𝑖𝑝

D𝑡
=
∂(𝒖𝑎 − 𝒖𝑏)

∂𝑡
+ 𝒖𝑎. ∇(𝒖𝑎 − 𝒖𝑏) 

(2. 24) 

Homsy et al (1980) apud Mao and Yang (2009) 

 D𝒖𝑠𝑙𝑖𝑝

D𝑡
=
∂(𝒖𝑎 − 𝒖𝑏)

∂𝑡
+ (𝒖𝑎 − 𝒖𝑏). ∇(𝒖𝑎 − 𝒖𝑏) 

(2. 25) 

Jakobsen et al (1997) apud Mao and Yang (2009) 

 D𝒖𝑠𝑙𝑖𝑝

D𝑡
=
D𝒖𝑎
D𝑡

−
D𝒖𝑏
D𝑡

 

(2. 26) 

2.2 TURBULENT FLOW MODELING 

As shown in the momentum equation (Eq. 2.5), the Reynolds stress tensor characterizes the  

flow regime (turbulent or laminar) in two-phase flow. This parameter depends on two 

parameters: the turbulent kinetic energy 𝑘, and the turbulent dissipation rate 휀.  

The instability that typically occurs in laminar flow, with the increase of its kinetic energy in 

relation to viscous forces, gives rise to turbulent flow, and the Reynolds number gives a 

measure of the relative importance of inertia forces (associated with convective effects) and 

viscous forces. When the Reynolds number is increased to values larger than the critical one, 

𝑅𝑒𝑐𝑟𝑖𝑡, (VERSTEEG; MALALASEKERA, 1995) a complicated series of events takes place 

which eventually leads to a radical change of the flow character, causing random and chaotic 

behavior. The motion becomes intrinsically unsteady even with constant imposed boundary 
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conditions. The velocity and all other flow properties vary in a random and chaotic way, and 

the flow regime is denominated turbulent flow. In many applications the flow regime has 

important consequences in terms of mass, momentum and energy transfer. 

 Two-phase flow can be analyzed from a macroscopic point of view. However, in order to 

obtain the shear stress at the wall or to calculate the profile of average speed in the vicinity of 

a wall or even the mass transfer rate in exchange processes involving multiple phases or 

components in a turbulent flow, it is customary to characterize the turbulence statistically with 

reference to the effect that the turbulent structures have on the variables that affect the motion 

of the fluid (PANTON, 1996). 

Examples of flow regimes characterized using turbulence models are: mixing layer, jet, wake, 

flat plate boundary layer and pipe flow.  

The main principle of the turbulent regime is its vorticity, defined as: 

 ω = ∇x𝒖𝑏 (2. 27) 

By definition a turbulent flow has vorticity, while a non-turbulent flow does not. Turbulent 

flows are also diffusive: a turbulent eddy can transport fluid from a region of low momentum 

and deposit it in a region of high momentum. Vortices appear on many scales and interact 

with each other. Thus, turbulent eddies are continuously formed with largest and smaller 

length scales. The effect of eddies on droplets dispersed in a continuous phase is important 

because, depending on particle size, the eddies can define the particle trajectory.  

Based on their length scales, eddies can be divided in three categories (VERSTEEG; 

MALALASEKERA, 1995; WILCOX,1994): 

 Integrated Length Scales (𝐿): Largest scales in the energy spectrum, represents also 

the upper bound for the largest possible eddies. The eddies formation is due the energy 

transfer from the mean flow and also from each other. They have the large velocity 

fluctuation and are low in frequency. Integral scales are highly anisotropic and are 

defined in terms of the normalized two-point velocity correlations. The maximum 

length of these scales is constrained by the characteristic length of the apparatus. For 

example, the largest integral length scale of pipe flow is equal to the pipe diameter. 
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 Kolmogorov Length Scales(휂): Smallest scales in the spectrum that form the viscous 

sub-layer range. In this range, the energy input from nonlinear interactions and the 

energy drain from viscous dissipation are in exact balance. The small scales have high 

frequency, causing turbulence to be locally isotropic and homogeneous. The eddies 

behavior in the Kolmogorov scales depend of the kinetic energy production rate 

(which equals the dissipation rate) and viscosity. The dissipation rate will be 

independent of viscosity, but the scales at which this energy is dissipated will depend 

on both the dissipation rate and viscosity. 

 Thus, the Kolmogorov scale formed theses quantities is: 

 
휂 = (

𝜈3

휀
)

1/4

 
 

(2. 28) 

and the time scale for the small eddies is: 

 
𝑡𝜂 = (

𝜈

휀
)
1/2

 
(2. 29) 

 Taylor Microscales (𝐿𝑇): The intermediate scales between the largest and the smallest 

scales which make the inertial subrange. Taylor micro-scales are not dissipative scale 

but pass down the energy from the largest to the smallest without dissipation. 

Depending on the eddies size, the viscosity can be an important factor to the velocity gradient. 

Thus, the effect of viscous forces is clear in Kolmogorov scales. In the sub-range or Taylor 

microscales, the viscous effect is negligible and the predominant forces are inertial. The 

velocity scale 〈𝑢𝑙〉 of the eddies in the inertial range is: 

 𝒖𝑙 ≈ (휀𝑙)
1/3 (2. 30) 

where 𝑙 is the length scale in the inertial range. 

In all cases the energy dissipation is of prime importance for eddies formation. Since the 

small eddies dissipate energy and tend to destroy themselves, the scale-changing process that 

produces smaller eddies is a necessary element of self-sustaining turbulence (PANTON, 

1996). 
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The governing equations for turbulent flow can be based on the same principles as laminar 

flows. Since turbulent flow is non- stationary, it is necessary to consider the transient terms in 

the cases where the boundary conditions are constant with time (PANTON 1996,WILCOX 

1994). Modeling is formulated from differential equations for the mass, momentum and 

energy, including a new term, the fluctuation velocity 𝒖′, for defining the Reynolds stress 

tensor. Due to the complexity involved in establishing interfacial geometries and motions in 

two-phase, it is not possible to solve the equations for the local instant motion of the fluid 

particles. For this reason mean values are adopted for fluid motion and for the pertinent 

properties, thus eliminating local instant fluctuations. 

Given the conservation and momentum equations, it is possible to obtain an expression for 

turbulent flow. 

 𝜕𝒖𝑖
𝜕𝑥𝑖

= 0 
(2. 31) 

 

𝜌 (
𝜕𝒖𝑖
𝜕𝑡
+ 𝒖𝑗

𝜕𝒖𝑖
𝜕𝑥𝑗
) = −

𝜕𝑝

𝜕𝑥𝑖
+ 𝜇

𝜕2𝒖𝑖

𝜕𝑥𝑗
2     

(2. 32) 

Using the Reynolds decomposition principle (VERSTEEG; MALALASEKERA, 1995) and 

the Eulerian averaging procedure, the fluctuation velocity is introduced as: 

 
𝜕𝒖𝑖̅̅ ̅̅ ̅

𝜕𝑥𝑖
=
𝜕(𝒖�̅� + 𝜕𝒖𝑖′)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝜕𝑥𝑖
= 0 

(2. 33) 

 

Based on the mass conservation for turbulent flow (Eq. 2.31), the average value of a 

fluctuating quantity is zero: 

 𝜕𝒖𝑖′̅

𝜕𝑥𝑖
= 0 

(2. 34) 

By using Eq. (2.33) and dividing by 𝜌, Equation (2.32) becomes: 

 𝜕𝒖�̅�
𝜕𝑡
+
𝜕𝒖𝑖′̅̅ ̅̅ ̅

𝜕𝑡
+ 𝒖�̅�  

𝜕𝒖�̅�
𝜕𝑥𝑗

+ 𝒖𝑗′̅
𝜕𝒖�̅�
𝜕𝑥𝑗

+ 𝒖�̅�
𝜕𝒖𝑖′

𝜕𝑥𝑖

̅̅ ̅̅ ̅̅ ̅̅
+ 𝒖𝑗′̅

𝜕𝒖𝑖′

𝜕𝑥𝑖

̅̅ ̅̅ ̅̅ ̅̅
 

= −
1

𝜌

𝜕�̅�

𝜕𝑥𝑖
−
1

𝜌

𝜕𝑝′̅̅ ̅̅

𝜕𝑥𝑗
+ 𝜈

𝜕2𝒖�̅�

𝜕𝑥𝑗
2 + 𝜈

𝜕2𝒖𝑖′̅̅ ̅̅ ̅̅

𝜕𝑥𝑗
2  

 

(2. 35) 
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By using Equation (2.31) and (2.34), Equation (2.35) can be rewritten as: 

 𝜕𝒖�̅�
𝜕𝑡
+ 𝒖�̅�  

𝜕𝒖�̅�
𝜕𝑥𝑗

=
1

𝜌

𝜕

𝜕𝑥𝑗
[−𝜌𝒖𝑖′𝒖𝑗′̅̅ ̅̅ ̅̅ − �̅�𝛿𝑖𝑗 + 𝜇 (

𝜕𝒖�̅�
𝜕𝑥𝑗

+
𝜕𝒖�̅�

𝜕𝑥𝑖
)] 

(2. 36) 

which is the momentum conservation equation for turbulent flow. Here 𝛿𝑖𝑗 is the Kronecker 

delta in the pressure term, 𝜇 (
𝜕𝒖𝑖̅̅ ̅

𝜕𝑥𝑗
+
𝜕𝒖𝑗̅̅ ̅

𝜕𝑥𝑖
) is the Navier tensor and −𝜌𝒖𝑖′𝒖𝑗′̅̅ ̅̅ ̅̅  is the Reynolds 

tensor.  

In the same way, from the Navier-Stokes equations, it is possible to obtain the turbulent 

kinetic energy equation: 

 𝜕𝑘2̅̅ ̅

𝜕𝑡
+ 𝑢�̅�

𝜕𝑘2̅̅ ̅

𝜕𝑥𝑗
= −𝒖𝑖𝒖𝑗̅̅ ̅̅ ̅̅

𝜕𝒖�̅�
𝜕𝑥𝑗

−
𝜕

𝜕𝑥𝑗
(𝑘2𝒖𝑗′̅̅ ̅̅ ̅̅ ) −

1

𝜌

𝜕𝑝′𝒖𝑖′̅̅ ̅̅ ̅̅

𝜕𝑥𝑖
+ 𝜈𝒖𝑖

′
𝜕2𝒖𝑖

′

𝜕𝑥𝑗
2  (2. 37) 

where the first term represents the amount of turbulent kinetic energy due to the interaction 

with the mean flow, the second term represents the transfer of turbulent kinetic energy caused 

by velocity fluctuations, the third term is representative of kinetic energy transfer due to the 

interactions between the pressure and velocity fields, and the fourth term takes into account 

the joint turbulent kinetic energy transfer due to velocity and thermal dissipation. Thus, the 

mean-flow properties of the turbulent flow are calculated using Equations (2.36) and (2.37). 

By solving Equation (2.37) it is possible to calculate the energy dissipation 휀, i.e., the rate at 

which velocity fluctuations dissipate as a function of the Kolmogorov scale 휂: 

 
휀 =

𝑘3/2

휂
 (2. 38) 

Both 𝑘 and 휀 are important factors for incorporating flow history effects in the eddy viscosity 

who is calculated by Equation (2.8). In order to close the system, one-equation and two-

equation models are proposed, all of them based on the production and destruction of 

turbulent kinetic energy, where 𝑘 and 휀 increase or decrease in the same proportion. The most 

popular models, k-휀  and k-𝜔, are widely used in turbulent flow for industrial applications. 

Description of each one is presented as follows. 
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2.2.1 k-휀 Turbulence Model 

This model has been used in most general purpose CFD codes and is considered a standard 

model. It is expressed by transport equations “k” and “휀”. For a two-phase model it is 

assumed that turbulence is dictated by the continuous phase b. The equation for the turbulent 

kinetic energy of the continuous phase b is given by Equations (2.39) and (2.40): 

 𝜕

𝜕𝑡
(𝛼𝑏𝑘𝑏) + 

𝜕

𝜕𝑥𝑖
(𝛼𝑏𝑘𝑏𝒖𝑏) =

𝜕

𝜕𝑥𝑗
[(𝜇 +

𝜇𝑡
𝜎𝑘
)
𝜕𝑘

𝜕𝑥𝑗
] + 𝑃𝑘 − 𝛼𝑏휀𝑏 

(2. 39) 

 𝜕

𝜕𝑡
(𝛼𝑏휀𝑏) + 

𝜕

𝜕𝑥𝑖
(𝛼𝑏휀𝑏𝑢𝑏) = 

𝜕

𝜕𝑥𝑗
[(𝜇 +

𝜇𝑡
𝜎𝜀𝑏
)
𝜕휀𝑏
𝜕𝑥𝑗
] + 𝐶1𝜀𝛼𝑏

휀𝑏
𝑘𝑏
(𝑃𝑘) − 𝐶2𝜀𝛼𝑏

휀𝑏
2

𝑘𝑏
 

 

(2. 40) 

The first part of Equations (2.39) and (2.40) represents the rate of change in k or 휀 and 

transport by convection for the continuous phase b. The second part corresponds to transport 

by diffusion, production rate 𝑃𝑘 and destruction rate of k or 휀. The turbulent viscosity of b is 

calculated by: 

 
𝜇𝑡 = 𝛼𝑏𝐶𝜇

𝑘𝑏
2

휀𝑏
 (2. 41) 

and the production rate as: 

 𝑃𝑘 = 𝜇𝑡𝑆
2 (2. 42) 

where 𝑆 is the absolute value of the strain rate used in the definition of the eddy viscosity 

instead of the vorticity, in order to increase the generality of the method beyond aerodynamic 

applications, and is defined as: 

 
𝑆 ≡ √2𝑆𝑖𝑗𝑆𝑖𝑗 

(2. 43) 

 

The k- 휀 model employs values for constants which are obtained by comprehensive data 

fitting for a wide range of turbulent flows (Table 2.1).The model is restricted to fully turbulent 
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flow and non-separated flows. Thus, modeling close to the wall where the regime is transient 

or laminar requires the implementation of a wall function. 

Table 2. 1. Constants present in the k- 휀 model equations 

Model Parameter Default value 

𝐶1𝜀 1.44 

𝐶2𝜀 1.92 

𝐶𝜇 0.09 

𝜎𝑘 1.00 

𝜎𝜀 1.30 

 

2.2.2 k-ω Turbulence Model 

This model proposed by Wilcox (1998) uses the turbulence frequency 𝜔 = 휀/𝑘  (dimensions 

time
-1

) as a second variable. The transport equation for k for turbulent flows at high Reynolds 

is as follows: 

 𝜕

𝜕𝑡
(𝛼𝑏𝑘𝑏) + 𝒖𝑏𝛼𝑏

𝜕𝑘𝑏
𝜕𝑥𝑖

= 𝑃𝑘 − 𝛽
∗𝑘𝑏𝜔𝑏 +

𝜕

𝜕𝑥𝑖
[(𝜈𝑏 + 𝜎

∗𝜈𝑇)
𝜕𝑘𝑏
𝜕𝑥𝑗

] (2. 44) 

Where 

 
𝑃𝑘 = [2𝜇𝑇𝑆𝑖𝑗𝑆𝑖𝑗 −

2

3
𝜌𝑘𝑏

𝜕𝑢𝑏
𝜕𝑥𝑗

𝛿𝑖𝑗]  

and for  𝜔: 

 
𝜕

𝜕𝑡
(𝛼𝑏𝜔𝑏) + 𝒖𝑏𝛼𝑏

𝜕𝜔𝑏
𝜕𝑥𝑖

 

= 𝛼𝐺 − 𝛽𝜔𝑏
2 +

𝜕

𝜕𝑥𝑖
[(𝜈𝑏 + 𝜎𝜈𝑇)

𝜕𝜔𝑏
𝜕𝑥𝑗

] 

 

(2. 45) 

Where 
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𝐺 = 2𝜌𝑆𝑖𝑗𝑆𝑖𝑗 −

2

3
𝜌𝜔𝑏

𝜕𝑢𝑏
𝜕𝑥𝑗

𝛿𝑖𝑗 
 

The model constants for the k-𝜔 model are shown in Table 2.2. 

Table 2. 2. Constants present in the k-ω model equations 

Model Parameter Default value 

𝛼 5/9 

𝛽 3/40 

𝛽∗ 9/100 

𝜎 ½ 

𝜎∗ ½ 

Turbulence models are not only important in flow modeling. They also characterize the 

interaction between the particles and the fluid, and constitute the basis for estimating 

coalescence rates as described in the next chapter. 
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CHAPTER 3. DROPLET-DROPLET INTERACTIONS. 

COALESCENCE PROCESSES 

In order to deepen the study of the droplet fluid dynamics an analysis is made on mechanisms 

and models for droplet coalescence. This comprises coupling population balance equations 

and the computational fluid dynamics structure. This enabled the estimation of the size 

distribution of droplets throughout the system and the influence of factors such as velocity 

and initial droplet size on the coalescence rate. 

3.1 POPULATION BALANCE MODELLING 

Emulsions instability is associated with size increased due to coalescence between droplets. 

Coalescence can occur when they are brought together by the surrounding liquid flow or by 

gravitational or other body forces and it will effective if the intervening film can drain to a 

sufficiently small thickness to a rupture in the time available. During the drain process it is 

possible that turbulent fluctuations in the continuous phase are so strong that droplets can 

separate again. Thus, droplet collision does not necessarily result in coalescence, and it is 

necessary to consider collision efficiency in the coalescence modeling (PRINCE; BLANCH, 

1990; MILLIES; MEWES, 1999). If coalescence is present in a multiphase system, changes 

in droplet size can be modeled by means of the droplet size distribution function (PSD), 

where the number of droplets of a given size, n, depends not only on time (𝑡) and space (𝑥) 

but also on properties of droplets, the so-called internal coordinates(𝐱). This change can be 

computed by means of a population balance for the dispersed droplets. In emulsion flow, the 

population balance for n has the form: 

 𝜕𝑛(x,x, t)

𝜕𝑡
+ 

𝜕

𝜕𝑥𝑖
 (𝑛𝒖𝑏) = Ω(x, x, t) (3. 1) 

The left side of the equation corresponds to transient and convective terms, and the right side 

corresponds to the source term, Ω, which is defined as a sum of the nucleation rate Ω𝐽(x, x, t), 

molecular growth Ω𝐺(x, x, t), aggregation Ω𝐴(x, x, t) and breakage Ω𝐵(x, x, t) processes 

(MARCHISIO; VIGIL; FOX, 2003). 
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In this study, the molecular growth and nucleation processes are not included. These 

assumptions are compatible with the physical nature of the simulated system.  

By considering aggregation and breakage rates only, Equation (3.1) is rewritten as: 

 𝜕𝑛(x, x, t)

𝜕𝑡
+ 

𝜕

𝜕𝑥𝑖
 (𝑛𝒖𝑏) = Ω

𝐴(𝐱, 𝑥, 𝑡)  + Ω𝐵(x, x, t) (3. 2) 

If the internal coordinate is the droplet volume v, then: 

 𝜕𝑛(v, t)

𝜕𝑡
+ 

𝜕

𝜕𝑥𝑖
 (𝑛𝒖𝑏) = Ω

𝐴(v, 𝑡)  + Ω𝐵(v, t) 
(3. 3) 

For liquid-liquid flow, breakage depends on the forces acting over droplets. Based on the 

method of critical diameter (HUGHMARK, 1971; PAUL; SLEICHER, 1964) and the 

physical properties of the fluid, breakage can be neglected (see Appendix A), and the 

population balance is simplified to:  

 𝜕𝑛(v, t)

𝜕𝑡
+ 

𝜕

𝜕𝑥𝑖
 (𝑛𝒖𝑏) = Ω

𝐴(v, 𝑡) 

 

(3. 4) 

In order to solve equation (3.4), a number of mathematical techniques have been proposed, 

such as the method of moments (MOM) and the method of classes (CM) (RAMKRISHNA, 

2000).  

