
 

  

 
 

 

 

 

 

MODELLING AND ANALYSIS OF 
HYPERBOLIC METAMATERIALS FOR 
CONTROLLING THE SPONTANEOUS 
EMISSION RATE AND EFFICIENCY OF 
QUANTUM EMITTERS 

 

 
Doctoral thesis submitted in fulfilment of the requirements for the 

academic degree of Doctor in Engineering and Doctor in Science by 

 

ACHILES FONTANA DA MOTA 

 
February 2019 

 
VUB Promotors:  USP Promotor: 

 Prof. Dr. Ir. Heidi Ottevaere Prof. Dr. Ben-Hur V. Borges 

 Prof. Dr. Ir. Wendy Meulebroeck 

 
 
Vrije Universiteit Brussel (VUB)  

Department of Applied Physics and Photonics  

Brussels Photonics Team, B-PHOT 

 

University of São Paulo (USP)   

São Carlos School of Engineering  

Department of Electrical and Computer Engineering  





Trata-se da versão corrigida da tese. A vesão original se encontra disponível na EESC/USP 

que aloja o Programa de Pós-Graduação de Engenharia Elétrica. 

  

 
 

 

 

 

 

MODELO E ANÁLISES DE METAMATERIAIS 

HIPERBÓLICOS PARA O CONTROLE DA TAXA 
DE EMISSÃO ESPONTÂNEA E EFICIÊNCIA DE 
EMISSORES QUÂNTICOS 

 
 

 

Tese apresentada em cumprimento dos requisitos para o grau acadêmico 

de Doutor em Ciências, Programa de Engenharia Elétrica, 

Telecomunicações, por 

 

ACHILES FONTANA DA MOTA 

 
Fevereiro 2019 

 
USP Promotor:  VUB Promotors: 

 Prof. Dr. Ben-Hur V. Borges Prof. Dr. Ir. Heidi Ottevaere 

  Prof. Dr. Ir. Wendy Meulebroeck 

  

 
 
Universidade de São Paulo (USP) 

Escola de Engenharia de São Carlos 

Departamento de Engenharia Elétrica e de Computação  

 

Vrije Universiteit Brussel (VUB)    

Department of Applied Physics and Photonics   

Brussels Photonics Team, B-PHOT 

 



 

 

 

 

 

 

 

 

 



   

 

i 

Members of the Jury 

 
Prof. Dr. Ben-Hur Viana Borges, promotor 

Department of Electrical and Computer Engineering 

University of São Paulo, Brazil 

 

Prof. Dr. Ir. Heidi Ottevaere, promotor 

Department of Applied Physics and Photonics 

Vrije Universiteit Brussel, Belgium 

 

Prof. Dr. Ir. Wendy Meulebroeck, promotor 

Department of Applied Physics and Photonics 

Vrije Universiteit Brussel, Belgium 

 

Prof. Dr. Ir. Peter Schelkens, chair 

Department of Electronics and Informatics 

Vrije Universiteit Brussel, Belgium 

 

Prof. Dr. Roger Vounckx, vice-chair 

Department of Electronics and Informatics 

Vrije Universiteit Brussel, Belgium 

 

Prof. Dr. Ir. Hugo Thienpont, secretary 

Department of Applied Physics and Photonics 

Vrije Universiteit Brussel, Belgium 

 

Prof. Dr. Philippe Wilhelm Courteille 

São Carlos Institute of Physics 

University of São Paulo, Brazil 

 

Prof. Dr. Thiago Pedro Mayer Alegre 

“Gleb Wataghin” Institute of Physics 

University of Campinas, Brazil 

 

Prof. Dr. Sci. Andrei Lavrinenko 

Department of Photonics Engineering 

Technical University of Denmark, Denmark 

 

Prof. Dr. Gustavo Silva Wiederhecker 

“Gleb Wataghin” Institute of Physics 

University of Campinas, Brazil 





   

 

i 

Errata 
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Text changes: 

Page Line Where it read Now it reads 

12 8 

…In this dissertation, 

QEs are considered 

infinitesimal dipoles 

governed by the classical 

electromagnetic 

equations [109]. The… 

…. In this dissertation, we assume that the QEs are 

under weak coupling regime and low excitation 

power to avoid saturation [109]. Under these 

assumptions, the QEs can be modelled as infinitesimal 

dipoles governed by classical electromagnetic 

equations. The… 

13 17 
…mechanisms to reduce 

τ0. One… 

…mechanisms to reduce τ0. Moreover, enhancing the 

modulation speed by decreasing the QEs’ lifetime is 

crucial for light emitting diode (LED) and laser 

technologies. One… 

13 22 

…decaying to S0 (τs). 

Consequently, the QE 

lifetime in the proposed 

situation (τs) is reduced 

(τs<τ0) while the 

spontaneous emission 

(Γs) rate is enhanced 

(Γs>Γ0)… 

… decaying to S0 (τs). The Fermi’s golden rule can be 

written as [38],[110], 

𝛤𝑠 =
1

𝜏𝑠
=

2𝜋

ℎ
|〈𝑆1|𝐻𝑖𝑛𝑡(𝑘, 𝜎)|𝑆0〉|

2𝜌𝑠(𝐸𝑓), (1) 

where 𝜌𝑠(𝐸𝑓)  is the density of states (DES) at the 

energy Ef, 〈𝑆0|𝐻𝑖𝑛𝑡(𝑘, 𝜎)|𝑆1〉 is the matrix element of 

the transition from the initial state |S0> to the final 

state |S1> with wavenumber k and polarization σ. 

Since 𝜌𝑠(𝐸𝑓)  can be written as a summation of all 

possible decay modes [38], i.e.,  

𝜌𝑠(𝐸𝑓) = ∑ 𝛿(𝑐𝑘𝑖 − 𝜔)

𝑖=1,…𝑁

, (2) 

enhancing the number of possible decay modes 

increases the possibility of the electron to decay, thus 

enhancing Γs. Moreover, the higher the number of 

decay modes, the shorter the QE’s lifetime (τs<τ0). … 

17 20 
…high quantum 

efficiency using… 

…high external quantum efficiency (for the sake of 

simplicity, from hereon the term “external” is omitted 

when related to the quantum efficiency) using... 

26 8 
… sake of simplicity. 

Since… 

… sake of simplicity. Moreover, note that we use bold 

and italic non-bold notation to represent vectors and 

their magnitude, respectively (e.g. vector A has 

magnitude A). Since… 

48 
Fig. 3.1 

caption 

Absorption (red) and 

emission (blue) of the 

Cy7 

Absorption (red) and emission (blue) of Cy7. Data 

obtained from the Cy7 datasheet.  
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60 7 … maintaining a high Peff. 

… maintaining a high Peff.  

Thinking in corroborating the approach proposed in 

chapter 3 of this thesis, the PhD candidate spent the 

year of 2017 at the VUB under the supervision of Profs. 

Heidi Ottevaere and Wendy Meulebroeck. During this 

period, we have fully characterized the emission 

spectrum and the lifetime of Cy7. Moreover, we also 

have characterized the process to mix the PMMA layer 

with dichloromethane to control the thickness of the 

PMMA layer. Later, we have hired a foundry to 

fabricate the HMM proposed on Figure 3.2, but during 

the characterization of the structure we found out that 

the fabrication process had not been performed as 

expected. Consequently, we could not perform the 

Cy7 lifetime measurements on the top of the HMM. 

This characterization and lifetime measurements are 

described in Appendix B.  

96 11 
… the desired Γeff. The 

optimization… 

…the desired Γeff. Differently from previous 

approaches based on single QE at a fixed position 

[111], the proposed optimization procedure takes the 

behavior of all QEs embedded in the system into 

account. The optimization… 

96 29 … to FDTD simulations. 

… to FDTD simulations. All the MATLAB codes used 

to solve the scenarios proposed in this chapter are 

available in [i].  

97 
Fig. 5.1 

caption 

…, creating two 

stationary fields (A … 
…, creating two electric fields (A … 

98 5 … + kzΔz, where kΔ … …+ kzΔz, where 𝑘𝑧Δ is the z-component of 𝐤𝚫, kΔ … 

98 11 

… �̅�  = S or C, 

respectively. 

Furthermore, … 

… �̅� = S or C, respectively, a and b are the distances 

from source L to the layer w-1 and w+1, respectively 

(a+b=h, where h is wth layer thickness). Furthermore, … 

98 13 

…, creating two 

stationary fields, one 

propagating … 

…, creating two electric fields, one propagating … 

101 9 Finally, … 

where 𝜃 and 𝜙 are the elevation and azimuthal angles, 

θ and φ are unitary vectors in spherical coordinates 

along θ and φ directions, respectively. Finally, … 

102 10 The stationary fields… The electric fields… 

104 25 …wth layer.  
wth layer. This scenario is used to demonstrate the 

optimization procedure. 

105 3 …FDTD simulation.  …FDTD simulation, as described in section 3.1. 

105 8 

… over VL (defined as the 

region [-Λx/2, -Λy/2, -

a]≤[x, y, z]<[-Λx/2, -Λy/2, 

b]). is reduced to a single 

integral over VL (defined 

as the region [- 𝛬𝑥 /2, -

𝛬𝑦 /2, -a]≤[x, y, z]<[ 𝛬𝑥 /2, 

𝛬𝑦/2, b]). Furthermore,… 

…over VL (defined as the region [|x|,|y|,|z+(a-

b)/2|]≤[ 𝛬𝑥/2, 𝛬𝑦/2, (a+b)/2]). Furthermore,… 
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105 
after 

eq. 5.36 
--- 

Typically, the polymers embedded with QEs are spin-

coated on top of the structure [2,26–29]. Consequently, 

the QEs become uniformly distributed and oriented 

inside the structure, as adopted in this scenario. This 

assumption is also used in the optimization procedure 

described in section 3.2. 

106 7 --- 

This scenario can be used to calculate both the decay 

curve and the external quantum efficiency when a 

polymer embedded with QEs is spin-coated in more 

than one layer of the nano-patterned structure. 

108 10 
…both the 3D-SAM and 

Lumerical FDTD [87]. 

…both the 3D-SAM (using the special case shown in 

section 5.2.2.2) and Lumerical FDTD [87]. 

108 12 … FDTD (symbols). 
FDTD (symbols) when both sources (QEL and QEC) are 

present.  

108 19 
…very small and 

independent of bc,… 
…very small and slightly dependent on bc, … 

108 26 

… as function of bc with 

(solid line) and 

without… 

…as function of bc with both sources present, QEL and 

QEC, (solid line) and without… 

108 
Fig. 5.3 

caption 

(a) ΓL/Γ0 and ΓC/Γ0 using 

3D-SAM (red and blue 

solid lines) and FDTD 

(symbols). This figure 

also shows ΓC/Γ0 obtained 

with 3D-SAM when QEL 

is not present (dashed 

lines). (b) QC/W0 with 

(solid line) and without 

(dashed line) QEL. 

(a) ΓL/Γ0 and ΓC/Γ0 calculated using 3D-SAM (red and 

blue solid lines, respectively) and FDTD (circles and 

squares, respectively) when both QEL and QEC are 

present in the system. This figure also shows ΓC/Γ0 

obtained with 3D-SAM when QEL is not present 

(dashed lines). (b) QC/Q0 calculated using 3D-SAM 

(blue solid lines) and FDTD (circles and squares, 

respectively) when both QEL and QEC are present in 

the system. This figure also shows QC/Q0 obtained 

with 3D-SAM when QEL is not present (dashed lines). 

109 12 

…are inversely 

proportional). The 

wavelength… 

…are inversely proportional). Furthermore, since the 

R6G’s sources are assumed uniformly distributed, 

both P and ηeff are calculated following the steps 

described in section 5.2.2.2. The wavelength… 

109 26 
…cover layer. The Ag 

and SiO2… 

…cover layer Furthermore, we have tested alternative 

metallic and dielectric materials (Au, TiO2, Si), but 

only Ag and SiO2 have produces the desired 

performance. The Ag and SiO2… 

110 
Fig. 5.4 

caption 
… of the HMM. The (b)… 

… of the HMM. The substrate and air cover layers 

(above the PMMA) are assumed semi-infinite. The 

(b)… 

111 12 

Note that a 2D dipole 

source behaves 

equivalently to a dipole 

line in 3D, so it is denoted 

here as 2D-dipole. After 

these assumptions, (5.11) 

is rewritten as follows, 

Note that a 2D dipole source can be arbitrarily 

oriented in the xz plane (as shown in Fig. 5(a)) and still 

behave equivalently to a dipole line along the y-axis in 

3D. Therefore, we denote it here as 2D-dipole. After 

these assumptions, (5.11) is rewritten as follows 

111 14 

In this procedure, the 2D-

dipole embedded in … 

Γx/Γ0 is higher in this case 

[55]. 

Although our formalism can be applied to an 

arbitrarily oriented 2D-dipole in the xz-plane, in the 

optimization procedure we assume the 2D-dipole 

oriented parallel to the HMM surface, i.e., along the x-

axis (p = px). This assumption is justified because 2/3 
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of the QEs are oriented parallel to the HMM surface (x 

and y axes) in the 3D case [37]. Moreover, we also 

assume the 2D-dipole at a fixed position since the QEs’ 

position affects the amplitude and phase of the 

evanescent fields that interact with the NPHM 

surface, but not with the modes responsible for 

outcoupling the high-k waves. These modes are 

affected by the nanopatterns geometrical parameters. 

Consequently, optimizing Γx/Γ0 and ηx at one position 

is enough to guarantee that both parameters are 

optimized for any position inside the host layer. In this 

sense, we assume the 2D-dipole embedded in a 40 nm 

thick PMMA host centered at the NPHM ridge at a=10 

nm from the NPHM surface because Γx/Γ0 is higher in 

this case [55]   

112 
Fig. 5.5 

caption 

(a) 2D-NHMM consisting 

of 9 alternating Ag/SiO2 

layers with period Λx and 

fill factor 𝑓2𝐷 on top of a 

SiO2 substrate. The 

PMMA host layer with 

thickness h is on top of 

the NHMM. (b) and (c) 

are the Γx/Γ0 and ηx maps, 

respectively, as function 

of Λx and 𝑓2𝐷  of a 2D-

dipole placed at the 

center of the ridge at a 

distance a=10nm from the 

NPHM surface. The 

dashed black lines in (b) 

and (c) represent the 

LSPP, while the white 

lines represent the 𝑓3𝐷  of 

a 3D structure with ρg = 

50nm. 

(a) 2D-NHMM consisting of 9 alternating Ag/SiO2 

layers with period 𝛬𝑥  and fill factor 𝑓2𝐷  on top of a 

SiO2 substrate. The arbitrarily oriented QE is 

embedded in the PMMA host layer with thickness h 

on top of the NHMM. (b) and (c) are the Γx/Γ0 and ηx 

maps, respectively, as function of 𝛬𝑥 and 𝑓2𝐷 of a 2D-

dipole placed at the center of the ridge at a distance 

a=10nm from the NPHM surface. Notice that the QE is 

assumed oriented along the x-axis in the calculation of 

Γx/Γ0 and η. Moreover, the dashed black lines in (b) 

and (c) represent the LSPP, while the white lines 

represent 𝑓3𝐷 of a 3D structure with ρg=50nm. 
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Figure changes: 

Figure 1.7 has been replaced by:  

 

 

 

 

 

 

 

 

 

 

Figure 1.1. Quantum emitters (top) in (a) free space and (b) close to a structure supporting a 

large number of modes, and their respective energy level diagrams (middle, showing 

excitation and decay routes) and normalized decay curves (bottom). In (a), a photon 

with energy E1=hf1 excites an electron of the highest occupied molecular orbital (S0) 

to the lowest unoccupied molecular orbital (S1). (k1, …, kN, knr, hf2) and (knr, hf2) 

represent the decay routes for a QE in scenario (a) and (b), respectively. (Γ0, τ0) and 

(Γ, τ) are the spontaneous emission rate and the QE lifetime in scenario (a) and (b), 

respectively.   
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Figure 5.4 has been replaced by:  

 

 

 

Figure 1.2.  (a) HMM consisting of 9 alternating Ag/SiO2 layers on top of a SiO2 substrate. The 

PMMA cover layer with thickness h is positioned on top of the HMM. The substrate 

and air cover layers (above the PMMA) are assumed semi-infinite. The (b) and (c) 

maps show the values of h and ηeff, respectively, as function of the metal (dme) and 

dielectric (ddi) thicknesses required to achieve P=10. The black lines in (b) and (c) 

separate the regions where the stack behaves as a metal, a HMM and a dielectric, 

according to [101]. 
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Abstract 
MOTA, A. F. Modeling and analysis of hyperbolic metamaterials for controlling the 

spontaneous emission rate and efficiency of quantum emitters. Thesis (Ph. D.), São Carlos 

School of Engineering, University of São Paulo, São Carlos, 2019. 

 

In the past few years, intensive research efforts have been devoted to studying new 

approaches to controlling the photon emission of quantum emitters (QEs), especially for 

telecommunication applications. These approaches rely on tailoring the QE’s radiation, 

usually assessed via well-known figures-of-merit such as lifetime (τ) and quantum 

efficiency (η). Controlling the QE’s photon emission is important because the faster its 

photons are emitted, the greater is the number of times it returns to the excited state per 

second. Therefore, it is crucial to create additional decay channels to reduce τ, which 

necessarily requires increasing the Purcell factor (P).  One of the most promising 

approaches to increase P involves a new class of metamaterials, known as hyperbolic 

metamaterials (HMM). This class of materials exhibits pronounced anisotropy, with the 

parallel and perpendicular permittivity tensor elements (with respect to the anisotropy 

axis) presenting opposite signs, resulting in an open hyperboloidal isofrequency surface 

(IS). This unusual IS shape leads to the most outstanding feature of HMMs, namely, the 

existence of photonic modes with wavenumber (k) much larger than those in free-space 

(k0), known as high-k modes. By engineering these modes, it is possible to manipulate the 

HMM photonic density of states (PDoS), thus controlling the QE’s radiation parameters.  

The simplest approach to designing HMM is by means of a planar stack of alternating 

thin metal and dielectric layers. However, the finite thickness of these layers induces 

spatial dispersion, making the extraction of effective parameters (homogenization) of 

these media a challenging task. In this context, we propose in this thesis a new 

constitutive parameter retrieval approach that takes spatial dispersion into account for all 

electromagnetic parameters of the medium.  We demonstrate that the real part of the 

dispersion curve flattens out (correspondingly with a large imaginary part) because of 

the absence of propagating modes inside the metamaterial. This flat region is strongly 

dependent on the layer thicknesses and is a direct manifestation of spatial dispersion. 

Moreover, we demonstrate that the QE’s lifetime calculation is overestimated if this effect 

is not taken into account in the homogenization procedure, which is detrimental for 

telecommunication applications.  

Moreover, we demonstrate how to enhance P by a factor greater than 100 with the use of 

HMMs. However, most of the QE dissipated power couples into the HMM as high-k 

modes (which do not propagate in free-space). Therefore, the energy is thermally 

dissipated inside the HMM with a consequent reduction of η. Some authors have resorted 

to nano-patterned HMMs (NPHM) to convert the high-k modes into free-space modes 

(k≤k0) aiming at increasing η. However, much of the NPHMs designs still rely on 



 

 

iv 

computationally costly three dimensional (3D) numerical simulations. Thus, we also 

propose in this thesis a new semi-analytical method to model, both in two- and three-

dimensions (2D and 3D, respectively), the radiation emission of QEs interacting with 

nano-patterned structures.  The low computational cost of this method makes it attractive 

for mapping P and η as function of the QE and NPHM relative position. This mapping is 

a helpful tool to understand the decay behavior of the whole system since QEs are 

arbitrarily distributed and oriented inside the NPHM. The analytically calculated decay 

curve allows the system’s effective quantum efficiency (ηeff) and Purcell factor (Peff) to be 

directly obtained assuming multiple arbitrarily distributed electromagnetic sources. 

In this sense, we propose here a new procedure to optimize the NPHM geometrical 

parameters to maximize ηeff while achieving the desired Peff. We apply the proposed model 

to an NPHM composed of nine Ag/SiO2 layers, with the polymer host layer embedded 

with Rhodamine 6G, to maximize ηeff for a specified tenfold increase of Peff. This procedure 

allowed ηeff to be increased by 69% and 170% for one- and two-dimensional nano-

patterning, respectively. Moreover, the time required to build the P and η maps (used in 

the calculation of the decay behavior) is reduced by approximately 96% when compared 

to those numerically calculated via FDTD. This procedure paves the way to the realization 

of new high-speed and efficient light sources for telecommunication applications. 

Key-words: Hyperbolic Metamaterials, spontaneous emission, Purcell factor, quantum 

emitters, homogenization, electromagnetic modelling, quantum efficiency. 
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Resumo 
MOTA, A. F. Modelo e análises de metamateriais hiperbólicos para o controle da taxa de 

emissão espontânea e eficiência de emissores quânticos. Tese (Doutorado), Escola de 

Engenharia de São Carlos, Universidade de São Paulo, São Carlos, 2019. 

 

Nos últimos anos, intensivo esforço tem sido devotado para o estudo de novas método 

para o controla da missão de fótons de emissores quânticos (EQs), especialmente para 

aplicações em telecomunicações. Estes métodos dependem da adaptação da radiação dos 

EQs, geralmente avaliadas por meio das bem conhecidas figuras de mérito, como o tempo 

de meia vida (τ) e a eficiência quântica (η). O controle da emissão de fótons é importante 

pois quanto mais rápido os fótons são emitidos, maior é o número de vezes que o EQ 

retorna ao seu estado excitado por segundo. Portanto, é crucial criar canais de decaimento 

adicionais para reduzir τ, o que necessariamente requer o aumento do fator de Purcell 

(P). Uma das abordagens mais promissoras para aumentar P envolve uma nova classe de 

metamateriais, conhecida como metamateriais hiperbólicos (MHs). Esta classe de 

materiais apresenta pronunciada anisotropia, onde os elementos paralelo e perpendicular 

do tensor de permissividade (em relação ao eixo de anisotropia) apresentam sinais 

opostos, resultando em uma superfície de isofrequência (SI) hiperboloidal aberta (IS). 

Essa forma incomum de SI leva à característica mais marcante dos MHs, a existência de 

modos fotônicos com número de onda (k) muito maior do que aqueles no espaço livre 

(k0), conhecidos como modos alto-k. Ao manipular esses modos, é possível manipular a 

densidade de estados fotônicos (DES) dos MHs, controlando assim os parâmetros de 

radiação do QE. 

A abordagem mais simples para a criação de MHs é por meio de uma pilha plana de 

camadas metálicas e dielétricas alternadas. Entretanto, a espessura finita dessas camadas 

induz a dispersão espacial, tornando a extração de parâmetros efetivos (homogeneização) 

destes meios uma tarefa desafiadora. Neste contexto, propomos nesta tese uma nova 

abordagem de recuperação de parâmetros constitutivos a dispersão espacial de todos os 

parâmetros eletromagnéticos do meio é levada em consideração. Nós demonstramos que 

a parte real da curva de dispersão se aplaina (correspondentemente com uma grande 

parte imaginária) devido à ausência de modos propagantes dentro do metamaterial. Esta 

região plana é fortemente dependente das espessuras das camadas e é uma manifestação 

direta da dispersão espacial Além disso, nós mostramos que se a dispersão espacial não 

for corretamente considerada no processo de homogeneização, o tempo de meia vida do 

EQ pode ser superestimado, o que é prejudicial para aplicações de telecomunicações. 

Além disso, demonstramos como melhorar P por um fator maior que 100 com o uso de 

MHs. a maior parte da potência dissipada pelos EQs são acopladas nos MHs como modos 

de alto-k (que não se propagam no espaço livre). Portanto, a energia é dissipada 

termicamente no interior do MH, resultando em uma redução de η. Alguns autores 
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recorreram a MHs nano-estruturados (MHNE) para converter os modos alto-k em modos 

de espaço livre (k≤k0) visando o aumento de η. No entanto, muitos dos projetos do NPHM 

ainda dependem de simulações numéricas tridimensionais (3D) computacionalmente 

dispendiosas. Assim, também propomos nesta tese um novo método semi-analítico para 

modelar, tanto em duas como em três dimensões (2D e 3D, respectivamente), a emissão 

de radiação de EQs interagindo com estruturas nano-estruturadas. O baixo custo 

computacional deste método faz com que seja atrativo para o mapeamento de P e η em 

função da posição relativa do EQ e do MHNE. Esse mapeamento é uma ferramenta útil 

para entender o comportamento de decaimento de todo o sistema, já que os EQs são 

arbitrariamente distribuídos e orientados dentro do MHNE. A curva de decaimento 

calculada analiticamente permite que a eficiência quântica efetiva do sistema (ηeff) e o fator 

de Purcell (Peff) sejam obtidos diretamente, assumindo múltiplas fontes eletromagnéticas 

arbitrariamente distribuídas. 

Neste sentido, propomos aqui um novo procedimento para otimizar os parâmetros 

geométricos do MHNE visando a maximização de ηeff enquanto Peff é aumentado à um 

valor desejado. Aplicamos o modelo proposto a um MHNE composto por nove camadas 

de Ag/SiO2, com a camada de polímero embutida com Rodamina 6G, visando maximizar 

ηeff para um aumento de dez vezes de Peff. Este procedimento permitiu que o ηeff fosse 

incrementado em 69% e 170% para nano-estruturas uni e bidimensionais, 

respectivamente. Além disso, o tempo necessário para construir os mapas P e η (utilizados 

no cálculo da curva de decaimento) é reduzido em aproximadamente 96% quando 

comparado com os calculados numericamente via FDTD. Este procedimento abre 

caminho para o desenvolvimento de novas fontes de luz de alta velocidade e eficiência 

para aplicações de telecomunicações.   

Palavras-chave: Metamateriais hiperbólicos, emissão espontânea, fator de Purcell, 

emissores quânticos, homogeneização, modelagem eletromagnética, eficiência quântica. 
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1.1 Overview of metamaterials 

Artificially structured materials (or metamaterials) with pre-designed electromagnetic 

properties [1]–[5] have become a new paradigm in the design of electromagnetic 

structures at all frequency ranges, as predicted by Pendry et al. [6]. The easy manipulation 

of the electromagnetic properties of these media has rendered them ideal both for 

scientific and technological applications [1], [6]–[13]. As described by Smith et al. [12], the 

permittivity (ε) and permeability (μ) of these media do not need to arise from the response 

of elementary cells, as in ordinary materials. In metamaterials, these cells are created via 

a collection of macroscopic objects whose dimension and spacing are much smaller than 

the wavelength. Consequently, effective (or homogeneous) ε (εeff) and μ (μeff) arise from 

the scattering properties of these objects [12] (or inclusions), causing metamaterials to 

exhibit properties that are difficult or even impossible to find in nature. The authors in 

[12] also provide an interesting comparison between the homogeneous behavior of 

metamaterials and atomic structures as illustrated in Figure 1.1. In this example it is 

assumed light is propagating through an array of elementary cells of glass (a) and in an 

array of macroscopic atoms in a metamaterial (b). Since the wavelength of light is 

hundreds of times larger than the cell size, the influence of an individual cell on the light 

wave is neglectable. In fact, the wave is influenced by a large ensemble of elementary cells 

that are averaged, resulting in the macroscopic electromagnetic parameters, ε and μ [14]. 

This analysis can be extended to metamaterials as well because, from an electromagnetics 

point of view, any tridimensional array of artificial structures (or macroscopic atoms) 

with dimensions much smaller  than the wavelength (typically <λ/10) can be seen as a 

homogeneous material, as shown in Figure 1.1 (b). Therefore, just by changing the 

geometrical parameters of the “macroscopic atom”, it is possible to manipulate the 

effective parameters εeff and μeff.  

The idea of manipulating electromagnetic parameters of a medium dates back to the end 

of the 19th century, when J. C. Bose used this concept to rotate the polarization state of 

microwave plane waves using twisted fibers [15]. This concept was further explored by 

K. Lindman, who, in 1920, embedded randomly oriented metallic twisted wires (helices) 

with dimensions much smaller than the wavelength (λ0) in a dielectric host medium to 

 

Figure 1.1.  (a) Array of elementary cells in a glass (a) and (b) array of  macroscopic atoms of a 

metamaterial (Based on [13]).  
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create an isotropic artificial chiral medium [16]. Bose and Lindman were pioneers 

exploiting the artificial media concept [1].    