In the method of moments, the size distribution function is systematically replaced with a set 

of low-order moments, which are, in most cases, sufficient to estimate physical properties of 

the system. For an internal coordinate x, a moment m of order k of the distribution can be 

expressed as: 

 
𝑚𝑘(𝑡) = ∫ 𝑛(x, 𝑡)x𝑘𝑑x

∞

0

 (3. 5) 

The MOM is suitable for use with CFD codes because the internal coordinates are integrated 

out such that the solution requires a small number of scalars, only (i.e., 4– 6 moments of the 

PSD) at each grid point. This method was proposed by Hulburt and Katz (1964), but has not 
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found wide applicability due to the difficulty of expressing the transport equations for the 

PSD moments in terms of the moments themselves, besides being computationally expensive 

because simulation of real cases of practical interest required intractable CPU times 

(MARCHISIO; VIGIL; FOX, 2003). 

When the population balance is written in terms of one internal coordinate closure problems 

have been successfully solved with the use of a quadrature approximation, as the quadrature 

method of moments (QMOM). This method was presented by McGraw (1997) apud Silva 

(2008) for modeling aerosol evolution. The QMOM is based on the following quadrature 

approximation used for calculating the moment of order k: 

 

𝜇𝑘 = ∫ v𝑘𝑛(v, 𝑡)𝑑v ≈ ∑𝑤𝑖𝐿𝑖
𝑘            𝑘 = 0, 1,2,3 . . 𝑁

𝑁

𝑖=1

∞

0

 (3. 6) 

 

where 𝑤𝑖 and 𝐿𝑖 are the weight and abscissas respectively, Marchisio, Vigil and Fox, (2003) 

extended the studies to applying QMOM for modeling simultaneous aggregation and 

breakage. The QMOM equation is given by: 

 
𝜕𝜇𝑘
𝜕𝑡

=
1

2
∑∑[(𝐿𝑖 + 𝐿𝑗)

𝑘
− 𝐿𝑖

𝑘 − 𝐿𝑗
𝑘]

𝑁

𝑗=1

𝑁

𝑖=1

 Γ(𝐿𝑖, 𝐿𝑗)𝑤𝑖𝑤𝑗 (3. 7) 

where Γ(𝐿𝑖, 𝐿𝑗) is the coalescence contribution in the population balance, i.e., the probability 

that two droplets, both present at time t in a continuous phase aggregate in the interval 

between t and t+dt defined as: 

 Γ(x,x',x, t)dt (3. 8)   

As shown on Equation (3.8), Γ is the fraction of droplet pairs at states (x) and (x') aggregating 

per unit, where from a physical viewpoint the ordering of droplet pairs does not alter the value 

of the frequency. In others words, Γ satisfies the symmetry property: 

 Γ(x, x, t)= Γ(x', x, t) (3. 9)   
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In order to find the value of  Γ, the coalescence process can be modeled as a product of the 

collision frequency h and the coalescence efficiency λ, whose terms are explained in section 

3.3: 

 Γ(x, x, t)= ℎ(x, x, t)λ(x, x, t) (3. 10) 

By using the QMOM, the values of the weights and abscissas are computed by simply forcing 

them to agree with an independent set of lower-order moments (MCGRAW, 1997 apud 

SILVA, 2008). For the monovariate case, this can be done by building a sequence of 

polynomials orthogonal to the unknown distribution (MARCHISIO; FOX 2005) where 

weights and abscissas are calculated using the product-difference (PD), algorithm described 

by Gordon (1968) apud Marchisio and Fox (2005), which is based on the minimization of the 

error caused by replacing the integral in Eq. (3.5) with its quadrature approximation (VIGIL; 

FOX, 2003). The restrictions to the use of QMOM are related to the complexity of the method 

when used in multivariate distributions and the loss of information about the PSD when 

coupling internal variables and velocities. Marchisio and Fox (2005) presented a methodology 

based on QMOM, the so-called Direct Quadrature Method of Moments (DQMOM), which 

calculates directly the weights and abscissas of the quadrature without using PD (as in the 

QMOM case), which is an important factor to reduce computational times. 

The approximation for the DQMOM formulation can be expressed as a summation of multi-

dimensional Dirac delta functions (MARCHISIO; FOX, 2005): 

 

𝑛(L; x, t) = ∑𝑤𝛼(x, t)

𝑁

𝛼=1

𝛿[L− L𝛼(x, t)] (3. 11) 

where N is the number of delta functions, and 𝑤𝛼(x, t) is the weight of node 𝛼, 

 

𝛿[L− L𝛼(x, t)] =∏𝛿[𝐿𝑗− L𝑗𝛼]

𝑁𝑠

𝑗=1

 

 

(3. 12) 

This equation can be interpreted as N distinct dispersed phases where each phase is 

characterized by a weight 𝑤𝛼 and a property vector  L𝛼. In the emulsion case, just one 

dispersed phase (oil) is considered, then 𝑁𝑠 = 1, resulting in a monovariate distribution.  
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Replacing Equation (3.12) in (3.11), The PBE written in terms of one internal coordinate (L) 

becomes: 

 

∑𝛿[L− L𝛼(x, t)] [
𝜕𝑤𝛼
𝜕𝑡

+
𝜕

𝜕𝑥𝑖
 (𝒖𝛼𝑤𝛼)]

𝑁

𝛼=1

 

−∑𝛿′[L− L𝛼(x, t)] [𝑤𝛼
𝜕𝐿𝛼
𝜕𝑡

+ 𝑤𝛼
𝜕

𝜕𝑥𝑖
 (𝒖𝛼𝐿𝛼)]

𝑁

𝛼=1

 

= Ω𝑐(L, x, t) 

 

 

(3. 13) 

where 𝛿′[L− L𝛼(x, t)] is the first derivate of the generalized function 𝛿[L− L𝛼(x, t)], and 𝒖𝛼 

is the characteristic velocity associated with the delta function (or dispersed phase) 𝛼. If 𝜍𝛼 is 

the weighted abscissa (𝜍𝛼 = 𝑤𝛼 L𝛼), then after some manipulations, Eq. (3.13) can be 

rewritten as: 

 ∑𝛿[L− L𝛼(x, t)] [
𝜕𝑤𝛼
𝜕𝑡

+
𝜕

𝜕𝑥𝑖
 (𝒖𝛼𝑤𝛼)]

𝑁

𝛼=1

 

−∑𝛿′[L− L𝛼(x, t)] [
𝜕𝜍𝛼
𝜕𝑡
+
𝜕

𝜕𝑥𝑖
 (𝒖𝛼𝜍𝛼)]

𝑁

𝛼=1

 

+∑𝛿′[L− L𝛼(x, t)]L𝛼 [
𝜕𝑤𝛼
𝜕𝑡

+
𝜕

𝜕𝑥𝑖
 (𝒖𝛼𝑤𝛼)]

𝑁

𝛼=1

 

= Ω𝑐(L, x, t) 

        

 

(3. 14) 

Defining 휃𝛼 and 𝜅𝛼 as source terms of the DQMOM transport equations for the weights 𝑤𝛼  

and the weighted abscissa 𝜍𝛼 (𝜍𝛼 = L𝛼𝑤𝛼) results in: 

 𝜕𝑤𝛼
𝜕𝑡

+
𝜕

𝜕𝑥𝑖
 (𝒖𝛼𝑤𝛼) = 휃𝛼 (3. 15) 

 𝜕𝜍𝛼
𝜕𝑡
+
𝜕

𝜕𝑥𝑖
 (𝒖𝛼𝜍𝛼) = 𝜅𝛼 (3. 16) 

By using Equations (3.15) and (3.16), Equation (3.14) can be rewritten in a simpler form: 
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∑[𝛿[L− L𝛼(x, t)] + 𝛿′[L− L𝛼(x, t)] L𝛼]

𝑁

𝛼=1

휃𝛼

−∑ 𝛿′[L− L𝛼(x, t)]𝜅𝛼

𝑁

𝛼=1

= Ω𝑐(L, x, t) 

(3. 17) 

and the moment transform of Equation (3.17) yields: 

 (1 − 𝑘)∑  𝐿𝛼
𝑘

𝑁

𝛼=1

휃𝛼 + 𝑘∑  𝐿𝛼
𝑘−1

𝑁

𝛼=1

𝜅𝛼 = Ω
𝑐(𝑁) 

         

(3. 18) 

where the moment source term is defined in an approximated form by: 

 
Ω𝑐(𝑁) = ∫  𝐿𝛼

𝑘Ω𝑐(L, x, t)𝑑L 
∞

−∞

 

        

(3. 19)   

By replacing Equation (3.19) into Equation (3.6), the source term Ω𝑐 can be written as: 

 

Ω𝑐 =
1

2
∑∑[(𝐿𝛼 + 𝐿𝛽)

𝑘
− 𝐿𝛼

𝑘 − 𝐿𝛽
𝑘]

𝑛

𝛽=1

𝑛

𝛼=1

 ℎ(𝐿𝛼 , 𝐿𝛽)𝜆(𝐿𝛼, 𝐿𝛽)𝑤𝛼𝑤𝛽 

 

(3. 20)   

A methodology for solving Equations (3.7) to (3.20) is presented by Silva (2008) and 

developed for different cases, e.g., homogeneous growth, homogeneous dispersions, as 

presented by Marchisio and Fox (2005). DQMOM is the method used in this study due to its 

versatility and efficiency in systems with PBE-CFD coupling (SILVA, 2008). By solving the 

system it is possible to obtain variables of interest, as the disperse phase volume fraction and 

the Sauter mean diameter. 

3.2 CHARACTERISTIC DIAMETER: SAUTER DIAMETER 

The control of droplet size can be based on characteristic mean diameters, such as the Sauter 

mean diameter, which was originally developed by the German scientist J. Sauter. This mean 

diameter is defined as the diameter of a sphere that has the same average volume/surface area 

ratio as the droplet population under study. The Sauter diameter is commonly used in 

dispersed phase flow models because it corresponds to the forces that act on dispersed 
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droplets, which are functions of the droplet area per unit volume of the suspension. In terms 

of moments, it is defined as: 

 
𝑑3,2 =

𝑚3(𝑡)

𝑚2(𝑡)
=
∫ 𝑛(L, 𝑡)L3𝑑L
∞

0

∫ 𝑛(L, 𝑡)L2𝑑L
∞

0

 (3. 21)   

In order to use the volume as internal coordinate  Silva (2008) presents a d3,2 approximation 

as: 

 
𝑑3,2 ≅ (

6

𝜋
)
1/3∑ 𝑤𝑖𝐿𝑖

𝑁
𝑖=1

𝑤𝑖𝐿𝑖
2/3

 
(3. 22)   

3.3 COALESCENCE PROCESSES 

In turbulent flow, the behavior of droplets is associated to droplet-droplet and droplet-fluid 

interactions. When droplets are dispersed in a continuous phase, hydrodynamic forces 

promote events in which two or more droplets collide to give rise to new droplets. However, 

collisions not always result in droplets coalescence. For example, if a sufficiently diluted o/w 

emulsion with less than 10% oil is considered, , then binary coalescence is only effective if 

the liquid trapped between droplets is drained out until both droplets collapse. 

Several mechanisms are proposed in the literature to describe coalescence. Empirical models 

have been proposed (CASAMATTA; VOGELPOHL, 1985), (KONNO; MUTOAND; 

SAITO, 1988), (WRIGHT; RAMKRISHNA, 1994) with high limitations in their use due to 

specific parameters and geometric conditions required. Due to these limitations, physical 

models are in general more adequate. These models are based on physical quantities used to 

define the mechanism of each collision and on the probability of coalescence due to external 

forces acting on droplets. Thus, the probability that two droplets coalesce is given by a 

collision frequency h and a coalescence efficiency λ (Equation 3.10). 

Most of the coalescence models are presented as a function of the droplet diameter. Thus, 

when the internal coordinate is the droplet volume, the following relationship is adopted: 

 𝑑~v1/3 (3. 23) 
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3.3.1 Collision frequency 

There are several models to estimate the collision frequency. Liao and Lucas (2010); Chesters 

(1991) and Araujo (2010) describe the mechanisms that promote the collision and the models 

used in each case. Basically the collision frequency is increased by turbulent fluctuations, 

global velocity-gradients, eddy-capture, buoyancy and wake effect. In liquid-liquid systems 

with small droplets (less than 1.0 𝑚𝑚), turbulence can be the most important factor in the 

collision. Thus, models for turbulent collisions are analyzed in more detail in this chapter.  

Depending on flow conditions, the respective forces governing collision are predominantly 

viscous or inertial. The prevailing regime depends on droplet sizes compared with the length 

scales of the smallest (Kolmogorov) eddies, as consequence, the collision frequency is 

associated with the droplet size and calculated as the average rate at which two drops collide 

per unit time (CHESTERS, 1991). 

Chesters (1991) is one of the first authors to summarize collision models used in different 

studies. Liao and Lucas (2010) carried out a literature review on the mechanisms and models 

of coalescence of fluid droplets and simultaneously Araujo (2010) made a study about 

different models, finding deficiencies in experimental validations.  

All models consider the effect of the flow conditions on the coalescence process. The 

diference in each case is related basically to the droplet trajectory in the flow stramlines. This 

aspect is hardly associated to the droplet size and its magnitude with respect to the eddies 

where the movement of drops depend on the eddies behavior. Thus, the collisions of droplets 

may be caused by the fluctuating turbulent velocity of the surrounding liquid.  

For modeling coalescence phenomena it can be assumed that the random motion of fluid 

droplets in turbulent flow is similar to the random movement of gas molecules in the classical 

kinetic gas theory, thus, this approximation must be corrected in coalescence models applied 

to droplets. Normally the correction is represented by the constant K. The instability of the 

main flow amplifies existing disturbances and produces primary eddies that have a wave 

length or scale similar to that of the main flow . The large primary eddies are also unstable 

and disintegrate into smaller eddies until all their energy is dissipated by viscous flow. Thus, 

the eddies transfer kinetic energy from large to small eddies. If the main flow is time-

independent, then the statistical properties of any oscillation of a scale much smaller than that 

of the main flow should be determined by the local energy dissipation rate per unit mass, ε.  
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Droplets move randomly and continually colliding with each other. A colliding droplet pair is 

subjected to inter-droplet turbulent and colloidal squeezing forces due to which the 

intervening continuous-phase liquid drains, leading to the coalescence of the pair. By 

assuming spherical droplets flowing in a continous phase, Chesters (1991) presents an 

expression for collision frequency h, given in Equation (3.10), between two droplets of equal 

size: 

 ℎ (v1, v2) = 𝐾1𝒖𝑟v
2 3⁄  (3. 24) 

where 𝐾1 is a constant which depends on the flow type, the 𝐾1 values summarized by 

(CHESTERS, 1991) are shown in Table 3.1. The relative velocity 𝒖𝑟 is defined as the 

velocity between two points at a distance 𝑑 apart in the basic flow.  

Table 3. 1. Values of the constant 𝐾1 summarized by Chesters (1991) for droplet collision 

rates in various flows 

FLOW TYPE 𝐾1 

Viscous simple shear 2/3 

Fine-scale turbulence (2π/15)
1/2 

Inertial-subrange turbulence (8π/3)
1/2

 

 

Another expression as a function of the collision-sectional area is given as (LIAO; LUCAS, 

2010): 

 ℎ (v1, v2) = 𝐾2𝒖𝑟S𝑖𝑗 (3. 25) 

where 𝑆𝑖𝑗 is the collision-sectional area of colliding droplets, calculated as: 

 
S𝑖𝑗 = 

𝜋

4
(
v𝑖
1/3 + v𝑗

1/3

2
)

2

 
 

(3. 26) 

In the case where droplets are larger than the Kolmogorov length scales collision is 

determined by inertial effects. Here, the subrange of isotropic turbulence is always assumed. 

Therefore, the relative velocity in terms of volume is defined as: 

 𝒖𝑟 = 휀
1/3v1/9 (3. 27) 
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According to Chesters (1991), when the droplet size is much smaller than the size of the 

energy dissipating eddies found in a turbulent flow, the forces governing the collision are 

predominantly viscous. Under this condition, the collision frequency is determined by local 

shear of the flow in turbulent eddies, only, and the droplets follow the same trajectory as that 

of the continuous phase  (SAFFMAN; TURNER, 1956). The relative velocity is given by:  

 𝒖𝑟 = v
1/3(휀 𝜈⁄ )1/2 (3. 28)   

where (휀 𝜈⁄ )1/2 is the shear strain-rate in the smallest eddy. 

Equations (3.27) and (3.28) show the strong relationship between collision frequency and 

relative velocity between droplets. The relative velocity is produced mainly by turbulent or 

chaotic motions, and is calculated from the dissipation of turbulent kinetic energy. 

Using a geometric analysis for the flow of a gas dispersed in liquid, Sanz (1993) presents the 

collision probability due to the average difference in velocity between bubbles. This model is 

limited for gas volumetric fractions of about 10%, and the correction at this void fraction is in 

order of 15%. From Equation (3.25) and following the developments made for the turbulent 

coalescence kernel in aerosol, the expression for collision frequency in the fine-scale 

turbulence is: 

 
ℎ(v1, v2) = (

3휀

10𝜋𝜈
)
1/2

(v1
1/3 + v2

1/3)
3
 (3. 29) 

In the inertial-subrange turbulence the collision frequency is defined as: 

 ℎ(v1, v2) = 1.4휀
1/3(v1

1/3 + v2
1/3)

2
v𝑒𝑞

2/3 (3. 30) 

where v𝑒𝑞 =
v1v2

v1+v2
 

Several authors assume that the colliding droplets take the velocity of an equivalent-size eddy 

(COULALOGLOU; TAVLARIDES, 1977; LEE; ERICKSON; GLASGOW, 1987;  PRINCE; 

BLANCH, 1990; LUO, 1993). As a result, the relative velocity 𝒖𝑟 between two bubbles of 

different size is proportional to the mean-square root of two equivalent-size eddy velocities: 

 𝒖𝑟 = (𝒖𝑡𝑖
2 + 𝒖𝑡𝑗

2 )
1/2

 (3. 31) 
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 where 𝑢𝑡 is the velocity of the equivalent-size eddy, which is proportional to the dissipation 

kinetic energy, 휀: 

 𝒖𝑡 ∝ (휀𝑑)
2/3 (3. 32) 

Based on this concept, Prince and Blanch (1990) present the collision frequency in terms of 

droplet volume as follows: 

 
ℎ (v1, v2) = 𝐾3(v1

1/3 + v2
1/3)

2
(v1

2/9 + v2
2/9)

1/2
휀1/3 (3. 33) 

where 𝐾3 is in the range 0.28-1.11 

The main restriction for this model is the formulation to droplets with size smaller than the 

Kolmogorov scale, when viscous effects are neglected. 