Nevertheless, the first artificial dielectric material without chiral properties was proposed 

by W. E. Kock in 1948 [17] who designed microwave lenses using periodic and sub-

wavelength spheres, disks and strips to control the lenses’ material refractive index (𝑛 =

√휀𝜇). The velocity of the electromagnetic wave propagating through the lenses was easily 

controlled by the size and periodicity of the sub-wavelength elements. This control 

allowed the design of microwave lenses with performance similar to conventional lenses 

using artificial dielectric metamaterials [17]. Kock’s concept was later explored by J. 

Brown in 1952 through an array of small metallic wires to produce a medium with 

refractive index smaller than one [18]. In 1962, W. Rotman used the wire media to 

manipulate the plasma frequency in order to achieve negative εeff [19]. Later, G. Thompson 

exploited this idea to manipulate the medium’s magnetic response (μeff) using ferrite wires 

[20]. The ferrite magnetic response allowed μeff  to be controlled (including negative values 

of μeff) manipulating the wires periodicities and dimensions [20]. Nevertheless, the ferrite 

wire medium proved to be highly lossy, which hindered its application for practical 

purposes.  

A major breakthrough in metamaterials research occurred in 1967, when V. Veselago 

theoretically studied the behavior of electromagnetic waves inside a medium with 

simultaneously negative ε and μ [21]. Veselago showed that if both ε and μ are negative, 

the refractive index (n) is also negative. Consequently, the wavevector (k) and the 

Poynting (S) vector are in opposite direction, as opposed to conventional materials. 

Furthermore, the negative n of such medium results in reverse Doppler and Cherenkov 

effects, as well as a negative refraction, which has been used by Veselago to postulate the 

visionary flat lens [21].  

Although revolutionary, the concept of a medium with negative n as proposed by 

Veselago could not be experimentally implemented at that time because all known media 

with negative μ were highly lossy [20]. Many researches tried to create such media, but a 

major advance on the subject only occurred 29 years after Veselago’s publication. In 1996, 

inspired by the Veselago’s flat lens, J. B. Pendry et al. used periodic thin metallic wires to 

bring the medium’s plasma frequency (fp) down into the GHz range [22]. Pendry showed 

that fp could be tuned by changing the wire dimension and periodicity, resulting in a 

wide-range of permittivity values, from negative (f < fp) to positive values (f > fp) [22]. The 

solution for negative μ was proposed three years later also by Pendry’s group [23], where 

the manipulation of μeff was achieved with two concentric metallic split rings with 

dimensions much smaller than the free space wavelength λ0. These structures, also 

known as split-ring resonators (SRR), can be periodically arranged (as shown in Figure 

1.1 (b)) and designed to behave as magnetic dipoles with resonance frequency (fr) at the 

microwave regime. At fr, μeff changes its sign from positive to negative with low losses 

(solving the attenuation problem of [20]).  Therefore, μeff could be tuned from negative to 

positive values just by changing the SRR geometrical parameters [23]. 

One year after Pendry’s proposal on how to design a medium with negative ε or μ, D. R.  

Smith et al. combined the two approaches to create a medium with ε and μ simultaneously 
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negative , and consequently negative index of refraction [24]. In 2001, R. A. Shelby et al. 

experimentally confirmed Smith’s theoretical predictions producing the first 

metamaterial with negative index of refraction [25]. Although their goal was to present a 

metamaterial with negative n, Shelby’s results also demonstrated that with Pendry’s 

approach it would be possible, in principle, to artificially create materials with any 

desired electromagnetic properties, even properties not found in nature, such as negative 

n.  

The impressive degree-of-freedom allowed by the manipulation of the medium’s 

effective response (εeff and μeff) continues to attract a great deal of attention to the 

metamaterials field, particularly in applications such as antenna designs [26]–[28], 

invisibility cloaks [10], [11], [29], [30], lenses [9], biosensors [7], [31]–[33], imaging [34]–

[36], control of radiation emission [37]–[40], just to cite a few. The increased performance 

of these applications is due to the ability of individually manipulating the metamaterials 

parameters ε and μ, from positive to negative values. The wide range of possible material 

properties allow metamaterials to be organized in five main categories, as seen in Figure 

1.2. The details of each metamaterial category are given bellow: 

• Double Positive Material or DPS (ε>0, μ>0): a medium where both ε and μ are 

greater than zero, corresponding to the first quadrant in Figure 1.2. Most of the 

natural materials are classified as DPS (e.g., dielectric). However, 

metamaterials allow tailoring ε and μ to any desired value, including those not 

found in natural materials.    

• Epsilon Negative Material or ENG (ε<0, μ>0): a medium with ε smaller than 

zero and μ greater than zero. Most metals present negative ε (e.g., silver, gold 

and aluminum) at frequencies bellow fp, which are normally at the optical 

regime. Metamaterials allow the plasma frequency to be tuned so that ε can be 

controlled even in the low-frequency regime, such as microwave and infrared 

[22]. EPS metamaterials are obtained, for instance, by means of wire media 

[22], as shown in the second quadrant of Figure 1.2.     

• Mu Negative Material or MNG (ε>0, μ<0): a medium with μ smaller than zero 

and ε greater than zero. MNG are found in some gyrotropic and naturally 

occurring magnetic materials. Metamaterials allow μ to be varied via tuning 

of the magnetic dipole resonance of its constituents, such as SRRs [23] as 

shown in the fourth quadrant in Figure 1.2.      

• Double Negative Material DNG (ε<0, μ<0): a medium with both ε and μ 

smaller than zero. Until this date, materials with negative ε and μ have not 

been found in nature. DNG metamaterials, resulting in negative n, are applied 

in many applications, such as perfect lenses [9], pulse dispersion control [41], 

[42], and negative refraction (inversion of Snell’s law) [43]. For instance, this 

kind of metamaterial can be realized by combing wire media (ε<0) with SRRs 

(μ<0), as shown in the third quadrant in Figure 1.2.  
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• Epsilon near zero or ENZ (ε≈0): a medium with ε close to zero. This class of 

metamaterials is very interesting because if ε is close to zero, n also gets close 

to zero. Consequently, light propagates with almost no phase  advance [44]–

[46]. This feature is being used in the literature for enhancing the spontaneous 

emission of quantum emitters [40], [46], supercoupling [47], antenna designs 

[48], among others.  

The metamaterials classification shown in Figure 1.2 was proposed by R. W. Ziolkowski 

and N. Engheta in 2006 [1] and is only applied to isotropic metamaterials. Nonetheless, 

new types of metamaterials with anisotropic properties have been proposed since then. 

One special class of such metamaterials is the so called hyperbolic metamaterials (HMM) 

[49], which is the main subject of this thesis. This class of metamaterials has attracted a 

great deal of attention over the past years, particularly at optical frequencies [37] for its 

ability to produce negative refraction [38], [50], hyperlenses [51]–[53], biosensors [32], 

broadband absorbers [54] and, more importantly, to increase the photonic density of 

states of quantum emitters [37], [40], [55]–[58]. HMMs are extremely anisotropic, having 

opposite signs for the parallel and perpendicular components of their permittivity tensor. 

Although the literature is mostly focused on electric HMMs, it has been recently proposed 

a magnetic HMM, a material in which the permeability tensor has elements with opposite 

signs [59]. In this thesis we focus only on the physical properties ruling the behavior of 

electric HMMs and their applications. Therefore, the next session treats the most 

important aspects of these media and how this thesis has contributed to increase the 

knowledge in this research area.  

 

Figure 1.2.  Metamaterials classification (Adapted from [1]).  
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1.1 Hyperbolic Metamaterials 

As mentioned in the previous section, HMMs are extremely anisotropic, having opposite 

signs for the parallel (휀∥) and perpendicular (휀⊥) components of their permittivity tensor 

(ε) [37]. Consequently, these metamaterials present metallic behavior in a given direction 

(the direction presenting negative permittivity) and dielectric behavior in the other (the 

direction presenting positive permittivity). The HMM permittivity tensor (ε) is diagonal 

and written as  

0 0

0 0 ,

0 0

x

y

z







 
 

=  
 
 

ε  (1.1) 

where εx, εy and εz are the permittivity components in x, y, and z directions, respectively. 

The term hyperbolic metamaterial is derived from the hyperbolic (as opposed to 

ellipsoidal or spherical) dispersion profile of its isofrequency surface (IS). Normally, 

HMMs are designed in such a way as to present symmetry in two planes [37] and, 

consequently, two elements of  ε are equal. If the symmetry planes are x-z and y-z, we 

have εx = εy, which are defined as 휀⊥, since these are the elements perpendicular to the 

HMM optical axis. Analogously, εz is parallel to the optical axis and defined as 휀∥.  

Applying these definitions into the Maxwell equations, the HMM’s IS (or dispersion 

surface) is written as [37] 

2 2 2
2

0
,

x y z
k k k

k
 

⊥

+
+ =  (1.2) 

where kx, ky and kz are the wavevector components in x, y and z directions, respectively, k0 

is the free space wavenumber. From (1.2) , if 휀∥휀⊥ > 0 the IS is an ellipsoid (Figure 1.3 (a)), 

while if 휀∥휀⊥< 0 it becomes a one- or two-sheeted hyperboloid. If 휀⊥ > 0 and 휀∥ < 0, the IS 

surface is a two-sheeted hyperboloid (Figure 1.3 (b)), while if 휀⊥ < 0 and 휀∥ > 0 it becomes 

a one-folded hyperboloid (Figure 1.3 (c)). This unusual IS shape leads to the most 

outstanding feature of HMMs, namely, the existence of photonic states with wavevectors 

(k, with modulus k) much larger than those in free space (k0, with modulus k0), resulting 

in a large photonic density of states (PDoS).  This occurs because in conventional materials 

the IS is an ellipsoid where only finite values of k are possible, as seen in Figure 1.3 (a); in 

contrast, an ideal hyperboloid-shaped IS has no upper cut-off for k, meaning it supports 

an infinitely large number of high-k modes [37], as seen in Figure 1.3 (b,c).  

The procedure to obtain metamaterials with hyperbolic dispersion is relatively simple. In 

order to achieve a negative permittivity in a given direction, the electrons must move 

freely along it as in metals [37]. In this sense, two different approaches are normally used 

to experimentally realize this profile. The first is through a planar stack of metal/dielectric 

layers (as can be seen in Figure 1.4 (a)) and the second is through wired medium (as seen 

in Figure 1.4 (b)) [38]. For both approaches, the dimensions of the structures must be much 
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smaller than the wavelength. Moreover, the shape of the hyperboloid (either single- or 

double-sheeted) can be easily controlled by an appropriate choice of wavelength,  

materials and geometry. Although simple to be realized, the extraction of effective 

parameters (homogenization) of metamaterials media has proved to be a challenging task 

[55]–[80]. In the next sub-section, we discuss the metamaterials homogenization 

procedures with focus on the peculiarities of HMMs.  

 

Figure 1.3.  Isofrequency surfaces of (a) an isotropic dielectric ( 휀⊥ = 휀∥ ), (b) a two-sheeted 

hyperboloid (휀⊥ > 0 and 휀∥ < 0), and (c) a one-folded hyperboloid (휀⊥ < 0 and 휀∥ > 0). 

The projection of each isofrequency surface on the plane ky/k0=0 is shown at the 

bottom, where the real and imaginary parts are represented by blue and red lines, 

respectively. The grey area represents the region where it is possible to have low loss 

modes inside the stack. 

 
Figure 1.4.  Hyperbolic Metamaterials. (a) metal-dielectric stack and (b) wire medium.     
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1.1.1 Homogenization of metamaterials 

We begin this subsection by first explaining the main concepts on how to retrieve the 

electromagnetic parameters of metamaterials, followed by the derivation of the 

homogenization procedure of HMMs. The extraction of effective parameters of 

metamaterial media is a difficult task and still the focus of many researches [48], [60], 

[69]–[78], [61], [79]–[85], [62]–[68]. The main difficulty arises from the complex geometry 

of the inclusions used to create these metamaterials, such as Smith’s cell [25], omega cell 

[41], among others [61]-[65]. Most homogenization formalisms are derived from the 

metamaterials’ scattering parameters (S-parameters) [55]-[68], which are easily obtained 

simulating just one cell (using periodic boundary conditions) in commercial softwares 

such as the High Frequency Structure Simulator (HFSS) [86] or Lumerical FDTD [87]. The 

central idea of most parameter retrieval procedures is that the metamaterial cell (as seen 

in Figure 1.5 (a)) must present the same electromagnetic behavior of an effective medium 

with εeff and μeff (as seen in Fig Figure 1.5 (b)). Consequently, both metamaterial and 

effective media must present the same reflection (S11) and transmission (S21) parameters, 

as shown in Figure 1.5. By manipulating Maxwell equations it is possible to determine 

which values of εeff and μeff will produce the same S11 and S21 of the unit cell.    

A critical issue regarding these procedures is that in certain frequency bands εeff and μeff 

have no causal response  [88] (a behavior also observed in [24], [68]). Moreover, the 

frequency dependence of the extracted εeff and μeff vectors does not obey any known 

dispersive material model description, such as Drude and Lorentz dispersive models. As 

a result, it becomes very time consuming to simulate the homogenized structure with 

FDTD method due to the requirement of temporal convolutions of εeff and μeff [89], [90]. 

Fortunately, the computational performance can be improved if one approximates εeff and 

μeff via Drude and Lorentz dispersive models, respectively [64], [91], [92]. This approach 

not only allows the temporal convolutions to be solved analytically, it also produces 

causal homogenized media.  

We have also addressed the issue of non-causal response of homogenized metamaterials 

and proposed an improved homogenization procedure where the homogenized medium 

behaves precisely as the actual metamaterial [93]. This approach utilizes only Drude and 

 
Figure 1.5.  Metamaterials homogenization. The metamaterial cell (a) has the same reflection (S11) 

and transmission (S21) coefficients as its homogenised medium (b).        
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Lorentz dispersive models, allowing it to accurately simulate such media even with two-

dimensional FDTD methods and therefore reducing the computational cost. More details 

on this procedure are described in Appendix A. Although simple to implement, this 

procedure only handles isotropic metamaterials. A leap forward in the modeling of such 

media involves the extraction anisotropic parameters, such as those occurring in HMMs, 

as described next.  

1.1.1.1 Homogenization of hyperbolic metamaterials 

As previously mentioned, HMMs can be obtained either from wire media [38], [94]–[96] 

or from planar stacks of alternating metallic and dielectric thin layers [37], [38], [40], [97]–

[100]. There are several methods in the literature capable of extracting the effective 

parameters of both approaches [74], [75], [84], [85], [76]–[83]. However, planar stacks are 

usually preferred because their dispersion profiles can be easily tuned either by changing 

the materials and thicknesses or the operating wavelength [37]. For this reason, this thesis 

will focus only on layered media. 

The simplest homogenization approach, particularly for layered medium, is to utilize the 

effective medium theory (EMT), proposed by S. M. Rytov in 1956 [83]. Considering a stack 

of alternating metallic (with permittivity εm) and dielectric (with permittivity εd) layers 

with thicknesses l and d, respectively, the effective perpendicular (휀⊥) and parallel (휀∥) 

permittivities are given by [83]: 

( )
,

1
m d

d m
ff ff

 


 
⊥
=

+ −
 (1.3) 

( )1 ,
m d

ff ff  = + −  (1.4) 

where ff is the filling factor given by ff=l/(l+d). In this approach, it is assumed that no 

magnetic response is present on the homogenized media (μ=1). According to [83], (1.3) 

and (1.4) are only valid if the layers thickness is much smaller than the operating 

wavelength (d,l<λ0/10), which cannot be satisfied in some practical situations. In this 

sense, a comprehensive parameter retrieval approach in which the thicknesses are taken 

into account has recently been proposed by Papadakis et al. [81]. The authors also 

observed that the metal/dielectric stack has magnetic responses when the layers 

thicknesses are increased, resulting in the perpendicular ( 𝜇⊥ ) and parallel ( 𝜇∥ ) 

components of the permeability tensor. Unfortunately, this approach assumes that the 

stack exhibits no spatial dispersion (with spatial dispersion being defined as the 

phenomenon whereby the permittivity and/or permeability tensors of the medium 

depend on the wavevector k [81]). Chebykin et al. [78] have shown that when  k >> k0, the 

wavelength (λ) inside the HMM becomes comparable or larger than d and l, therefore 

losing the requirements for a good homogenization (d,l<λ0/10). Therefore, spatial 

dispersion becomes an issue that can no longer be neglected at this condition. The 

importance of taking spatial dispersion into account can be fully understood if, for 

instance, the enhancement of the spontaneous emission rate (Γ) of quantum emitters 

(QEs) is of interest [37], [40], [55]–[58]. The QE emission can be decomposed into a 
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superposition of propagating (k<k0) and evanescent (k>k0) waves. Hence, when placed 

close to the HMM surface, the evanescent field emitted by the QE excites the HMM high-

k modes. Consequently, an accurate calculation of Γ requires the knowledge of the stack 

effective parameters for all values of k (𝜖⊥(𝐤), 𝜖∥(𝐤), 𝜇⊥(𝐤) and 𝜇∥(𝐤)), including those 

whose moduli are much greater than k0.   

In this thesis we address this problem by proposing a new parameter retrieval approach 

in which all electromagnetic parameters of the medium are obtained taking spatial 

dispersion into account [101], described in detail in chapter 2. As in [78], the constraint on 

nonmagnetic metal/dielectric metamaterials is also relaxed. In our approach, we assume 

that for each kx value, the metal/dielectric stack of Figure 1.6 (a) can be equivalently 

represented by the homogeneous, uniaxial anisotropic medium shown in Figure 1.6 (b), 

with both media expected to produce the same scattering parameters (S-parameters). We 

also show that a large |kx/k0| causes the dispersion curve to flatten out (with a 

corresponding large imaginary part being present) as a result of the absence of 

propagating modes inside the metamaterial. This behavior is a direct manifestation of 

spatial dispersion, and if it is not properly considered, Γ can be overestimated. In real 

HMMs, the high-k values induce spatial dispersion and create an upper cut-off for k that 

limits the number of possible high-k modes [101], and consequently the PDoS.  

Next, we discuss one of the main applications for such media, namely, the use of the large 

PDoS to manipulate the radiation parameters of QEs.  

1.1.2 Manipulating radiation parameters of QE 

The most outstanding feature of HMMs is their large PDoS resulting from the large 

number of supported high-k modes. Assessing the full range of PDoS is important 

because the radiation parameters of QEs can be decomposed into a superposition of 

propagating (k<k0) and evanescent (k>k0) waves. Thus, with a proper manipulation of the 

HMMs PDoS it is possible to control the photon emission of these sources. Intensive 

 
Figure 1.6.  Homogenization procedure of a layered medium (a). The layered medium (a) has 

the same reflection (S11) and transmission (S21) parameters as its homogenised 

medium (b) for each kx.        
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research has been focused on the study of new approaches to efficiently extract photons 

from QEs, targeting applications as diverse as lasers [102], LEDs [103], [104], quantum 

sensors [105], quantum communications systems [106], [107] and single-photon-sources 

[108]. In order to understand the HMM’s role in controlling the emission of QE, we first 

need to understand the basic photon extraction mechanism of QEs.   

Quantum emitters can be atoms, molecules, nanoparticles, quantum dots, quantum wells, 

or any “quantum confined system” capable of emitting photons [109]. In this dissertation, 

QEs are considered infinitesimal dipoles governed by the classical electromagnetic 

equations [109]. The mechanisms used by the HMMs to control the radiation of any QEs 

are similar. Thus, understanding the mechanism for one type of source is enough to 

understand the mechanism for any QE. In this sense, imagine a QE in free space, as shown 

in Figure 1.7 (a, top). In this system, a photon with energy E1=hf1 (h is the Plank constant 

and f1 is the excitation frequency) excites an electron of the highest occupied molecular 

orbital (S0) to the lowest unoccupied molecular orbital (S1). The electron remains at S1 for 

a random period (τr) until it decays back to S0, either non-radiatively (knr) due to internal 

 

Figure 1.7. Quantum emitters (top) in (a) free space and (b) close to a structure supporting a 

large number of modes, and their respective energy level diagrams (middle, showing 

excitation and decay routes) and normalized decay curves (bottom). In (a), a photon 

with energy E1=hf1 excites an electron of the highest occupied molecular orbital (S0) 

to the lowest unoccupied molecular orbital (S1). (k1, …, kN, knr, hf2) and (knr, hf2) 

represent the decay routes for a QE in scenario (a) and (b), respectively. (Γ0, τ0) and 

(Γ, τ) are the spontaneous emission rate and the QE lifetime in scenario (a) and (b), 

respectively.   
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vibrations or by emitting a photon with energy E2=hf2 (f2 is the radiation frequency), as 

shown in Figure 1.7 (a, middle). For energy conservation, the frequency of the emitted 

photon must be lower than the excitation photon frequency (f1 > f2), and this frequency 

displacement is called Stokes shift [109]. One of the most important aspects of this process 

is the decay time τr. One approach to quantify the average time required for the electron 

to decay is to excite a large number of QEs at the same time and, at a large distance (larger 

than 10λ0), count the photons radiated by the QEs as function of time. The curve obtained 

with this approach has a negative exponential shape and is defined as the decay curve 

[109]. If normalized by its maximum, the new decay curve g(t) describes the proportion 

of QEs that have not radiated a photon at a given time t, as seen in Figure 1.7 (a, bottom). 

Based on g(t), we can define the lifetime of the QE as the time τ0 required for 1-1/e of all 

QEs to decay, i.e., g(τ0) = 1/e. Furthermore, we can define the spontaneous emission rate 

(Γ) as the proportion of QEs that radiate per unit of time, i.e., Γ=1/τ0. These definitions can 

also be seen in Figure 1.7 (a, bottom). Therefore, we can write g(t) as:  

( ) 0 0- -e e .t tg t 
= =  (1.5) 

The decay behavior of the QE directly impacts its performance in telecommunication 

applications. That is, the longer τ0 is, the lower the number of QEs excitations per second, 

resulting in slower modulation speeds [104] .Therefore, it is crucial to create mechanisms 

to reduce τ0.  One approach is to place the QE close to structures that support a large 

number of modes, as shown in Figure 1.7 (b, top). These modes create additional ‘routes’ 

for the electron to decay from S1 to S0, as shown in Figure 1.7 (b, middle). According to 

Fermi’s golden rule [110], increasing the number of routes decrease the time the electron 

remains at S1 before decaying to S0 (τs). Consequently, the QE lifetime in the proposed 

situation (τs) is reduced (τs < τ0) while the spontaneous emission rate (Γs) is enhanced (Γs 

> Γ0). Figure 1.7 (b, bottom) shows an example of the normalized decay curve if Γ is 

increased by a factor of 5. Note that in this situation, the QEs can be excited 5 times faster 

than if placed in free space (Figure 1.7 (a, bottom)). Thus, the total dissipated power (Ws) 

is also increased by a factor of 5 when compared to the power the QE would radiate in 

free space (W0). In fact, the enhancement factor of the spontaneous emission or power is 

known as the Purcell factor (P) [111],  

0 0

= .s s
W

P
W


=


 (1.6) 

Nonetheless, not all the energy provided by electrons decaying from S1 to S0 are converted 

into radiating photons, since in this scenario part of the energy resulting from this decay 

is coupled into modes of the structure. Consequently, from the total power dissipated by 

the dipole, only part is converted into free space radiation (Wrad) and can be measured at 

the far field. The ratio between Wrad and W is defined as the QE external quantum 

efficiency (η), [111],  

0

1
.rad rad

W W

W W P
 = =  (1.7) 
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Note from (1.7) that in order to increase P and maintain a high η, it is necessary to increase 

Wrad. There are several methods aiming at designing structures capable of increasing P, 

such as photonic crystal cavities [112], [113], dielectric nanoholes [114], nano-antennas 

[115], [116], and HMMs [37], [38]. The use of HMMs is particularly interesting because of 

their simplicity and broadband characteristics [37], [38]. Remarkably, it has been shown 

that the QE’s lifetime can be decreased by a factor of 100 using HMM [38]. Furthermore, 

the use of HMMs for increasing the Purcell factor of QE has been experimentally 

supported in the literature [37]–[40], [97]–[100]. However, these researchers focused only 

on decreasing τ, without investigation its influence on η.  

In this thesis, we study the influence of the HMM on the QE’s P and η. For practical 

reasons (that will be explained later on in this thesis), we target the fluorescent molecule 

Cyanine 7 (Cy7), which is a well-known fluorescent molecule mainly used for medical 

applications [117]–[119] with emission at 773 nm. We show that although the HMM is 

capable of increasing P by a factor greater than 100, η in contrast can be much lower than 

1%. Furthermore, as the QE is moved farther from the HMM surface, P decreases and η 

increases. As result, the QEs with low P can have a higher contribution to Wrad, therefore 

reducing the system’s effective Purcell factor (Peff).  

The low η is a consequence of W being mostly coupled into the HMM as lossy high-k 

modes, preventing them from propagating into free space [37], [38], [40], [97]–[99]. 

Consequently, the energy of these modes is mostly thermally dissipated inside the HMM, 

reducing the QE’s η. Aiming at increasing η, some authors have resorted to nano-

patterned HMMs (NPHM) to convert high-k modes into free space modes (k≤k0), [33], [48]-

[50], [109]–[118], as seen in the next sub-session.  

1.1.3 Grating-assisted radiation emission of quantum emitters  

The use of diffraction gratings considerably increases the power emitted by the QEs as 

propagating waves while still maintaining a high Purcell factor. Several types of gratings 

and nano-patterned structures have been used to increase η. For instance, in [55], [103], 

[125]–[127] the authors have used a patterned HMM surrounded by QEs (as shown in 

Figure 1.8 (a)), while in [128], [129] the QEs are used inside the patterned HMM (Figure 

1.8 (b)). Metallic or dielectric gratings on top of the HMM have also been used for this 

purpose, such as in [124] where the QEs are used at the bottom of the HMM (Figure 1.8 

(c)), or in [57], [120], [121] where they are used inside the HMM (Figure 1.8 (d)). Some 

aspects of each system are outlined as follows: 

• Figure 1.8 (a): in this design, the HMM is first patterned and then a polymer 

film embedded with QEs is deposited on top of the structure. The excitation of 

the QEs is performed from the top layer.  Regarding the QEs properties, P 

decreases as the QE is moved away from the HMM surface while Wrad does not 

change considerable. As explained earlier, this causes a reduction in the 

system’s effective P.  
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• Figure 1.8 (b): differently from (a), the layers containing the QEs are deposited 

in the middle of the HMM. Furthermore, the layer embedded with QEs is also 

patterned in the same manner as the HMM. The excitation of the QEs can be 

performed from the top or bottom layer, but the power required is higher 

when compared to the system shown in (a). Regarding the QEs properties, P 

is high and almost constant inside the film since they are bounded by HMMs. 

However, Wrad is very low in this scenario because light needs to get through 

the HMM. Consequently, the system’s effective P is high but η is very low.  

• Figure 1.8 (c): in this design, the HMM with the gratings on its top is fabricated 

over a polymer embedded with QEs. The excitation of the QEs is performed 

from the substrate and requires low power. Regarding the QEs properties, P 

decreases exponentially as QE is moved far from the HMM surface, which is 

due to the low power of evanescent fields that couple into the HMM high-k 

modes. This also results in an exponentially decay of Wrad as the gratings 

convert the high-k modes into free space modes. Consequently, the system’s 

effective P is high and η is low.  

• Figure 1.8 (d): in this design, the polymer film embedded with QEs is located 

between the HMM layers with the grating on top of the structure. As in (b), it 

requires more power to excite the QEs. Regarding the QEs properties, both P 

 
Figure 1.8. (a) Nano-patterned HMM surrounded by QEs [55], [103], [125]–[127]. (b) QEs inside 

the patterned HMM [128], [129]. (c) Grating on top of the HMM with the QEs 

embedded in the bottom layers [124]. (d) QEs inside the HMM [57], [120], [121]. 
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and Wrad are almost constant in the film since they are bounded by HMMs. 

Consequently, the system’s effective P is high and η is higher than that shown 

in (c). Nevertheless, the fabrication of this structure is more challenging.     

As can be seen, all types of nano-patterned HMMs have advantages and disadvantages, 

and as such they need to be carefully chosen for the required application. Regardless the 

chosen geometry [33], [48]-[50], [109]–[118], the authors resorted to numerical 

simulations, such as FDTD and FEM, to optimize the HMM geometrical parameters. 

Besides being computationally costly, numerical simulations do not provide clear-cut 

insights on how the gratings affect the QEs’ behavior.  

In this context, we propose in this thesis a semi-analytical method that can be successfully 

applied to the design of diffraction gratings aimed at optimizing the conversion of high-

k modes into propagating modes. In addition, this method directly provides the QE’s 

PDoS, which is a computational costly task if carried out numerically. Both 2D and 3D 

configurations are examined, with the former being used for the grating optimization 

procedure due to its lower computational cost. The structure is implemented in the 3D 

model only after the optimum grating parameters have been obtained. Although the 

proposed method can be applied to any nano-patterned structure, and, due to its 

advantages, we assume the one shown in Figure 1.8 (c).  

Another advantage of the semi-analytical model is the reduced computational burden to 

obtain P and Wrad as function of the QEs and grating relative position, highlighting the 

behavior of each QE to the system. Moreover, this mapping is an important tool for the 

understanding of the decay behavior of the whole system [55], [114] since in most 

applications the QEs are randomly positioned inside the polymer [55], [57], [103], [120], 

[121], [125]–[129]. Many authors have treated the decay behavior by fitting g(t) as a sum 

of exponentials [121], [126], [130], which does not accurately represent the overall 

behavior of the system. Therefore, to the best of our knowledge, a semi-analytical method 

that precisely calculates g(t) of a uniform distribution of QEs is a welcome tool to the 

scientific community and is fully addressed in this thesis.   

There have been prior generic semi-analytical techniques proposed to calculate the 

electric field radiated by dipoles inside anisotropic stratified media [131], [132], 

nevertheless, as far as the authors are aware, the approach shown in this thesis is the first 

semi-analytical procedure tailored for accurate calculation and optimization of the 

emission pattern and the Purcell factor of QEs under a nano-patterned structure, such as 

grating assisted HMMs. This method, along with its main results, has been published in 

[124].  

Despite being the first semi-analytical model for the analysis of the quantum emitters 

radiation emission in grating-assisted HMMs (regardless of the grating geometry), this 

method can only be applied to systems where the QEs are embedded in the substrate, 

such as in Figure 1.8 (c)  However, in order to cover all situations shown in Figure 1.8, we 

have improved the proposed method even further, as described in the next sub-section. 
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1.1.4 General approach for calculating the radiation emission of QEs 

inside bounded hyperbolic metamaterials 

Aiming at solving all situations depicted in Figure 1.8, we have extended our previous 

semi-analytical approach to calculate, both in two and three dimensions (2D and 3D), all 

radiation parameters of a QE embedded in a generalized nano-patterned HMM. This 

method allows multiple electromagnetic sources arbitrarily distributed in the cover, 

substrate, and any inner layer to be used simultaneously. The flexibility of placing the 

source inside any layer (nano-patterned or not) allows us to very efficiently obtain the 

radiation emission parameters of any previously published HMM/source configuration 

shown in Figure 1.8. The low computational cost of our approach makes it attractive for 

optimizing the NPHMs geometrical parameters that maximize η for a desired Γ. 

Furthermore, we suggest a more realistic procedure to calculate the decay behavior of 

multiple QEs arbitrarily distributed in the NPHM. This calculation is only possible with 

the knowledge of Γ and η mapped for all possible positions of the QEs, which is easily 

achieved with the proposed model. In addition to increase η the time required to build 

the Γ and η maps (used in the calculation of the decay behavior) is reduced by 

approximately 96% when compared to those numerically calculated via FDTD. 

1.2 Objectives of this thesis 

There has been an arduous work over the past few years in searching new approaches to 

efficiently decrease the lifetime of QEs while maintaining a high quantum efficiency using 

HMM. However, there are several aspects of this new technologies that are still unsolved 

as pointed out in previous discussions. In this way, this doctoral thesis contributes to this 

area by investigating the two following problems: homogenization of HMM with spatial 

dispersion analysis; characterization of the radiation parameters of QEs inside nano-

patterned HMM by means of the development of novel and efficient semi-analytical 

modelling methods.  Henceforth, the original contributions of this thesis are briefly 

outlined as follows: 

I. New parameter retrieval approach in which all electromagnetic parameters of 

a biaxial anisotropic medium are obtained taking spatial dispersion into 

account. The constraint on nonmagnetic metal/dielectric hyperbolic 

metamaterials is also relaxed. We investigate different metal/dielectric stacks 

and show that all of them have a clear magnetic response, particularly for 

thicker layers. We also show that a large |kx/k0| causes the dispersion curve to 

flatten out (with a corresponding large imaginary part being present) as a result 

of the absence of propagating modes inside the metamaterial. This behavior is 

a direct manifestation of spatial dispersion. We show that, if spatial dispersion 

is not properly taken into account the Purcell factor is overestimated. Our 

approach shows excellent agreement with the accurate Purcell factor 

calculation of [109] used as benchmark. 
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II. A novel semi-analytical method that can be successfully applied to the design 

of diffraction gratings aimed at optimizing the conversion of high-k modes into 

propagating modes. In addition, this method directly provides the QE’s PDoS, 

which is a computationally costly task if carried out numerically. Both 2D and 

3D configurations are examined, with the former being used for the grating 

optimization procedure due to its lower computational cost. The structure is 

implemented in the 3D model only after the optimum grating parameters have 

been obtained. The proposed HMM design assumes that QEs are embedded in 

the substrate since the amount of power necessary to excite them is reduced in 

this case [39], [57], [121]–[123], [128], [129]. As a result, the QEs closer to the 

HMM surface emit more power to the far field, contributing to the decrease of 

the system’s lifetime. In addition, the proposed method facilitates the grating 

design, which is useful for controlling the QEs’ emission directivity. Another 

advantage of this method is the reduced computational burden to obtain the 

Purcell factor and the radiated power as function of the QEs and grating 

relative position, highlighting the behavior of each QE to the system.  

 

III. A generalized semi-analytical model to calculate, both in 2D and 3D, all 

radiation parameters of any source (including QEs modelled as dipoles) 

embedded in any layer of a nano-patterned stratified medium (NSM). 

Moreover, this method also allows multiple electromagnetic sources arbitrarily 

distributed in the cover, substrate, and any inner layer to be used 

simultaneously. The flexibility of placing the source inside any layer (nano-

patterned or not) allows us to obtain the radiation emission parameters for all 

situations depicted in Figure 1.8. The radiation parameters are mapped here as 

function of the QE and NPHM relative position, which is facilitated by the 

method’s low computational cost. 

 

IV. A new semi-analytical method to precisely calculate g(t) of a uniform 

distribution of QEs. This approach is only possible with the knowledge of P 

and Wrad as function of the QEs and grating relative position, which are easily 

obtained from both semi-analytical models proposed in this thesis. The 

analytically calculated g(t) allows the system’s effective quantum efficiency 

(ηeff) and emission rate (Γeff) to be directly obtained assuming multiple arbitrarily 

distributed electromagnetic sources inside the NPHM. In this sense, we also 

propose here a new procedure to optimize the NPHM geometrical parameters 

to maximize ηeff while achieving the desired Γeff.    

 

1.3 Organization of the Thesis 

This thesis is organized as follows:  

Chapter 2 provides the method to retrieve the electromagnetic parameters of biaxial 

anisotropic metamaterials considering spatial dispersion. The chapter lays out the 
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mathematical formalism of the proposed parameter retrieval approach. Then we analyze 

different metal/dielectric stacks as a function of the metal thickness and fill factor. We also 

discuss the role of the number of layers on the performance of the parameter retrieval 

approach. Later, we deal with the calculation of the Purcell factor, showing a comparison 

between the results obtained both with the EMT and with our approach. Finally, we 

present some concluding remarks about the homogenization procedure. 

Chapter 3 presents the main design concepts of HMMs and the mathematical formalism 

to calculate P and η of a QE embedded in a bounded media. Then the proposed model is 

applied to the analysis of the QE electromagnetic behavior inside the host layer. In 

sequence, a uniform distribution of QEs is assumed inside the host layer so that the 

mathematical formalism for the computation of g(t) can be obtained. Finally we describe 

the influence of the host film thickness on g(t).  

Chapter 4 introduces the semi-analytical formalism to calculate in 2D and 3D the 

radiation parameters of QEs placed close to nano-patterned structure. The chapter begins 

presenting the mathematical formalism. Next, we apply our optimization procedure to a 

metallic grating placed on top of an alternating Ag and titanium dioxide TiO2 layers. We 

begin the analysis with the 2D optimization of the grating structure, followed by the 3D 

simulation carried out with the optimized parameters. The figures-of-merit are the 

radiation pattern and the Purcell factor, both as function of the QE position. Finally, we 

present some concluding remarks about the semi analytical model. 

Chapter 5 presents a general semi-analytical model to calculate, both in two and three 

dimensions (2D and 3D), all radiation parameters of any electromagnetic source type 

(including QEs modeled as dipole) embedded in any layer of a NSM. Moreover, this 

model also allows two additional sources, one at the top and other at the bottom layer, to 

be used simultaneously. The flexibility of placing the source in any layer, nano-patterned 

or not, allows us to calculate the radiation emission parameters of any previously 

published HMM/source configuration shown in Figure 1.8.  

Chapter 6 presents the conclusion remarks highlighting the original contributions of this 

thesis to the metamaterials scientific community. Furthermore, we also show the future 

perspectives to be explore by the PhD candidate during his post-doc.  
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2.1 Chapter 2 - Introduction 

In this chapter, we propose a new parameter retrieval approach in which all 

electromagnetic parameters of the medium are obtained taking spatial dispersion into 

account. This approach is from hereon named a complete parameter retrieval approach, 

or CPR. As in [78], the constraint on nonmagnetic metal/dielectric metamaterials is also 

relaxed. We investigate different metal/dielectric stacks and show that all of them have a 

clear magnetic response, particularly for thicker layers. We also show that a large |kx/k0| 

causes the dispersion curve to flatten out (with a corresponding large imaginary part 

being present) as a result of the absence of propagating modes inside the metamaterial. 

This behavior is a direct manifestation of spatial dispersion. The impacts of the spatial 

dispersion in the calculation of the Purcell factor of Rb atoms 10 nm above the HMM 

surface for the emission wavelengths of 422 nm and 780 nm (Rb emission wavelengths) 

is also investigated. The results are compared with three different approaches, namely, 

the accurate result considering the actual non-homogenized geometry, the approach in 

[15], and the EMT approach. We show that if spatial dispersion is not properly taken into 

account the Purcell factor is overestimated. In contrast the CPR approach shows excellent 

agreement with the accurate Purcell factor. 

This chapter is organized as follows: In Section 2.1 and 2.2 we lay out the mathematical 

formalism of the proposed parameter retrieval approach and how to calculate the Purcell 

factor, respectively. In Section 2.3 we analyze different metal/dielectric stacks as a 

function of the metal thickness and fill factor. We also discuss the role of the number of 

layers on the performance of the parameter retrieval approach. Section 2.4 deals with the 

calculation of the Purcell factor, showing a comparison between the results obtained both 

with the EMT and with the CPR approach. Finally, Section 2.5 presents some concluding 

remarks 

Part of the work presented in this chapter has been published as: 

A. F. Mota, A. Martins, J. Weiner, F. L. Teixeira and B.-H. V. Borges, “Constitutive 

parameter retrieval for uniaxial metamaterials with spatial dispersion,” Physical Review 

B, vol. 94, 115410, 2016. The copyrights permission is found in Annex 1 of this thesis.  
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2.2 Mathematical Formalism 

The CPR approach assumes that the metal/dielectric stack of Figure 2.1 can be 

equivalently represented by the homogeneous, uniaxial anisotropic medium shown in 

Figure 2.2, with both media expected to produce the same scattering parameters (S-

parameters). The present approach works as follows: we first calculate the S-parameters 

for both structures in Figure 2.1 and Figure 2.2 (see subsections 2.2.1 and 2.2.2), and then 

we combine the corresponding equations (subsection 2.2.3) so that expressions for the 

permittivity and permeability tensor components of the homogenous medium can be 

obtained. The procedure is carried out for both TE and TM polarizations simultaneously, 

since the extracted parameters are assumed to be the same for both polarizations. This 

allows us to relax the constraint on nonmagnetic metal/dielectric metamaterial. 

2.2.1   S-Parameters of the Metal-Dielectric stack 

The extraction procedure begins with the calculation of the S-parameters for both 

polarization, TE (𝑆11
𝑠 , 𝑆21

𝑠 ) and TM (𝑆11
𝑝 , 𝑆21

𝑝 ) of the metal-dielectric stack with dielectric 

thickness d and metal thickness l (Figure 2.1). The CPR approach assumes the stack as 

symmetric so that S11 = S22 and S21 = S12. As a result, and in order to keep the fill factor 

ff=l/(l+d) unchanged, the thickness of the first and last layers of the stack must be half the 

metal thickness (l/2). Considering a stack of N layers, with metal and dielectric relative 

permittivities εm and εd, respectively, the S-parameters are obtained as follows [133]: 
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Figure 2.1. Metal/dielectric stack with incident wave impinging on the surface from the left. Part 

of the incident wave is reflected (S11) and part is transmitted (S21). The metal and 

dielectric thicknesses are l and d, respectively. 
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where the index χ are equal to s or p for transversal electric (TE) or magnetic (TM) 

polarization, and 
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with εl=εm (for i odd) or εl=εd (for i even), 𝑘𝑧
𝑖  is the wavevector in the z direction inside the 

ith layer, and di is the thickness of the lth layer (with d1=dN=l/2).  

The parameter extraction is performed as a function of the wavevector in the x direction 

(kx) in order to visualize the effects of the spatial dispersion in the HMM. This choice is 

justified since the boundary conditions for kx require this wavevector to be the same 

(phase matching) in all layers of the stack (Figure 2.1) and inside the anisotropic 

metamaterial (Figure 2.2). As such, 𝑘𝑧
𝑖  can be calculated from the following relation 

2 2

0

i

z i x
k k k= −  (2.6) 

 
Figure 2.2. Equivalent homogenous anisotropic medium. 
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2.2.2 S-Parameters of the Anisotropic Medium 

The next step consists in calculating the S-parameters of the metal/dielectric stack, treated 

here as a homogeneous and anisotropic slab with thickness t (Figure 2.2). The relative 

permittivity and permeability tensors of an anisotropic media can be written as 𝛜 =

diag[휀𝑥, 휀𝑦, 휀𝑧] and 𝛍 = diag[𝜇𝑥 , 𝜇𝑦, 𝜇𝑧], respectively. Due to the symmetry of the stack 

(Figure 2.1), it follows that εx=εy=ε⊥, εz= ε//, μx=μy=μ⊥ and μz= μ//.  We start with the wave 

equations for Electric (𝐄) and Magnetic (𝐇) fields which are written, respectively, as 

( ) ( )  ( ) ( )
1 2

0
, , , , 0,k   

−
   + = k μ k k E k ε k E k  (2.7) 

( ) ( )  ( ) ( )
1 2

0
, , , , 0.k   

−
   + = k ε k k H k μ k H k  (2.8) 

In the remaining equations the (𝐤,𝜔) dependence is omitted for the sake of simplicity. 

Since the anisotropic medium is uniaxial, the TE (Ey, Hx, Hz) and TM (Hy, Ex, Ez) solutions 

can be decoupled. Therefore, the solutions of (2.7) and (2.8) for TE and TM polarizations 

are, respectively 

( )j

0
e ,

s s
z xz x

y
E E

 +
=

 
(2.9) 

( )j

0
e

s s
z xz x

y
H H

 +
=

 
(2.10) 

where E0 and H0 are the amplitudes of the electric (TE) and magnetic (TM) fields; 𝛽𝑧
𝑇𝐸 , 

𝛽𝑥
𝑇𝐸 , 𝛽𝑧

𝑇𝑀, and 𝛽𝑥
𝑇𝑀 are the z and x components of the wavevector. After substituting (2.9) 

 
Figure 2.3. Diagrams show field components incident on the interface between air and a 

homogenous, anisotropic medium for (a) TE and (b) TM polarizations 
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into (2.7) and (2.10) into (2.8), the dispersion relations for TE and TM modes, respectively, 

become 

( ) ( )
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(2.12) 

We should note that spatially dispersive media often necessitate additional boundary 

conditions (ABCs) according to the specific type of spatial dispersion model assumed [75], 

[134]–[139]. In particular, ABCs are invoked in the most common spatial dispersion 

model, viz. the isotropic1 hydrodynamic Drude model [140] and its variants, since this 

model supports longitudinal modes, which calls for enforcing either the normal 

component of current density to be zero at the material interface (in models supporting 

eddy currents [140]), or for enforcing both the normal and tangential current components 

to be zero at the material interface (in models not supporting eddy currents [141]).  

Here, spatial dispersion is treated not from a first-principles hydrodynamic model but 

instead as a direct consequence of an S-parameter extraction, homogenization, and 

inversion procedure. In particular, we do not invoke an isotropic spatially dispersive 

model, but extract optical parameters from a homogenized, highly anisotropic (uniaxial) 

material by an inversion procedure of S-parameters determined by the application of 

conventional boundary phase-matching conditions to a periodic stack of alternating 

metal and dielectric slabs. Optical excitation in a frequency regime far below collective 

polariton resonances, where the extra transverse and longitudinal wave amplitudes are 

negligible [134], [135], permit the application of conventional phase-matching conditions 

at surfaces to determine the effective medium parameters2. A similar procedure has been 

applied previously [142].  

Next, we calculate the reflection and transmission coefficients for both TM and TE 

polarizations as depicted in Figure 2.3 (a) and (b), respectively. In both polarizations, the 

incident wave travels in air from the left with wavevector components kx and kz (given by 

(6) with εp = 1). The incident wave (superscript i) gets partially reflected (superscript r) 

and partially transmitted (superscript t) into the anisotropic medium. As a result, after 

imposing the continuity of tangential components on the interface, the following set of 

equations is obtained for both TE and TM polarizations 

                                                             

1 Despite being typically represented in tensorial form, the hydrodynamic Drude model is isotropic since the two terms 

of the tensor expression represent longitudinal and transverse permittivity expression with respect to the propagation 

vector, and not to any preferential direction of space. 

2 On the subject of ABCs, we should note in passing that ABCs are also necessitated in some types on anisotropic spatially 

dispersive media obtained from homogenization procedures such as wire media [75]. However, in such media the 

required ABC is again for the normal component of current density to be zero at the metamaterial interface because of 

the existence of longitudinal current modes along the metal wires. In our problem, the metal layers are transverse, and 

as such, longitudinal currents modes are not supported, obviating the need for such condition. 
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where Rχ and Tχ are the reflection and transmission coefficients, respectively, A is 

assumed as E (for TE) or H (for TM), B is assumed as H (for TE) or -E (for TM), and υ is 

assumed as μ (for TE) or ε (for TM). The boundary relationships impose the following 

relation: 

.ps

x x x
k  = =  

(2.14) 

With the help of the boundary relationships for the tangential field components, the 

following equations for Rχ and Tχ are obtained, 
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where υ assumes μ for TE or ε  for TM polarization. Once the transmission and reflection 

coefficients are calculated, the scattering parameters for the slab of a homogeneous and 

anisotropic media with thickness t can be obtained as follows [68]: 
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2.2.3 Extraction of the Constitutive Parameters from the S-Parameters 

of the Slab 

At this point, both the S-parameters of the stack (Figure 2.1) and of its homogenized slab 

(Figure 2.2) have been obtained. In order to extract the constitutive parameters, equations 

(2.18) and (2.19) must be solved for 𝛽𝑧
𝛥  and ZΔ as functions of S11 and S21. Thus, after 

inverting (2.18) and (2.19) we get [61],  

( ) ( )

( ) ( )
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where the sign of (2.20) is chosen so as to satisfy Re{Zχ}>0, and n is an integer obtained 

via the phase unwrapping method [63]. Thus 𝜇⊥  and 휀⊥  are obtained from (2.17) as 

follows, 
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Finally, using (2.11) and (2.12), the remaining parameters 𝜇∥  and 휀∥   are obtained as 

follows 
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Figure 2.4. Diagram shows the algorithm for extracting constitutive parameters. 
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The algorithm for the extraction of the constitutive parameters of a metamaterial is 

diagrammed in Figure 2.4. 

2.3 Purcell factor 

As mentioned before, the most outstanding feature of hyperbolic metamaterials is the 

existence of photonic states with wavevector (k) much larger than the free space 

wavevector (k0). These high-k modes can be excited, for instance, by placing a dipole close 

to the HMM surface [143]. Since the dipole radiation is a superposition of propagating 

(kx≤k0) and evanescent (kx≥k0) waves, if the dipole is sufficiently close to the surface its 

evanescent waves will couple to the high-k states of the HMM. This characteristic is 

extremely important for the enhancement of the Purcell factor [37], [40], [55]–[58]. This 

approach (using hyperbolic metamaterials) is different from the method normally used 

in the literature, that involves cavities [144], [145], photonic crystals [146], dielectric 

nanoholes [114], nano-antennas [115], [116]. In addition [147], the HMM is the only 

method which allows the enhancement in a broadband [37], [122], [148].  

In order to better understand the Purcell factor, imagine a QE excited to a higher energy 

level, it will eventually decay emitting radiation in a certain wavelength. This radiation 

can be modulated positioning the atom above a reflecting surface. The surface reflects 

part of the energy, which can interact either constructively or destructively with the 

emitted radiation of the QE, depending on the distance of the QE to the surface and also 

on k. This interference creates preferential decay channels (k values) that may contribute 

to a higher dissipation power of the atom to these k states [3], [9]-[12]. 

When the atom is positioned above conventional materials (dielectric or metallic), the 

number of modes allowed for the atom to decay is reduced. In contrast, HMMs support 

high-k states that greatly increase the PDoS allowing the atom to decay faster [37], [40], 

[55]–[58]. To better understand this effect, consider a dipole at a distance d from a surface 

with reflection coefficient 𝑆11
𝑝  for TM modes and 𝑆11

𝑠 for TE modes, as seen in Figure 2.5.  

 
Figure 2.5. Diagram illustrating the radiation of a dipole at a distance d from the surface. Note 

that the magnitude of the reflected wave is polarization dependent (TE or TM). 
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To calculate the QE decay modes, we can use the normalized power dissipated by the 

dipole as a function of the parallel component of the wavevector (kx). The QE above the 

surface are randomly distributed, thus, the electric dipole can be oriented perpendicular 

(z-axis) or parallel (x- and y-axes) to the HMM surface. Therefore, the normalized 

dissipated power density (normalized with respect to the power dissipated by a QE 

decaying in free space) can be calculated for each orientation as follows [149]: 
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where 𝑊⊥and 𝑊∥ are the dissipated power when the dipole is oriented perpendicular or 

parallel to the HMM surface, respectively, and W is the total power dissipated by the QE. 

In [149], the authors show that it is possible to increase the radiation of an QE by a factor 

of 100 when the atom is positioned 10 nm above a HMM. The total normalized dissipated 

power can be calculated via the integration of the normalized dissipated power density. 

As a result of being normalized with respect to the dissipated power in free space, if 

𝑆11
𝑝 =𝑆11

𝑠 =0 (representing free space), the result of the integral will be one. Therefore, 

assuming the dipole is positioned above the surface, the dissipated power will be 

equivalent to the relation between the dipole dissipated power to the power it would 

dissipate if it was in free space. This relation is formally known as the Purcell factor. The 

Purcell factor (P) is calculated as follows: 
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As can be seen in (2.26)-(2.31), the Purcell factor is highly dependent on the parallel 

component of the wavevector (kx), justifying the retrieval parameters proposed in this 

chapter. Furthermore, an interesting analysis is to separate the contributions of the energy 

that is radiated to free space from those which are evanescent. The evanescent emission 

can only propagate in the HMM, therefore most of the energy emitted by the dipole in 

this region (kx > k0) is coupled to the HMM high-k modes. In some applications, it is 

interesting to couple all the energy emitted by the dipole to the far field. The Purcell factor 

due to the radiative energy of polarization α (α can be ⊥ or ∥) (𝑄𝛼 ) can be calculated 

respectively by 
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The external quantum efficiency (η) of the QE is the ratio of 𝑄𝛼  and 𝑃𝛼 ,   

.
Q
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 =  (2.33) 

2.4 Results 

The most outstanding feature of hyperbolic metamaterials is the existence of photonic 

states with wavevector (k) much greater than the free space wavevector (k0). These high-

k modes can be excited, for instance, by placing a dipole close to the HMM surface [143]. 

Since the dipole radiation is a superposition of propagating (kx ≤ k0) and evanescent (kx ≥ 

k0) waves, if the dipole is sufficiently close to the surface its evanescent waves will couple 

to the high-k states of the HMM. Consequently, it becomes crucial to understand the 

electromagnetic behavior of the HMM for all possible range of kx. According to [81], 

whenever the parameter extraction is carried out in the region of low kx (kx ≤ k0), the spatial 

dispersion does not really constitute a problem. However, kx ≥ k0 implies lower effective 

wavelengths inside the HMM thus making spatial dispersion a subject requiring further 

investigation. The CPR approach takes this problem into consideration and explores three 

different cases to highlight its influence on the extracted parameters, namely: the effect of 

the layers' thickness, the effect of the number of layers and, finally, the effect of the 

metal/dielectric composition. This will allow us to clearly show how the spatial dispersion 

behavior for high values of kx is manifested. 

2.4.1 Influence of the Dielectric Thickness 

In this section, we investigate the effect of the dielectric thickness on the extracted 

parameters obtained with three different approaches, namely: the EMT (solid line, stars), 

the approach in [81] (dashed lines, hollow symbols), and the CPR approach (solid lines, 

full symbols). The EMT has been widely used in the literature to calculate the 

electromagnetic parameters of metal/dielectric stacks [83], and assumes that the dielectric 

and metal thicknesses are much smaller than the wavelength. In [81], the authors 

restricted their results to the region kx ≤ k0. For the sake of comparison, we have 

extrapolated their approach for cases with kx ≥ k0. 

In the examples discussed in this section, two different metallic filling factors are 

considered, i.e., ff=0.1 and ff = 0.3. The wavelength is 780 nm, the dielectric is TiO2 (εd = 

6.3752), the metal is Ag (εm = -29.36 + 0.35j), and the number of layers is 21. Figure 2.6 

shows the extracted parameters of the Ag/TiO2 stack for ff = 0.1. The real and imaginary 

parts of 휀⊥, 휀∥, 𝜇⊥ and 𝜇∥ are shown in Figure 2.6 (a-h) for d = 15 nm (squares), d = 30 nm 

(circles) and d = 45 nm (triangles). For the results obtained with the EMT approximation 

it is assumed μ = 1. Note that since ff is constant, the permittivity obtained with the EMT 



 

 2.4. RESULTS 

33 

is invariant to k. In addition, Figure 2.6 (e,g) show that the assumption of μ = 1 is actually 

valid only for small values of d. The soundness of the CPR approach can be further 

verified by noting that 휀⊥ and 휀∥ tend to those of the EMT when the dielectric thickness is 

very small (which is actually the condition for the EMT approximation to be valid). In 

[81] the authors consider 휀⊥  and 𝜇⊥  as constants for any value of kx, justified by the 

absence of spatial dispersion (Figure 2.6 (a,b) and (e,f), dashed lines, hollow symbols).  