Colin and Rioux (2004) proposed a modification of the Prince and Blanch (1990) model, 

where the effect of size ratio between bubbles and eddies is elucidated. In this case, the 

formulation changes according to the size of the bubbles, i.e., if the bubbles are larger than the 

integral length scale of turbulence, 𝑙𝑒 , turbulent eddies are not efficient to move the bubbles 

and the relative bubble motion is mainly due to the mean shear of the flow. Therefore, 

turbulent collisions occur only in the following cases: 

if  𝑑1 < 𝑙𝑒 ;  𝑑2 < 𝑙𝑒   

 
𝒖𝑟𝑒𝑙 =

𝐶𝑡

√1.61
(휀
𝑑1 + 𝑑2
2

)
1/3

 (3. 34)   

if 𝑑1 < 𝑙𝑒 ;  𝑑2 > 𝑙𝑒  

 
𝒖𝑟𝑒𝑙 =

𝐶𝑡

√1.61
(휀𝑑1)

1/3 (3. 35)   

The coefficient 𝐶𝑡 is associated with the difference between the velocity of bubbles and the 

liquid, while the factor 1 √1.61⁄  considers the deceleration of the approaching bubbles due to 

an increase in their virtual mass. 

Thus, the collision frequency applied for a gas-liquid system is defined as: 
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 ℎ (𝑑1, 𝑑2) =
1

2
(
8𝜋

3
)
1/2

(𝑑1 + 𝑑2)
7/3휀1/3(𝑑1 < 𝑙𝑒 ;  𝑑2 < 𝑙𝑒 ) (3. 36) 

As mentioned earlier, all models are formulated from the relative velocity between droplets 

and the initial droplet size becomes an important factor for choosing the most adequate model 

for analyzing liquid-liquid systems. On the one hand, according to the simulations presented 

in Appendix B, the droplet sizes studied in this thesis are smaller than the Kolmogorov scale. 

On the other hand, the virtual mass contribution is neglected for this liquid-liquid system. 

Then, the collision frequency can be calculated using Eq. (3.29). 

3.3.2 Coalescence Efficiency 

Several experimental studies have shown that only a fraction of collisions result in 

coalescence of droplets. In some cases, droplets are brought together by the flow, rotate 

around each other and then separate again if coalescence has not occurred. Accordingly, it is 

important to consider an additional efficiency to describe the coalescence process. Liao and 

Lucas, (2010) presented models based on three theories: a) Energy Model; b) Critical 

approach velocity model and c) Film drainage model.  

 Energy model 

This model was presented by Howarth (1964). It is based on the relation between kinetic 

collision energy 𝐸𝑘𝑖𝑛 and interfacial energy 𝐸𝜎 of the drop: 

 
𝜆(𝑑𝑖, 𝑑𝑗) = 𝑒𝑥𝑝 (−𝐶3

𝐸𝜎
𝐸𝑘𝑖𝑛

) (3. 37)   

The interfacial energy of drops is proportional to the interfacial tension and drop surface area: 

 
𝐸𝜎 = 𝜎(v𝑖

2/3
+ v𝑗

2/3
) (3. 38)   

while the kinetic collision energy,  𝐸𝑘𝑖𝑛𝑒𝑡𝑖𝑐, is assumed to be proportional to the equivalent 

droplet volume and relative velocity  of two colliding drops, 𝒖𝑟: 

 
𝐸𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =

1

2
𝜌𝑑v𝑒𝑞𝒖𝑟

2 (3. 39)   

The energy model is based on the theory that coalescence happens more often when the ratio 

between kinetic collision energy 𝐸𝑘𝑖𝑛 and interfacial energy 𝐸𝜎  is very small. Sosova (1981) 

apud Liao and Lucas (2010), main author of this model used the film drainage model to 
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complete the efficiency model. However, until recently no further information has appeared in 

the literature concerning the veracity of this model. 

 Critical approach velocity 

According to the energy model, coalescence will occur immediately when the approach 

velocity exceeds a critical value at the instant of collision. A simple expression was used by 

Lehr, Millies and Mewes (2002) and Lehr and Mewes (1999) and corrected in Liao and Lucas 

(2010) for the coalescence efficiency as a function of the critical approach velocity: 

 𝜆(𝑑𝑖, 𝑑𝑖  ) = 𝑚𝑖𝑛 (
𝒖𝑐𝑟𝑖𝑡
𝒖𝑟𝑒𝑙

, 1) (3. 40)   

The main restriction of the model is the need to experimentally determine the critical velocity. 

 Film drainage Model 

This model is the most popular one for calculating coalescence efficiency. Here, the 

probability that a collision results in coalescence is related to the contact time between the 

droplets and also to the properties of the fluid. It estimates coalescence efficiency as a 

function of two characteristic scales: the contact time and the drainage time, which is the time 

required for the intervening film between the drops to thin down to a critical thickness, λ 

(COULALOGLOU, 1975): 

 
𝜆 = 𝑒𝑥𝑝 (−

𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒

𝑡𝑐𝑜𝑛𝑡𝑎𝑐𝑡
) 

(3. 41)   

Probably the biggest difficulty here is in the validation of the two time scales. However, the 

film drainage model is up to now the most popular one. Several models are proposed based on 

the film drainage, the difference basically consisting of the expression used for calculating 

drainage and contact time, 𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒, 𝑡𝑐𝑜𝑛𝑡𝑎𝑐𝑡. 

The model assumes that coalescence occurs in three stages: initially, freely moving drops 

approach each other and form a thin film of matrix fluid between them; after that, droplets 

maintain contact until the liquid film drains out to a critical thickness; and finally, the 

attractive forces between droplets drive the film to drain out until it collapses (Figure 3.1). 

Various regimes of drainage may be distinguished, depending on the rigidity and mobility of 

the interfaces: (a) Immobile Interfaces; (b) Partially Mobile Interfaces; (c) Fully Mobile 

Interfaces (Figure 3.2).  
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       a)    b)       c) 

Figure 3. 1. Coalescence process: a) Droplets approximation with small amount of liquid between 

them. b) Rupture of film between droplets. c) Aggregation of droplets. 

 

 

Figure 3. 2. Representation of drainage regimes for: (a) Immobile Interfaces; (b) Partially Mobile 

Interfaces; (c) Fully Mobile Interfaces (SIMON, 2004) 

Rigid droplets with immobile interfaces, such as viscous droplets with small diameters 

compared to the continuous phase (d<1 mm), behave like solid droplets. In this case, the 

drainage time may be obtained by means of the Poiseuille relation (CHESTERS, 1991) 

 
𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 =

3𝜋𝜇𝑐
2𝐹

𝑟2𝑙𝑛 (
h𝑖
h𝑓
) (3. 42) 

Here, 𝐹 is the interaction force, 𝜇𝑐 is the continuous phase viscosity, h𝑖, h𝑓 are initial and 

critical film thicknesses and 𝑟 is the droplet radius considering droplets with uniform size. In 

other cases, an equivalent radius 𝑟𝑒𝑞 = 2𝑟1𝑟2/(𝑟1 + 𝑟2) is calculated  (LIAO ; LUCAS, 2010): 

    

Thin film 
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𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 =

6𝜋𝜇𝑐
𝐹

(
𝑟1𝑟2
𝑟1+𝑟2

)
2

𝑙𝑛 (
h𝑖
h𝑓
) (3. 43) 

For deformable droplets with immobile interfaces the drainage is controlled by viscous forces, 

i.e., the liquid is expelled from between the rigid surfaces by laminar flow. Chesters (1991) 

reports an expression for calculating the drainage time for the case of constant force F as: 

 
𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 =

3𝐹𝜇𝑐
16𝜋𝜎2

𝑟2 (
1

h𝑓
2 −

1

h𝑖
2) (3. 44)   

If the droplet radius 𝑟 is replaced with the equivalent radius 𝑟𝑒𝑞 for the case of two unequal-

sized droplets, then: 

 
𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 =

3𝐹𝜇𝑐
16𝜋𝜎2

(
𝑑1𝑑2
𝑑1 + 𝑑2

)
2

(
1

h𝑓
2 −

1

h𝑖
2) (3. 45) 

For deformable droplets with partially mobile interface, under the condition of constant flux, 

Chesters (1991) defined 𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 as: 

 
𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 =

𝐹𝑐
1/2𝜋𝜇𝑑

2(2𝜋𝜎/𝑟)3/2
(
1

h𝑓
−
1

h𝑖
) (3. 46) 

The model for deformable droplets with fully mobile interfaces is commonly used to describe 

collision between bubbles. When the flow is controlled by viscous forces  𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 is given 

by (CHESTERS, 1991): 

 
𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 =

3𝜇𝑐𝑟

2𝜎
𝑙𝑛 (

h𝑖
h𝑓
) (3. 47) 

In the inertia-controlled limit, which is the case of gas bubbles in turbulent flow, 𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 is 

reduced to: 

 
𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 = 0.5

𝜌𝑐𝒖𝑡𝑟
2

𝜎
 (3. 48) 

where 𝑢𝑡 is the eddy velocity. 
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Prince and Blanch (1990) simplified the model of Taylor, Oolman and Blanch (1985) by 

considering forces in the interface, only: 

 

𝑡𝑑𝑟𝑎𝑖𝑛𝑎𝑔𝑒 = (
𝑟𝑒𝑞
3 𝜌𝑐

16𝜎
)

0.5

𝑙𝑛
h𝑖
h𝑓

 (3. 49) 

The interaction force F is an important parameter to describe the film drainage process during 

coalescence. F is usually assumed to be proportional to the mean square velocity difference at 

either ends of the eddy with an equivalent diameter (COULALOGLOU, 1977): 

 𝐹~𝜌𝑐휀
2/3(𝑑1 + 𝑑2)

2/3 (
𝑑1𝑑2
𝑑1 + 𝑑2

)
2

 (3. 50) 

Based on this force definition, Coulolaglou and Tavlarides (1977) define the coalescence 

efficiency as: 

 𝜆 = 𝑒𝑥𝑝 (−𝐶2
휂𝑏𝜌𝑏휀

𝜎2(1 + 𝛼)3
(
𝑑1𝑑2
𝑑1 + 𝑑2

)
2

) (3. 51) 

 

Where 𝐶2 is an empirical constant close to 1. 

The collision force and duration was given by Chesters (1991) for both viscous and inertial 

collisions in turbulent flows. For the viscous regime corresponding to droplets smaller than 

the Kolmogorov scale, a typical force between two colliding droplets can be expected to be 

proportional to the turbulent shear rate √휀/𝜈: 

 𝐹~6𝜋𝜇𝑐𝑟
2√휀/𝜈 (3. 52) 

when collision happens in scales larger than the Kolmogorov scale, it is possible to use the 

following relation (Chesters, 1991): 

 
𝐹~𝜋𝑅𝑎

2 (
2𝜎

𝑟
) 

        

(3. 53)   

where 𝑅𝑎  is  the film radius. 

For the contact time, Chesters (1991) argued that the collisions force and duration are 

controlled by the external flow in the bulk, with predominantly viscous collision. Thus, 



37 

 

droplets smaller than the Kolmogorov scale in turbulent regime should have a contact time 

inversely proportional to the strain rate of flow in the smallest eddies: 

 𝑡𝑐𝑜𝑛𝑡𝑎𝑐𝑡~(휀/𝜈)
−1/2 (3. 54) 

During inertial collision droplets have the same velocity as the continuous phase. For the 

coalescence in this regime, and considering conservation of kinetic energy and surface 

energy, the contact time is defined as (Chesters, 1991): 

 

𝑡𝑐𝑜𝑛𝑡𝑎𝑐𝑡 ≈ [(
4𝜌𝑑
3𝜌𝑐

+ 𝐶𝑣𝑚)
𝜌𝑟3

2𝜎
]

1/2

 

 

(3. 55) 

 

Then, for immobile interfaces, coalescence efficiency defined by Chesters (1991) is: 

 

𝜆 = 𝑒𝑥𝑝

(

 
 
−

3𝐹𝜇𝑐
16𝜋𝜎2

(
𝑑1𝑑2
𝑑1 + 𝑑2

)
2

(
1
h𝑓
2 −

1
h𝑖
2)

(휀/𝜈)−1/2

)

 
 

 

 

 

(3. 56) 

Liquid-Liquid systems as emulsions have surfactants as emulsifiers, with the aim of 

decreasing interfacial tension, increasing repulsion between droplets and thus increasing 

emulsion stability. Since the film drainage model considers electrostatic forces as a parameter 

to obtain the coalescence efficiency, this model is analyzed in this study. 

The coalescence model proposed by Tobin and Ramskrishna (1999) was obtained from 

investigations carried on a stirred tank to analyze the ionic strength in the coalescence rate, 

the objective was to improve earlier models by taking electrostatic interactions into account. It 

is an important point in emulsions stability when the effect of surfactants is studied. The 

overall coalescence efficiency is calculated from the product of the efficiency for a rigid and a 

deformable drop: 

 

 𝜆(v𝑖 , v𝑗) = 𝜆(v𝑖 , v𝑗)𝑟𝑖𝑔𝑖𝑑𝜆(v𝑖 , v𝑗)𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑏𝑙𝑒 
(3. 57) 
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 𝜆(v𝑖 , v𝑗) = 

1 − 𝑒𝑥𝑝 [
−𝑐2𝑐𝑍1휂𝑏
𝜌𝑏v𝑒𝑞

1/4
휀1/3

(1 −
𝑐0

𝜌𝑏v𝑒𝑞
5/9
휀2/3

)]

1 − 𝑒𝑥𝑝 [
−𝑐2𝑐𝑍2휂𝑏
𝜌𝑏v𝑒𝑞

1/4
휀1/3

(1 −
𝑐0

𝜌𝑏v𝑒𝑞
5/9
휀2/3

)]

1 − 𝑒𝑥𝑝 [
−𝑐2𝑐𝑍′1휂𝑏𝜌𝑏휀v𝑒𝑞

4/3

(2𝛾ℎ𝑠)
2 (1 −

𝑐1v𝑒𝑞
1/3

2𝛾 )]

1 − 𝑒𝑥𝑝 [
−𝑐2𝑐𝑍′2휂𝑏𝜌𝑏휀v𝑒𝑞

4/3

(2𝛾ℎ𝑠)
2 (1 −

𝑐1v𝑒𝑞
1/3

2𝛾
)]

 

 

 

(3. 

58) 

 

The parameters 𝑍𝑖and 𝑍′𝑖 depend on the dimensionless film thicknesses 𝐻1 (distance of two 

drops at which film separation begins) and 𝐻2 (characteristic film thickness at which film 

rupture occurs) formed with the distance h𝑠 at which the two drops are no longer considered 

to be in contact with each other: 

𝐻𝑖 =
h𝑖
h𝑠
            𝑍𝑖 = − log(𝐻𝑖)            𝑍′𝑖 =

1 − 𝐻𝑖
2

2𝐻𝑖
2  

The values for h𝑠 = 1000𝑛𝑚; h1 = 500𝑛𝑚 ; h2 = 50𝑛𝑚 ;  𝑐0 = 𝑐1 = 1 ∗ 10
−6 and 𝑐2𝑐 =

8.45 ∗ 10−1 were obtained from experimental data for a Benzene/CCl4 5% (v/v) in water. The 

constants 𝑐0, 𝑐1 are introduced to describe the influence of the electrostatic repulsion force. 

As can be seen in equation (3.56), additional parameters are added to conventional 

coalescence models. Although the model parameters obtained by Tobin and Ramskrishna 

(1999) are valid for a system consisting of Benzene and CCl4  in water, the model was 

included in this study in order to enable the evaluation of their effect and to emphasize their 

importance in the coalescence efficiency computations. According to the authors, varying the 

characteristic distances 𝐻1and 𝐻2 would increase the number of fitting parameters. This 

model was used by Kamp et al. (2012) to analyze the effect of pH on coalescence rates. The 

results presented similar performance to experimental data for pH 7. 
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CHAPTER 4. MATERIALS AND METHODS 

4.1 MATERIALS  

All solvers are developed in the open source OpenFOAM (Open Field Operation and 

Manipulation) CFD code.  The OpenFOAM software has an extensive range of features to 

solve a number of fluid flow systems. It contains specific solvers for pre- and post-processing 

and follows a highly modular code design, in which collections of functionalities as  

numerical methods, meshing and physical models are each compiled into their own shared 

library. Executable applications are then created, which are simply linked to the library 

functionality. An overview of how OpenFOAM works is shown in Figure 4.1. 

 

 

Figure 4. 1. Overview of OpenFOAM structure (OpenFOAM Documentation) 

 

The main advantage of this software is the possibility to modify or expand the libraries for 

introducing new models. More detailed descriptions can be obtained in the OpenFOAM 

documentation
1
.   

4.2 METHODS 

In order to solve a given fluid-dynamic problem it is necessary to carry out a discretization of 

the solution domain (Figure 4.2) and linearization of the equations presented in Chapters 2 

and 3 with the aim of transforming governing equations into a corresponding system of 

algebraic equations for each control volume (Figure 4.3). The majority of these procedures is 

                                                           
1
 http://www.openfoam.com/ 
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already implemented in OpenFOAM solvers, as, for example, twoPhaseEulerFoam, or 

pbeFoam.  

 

Figure 4. 2. Discretization of the solution domain to solve models in OpenFOAM (RUSCHE, 2002) 

 

 

Figure 4. 3. Parameters in finite volume discretization (RUSCHE, 2002) 

OpenFOAM software uses the finite volume method described by Rusche (2002). The 

discretization is written in a generic form, such that: 

 𝑎𝑃𝜙𝑃
𝑛 +∑𝑎𝑁𝜙𝑁

𝑛 = 𝑅𝑃
𝑁

 
(4. 1) 

Where 𝑅𝑃 corresponds to the source term. The value of the flux 𝜙𝑃
𝑛 depends on the values of 

the neighboring cells, thus creating a system of linear algebraic equations with one equation 

(or row) for each cell of the space domain. These systems of linear algebraic equations can be 

expressed in a matrix form as (RUSCHE, 2002): 
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[𝐴][𝜙] = [𝑅] 

where [A] is a sparse square matrix with coefficients 𝑎𝑃 on the diagonal and 𝑎𝑁 off the 

diagonal. [𝜙] is the column vector of the dependent variable and [R] is the source vector. The 

matrix [A] can be decomposed into two matrices containing the diagonal [D] and off-diagonal 

[N] coefficients, such that: 

[𝐴] = [𝐷] + [𝑁] 

An under-relaxation factor 𝜆 can be assigned to ensure convergence(𝜙𝑛 = 𝜙𝑜):  

 
𝑎𝑃𝜙𝑃

𝑛 +
1 − 𝜆

𝜆
𝑎𝑃𝜙𝑃

𝑛∑𝑎𝑁𝜙𝑁
𝑛 = 𝑅𝑃

𝑁

+
1 − 𝜆

𝜆
𝑎𝑃𝜙𝑃

𝑜 (4. 2) 

or 

 𝑎𝑃
𝜆
𝜙𝑃
𝑛 +∑𝑎𝑁𝜙𝑁

𝑛 = 𝑅𝑃
𝑁

+
1 − 𝜆

𝜆
𝑎𝑃𝜙𝑃

𝑜 (4. 3) 

Here, 𝜙𝑛 and 𝜙𝑜 represent the value of 𝜙 from the new and previous iteration, respectively. 

When governing equations are discretized, it is necessary to adopt a specific notation, which 

often requires special numerical treatment. Rusche (2002) presents a notation (Table 4.1) 

based on Weller finite volume notation, which allows unambiguous specification of the 

discretization practices:  

Table 4. 1. Finite volume notation 

Term 
Term in Finite 

Volume Notation 
Discretized Term 

Time Derivative ⌊
𝜕𝜌[𝜙]

𝜕𝑡
⌋ 

𝜌𝑃
𝑛𝜙𝑃

𝑛 − 𝜌𝑃
𝑜𝜙𝑃

𝑜

∆𝑡
𝑉𝑃 

Convection Term ⌊∇. (𝐹[𝜙]𝑓(𝐹,𝑆))⌋ 
∑𝐹𝜙𝑓(𝐹,𝑆)

𝑛

𝑓

 

Diffusion Term ⌊∇. (𝜞∇[𝜙])⌋ ∑𝜞𝑓S. ∇𝑓𝜙
𝑛

𝑓

 

Divergence Term ∇.𝜙 ∑S.𝜙𝑓
𝑜

𝑓

 

Cell Gradient Term ∇𝜙 ∑S𝜙𝑓
𝑜

𝑓
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Term 
Term in Finite 

Volume Notation 
Discretized Term 

Implicit Source Term ⌊𝑅𝐼[𝜙]⌋ 𝑅𝐼𝑉𝑃𝜙
𝑛 

Explicit Source Term 𝑅𝐸 𝑅𝐸𝑉𝑃 

Source: Rusche (2002); Rodrigues (2008) 

Based on this discretization, the standard transport Equation (2.5) can be written in terms of 

Finite Volume Notation (RUSCHE, 2002; SILVA, 2008) as: 

 
𝒜:= ⌊

𝜕𝜌[𝜙]

𝜕𝑡
⌋ + ⌊∇. 𝜌〈𝑢〉[𝜙]𝑓(𝜌〈𝑢〉,𝑆)⌋ = ⌊∇. (Γ∇[𝜙])⌋ + ⌊𝑅𝐼[𝜙]⌋ + 𝑅𝐸 (4. 4) 

 𝒜 denotes a system of linear algebraic equations. Here the first term is the finite volume 

notation associated to the time derivative term, the second is the convective term, the third is 

the diffusion term and the latest are the implicit and explicit source terms. Once a system of 

linear algebraic equations is assembled, special operators can be invoked to extract its matrix 

coefficients and the source vector using 𝒜𝐴 ≡ [𝐴] and  𝒜𝑆 ≡ [𝑅] respectively. Additionally, 

matrices containing the diagonal and off-diagonal coefficients are obtained from 𝒜𝐷 ≡ [𝐷] 

and 𝒜𝑁 ≡ [𝑁]. 

The “H” operator 𝒜𝐻, is introduced by considering the Jacobi iteration scheme. This scheme 

provides a simple way of obtaining an approximate solution to the system of discretized 

equations by iterating over:  

 
𝜙 ≈ 𝒜𝐷

−1𝒜𝐻 =
𝒜𝐻

𝒜𝐷
 (4. 5) 

where 𝒜𝐻 is the “H” operator defined as: 

 𝒜𝐻 ≡ 𝒜𝑆 −𝒜𝑁𝜙 (4. 6) 

By dividing the Navier Stokes equation into density and volumetric fraction, Equation (2.5) is 

reduced to: 

 
𝜕〈𝑢𝑖〉

𝜕𝑡
+ 〈𝑢𝑖〉 𝛻. 〈𝑢𝑖〉 + 𝛻. (�̿�𝑖) +

𝛻𝛼𝑖
𝛼𝑖
. (�̿�𝑖) = −

𝛻𝑝

𝜌𝑖
+ 〈𝑔〉 +

�̿�𝑖
𝛼𝑖𝜌𝑖

 (4. 7) 

 

From the semi- discretized terms (Equation 4.4), Equation (4.7) can be rewritten as: 
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(𝒜𝑖)𝐷〈𝑢𝑖〉 = (𝒜𝑖)𝐻 −

𝛻𝑝

𝜌𝑖
+ 〈𝑔〉 +

ℳi

𝛼𝑖𝜌𝑖
 (4. 8) 

where ℳi is the discretized term arising from �̿�𝑖. A detailed �̿�𝑖 discretization procedure is 

presented by Silva (2008) and Rusche (2002), where several mathematical manipulations are 

performed to guarantee continuity.  

Rearranging Equation (4. 8) yields the phase momentum correction equations: 

 
〈𝑢𝑖〉 =

(𝒜𝑖)𝐻
(𝒜𝑖)𝐷

−
𝛻𝑝

𝜌𝑖(𝒜𝑖)𝐷
+ 〈𝑔〉+

ℳi

𝛼𝑖𝜌𝑖(𝒜𝑖)𝐷
 

(4. 9) 

Equation (4.9) is used to correct velocities, after an updated pressure field is obtained by 

solving the pressure equation. 

4.2.1 Pressure Equation 

The solution of the pressure equation provides corrections for updating pressure, fluxes and 

velocities so that continuity is satisfied. According to Rusche (2002), due to the difficulty to 

solve two phase continuity equations (one for continuous phase and one for dispersed phase) 

it is necessary to use an approach based on appropriate weighting factors 𝜓𝑖: 

 𝜌𝑎
𝜓𝑎

𝜕𝛼𝑎
𝜕𝑡

+
𝜌𝑎
𝜓𝑎
∇. (〈𝑢𝑎〉𝛼𝑎) +

𝜌𝑏
𝜓𝑏

𝜕𝛼𝑏
𝜕𝑡

+
𝜌𝑎
𝜓𝑎
∇. (〈𝑢𝑎〉𝛼𝑎) = 0 (4. 10) 

The above equation becomes the mixture mass continuity equation if the weighting factors are 

unity and the volumetric mixture continuity if the weighting factors are the phase densities, 

where the volumetric mixture continuity is calculated as: 

 ∇. (𝛼𝑎𝑓𝜙𝑎 + 𝛼𝑏𝑓𝜙𝑏) = 0 (4. 11) 

The fluxes 𝜙𝑎 and 𝜙𝑏 are derived by interpolating the momentum correction Equation (4.9) to 

face centers. Using central differencing, they are given by: 

 
𝜙𝑖 = 𝜙𝑖

∗ − (
1

𝜌𝑖(𝒜𝑖)𝐷
)
𝑓

|S|𝛻𝑓𝑝    for  𝑖 = 𝑎 𝑜𝑟 𝑏 
(4. 12) 

 

Where the flux predictions 𝜙𝑖
∗ are given by: 
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𝜙𝑖
∗ = (

(𝒜𝑖)𝐻
(𝒜𝑖)𝐷

)
𝑓

. S + (
1

(𝒜𝑖)𝐷
)
𝑓

〈𝑔〉. S + (
ℳi

𝛼𝑖𝜌𝑖(𝒜𝑖)𝐷
)
𝑓

𝜙𝑖 (4. 13) 

 

Finally, by replacing Equation (4.11) into Equation (4.9), the equation to solve the pressure 

field is obtained: 

⌊∇. ((α𝑎𝑓 (
1

𝜌𝑎(𝒜𝑎)𝐷
)
𝑓
+ α𝑏𝑓 (

1

𝜌𝑎(𝒜𝑏)𝐷
)
𝑓
)∇[𝑝])⌋ = ∇. (α𝑎𝑓𝜙𝑎

∗ + α𝑏𝑓𝜙𝑏
∗) (4. 14) 

         

4.2.2 Algorithms for pressure-velocity coupling 

For incompressible flows the density is constant and hence it is not possible to calculate the 

pressure by assuming gas laws. In this case coupling between pressure and velocity introduces 

a constraint in the solution of the flow field: if the correct pressure field is applied to the 

momentum equations the resulting field should satisfy continuity. Both problems associated 

with the non-linearities in the equation set and the pressure-velocity coupling can be solved 

by adopting an interactive solution strategy such as the procedures used in pressure-velocity 

coupling algorithms, as SIMPLE, PISO, SIMPLEC, PIMPLE, or PIMLEC. A description of 

these algorithms is presented as follow. 

 Semi-Implicit Method (SIMPLE) 

The semi-Implicit Method for pressure linked equations was formulated by Patankar and 

Spalding (1972) apud Versteeg and Malalasekera (2004) and is essentially a guess-and-correct 

procedure for the calculation of pressure. The SIMPLE algorithm is used to solve steady-state 

problems where the treatment of the non-linear effects of the velocity during the resolution is 

more important than the precise determination of the pressure field (VERSTEEG; 

MALALASEKERA, 2004). In order to initiate the SIMPLE calculation, the pressure gradient 

term is calculated using the pressure distribution from the previous iteration or an initial 

guess. To guarantee convergence an under-relaxation factor is applied. The algorithm is 

illustrated in Figure 4.4. 
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Figure 4. 4. SIMPLE algorithm description for solving steady-state problems. 

 Semi-Implicit Method Consistent (SIMPLEC) 

The SIMPLEC algorithm follows same steps as SIMPLE (VERSTEEG; MALALASEKERA, 

1994). However, the momentum equations are manipulated so that the SIMPLEC velocity 

correction equation omits terms which are less significant than those in SIMPLE.  It means, 

the factor 
1

(𝒜𝑖)𝐷
 in Equations (4.9), (4.12)-(4.14) is modified by 

1

[(𝒜𝑖)𝐷−(𝒜𝑖)𝐻]
 . Advantages of 

using SIMPLEC are presented by Zeng and Tao (2003), where it was possible to reduce the 

computational time (comparing with the SIMPLE solver)  without additional equations as in 

Initializing 

Fields 

STEP 1: solve discretized momentum 

equation (Eq. 4.9) 

STEP 3: solve pressure correction 

equation  (Eq 4.14) and apply under-

relaxation (Eq. 4.3) 

STEP 4: Correct the mass fluxes at the 

cells (Eq. 4.12)  

STEP 6: Update the boundary 

conditions 

convergence? 

End 

set 

 p, 〈𝑢〉, 𝜙 

 

STEP 5: Correct the velocities on the 

basis of the new pressure field (Eq. 4.9) 

guess  〈𝑢𝑖〉, 𝑝  
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the SIMPLER case. However, like SIMPLE, the SIMPLEC algorithm can destroy a given 

velocity field unless there is also a good pressure guess. 

4.2.3 Pressure Implicit with Splitting of Operators (PISO) 

The PISO algorithm is suitable for transient simulations where it is necessary to fully solve 

the velocity-pressure coupling for each time step and it has been adapted successfully to 

steady state problems.  Basically the difference with respect to SIMPLE is that in PISO under-

relaxation is not used and the momentum corrector step is performed more than once (Figure 

4.4). 

The non-linear effects of the velocity are reduced by setting small time steps characterized by 

theCourant number, defined for one cell as: 

𝐶𝑜 =
∆𝑡〈𝑢〉

∆𝑥
 

where ∆𝑡 is associated to computational time, 〈𝑢〉 is the magnitude of the velocity through 

that cell and  ∆𝑥 is the cell size in the direction of the velocity. The flow velocity varies across 

the domain (OpenFOAM Documentation).  

 Hybrid algorithm PISO-SIMPLE (PIMPLE) 

The PIMPLE algorithm is a combination between PISO and SIMPLE. Figure 4.5 shows a 

flowsheet of the procedure. It is adopted by default in the two-fluid solver implemented in 

OpenFOAM (twoPhaseEulerFoam). For this reason it is considered in this study. As the 

SIMPLE case, PIMPLE can be modified by handling the velocity correction equation as in 

SIMPLEC; the solver is called PIMPLEC (VARGAS; PAIVA; GUARDANI, 2012). 
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Figure 4. 5. PISO algorithm description for solving steady-state problems. 

4.3  DISCRETIZATION OF TURBULENCE EQUATIONS  

Another important term which must be discretized is the one associated to turbulence effects. 

As shown in Chapter 2, models as k-휀  or k-𝜔 are usually implemented to calculate the 

turbulent tensor in the Navier Stokes equations. The two transport equations for the k-휀  and k-

𝜔  model are discretized as follows: the unconditionally negative source terms are treated 

implicitly, thus strengthening the diagonal dominance of the matrix, whereas the positive 

source terms are incorporated explicitly. The result for the k-휀 model reads: 

Initializing 

Fields 

STEP 1: solve discretized momentum 

equation (Eq. 4.9) 

STEP 2: solve pressure correction 

equation  (Eq 4.14)  

STEP 3: Correct the mass fluxes at the 

cells (Eq. 4.12)  

STEP 5: Update the boundary 

conditions 

convergence? 

End 

set 

 p, <u>, phi 

 

STEP 4: Correct the velocities on the 

basis of the new pressure field (Eq. 4.9) 

guess  〈𝑢𝑖〉, 𝑝  



48 

 

 
⌊
𝜕[𝑘𝑏]

𝜕𝑡
⌋ + ⌊∇. (𝜙𝑏[𝑘𝑏]𝑓(𝜙𝑏,𝑆))⌋ − ⌊∇. (𝜙𝑏)[𝑘𝑏]⌋

− ⌊∇. [(𝜈𝑏 +
𝜈𝑇
𝜎𝑘
) ∇[𝑘𝑏]]⌋ = 𝑃𝑘 − ⌊

휀𝑏
𝑘𝑏
[𝑘𝑏]⌋ 

(4. 15) 

 

⌊
𝜕[휀𝑏]

𝜕𝑡
⌋ + ⌊∇. (𝜙𝑏[휀𝑏]𝑓(𝜙𝑏,𝑆))⌋ − ⌊∇. (𝜙𝑏)[휀𝑏]⌋

− ⌊∇. [(𝜈𝑏 +
𝜈𝑇
𝜎𝜀
) ∇[휀𝑏]]⌋

= ⌊𝐶1𝜀
휀𝑏
𝑘𝑏
(𝑃𝑘)⌋ − ⌊𝐶2𝜀

휀𝑏
𝑘𝑏
[휀𝑏]⌋ 

 

(4. 16) 

 

and in the same way for  k-𝜔 : 

 
⌊
𝜕[𝑘𝑏]

𝜕𝑡
⌋ + ⌊∇. (𝜙𝑏[𝑘𝑏]𝑓(𝜙𝑏,𝑆))⌋ − ⌊∇. (𝜙𝑏)[𝑘𝑏]⌋

− ⌊∇. [(𝜈𝑏 + 𝜎
∗𝜈𝑇)∇[𝑘𝑏]]⌋ = ⌊𝑃𝑘⌋ + 𝛽

∗⌊[𝑘𝑏]𝜔𝑏⌋ 

(4. 17) 

 

⌊
𝜕[𝜔𝑏]

𝜕𝑡
⌋ + ⌊∇. (𝜙𝑏[𝜔𝑏]𝑓(𝜙𝑏,𝑆))⌋ − ⌊∇. (𝜙𝑏)[𝜔𝑏]⌋

− ⌊∇. [(𝜈𝑏 + 𝜎𝜈𝑇)∇[𝜔𝑏]]⌋ = ⌊𝛽𝜔𝑏[𝜔𝑏]⌋ − 𝛼⌊𝐺⌋ 

 

(4. 18) 

 

The equations are incorporated in the algorithm shown in Figures 4.3-4.5 and are solved after 

STEP 4 (For the PISO and PIMPLE case). 
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Figure 4. 6. PIMPLE algorithm description for solving steady-state problems 
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4.4 POPULATION BALANCE - NAVIER STOKES COUPLING 

In view of the need to link Populational Balance and Navier Stokes equations for predicting 

droplet behaviour in a continuum flow, a coupling algorithm was implemented. The 

importance lies in the correct transfer of information from population balances (droplet 

diameter for example) to Navier Stokes Equations, that ensure an update of the data as they 

are generated. One model strongly employed is the MUSIG algorithm proposed by Lo (1996). 

This model was used in the pbeFoam solver (SILVA, 2008) for coupling a two-fluid model 

with DQMOM, and subsequently extended to a multi-fluid model. Likewise, other authors 

have used MUSIG mainly in commercial softwares as CFX. Kálal (2004) implemented 

MUSIG for CFD prediction of gas-liquid flow in an aerated stirred vessel; Krepper (2009) 

carried out a similar coupling in CFX for polydispersed bubbly two-phase flow around an 

obstacle including the phenomena of compressibility, phase-change and wall nucleation. 

MUSIG is based on the population balance method and the two-fluid modeling approach, 

where the droplet size distribution is discretized into several classes based on droplet 

diameter. Thus, the dispersed phase is divided into M non-overlapping size fractions. While it 

solves one momentum equation for all droplet classes, the population balance equation is 

applied to describe the mass conservation of the size fractions taking into account the inter-

fraction mass transfer resulting from coalescence models. The main deficiency is its 

restrictive application to homogeneous dispersed flows, where the slip velocity of particles is 

independent of particle size. Thus, this algorithm becomes inefficient in heterogeneous 

particle motion. An improved model is the inhomogeneous MUSIG model, which uses 

several dispersed phase velocity groups, each with its own droplet size fractions. This 

algorithm can be applied in cases with more than one dispersed phase (SILVA, 2008; 

BORKA, 2012; KREPPER2009).  

Basically, the coupling is carried out before STEP 1 in the algorithms presented in Figures 

4.2-4.4, where populational balance equations are solved using the DQMOM method (Figure 

4.6). 
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Figure 4. 7. Algorithm to resolve Population Balance Equations using DQMOM 
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CHAPTER 5. RESULTS 

In this chapter simulation results for a two-fluid system are presented. The study considers 

three different cases. In case I, the simulation of an oil-water flow system is performed 

considering a flow in a straight tube without coalescence. The aim was to compare the 

behavior of a system of two fluids with experimental data, the classic OpenFOAM solver 

twophaseEulerFoam was used in this case. In case II, turbulence models and pressure velocity 

coupling algorithms are analyzed for an emulsion flowing through tube with sudden 

expansion, in order to minimize computation time, as well as convergence. Finally in case III 

populational balance and coalescence models are incorporated to the fluid dynamic model.  

Here different “Scenarios” are analyzed: constant coalescence probability; constant 

coalescence efficiency and variable collision frequency; variable coalescence efficiency and 

collision frequency. Finally a sensitivity analysis is carried out in order to evaluate the effect 

of initial parameters such as droplet size and velocity on the droplet coalescence rate.  

5.1 GEOMETRY AND MESH DESCRIPTION 

Geometry and mesh were studied by several authors (RUSCHE, 2002; LATHOUWERS, 

1999; WANG et al 1987) and used in this work. It consists of the flow of two fluids in a pipe 

with a sudden enlargement; diameters H and H/2 and a total height: 7H (Figure 5.1), where H 

is a dimensional value which can be changed depending on the study case.  

For mesh analysis issues, the two-fluid system consists of oil droplets with 350𝜇𝑚 diameter, 

9.0x10
-4 𝑚2/𝑠  viscosity and 820 𝑘𝑔/𝑚3 density, dispersed in water (viscosity 1.0x10

-6 𝑚2/𝑠  

and density 1000 𝑘𝑔/𝑚3), and flowing in a tube in the vertical upward direction at 0.6169 𝑚/𝑠.  

For all simulations, fluid and flow properties are measured in two sectional cross areas: the 

recycle area (y=H/4) and the top of pipeline (y=7H) ( see Figure 5.2). 
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Figure 5. 1. Schematic Diagram of emulsion flow in a pipeline with sudden enlargement. 

 

Figure 5. 2. Pipeline with Sudden Enlargement Geometry. Section A (y=H/4)  and B (y=7H) 

considered to evaluate velocity and dispersed phase volume fraction. 

The problem was studied in a two-dimensional (2D) system and the calculations are therefore 

performed on a two-dimensional axi-symmetric geometry. All simulations are run using the 

software OpenFOAM v2.1.1 and v2.1.x. ParaView  v3.14.1 and Gnuplot v4.6 are used as 

software for Pos-processing analysis. Two Machines were used in this work. The first one is a 

System SGI Altix XE 1300 Cluster; 132 Cores, memory 528 GB; (It is called M1) and the 

second one is a HP Compaq 8200 Elite SFF PC. Intel(R) Core(TM) i7-2600 CPU @ 3.40GHz 

(It is called M2) 
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5.2 MESH CONVERGENCE ANALYSIS 

Based on results presented by Silva (2008) a hexahedral mesh was used due to its high 

convergence characteristics and low computational time when compared to a tetrahedral 

mesh.  Different meshes were tested in order to reduce computational times without loss of 

the quality of results. The meshes are presented in Figure 5.3. 