Considering the interval |kx/k0| < 1, we notice that 휀∥  and 𝜇∥  present little variation, 

meaning that spatial dispersion is small in this region (Figure 2.6 (c,d) and (g,h), dashed 

lines, hollow symbols). However, even in the interval |kx/k0| < 1 the parameters extracted 

with [81] do not agree with those predicted with the CPR approach, especially for thicker 

 
Figure 2.6. Real (Left column) and imaginary (Right column) parts of the extracted 

electromagnetic parameters of a layered medium of Ag/TiO2 with ff = 0.1 for 

dielectric thickness of 15 (squares), 30 (circles) and 45 nm (triangles) for [81] (dashed 

lines, hollow symbols) and the CPR approach (solid lines, full symbols). (a,b) 휀⊥, (c,d) 

휀∥ , (e,f)  𝜇⊥  and (g,h)  𝜇∥ . The EMT (solid line, stars) results are also plotted for 

comparison. The inset in (c,d) shows the full magnitude of the real and imaginary 

parts of 휀∥,  for the 45 nm case of [81]. 

 

 

 



CHAPTER 2 -  

HOMOGENIZATION OF UNIAXIAL ANISOTROPIC METAMATERIALS 

34 

dielectric layers. Yet, if 휀⊥  and 𝜇⊥  are assumed constant, 휀∥  and 𝜇∥  will be incorrectly 

calculated because even small perturbations in 휀⊥ and 𝜇⊥ can cause large variations on 

(2.24) and (2.25). By analyzing the results of the CPR approach, it becomes clear that all 

electromagnetic parameters vary with kx, which characterizes spatial dispersion. In 

addition, spatial dispersion is so critical that it can even cause 휀⊥ and 휀∥ to change sign 

(|kx/k0| = 11.9 for 휀∥ and |kx/k0| = 10.8 for 휀⊥, see the plotted triangles curve in Figure 2.6 

for d = 45 nm). When a sign change occurs, the losses increase very rapidly, and the 

incident wave interacts almost entirely with the initial layers of the stack. For this reason, 

the higher the |kx/k0| ratio, the more the extracted parameters will tend toward those of 

the first layer (metal in this case). Furthermore, notice that the magnitude of the imaginary 

part of 휀⊥ decreases rapidly for |kx/k0| > 10.8, while that of 휀∥ grows very quickly in the 

 
Figure 2.7. Real (Left column) and imaginary (Right column) parts of the extracted 

electromagnetic parameters of a layered medium of Ag/TiO2 with ff = 0.3 for 

dielectric thickness of 15 (squares), 30 (circles) and 45 nm (triangles) for [81] (dashed 

lines, hollow symbols) and the CPR approach (solid lines, full symbols). (a,b) 휀⊥, (c,d) 

휀∥ , (e,f), 𝜇⊥  and (g,h) 𝜇∥ . The EMT (solid line, stars) results are also plotted for 

comparison. 
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region |kx/k0| > 11.9 for d = 45nm (triangles curve in Figure 2.6). The increase in the metal 

thickness enhances the magnetic behavior of this material causing a decrease in the 

permeability values as seen in Figure 2.6 (e,g).   

Next, we extract the electromagnetic parameters of the TiO2/Ag stack with ff = 0.3. The 

real and imaginary parts of 휀⊥ , 휀∥ , 𝜇⊥  and 𝜇∥  are shown in Figure 2.7 (a-h) for d = 15 

nm(squares), d = 30 nm (circles) and d = 45 nm (triangles). Once more, the values of 휀⊥ and 

휀∥ tend to those of the EMT (and 𝜇⊥ and 𝜇∥ tend to 1) only when the dielectric thickness 

tends to zero. By observing Figure 2.7 (e,g) it becomes clear that the assumption of μ = 1 

is not valid because the stack does show magnetic response, particularly for thicker 

layers. Moreover, these results show that the extracted parameters can be incorrectly 

calculated even for |kx/k0| < 1 (Figure 2.7  (c,g)) if spatial dispersion is not taken into 

account. Despite the differences mentioned above, all three approaches predict a 

hyperbolic dispersion profile for this structure (휀⊥ < 0 and 휀∥ > 0) for low values of |kx/k0|. 

Nevertheless, for d = 30 nm, the CPR approach predicts a change in the shape of the 

dispersion curve for |kx/k0| > 7.5 because 휀∥  becomes smaller than zero (Figure 2.7 (c)). 

The same phenomenon occurs for d = 45 nm and |kx/k0| > 5.3, and for d = 15 nm and |kx/k0| 

> 14. As explained, the electromagnetic parameters tend to those of the first layer (a metal 

in this case, with 휀⊥ < 0 and 휀∥<0) for increasing |kx/k0| values. The peaks and inflection 

points in (Figure 2.7 (a) and (c), respectively, as well as the valleys in (Figure 2.7 (g) only 

appear if spatial dispersion is properly taken into account in the parameter retrieval 

procedure.  

2.4.2 Influence of the number of Layers 

In this section, the effect of the number of layers on the design and performance of 

hyperbolic metamaterials is investigated. Again, the results are obtained with the EMT 

(solid line, stars), [81] (dashed lines, hollow symbols), and the CPR approach (solid lines, 

full symbols). The structure consists of a stack of Ag/TiO2 with d = 20 nm, ff = 0.3, and 

wavelength λ = 780 nm. Different number of layers are considered, i.e., 3 (squares), 15 

(circles) and 27 (triangles). The results for the real and imaginary parts of (휀∥, 휀⊥ < 0) are 

shown in Figure 2.8 (a,c) and (b,d), respectively. Regardless of the approach, the change 

in the number of layers does not modify the effective parameters, thus keeping RΔ and ZΔ 

unaltered according to (2.15) and (2.16). However, the scattering parameters do change 

because the total thickness of the slab increases with the increase in the number of layers 

according to (2.18) and (2.19). Additionally, Figure 2.8 (a) and (b) show how the spatial 

dispersion impacts the magnitude of the retrieved parameters, an effect that is not 

observed with the EMT approximation or with the approach of [81] for 휀∥. When d is 

small, [81] shows good accuracy only in the region |kx/k0| < 1.  

2.4.3 Analysis of the Dispersion Curves 

As discussed earlier, hyperbolic metamaterials can support solutions with kx >> k0. 

However, because of spatial dispersion, there are regions of high kx where the layered 
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medium is highly lossy and wave propagation is not supported. In order to better 

understand this condition, we investigate a stack of Ag/SiO2 (εd = 2.126 and εm = -16.075 + 

0.437j) with ff = 0.3 and ff = 0.5 at λ = 600 nm for different dielectric thicknesses (8, 16, 24, 

and 32 nm) and TM polarization. The real (left column) and imaginary (right column) 

parts of the dispersion curves obtained with the CPR approach (solid lines, full symbols) 

are shown in Figure 2.9. Results with the EMT (solid line, stars) and [81]  (dashed lines, 

hollow symbols) are also shown for comparison. Note that the dispersion curve obtained 

with [81] is hyperbolic and tends to that of the EMT as the dielectric thickness decreases. 

It is important to highlight that since both [81] and EMT do not account for spatial 

dispersion, the imaginary part of their respective propagation constants (Figure 2.9 (b,d)) 

are close to zero in the region of |kx/k0| > 2.5. Likewise, spatial dispersion has negligible 

effect on the CPR approach only when |kx/k0| < 2.5. In sharp contrast to EMT and [81], 

CPR exhibits a flattening of the dispersion curve (and the consequent increase in its 

imaginary part) beyond a threshold value of |kx/k0| that varies with thickness leading to 

the absence of propagating modes inside the HMM. For example, as seen in Figure 2.9 for 

a thickness of 16 nm, flattening occurs for |kx/k0| > 5. Also notice that as |kx/k0| increases 

the electromagnetic parameters tend to those of the metal (i.e., S11 tends to -1 while S21 

tends to 0). Therefore, (2.21) can be rewritten as 

 
Figure 2.8. Real (left column) and imaginary (right column) parts of (a) 휀∥ and (b) 휀⊥ < 0 for 3 

(squares), 15 (circles) and 27 (triangles) layers for [81] (dashed lines, hollow symbols) 

and the CPR approach (solid lines, full symbols). The EMT (solid line, stars) results 

are also plotted for comparison 
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Taking only the real part of (2.34) we get 
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The integer m can be calculated as function of the number of layers (N),  

 
Figure 2.9. Real (left column) and imaginary (right column) parts of the dispersion curves of a 

Ag/SiO2 stack with ff = 0.3 (a,b) and ff = 0.5 (c,d). The dielectric thicknesses (used as 

a parameter) is 8 nm (squares), 16 nm (circles), 24 nm (triangles) and 32 nm. 

(diamonds) for [81] (dashed lines, hollow symbols) and the CPR approach (solid 

lines, full symbols). Results from the EMT (solid line, stars) are also shown for 

comparison. 
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Since t = d/(1-ff)floor(N/2), the values where the curves flattens out can be approximated 

as 
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Figure 2.10. Hy profile for ff = 0.3 ((a,d)) and for ff = 0.5 ((e,h)), for d = 16 nm and different |kx/k0| 

values (|kx/k0| = 0.5 in (a,e), |kx/k0| = 3.5 in (b,f), |kx/k0| = 6 in (c,g) and |kx/k0| = 8 in 

(d, (h)). The solid black line represents the amplitude of Hy, and the dashed lines 

represent the boundaries of the layers. The HMM is assumed immersed in air. 
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According to (2.37), the flat regions start sooner (at lower |kx/k0| values) either for thicker 

layers or for higher filling factors. It is important to notice that the number of layers does 

not influence the point where the flattening behavior starts. The imaginary part (Figure 

2.9 (b)) is also more significant in this region, indicating a stronger field interaction with 

the metal layers. The flattening out of the dispersion curve becomes more evident for a 

fill factor ff = 0.5, as shown in Figure 2.9 (c,d) and according to (2.37). This analysis shows 

that the Ag/SiO2 stack is not a good candidate for hyperbolic metamaterial for two 

reasons: 1) spatial dispersion can be mitigated with low fill factors but only at the expense 

of impractically thin metal layers; 2) high fill factors make spatial dispersion particularly 

problematic.  

An alternative way to visualize the electromagnetic behavior of the Ag/SiO2 stack is by 

observing the magnetic field profile inside the medium calculated using the TMT. Figure 

2.10 shows the real part of Hy for ff = 0.3 (a-d) and for ff = 0.5 (e-h), for d = 16 nm and 

different values of |kx/k0| (i.e., |kx/k0| = 0.5 in (a,e), |kx/k0| = 3.5 in (b,f), |kx/k0| = 6 in (c,g) 

and |kx/k0| = 8 in (d,h)). The solid black line represents the amplitude of Hy while the 

dashed black line represents the boundaries of the layers. According to Figure 2.10, when 

|kx/k0| = 0.5 for both ff = 0.3 and ff =0.5, the wave inside the stack is lossy (especially for ff 

= 0.5, since the imaginary part of 𝛽𝑧
𝑇𝑀is higher). This behavior is also observed in Figure 

2.10 (a,b), which shows the energy being dissipated as the wave propagates though the 

HMM. When |kx/k0| = 3.5, the wave experiences low propagation loss for both values of 

ff (see Figure 2.10). Moreover, Figure 2.10 (b,f) show that although evanescently decaying 

in air (|kx/k0|>1), the wave couples to and propagates through the HMM. By further 

increasing |kx/k0| to 6, it can be observed that wave propagation only happens for ff = 0.3 

(as shown Figure 2.10 (c,g)). This occurs because for ff = 0.5 the metamaterial is already in 

the flat region of the dispersion curve (see Figure 2.10 (c,d)) causing the magnitude of Hy 

to strongly decay. Increasing |kx/k0| even further (|kx/k0| = 8), puts the metamaterial in the 

flat region of the dispersion curve for both ff = 0.3 and 0.5. As a result, the wave amplitude 

decays exponentially as shown in Figure 2.10 (d,h). In conclusion, Figure 2.10 provides a 

good indication, both qualitatively and quantitatively, that the CPR approach is indeed 

able to predict accurately the behavior of hyperbolic metamaterials.   

Next, we investigate two stack configurations often used for hyperbolic media [55], [143]: 

Ag/TiO2 and Au/Si. The polarization is TM and the wavelength is λ = 600 nm, which 

corresponds to εm = -16.075 + 0.437j and εd = 6.786 for Ag/TiO2, and εm = -9.781 + 2.045j and 

εd = 15.51 + 0.018j for Au/Si. Figure 2.11 (a-h) show the dispersion curves for both stacks 

with ff = 0.2, 0.3, 0.4 and 0.5. The dielectric thickness is used as a parameter with values of 

8, 16, 24, and 32 nm. Figure 2.11 (a,b) show that the Ag/TiO2 stack behaves essentially as 

a dielectric (not hyperbolic), and that for |kx/k0| < 3 the dielectric thickness does not play 

an important role in the definition of the dispersion curve. The Ag/TiO2 stack behavior, 

however, does become hyperbolic for ff = 0.4 and 0.5 as seen in Figure 2.11 (c,d), 

respectively, in spite of the flattening of the dispersion curve. Regarding the Au/Si stack, 

the EMT approximation predicts the behavior of this structure as essentially dielectric for 

ff = 0.2 and ff = 0.3. A similar behavior is also observed with the CPR approach, as seen in 

Figure 2.11 (e,f), which predicts an elliptical dispersion profile for both these fill factors. 

By increasing ff even further to 0.4 and 0.5 as shown in Figure 2.11 (g,h), respectively, the 
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dispersion curves become hyperbolic. Moreover, as d (or ff) increases so does the metal 

thickness. Thus, the metamaterial loss becomes significant and the dispersion curve once 

again flattens out.  

 
Figure 2.11. Dispersion curves for Ag/TiO2 ((a)-(d)) and Au/Si ((e)-(h)) stacks with (a,e) ff = 0.2, 

(b,f), ff = 0.3, (c,g), ff = 0.4 and (d,h), ff = 0.5. The dielectric thicknesses (used as a 

parameter) are 8 nm (squares), 16 nm (circles), 24 nm (triangles) and 32 nm 

(diamonds). Note that at ff = 0.4 and ff = 0.5, Ag/TiO2 corresponds to a single-sheet 

hyperboloid while Au/Si corresponds to a two-sheet hyperboloid surface. 
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In summary, these results show that spatial dispersion not only is always present, but 

also that it plays an important role on the dispersion profile for any |kx/k0| ratio. More 

importantly, they show that this effect cannot be neglected particularly in regions where 

the dispersion region is flat. Finally, since this flat region strongly depends on the metal 

thickness (i.e., it occurs for lower |kx/k0| values when thicker metal layers are used), a 

careful design of the metamaterial is required to avoid this issue.  

2.5 Calculation of the Purcell Factor 

One particularly important application of hyperbolic metamaterials is on the 

enhancement of the Purcell factor [38], [40], [55]. This is true because hyperbolic 

metamaterials support high kx values and, consequently, a much higher number of 

electromagnetic states [37] than ordinary materials do. As a result, the decay rate for an 

atom placed above these materials can be increased, thus enhancing the Purcell factor. 

Considering an atom at a distance q from a surface, the Purcell factor for the 

perpendicular orientation can be calculated using (2.29).  

The reflection coefficient can be calculated in four different ways: i) using (2.1)-(2.5), 

which is numerically precise and accurate and treated here as benchmark [38], [40], [55]; 

ii) using (2.18) and (2.19) with the help of the EMT approximation; iii) using [81], and iv) 

with the CPR approach. In order to show the differences among these four approaches, 

we consider Rb atoms 10 nm above the HMM surface, for emission wavelengths of 780 

nm and 422 nm. The HMM chosen is the Ag/TiO2 stack with two distinct filling factors, 

i.e., ff = 0.3 and ff = 0.5, and N = 13 layers. Figure 2.12 (a) shows the Purcell factor calculated 

for 780 nm. In both cases (ff = 0.3 and ff = 0.5) the benchmark results (squares) and the CPR 

approach (circles) are in excellent agreement, indicating that the parameter extraction 

procedure proposed here is very accurate. The results from (ii) (stars) and (iii) (triangles), 

on the other hand, deviate considerably from the benchmark solution in almost the entire 

dielectric thickness range (except for very thin layers) as a result of spatial dispersion not 

being taken into account (see Figure 2.9 and Figure 2.11). Consequently, the Purcell factor 

calculated with these approaches is overestimated. The approaches (i) and (iv) are both 

capable of predicting this flattening behavior and correctly showing the decrease of the 

Purcell factor as the thickness d increases. The maximum Purcell factor for λ = 780 nm 

occurs for ff = 0.3. As mentioned previously in this chapter, the higher the value of ff, the 

sooner the at region in the dispersion curve will start and, consequently, the higher the 

propagation loss. This explains why the Purcell factor is larger for ff = 0.3 than it is for ff = 

0.5. Finally, Figure 2.12 (b) shows the Purcell factor calculated for the emission 

wavelength of 422 nm. Observe that both approaches (i) and (iv) show an excellent 

agreement throughout the entire thickness interval. The results from (ii) and (iii), on the 

other hand, deviate considerably in almost the entire dielectric thickness range (except 

for very thin layers). Again, this is due to spatial dispersion. Differently from the previous 

example (Figure 2.12 (a)), for λ = 422 nm the Purcell factor is higher for ff = 0.5 than for ff 

= 0.3. This is a direct consequence of the stack dispersion profile not being hyperbolic for 

ff = 0.3.  
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2.6 Chapter conclusion 

In this chapter we have proposed a parameter retrieval approach in which all 

electromagnetic parameters of the medium are obtained and where spatial dispersion is 

properly taken into account. We have also relaxed the constraint on nonmagnetic 

metal/dielectric metamaterials. This approach was successfully applied to different 

metal/dielectric stacks in order to address the effects of the layer thickness, number of 

layers, and metal/dielectric choice on the spatial dispersion. The results have 

demonstrated that all investigated metal/dielectric stacks have a clear magnetic response, 

particularly for thicker layers. Moreover, for large |kx /k0| the dispersion curve shows a 

flat region with a large imaginary part that arises due to the absence of propagating 

modes inside the metamaterial. This flat region is also strongly dependent on the 

thickness of the layers. The thicker the metal/dielectric layer is, the sooner (for lower |kx 

/k0| values) the flat and lossy region appears. This behavior is a direct manifestation of 

the spatial dispersion and strongly affects the accuracy with which the Purcell factor is 

calculated. In order to illustrate this issue, we have calculated the Purcell factor for Rb 

atoms 10 nm above the surface of a Ag/TiO2 stack with two distinct filling factors, i.e., ff = 

 
Figure 2.12. Purcell factor calculated using (i) the benchmark approach (squares), ii the EMT 

approach (stars), (iii) [81] (triangles), and (iv) the CPR approach (circles). The 

calculation is carried out for a Rb atom 10 nm above the surface of a Ag/TiO2 stack 

with ff = 0.3 (hollow symbols) and 0.5 (full symbols) for λ = 780 nm (a) and 422 nm 

(b). 
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0.3 and ff = 0.5, and N = 13 layers, for two emission wavelengths, i.e., 422 nm and 780 nm. 

The results were compared with three different approaches, namely, the benchmark 

result, the approach in [81], and the EMT approach. We have shown that if spatial 

dispersion is not properly taken into account, the Purcell factor is overestimated, as 

observed with both [81] and EMT approaches. However, the CPR approach has shown 

excellent agreement with the benchmark results. 
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3.1 Chapter 3 - Introduction 

In this Chapter, we demonstrate how the Purcell factor of a QE can be increased utilizing 

HMM. For the proposed study, we target the fluorescent molecule Cy7, whose emission 

wavelength is close to that of the Rb atom investigated in subsection 2.4. Nonetheless, 

differently from Rb, Cy7 needs to be embedded in a host polymer layer which is assumed 

here to be deposited on the top of the HMM. The polymer finite thickness gives rise to 

reflection and transmission patterns that need to be properly accounted for in the 

calculation of P, Wrad and η. The set of equations that govern the electromagnetic behavior 

of a QE as function of its position inside the polymer layer is fully addressed in this 

chapter.   

Since each QE contributes to the system’s decay behavior, knowing P and η as function 

of position is important because in real applications the QEs are randomly distributed 

and oriented inside the host layer. Based on the knowledge of P and η in each position, 

we demonstrate how to compute the decay curve g(t) of a system composed of multiple 

QEs uniformly distributed inside the host layer and show that g(t) is more influenced by 

the QEs with high η, since they contribute the most with the power measured in the far 

field.  

We also show that both P and η are highly dependent on the distance from the HMM 

surface. While P increases for QEs closer to the HMM surface, η decreases as most of the 

dissipated power is coupled to the HMM’s high-k modes. Because of this variation, the 

polymer thickness has an enormous impact on the system’s η and P, and consequently to 

g(t). Therefore, controlling the radiation parameters of QEs via polymer layer thickness is 

an important issue also addressed in this chapter.  

The remainder of this chapter is organized as follows. Section 3.1 presents the main 

design concepts of HMMs and the mathematical formalism to calculate P and η of a QE 

embedded in a bounded media. In section 3.2, the proposed model is applied to the 

analysis of the QE electromagnetic behavior inside the host layer. In section 3.3 a uniform 

distribution of QEs is assumed inside the host layer so that the mathematical formalism 

for the computation of g(t) can be obtained. Section 3.4 describes the influence of the host 

film thickness on g(t). Finally, section 3.5 presents some concluding remarks.  
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3.2 Analysis of the Hyperbolic Metamaterial 

The focus here is to propose a HMM capable of increasing the Purcell factor of the 

fluorescent molecule Cy7, which is a molecule largely used for medical applications 

[117]–[119]. The Cy7 absorption (squares) and emission (circles) peaks (obtained from 

Cy7 datasheet) occur at 750 nm and 773 nm, respectively, as shown in Figure 3.1. 

Therefore, to be effective, the HMM design requires a large PDoS at Cy7 emission 

wavelength. In chapter 2 it was shown that a HMM consisting of 13 alternating layers of 

Ag/TiO2 with ff=0.3 can increase the Purcell factor P of a Rb atom located 10 nm above the 

HMM’s surface by a factor of 300. Fortunately, both Cy7 (773nm) and Rb (780nm) 

emission wavelengths are close to each other. Since HMMs are well-known for their 

broadband behavior, we carry out the Cy7 HMM design based on the design procedure 

described in subsection 2.4. 

To ease the fabrication process, the number of layers is reduced from 13 to 7 alternating 

layers. The materials adopted in this design (with permittivities obtained at 773nm) are 

Ag (ε = -25+1.71j) and TiO2 (εm = 6.38) for the alternating layers and SiO2 (εd = 2.25) for the 

substrate, as shown in Figure 3.2. Furthermore, to obtain ff around 0.3, the Ag and TiO2 

layer thicknesses are 10 nm and 25 nm, except for the Ag top layer, whose thicknesses is 

5 nm. The Cy7 molecules are mixed with the polymer host and spin-coated on the top of 

the HMM. The QEs need to be close to the HMM surface to enhance P, which requires the 

polymer thickness to be as thin as possible. In this sense, we choose the Microchem 950 

polymethylmethacrylate A Resists A2 (PMMA, εh = 2.25) polymer, which can be spun-off 

to a thickness as thin as 60 nm at 5000 rpm for 40s. Therefore, we set the PMMA thickness 

(h) to 60 nm, as shown in Figure 3.2.  

 

 
Figure 3.1. Absorption (red) and emission (blue) of the Cy7 
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Following the homogenization procedure proposed in chapter 2, we obtain the HMM 

dispersion curves for TE and TM polarizations shown in Figure 3.3 (a) and (b), 

respectively. The real part (blue) of the dispersion curve for TE polarized waves is close 

to zero, while the imaginary part (green) is high and increases with kx/k0 (essentially a 

metal-like behavior).  In contrast, TM polarized waves have the real part (blue) of their 

dispersion curve with a hyperbolic profile, as desired, in the range 2.75 <|kx/k0|< 11. In 

this region, the imaginary part is close to zero allowing low loss wave propagation. Above 

the upper cut-off (|kx/k0| ≥ 11) the real part becomes flat and the imaginary part becomes 

high preventing waves from propagating in this region. Once a hyperbolic dispersion 

profile has been obtained, the next step is to calculate P and Wrad assuming Cy7 embedded 

in a PMMA layer of finite thickness. 

It is worth pointing out that the previous model, defined by equations (2.26)-(2.33), only 

works if the QE is placed in a semi-infinite medium. This new approach, in contrast, 

 
Figure 3.2. Proposed HMM consisting of 7 alternating layers of silver (Ag, εm=-25+1.71j) and 

titanium dioxide (TiO2, εd=6.38). The Cy7 molecules are embedded in a PMMA film 

deposited on the top of the HMM. The design wavelength is 773 nm. 

 

 

 

 

Figure 3.3. Real (blue) and imaginary (green) parts of the HMM dispersion curve for (a) TE and 

(b) TM polarizations  
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allows the QEs to be embedded in a host layer of arbitrary thickness h bounded between 

the HMM and air. This finite thickness causes the waves to experience multiple reflections 

both in the top and bottom host interfaces, which need to be accounted for by the 

formalism. To do so, we consider the setup shown in Figure 3.4, where the dipole is 

positioned at a distance from the host/HMM interface and b from the host/air interface 

(a+b=h). When the host thickness is taken into account, the normalized dissipated power 

density of perpendicularly and parallel oriented QE is calculated, respectively, as [121], 

[150]: 
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where kz refers to the z-component of the wavevector inside the host, with Rp and Rs 

calculated as follows,  
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where 𝑟𝑛
𝜒

 is the reflection coefficient assuming a single interface, i.e., host/HMM (n=1) or 

the host/air (n=2), and χ is the wave polarization (χ =p or s for TM and TE polarization, 

respectively). The Purcell factor of a perpendicularly or parallel oriented QE (Pα) is 

calculated by integrating (3.1) and (3.2) as in (2.29)-(2.32). The calculation of η requires the 

knowledge of the total power radiated into the far field (in the air). Thus, we start by 

 

Figure 3.4. Proposed structure to model the radiation parameters of QE embedded in a PMMA 

layer of finite thickness.   
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writing the magnitude of the 2-dimensional (2D) Fourier transformed electric field vector 

radiated by a dipole perpendicularly (𝐸⊥
𝜒

) and parallel (𝐸∥
𝜒

) polarized as [124], 
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where p is the dipole momentum, ω is the angular frequency, μh is the host magnetic 

permeability, kh is the wavenumber inside the host and ξ = 1 or -1 for wave propagating 

in z or -z direction, respectively. The second step consists in computing the FT of the 

electric field that are transmitted into the air (𝐴𝛼
𝜒

). For this calculation, we need to consider 

the multiple reflections of 𝐸𝛼
𝜒

 (α= ⊥ or  ∥ for perpendicular or parallel polarized QE) at the 

top and bottom interfaces. Therefore, 𝐴𝛼
𝜒

 is calculated as follows, 
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where 𝑡𝜒 is the transmission coefficient for 𝜒-polarized waves calculated at the interface 

host/air. Next, we use the stationary phase method [109] to propagate the Fourier 

transformed electric field (𝐴𝛼
𝜒

) into the far field (𝐄𝛂
𝐅𝐅),  
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where r, θ and φ are the components of r in spherical coordinates, θ and φ are unitary 

vectors in spherical coordinates along θ and φ directions, respectively, and kz0 is the z 

component of the wavevector in free space. For the far field equation to be used in (3.11), 

the following transformation is required: 
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With 𝐄𝛂
𝐅𝐅 known, the time-averaged Poynting vector (〈𝑺𝜶(𝐫)〉) is calculated as follows,  
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where Z0 is the air impedance. The QE total radiated power into the far field (Qα) is 

calculated integrating 〈𝐒𝛂〉 over the upper semi-sphere, i.e., 
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The radiation efficiency ηα is then finally obtained with the following expression, 
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where 𝑊0 = 𝑝
𝑧

2𝜔𝑘0
3 12𝜋𝜖0⁄  is the power that the dipole would radiate in free space. 