 

    

(a) (b) (c) (d) 

Figure 5. 3. Mesh grids for pipeline with sudden enlargement for H=0.1. (a) 2275 cells; (b) 1170 cells; 

(d) 776 cells; (e) 465 cells. 

In the y direction, the space domain extends from x =-H/4 to 7H to ensure negligible influence 

of the outlet boundary on the region of interest. 

In order to analyze the mesh convergence a simulation was performed using the 

twoPhaseEulerFoam solver available in OpenFOAM for solving the two-fluid model. Solvers 

and numerical methods are presented in Table 5.1 and 5.2.  

Table 5. 1. Solvers or numerical methods used for mesh convergence analysis. 

Name Solver/Method 

Coupling Pressure-Velocity Equations* PIMPLE 

Pressure Equations GAMG 

Velocity, phase fraction, turbulence 

parameters  

PBiCG 

Turbulence Model 𝑘 − 휀 
*Using Relaxation Factor for p=0.3 
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Table 5. 2. Numerical methods for solving differential equations used in mesh convergence analysis. 

Differential Equations Method 

Transient  Euler 

Laplacian  Gauss linear corrected 

Gradient  Gauss linear 

Divergent  Gauss upwind 

 

As shown in Table 5.3 all meshes presented low residuals at the end of the simulations with 

residual values of less than 1x10
-9

. This result ensures the convergence in all cases. The 

pressure profile (Figure 5.4) shows that by refining the grid, the profile value does not change 

significantly, this behavior is in the same way observed for the velocity profile (Figure 5.5).   

Table 5. 3. Residuals of the main parameters calculated in the simulations for mesh analysis 

Mesh Cells Residuals 

Continuity 𝒑 𝜶 

1 2275 -2.83x10
-13

 5.96 x10
-9

 4.34 x10
-14

 

2 1170 -2.88 x10
-10

 4.31 x10
-9

 2.69 x10
-14

 

3 776 -2.26 x10
-12

 9.22 x10
-9

 1.15 x10
-11

 

4 465 4.38 x10
-10

 9.57 x10
-9

 8.89 x10
-13

 

 

     

(a) (b) (c) (d)  

Figure 5.4. Pressure Profile (𝑁/𝑚2). (a) 2275 cells; (b) 1170 cells; (d) 776 cells; (e) 465 cells  

For sectional cross area A (y=H/4), it is observed similar flow behavior in all cases (Figure 

5.6). A similar behavior is observed as well for the sectional cross area B (Figure 5.7).  
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(a) (b) (c) (d)  

Figure 5. 5. Continuous Phase Velocity Profile (𝑚/𝑠). (a) 2275 cells; (b) 1170 cells; (d) 776 cells; (e) 

465 cells 

 
 

(a) (b) 

Figure 5. 6. Profile over transversal area A. a) Dispersed phase Velocity b) Continuous phase velocity 

Relevant difference is founded just with regard to computational times. When the most 

refined grid is compared with the less refine grid, it is observed a reduction of 200% in 

computational use (Table 5.4).  
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(a) (b) 

Figure 5. 7. Profile over transversal area B. a) Dispersed phase Velocity b) Continuous phase velocity 

Table 5. 4. Computational Times and Pressure Residuals calculated in all simulations (VARGAS; 

PAIVA; GUARDANI 2012) 

Grid Relative Time* 

2275 cells 3,01 

1170 cells 1,77 

776 cells 1,35 

465 cells 1,00 

*Relative time with respect to computational time using 465 cells 

The mesh analysis above provides a reference about the most suitable mesh to be used in the 

simulations. As can be seen, with 2275 or 465 cells are obtained the same profiles across 

sectional areas A and B, nevertheless, high refine implies high computational time. To have 

high precision in the results, multiphase flow simulations, without considering coalescence, 

are carried on using a grid with 465 cells; in more complex cases more refine mesh is used. 

5.3 MULTIPHASE FLOW CASE I: O/W DISPERSION FLOW IN A PIPELINE  

In these simulations the twoPhaseEulerFoam solver (OpenFoam v2.1.0) was used based on 

the Euler-Euler two-fluid methodology. This approach was chosen because it provides more 

advanced options for interfacial models than other solvers, as bubbleFoam or interFoam 

(OpenFoam Documentation). The geometry is shown in Figure 5.1 for H = 0.08 m 

(PARVINI, DABIR AND MOHTASHAMI, 2010). 

This first case consists of kerosene oil dispersed in water flowing in a straight pipe with 

rectangular cross-sectional area. The objective is to compare simulations with experimental 

data published by Farrar and Bruun (1996). The velocity and dispersed phase volume fraction 
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are checked over the cross-sectional area at location B (Figure 5.2) in order to eliminate 

possible changes in velocity profiles due to the recirculation, since experimental data were 

measured in a pipe without sudden expansion. Boundary conditions (see Figure 5.1) used in 

the simulations are shown in Table 5.5.  

Table 5. 5. Boundary conditions for case I based in experimental data published by Farrar and Bruun 

(1996). 

Variable Units Wall Inlet Outlet 

〈𝑢𝑎〉  (𝑚/𝑠) 0.00 0.69 Zero Gradient 

〈𝑢𝑏〉  (𝑚/𝑠) 0.00 0.69 Zero Gradient 

𝛼 -- Zero Gradient 0.19 Zero Gradient 

𝑑 (𝑚𝑚) Zero Gradient 0.50 Zero Gradient 

𝑝 (𝑁/𝑚2) Zero Gradient Zero Gradient 0.00 

 

Experiments were carried out by Farrar and Bruun (1996) for studying oil/water flow in a 

vertical pipe. Data were used by Parvini, Dabir and Mohtashami (2010) to evaluate the effect 

of various drag force models on the flow behavior and are used as a reference for comparing 

simulations accomplished in OpenFOAM using the M1 machine. The associated 

computational time (CPU time) required for the simulations were recorded.  

Inlet conditions used in experiments and simulations are presented in Table 5.6. A summary 

of solvers and physical models is presented in Table 5.7. Numerical methods for solving 

differential equations are the same ones presented in Table 5.2. 

Table 5.6. Summary of inlet conditions for case I. 

Parameter Units Value 

Water Viscosity (𝑚2/𝑠) 1.0x10
-6

 

Oil Viscosity (𝑚2/𝑠) 3.0x10
-6

 

Water Density (𝑘𝑔/𝑚3) 1000 

Oil Density (𝑘𝑔/𝑚3) 820 

 

Table 5.7. Solvers or numerical methods used in case I. 

Name Solver/Method 

Coupling Pressure-Velocity Equations* PIMPLE 

Pressure Equations GAMG 

Velocity, phase fraction, turbulence 

parameters  

PBiCG 

Turbulence Model 𝑘 − 휀 
Drag Model Schiller and Naumann 

*Using Relaxation Factor for p=0.9 
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The result of simulation is shown in Figure 5.8. The profile of the volume fraction of the 

dispersed phase is reproduced at point B and the largest difference is observed close to the 

wall. 

As shown in Figure 5.8 the concentration of dispersed droplets increases in the region close to 

the wall, where the fluid decelerates. This is observed for larger droplets, which have Stokes 

number larger than l and do not follow the fluid stream lines. In other cases, involving smaller 

droplets, this behavior is not observed.  

 

Figure 5. 8.  Comparison between simulation results using the PIMPLE algorithm and the k- 휀 
turbulence model and experimental data for the volume fraction of the dispersed phase over the tube 

radius, at point B. case I. 

 

5.4 MULTIPHASE FLOW CASE II: O/W DISPERSION FLOW IN A PIPELINE 

WITH SUDDEN ENLARGEMENT 

Since Navier Stokes equations involve the Reynolds stress tensor, which characterizes the 

flow regime (turbulent or laminar), the turbulence models are of large importance for 

predicting drops behavior in the streamlines of fluid. Simulations were carried out comparing 

two turbulent models:  k-휀 and k-𝜔. The objective is to observe the effects of different 

turbulence models and pressure-velocity coupling algorithms on the profiles of the dispersed 

phase volume fraction and velocities across different planes as shown in Figure 5.2. An 

additional section C was added at y=-H/4 (Figure 5.9). In these simulations H is equal to 

0.1𝑚. 

When using the k-𝜔 model it is necessary to refine the mesh at the first grid point next to the 

wall, in order to fit the log-law of the wall. According to Schlichting (1979) apud Veersteeg 
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and Malalasekera (2004), if the dimensionless wall distance 𝑦+ is larger than 30 and less than 

500, it is possible to apply the log-law. For the less refined mesh (Figure 5.3), for which the 

number of cells at the wall is equal to 82 cells, the value of 𝑦+ is around 120-180. Figure 5.10 

shows that by increasing the number of cells until 173 cells at the wall, 𝑦+ decreased until 

optimal values around 30-50. Thus, for convenience the mesh refinement is implemented 

using 173 cells at the wall.  

 

Figure 5. 9.  Pipeline with Sudden Enlargement Geometry. Section A (y=H/4), B (y=7H) and C (y=-

H/4).  Case II. 

 

Figure 5. 10.  Distribution of 𝑦+for different refine meshes in the first grid point close to the wall 

The k-휀 standard turbulence model is available to solve turbulence problems in the 

twoPhaseEulerFoam, OpenFoam solver to simulate dispersions, which is derived for the 
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continuous phase b. In this study the twoPhaseEulerFoam is complemented with the k-𝜔 

model. For pressure-velocity coupling three algorithms were studied: PIMPLE, PIMPLEC, 

SIMPLEC. Boundary, initial conditions and solvers are presented in Tables 5.8, 5.9 and 5.10 

respectively. Numerical methods for solving differential equations are the same ones 

presented in Table 5.2.  

Table 5. 8. Boundary conditions (in OpenFOAM) applied to case II. 

Variable Units Wall Inlet Outlet 

〈𝑢𝑎〉  (𝑚/𝑠) 0.00 0.10 Zero Gradient 

〈𝑢𝑏〉  (𝑚/𝑠) 0.00 0.10 Zero Gradient 

𝛼 -- Zero Gradient 0.10 Zero Gradient 

𝑑 (𝜇𝑚) Zero Gradient 350.00 Zero Gradient 

𝑝 (𝑁/𝑚2) Zero Gradient Zero Gradient 0.00 

 

Table 5. 9. Summary of initial conditions for case II. 

Parameter Units Value 

Water Viscosity (𝑚2/𝑠) 1.0x10
-6

 

Oil Viscosity (𝑚2/𝑠) 9.0x10
-4

 

Water Density (𝑘𝑔/𝑚3) 1000 

Oil Density (𝑘𝑔/𝑚3) 820 

 

Table 5.10. Solvers or numerical methods used in case II. 

Name Solver/Method 

Pressure-Velocity Coupling Equations* PIMPLE/PIMPLEC/SIMPLEC 

Pressure Equations GAMG 

Velocity, phase fraction, turbulence 

parameters  

PBiCG 

Turbulence Model k-휀 ; k-𝜔 

Drag Model Schiller and Naumann 

*Using Relaxation Factor for p=0.9 

As can be seen from Table 5.11, the algorithms used in this study showed stable behavior, 

with an acceptable convergence. Residuals for pressure were between 10
-3

 and 10
-6

. The 

highest values correspond to the SIMPLEC case and simulations using k- 휀. The simulations 

using PIMPLE k-휀 resulted in the lowest residuals. 
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Table 5. 11. Residuals of the main parameters calculated in the simulations 

Algorithm Turbulence 

model 

Residuals 

Continuity 𝒑 𝜶 𝒌 𝜺 /ω 

PIMPLEC k- 휀 5.61x10
-12

 6.79 x10
-4

 3.98 x10
-6

 1.80x10
-5

 1.02x10
-5

 

PIMPLEC k-ω 4.12 x10
-12

 6.31 x10
-4

 2.45 x10
-6

 1.44x10
-5

 1.78x10
-3

 

PIMPLE k- 휀 4.53 x10
-11

 7.73 x10
-5

 8.67 x10
-6

 1.00x10
-5

 1.00x10
-5

 

PIMPLE k-ω 4.11 x10
-11

 7.03 x10
-5

 2.45 x10
-6

 8.99x10
-6

 2.06x10
-3

 

SIMPLEC k- 휀 1.31 x10
-7

 2.54 x10
-3

 1.07 x10
-5

 1.03x10
-5

 1.03x10
-5

 

SIMPLEC k-ω 9.91 x10
-8

 2.49 x10
-3

 8.67 x10
-6

 1.06x10
-5

 1.84x10
-3

 

With regard to computational time (Table 5.12), the SIMPLEC cases expended less CPU time 

compared with the other algorithms because PIMPLE and PIMPLEC are based on the PISO 

algorithm, which involves one predictor step and two corrector steps, whereas SIMPLEC does 

not involve this procedure. 

Table 5. 12. Computational times necessary to carry out each simulation 

Algorithm Turbulence 

model 

Relative* 

Time 

PIMPLEC k- 휀 1.58 

PIMPLEC k-ω 1.58 

PIMPLE k- 휀 1.51 

PIMPLE k-ω 1.49 

SIMPLEC k- 휀 1.02 

SIMPLEC k-ω 1.00 

*Relative time with respect to computational time obtained in SIMPLEC k-ω  

5.4.1 Velocities and dispersed phase fraction analysis 

 For droplets with 350 µ𝑚 mean diameter it is observed that the dispersed phase volume 

fraction is practically constant across the area C (Figure 5.11) and that the velocity profiles 

have not been developed completely (Figure 5.12 and 5.13).  
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Figure 5. 11.  Dispersed phase volume fraction (𝛼) profile across sectional area C. Case II 

 

 

Figure 5. 12.  Continuous phase velocity profile across sectional area C. Case II 

 

As can be observed, the algorithms presented similar responses with minor differences that 

can be neglected in the analysis of the flow configuration. In section A the simulations show 

larger differences for the dispersed phase volume fraction (Figure 5.14), probably due to the 

flow recirculation and presence of eddies (Figures 5.15 and 5.16). This difference is visible 

for the volume fraction of the dispersed phase (𝛼), where simulations using PIMPLEC and 

SIMPLEC k-ω indicated high concentration near the wall, whereas simulations using 

PIMPLE presented the lowest values over this section (Figure 5.14).  
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Figure 5. 13.  Dispersed phase velocity profile across sectional area C. case II 

 

Figure 5. 14.  Dispersed phase volume fraction (𝛼) profile across sectional area A. case II 

As shown in Figures 5.15 and 5.16, the simulation results are similar for the velocities of 

disperse and continuous phases. It means that the pressure-velocity coupling equations modify 

the concentration profile close to the wall but not the velocity. This variation is imperceptible 

when the particle is very small, and thus in this case the phase dispersed concentration can be 

assumed constant.   
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Figure 5. 15.  Continuous phase velocity profile across sectional area A. case II 

The observed differences among simulations with respect to the dispersed phase fraction 

decrease in section B, where there is no recirculation (Figure 5.17). Here, simulations carried 

out with PIMPLE presented lower values close to the wall than those with SIMPLEC and 

PIMPLEC, in some cases below the average concentration. With respect to the velocities 

profiles, the performance is the same for all cases (Figures 5.18 and 5.19). 

 

Figure 5.16.  Dispersed phase velocity profile across sectional area A. Case II 
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Figure 5.17.  Dispersed phase volume fraction (𝛼) profile across sectional area B. Case II 

 

Figure 5. 18.  Continuous phase velocity profile across sectional area B. Case II 

As a preliminary conclusion,  in all velocity profiles across the sectional areas A, B and C, the 

results corroborate the assumption that the droplets flow with the fluid because the dispersed 

phase velocity has the same profile as the continuous phase with small differences (< 0,06 

𝑚/𝑠) among the models. When the k-ω model is used, the correction close to the wall in not 

perceptible with respect to the result obtained using k- 휀, the velocity profile is the same in 

both cases with computational times relatively similar. Thus, for simplicity, k- 휀 will be used 

in the next simulations. With respect to the pressure-velocity coupling equations, SIMPLEC 

will be included in the next simulations due to its robustness and shorter computational times 

in two-phase flow simulations when coalescence is neglected.  
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Figure 5. 19.  Dispersed phase velocity profile across sectional area B. Case II 

 

5.5 MULTIPHASE FLOW CASE III: OIL DROPLET COALESCENCE IN O/W 

EMULSION FLOW IN A PIPELINE WITH SUDDEN ENLARGEMENT.  

In the study of O/W emulsion flow in a pipeline with sudden enlargement the operational 

conditions adopted are based on typical conditions of metalworking processes, as lubrication 

or cooling (GROSHE, 2013). The objective is to study the flow contribution to the 

destabilization of the emulsion by droplet coalescence due to due to acceleration effects. 

Thus, changes in coalescence as consequence of the flow conditions were observed in the 

simulations. 

Simulations were carried out with the boundary conditions presented in table 5.13, based on 

initial conditions and solvers presented in tables 5.14 and 5.15 respectively, were performed 

with the solvers twoPhaseEulerFoam, musigFoam (solver proposed by SILVA, 2008), and  a 

new solver, called coalescenceFoam. All simulations were run using the machine M2. 

Additional section D was studied at x = H (Figure 5.20) with H=0.1 m. 

 

Table 5. 13 Boundary conditions (in OpenFOAM) applied to case III. 

Variable Units Wall Inlet Outlet 

〈𝑢𝑎〉  (𝑚/𝑠) 0.00 3.0 Zero Gradient 
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Variable Units Wall Inlet Outlet 

〈𝑢𝑏〉  (𝑚/𝑠) 0.00 3.0 Zero Gradient 

𝛼 -- Zero Gradient 0.10 Zero Gradient 

𝑑 (𝜇𝑚) Zero Gradient 10 Zero Gradient 

𝑝 (𝑁/𝑚2) Zero Gradient Zero Gradient 0.00 

 

 

Figure 5. 20. Pipeline with Sudden Enlargement Geometry. Section A (y=H/4), B (y=7H) and D 

(x=H).  Case II. 

Table 5. 14 Summary of initial conditions. 

Parameter Units Value 

Water Viscosity (𝑚2/𝑠) 1.0x10
-6

 

Oil Viscosity (𝑚2/𝑠) 1.0x10
-5

 

Water Density (𝑘𝑔/𝑚3) 1000 

Oil Density (𝑘𝑔/𝑚3) 900 

 

Table 5. 15 Solvers or numerical methods used in the mesh convergence analysis. 

Name Solver/Method 

Pressure-Velocity Coupling Equations* PIMPLE 

Pressure Equations GAMG 

Velocity, phase fraction, turbulence 

parameters  

PBiCG 

Turbulence Model 𝑘 − 휀 
Drag Model Schiller and Naumann 

*Using Relaxation Factor for p=0.3 
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The first step of simulations consisted of comparing both solvers, twoPhaseEulerFoam  and 

musigFoam, with a new solver proposed, called coalescenceFoam which includes the 

coalescence models studied in this work and the implementation of the algorithm for coupling 

Pressure-Velocity Equations: SIMPLEC. The objective was to verify the convergence with 

respect to several parameters and profiles (velocity, pressure, 𝑘, 휀). Simulations were 

performed with four different Scenarios, whose difference was the adopted solver : 

Table 5.16. Description of Scenarios 

Scenario Solver Conditions 

1 twoPhaseEulerFoam  Turbulent  Model: 𝑘 − 휀 
 Velocity-pressure coupling equations 

algorithm: PIMPLE.  