3.3 Single Cy7 molecule embedded in a PMMA layer 

The system proposed in Figure 3.2 is now simulated with the full-wave 3D Lumerical 

FDTD [151] so that the electromagnetic behavior of QEs embedded in the PMMA host 

layer can be assessed. Assuming a = 10 nm, we obtain the normalized amplitude of the x- 

and z-components of the electric field as shown in Figure 3.5 (a,c) and (b,d), respectively, 

for a QE perpendicularly (a,b) and parallel (c,d) polarized. For comparison sake, the 

dipole moment p for both polarizations are equally set and the electric fields shown in 

Figure 3.5 (a-d) are normalized by their maximum value. The dashed lines in Figure 3.5 

(a-d) represent the spatial region where the HMM is localized. Note that for both, 

perpendicular and parallel polarizations, the power dissipated by the QE is mostly 

coupled into the HMM, as can be concluded by the high intensity of the electric field 

inside it, as shown in Figure 3.5 (a-d). This figure also shows that the power propagating 

into the far field is weaker when compared with the power inside the HMM which, 

according to (3.15), implies in low external quantum efficiency (ηα). This behavior is more 

evident for the perpendicular polarization (a,b) due its weaker electric field amplitude in 

air when compared to the parallel polarization (c,d). This is explained by the destructive 

and constructive interference between the QE radiated wave (𝑘𝑥 ≤ 𝑘0) and its multiple 

reflections at the HMM surface for perpendicular and parallel polarizations, respectively, 

when h<<λ. Consequently, 𝜂∥ > 𝜂⊥ in this scenario. Figure 3.5 (a-d) provides a qualitative 

method to infer on both the QE’s power dissipation and η. Quantitatively, the power 
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dissipated by the QE can be calculated using the normalized dissipated power density  

(d𝑊𝛼/d𝑘𝑥), from (3.1)-(3.3). Figure 3.7  (a) shows 𝑘0d𝑊𝛼/d𝑘𝑥 for perpendicularly (blue) 

and parallel (red) polarized QEs. Figure 3.7 (b) shows a zoom-in of the marked region in 

Figure 3.7 (a), which highlights the region where the power is effectively radiated into the 

far field (gray area 𝑘𝑥/𝑘0 < 1). This figure also shows that most of the power dissipated 

by the QE is inside the evanescent region (𝑘𝑥/𝑘0 > 1). Moreover, it is possible to resolve 

five peaks where the QE dissipates more power, namely, 𝑘𝑥/𝑘0 = 2, 6, 7.1, 8.3 and 10, 

corresponding to the high-k modes supported by the HMM. The Purcell factor for 

perpendicular and parallel polarizations are obtained by integrating both curves in 

Figure 3.7 (a), resulting in 𝑃⊥  = 156 and 𝑃∥  = 72. From these high Purcell factors, it is 

possible to conclude that the HMM proposed in Figure 3.2 indeed increases the power 

dissipated by the QE (Cy7), consequently increasing its spontaneous emission rate. 

Nevertheless, the portion of the total power that effectively propagates into the far field 

(𝑘𝑥/𝑘0 < 1) is very small, as shown in  Figure 3.7 (b). This power is calculated with the 

help of (3.14), resulting in 𝑄⊥/𝑊0= 0.0875 and 𝑄∥/𝑊0= 0.3068. These results are consistent 

with the behavior observed in Figure 3.5 (a-d) which shows that the radiated field is 

stronger for the parallel polarization. Therefore, the HMM increases the total power 

dissipated by a perpendicular or parallel polarized QE by a factor of 156 and 72, 

respectively. Nonetheless, only 0.05% and 0.42% of the total dissipated power, respective 

to perpendicular and parallel polarization, are indeed converted into photons that can 

propagate to the far field in the air.  

 
Figure 3.5. Normalized x- (a,c) and z- (b,d) electric field components of a dipole perpendicularly 

(a,b) and parallel (c,d) polarized. The HMM is highlighted in (a-d) with black dashed 

lines.  
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3.4  Homogenous distribution of Cy7 inside the PMMA layer 

In section 3.2, we have considered the QE fixed at a=10nm to verify if the HMM proposed 

in Figure 3.2 can enhance the spontaneous emission rate of Cy7. However, in most 

applications, QEs are randomly distributed and polarized in the host PMMA layer, as 

shown Figure 3.6. Moreover, the decay rate, the Purcell factor and the quantum efficiency 

depend on the contribution of each QE embedded in the host layer. Consequently, it is 

important to calculate ηα and Pα for all possible positions, which in this system can be 

accomplished by calculating both parameters, ηα(a) and Pα(a), as function of 𝑎 ∈ [0, ℎ]. 

Considering the QEs uniformly distributed along the z-axis of the host PMMA layer (see 

Figure 3.2), the normalized time dependent decay rate, g(t), can be calculated as follows 

[109], [114]    

 
Figure 3.7. Normalized dissipated power density (𝑘0d𝑊𝛼/d𝑘𝑥) for perpendicular (blue) and 

parallel (red) polarized QEs for (a) 0 ≤ kx/k0 ≤ 25 and (b) 0 ≤ kx/k0 ≤ 2, respectively. The 

gray area represents the propagation region (kx/k0 ≤ 1). 

 

 

 

 

Figure 3.6. QE uniformly distributed along the PMMA layer.  
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where ηeff is the system’s quantum efficiency and Υ𝛼 is the probability of the QE being 

polarized along the α-axis. Note that, for mathematical consistence, the sum of the 

probabilities must be 1, i.e., Υ𝑥 + Υ𝑧 = 1. In (3.16), the normalized time dependent decay 

(g(t)) is weighted by the QE’s quantum efficiency in each position. After calculating g(t), 

the system’s lifetime (τ) is estimated as g(τ)=1/e, resulting in the effective enhancement of 

spontaneous emission rate Peff = 1/τ.  

3.4.1 Purcell factor and radiated power 

The proposed set of equations (3.1)-(3.14) is now applied to calculate the Purcell factor 

(Pα) and the normalized radiated power (Qα/W0) of the system proposed in Figure 3.2. 

Both parameters, Pα and Qα, are calculated as function of the distance between the QE and 

the HMM surface (a) for perpendicular (blue) and parallel (red) polarization, as shown in 

Figure 3.8 (a) and (b), respectively. Note that Pα increases exponentially when QE 

approaches the HMM surface due to the higher coupling of the evanescent fields with the 

structure. Differently from parallel polarized QEs, which radiate both TE and TM 

polarized waves ((3.6) and (3.7)), perpendicularly polarized QEs radiate only TM 

polarized waves ((3.4) and (3.5)). Since the HMM is designed to have a hyperbolic 

dispersion curve only for TM polarization (the stack behaves as metal for TE polarization, 

as seen in Figure 3.3), 𝑃⊥ is higher than 𝑃∥, as shown in Figure 3.8 (a). The opposite is 

observed for Qα/W0, where the radiated power is higher for parallel polarized QEs. This 

is explained by two main factors. First, the destructive and constructive interference 

 

Figure 3.8. (a) Purcell factor (Pα) and (b) normalized radiated power (Qα/W0) of the system 

proposed in Figure 3.2 calculated as function of the distance between the QE and the 

HMM surface (a) for perpendicular (blue) and parallel (red) polarizations.  
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between the wave radiated by the QE (√𝑘𝑥
2 + 𝑘𝑦

2 ≤ 𝑘ℎ) and its reflection at the HMM 

surface for perpendicular and parallel polarizations, respectively, when h<<λ. Second, the 

parallel polarized QEs have most of their power in the region √𝑘𝑥
2 + 𝑘𝑦

2 ≤ 𝑘0 , which 

propagates in air, while perpendicularly polarized QEs have most of their power in the 

region 𝑘0 ≤ √𝑘𝑥
2 + 𝑘𝑦

2 ≤ 𝑘ℎ, mostly reflected at the host/air interface.  

Close to the HMM surface (a<2nm), 𝑃⊥ and 𝑃∥  reach values close to 700 and 350, 

respectively, as seen in Figure 3.8 (a). Although these values represent a high Purcell 

factor, according to Figure 3.8 (b) at these points 𝑄⊥/𝑊0  and  𝑄∥/𝑊0  are 0.1 and 0.25, 

respectively, implying in quantum efficiencies as low as  0.014% and 0.07% for 

perpendicular and parallel polarizations, respectively. When the QEs are close to 

PMMA/air interface (a>50nm), the evanescent field emitted by them reaches the HMM 

surface with less energy, resulting in 𝑃⊥and 𝑃∥ lower than 9.9 and 2.23, respectively, but 

with η as high as 0.15% and 22.7% for perpendicular and parallel polarization, 

respectively. 

3.4.2  Radiation pattern  

The low Qα for both perpendicular and parallel polarizations make the use of photon 

counters (PC) to measure g(t) a challenging task. Furthermore, it is important to 

understand the QEs radiation pattern so that the PCs can be placed in the position where 

the radiation is maximum. Thus, we calculate the modulus of the time averaged Poynting 

vector for perpendicular (〈𝐒𝐳〉) and parallel (〈𝐒𝐱〉) polarizations as function of a and θ 

with the help of (3.13). In this equation, the dipole moment p is chosen to guarantee a 

dipole radiation of 1 W in free space. 〈𝐒𝐱〉 and  〈𝐒𝐳〉 are shown in Figure 3.9 (a) and (b), 

respectively. Figure 3.9 (a) shows that for a perpendicular polarized QE, the maximum 

emission occurs close to the HMM (as explained in Figure 3.8 (a)) and at an angle θ=50°. 

In contrast, the maximum emission for a parallel polarized QE occurs close to the host/air 

interface, and with the emission peak normal to the HMM surface (θ=0°). The knowledge 

of the emission peak also helps to calculate the optimum objective aperture angle to 

maximize photon collection. Another interesting behavior observed from these results is 

 
Figure 3.9. Radiation pattern as function of the distance for (a) perpendicular and (b) parallel 

polarized QEs. 
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that perpendicular and parallel polarizations have different maximum emission angles. 

This behavior is important if the radiation parameters of each individually polarization 

is of interest. Therefore, a PC can be placed at θ=0° or 50° for perpendicular or parallel 

polarized QEs, respectively.    

3.4.3 Decay curve 

With the knowledge of Pα and Qα as function of distance (a), the decay curve g(t) and the 

system’s quantum efficiency ηeff can be calculated with (3.16) and (3.17), respectively. 

However, the QEs polarization probability (perpendicular or parallel) (Υ𝛼) is required in 

both equations. In real cases, we cannot predict the exact behavior of the system since the 

QEs are randomly polarized inside the PMMA layer. 

Alternatively, we can consider three different scenarios: in the first and second scenarios 

the QEs are fully perpendicularly (Υ⊥ = 1, Υ∥ = 0) and parallel (Υ⊥ = 0, Υ∥ = 1) polarized, 

respectively, while in the third the QEs are equally polarized (Υ⊥ = 1/3, Υ∥ = 2/3). Note 

that in the third scenario Υ∥ = 2Υ⊥ , since parallel polarization requires the QEs to be 

aligned along the x- and y-axes. In contrast, perpendicular polarization requires the QEs 

to be aligned along the z-axis only. Furthermore, in real cases, Υ⊥ and Υ∥ are unknown 

and limited to the interval [0,1]. Thus, fully perpendicular or parallel polarized QEs are 

limiting scenarios  that define a region of g(t) where QEs are randomly distributed. This 

region is defined from hereon as the decay region. 

The decay behavior for the three scenarios, perpendicular (blue line), parallel (green line) 

and equally polarized (dashed red lines), are shown in Figure 3.10. The gray area in this 

figure represents the decay region and the x-axis is normalized by the QE’s lifetime (τ0). 

 

Figure 3.10. Decay behaviour of the quantum emitter considering [Υ⊥, Υ∥] equals to [1,0] (blue), 

[0,1] (red) and [1/3,2/3] (dashed red lines). The gray area represents is the decay 

region and the QE’s decay behavior in free space are shown as dashed light blue 

lines). To facilitate the Pα calculation, we also show g(t)=1/e as black dashed line. 

Note that the x-axis is normalized by τ0.    
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The free space decay behavior (dashed light blue line) is also plotted for comparison sake. 

This figure also shows that the HMM decreases the system’s lifetime for both 

perpendicular (𝜏⊥=0.053𝜏0) and parallel (𝜏∥=0.357𝜏0) polarizations by a factor of 17.53 

(𝑃𝑒𝑓𝑓
⊥ ) and 2.8 (𝑃𝑒𝑓𝑓

⊥ ), respectively, when compared to the free space lifetime. Moreover, it 

shows that perpendicularly polarized QEs decay faster when compared to parallel 

polarized (𝑃𝑒𝑓𝑓
⊥ > 𝑃𝑒𝑓𝑓

⊥ ) ones because, according to Figure 3.8 (a),  𝑃⊥(𝑎) > 𝑃∥(𝑎) ∀𝑎 . In 

contrast, ηα(a) is higher for parallel polarization, especially for QEs located farther away 

from the HMM surface, as seen in Figure 3.8 (b). Combining these properties, along with 

the fact that g(t) is weighted by ηα and Υ𝛼, we obtain that the decay behavior for Υ⊥=1/3 

and Υ∥=2/3 is governed mainly by the parallel polarization, as seen in Erro! Fonte de 

referência não encontrada.. The pertinent system parameters for all three scenarios are 

summarized in Table 3.1.  According to this table, the effective quantum efficiency of 

perpendicularly polarized QEs ηeff (0.131%) is 76.33 times lower than that for parallel 

polarized QEs (ηeff =10%). Therefore, for the calculation of g(t), 76 perpendicularly 

polarized QEs have the same effect as 1 parallel QE, according to (3.16). The huge ηeff 

difference for both polarizations explains why g(t) for the equally polarized QEs is closer 

to the parallel polarization, as seen in Figure 3.10. In addition, for equally polarized QEs, 

ηeff=6.77%, which is basically 2/3 the ηeff of parallel polarized QEs since 1/3 of the QEs are 

perpendicularly polarized and do not contribute significantly for increasing the system’s 

quantum efficiency.               

The decay curve for h = 60nm show a little enhancement of Γ (2.79), with a large reduction 

of ηeff. As seen in Figure 3.8, Pα and ηα are highly dependent on the distance from the HMM 

surface. Thus, changing h would change significantly the system’s response, making it 

possible control g(t) by adjusting h. In the next section we investigate the influence of h 

on ηeff and Peff.       

    

3.5 Influence of the PMMA thickness in system’s Purcell 

factor and quantum efficiency  

As previously mentioned, the host PMMA layer is deposited on the top of the HMM via 

spin-coating technique. According Microchem 950PMMA A Resists A2 datasheet, it is 

possible to control h by the right choice properly adjusting the spin-coating velocity. The 

minimum (maximum) possible h achieved by this technique is 60 nm (100 nm), which is 

accomplished by setting the spin-coating velocity to 5000rpm (1000rpm).  Nevertheless, 

as discussed in the last section, the HMM does contribute significantly to increasing Γ of 

Table 3.1. System decay parameters (𝜏/𝜏0, Peff and ηeff) for perpendicular, parallel and equally 

polarized QEs.  

 𝝉/𝝉𝟎 Peff ηeff (%) 

Perpendicular 0.053 17.73 0.131 

Parallel 0.357 2.800 10.00 

Equally polarized 0.358 2.790 6.778 
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Cy7 molecules for h = 60. Since Pα is higher close to the HMM surface, one way of 

increasing Peff is by making h < 60nm. This can be realized by mixing the PMMA with a 

solvent (such as ethanol). Since the solvent viscosity is lower than the PMMA’s, by 

changing the PMMA concentration and adjusting the spin-coating velocity it is possible 

to achieve h < 60nm. The procedure to control the PMMA thickness is described in 

Appendix B.  

Next, we calculate Peff and ηeff for the system shown in Figure 3.2 assuming 1 nm  h  

100nm. Figure 3.11 (a) and (b) show Peff and ηeff, respectively, for three scenarios: in the 

first and second scenarios the QEs are fully perpendicularly (squares) and parallel 

(circles) polarized, respectively, while in the third the QEs are equally polarized 

(triangles). We show Peff values up to 40 in Figure 3.11 (a) for the sake of better 

visualization, while the inset shows the full curve. According to Figure 3.11 (a), Peff is 

highly enhanced for very thin layers (h < 4nm), reaching values up to 700 for both 

polarizations. Nevertheless, in this scenario (h < 4nm), a great part of the power coupled 

inside the HMM is attenuated by ohmic losses associated with high-k modes, reducing 

the power radiated into the air. Consequently, ηeff is very small (ηeff < 0.5%) for both 

polarizations, as seen in Figure 3.11 (b). Additionally, ηeff is much smaller for 

perpendicular polarization than for parallel polarization for any h. Consequently, 

perpendicular QEs do not have a significant influence when the QEs are equally 

polarized, as explained in the last subsection. For thick layers (h > 60nm), Peff is lower than 

3 for parallel polarization, and ηeff is higher than 10%. As seen in Figure 3.11  (a), it is 

possible to choose Peff from 2.5 to 700 by controlling h. However, the higher Peff the lower 

is ηeff. Therefore, a tradeoff between Peff and ηeff needs to be found to optimize h. For 

instance, if the design requires Peff = 10, h should be equal to 28 nm, resulting in ηeff = 1.25%. 

Therefore, Figure 3.11 represents a useful tool for the design of HMMs.  

 

Figure 3.11.  (a) Peff and (b) ηeff as function of h for three scenarios: QEs fully perpendicularly 

(squares) and parallel (circles) polarized, and QEs equally polarized (triangles). In 

(a) Peff is limited to 40 for better visualization, the full curve is shown in the inset. 

 

 

 



CHAPTER 3 -  

ENHANCING THE PURCELL FACTOR USING HMM 

60 

As seen in Figure 3.11, although we can achieve high Peff (up to 20 for h > 20nm) using the 

HMM proposed in Figure 3.2, ηeff is very low (< 7.5% for h < 60nm). Therefore, some 

authors have proposed the use of diffraction gratings to circumvent this issue, since it  

converts bound SPP waves (high momenta) into propagating waves [39], [55], [57], [120]–

[123], [126], [128], [129] (low momenta). In the next chapter we show how to optimize the 

geometrical parameters of the grating in order to increase ηeff while maintaining a high 

Peff.   

3.6 Chapter conclusion 

In this chapter we have proposed an HMM capable of enhancing the Purcell factor of the 

fluorescent molecules (Cy7). These molecules are embedded in a thin PMMA host film 

deposited on the top of the HMM. This structure was modeled with a new mathematical 

formalism to calculate P and η taking into account the reflections at the upper and bottom 

host interfaces. Moreover, we have also proposed an analytical method to calculate g(t) 

as function of the QE’s position inside the host layer. We demonstrated that QEs placed 

far from the HMM surface have lower P but higher η. Thus, they contribute more to g(t) 

than those closer to the HMM surface. Finally, we have shown that the host thickness has 

a direct influence on the system’s g(t), and that with an adequate choice of h it is possible 

to control the systems decay behavior.  
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4.1 Chapter 4 - Introduction 

In Chapter 3, we showed that although it is possible to decrease the QE lifetime using 

HMM, most of the power dissipated by the QEs is coupled into the HMM as surface 

plasmon polariton (SPP) waves. The high-k states of these waves prevent them from 

propagating in free space [37], [38], [40], [97]–[99]. Therefore, the energy is thermally 

dissipated inside the HMM with a consequent reduction of the sources’ external quantum 

yield. Some authors have proposed the use of a diffraction grating to solve this problem, 

since it converts bound SPP waves (high momenta) into propagating waves [33], [48], 

[50], [109]–[118] (low momenta). However, the authors resorted to numerical simulations 

(as opposed to analytical or semi-analytical simulations) for the grating design 

optimization that, as shown in this chapter, do not provide clear-cut insights on how the 

grating affects the QEs’ behavior. 

In this sense, we propose in chapter 4 a semi-analytical method that can be successfully 

applied to the design of diffraction gratings aimed at optimizing the conversion of high-

k modes into propagating modes. In addition, this method directly provides the QE’s 

PDoS, which is a computationally costly task if carried out numerically. Both 2D and 3D 

configurations are examined, with the former being used for the grating optimization 

procedure due to its lower computational cost. The structure is implemented in the 3D 

model only after the optimum grating parameters have been obtained. In addition, the 

proposed method facilitates the grating design, which is useful to control the QEs’ 

emission directivity. Another advantage of this method is the reduced computational 

burden to obtain the Purcell factor and the radiated power as function of the QEs and 

grating relative position, highlighting the behavior of each QE to the system. After the 

optimization procedure, we show that the HMM with gratings proposed in this chapter 

have a better performance than the HMM showed in chapter 3.   

The remainder of this Chapter is organized as follows. Section 4.1 presents the 

mathematical formalism. Next, we apply our optimization procedure to a metallic grating 

placed on top of an alternating stack of Ag and TiO2 layers, showed in Chapter 3. We 

begin the analysis with the 2D optimization of the grating structure, followed by the 3D 

simulation carried out with the optimized parameters. The figures-of-merit are the 

radiation pattern and the Purcell factor, both as function of the QE position. Finally, we 

present some concluding remarks about the results obtained in this Chapter. 

Part of the work presented in this chapter has been adapted with permission from: 

A. F. Mota, A. Martins, H. Ottevaere, W. Meulebroeck, E. R. Martins, J. Weiner, F. L. 

Teixeira, and B.-H. V. Borges, “Semianalytical model for design and analysis of grating-

assisted radiation emission of quantum emitters in hyperbolic metamaterials,” ACS 

Photonics, vol. 5, no. 5, pp. 1951-1959, 2018. Copyright 2018 American Chemical Society. 

The copyrights permission is found in Annex 2 of this thesis.  
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4.2 Mathematical formalism 

In this subsection we show how the equations to calculate the Purcell factor and the dipole 

radiated power for a three-dimensional (3D) grating are derived. Since 3D simulations 

are computationally costly, particularly if used in the optimization of grating parameters, 

we also present a simplified two-dimensional (2D) formalism for a dipole interacting with 

a 2D grating. This 2D method allows us not only to obtain the reflection and transmission 

coefficients for all diffraction orders but also to more efficiently optimize the grating 

parameters for controlling the dipole’s radiation pattern.  

4.2.1 3D system 

The geometry adopted in the 3D method is illustrated in Figure 4.1, where the quantum 

emitters (QE) are treated as a dipole embedded in medium 1 (with permittivity ε1). The 

QE is centered at the origin at a distance q from the hyperbolic metamaterial’s (HMM’s) 

bottom surface and zgr from the grating upper surface. The metallic grating with 

periodicities Λx and Λy in x and y directions, respectively, is on top of the HMM and is 

covered with medium 2 (with permittivity ε2). In the next section, we calculate the 

transmitted and reflected electric fields which are required to obtain the Purcell factor 

and the dipole’s radiated power. 

 
Figure 4.1.  Proposed 3D geometry in which the QEs are modelled as a dipole embedded in 

medium 1 (with permittivity ε1), centered at the origin and at a distance q from the 

HMM bottom surface. The grating with periodicities Λx and Λy in x and y directions, 

respectively, on top of the HMM is covered with medium 2 (with permittivity ε2). 
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4.2.1.1 Calculation of the transmitted and reflected electric fields 

Assuming temporal dependence 𝑒−𝑗𝜔𝑡, the current generated by a dipole source centered 

at the origin and embedded in medium 1 (J ) is calculated as follows [109], 

( ) ( ) ( )3
j ,= −J r r p

 
(4.1) 

where 𝐫 = 𝑥𝐱 + 𝑦𝐲 + 𝑧𝐳 , 𝛿(3)(𝐫) is the 3D Dirac delta function, p is the dipole moment 

and ω is the angular frequency. The electric field Ei at 𝐫  generated by J is then written as 
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where μ1 is the permeability of medium 1, 𝐈  is the identity tensor and  𝑘1 = |𝐤𝟏| =

|𝑘𝑥𝐱 + 𝑘𝑦𝐲 + 𝑘𝑧1𝐳| is the wavenumber vector magnitude in medium 1. Using the Weyl 
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in (4.2), we obtain, 
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The spatial differentials are more easily considered if Ei is Fourier transformed (FT). The 

FT and the inverse FT are defined as 
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where k∥ = kxx+kyy is the parallel component of k1 and ξ = 1 or -1 for wave propagating in 

z or -z direction, respectively. The electric field can next be written as a sum of two 

orthogonal polarizations, viz. transverse electric (TE or s) and transverse magnetic (TM 
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or p). For the electric field to be decomposed, M must be split into two terms, Ms (s-

polarization) and Mp (p-polarization), as follows  

( ) ( ) ( ), , , ,z z z= +
psM k M k M k
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In the notation adopted here, the tensors Ms and Mp are the outer product of the vectors 

𝐋𝛘
𝐧 and 𝐏𝛘

𝐧. The first vector is related to the amplitude of 𝐄𝐢
𝐅𝐓, and each vector element 

corresponds to a dipole polarization, the index n refers to the medium, and χ to the 

polarization (χ = s for TE or p for TM). The vector 𝐏𝛘
𝐧 is responsible for decomposing the 

electric field in x-, y- and z-components. Thus, Ms and Mp can be expressed as: 
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(4.12) 

The calculation of the dipole’s dissipated power requires the knowledge of the total 

electric field present at the dipole location, which implies that the reflected electric field 

Er(r) needs also to be calculated. According to (4.4), the dipole’s emission is an infinite 

sum of plane waves. Thus, we first consider a single plane wave with wavevector 𝑘1
0 =

𝑘𝑥
0𝐱 + 𝑘𝑦

0𝐲 + 𝑘𝑧1
0 𝐳 being radiated by the dipole and impinging on the interface between 
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medium 1 and HMM (z = q). The reflected field FT at the interface (𝐄𝐫
𝐅𝐓,𝟎(𝐤∥, 𝐤∥

𝟎, 𝑧 = 𝑞) is 

given by, 

( ) ( ) ( ) ( ) ( ) ( )
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(4.13) 

where 𝐾𝑥 = 2𝜋/Λ𝑥and 𝐾𝑦 = 2𝜋/Λ𝑦  are the grating momenta along x- and y-directions 

and 𝑟χ,σ
𝑖,𝑚(𝐤∥

𝟎) is the reflection coefficient of both the ith diffraction order in x-direction and 

the mth diffraction order in y-direction for the parallel incident wavevector 𝐤∥
𝟎.  χ and σ 

indicate the polarization of the incident and reflected waves, respectively (χ and σ are 

equal to p for TM polarization and s for TE polarization). The reflection coefficient is 

calculated using the semi-analytical Rigorous Coupled Wave Analysis (RCWA) [152]–

[154] method. For 3D gratings, cross polarization might occur, thus 𝑟𝜒,𝜎
𝑖,𝑚 ≠ 0 for χ ≠ σ. The 

next step is to sum all plane waves emitted by the dipole, which is done by integrating 

𝐄𝐫
𝐅𝐓,𝟎 over all possible 𝐤∥

𝟎.  Thus, the FT of the reflected electric field emitted by the dipole 

at the interface 𝐄𝐫
𝐅𝐓is calculated as follows 
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(4.14) 

0 ,
x x x

k k iK= −  (4.15) 

0 .
y y y

k k mK= −  (4.16) 

Similarly, the calculation of the dipole’s radiated power to the far field requires 

calculation of the transmitted electric field Et(r). Using the same approach for 𝐄𝐫
𝐅𝐓, the FT 

of Et at the interface between the grating upper surface and medium 2 (𝐄𝐭
𝐅𝐓(𝐤∥, 𝑧 = 𝑧𝑔𝑟)) 

is given by 
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(4.17) 

0 ,
x x x

k k iK= −  (4.18) 

0 .
y y y

k k mK= −  (4.19) 
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where 𝑡𝜒,𝜎
𝑖,𝑚(𝐤∥

𝟎) is the reflection coefficient of the ith and mth diffraction orders, respective 

to x- and y-directions, for the incident wavevector 𝐤𝟏
𝟎 with χ and σ as the polarization of 

the incident and the transmitted fields, respectively. The transmission coefficient is 

calculated using RCWA. The superscript 2 in 𝐏𝐬
𝟐(𝐤∥) and 𝐏𝐩

𝟐(𝐤∥) indicates the electric 

field is being decomposed in medium 2. The reflected and transmitted electric fields are 

calculated by inverse Fourier transforming (IFT) their original fields, as follows,  

( ) ( ) ( )

( ) ( ) ( )

j

j-j

1
, e d d

2

1
, e e d d ,

2

x y

x yz1

k x k y

x y

k x k yk z q

x y

z k k

q k k






+

−


+−

−

=

 =
 

 

 

FT

r r

FT

r

E r E k

E k

 

(4.20) 

( ) ( ) ( )

( ) ( ) ( )

j

j j

1
, e d d

2

1
, e e d d ,

2

x y

z1 gr x y

k x k y

x y

k z zz k x k y

gr x y

z k k

z k k






+

−


− +

−

=

 
=

  

 

 

FT

t t

FT

t

E r E k

E k

 

(4.21) 

The solution proposed in this thesis assumes linear media, therefore the total electric field 

emitted by the dipole is the sum of the electric fields generated by each component of p. 

The solutions are separated in two cases. The first case considers the dipole polarized 

along the z-axis, i.e., perpendicular to the HMM surface, while the second considers the 

dipole polarized along the x- or y-axis, i.e., parallel to the HMM surface. 

4.2.1.2 Perpendicularly polarized dipole 

The polarization vector in this case has a component in z-direction, thus p = pzz. 

Substituting p into (4.14) and (4.17), the FT of the reflected and transmitted electric fields 

become: 
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With the reflected and transmitted electric fields calculated, the next step is to obtain the 

Purcell factor and the dipole’s total radiated power into medium 2, as described next. The 

first step is to determine the dipole’s total dissipated power (W), which is carried out as 

follows:  
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(4.27) 

The Purcell factor is defined as the ratio of the dipole’s dissipated power to that it would 

dissipate in free space (𝑊0 = 𝑝
𝑧

2𝜔𝑘0
3 12𝜋𝜖0⁄ ). Since 𝐏𝐬

𝟏(𝐤∥) ∙ 𝐳 = 0, the Purcell factor for 

perpendicular polarization (Pz) is given by: 
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(4.28) 

Our main goal is to be able to increase the coupling of evanescent waves inside the HMM 

to propagating waves in the medium 2. In this sense, it is important to calculate the 

dipole’s total emitted power into the far field in medium 2. Using the stationary phase 

method [109], the transmitted electric field at the far field (𝐄𝐳
𝐅𝐅) is calculated as follows,   
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(4.29) 

where r, θ and φ are the components of r in spherical coordinates. For the far field 

equation to be used in (4.29) the following transformation is required: 
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(4.30) 

The transformation of 𝐄𝐳
𝐅𝐅(𝐫) into spherical coordinates is carried out after substituting 

(4.29)  into (4.11) and (4.12), which gives 
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(4.32) 

With 𝐄𝐳
𝐅𝐅 known, the time-averaged Poynting vector (〈𝑺𝒛(𝐫)〉) is calculated as follows,  
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The total radiated power into the far field(Qz) of a perpendicularly polarized dipole is 

calculated integrating 〈𝐒𝐳〉 over the upper semi-sphere, i.e. 
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(4.34) 

4.2.1.3 Parallel polarized dipole 

The polarization vector in this case is oriented along the x-axis, resulting in p = pxx. The 

equations derived in this section can be easily adapted to the y-axis by simply changing 

the terms kx to ky, and ky to kx. After substituting p into (4.14) and (4.17), the following 

expressions for the FTs of the reflected and transmitted electric fields are obtained: 
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The Purcell factor for parallel polarization is obtained after substituting (4.35) into (4.26) 

and the resulting equation into (4.28), which gives:   
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The total dipole’s radiated power into the far field requires the electric field calculation in 

the far field (𝐄𝐱
𝐅𝐅). As in the previous section, this is accomplished with the stationary 

phase method [109] as follows, 
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The far field approximation in (4.42) also makes use of (4.30). Equations (4.31) and (4.32) 

transform 𝐄𝐱
𝐅𝐅 into spherical coordinates, from which the time-averaged Poynting vector 

(〈𝐒𝐱〉) is calculated as follows, 
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The total radiated power into the far field (Qx) by a parallel polarized dipole is calculated 

using the same approach adopted for the perpendicularly polarized case, which gives, 
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(4.44) 

4.2.2 2D System 

For the 2D case we consider the dipole embedded in the medium 1 (with permittivity ε1) 

at a distance q from the HMM bottom surface, as shown in Figure 4.2. The HMM and the 

grating are merged in this figure for sake of clarity. The grating is surrounded by medium 

2 (with permittivity ε2) and has periodicity Λx along the x-axis. The most significant 

difference between the 3D and 2D approaches is that the system is constant along the y-

axis, i.e. 𝜕 𝜕𝑦⁄ = 0, resulting in ky = 0. Consequently, an excitation point in the xz plane, 

defined here as a 2D dipole, behaves as an excitation line along the y-axis. Therefore, the 
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procedure to calculate the Purcell factor and the radiated power is different from the 3D 

scenario and starts with the calculation of the transmitted and reflected electric fields.   

4.2.2.1 Calculation of the transmitted and reflected electric fields 

We start by calculating the electric field radiated by the dipole in medium 1, which 

requires the dipole to be modelled as the following current source in 2D, 

( ) ( )(2)j ,x z= −J r p
 

(4.45) 

where p is the dipole momentum and 𝛿(2)(𝑥, 𝑧) is the 2D Dirac delta function. The electric 

field radiated by the dipole (Ei) in 2D becomes 
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(4.47) 

,x z= +ρ x z  (4.48) 

where 𝐻0
1 is the first Hankel function of order 0, G0 is the scalar Green’s function in 2D 

[155] and ρ is the position vector in 2D. Substituting (4.47) into (4.46), the following 

expression for Ei(ρ) is obtained  

 
Figure 4.2.  Proposed 2D geometry in which the QEs are modelled as dipoles embedded in 

medium 1 (with permittivity ε1), centered at the origin and at a distance q from the 

HMM bottom surface. The grating with periodicity Λx in x-direction is on top of the 

HMM and is covered with medium 2 (with permittivity ε2). The HMM and the 

grating are merged for sake of clarity. 
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By considering the 2D FT and the inverse FT defined as 
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we obtain 
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In 2D, the dyadic tensor M has TE and TM components and can be written as the outer 

product of two vectors, 𝐋𝛘
𝐧 and 𝐏𝛘

𝐧, whose physical meaning is the same as for the 3D case. 

Thus, M is written as: 
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The dipole only generates TE waves if polarized along y-axis. Nevertheless, if p is in the 

xz-plane, only TM waves are generated. Since we are working with hyperbolic 

metamaterials, which only couples TM waves, for the 2D case, we will consider p in xz-

plane. The calculation of the reflected electric field is based on the same approach used 

for the 3D case. Firstly, we consider a single plane wave with wavevector 𝐤𝟏
𝟎 = 𝑘𝑥

0𝐱 + 𝑘𝑧1
0 𝐳 

impinging on the interface between medium 1 and HMM (z=q). The FT of the reflected 

field (𝐄𝐫
𝐅𝐓,𝟎(𝑘𝑥, 𝑘𝑥

0, 𝑞)) of this wave at z=q is given by, 
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where 𝐾𝑥 = 2𝜋 Λ𝑥⁄  is the grating momentum in x-direction and 𝑟𝑝
𝑖  is the reflection 

coefficient of the ith diffraction order of a p-polarized wave. In 2D, all dipoles radiate p-

polarized waves, therefore the magnetic field is oriented along the y-axis. Since the 

grating changes the wave momentum in the xz plane, only the electric field vector, which 

is in the xz plane, changes its direction. Therefore, the wave remains p-polarized and no 

cross-polarization coefficients appear in (4.52). Thus, the FT of the reflected electric field 

radiated by the dipole 𝐄𝐫
𝐅𝐓can be calculated integrating 𝐄𝐫

𝐅𝐓,𝟎 over all possible 𝑘𝑥
0, i.e., 
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0 .
x x x

k k iK= −  (4.58) 

The FT of the transmitted electric field (𝐄𝐭
𝐅𝐓) follows the same methodology adopted for 

the reflected field. Thus, at the interface between the grating upper surface and medium 

2 (z = zgr) we obtain, 

( ) ( ) ( ) ( ) 
2

2 0 01, j , .
8

i

x gr x x p x
i

k z k k q t k
 


 = 
 FT 1

t p p
E P L p

 

(4.59) 

The superscript 2 in 𝐏𝐩
𝟐(𝑘𝑥) indicates the electric field is being decomposed in medium 2. 

Since we have the FT of the transmitted and reflected fields, the electric fields in the 

spatial domain are obtained using the IFT, as follows,   
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(4.61) 

In 2D, p can be decomposed in x and z components, therefore the solutions hereon are 

separated into two cases. The first considers the dipole polarized along the z-axis, i.e., 

perpendicular to the HMM surface, while the second considers the dipole polarized along 

the x-axis, i.e., parallel to the HMM surface. 

4.2.2.2 Perpendicularly polarized dipole 

The dipole moment in this case is polarized along the z-axis, thus p = pzz. After 

substituting p into (4.57) and (4.59), the following FTs of the reflected and transmitted 

field electric are obtained: 
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Before calculating the Purcell factor, we need to define the energy that the dipole would 

dissipate in free space (W0), which is calculated as follows,   
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The next step consists in calculating the total power dissipated by the dipole under the 

proposed structure, which is accomplished by substituting (4.62) into (4.60) and then into 

(4.26), which gives 
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(4.67) 

Therefore, the Purcell factor for a 2D perpendicularly polarized dipole (𝑃𝑧
2𝐷) is calculated 

as follows, 
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(4.68) 

The dipole’s total radiated power can be calculated by integrating the far field time 

averaged Poynting vector over the upper semi-circle. To this end, we need to calculate 

the electric field generated by a perpendicularly polarized dipole in the far field (𝐄𝐳
𝐅𝐅), 

which according to the stationary phase method is written as follows,  
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(4.69) 

where ρ and θ are the components of ρ in cylindrical coordinates (in the xz plane). The 

following has been assumed for the far field approximation in (4.69),  
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The transformation of 𝐄𝐳
𝐅𝐅  in (4.69) into cylindrical coordinates is performed after 

substituting (4.70) into (4.55), in which gives,  

( ) 2

2 2

.z x
k k

k k
= − =2

p
P k x z θ  (4.71) 

The time-averaged Poynting vector for perpendicular polarized dipole 〈𝐒𝐳
𝟐𝐃〉 is given by: 
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The dipole’s total radiated power (𝑄
𝑧

2𝐷) into medium 2 is then obtained integrating 〈𝐒𝐳
𝟐𝐃〉 

along the upper semi-circle as follows, 
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4.2.2.3 Parallel polarized dipole 

The dipole moment in this case is oriented along the x-axis, thus p = pxx. After substituting 

p into (4.57) and (4.59), the following FTs of the reflected and transmitted electric fields 

are obtained, 
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The dipole’s total dissipated power is calculated after substituting (4.74) into (4.60) and 

the resulting equations into (4.26), which gives, 
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Therefore, the Purcell factor for a 2D parallel polarized dipole (𝑃𝑥
2𝐷) is obtained as follows, 
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The dipole’s total radiated power is calculated by integrating the far field Poynting vector 

temporal mean over the upper semi-circle. To this end, we need to calculate the electric 
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field generated by a parallel polarized dipole in the far field (𝐄𝐱
𝐅𝐅) which, according to the 

stationary phase method, is given by, 
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Equation (76) gives the electric fields in cylindrical coordinates (ρ,θ). The time-averaged 

Poynting vector and the dipole’s total radiated power (〈𝐒𝐱
𝟐𝐃〉 and 𝑄

𝑥
2𝐷, respectively) are 

calculated as follows, 
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4.3 Optimization and analysis 

The proposed method is now applied to the analysis of a HMM composed of 8 alternating 

layers of Ag (ε=-25+1.71j) and TiO2 (ε=6.38) [37], as seen in the Chapter 3 (see Figure 3.2). 

The Ag and TiO2 layer thicknesses are, respectively, 10nm and 25nm, except for the 

bottom Ag and top TiO2 layers, whose thicknesses are 5nm and 10nm, respectively. Since 

the goal of this Chapter is to increase the system quantum efficiency by means of 

decoupling the high-k modes of the structure, we have added an Ag grating on the top of 

the HMM, as can be seen in Figure 4.3. In this configuration, the QE (Cy7) are placed 

embedded in a semi-finite PMMA (ε=2.21) bottom layer, as seen in Figure 4.3. In practice, 

the PMMA layer will be deposited on the top of a SiO2 substrate (ε=2.16). However, the 

small mismatch between those layers drastically reduces the reflection (R<1%), and 

consequently, we can assume a semi-infinity PMMA layer and apply the set of equations 

proposed in subsection 4.1.  

The analysis starts with the HMM’s dispersion curve obtained for the TM and TE 

polarizations [101], and shown in Figure 4.4 (b). The real part (hollow squares) of the 

dispersion curve for the TE polarized wave is close to zero, while the imaginary part 

(hollow circle) is high and increases with kx/k0 (essentially a metal-like behavior). In 

contrast, the real part (solid squares) of the dispersion for the TM polarized wave presents 

a hyperbolic profile in the range 2.75<|kx/k0|<10. In the same region, the imaginary part 

(solid circles) is close to zero, thus producing low-loss wave propagation. Above the 

 
Figure 4.3.  Proposed geometry in which the QEs are modelled as a dipole embedded in Medium 

1 (with permittivity ε1), centered at the origin and at a distance q from the HMM 

bottom surface. The gratings with periodicity Λx and Λy in x and y directions, 

respectively, are on top of the HMM and are covered with Medium 2 (with 

permittivity ε2). 
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upper cut-off (|kx/k0|=10), the real part becomes flat, the imaginary part becomes large 

and, as a result, waves cannot propagate in this region. The HMM bulk modes have kx/k0>1 

and therefore do not couple to the air (their energy is dissipated inside the HMM). These 

high-k modes can be decoupled from the HMM into the air by means of a metallic grating 

with period Λx, fill factor ff, and height a, located on top of the HMM. The effect of the 

grating on the device performance is discussed next. 

4.3.1 2D Optimization procedure 

The optimization of the grating parameters is carried out based on the 2D model, as 

discussed earlier and shown in Figure 4.4 (a). The primary parameter to be adjusted is Λx, 

since it affects the grating momentum and, consequently, changes the 2D-dipole’s 

emission direction. For this adjustment, we calculate the modulus of the time averaged 

Poynting vector for perpendicular (𝐒𝐳
𝟐𝐃) and parallel (𝐒𝐱

𝟐𝐃) polarization as function of Λx 

and θ using (4.72) and (4.81), assuming the gratings’ ff =50%, a=100 nm, and q=10 nm [55], 

[57]. The 2D-dipole is aligned with the middle of the groove, as shown in Figure 4.4 (a). 

The normalized 𝐒𝐳
𝟐𝐃  and  𝐒𝐱

𝟐𝐃  are shown in Figure 4.5 (a) and (b), respectively. These 

figures show that the radiation pattern is highly influenced by the grating period. The 

emission angle can be tuned in the full range of θ by changing the period from 280 to 460 

nm. Moreover, at 420 nm the radiation is highly directive, and the emission peak is 

normal to the HMM surface. This point is particularly interesting for applications that 

demand light coupling into another device, such as fibers or sensors.  

Even though 𝐒𝐳
𝟐𝐃 and  𝐒𝐱

𝟐𝐃 provide valuable information about the beam directivity, it is 

important to calculate how much power is radiated by the 2D-dipole (𝑄𝛼
2𝐷) and the Purcell 

factor (𝑃𝛼
2𝐷). The 2D-dipole’s radiated power is normalized to the total power it would 

radiate in free space (𝑊0
2𝐷), Ψ𝛼

2𝐷 = 𝑄𝛼
2𝐷/𝑊0

2𝐷, with 𝑊0
2𝐷 calculated using (4.66). Figure 4.5 

(c) and (d) show Ψ𝛼
2𝐷  and 𝑃𝛼

2𝐷  for perpendicularly (red line) and parallel (blue line) 

polarized 2D-dipoles at q=10 nm. These figures also show the 2D results obtained by using 

 

Figure 4.4.  (a) Silver Gratings with period Λx and height a on top of a HMM composed of 8 

alternating layers of Ag (ε=-25+1.71j) and TiO2 (ε=6.38). (b) Real (squares) and 

imaginary (circles) parts of the HMM dispersion curve for TM (solid symbols) and 

TE polarization (hollow symbols).  
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a commercial-grade simulator based on the FDTD method [151] (squares and circles for 

perpendicular and parallel polarization, respectively). The FDTD results show good 

agreement with those obtained with the proposed approach, confirming the accuracy of 

our model. For small periods (Λx<70 nm), the grating behaves as a homogenous material, 

which explains the smooth variation of 𝛹𝛼
2𝐷 and 𝑃𝛼

2𝐷. As the period increases, the grating 

begins to interfere with the high-k modes. Even slight changes in Λx changes significantly 

the mode coupling, and both Ψ𝛼
2𝐷  and 𝑃𝛼

2𝐷  exhibit fast variations. The fast oscillations 

smooth out for Λx>260 nm, and the power radiated by the 2D-dipole is maximum for 

perpendicular polarization at 345 nm, where Ψ𝑧
2𝐷=1.1. In the same region (Λx>260 nm), the 

Purcell factor is approximately constant at 19 for perpendicular and 16 for parallel 

polarization. By increasing the period even further (Λx>475 nm), the normalized power 

decreases to below 0.75 for both polarizations. Moreover, by choosing the period in the 

interval 260 nm<Λx<475 nm it is possible to obtain both a highly directive beam and a high 

Ψ𝛼
2𝐷  and 𝑃𝛼

2𝐷 . Although Ψ𝑥
2𝐷  peaks at Λx=345 nm, we choose Λx=420 nm because the 

emission is almost normal to the surface and the normalized power is still high, Ψ𝑧
2𝐷= 0.94.  

The second parameter to be optimized is the grating fill factor Figure 4.6 (a) shows the 

Purcell factor (hollow symbols) and normalized radiated power (full symbols) for 

perpendicular (squares) and parallel (circles) polarization calculated by varying the 

grating fill factor from 5% to 95%. The maximum normalized power radiated by the 2D-

 

Figure 4.6.  Purcell factor (hollow symbols) and normalized radiated power (𝛹𝛼
2𝐷,full symbols) 

for perpendicular (square) and parallel (circle) polarization calculated as function of 

the grating fillfactor (a) and height (b). The Purcell factor is referred to the right axis 

and the normalized power to the left axis.  

 

Figure 1.  

 

Figure 4.5.  (a) Perpendicularly and (b) parallel polarized normalized emission patterns of a 2D-

dipole as function of the grating period. (c) Normalized power radiated by the 2D-

dipole (Ψ𝛼
2𝐷) and (d) Purcell factor, both for a 2D-dipole perpendicularly (red curve) 

and parallel (blue curve) polarized. The 2D results obtained with a Lumerical FDTD 

for perpendicularly (squares) and parallel (circles) polarized 2D-dipoles are also 

shown in (c) and (d) for the sake of comparison.  
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dipole occurs at ff=70% (Ψ𝑧
2𝐷=1.43) for perpendicular and at ff=47% (Ψ𝑥

2𝐷=0.78) for parallel 

polarization. The Purcell factor for perpendicular polarization is higher than that for 

parallel polarization at ff>35%. Most of the electric field is reflected in the first layers of 

the HMM, reducing the influence of the grating fill factor on the Purcell factor, as seen in 

Figure 4.6 (a).  Since the goal is to decrease the lifetime of the QEs and yet to increase the 

radiation power, the best scenario is present when ff=70%, in which the 2D-dipole that 

radiates more power also has the higher Purcell factor.  

The only parameter yet to be optimized is the grating height a. For that, we adopt Λx=420 

nm, ff=70%, and vary the height from 5 to 200 nm. The Purcell factor (hollow symbols) 

and the normalized radiated power (full symbols) for perpendicular (squares) and 

parallel (circles) polarization are shown in Figure 4.6 (b). The Purcell factor for 

perpendicular and parallel polarizations present a slight variation when the grating 

height is changed. This is caused by the electric field being reflected mostly at the first 

layers of the HMM. As a result, the grating has little contribution to the reflected electric 

field. However, the transmitted field is highly affected by the grating. High-k modes 

interact only weakly with a thin grating, causing the diffraction efficiency to decrease. 

However, a thick grating causes the modes to become more attenuated by the metal, 

consequently decreasing the transmission coefficients. Therefore, the 2D-dipole radiation 

power is low either for very thin or for thick grating, as shown in Figure 4.6 (b). The 

optimum value is present at an intermediate thickness of a=80 nm, at which the 

perpendicular 2D-dipole has a normalized radiated power of Ψ𝑧
2𝐷=1.67 and 𝑃𝑧

2𝐷= 20.  

Once the grating’s geometrical parameters have been optimized (Λx=420 nm, ff=70% and 

a=80 nm), we can next calculate the normalized squared electric field of a 2D-dipole. This 

is carried out using (4.72) and (4.81). The normalized squared electric field and emission 

pattern for perpendicular polarization are both shown in Figure 4.7 (a). The emission 

pattern presents two symmetrical lobes oriented along θ=±6° with gain G=13.9 dB. In 

addition, each lobe of the propagating wave has a full width at half maximum FWHM=6°. 

 

Figure 4.7.  Normalized squared electric field and emission pattern of a perpendicular (a) and 

parallel (b) polarized 2D-dipoles.  
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In contrast, the emission pattern for parallel polarization, shown in Figure 4.7 (b) along 

with its normalized squared electric field, presents a main lobe at θ=0° with G=11.1 dB 

and FWHM= 5°, along with two secondary lobes. In summary, the electric field emitted 

by the 2D-dipole propagates with high gain nearly normal to the surface. The polarization 

with the higher Purcell factor (perpendicular) has, as predicted, most of its power 

radiating into medium 2, contributing to the increase of the overall Purcell factor.  

The next step is to determine Ψ𝛼
2𝐷 and 𝑃𝛼

2𝐷as function of position. This is accomplished 

here by allowing the 2D-dipole position to be shifted in the reflection and transmission 

coefficient expressions as follows,  

( ) ( ) ( )-j, ,

, ,, , ,0,0 ,x yiK x mK yi m i mv x y v e   

 + 
  =k k  (4.83) 

where Δx and Δy are the incremental shifts in x and y axes, respectively. A 2D grating 

exhibits translation only in x-axis, thus Ky=0. Note that  𝑣𝜒,𝜎
𝑖,𝑚 has period Λx and Λy along 

the x and y axes, respectively. The expression for the Purcell factor can now be obtained 

by substituting (4.83) into (4.62) and (4.63) [(4.74) and (4.75)], and the resulting 

expressions into (4.68) [(4.79)] for perpendicular [parallel] polarized dipole. The Purcell 

factor is calculated for perpendicularly and parallel polarized 2D-dipole s located at a 

distance q from the HMM bottom surface and whose position varied in the interval - Λx/2 

 

Figure 4.8.  Left and right columns refer to perpendicular and parallel polarized 2D-dipoles, 

respectively. Purcell factor (a,b) and normalized radiated power (c,d) calculated as 

function of the 2D-dipole position. (a,c) Perpendicular and (b,d) parallel 

polarization. The colorbar is valid for both figures of each row.    
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to Λx/2. The results for both 2D-dipole polarizations are shown in Figure 4.8 (a) and (b). 

Note that the Purcell factor increases exponentially as the 2D-dipole approaches the 

HMM surface, which is due to the coupling of the 2D-dipole’s evanescent fields to the 

HMM bulk modes. The reverse is true if the 2D-dipole moves away from the HMM 

surface because of the exponential decay of these fields. The HMM bottom layers (closer 

to the 2D-dipole) are where most of the 2D-dipole’s evanescent fields are reflected. 

However, part of the energy corresponding to these fields reaches the grating, resulting 

in a slight dependence of the Purcell factor on the dipole position as it moves along the 

grating groove to ridge in the x-axis. 

The next parameter to be examined is the normalized radiated power obtained here as 

function of q and Δx, and shown in Figure 4.8 (c) and (d) for perpendicular and parallel 

polarizations, respectively. These figures show that the closer the 2D-dipole gets to the 

HMM, the higher Ψ𝛼
2𝐷 is. This behavior confirms that the grating is in fact converting the 

2D-dipole’s high-k modes coupled to the HMM into propagating waves in medium 2. As 

the 2D-dipole moves away from the HMM surface, the high-k modes’ power 

exponentially decreases causing a decrease on the power coupled to the far field. In 

contrast to the Purcell factor, the radiated power changes significantly when the 2D-

dipole is shifted along the x-axis. According to Figure 4.8 (c) and (d), the 2D-dipole 

radiates more power if located under the groove’s or ridge’s center.  

4.3.2 3D Configuration: Analysis and Discussion 

With the grating optimization complete, the next step consists in converting the 2D 

structure into a 3D one. The most intuitive way of doing this would be using a Bullseye 

configuration for the grating [39], [57]. However, this configuration produces high Pα and 

Qα only for dipoles located in the center of the Bullseye. Since in the proposed structure 

the QE’s are uniformly distributed inside the PMMA, the Bullseye configuration is not 

suitable for our application. For this reason, we choose a grating consisting of a periodic 

array of nano-cylinders to represent the 3D model, as depicted in Figure 4.3. The periods 

along x and y axes are 420 nm and a=80 nm. Note that the change from 2D to 3D requires 

the fill factor (ff=70%) to be squared, thus the cylinder radius (w) is calculated to provide 

a fill factor of 49%, corresponding to w=170 nm. The HMM geometrical parameters are 

the same for both dimensions, as shown in Figure 4.4 (a).  

Before analyzing the 3D HMM, we provide additional validation of the 2D model. Bear 

in mind that the use of 2D simulations for optimizing electromagnetic devices is widely 

used in the literature due to their much lower computational cost compared to 3D ones. 

Although 2D simulations do not fully describe the 3D behavior, they provide key insights 

for the optimization process. In this sense, we have performed three 3D-FDTD 

simulations with the same structure illustrated in Figure 4.3 but with different fill factors 

(ff), for the optimum case (ff=49%) and two alternatives scenarios, ff=30% and 70%. Since 

our structure is optimized for perpendicular polarization, we have considered a dipole 

perpendicularly oriented. Figure 4.9 shows the total power radiated to the far field by the 

perpendicular dipole for ff=30% (circles), 49% (squares) and 70% (triangles). As this figure 
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shows, in addition to radiating more power (1.7 W), the structure with the optimized fill 

factor (ff=49%) outperforms all others at the operating wavelength (λ = 773nm). These 

results indicate that the optimization carried out in 2D can indeed provide good 

geometrical parameters to be used in the 3D model.   

After the validation of our 2D optimization procedure, we calculated the radiation pattern 

emission on the plane z=z0+zgr of a perpendicularly and parallel polarized QE placed at q 

= 10nm. Figure 4.10 shows the normalized Poynting vector modulus (a,d) and electric 

field decomposed in p- (b,e) and s-polarization (c,f) for a perpendicularly (a-c) and 

parallel (d-f) polarized QE. According to Figure 4.10 (a) and (d), the dipole emission is 

not as directional as in the 2D case. Nevertheless, 50% of the radiated power is within the 

30° cone for both perpendicular and parallel polarizations. The loss of directivity 

(compared to the 2D model) is mainly due to the cross polarized terms in (4.22) and (4.35). 

On one hand, perpendicularly polarized dipoles do not radiate s-polarized waves, 

therefore the s-polarized electric field shown in Figure 4.10 (c) is generated by the cross-

polarization terms in (4.22). The peaks in the radiation pattern for p-polarized waves 

(Figure 4.10 (b)) are inside the 20° cone, while the peaks for s-polarized waves are in the 

55° cone (Figure 4.10 (c)). On the other hand, parallel polarized dipoles radiate both p- 

and s-polarized waves. However, s-polarized waves are highly attenuated by the HMM, 

and consequently do not have a considerable influence on the transmitted fields. As a 

result, the s-polarized waves are mostly generated by the cross-polarization term 𝑡𝑠,𝑝
𝑖,𝑚 in 

(4.35). Note once again that the peaks of the p-polarized waves (Figure 4.10 (e)) are in a 

smaller cone compared to the s-polarized waves (Figure 4.10 (f)) (10° and 30° for p- and 

s-polarized waves, respectively).  