 No Coalescence.  

 

2 musigFoam  Dominant coalescence ∅ = 102  

 Laminar Regime.  

 Velocity-pressure coupling equations 

algorithm: PISO 

 

3 coalescenceFoam  Collision Frequency model: 

Carrica,1999.  

 Coalescence efficiency model: a 

Constant.  

 Velocity-pressure coupling equations 

algorithm: SIMPLEC.  

 Turbulent  Model: 𝑘 − 휀 
 

4 coalescenceFoam  Collision Frequency model: Carrica 

(1999). 

 Coalescence efficiency model: a 

Constant. 

 Turbulent  Model: 𝑘 − 휀 
 velocity-pressure coupling equations 

algorithm: PIMPLE 

SIMPLEC and PIMPLE algorithms for pressure-velocity coupling were chosen for running 

these simulations due to their high computational performance in comparison with PIMPLEC 

in case II. Figure 5.21 shows pressure profiles for the cases studied. The models with 

population balance coupling (Scenarios 2, 3 and 4) have similar behavior as in the case using 

the classical OpenFOAM algorithm, i.e., the twoPhaseEulerFoam.  

                                                           
2
 Analytical solution proposed by McCoy and Madras (2003).  A detailed description is presented by Rodrigues 

(2008),    McCoy and Madras (2003), Marchisio et al (2003), and  Schmidt (2010) 
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The pressure profile provides information about the convergence in each simulation. 

Nevertheless, in Scenario 3 the pressure values are 1000 times higher than in other cases. This 

means that probably it was not possible to obtain convergence in the simulations. Due to the 

divergence in pressure profile given by high values in the pressure residual (about 1x10
-2

) the 

SIMPLEC method is discarded in future simulations, which implies that it is necessary to 

carry out a more detailed study to improve the implementation of this algorithm when 

transient systems are modeling such as population balance. 

As conclusion, although the advantages of the SIMPLEC algorithm are evident for case II 

with respect to convergence and computational times, when population balance is coupled to 

the CFD code, it is not possible to obtain a good convergence, and computational times are 

higher than with the PIMPLE algorithm. Low k and 휀 values are observed and, as a 

consequence, the velocity profile changes. In order to reduce convergence problems, the 

simulations that follow were carried out using the PIMPLE solver. 

     

(a) (b) (c) (d)  

Figure 5. 21. Pressure profile (𝑁/𝑚2). (a) Scenario 1. (b) Scenario 2. (c) Scenario 3. (d) Scenario 4. 

Neglecting the SIMPLEC method are studied Scenarios 1,2 and 4, where it is possible to see 

the same behavior of the velocity profile, confirming the convergence in all simulations 

(Figure 5.22). 
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(a) (b) (c)  

    

Figure 5. 22. Continuous phase velocity profile (𝑚/𝑠). (a) Scenario 1. (b) Scenario 2. (c) Scenario 4. 

Figure 5.23 shows that the turbulent kinetic energy, 𝑘, profile. In all cases, the turbulent 

kinetic energy is dissipated from the point where the sudden expansion starts. This behavior is 

coherent because eddy formation takes place at high Reynolds values, inside the recirculation 

area. This performance is also noticed for the turbulent dissipation rate 휀 (Figure 5.24). 

   

(a) (b)  

Figure 5. 23. Turbulent Kinetic Energy Profile (𝑚2/𝑠2) for case III. (a) Scenario 1 (b) Scenario 4 
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(a) (b)  

Figure 5. 24. Turbulent Dissipation Rate Profile (𝑚/𝑠3)  for case III. (a) Scenario 1 (b) Scenario 4 

Droplet size profiles were computed in terms of the mean Sauter diameter, in order to 

evaluate the effect of coalescence efficiency (initially adopted as a constant value) in Scenario 

4. The variance of the PSD is shown in Figure 5.25 for velocity-pressure coupling algorithm 

PIMPLE. Here, the coalescence efficiency is considered as a constant with values equivalent 

to 10%, 30%, and 80%.  

 

    

(a) (b) (c)  

Figure 5. 25. Sauter Diameter (𝜇𝑚) Profile for case III. Scenario 4 (a) Coalescence Efficiency 10% 

(b) Coalescence Efficiency 30% (c) Coalescence Efficiency 80% 

As can be seen in Figure 5.25, the droplet size increases in the recirculation region. This 

behavior does not depend on the turbulent dissipation rate , due to the adopted assumption 

that the coalescence efficiency is constant, which determines the observed droplet size 
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behavior. Additionally, larger droplets are observed over the recirculation area, possibly due 

to velocity effects included in the Carrica (1999) model.  

Based on the computed values at the sectional areas A, B and D, the Sauter diameter increases 

from the bottom to the top it means, over sectional area D (Figure 5.26).With respect to area 

A, it is possible to see the change of Sauter diameter over the sudden enlargement. The 

simulation shows clearly the effect of velocity profile on droplets size (Figure 5.27).   

 

Figure 5. 26. Sauter Diameter Profile across sectional area D. Scenario 4. 

 

Figure 5. 27. Sauter Diameter Profile across sectional area A. Scenario 4. 

Finally in the last section (area B) coalescence rates are apparently similar, where the droplets 

can increase in size until 30% close the wall when the coalescence efficiency is 80% (Figure 

5.28).  
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Figure 5. 28. Sauter Diameter Profile across sectional area B. Scenario 4. 

The computational times of the simulations are presented in table 5.17. Simulations 

performed with PIMPLE required approximately the same computational time regardless of 

coalescence efficiency. 

 Table 5. 17. Computational times* necessary to carry out each simulation 

Efficiency (%) PIMPLE  

10 1.00 

30 1.01 

80 1.02 

*Relative time with respect to computational time obtained in PIMPLE, Efficiency 10%  

5.6 EFFECT OF THE COALESCENCE EFFICIENCY ON DROPLET SIZE  

One of the most important aspects in this study is the effect of the flow conditions on the 

evolution of the droplet size. The collision frequency and probability depend on the relative 

velocity, but the effective coalescence depends on inertial and viscous forces involved in the 

process. The coalescence efficiency models presented in Chapter 3 are based on both forces 

and are discussed here. Basically, the differences are in the setting parameters, which depend 

on the characteristics of the flow and the fluid. From previous analysis, three models can be 

applied for predicting coalescence in a metalworking fluid with conditions presented on Table 

5.18. The models proposed by Chesters (1991); Coulaloglou and Tavlrarides (1977); and 

Tobin and Ramkrishna (1999) are considered, because they are based on the theory applied 

for small droplets (i.e. 10 µ𝑚) with immobile interface. The idea is to obtain information 

about the effect of properties as viscosity, velocity, initial size and interfacial tension on the 

coalescence rate.  
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Figure 5. 29. Effect of the turbulent dissipation rate 휀 effect on the droplet size profile (a) 𝑑𝑠 profile 
(𝜇𝑚) (b) 휀 (𝑚/𝑠3) 

Due to the strong relation between turbulent dissipation rate 휀 and diameter profile, can be 

observe than droplet has similar behavior than 휀 (Figure 5.29), because small droplets follow 

eddies and this performance changes to extent that droplet increases its size. 

Table 5. 18. Conditions adopted in the simulations. 

Parameter Units Value 

Water Viscosity (𝑚2/𝑠) 1.0x10
-6 

Oil Viscosity (𝑚2/𝑠) 1.0x10
-5

 

Water Density (𝑘𝑔/𝑚3) 1000 

Oil Density (𝑘𝑔/𝑚3) 900 

Velocity (𝑚/𝑠) 3.0 

Interfacial tension (𝑚𝑁/𝑚) 32.0 

 

Since the initial droplet size is an important parameter to determine which model should be 

implemented, it was the first parameter studied. This involved verifying the effect of a large 

range of initial droplet sizes, until the model could effectively predict the coalescence rates.  

All simulations were carried out using a basic condition (similar to metalworking fluid 

composition without surfactant); where in the first case just the droplet size was modified. 
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At first, three simulations were carried out with different diameters: 50𝜇𝑚, 100𝜇𝑚 and 300 

𝜇𝑚, the last one was adopted so as to consider an extreme case where particles have their size 

close to the maximum value in the Kolmogorov scales (see Appendix B).  

    

(a) (b) (c)  

Figure 5.30. Sauter Diameter (𝜇𝑚) profile using different coalescence efficiency models. Initial 

diameter 50μm (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides (1977) (c) Tobin and Ramkrishna 

(1999) 

Figures 5.30 and 5.31 show that 50𝜇𝑚 and 100𝜇𝑚 droplets follow the expected behavior due 

to the eddies influence on particle growth. However, when the model proposed by Tobin and 

Ramkrishna (1999) is used in the simulations no increase in the droplet size is observed.  

For the critical case where the initial diameter is 300 𝜇𝑚 (Figure 5.32), particles grow 

progressively but  eddies do not drag the particles. Here, the droplet size growth is more 

intense, and the effect of inertial and viscous forces on coalescence frequency is not so clear. 

This is more clearly evidenced in the model by Chesters (1991) than in the model by 

Coulaloglou and Tavlrarides (1977). For the model by Tobin and Ramkrishna (1999) this 

behavior was not observed.  

As shown in Figures 5.30-5.32, the initial diameter is an important parameter in coalescence 

modeling. The constraints of each model are mainly based on the initial droplet size. For the 

emulsion case, however, the initial droplet size does not affect the results because in most 

cases the droplet size is smaller than the Kolmogorov scales.  

Among the models used in the simulations, the model by Tobin and Ramkrishna (1999) 

resulted in lower coalescence rate than that obtained with the other models tested. This is 

because all parameters included in the model are obtained experimentally and depend on the 
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geometry and properties of fluids. In this study the values used in the simulations are the same 

ones obtained by the authors for a liquid-liquid system in a stirred tank. In order to obtain 

better results, it would be necessary to determine the specific value for the study case. 

   

 

(a) (b) (c)  

Figure 5. 31. Sauter Diameter (𝜇𝑚) profile for case III  using different coalescence effciency models. 

Initial diameter 100μm (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides (1977) (c) Tobin and 

Ramkrishna (1999) 

 

    

(a) (b) (c)  

Figure 5. 32. Sauter Diamter (𝜇𝑚) profile for case III  using different coalescence effciency 

models. Initial diameter 300 𝜇𝑚 (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides (1977) (c) Tobin 

and Ramkrishna (1999) 
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(a) (b) (c)  

Figure 5. 33. Effect of velocity on 𝑑𝑠(𝜇𝑚) profile using different coalescence efficiency models. 

Initial velocity 1.5 m/s. Initial diameter 10μm (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides 

(1977) (c) Tobin and Ramkrishna (1999) 

Another parameter of interest is the effect of the velocity of the dispersion. As shown in 

Figures  5.33 to 5.35, there is a large difference in droplets size for large velocity (4.5 𝑚/𝑠). 

For lower values of the velocity the increase in droplet size was observed.  

 

   

 

(a) (b) (c)  

Figure 5. 34. Effect of velocity on 𝑑𝑠(𝜇𝑚) profile using different coalescence efficiency models. 

Initial velocity 3.0 m/s. Initial diameter 10μm (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides 

(1977) (c) Tobin and Ramkrishna (1999) 
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(a) (b) (c)  

Figure 5. 35. Effect of velocity on 𝑑𝑠(𝜇𝑚) profile using different coalescence efficiency models. 

Initial velocity 4.5 m/s. Initial diameter 10μm (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides 

(1977) (c) Tobin and Ramkrishna (1999) 

Figure 5.36 shows the Sauter diameter profile of the droplets across the transversal area A. 

Here it is evident that the velocity affects the droplet size, mainly in the recirculation area. As 

previously mentioned, the droplet size shows a random behavior due to the increment of 

collision frequency in the area where eddies are smaller than the Kolmogorv scales. The 

model by Tobin and Ramkrishna (1999) does not affect the droplet size significantly when 

compared with Chesters (1991) and Coulaloglou and Tavlrarides (1977) models. For both 

latter models, the maximum droplet size reached ca. double the initial size. For example, 

when particles flow with a velocity of 1.5 𝑚/𝑠, the maximum size reached more than 18μm. 

At higher velocities (4.5 𝑚/𝑠) the increased coalescence rate resulted in maximum droplet 

size of about  22𝜇𝑚. For the model by Tobin and Ramkrishna (1999) the increase in droplet 

size was of the order of 0.001𝜇𝑚, within the computational error. 

The droplet size profile changes when the velocity profile is totally developed (Figure 5.37). 

The tendency is to be linear and homogeneous.   
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Figure 5. 36. Effect of velocity on 𝑑𝑠 profile across transversal area A. (A)  Chesters (1991) Velocity 

1.5 m/s. (B) Chesters (1991)  Velocity 3.0 m/s. (C) Chesters (1991)  Velocity 4.5 m/s. (D) Coulaloglou 

and Tavlrarides (1997)  Velocity 1.5 m/s.  (E) Coulaloglou and Tavlrarides (1997)  Velocity 3.0 m/s. 

(F) Coulaloglou and Tavlrarides (1997)   Velocity 4.5 m/s. (G) Tobin and Ramkrishna (1999) Velocity 

1.5 m/s. (H) Tobin and Ramkrishna (1999) Velocity 3.0 m/s. (I) Tobin and Ramkrishna (1999) 

Velocity 4.5 m/s. 

 

Figure 5. 37 . Effect of velocity on 𝑑𝑠 profile across transversal area B. (A)  Chesters (1991) Velocity 

1.5 m/s. (B) Chesters (1991)  Velocity 3.0 m/s. (C) Chesters (1991)  Velocity 4.5 m/s. (D) Coulaloglou 

and Tavlrarides (1997)  Velocity 1.5 m/s.  (E) Coulaloglou and Tavlrarides (1997)  Velocity 3.0 m/s. 

(F) Coulaloglou and Tavlrarides (1997)   Velocity 4.5 m/s. (G) Tobin and Ramkrishna (1999) Velocity 

1.5 m/s. (H) Tobin and Ramkrishna (1999) Velocity 3.0 m/s. (I) Tobin and Ramkrishna (1999) 

Velocity 4.5 m/s. 
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Viscosity is also an important factor to be considered, since the droplet sizes in this study are 

within the Kolmogorov scales where viscosity forces act on the coalescence rate. The effect of 

viscosity is important in many applications where emulsions are subject to temperature 

changes. The effect of viscosity was verified in simulations with the model by considering an 

emulsion with a dispersed phase of paraffin oil, with viscosity values at different temperatures 

as listed in Table 5.19: 

Table 5. 19. Values of the oil-phase viscosity used in the simulations. 

Temperature (°C) Viscosity (m
2
/s) 

20 1. 0x10
-5

 

50 0.5x10
-5

 

80 0.28x10
-5

 

Source: http://petrowiki.org/File%3AVol1_Page_288_Image_0001.png 

As shown in Figures 5.38-5.40 no effect of the viscosity of the oil is observed in terms of the 

Sauter mean droplet size. Thus, no effect of temperature is expected for the conditions of this 

study.  

   

 

(a) (b) (c)  

Figure 5. 38. Viscosity effect on the 𝑑𝑠(𝜇𝑚) profile using different coalescence efficiency models. 

Temperature 20°C.  Initial diameter 10𝜇𝑚 (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides (1977) 

(c) Tobin and Ramkrishna (1999) 
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(a) (b) (c)  

Figure 5. 39. Viscosity effect on the 𝑑𝑠(𝜇𝑚) profile using different coalescence efficiency models. 

Temperature 50°C.  Initial diameter 10𝜇𝑚 (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides (1977) 

(c) Tobin and Ramkrishna (1999) 

 

   

 

(a) (b) (c)  

Figure 5. 40. Viscosity effect on the 𝑑𝑠(𝜇𝑚) profile using different coalescence efficiency models. 

Temperature 80°C.  Initial diameter 10μm (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides 

(1977) (c) Tobin and Ramkrishna (1999) 

Another factor verified in this study is the effect of the interfacial tension, which is considered 

in all models, due to its importance concerning the effect of pH or surfactant on the 

coalescence process. The simulations were carried out by considering an interfacial tension 

equal to 32 𝑚𝑁/𝑚, typical of an O/W emulsion without surfactant (VARGAS et al 2014), and 

also considering the presence of a surfactant, which causes a decrease in the interface tension 

to 𝜎 = 16 𝑚𝑁/𝑚 and 𝜎 = 8 𝑚𝑁/𝑚. The model by Tobin and Ramkrishna (1999) is the most 

complex model, because it includes interfacial tension and ionic forces for evaluating 
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coalescence decrease due to repulsion forces. A decrease in the interfacial tension caused by 

the presence of surfactants can thus affect the coalescence rate. As shown in Figures 5.42-

5.45, the models tested in this study resulted in no apparent effect of the surface tension on the 

coalescence rate. The results from the model by Tobin and Ramkrishna (1999) should not be 

considered here, since it is necessary to estimate the model parameters experimentally in 

order to implement it correctly in each specific system. 

 
 

 

 

Figure 5. 41. Effect of viscosity on the 𝑑𝑠 profile (a) across area A. (b) across area B. (A)  Chesters 

(1991)  20°C.  (B) Chesters (1991) 50°C . (C) Chesters (1991)  80°C (D) Coulaloglou and Tavlrarides 

(1997)  20°C. (E) Coulaloglou and Tavlrarides (1997)  50°C. (F) Coulaloglou and Tavlrarides (1997)  

80°C. (G) Tobin and Ramkrishna (1999) 20°C. (H) Tobin and Ramkrishna (1999) 50°C. (I) Tobin and 

Ramkrishna (1999) 80°C. 

 

   

 

(a) (b) (c)  

Figure 5. 42. Interfacial Tension effect on the 𝑑𝑠(𝜇𝑚) profile using different coalescence efficiency 

models. 𝜎=32.  Initial diameter 10μm (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides (1977) (c) 

Tobin and Ramkrishna (1999) 
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(a) (b) (c)  

Figure 5. 43. Interfacial Tension effect on the 𝑑𝑠(𝜇𝑚) profile using different coalescence efficiency 

models. 𝜎=16.  Initial diameter 10μm (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides (1977) (c) 

Tobin and Ramkrishna (1999) 

 

   

 

(a) (b) (c)  

Figure 5. 44. Interfacial Tension effect on the 𝑑𝑠 𝑑𝑠(𝜇𝑚) profile using different coalescence 

efficiency models. 𝜎=8.  Initial diameter 10μm (a) Chesters (1991)  (b) Coulaloglou and Tavlrarides 

(1977) (c) Tobin and Ramkrishna (1999) 

Concerning the computational time in simulations using the coalescence models tested, the 

model by Tobin and Ramkrishna (1999) needed  longer computational times than the other 

models due to its complexity and the parameters needed. Nevertheless, there can be 

advantages when external parameters as additives or changes in pH act on the dispersion.  
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Figure 5. 45. Effect of interfacial tension on the 𝑑𝑠 profile (a) across area A. (b) across area B. (A)  

Chesters (1991).  𝜎=32 (B) Chesters (1991).  𝜎=16 (C) Chesters (1991). 𝜎=8 (D) Coulaloglou and 

Tavlrarides (1997) .  𝜎=32 (E) Coulaloglou and Tavlrarides (1997) .  𝜎=16 (F) Coulaloglou and 

Tavlrarides (1997) .  𝜎=8 (G) Tobin and Ramkrishna (1999). 𝜎=32 (H) Tobin and Ramkrishna (1999). 