Figure 4.11 (a) and (b) show the normalized dissipated power density ( 𝐷𝛼 =

𝑘0
2 𝜕2𝑃𝛼 𝜕𝑘𝑥𝜕𝑘𝑦⁄ ) for perpendicular and parallel polarizations, respectively, with p chosen 

 

Figure 4.9.  3D-FDTD simulations of the total power radiated to the far field by the 

perpendicular dipole for f=30% (circles), 49% (squares) and 70% (triangles). 
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so that the dipole radiates 1 W in free space. According to (4.12), the perpendicular dipole 

emits only p-polarized waves whose amplitudes depend on k∥. It should be noted that 

without the grating this dependence would have produced circles in the Dz map. 

However, according to (4.24), (4.37) and (4.38), the grating changes the waves’ momenta 

causing the dependence of k∥ to be changed to kx and ky and therefore deforming these 

circles, as shown in Figure 4.11 (a). As mentioned before, the bottom HMM layers are 

mainly responsible for wave reflection, therefore the Dz map deformations are small and 

the circles’ pattern can still be seen in Figure 4.11 (a).  In addition, the power is dissipated 

inside the circle k∥/k0 <10, which is the region where the medium behaves as a HMM (see 

Fig. 2 (b)).  The parallel polarized dipole radiates TE and TM waves which are 

proportional to k∥, but modulated by sin(ψ) and cos(ψ), respectively (𝜓 = atan(𝑘𝑦 𝑘𝑥⁄ )). 

Since only TM modes couple to the HMM, the Dx map also presents deformed circles 

modulated by cos(ψ), as can be seen in Figure 4.11 (b).  

 

Figure 4.10.  Normalized Poynting vector of a perpendicularly (a) and parallel (d) polarized 

dipole placed at q=10nm. Normalized electric fields emitted by a perpendicularly 

(b,c) and parallel (e,f) polarized dipole decomposed in p- (b,e) and s-polarization 

(c,f).    
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 Next, we calculate Pα and the normalized radiated power (𝛹𝛼
3𝐷=Qα/W0) as functions of 

Δx, Δy, and q.  Figure 4.12 (a) and (c) show 𝛹𝛼
3𝐷 for perpendicular and parallel 

polarizations, respectively, at q = 10 nm. The corresponding Purcell factor is shown in 

Figure 4.12 (b) and (d) for perpendicular and parallel polarization, respectively. As noted 

before, in contrast to TE modes, TM modes strongly couple to the HMM bulk modes. 

Moreover, the perpendicular dipole, which radiates only TM waves, has a Ψ𝛼
3𝐷higher 

than that of parallel dipoles, which radiates both TE and TM waves. This behavior is 

observed for any dipole position, see Figure 4.12 (b) and (d). A shift of the dipole in the 

xy-plane causes a large variation on both Ψ𝑧
3𝐷and Ψ𝑥

3𝐷, with the dipoles radiating more 

power when positioned below the cylinder edge for perpendicular polarization (up to 2) 

and below the cylinder center for parallel polarization (up to 0.75). In contrast, the 

dipole’s position in xy plane has little influence on Pα, changing it only by a factor of 7.1% 

for both polarizations. This is a consequence of the dipole’s radiated waves being mostly 

reflected by the HMM, reducing the grating influence on the Purcell factor. As observed 

in Figure 4.10 (a,c), the dipole dissipates more power for perpendicular polarization due 

to the strong coupling to TM bulk modes. As a result, the Purcell factor at any position is 

higher for this orientation, as shown in Figure 4.12 (b,d). For instance, at q=10nm and 

Δy=Δx=0, Pz=145 and Px=62. Similarly to the 2D case, Pα and Qα is higher for dipoles closer 

to the HMM surface, but it exponentially decays as the separation increases due to 

evanescent coupling to TM bulk modes. In summary, our approach allows both Pα and 

 

Figure 4.11. Normalized dissipated power of a perpendicularly (a) and parallel (b) polarized 

dipole placed at q = 10nm. 

 

Figure 4.12. Normalized radiated power (a,c) and Purcell factor (b,d) of a perpendicularly (a,b) 

and parallel (c,d) polarized dipole as function of its position variation x and y at q 

= 10nm. The solid black line in (a-d) represents the periodic array of nano-cylinders 

edges. 
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Ψ𝛼
3𝐷to be mapped as function of the dipole’s position. This is highly desirable as it allows 

us to understand how the QE location affects its behavior.  

4.4 Comparison between HMM with and without metallic 

gratings 

After generating the Pα and Ψ𝛼
3𝐷 maps as function of the dipole’s position, we can now 

calculate the system’s g(t). The goal is to compare this parameter from the optimized 

grating assisted structure proposed in this chapter (HMM_opt) with that of the plain 

HMM proposed in chapter 3 (HMM_ch3). In case of HMM_ch3, g(t) is calculated with the 

help of (3.16) and (3.17). However, for HMM_opt, both Qα and Pα change with the QE’s 

position (r0), as seen in Figure 4.12. Consequently, (3.16) and (3.17) need to be modified to 

take these effects into account. Assuming the QEs are uniformly distributed, g(t) can be 

calculated as follows [114],   
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where Υ𝛼 is the probability of the QE being polarized along the α-axis, ηα=𝛹𝛼
3𝐷/𝑃𝛼 is the 

quantum efficiency of the QE polarized along the α-axis, ηtotal is the system’s quantum 

efficiency. After calculating g(t), the system’s lifetime (τ) is estimated as g(τ)=1/e, resulting 

in the effective enhancement of spontaneous emission rate Peff = 1/τ. We carry out the 

comparison between both structures (i.e, between HMM_opt and HMM_ch3), 

investigating three scenarios:  

I. All QEs are perpendicularly polarized (Υ𝑧 = 1; Υ𝑥 = Υ𝑦 = 0), with 𝑃𝑒𝑓𝑓
𝑧 = 𝑃𝑒𝑓𝑓  

and 𝜂𝑒𝑓𝑓
𝑧 = 𝜂𝑒𝑓𝑓; 

II. All the QEs are parallel polarized (Υ𝑥 = 1; Υ𝑧 = Υ𝑦 = 0). Note that the results 

would be the same if we consider (Υ𝑦 = 1; Υ𝑧 = Υ𝑥 = 0). 𝑃𝑒𝑓𝑓
𝑥 = 𝑃𝑒𝑓𝑓  and 𝜂𝑒𝑓𝑓

𝑥 =

𝜂𝑒𝑓𝑓; 

III. The QEs are equally polarized (Υ𝑧 = 1/3; Υ𝑥 = 1/3; Υ𝑦 = 1/3), with 𝑃𝑒𝑓𝑓
𝑚 = 𝑃𝑒𝑓𝑓  

and 𝜂𝑒𝑓𝑓
𝑚 = 𝜂𝑒𝑓𝑓. 

In subsection 3.4, we demonstrated that the host thickness (h) is a good parameter for 

controlling Peff and ηeff. Thus, to assess the HMM performance, with and without gratings, 

we vary the host thickness in the range 1nm  h  100nm.  Figure 4.13 shows Peff (a,c,e) 

and ηeff (b,d,f) for HMM_opt (squares) and HMM_ch3 (circles) considering the scenarios 

I (a,b), II (c,d) and III (e,f). HMM_opt is optimized to decouple the high-k modes radiated 

by the QEs. These modes are responsible for increasing the QEs Purcell factor (P). Thus, 

this decoupling mechanism helps decreasing the 𝑃𝑒𝑓𝑓
𝑧 , as seen in Figure 4.13 (a). 

Nonetheless, it also helps increasing the power radiated to the far field, resulting in higher 
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𝜂𝑒𝑓𝑓
𝑧 , as shown in Figure 4.13 (b). Notice that the 𝜂𝑒𝑓𝑓

𝑧  growth saturates at h  50nm, then 

slowly decreases. As the QEs get farther away from the HMM_opt surface, Pz(r0) and 

Qz(r0) decrease due to the reduced power of the evanescent waves. Moreover, as seen in 

Figure 4.8, Pz(r0) decreases faster than Qz(r0), resulting in the enhancement of ηz(r0), and 

consequently of 𝜂𝑒𝑓𝑓
𝑧 , as observed in Figure 4.13 (b) for h < 50nm. However, Qz(r0) tends 

to zero for h > 50nm because the high-k modes are converted into radiation modes 

decreasing 𝜂𝑒𝑓𝑓
𝑧  as a result. This explanation also applies to the behavior of 𝜂𝑒𝑓𝑓

𝑥  for 

HMM_opt, shown in Figure 4.13 (d).   

In scenario II, 𝑃𝑒𝑓𝑓
𝑥  of HMM_opt is higher than that of HMM_ch3 for h < 40nm, as shown 

in Figure 4.13 (c). For h > 40nm the grating does not affect significantly 𝑃𝑒𝑓𝑓
𝑥 , and both 

HMM_opt and HMM_ch3 present similar Peff values. The TE waves radiated by the QEs 

in HMM_opt are mostly reflected on the HMM surface (due to the HMM metallic 

behavior for TE polarization), and propagate instead in the substrate. In contrast, the 

reflected TE waves of HMM_ch3 propagate in air. Consequently, Qx is higher for 

HMM_ch3 than for HMM_opt, resulting in higher 𝜂𝑒𝑓𝑓
𝑥  for the full range of h, as shown 

in Figure 4.13 (d). As seen in Figure 4.13 (b,f), the perpendicular QEs in HMM_ch3 does 

have significantly contribution to g(t) due to their low 𝜂𝑒𝑓𝑓
𝑧 .   

Finally, scenario III considers QEs equally polarized and distributed inside the host layer, 

and represents the most realistic scenario. Here, the perpendicular polarized QEs in 

HMM_ch3 have little impact on  𝑃𝑒𝑓𝑓
𝑚  because of their low 𝜂𝑒𝑓𝑓

𝑧 . Therefore, 𝑃𝑒𝑓𝑓
𝑚  is 

approximately equal to 𝑃𝑒𝑓𝑓
𝑥 , as explained in section 3.3. In contrast, 𝜂𝑒𝑓𝑓

𝑧 > 𝜂𝑒𝑓𝑓
𝑥  for 

 

Figure 4.13. Effective Purcell factor (a,c,e) and quantum efficiency (b,d,f) for HMM_opt (squares) 

and HMM_ch3 (circles) considering scenarios I (a,b), II (c,d) and III (e,f). (a,c,e) are 

limited in the y-axis. The inset in each plot shows the full curve.  
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HMM_opt, and the perpendicularly polarized QEs strongly influence 𝑃𝑒𝑓𝑓
𝑚 . All these 

factors, along with the increased P provided by perpendicularly polarized QEs, enable 

HMM_opt to produce high 𝑃𝑒𝑓𝑓
𝑚  for the entire range of h, as seen in Figure 4.13 (e). Note 

that 𝜂𝑒𝑓𝑓
𝑚  is approximately equal for both structures for h < 50nm, as seen in Figure 4.13 (f) 

due to the strong high-k mode decoupling provided by the gratings of HMM_opt that 

also increases Q. Thus, HMM_opt compensates for the reduction in 𝜂𝑒𝑓𝑓
𝑚  caused by the 

enhancement of 𝑃𝑒𝑓𝑓
𝑚  by increasing Q.  HMM_ch3, in contrast, shows better performance 

for h > 50nm, since 𝜂𝑒𝑓𝑓
𝑚 becomes much higher in this region.  

It is also interesting to compare the performance in terms of  𝜂𝑒𝑓𝑓
𝑚  of both HMMs as 

function of Peff, as shown in Figure 4.14 (a). Since the host thickness is proportional to the 

total power radiated to the far field, it is also interesting to know the value of h required 

to achieve the desired Peff (heff), as shown Figure 4.14 (b). Note that HMM_opt performs 

better in terms of 𝜂𝑒𝑓𝑓
𝑚  and heff whenever high values of 𝑃𝑒𝑓𝑓

𝑚  are required (> 5) then. In 

contrast, if low values of 𝑃𝑒𝑓𝑓
𝑚  are required, then HMM_ch3 is the appropriate choice 

because of its higher 𝜂𝑒𝑓𝑓
𝑚  and heff. For instance, if Peff = 10 is required for HMM_ch3, then 

h should be equal to 28 nm, resulting in ηeff = 1.25%. To achieve the same Peff with 

HMM_opt, h would have to be 38nm, achieving ηeff = 3.00%. Therefore, besides increasing 

the total radiated power, our optimization approach can increase the system’s quantum 

efficiency in 240% for the desired Peff.    

In summary, HMM_opt allows the same Peff to be achieved for h < 50 with a higher 𝜂𝑒𝑓𝑓
𝑚  

than that from HMM_ch3, which confirms the superior device performance provided by 

the optimization procedure proposed in this chapter. 

4.5 Computation improvement of our method 

 In this section we discuss the gain in computational time that we obtain using the 

approach proposed in this thesis in comparison with commercial software. Due to 

software license (Lumerical) and the massive number of RCWA simulations required, we 

have used different computational resources to carry out the simulations. The 2D-FDTD 

 

Figure 4.14. (a) and (b) show 𝜂𝑒𝑓𝑓
𝑚  and heff, respectively, as function of 𝑃𝑒𝑓𝑓

𝑚  for the scenario III with 

HMM_opt (red lines) and HMM_ch3 (blue lines).  
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(Lumerical) simulations for instance were carried out in a regular desktop computer (Intel 

Core i7-3960X processor with 64GB of RAM). The RCWA simulations, in contrast, were 

carried out in the high performance DaVinci cluster at Rice University, due to the number 

of simulations necessary to create the color maps. In any case, for comparison purposes, 

we provide below a description of the computational costs involved: 

• Regarding the maps in Figure 4.8 (a-d): the reflection and transmission 

coefficients (𝑣𝜒,𝜎
𝑖 (𝑘𝑥

0)) of each diffraction order i are calculated using 2D-RCWA 

retaining 51 orders. To simulate a dipole, the parallel wavevector component 

of the incident plane wave (𝑘𝑥
0) is swept with 5001 points in the interval 0 ≤

|
𝑘𝑥

𝑘0
| ≤ 25. Therefore, it takes approximately 6 minutes to calculate all terms 

𝑣𝜒,𝜎
𝑖 . Using the obtained results, the maps are then calculated with 51×51 pixels 

where each pixel takes approximately 20s to be calculated, resulting in a total 

computational cost of 14 hours. If the maps were calculated only with the 2D-

FDTD, the computational cost would have risen to approximately 27 days (15 

minutes per pixel) per dipole orientation. 

• Regarding Figure 4.12 (a-d): the reflection and transmission coefficients 

(𝑣𝜒,𝜎
𝑖,𝑚(𝑘𝑥

0, 𝑘𝑦
0)) of each diffraction order (i,m) are calculated using 3D-RCWA 

retaining 121 (11×11) orders. To simulate a dipole, the parallel wavevector 

components of the incident plane wave (𝑘𝑥 and 𝑘𝑦)  are swept with 1001 points 

each in the interval 0 ≤ |
𝑘𝑥

𝑘0
| , |

𝑘𝑦

𝑘0
| ≤ 25. Therefore, it takes approximately 6 days 

to calculate all terms 𝑣𝜒,𝜎
𝑖,𝑚 . Using the obtained results, the maps are then 

calculated with 21×21 pixels in the quadrant Δx,Δy≤210nm where each pixel 

takes approximately 20 min to be calculated (the remaining quadrants are 

obtained by mirroring the results from Δx,Δy≤210nm with respect to the axes 

Δx=210nm, Δy=210nm and Δy=410nm-Δy). Therefore, the total computational 

time to obtain all maps is 12 days with our approach (Note: since we have 

carried out these simulations in the DaVinci cluster at Rice University, the 

computational cost is reduced to approximately 2 days). However, if these 

simulations were carried out entirely with 3D-FDTD, it would have taken 

approximately 441 days to obtain the maps in Figure 4.12 (one simulation a 

day per pixel). 

In summary, mappings of Figure 4.8 (a-d) and Figure 4.12 (a-d) were performed 46 and 

36.5 times faster, respectively, using the approach proposed here than it would if 

numerically calculated via FDTD. 

4.6 Chapter conclusion 

In this chapter, we have proposed a semi-analytical model to investigate the radiation 

emission profile of QEs under a nano-patterned metamaterial. In addition, the reduced 

computational burden of this method (compared to numerical approaches) allows the 
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Purcell factor and the radiated power to be calculated in a more straightforward manner. 

The model was applied to a HMM composed of seven Ag/TiO2 layers with a silver grating 

on its top. Using a 2D configuration first, we optimized the grating geometrical 

parameters and showed that the radiation pattern is highly directive for Λx = 420nm. 

Furthermore, the normalized power coupled from high-k HMM modes into air was 

increased to 1.67 for perpendicular polarization for a fill factor ff = 70% and grating height 

a = 80 nm. With such optimum parameters, we calculated Ψ𝛼
2𝐷 an 𝑃𝛼

2𝐷as function of the 

QE relative position with respect to the grating groove and ridge. The maximum Ψ𝛼
2𝐷 and 

𝑃𝛼
2𝐷values occurred at the same QE relative position, which helped increase the system’s 

overall Purcell factor, according to (28). After the 2D optimization procedure, we applied 

the optimized parameters to a 3D periodic array of nano-cylinders. We observed that the 

radiation pattern lost some of its directivity because of cross-polarized transmission; 

however, the QE showed the highest Purcell factor (Pz = 145 and Px = 67.5) and the highest 

radiated power (𝛹𝑧
3𝐷 = 2 and 𝛹𝑥

3𝐷
 = 0.75) for q = 10 nm. Moreover, in comparison with the 

HMM without the gratings, we have demonstrated that our approach is capable of 

enhancing the system’s quantum efficiency by 240% if a Purcell factor of 10 is of interest. 

To the best of our knowledge, the model described in this chapter is the first in the 

literature capable of mapping, in a detailed and accurate fashion, both the QE s’ Purcell 

factor and total radiated power under or above any nano-patterned structure as function 

of position. 
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5.1 Chapter 5 - Introduction 

HMMs can be obtained from wire media [38], [94]–[96] and from planar stacks of thin 

alternating metal/dielectric layers [37], [38], [40], [97]–[100]. The latter is preferred because 

its dispersion profile can be easily tuned by changing materials, layer thicknesses, or 

wavelength [37]. Its large PDoS allows faster spontaneous emission rate [109], shorter 

lifetimes and higher QE dissipated power. Unfortunately, the spatial dispersion induced 

by high-k modes in real HMMs limits the number of supported modes and, consequently, 

the PDoS [101]. In addition, most of the dissipated power coupled into the HMM is due 

to the high-k modes which, in turn, do not couple to free-space modes [109], [124]. 

Consequently, the energy of these modes is mostly thermally dissipated inside the HMM, 

reducing the QE’s η. Some authors have resorted to nano-patterned HMMs (NPHM) to 

convert high-k modes into free-space modes (k≤k0) to increase η. For instance, in [55], [103], 

[125]–[127], [156] the authors have used a patterned HMM surrounded by QEs, while in 

[128], [129] the QEs are placed inside the HMM. Metallic or dielectric gratings on the top 

of the HMM have also been used for this purpose, where QEs are in the layer below the 

HMM [124], or in, where they are inside it [57], [120], [121]. Regardless of the geometry, 

the optimization of the NPHM geometrical parameters is usually carried out via 

numerical simulations, such as finite-difference time-domain (FDTD) and finite elements 

(FEM) methods, which are computationally costly. An alternative to improve the 

optimization process is to use semi-analytical techniques, such as in [131], [132] where 

QEs are allowed in any layer of a non-patterned structure, or in [124] where QEs are 

placed close to the NPHM either in the top or bottom semi-infinite layer. Moreover, only 

a single (dipole) source can be used with these techniques, rendering them not general 

enough. 

In this context, we propose here a general semi-analytical model to calculate, both in two 

and three dimensions (2D and 3D), all radiation parameters of any electromagnetic source 

type (including QEs modeled as a dipole) embedded in any of the layers of a nano-

patterned stratified media (NSM). This method allows multiple electromagnetic sources 

arbitrarily distributed in the cover, substrate, and any inner layer to be used 

simultaneously. The flexibility of placing the source inside any layer (nano-patterned or 

not) allows us to very efficiently obtain the radiation emission parameters of any 

previously published HMM/source configuration [2,20-34]. The validation of the 

proposed method is carried out by calculating Γ and Q of a two-source system consisting 

of a QE embedded in a medium bounded by nano-patterned layers (QEL) and a dipole 

source in the cover layer (QEC). We also investigate the influence of QEL on QEC’s emission 

parameters and compare the results with FDTD simulations.  

Once validated, we apply the proposed model to a more realistic situation where a NPHM 

is designed to enhance both the Γ and η of a QE. These parameters are mapped here as 

function of the QE and NPHM relative position, which is facilitated by the method’s low 

computational cost. This mapping is a helpful tool to understand the decay behavior of 

the whole system [55], [114] since QEs are randomly distributed and oriented inside the 

NPHM [55], [57], [103], [120], [121], [125]–[129]. By knowing the QE’s Γ and η at each 
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position allows the decay curve g(t) of a system with multiple QEs to be analytically 

calculated. This procedure is fundamentally different from those currently used in the 

literature, where the decay curve is either fitted as a sum of exponentials [121], [126], [130] 

or calculated from Γ and η at each position [55], [114]. These approaches resort to 

computationally costly numerical simulations to calculate Γ and η. Our procedure, in 

contrast, is not only more accurate but also computationally more attractive and can be 

applied to any NSM. Furthermore, the analytically calculated g(t) allows the system’s 

effective quantum efficiency ηeff and emission rate Γeff to be directly obtained assuming 

multiple arbitrarily distributed electromagnetic sources in the cover, substrate, and any 

inner layer. In this sense, we also propose here a new procedure to optimize the NPHM 

geometrical parameters to maximize ηeff while achieving the desired Γeff. The optimization 

procedure is divided into three steps, as follows: Step 1) The 3D semi-analytical model 

(3D-SAM) is used to optimize the layer thicknesses of a non-patterned HMM to maximize 

ηeff. We take advantage of the structure's axial symmetry and lack of nano-patterns to 

reduce the 3D-SAM computational cost even further and thus calculate the Γfp and ηfp 

maps (required to calculate ηeff and Γeff), where the superscript fp denotes a source at a 

fixed position. Step 2) The computationally efficient 2D semi-analytical model (2D-SAM) 

is employed to optimize the nano-pattern's period and fill-factor. This helps hasten the 

final optimization step based on the more realistic 3D model. Step 3) The 2D optimized 

parameters are fed into the 3D model for final tuning. In this step, the full Γfp and ηfp maps 

are built for a few different scenarios to evaluate the ones capable of achieving the desired 

Γeff. The proposed procedure is then applied to maximize the ηeff of a system whose host 

(polymer) layer is embedded with Rhodamine 6G (R6G), a fluorescent molecule, while 

increasing Γeff by a factor of 10 (actually, it can be any value). We show that a NPHM 

consisting of 9 alternating layers of silver (Ag) and silicon dioxide (SiO2) can be optimized 

to enhance ηeff from 4.3% (non-patterned) up to 7.3% and 11.6% if patterned along one 

(1D-NPHM) and two axes (2D-NPHM), respectively. We also show that the 

computational time required to build the Γfp and ηfp maps, used in the calculation of g(t), 

is reduced by 96% (1D-NPHMs) and 98% (2D-NPHMs) when compared to FDTD 

simulations.  

This chapter is organized as follows: Section 5.2 presents the mathematical model used to 

calculate ηeff and Γeff, both in 2D and 3D. Section 5.3 begins with the validation procedure 

which consists in calculating η and Q of a two-source double nano-patterned structure 

and comparing the results with those of FDTD simulations. With the validation 

procedure complete, we then follow steps 1 and 2 of the optimization procedure to find 

the best NPHM layer thicknesses, period and fill-factor to maximize ηeff. Finally, we carry 

out step 3 to map Γfp and ηfp for all possible QE positions for a 1D- and 2D-NPHM using 

the 3D-SAM. These maps are then utilized to calculate ηeff and Γeff for different source 

scenarios. Section 5.5 presents some concluding remarks.  Part of the work presented in 

this chapter has been submitted as: 

A. F. Mota, A. Martins, V. Pepino, H. Ottevaere, W. Meulebroeck, F. L. Teixeira, and B.-

H. V. Borges, “Semi-analytical modeling of quantum emitters embedded in nano-

patterned hyperbolic metamaterials,” submitted to Journal of the Optical Society of 

America B. 
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5.2 Model 

The proposed model assumes a W-layer stack sandwiched between two semi-infinite 

slabs, i.e., a substrate with permittivity εS and a cover layer with permittivity εC, as shown 

in Figure 5.1. The permittivity of the wth (𝑤 𝜖 [1. .𝑊]) layer is εw, with periodic cell size 

Λ𝑥
𝑤 and Λ𝑦

𝑤 along the x- and y-directions, respectively. Note that the period of each nano-

patterned layer may be different (non-proportional), so it is convenient to define Λx and 

Λy relative to a supercell, given by 𝛬𝑥 = LCM{𝛬𝑥
1 . . 𝛬𝑥

𝑊}  and 𝛬𝑦 = LCM{𝛬𝑦
1 . . 𝛬𝑦

𝑊} , where 

LCM stands for the least common multiple. Differently from [124], the proposed model 

allows for up to three sources to be embedded into the system, one in layer w (source L), 

one in the substrate (source S) and one in the cover layer (source C). Assuming that the 

sources S, L, C are located at z = zS, zL and zC, respectively, their 2D Fourier transformed 

(FT) electric fields can be obtained as follows [124]: 

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )
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z
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(5.1) 

 

Figure 5.1.  W-layer stack sandwiched between two semi-infinite slabs, i.e., a substrate and a 

cover layer. The depicted nano-pattern profiles are just an illustration of possible 

geometries. Λ𝑥
𝑤  and Λ𝑦

𝑤  represent the wth layer unit cell sizes along x- and y-

directions, respectively. The sources S, L and C are embedded within the substrate, 

wth layer and cover, respectively. The electric fields radiated by the sources S (𝐄𝐒
+ 

and 𝐄𝐒
−) and C (𝐄𝐂

+ and 𝐄𝐂
−) are transmitted to layer w giving rise to the fields 𝐄𝐒𝐰 

and 𝐄𝐂𝐰, respectively. These fields, combined with the electric field radiated by the 

source L (𝐄𝐋
+ and 𝐄𝐋

−), are reflected by layers w+1 and w-1, creating two stationary 

fields (A and B) inside layer w. Moreover, the sum of the electric fields propagating 

along the +z and -z directions inside layer w are transmitted to the cover (𝐄𝐓𝐂) and 

substrate (𝐄𝐓𝐒), respectively. 
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where 𝐄𝚫
+ and 𝐄𝚫

− are the electric field vectors radiated by source Δ (Δ=S, L or M) along 

+z- and -z directions, respectively, 𝐸Δ
𝜒,+

 and 𝐸Δ
𝜒,+

 are electric field amplitudes with χ-

polarization (χ = s or p for transversal electric (TE) and magnetic (TM) polarizations, 

respectively) propagating along z and -z directions, respectively. 𝐤∥ = 𝑘𝑥𝐱 + 𝑘𝑦𝐲 is the 

parallel component of the wavevector 𝐤𝚫 = 𝐤∥ + 𝑘𝑧Δ𝐳 , where 𝑘𝛥 = |𝐤𝚫| = 2𝜋√𝜖Δ/𝜆0 

(εL=εw), and 휀Δ is the permittivity of the layer where the source Δ is located (εL=εw,  εC=εc 

and  εS = εs) and λ0 is the wavelength in vacuum. Finally, 𝐏𝛘
𝚫  is the vector used to 

decompose the electric field into the x-, y- and z-components inside the layer in which the 

source Δ is located. Assuming temporal dependence 𝑒−𝑗𝜔𝑡, 𝐏𝛘
𝚫 is written as [124]: 

( )

T

2 2 2 2
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y x

x y x y
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As seen in Figure 5.1, 𝐄𝐒
+ and 𝐄𝐂

− are transmitted to layer w generating the electric field 

vectors 𝐄�̅�𝐰 = [𝐸�̅�w
𝑝

𝐏𝐩
𝐋 + 𝐸�̅�w

𝑠 𝐏𝐬
𝐋]𝑒𝑗𝑘𝑧𝐿|𝑧−𝑧0|, where z0 = -a or b for �̅� = S or C, respectively. 