𝜎=16 (I) Tobin and Ramkrishna (1999). 𝜎=8 

The models by Chesters (1991) and Coulaloglou and Tavlrarides (1977) show similar 

performances concerning the marked effect of the initial droplet diameter and fluid velocity 

on the coalescence rate. Both factors are decisive in emulsion stability. Another important 

point is the computational performance of each model. Both models, by Chesters (1999), and 

Coulaloglou and Tavlrarides (1997), resulted in similar computational times, being the latter 

more comparatively more efficient (Table 5.20). 

 Table 5. 20. Computational times* necessary to carry out each simulation 

Efficiency Coalescence Model Ratio of computational 

time 

Chesters (1991) 1.06 

Coulaloglou and Tavlrarides (1997) 1.00 

Tobin and Ramkrishna (1999) 1.67 

*Relative time with respect to computational time obtained   in Coulaloglou and Tavlrarides, 1997  
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CONCLUSIONS 

A mathematical model for the simulation of the flow of an O / W emulsion was studied for 

the classical case of upward flow in pipe with sudden expansion. The analysis was based on 

previous studies of two-fluid modeling, populacional balance and coalescence models 

presented in the literature. The main results of the study, and corresponding conclusions, are 

described below. 

The first studies were conducted to evaluate the performance of the system using the classic 

solver OpenFoam twophaseEulerFoam, whose results were compared with experimental data, 

showing accumulation of the oil-phase volume fraction at the wall. This accumulation occurs 

as a consequence of the larger droplet size, causing droplets to deviate from the flow lines of 

the continuous phase. Experimental data were used to validate the model, resulting in good 

agreement with respect to these. 

Subsequently, analyses were performed using different turbulence models and pressure-

velocity coupling algorithms for specific representative cases. Regarding both turbulence 

models, both k- and k-  resulted in similar responses, with shorter computation times for k-

. Thus, this turbulence model was adopted in the modeling of the system including the 

population balance. 

Among the pressure-velocity coupling algorithms tested, SIMPLEC showed the most 

coherent behavior due to its robustness and shorter computational times in two-phase flow 

simulations when coalescence is neglected. However, this algorithm is apparently not suitable 

for systems where population balance equations are considered, and resulted in a low capacity 

to simulate the system behavior. For example, when the flow model was coupled with the 

population balance, no pressure convergence is observed. These results are in accordance with 

literature reports, indicating a lack of capacity of these algorithms to generate an adequate 

velocity field, depending on the initial pressure guess. 

Although the interfacial tension is an important parameter in the formation of emulsions it is 

clear that it does not affect its stability as strongly. Thus, a decrease in interfacial tension 

facilitates the dispersion of one phase in the other. However, this does not mean that the 

dispersion remains stable. This is the case of nonionic surfactants used in the metallurgical 

industry for the formulation of metalworking fluid emulsions, since these surfactants help in 
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reducing the surface tension but require another active component, usually an anionic 

surfactant, to create electrostatic forces among droplets and thus prevent coalescence. 

Among the coalescence models included in this study, although the model by Tobin and 

Ramkrishna is more complex and considers the effect of electrostatic forces, it requires a 

previous experimental study in order to estimate adequate model parameters for each specific 

system. The simulations in this study have shown that the model was not able to predict 

coalescence with its originally estimated parameters. 

This study is a contribution to the improvement of existing models to predict droplet 

coalescence in emulsion under different flow conditions. An important point in this 

development is the use of an open source platform, which enables the use and further 

development of the model independently from existing licenses with specific CFD 

commercial platform. 

A specific solver of the OpenFOAM platform was improved in this study, and new codes 

were implemented for the pressure - velocity coupling (simplecFoam) and for the simulation 

of coalescence (coalescenceFoam). The implementation of these pressure-velocity coupling 

algorithms enabled the decrease of the simulation times, thus improving the computational 

efficiency. 

Differently from existing published criteria, this model is based on physical principles, like 

the transport equations, and models for inter-particle forces. As a consequence, the model 

enables the evaluation of the effect of individual parameters associated with physical 

phenomena that take place in emulsion systems. By adopting adequate values for these 

parameters, properties and process variables, it is possible to simulate the behavior of a wide 

range of systems of interest. 

The applicability of the model can be significantly improved if other coalescence models are 

adopted, which can be applied to a wider range of droplet sizes. 
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APPENDIX A 

Breakup phenomena in emulsion flow 

 

One of the hypotheses in population balance modeling is to suppose that only droplet 

coalescence contributes to the droplet size distribution by considering that velocities inside 

the tube are not high enough to break droplets in an emulsion. In order to validate this 

assumption, the Hughmark (1971) model was used and, based on the system characteristics, a 

a critical diameter is computed. This is the minimum diameter at which droplets start to break 

under the specific system conditions. If the diameter studied is less than the critical diameter it 

is possible to neglect the breakage term in the populational balance. 

A.1 Critical Diameter analysis 

Fragmentation of droplets in turbulent flows plays an important role in droplet size 

distribution. Breakup phenomena occur in different processes where emulsions are involved. 

Here, droplets are exposed to a turbulent flow field producing changes in their shape by effect 

of the external forces acting over the droplets. In a simplified case, a mother droplet 𝒗’ suffers 

a breakup and gives origin to two daughter droplets 𝒗 and 𝒗’-𝒗 as shown in figure A1: 

 

Figure A1. Scheme of drop fragmentation in two new drops 

 

Forces acting on deformation and breakup of droplets as inertial, surface and viscous forces 

are described by Hughmark (1971). The inertial force 𝜏𝐼 can be defined as a function of 

continuous phase density 𝜌𝑏, dissipation energy 𝜖 and diameter of droplet 𝑑:  

 𝜏𝐼 ≈ 𝜌𝑏𝜖
2/3𝑑2/3 (A1) 

The surface force 𝜏𝑆 and viscous stresses  𝜏𝑉 are defined as: 

 
𝜏𝑆 =

𝜎

𝑑
 

(A2) 
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𝜏𝑉 ≈
𝜇𝑎(𝜏𝐼/𝜌𝑏)

1/2

𝑑
 

(A3) 

 

Where 𝜎 is the interfacial tension and 𝜇𝑎 the dispersed phase viscosity. 

When the inertial force is less than the sum of viscous and surface forces, breakup phenomena 

do not occur. Based on this theory, Paul and Sleicher (1964) found a semi-empirical equation 

(A4) to calculate the critical diameter where breakup phenomena start, considering constant 

physical properties.  

 𝑑𝑐𝑟𝜌𝑏v2

𝜎
√
𝜇𝑏v

𝜎
= 𝐶 [1 + 0.7 (

𝜇𝑎v

𝜎
)
0.7

] (A4) 

        

By applying Equation A4 to a typical emulsion used in metalworking processes it is possible 

to calculate dcr in emulsion flow in pipes, as shown in Table A1. 

Table A1. Metalworking fluid properties in flow inside pipes  

C  
 

43 

𝒖  (cm/s)  300  

σ  (dyn/cm)  23.7  

µ
a
  (cp)  985  

µ
b
  (cp)  1  

d
a
  (cm)  10

-2

  

dcr (cm) 1.64 

 

Due to the viscosity of the dispersed phase and under classic flow conditions in emulsions it is 

necessary big drops (1,64 cm) for having breakup, high value compared with maximal 

diameter observed in emulsions (10
-2

 cm) indicates than is possible to disregarding this 

breakup in flow emulsion 
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APPENDIX B 

 Kolmogorov scale simulated for flow conditions presented in Tables B1 and B2, using the 

coalescenceFoam solver and geometry described in chapter 5. 

Table B1. Summary of conditions in the simulations. 

Velocity 
(𝒎/𝒔) 

Drag Model 
Turbulence 

Model 

Relaxation 

Factor for p 

3.0 Schiller and Naumann k-ε 0.3 

 

Table B2. Physical properties of the fluids. 

Property Water Oil 

Viscosity (𝑚2/𝑠) 1.0x10
-6 

1.0x10
-5

 

Density (𝑘𝑔/𝑚3) 1000 900 

Diameter (µ𝑚) --- 10 

Volume Fraction 0.90 0.10 

 

 

Figure B 1. Kolmogorov scales (𝜇𝑚) in O/W flow in a pipeline with sudden enlargement. 
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ABSTRACT: This study reports on the use of soluble biobased organic substances (SBO) with emulsifying properties in the
production of oil-in-water emulsions for industrial consumption. One of the potentially interesting applications is in formulation
of metalworking fluids, which typically consist of oil-in-water emulsions used in metal manufacturing industries. Soluble biobased
substances were collected from urban food and gardening wastes in a waste management plant located in a densely populated
area in North Italy. The biowastes were fermented under anaerobic and/or aerobic conditions and then treated chemically to
yield four different SBO samples, which were characterized for chemical composition, solution behavior by water surface tension
measurements, and ability to form stable 10% oil-in-water (O/W) emulsions. Experiments were carried out to evaluate the
hydrophilic−lipophilic balance of emulsions with surfactant concentrations in the 2−8% (w/w) range. Stable emulsions were
obtained with at least 3% (w/w) surfactant concentrations. All SBO samples presented the characteristics necessary for acting as
emulsifiers, when compared with conventional emulsifiers. According to rheology, particle size, and centrifugation tests, SBO
samples isolated from composted biowastes performed better than samples isolated from the digestate of anaerobically fermented
biowastes. The product ash content and/or isolation process also affect the emulsifier performance. The effects of the biowaste
source, chemical composition, and surface activity on the emulsifier performance were evaluated, indicating the feasibility of
attaining stable emulsions with environmental benefits.

1. INTRODUCTION

Soluble biobased organic substances (SBO) are compounds
isolated from compost of green residues produced by aerobic
and anaerobic processes; they have surfactant properties and
thus potential technological applications, as presented by
Montoneri et al.,1 Savarino et al.2 and Bianco Prevot et al.3

The advantage with respect to commercial surfactants is that
SBO do not cause negative environmental impacts due to their
compatibility with natural soil and organic matter.4 This fact is
confirmed by agriculture,5,6 and animal7 studies demonstrating
that SBO can promote safe plant growth and farming practices.
Soluble biobased organic substances are described as a mix of

macromolecules with average molecular weight ranging from 67
to 463 kg·mol−1 and containing several C types and functional
groups of different polarity, as represented in the molecular
fragment shown in Figure 1. The organic moieties shown in
Figure 1 are remaining parts of the main constituents of the
sourcing biowaste, which are not completely mineralized during
aerobic and/or anaerobic biodegradation. The molecular
fragments shown in Figure 1 are responsible for the observed
behavior of SBO as surfactants and/or polyelectrolytes, with a
wide range of configurations due to the relative ratios of the
different organic functions.8

One of the potential applications of SBO is as surfactants in
the formulation of emulsions for industrial use, such as
metalworking fluids (MWF). The behavior of these oil-in-
water (O/W) emulsions is largely dependent on the

formulation. According to Wilbert,9 MWF with 5−50% oil
dispersed in water are designed to act as lubricants and cooling
fluids and to remove metallic particles produced in metal-
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Figure 1. Virtual molecular fragments for SBO isolated from municipal
biowastes, fitting analytical data for C types and functional groups. H
atoms bonded to C are omitted; wavy bold lines indicate other
fragments with C, O, and N atoms.
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working processes. Stability and viscosity are thus essential
characteristics of such emulsions. During the machining
processes, accumulation of contaminants such as extraneous
oil and bacteria can negatively affect the MWF functionality.
Disposal of aged MWF in the environment can produce a
significant impact. For this reason, development of new
technologies for minimizing the environmental impact caused
by effluents from metalworking processes is an ongoing effort.
Recently published studies show alternatives for emulsion
treatment. Some authors10 propose the treatment of aged
emulsions by coagulation, centrifugation, ultrafiltration, and
vacuum evaporation. Others11 have studied mixed anionic/
nonionic emulsifier systems for petroleum and biobased MWF
to improve emulsion stability and lifetime under hard water
conditions, a common cause of emulsion destabilization leading
to MWF disposal. Greeley and Rajagopalan12 analyzed the
impact of natural contaminants on the lubricating, cooling,
corrosion inhibition, and surface finishing functionalities of
MWFs in order to minimize their destabilization and optimize
their management.
Another alternative consists in substituting one or more

emulsion components with ecofriendly compounds. Zhang et
al.,13 for instance, carried out experiments to replace conven-
tional oil with castor oil by studying the stability of emulsions
with different formulations. The demand for MWF can be an
attractive factor for developing ecofriendly components such as
SBO. As an example, in 2006 the U.S. market consumed over
20 million liters of MWF and 600 million liters of automotive
and industrial lubricants.14 In terms of economic feasibility, a
preliminary estimation can be made as follows. By assuming a
price of 4.5 euros/L of MWF, and SBO production cost
between 0.1 and 0.5 euros/kg,4 with capital cost for a plant
producing 500 tons of SBO per year of about 500 000 euros,
the SBO products can be sold in the chemical market for ca. 1
euro/kg. This represents a net revenue of ca. 250 000 euros/
year. For an emulsion containing 2.5% SBO, the cost
contribution of this additive in the finished emulsified product
would be less than 0.02 euro/L. Thus, the 1 euro/kg purchase
price can be acceptable to potential users.
The present study evaluates the use of SBO as surfactants in

MWF based on the stability and viscosity of O/W emulsions
with different SBO samples, obtained from different sources, as
alternatives to synthetic surfactants. Thus, four SBO samples,
characterized by different origin, chemical processing, chemical
composition, and surface tension properties, were tested for

their potential to yield ecofriendly stable emulsion formulations
to be used as MWF in metalworking processes.

2. EXPERIMENTAL SECTION
2.1. Materials. Soluble biobased organic substances (SBO)

are hydrolysates with molecular mass cutoff above 5000 Da.
They contain water-soluble polymeric molecules, which may
range up to several hundred kilograms per mole.8 Due to their
complexity, SBO cannot be analyzed as well as synthetic
molecules. Their chemical nature can at best be identified by
functional groups concentration, as reported in Table 1. These
organic moieties are the likely residue of the main constituents
of the sourcing bioorganic refuse matter, which are not
completely mineralized during aging under fermentation
conditions. For this reason, SBO may be considered the
pristine material of natural soil organic matter formed under
longer aging conditions. Thus, the structural similarities
between SBO and natural soil organic matter are not surprising.
Other reagents used to prepare the emulsions were sodium

dodecyl sulfate (SDS), Brij72, and paraffin oil 100%, all
purchased from Aldrich and used as received, and deionized
water.

2.2. Methods. The SBO samples were produced from
municipal biowastes sampled from three different streams of
the ACEA Pinerolese waste treatment plant in Pinerolo (Italy).
The sources are (a) digestate (FORSUD) recovered from a
biogas production reactor fed with the organic humid fraction
from separate source collection of urban refuse; (b) compost
(CV) obtained from urban private garden and public park
trimming residues aged for 230 days; and (c) compost (CVDF)
obtained from a 35/55/10 (w/w/w) FORSUD/home garden-
ing and park trimming residues/sewage sludge (SS) mix,
collected after 110 days of composting under aerobic
conditions. These materials were processed in a pilot plant
made available from Studio Chiono e Associati in Rivarolo
Canavese, Italy. This comprised an electrically heated,
mechanically stirred 500 L reactor, a 102 cm long × 10.1 cm
diameter polysulfone ultrafiltration membrane with 5 kDa
molecular mass cutoff supplied by Idea Engineering s.r.l. from
Lessona (Bi), Italy, and a forced ventilation drying oven.
According to the operating experimental conditions, the
biowaste was reacted for 4 h with pH 13 water at 60 °C and
4/1 (v/w) water/solid ratio. The liquid/solid mix was allowed
to settle to separate the supernatant liquid phase containing the
soluble hydrolysate from the insoluble residue. The recovered

Table 1. Chemical Analytical and Surface Tension Data for Soluble Biobased Organic Substancesa

SBOa volatile solidsb (% w/w) Cb (% w/w) Nb (% w/w) C/N

FORSUD 84.6 45.07 ± 0.12 7.87 ± 0.12 5.73
CVDF 72.7 35.47 ± 0.09 4.34 ± 0.17 8.17
CV 72.1 38.25 ± 0.09 4.01 ± 0.03 9.54
CVla 99.1 52.53 ± 0.01 5.23 ± 0.11 10.04

Functional Group Concentrationc

Af Nr OMe OR OCO Ph PhOH PhOY COOH CON CO Af/Ar LH

FORSUD 0.43 0.10 0.04 0.10 0.03 0.10 0.02 0.01 0.07 0.09 0.01 3.3 9.3
CVDF 0.31 0.08 0.00 0.20 0.07 0.16 0.06 0.02 0.09 0.01 0.00 1.3 5.3
CV 0.37 0.07 0.00 0.14 0.04 0.13 0.05 0.02 0.12 0.01 0.05 1.8 3.6
CVla 0.28 0.07 0.00 0.14 0.06 0.22 0.06 0.05 0.11 0.00 0.01 0.8 4.5

aIdentified according to their source. bConcentration values referred to dry matter: averages and standard deviation calculated over triplicates.
cConcentrations are given as mole fraction of total organic C. PhOY = alkyl phenyl ether or diphenyl ether; Af/Ar = Af/(Ph + PhOH + PhOY); LH
= liphophilic to hydrophilic C ratio; lipophilic C = sum of aliphatic (Af), aromatic (Ph), methoxy (OMe), amide (CON), amine (NR), alkoxy (RO),
phenoxy (PhOY), and anomeric (OCO) C atoms; hydrophilic C = sum of carboxylic acid (COOH), phenol (PhOH), and ketone (CO) C.
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hydrolysate was circulated at 40 L·h−1 flow rate through the
ultrafiltration membrane, operating with tangential flow at 7 bar
inlet and 4.5 bar outlet pressure, to yield a retentate with 5−
10% dry matter content. The retentate was finally dried at 60
°C to yield the solid SBO samples in 15−30% (w/w) yield,
relative to the starting biowaste dry matter. The SBO samples
are hereafter referred to by the acronym of the sourcing
biowaste. These products were found to contain about 15−28%
ash. The ash consisted of the added alkali cation of the
hydrolyzing base as well as other mineral components present
in the sourcing biowaste, containing Si, Ca, Mg, Al, and Fe. Ash
content was determined by calcining each sample at 650 °C for
4 h, according to the procedure described by Matthiessen et
al.15 An aliquot of the CV SBO was further washed with HCl,
water, HF, again with water, and then dried at 60 °C to yield
the low-ash CV SBO (CVla) product. This sample contained
99.1% volatile solids as determined via calcination at 650 °C.
The SBO emulsifying capacity was tested for the preparation

of O/W emulsions containing 10% paraffin oil in water, as a
typical composition for machining or grinding fluids.14

Nonionic (NI) and anionic (AN) surfactants were dissolved
in previously heated oil at approximately 80 °C and in pH 8
water at room temperature. The water solution was slowly
added to the oil solution and mixed for 5 min by means of a
magnetic stirrer, forming a pre-emulsion. This was then mixed
for an additional 5 min by use of a stator−rotor device at 11
000 rpm. O/W mixtures were made at 2−8% (w/w) total
surfactant concentration and different AN/NI surfactant ratios
(R). The relative surfactant composition in the samples was
calculated according to the literature,13 based on eqs 1−3:

∑=
=

XHLB HLB
i

n

i ireq
1 (1)

=
−
−

X
HLB HLB

HLB HLBAN
req NI

AN NI (2)

= −X X(1 )NI AN (3)

where XAN and XNI are mass fractions of the AN and NI
surfactants, n is the number of surfactant species, and HLB is
the hydrophilic−lipophilic balance parameter for the oil to be
emulsified (HLBreq) and for anionic (HLBAN) and nonionic
(HLBIN) surfactants. According to Griffin,16 the HLB is
calculated on the basis of hydrophilic and lipophilic portions
of a single molecule or of a mixture of molecules (eq 1). For the
specific case of this work, only the HLB values for paraffin oil
and the nonionic Brij72 surfactant were available,16 i.e.,
HLBparaffin = 10 and HLBBrij = 4.9. For the anionic SBO
surfactant, the HLB could not be estimated. These substances
are a complex mixture of molecules of different chemical nature
and molecular weight. Aside from the types and relative ratios
of the functional groups in Table 1, the chemical nature and
relative ratios of the single components of the SBO molecular
pool are not known. Under these circumstances, the O/W
emulsions used in this study were prepared by gradually adding
each component and observing the result, as suggested by ICI
Americas Inc.17 Various surfactant mixtures were prepared with
different XAN and XNI values, and the HLB values of the SBO
samples (HLBAN) were estimated by means of eq 2, by using
the XAN value for which the most stable emulsion was obtained.
Emulsion stability was determined by centrifuging the total
volume of the oil and water sample (Vt) for 10 min at 4000

rpm, followed by measuring the separated nonemulsified
volume (Vne) and calculating the parameter F, where F =
Vne/Vt. The experiments were performed in a multispeed
refrigerated centrifuge ALC PK 131R at 20 °C. All samples
were prepared in triplicate.
Emulsion samples with 5 wt % surfactant were diluted 1:1200

in deionized water, in order to enable measurement of the
droplet size distribution. These conditions have been defined in
previous studies by the authors,18,19 in which it was verified that
the dilution did not affect the droplet size distribution. The
measurements were carried out on a Coulter Counter
instrument (Multisizer IIe, Coulter International Corp.). The
Sauter mean diameter, d3,2, was used to characterize the droplet
size distribution of the samples (eq 4):

=
∑
∑

d
n d
n d

i i

i i
3,2

3

2
(4)

where n is the number of droplets with equivalent spherical
diameter d in droplet class i.
Rheology measurements were made in a Brookfield DV-III

Ultra rheometer. The experiments were carried out at constant
temperature and pressure, and at 20 rpm spindle velocity.

3. RESULTS AND DISCUSSION
3.1. Characterization of Soluble Biobased Organic

Substances. Characterization of the SBO samples is
summarized in Table 1. The functional groups reported are
probably not homogeneously distributed over the entire
molecular pool. Under these circumstances, in order to
investigate the relationship between the chemical nature and
properties of the products and their performance, the SBO have
been ranked according to the empirical parameters LH and Af/
Ar defined in Table 1. LH provides an indication of the degree
of lipophilicity, and Af/Ar is an index of the type of
liphophilicity. FORSUD is the most lipophilic SBO, followed
in order of decreasing lipophilicity by CVDF and CV. The CVla
SBO appears to have lower Af/Ar index and higher LH values
than CV.

3.2. Surface Tension of Soluble Biobased Organic
Substances. For the purpose of this work, the SBO samples
were characterized for their surface activity properties in
aqueous solution, yielding plots of surface tension (γ) versus
SBO concentration (Cs) (Figure 2). As previously reported by
Montoneri et al.,8 these measurements provide hints on the
molecular conformation of the investigated substances in
solution. The SBO samples yielded γ−Cs plots apparently
similar to those of small molecule surfactants, that is, showing a
break point with slope (dγi/dCs) change. According to

Figure 2. Surface tension (γ) vs added SBO concentration (Cs).
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Montoneri et al.,8 with small-molecule surfactants such as
sodium dodecyl sulfate (SDS), it is easy to visualize
conformational changes from the slope of the γ−Cs plots. In
essence, at low Cs, single molecules occupying the air−water
interface may be idealized as lying orthogonal to the water
surface, dipping their hydrophilic heads in the water phase and
pointing their hydrophobic tails toward the air phase. In the
bulk water phase, molecular interactions between single
molecules are expected to yield more or less spherical or
cylindrical micelles, where the polar heads of each molecule are
oriented toward the external water phase and the hydrophobic
segments form the inner lipophilic core. With complex
polymeric molecules, as represented in Figure 1, one could
expect that the single molecules at the air−water interface
acquire a more or less flat configuration to point their
hydrophilic heads toward the water phase. In the bulk water
phase, two conformations are possible: that is, single molecules
arranged in coil form to yield pseudomicelles, with the external
hydrophilic surface pointing toward the water phase and the
inner lipophilic molecular segments away from it, or aggregates
of single molecules to yield large micelles. The formation of
pseudomicelles does not necessarily exclude the formation of
molecular aggregates. Intermolecular ionic or H-bonding
interactions between pseudomicelles are likely to occur and
become more important at higher concentration. The decrease
in the concentration of water molecules in SBO solution
implies shortening of the intermolecular H-bonding network
and a decrease in the distance between pseudomicelles,
eventually leading to polymeric micelles. Formation of such
large aggregates is likely to occur at 50−100 g·L−1 Cs. Under
these conditions, the product is no longer soluble in water and
a viscous gel-like phase separates from the bulk water phase.
Thus, whereas the γ−Cs plot for the SBO may indicate that
these substances perform apparently like small-molecule
surfactants at Cs < 10 g·L−1, at Cs > 50 g·L−1 they behave
more like water-soluble polyelectrolytes.
The surface tension measurements evidenced another

important behavior of SBO in solution. The surface tension
of solutions at Cs < 10 g·L−1 was found to decrease
continuously with increasing time from preparation. The rate
of decrease was high at the beginning and tended to lower
values for longer times. However, a stable value was not
reached even after 48 h. Due to this behavior, all values were
recorded 200 min after solution preparation, when the surface
tension decrease was rather low. Although the measurements at
this time did not provide an absolutely stable surface tension
value, the relative differences between the investigated SBO
were constant. The observed difficulty of SBO to reach a stable
conformation in solution is probably due to difficulties of
reorientation of the high molecular weight surfactants at the
interface.20

In order to clarify the differences of surface tension
properties among the SBO samples investigated in this study,
each γ−Cs plot was divided into two segments, which were
analyzed by fitting a straight line by least-squares (Figure 2).
Table 2 shows the slope values obtained for each plot (dγi/dCs,
mN·L·m−1·g−1, i = 1, 2) and the associated coefficient of
determination (Ri, i = 1, 2), together with the concentration
(Cs1) at which the slope change occurs and the corresponding
surface tension value [γ(Cs1)]. The high Ri values (≥0.90)
observed in most cases indicate that the linear fitting resulted in
an adequate mathematical representation of the experimental
γ−Cs plots. The data enable a quantitative evaluation of the
differences among the four investigated SBO samples. In
essence, the FORSUD SBO resulted in the largest dγ1/dCs, the
lowest Cs1, and the second lowest γ(Cs1) values, whereas no
significant difference was observed between CV and CVDF
samples. The values of dγ1/dCs and Cs1 are larger for CVla
compared to CV, whereas a lower value of γ(Cs1) was obtained
for CV1a than for CV.

3.3. Hydrophilic−Lipophilic Balance Analysis. Prelimi-
nary tests were carried out for estimating the HLB of each SBO
sample. Thus, mixtures of the commercial Brij72 nonionic (NI)
surfactant and, one at a time, the four different anionic (AN)
SBO surfactants were prepared. Emulsions with 2−8% (w/w)
total surfactant concentration and AN/NI surfactant ratio (R)
in the range from 0.47 to 1.0 were prepared to yield the
estimated HLB values shown in Table 3. These samples were
left to stand for several days, and the time to visually observe
droplets or deposit was recorded. The results in Table 3 show
that emulsions containing 8% total surfactant concentration
were stable over the whole range of R values, except the sample
containing CVDF at R equal to 0.72. At lower total surfactant
concentration, the number of unstable emulsion samples
increased. At 2% total surfactant concentration, no sample
was stable. The samples containing CVDF were apparently the
most stable ones. These samples were stable over the whole
monitoring time, that is, 15 days, when the total surfactant
concentration remained above 3% and for R values ranging
from 0.51 to 0.61. It is interesting to observe that, at 3% total
surfactant concentration, the sample containing CVla yields a
stable emulsion for R = 0.51, whereas the sample prepared with
CV yielded no stable emulsion within the range of R values
studied. At total surfactant concentration of 5% or higher, all
samples resulted in stable emulsions. The results indicate that
3% total surfactant concentration might be a limiting value to
enable discrimination among the investigated SBO samples in
terms of their HLB. Based on the emulsions that were stable for
longer periods of time at 3% total surfactant concentration, the
HLB values for each SBO were estimated as 17.5 for FORSUD,
18 for CV, 20 for CVla, and 18−20 for CVDF.

3.4. Droplet Size Distribution in Emulsions with SBO.
The decrease of emulsion stability when the total surfactant

Table 2. Data Calculated from Experimental Surface Tension Measurements

−dγ1/dCs
a R1

a Cs1
b γ(Cs1)

c −dγ2/dCs
a R2

a

FORSUD 11.5 ± 0.9 (0−1; 3) 0.995 1.0 48.9 0.68 ± 0.06 (1−10; 8) 0.749
CVDF 5.3 ± 0.7 (0−3; 3) 0.999 3.1 61.8 0.42 ± 0.05 (3−10; 8) 0.969
CV 5.0 ± 0.5 (0−2; 4) 0.971 2.1 61.2 0.94 ± 0.12 (2−9.76; 5) 0.938
CVla 5.6 ± 0.5 (0−4; 10) 0.959 4.2 43.0 0.54 ± 0.20 (4−10; 7) 0.714

aSlope values (−dγ1/dCs, mN·L·m
−1·g−1, i = 1, 2) and standard deviations for the two linear tracts of each γ−Cs plot, associated coefficient

determination (Ri, i = 1, 2), and (in parentheses) concentration range followed by number of experimental points in the regression analysis.
bConcentration (grams per liter) at which slope change occurs. cSurface tension value at slope change point.
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concentration decreases is a known effect, related to an increase
in the droplet coalescence process, eventually leading to
emulsions showing multimodal droplet size distributions, as
reported in the literature.18,19 Hence, a population of large
droplets is formed in the emulsion when the amount of
surfactant is not enough to maintain the emulsion stability for
long periods of time. Figure 3 illustrates this effect visually for
emulsions made with CV as surfactant at two concentrations
and R equal to 0.61. Figure 4 shows the droplet size distribution
for emulsions containing 3% and 5% total surfactant
concentration and each SBO at the R value that yielded the
most stable emulsions (see Table 3), measured 8 days after
preparation. At 3% total surfactant concentration, stable
emulsions made with CVDF and CVla showed droplet sizes
ranging from 1.56 to 2.19 μm and Sauter mean diameter equal
to 1.86 μm. The less stable emulsions showed droplets in the
same size range, as well as larger droplets. For CV the droplet
size ranged from 1.56 to 2.18 μm and from 6.57 to 8.34 μm.
For FORSUD the droplet size ranged from 1.87 to 2.19 μm
and from 5.21 to 7.71 μm. The Sauter mean diameter values for
CV and FORSUD were respectively 2.63 and 2.78 μm, which is
significantly higher than those for CVDF and CVla. At 5% total
surfactant concentration, all emulsions were stable. As shown in
Figure 4, these samples contained droplets that are smaller than
3.54 μm and have Sauter mean diameter less than 2.60 μm.
This is an effect of the coalescence inhibition caused by the
increased surfactant concentration.

3.5. Centrifugation Tests. Further tests were carried out in
order to evaluate emulsion stability based on the values of F
after centrifugation (see Experimental Section). In this case,
emulsions containing SBO were compared with emulsions
containing the commercial surfactant sodium dodecyl sulfate
(SDS) with HLB equal to 40, based on procedures in the
literature.21 The R value for the SDS emulsion was 0.17. On the
basis of HLB values and on eqs 1−3, this surfactant/
cosurfactant composition is supposed to yield the most stable
emulsions. However, eqs 1−3 are based on the assumption that
the HLB is a sufficient stability criterion while, in fact, stability
also depends on the chemical functions that are present in the
surfactants. This means that mixtures of different surfactant
types may yield the same required HLB but exhibit different
efficiencies in terms of emulsion stability.16 Figure 5 illustrates
this situation by means of the parameter F. For all tested values
of total surfactant concentration, the emulsion prepared with
SDS was less stable when processed by centrifugation than the
emulsions prepared with SBO. The performances of emulsions
prepared with the four SBO samples at total surfactant
concentration less than 4% (w/w) are similar. However, for
higher concentrations, different performances were observed.
The FORSUD sample resulted in intense phase separation at
2% (w/w) total surfactant concentration, while at 5% (w/w)
total surfactant concentration it performed significantly better.
Samples CVDF and CVla were apparently the best stabilizers at
5% (w/w) total surfactant concentration. Particularly for
emulsions prepared with CVDF, no phase separation was
observed. The comparison of CV and CVla data indicates that
SBO emulsifier performance was possibly affected by the
presence of mineral compounds, since the presence of
inorganic salts destabilizes emulsions.22 The higher viscosity
is the reason for the higher centrifugation stability of the SBO
emulsions compared to the SDS emulsions. However, in order
to make a comparison between biosurfactants and commercial
synthetic surfactants, the viscosity of the two emulsions shouldT
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be similar. Based on the performance of each emulsion sample
(Table 3 and Figures 3−5) and on the chemical and surface
tension data of each SBO sample, no correlation is apparent
between product performance and surface activity. The CVDF
and CVla SBO samples, which have 5.3−4.5 LH and 1.3−0.8
Af/Ar values, showed the largest HLB values, 18−20, and

yielded the most stable emulsions, based on the number of days
of emulsion stability shown in Table 3 and the F values in
Figure 5. The other two SBO samples are predominantly
aliphatic, as indicated by the Af/Ar index, which is 3.3 for
FORSUD and 1.8 for CV. Compared to CVDF and CVla,
FORSUD is more lipophilic (LH equal to 9.3) and CV is more

Figure 3. Optical microscope images of emulsions containing CV at (a) 5% (w/w) and (b) 3% (w/w) total surfactant concentration and R = 0.61, 8
days after preparation.

Figure 4. Particle size distributions and Sauter mean diameters (SMD) for emulsions aged 8 days, containing 3% and 5% total surfactant
concentration and the four SBO at R values of 0.57 for CVDF, 0.51 for CVla, 0.61 for CV, and 0.67 for FORSUD.
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hydrophilic (LH equal to 3.6). Therefore, the performance of
SBO as emulsifiers is strongly dependent on their chemical
composition and on their biowaste sources and previous
treatment. There is apparently an optimal composition and
hydrophilicity range associated with the best performance,
whereas SBO samples with hydrophilicity values outside the
optimal range (i.e., with LH values higher or lower than 5.3−
4.5) exhibit lower performance.23−25

3.6. Rheological Properties. For the practical use of
surfactants as emulsifiers in emulsions of industrial interest,
such as metalworking fluid formulation, for example, the
emulsion stability is certainly desirable, but it is not the only
requirement. The emulsion rheological properties are also
important. In order to evaluate the potential of SBO to yield
emulsion formulations with adequate performance under real
metalworking process conditions, rheology measurements were
also carried out. Figure 6 shows shear stress versus shear rate
results for emulsions made with the four SBO surfactants at 5%
(w/w) total surfactant concentration and R values for which the
most stable emulsions were obtained: 0.61 for CV, 0.51 for
CVla, 0.57 for CVDF, and 0.67 for FORSUD (see Table 3).
The stress response of all SBO emulsions is not linear and the
curve starts from the origin. This is characteristic of
pseudoplastic fluid behavior. Figure 7 shows the change of
viscosity with time after preparation for the same samples. All
emulsions exhibited decreasing viscosity over time, in the first 2
days after emulsion preparation. The decrease of viscosity with
time is more pronounced for SBO than for the SDS-based
emulsions. This may reflect a slower process of stabilization in
solution for the SBO samples, as was also evidenced by the
surface tension measurements. Samples prepared with CVDF
yielded the most viscous emulsions, followed by CVla,
FORSUD, and CV. The high viscosity for CVDF and CVla
has probably contributed to the higher stability observed in the
centrifugation tests (Figure 5). Indeed, at low viscosity the
possibility that emulsion droplets collide and coalesce during
Brownian motion increases.14 Viscosity is also critical to
determine the quality of the lubricant film. In metalworking
applications, it determines the effectiveness of the film in

separating the tool from the work piece and therefore
controlling friction and wear. However, fluids with higher
viscosity are less efficient in removing chips and in cooling.
Hence optimum viscosity must be estimated for each
operation.26 According to the results in Figure 7, all viscosity
values of the SBO emulsions are above 1000 cP, which is more
than double the typical viscosity of commercial emulsions based
on SDS. The high viscosity of the SBO emulsions is possibly a
consequence of the polymeric nature of the molecules
composing these substances and their capacity to yield large
aggregates between macromolecules. The interactions between
aggregates are expected to yield a network of interaggregates
and H-bonds that can favor the formation of viscous gel-like
substances. This behavior distinguishes the polymeric SBO
surfactants from small-molecule surfactants. Thus, the use of
SBO in emulsions for which viscosity control is necessary
involves blending with surfactants composed of small
molecules.

Figure 5. Emulsion stability after 4000 rpm centrifugation for freshly
prepared mixtures; mean value and standard deviation for separated
volume fraction (F) of the total mixture volume versus total surfactant
concentration for emulsions containing SDS at R = 0.14 and for
emulsions prepared with SBO at R values of 0.61 for CV, 0.51 for
CVla, 0.57 for CVDF, and 0.67 for FORSUD. Columns with no letter
in common indicate significantly different values at 95% confidence
level; i.e., a > b > c.

Figure 6. Shear stress versus shear rate for emulsions containing 5%
(w/w) total surfactant concentration and SBO at R values of 0.61 for
CV, 0.51 for CVla, 0.57 for CVDF, and 0.67 for FORSUD.

Figure 7. Viscosity over time at speed of 20 rpm for emulsions
containing SBO at 5% total surfactant concentration and R values of
0.61 for CV, 0.51 for CVla, 0.57 for CVDF, 0.67 for FORSUD, and
0.14 for SDS.
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4. CONCLUSIONS
The present comparative evaluation of the behavior of
biowaste-derived biosurfactants (SBO) from different sources
considered their use as surfactants in O/W emulsions of
industrial interest. Metalworking fluids were considered as a
potential application, and the evaluation was based on stability
and rheological behavior of the emulsions.
The results indicate that the performance of the SBO is

strongly dependent on its constitution, which depends on the
biowaste source. All the SBO samples resulted in emulsions
that were more stable than the one obtained with a
conventional surfactant (sodium dodecyl sulfate). The experi-
ments have indicated an apparently optimal composition and
hydrophilicity range associated with the stability of the
emulsions, whereas SBO samples with hydrophilicity values
outside an optimal range, which corresponds to LH values from
5.3 to 4.5, exhibit lower performance.
The viscosity of the SBO-based emulsions was above 1000

cP for all samples, which is more than double the typical
viscosity of commercial emulsions based on sodium dodecyl
sulfate as surfactant. The high viscosity of the SBO emulsions is
possibly a consequence of the nature of the molecules
composing these substances and their capacity to yield large
aggregates between macromolecules. Two of the SBO samples,
with a definite composition and hydrophilicity range, were
identified as best emulsion stabilizers. The viscosity can,
however, be too high with respect to requirements for use in
some applications. In these cases, mixtures of SBO and small-
molecule anionic surfactants may enable the development of
formulations with tailored viscosity.
These results are representative of the behavior of SBO

biosurfactants, which can contribute to the development of an
attractive component for the production of technically and
economically feasible ecofriendly O/W emulsions as lubricants.
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