Furthermore, 𝐄𝐋
+ ,  𝐄𝐋

− , 𝐄𝐒𝐰  and 𝐄𝐂𝐰  are reflected at the upper and bottom interfaces 

creating two stationary fields, one propagating along z (𝐀 = [𝐴𝑝𝐏𝐩
𝐋 + 𝐴𝑠𝐏𝐬

𝐋]𝑒j(𝑘𝑧𝐿)𝑧) and 

the other propagating along -z (𝐁 = [𝐵𝑝𝐏𝐩
𝐋 + 𝐵𝑠𝐏𝐬

𝐋]𝑒−j(𝑘𝑧𝐿)𝑧). Note also that the blue and 

red arrows in Figure 5.1 represent the wavevector and the electric field, respectively. If 

the nano-patterning is not present, then the fields for each 𝐤∥  point can be solved 

individually [109]. However, the nano-patterning diffracts the incident light (with 

moment 𝐤∥
𝟎) into the ith and mth orders (𝐤∥

𝟎 + 𝑖𝐾𝑥𝐱 + m𝐾𝑦𝐲) in the kx and ky directions, 

respectively, creating a coupling mechanism between the harmonics. Consequently, all 

harmonics need to be solved at once. Hence, we propose to write the amplitude of the 2D 

Fourier transformed electric field Ψχ (Ψχ = Aχ, Bχ, 𝐸𝛥
𝜒,±

 or 𝐸�̅�𝑤

𝜒
) as a modulated comb 

function (𝛹𝑐𝑜𝑚𝑏
𝜒

) with period equal to the grating supercell moment Kx (𝐾𝑥 = 2𝜋/Λ𝑥) and 

Ky (𝐾𝑦 = 2𝜋/Λ𝑦) along the kx and ky axes, respectively, and centered at 𝐤∥
𝟎 = 𝑘𝑥

0𝐱 + 𝑘𝑦
0𝐲, as 

follows  

( ) ( ) ( ) ( )
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0

,

00 0

,
,

, ,
0

,
0,

comb x x x y y y
i m x x

y yi m x x x y y y
i m

z z k k iK k k mK
k K

k Kz k k iK k k mK

 



   

  

= − − − −
  


 = − − − − 





0

0

k k

k

 (5.4) 

where 𝛹𝑖,𝑚
𝜒

(𝐤∥
𝟎, 𝑧)  is the ith and mth element in the kx and ky directions of the comb 

function, respectively, with 𝑘𝑥
0  and 𝑘𝑦

0  limited to the interval 0 ≤ (𝑘𝑥
0, 𝑘𝑦

0) ≤ (𝐾𝑥 , 𝐾𝑦) so 

that no multiple identical combs exists. After solving the 𝛹𝑐𝑜𝑚𝑏
𝜒

 for each point of the 

proposed interval, the total electric field Ψχ is recalculated as 
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( ) ( ) ( ) ( )0 0 0 0

,
,0 0

, , d d ,
yx

KK

i m x x x y y y x y
i m

z z k k iK k k mK k k    = − − − − 
0k k  (5.5) 

where δ(.) is the Dirac delta function. For ease of notation, we define the ith and mth 

harmonics of 𝐤∥
𝟎 (𝐤∥

𝐢,𝐦) and 𝑘𝑧Δ(𝑘𝑧Δ
𝑖,𝑚) in the kx and ky directions, respectively, as follows, 

( ) ( ) ( )0 0 ,i m

x y x x y y
k k k iK k mK= + = − + −i,m 0k k x y x y  (5.6) 

( ) ( )
22

2 .i,m i m

z x y
k k k k

 
= − −  (5.7) 

After defining the electric field as comb functions, 𝐸
�̅�𝑤,𝑖,𝑚

𝜒
 can be calculated as follows: 
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, ,T TT

,, , ,

, , , , , , , ,1x x x1x 1x
e ezC C zC Cjk b jk bp s

Cw Cwp C Cws CN N N N NN N
E T E T E

   
    

       

− −        = +        
α,β α,βk k  (5.8) 

( ) ( )
, ,T TT

,, , ,

, , , , , , , ,1x x x1x 1x
e ezS S zS Sjk a jk ap s

Sw Swp S Sws SN N N N NN N
E T E T E

   
    

       

+ +        = +        
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where []QxT represents a matrix with Q lines and T columns. The indices q and t represent 

the matrix’s line and row, respectively, 𝑇𝐶𝑤𝜒,𝜎
𝜅,𝛾  and 𝑇𝑆𝑤𝜒,𝜎

𝜅,𝛾  are the transmission coefficients 

(from cover and substrate to the wth layer, respectively) of the κth and γth diffraction 

orders along x and y directions. The subscripts χ and σ indicate the polarization of the 

incident and transmitted waves, respectively. Differently from 2D systems (nano-pattern 

along one axis), 3D systems (nano-pattern along two axes) give rise to cross-polarized 

waves also taken into account by the formalism, i.e., 𝑇𝐶𝑤𝜒,𝜎
𝜅,𝛾  and 𝑇𝑆𝑤𝜒,𝜎

𝜅,𝛾  for χ ≠ σ [124]. The 

transmission coefficients are calculated with the semi-analytical rigorous coupled wave 

analysis method (RCWA) [152]–[154] for a total number of diffraction orders N = NxNy, 

with Nx and Ny as the number of diffraction orders along the x and y axes, respectively. 

The auxiliary variables used in (5.8) and (5.9) (α, β, κ and γ) are calculated as follows: 
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(5.10) 

The stationary fields A and B are obtained with the help of the 2D Fourier transformed 

electric fields after applying the boundary conditions at z = -a and z = b. This results in the 

following linear system: 
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F = GH  (5.11) 

( )

( )

( )

( )

, , ,

, ,

,

,

, ,

, , ,
x x

, ,

, ,
x x

x,
x

,
x x

0

0

zL zL zL

zL zL

zL

zL

jk b jk b jk b

wC p p wCs p q t
N N N N

jk b jk b

wC p s wCs s
N N N N

jk a
N Nq t

N N
jk a

q t
N N N N

R e R e e

R e R e

e

e

     

   

 

 

   

   







−

−

−

    − −
    

   − −
   

    
 

 
    

α,β α,β

α,β α,β

k k

k k
F =

( )

( )

( )

( )

,

,

,

,

,

x

x

,

,
x

,

,
x

x

,
x

,

,
x

,

,
x

0

0

,

zL

zL

zL

zL

zL

N N

N N

jk a

wSp p
N N

jk a

wSp s
N N

N N

jk b

q t
N N

jk a

wSp s
N N

jk a

wSs s
N N

R e

R e

e

R e

R e

 

 

 

 

 

 

 

 

 


−

 
 
   
  −
  


 −
 

  


  
  

 −  


 − 
  

α,β

α,β

α,β

α,β

k

k

k

k

 

(5.12) 

T

, 1x

T

, 1x

T

, 1x

T

, 1x

p

N

s

N

p

N

s

N

A

A

B

B

 

 

 

 

  
  
 
   

=  
  
  
  
   

G
 

(5.13) 

( )

( )

( )

, ,

, ,

, ,

T
,,

, , , , ,
x 1x

T
,,

, , , , ,
x 1x

T
,,

, , , , ,
x 1x

e e

e e

e e

zL zL

zL zL

zL zL

jk b jk hp p

wC p p L Sw
N N N

jk b jk hp p

wC p s L Sw
N N N

jk a jk hp p

wSp p L Cw
N N N

wS

R E E

R E E

R E E

R

   

   

   

 

   

 

   

 

   

+

+

−

   +
   

   +
   

=
   +

   

α,β

α,β

α,β

k

k
H

k

( )

( )

( )

, ,

, ,

T
,,

, , , , ,
x 1x

T T
, ,

, , , , , , , 1xx 1x

, ,

, , ,
x

e e

e e

e

zL zL

zW zL

jk a jk hp p

p s L Cw
N N N

jk b jk h ps s

wCs p L Sw Cw NN N N

jks

wCs s L
N N

E E

R E E E

R E

   

   

 

   

 

     

 

 

−

+

+

 
 
 
 
 

+
 
 
 
    +     

    + −
    

 
 

α,β

α,β

α,β

k

k

k

( )

( )

, ,

, ,

, ,

T T

, , , , 1x1x

T T
, ,

, , , , , , , 1xx 1x

T
, ,

, , , , ,
x 1x

e

e e

e e

zW zL

zW zL

zW zL

b jk hs s

Sw Cw NN

jk a jk h ps s

wSs p L Cw Sw NN N N

jk a jk hs s

wSs s L Cw Sw
N N N

E E

R E E E

R E E E

   

   

   

   

 

     

 

   

−

−

   + −   

    + −
    

   + −
   

α,β

α,β

k

k
T

, , 1x

s

N 

 
 
 
 
 
 
 
 
  
   

 

(5.14) 

where δq,t is the Kronecker delta, 𝑅𝑤𝐶𝜒,𝜎
𝜅,𝛾  and 𝑅𝑤𝑆𝜒,𝜎

𝜅,𝛾  are the reflection coefficients (from the 

wth layer to the cover and to the substrate, respectively) of the κth and γth diffraction 

orders along x and y directions. The reflection coefficients are calculated with RCWA 

[152]–[154] for a total number of diffraction orders N = NxNy. The accuracy of the proposed 

method depends on the number of diffracted orders N. However, a large N also increases 

the computational cost required to solve the linear system (5.11). After calculating the 
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stationary fields A and B from (5.11), the 2D FT of the electric fields transmitted to the 

cover (ETC) and to the substrate (ETS) are calculated as follows:  
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where 𝑅𝐶𝑤𝜒,𝜎
𝑖,𝑚  and 𝑇𝑤𝐶𝜒,𝜎

𝑖,𝑚  are the reflection (from the cover to the wth layer) and 

transmission (from the wth layer to the cover) coefficients, respectively, of the ith and mth 

diffraction orders along the x and y directions; 𝑅𝑆𝑤𝜒,𝜎
𝑖,𝑚 and 𝑇𝑤𝑆𝜒,𝜎

𝑖,𝑚  are the reflection (from 

the substrate to the wth layer) and transmission (from the wth layer to the substrate) 

coefficients respectively, of the ith and mth diffraction orders along the x and y directions. 

After using the stationary phase method to propagate the FT electric field into the far 

field, the electric field transmitted to the cover (𝐄𝐓𝐂
̅̅ ̅̅̅) or to the substrate (𝐄𝐓𝐒

̅̅ ̅̅̅) is obtained 

as [109]: 
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Finally, the total power radiated by all sources in the system (L, S, C located at positions 

z=rL, rS, rC, respectively) towards the cover (QC) or the substrate (QS) is calculated as 

follows:  

/2 2 2
2

0 0

1
sin d d ,

2
Q r

I

 

  




=   TΔ
E

 (5.19) 

here 𝐼Δ̅ = √𝜇Δ̅ 𝜖Δ̅⁄  is the cover’s (𝛥̅ = C) or substrate’s (𝛥̅ = S) impedance. The formalism 

used to calculate Γ and η assuming the sources as QEs is described in the next section. 

5.2.1 QE source 

Here, each QEΔ source is modeled as a dipole source with momentum pΔ. In most 

applications, the QEs are randomly distributed and oriented inside a layer (either c, s or 
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w) and each QE affects the system’s total decay rate. Therefore, to evaluate the decay 

curve g(t) and effective quantum efficiency ηeff of such a system, we need first to calculate 

ηfp and Γfp at all possible positions (rS, rL, rC) and orientations (pΔ = pΔx, pΔy or pΔz), weighted 

by the probability of that position being occupied by a QE (Γfp ≡ Γfp(rC, rL, rS, pC, pL, pS) and 

ηfp ≡ ηfp(rC, rL, rS, pC, pL, pS)).  

 

5.2.1.1 Calculating ηfp and Γfp for an arbitrary QE configuration 

The first step is to write the 2D FT electric field radiated by QEΔ placed at an arbitrary 

position 𝐫𝚫 = 𝑥Δ𝐱 + 𝑦Δ𝐲 + 𝑧Δ𝐳  as a comb function, as in (5.4), where the ith and mth 

harmonics in the kx and ky directions, respectively, are written as [124]: 
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where ω is the angular frequency and μΔ is the magnetic permeability of the medium in 

which the source Δ is located. The stationary fields A and B are found by substituting 

(5.20) and (5.21) into (5.11) and then solving the resulting linear system. The spontaneous 

emission rate of the source Δ (ΓΔ) with internal quantum efficiency equals to 1 is 

calculated as: 
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where Γ0 is the QE’s emission rate in vacuum, W0 is the power emitted by a dipole in free 

space (𝑊0 = 𝑝2𝜔𝑘0
2/12𝜋𝜖0), and ΨIF (Ψ = A, B, 𝐄𝐋

+, 𝐄𝐒𝐰 , 𝐄𝐂𝐰, 𝐄𝐒
±, 𝐄𝐂

±, 𝐄𝐓𝐒  or 𝐄𝐓𝐂) is the 

electric field calculated using the 2D inverse FT as follows, 
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The calculation of η requires the knowledge of the total power dissipated by the dipole 

and the portion radiated towards the far field region of the substrate and cover. Thus, we 

must evaluate the electric field in the far field to calculate the former.  From (18), the 

temporal envelop of the electric field transmitted to the cover (𝐄𝐓𝐂
̅̅ ̅̅̅) or to the substrate 

(𝐄𝐓𝐒
̅̅ ̅̅̅) in the far field region is calculated as [109] 
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where 𝜃 and 𝜙 are the elevation and azimuthal angles, 𝐸
𝑇Δ̅

𝜒,Δ
 is the amplitude of the 2D FT 

electric field transmitted from the source Δ to the cover (�̅� = C) or to the substrate (�̅� = S). 

𝐸
𝑇Δ̅

𝜒,Δ
 is calculated with (5.16) and (5.17) when only the source Δ is embedded in the system. 

The total power radiated by all the sources in the system (L, S, C located at positions z = 

rL, rS, rC, respectively) towards the cover (QC) or the substrate (QS) is calculated as follows  
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The total dissipated power by the three QEs is given by 

0
,fp

t
W W=   (5.26) 

where Γfp is the normalized power dissipated by the three QEs defined as, 

, , 0

.fp

S L C



=


 =


  (5.27) 

Finally, the system’s quantum efficiency (ηfp) with QEL, QEC and QES at fixed positions z 

= rL, rS and rC, respectively, is given by the ratio between their total radiated power at t = 

0 and their total dissipated power, as follows: 
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 (5.28) 

Therefore, the mapping of ηfp and Γfp for all possible positions (rS, rL, rC) and polarizations 

p = (pΔ = pΔx, pΔy or pΔz) is accomplished by repeating this procedure for the desired values 

of rΔ and pΔ in (5.20) and (5.21) and solving (5.27) and (5.28) for each case. 
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5.2.1.2 Calculating ηfp and Γfp for an arbitrary QE configuration 

The ηfp and Γfp mappings are now used to estimate the system’s effective response due to 

a random distribution of sources inside each layer. Thus, the system’s effective quantum 

efficiency ηeff is calculated by averaging the efficiency of each QE in all possible 

configurations as follows,  
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where VΔ is the volume where each QEΔ is found ([-𝛬𝑥/2, -𝛬𝑦/2, 𝑧𝑖𝑛𝑓
Δ ]≤[x, y, z]<[ 𝛬𝑥/2, 𝛬𝑦/2, 

𝑧𝑠𝑢𝑝
Δ ]), 𝑧𝑖𝑛𝑓

Δ and 𝑧𝑠𝑢𝑝
Δ  are the lower and upper limits in z-axis where the source Δ can be 

placed. F is defined as the probability density function that describes the probability of a 

given position being occupied by a randomly positioned and oriented QE. Similarly, the 

normalized time-dependent decay curve 𝑔Δ̅(𝑡)  measured in the cover ( �̅�  = C) or the 

substrate (�̅� = S) is calculated as follows [114],    
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In (5.30), the normalized time-dependent exponential decay (𝑔Δ̅(𝑡)) is weighted by the 

QE’s quantum efficiency at each position. After calculating 𝑔Δ̅(𝑡), the system’s effective 

lifetime (τeff) is obtained through the condition 𝑔Δ̅(𝜏𝑒𝑓𝑓) = 1/e, resulting in the effective 

enhancement of spontaneous emission rate P = Γeff/Γ0 = τ0/τeff, where τ0 is the QE’s lifetime 

in freespace. 

5.2.2 Special cases 

In this section, we reduce the formalism to the case where the QEs are uniformly 

distributed and oriented inside each layer. This assumption greatly simplifies the 

calculation of ηeff and 𝑔Δ̅, and is normally adopted when polymers embedded with QEs 

are spin-coated on top of the structure [57], [103], [120], [121], [124]–[128]. Thus, we 

evaluate (5.29) and (5.30) for the following scenarios:  

I. three fixed QEs, one in the wth layer, one in the substrate and one in the cover 

layer. This scenario is used to validate the proposed method;  

II. sources uniformly distributed and oriented in the NPHM’s wth layer.  

III. sources uniformly distributed and oriented in the cover, the wth layer and 

substrate.  

5.2.2.1 Three simultaneous sources at fixed positions (substrate, cover, and 

wth layer)  

In this case, QEΔ is fixed at the position rΔ with polarization pΔ. Thus, F= δ(rC, rW, rS, pC, 

pW, pS) and (5.29) and (5.30) are rewritten as: 
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Notice that (5.31) and (5.32) require 𝑄Δ̅, 𝜂fp, ΓΔ to be calculated at a single position and 

polarization. The method validation is carried out by comparing 𝑄Δ̅, , ΓΔ with those 

directly obtained with the FDTD simulation.  

5.2.2.2 QEs uniformly distributed in the wth layer (QEL) 

Here we assume that only the wth layer is embedded with QEs (QEL). Therefore, the triple 

integral in (5.29) and (5.30) is reduced to a single integral over VL (defined as the region [-

Λx/2, -Λy/2, -a]≤[x, y, z]<[-Λx/2, -Λy/2, b]). is reduced to a single integral over VL (defined as 

the region [-𝛬𝑥/2, -𝛬𝑦/2, -a]≤[x, y, z]<[ 𝛬𝑥/2, 𝛬𝑦/2, b]). Furthermore, F becomes dependent 

only of rL and pL and can be written as follows, 
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The summation in (5.29) and (5.30) is carried out only for the three possible QEL 

orientations (pL = pLx, pLy or pLz). The following definitions are adopted to relax the 

notation,  
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With these assumptions, ηeff and 𝑔Δ̅(𝑡) are given by, 
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5.2.2.3 Sources uniformly distributed in each layer  

Finally, in the case where the QEs are uniformly distributed and oriented inside each 

layer (w,S,C),the probability density function is given by 
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where ΩΔ is the volume of region VΔ. Furthermore, the triple integral over VS, VL and VC 

are performed for all possible polarization combinations (3×3×3=27 possibilities). With 

these assumptions, ηeff and 𝑔Δ̅(𝑡) are calculated as follows,  
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5.3 Results 

We devide this section into two parts. In the first part, a validation procedure is carried 

out between the proposed method (3D-SAM) and Lumerical FDTD [151] (used here as 

benchmark) for a double nano-patterned 11-layer stack excited by two distinct 

electromagnetic sources. In the second part, we stress our method by carrying out an 

optimization procedure aiming at maximizing ηeff for a desired value of P for two nano-

patterned geometries (1D- and 2D-NPHM) with the host (PMMA) layer embedded with 

R6G. 

5.3.1 Validation procedure 

The multilayer stack adopted in this procedure consists of W = 11 layers built on top of a 

SiO2 substrate, as illustrated in Figure 5.2. Layers 1-9 consist of alternating Ag(with ε = -

12 + 0.37j) and SiO2(with ε = 2.132) layers whose thicknesses are dme and ddi (15 and 60 nm), 

respectively, except for layer 9 whose thickness is dme/2 as suggested in [101]. The nano-

pattern periodicity is Λ𝑥
𝑠 = Λ𝑦

𝑠  = 230 nm, groove width 𝜌𝑔
𝑠  = 50 nm and 3D fill-factor 

𝑓3𝐷 = 𝑓2𝐷
2 = (ρ𝑔

s /Λ𝑥,𝑦
s )

2
= 0.6125, filled with polymethylmethacrylate (PMMA). Layer 11 

consists of a nano-patterned layer of TiO2 (ε = 5.95) with thickness dc = 50 nm, period Λ𝑥
𝑐 =

Λ𝑦
𝑐  = 115 nm, groove width 𝜌𝑔

𝑐  = 57.5 nm (𝑓3𝐷 = 0.25), filled with air (which is also the cover 

 

Figure 5.2.  Multilayer stack with W = 11 built on top of a SiO2 substrate. Layers 1-9 consist of 

alternating Ag and SiO2 layers whose thicknesses are dme and ddi (15 and 60 nm), 

respectively, except for layer 9, whose thickness is dme/2. These layers are patterned 

with period Λ𝑥
𝑠 = Λ𝑦

𝑠  = 230nm, fill factor 𝑓
3𝐷

= 0.6125 ( 𝜌𝑔
𝑐 = 50 nm), filled with 

polymethylmethacrylate (PMMA). Layer 11 consists of a nano-patterned layer of 

TiO2 with thickness dc = 50 nm, period Λ𝑥
𝑐 = Λ𝑦

𝑐  = 115 nm, 𝑓
3𝐷

= 0.25 (𝜌𝑔
𝑐= 57.5 nm), 

filled with air (which is also the cover layer). The source QEL is placed inside layer 

10 (PMMA) at a = 30 nm from layer 9 top interface and b = 20 nm from layer 11 bottom 

interface. The source QEC is placed in the cover layer at a distance bc from layer 11 

top interface. 
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layer). To stress the method, we assume two QE sources embedded in the system. The 

first source (QEL) is placed inside layer 10 (PMMA host layer) at a = 30 nm from layer 9 

top interface and b = 20 nm from layer 11 bottom interface. The second source is placed 

inside the cover layer (QEC) at a distance bc from layer 11 top interface. Both sources are 

oriented parallel to the interfaces and the emission wavelength (λ0) is 548 nm, which is 

the peak emission of a R6G [157]. Since both the stack and layer 11 have different nano-

pattern periods, we need to define a supercell period along the x and y axes, i.e., Λx = Λy = 

230 nm. To investigate the influence of QEL on the radiation emission parameters of QEC, 

we need to calculate the spontaneous emission enhancement of both sources for scenarios 

with and without QEL, using both the 3D-SAM and Lumerical FDTD [87].  

Figure 5.3 (a) shows ΓL/Γ0 (red, circles) and ΓC/Γ0 (blue, squares) obtained with 3D-SAM 

(solid lines) and FDTD (symbols). This figure also shows ΓC/Γ0 obtained with 3D-SAM 

when QEL is not present (dashed line) for comparison sake. The 3D-SAM results show 

good agreement with those of FDTD, confirming the accuracy of our model. The small 

distance between QEL and the HMM surface (30 nm) contributes to the increase of ΓL/Γ0 

(up to 15) due to the high coupling between the evanescent modes with the HMM high-k 

modes [124]. Moreover, the power radiated by QEC that reaches QEL is smaller than that 

dissipated by the high-k modes, making the influence of QEC on ΓL/Γ0 very small and 

independent of bc, as seen Figure 5.3 (a). In contrast, QEL strongly influences ΓC/Γ0 because 

its radiation emission, especially the evanescent waves, constructively interferes with that 

from QEC, therefore enhancing its dissipated power and, consequently, ΓC/Γ0. 

Furthermore, as bc increases, the evanescent waves decay exponentially, reducing the 

influence of QEL on ΓC/Γ0, as indicated by the ΓC/Γ0 convergence for the scenarios with and 

without QEL.  

Another important aspect is the power radiated to the far field in the cover layer (QC). 

Figure 5.3 (b) shows QC/W0 calculated as function of bc with (solid line) and without 

(dashed line) QEL, and the FDTD results (squares) for the sake of comparison. Once again, 

the results obtained with the 3D-SAM nicely agree with those of the FDTD method. Note 

the increase of QC/W0 due to the presence of the additional electromagnetic source QEL. 

 

Figure 5.3.  (a) ΓL/Γ0 and ΓC/Γ0 using 3D-SAM (red and blue solid lines) and FDTD (symbols). This 

figure also shows ΓC/Γ0 obtained with 3D-SAM when QEL is not present (dashed 

lines). (b) QC/W0 with (solid line) and without (dashed line) QEL. 
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Furthermore, as bc increases, QC/W0 decreases for both scenarios, since less evanescent 

waves are being converted into radiated waves by the TiO2 nano-patterning. In summary, 

in addition to validating the proposed modeling, these results show that it is possible to 

control the radiation parameters of QEC (ΓC/Γ0 and QC/W0) with the addition of a second 

electromagnetic source (QEL).  

5.4 Optimization Procedure 

Now we apply the proposed model to a more realistic case, with R6G (assumed as a 

uniformly distributed source, QEL) embedded in a PMMA host layer (ε=2.22, thickness h) 

on top of a NPHM. As mentioned, the proposed optimization procedure maximizes ηeff 

for any desired P. However, in this example, we set P = 10 because it represents a good 

compromise between P and ηeff (note that according to (5.35) - (5.36), P and ηeff are inversely 

proportional). The wavelength is again 548 nm. The optimization procedure is divided 

into three steps, as follows: In step (1) we optimize the layer thicknesses of a non-

patterned HMM with the 3D-SAM, taking advantage of the structure's axial symmetry 

and lack of nano-patterns to reduce the computation cost required to calculate ηeff and Γeff. 

In step (2), we use the computationally efficient 2D-SAM to optimize the nanopattern's 

period and fill-factor. This step helps hasten the optimization procedure in the more 

realistic 3D model. In step (3), we use the 2D optimized parameters into the 3D model for 

final tuning. In this step, the full Γα and ηα maps are built for a few different scenarios to 

evaluate the ones capable of achieving the desired Γeff. Regarding the fine-tuning, we 

calculate P and ηeff for different values of h to determine the one that results in P = 10 with 

maximum ηeff.  

5.4.1 Step 1: 3D-SAM optimization of a non-patterned HMM 

Initially, we assume a non-patterned HMM with 9 alternating layers of Ag and SiO2 [101] 

because this arrangement causes most of the radiated power (k≤k0) to be reflected back 

from the HMM’s surface into the cover layer. The Ag and SiO2 layer thicknesses are dme 

and ddi, respectively, except for the first layer whose thickness is dme/2, as depicted in 

Figure 5.4 (a).  

The optimization procedure starts by adjusting ddi, dme and the host thickness h to 

maximize ηeff while maintaining P = 10. We assume the unit cell size is infinite (𝐾𝑥, 𝐾𝑦 →

0 ), there is no cross-polarized terms, and only the 0th diffraction order is present 

(Nx=Ny=N=1). With this assumption, the linear system (5.11) is split into two 2×2 systems, 

one for TM and another for TE, and each 𝐤∥ point is decoupled and solved individually, 

resulting in the following set of equations: 
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Moreover, since neither ηα nor Γα depends on the QE’s position along the x and y axes, the 

triple integral in (5.35) is reduced to a single integral along the z-axis only. The thickness 

h required to achieve P = 10 is obtained as function of ddi and dme by solving (5.40) and 

(5.41) and then substituting the results into (5.35). Figure 5.4 (b) shows the resulting map 

for 0 nm<ddi≤100 nm and 0 nm≤dme≤40 nm. Note that the total radiated power increases 

with h because more QEs can be embedded into the PMMA layer in this case. The map 

corresponding to ηeff (shown in Figure 5.4 (c)) is calculated using the value of h obtained 

from Figure 5.4 (b). The black lines in Figure 5.4 (b, c) separate the maps into dispersion 

regions where the stack behaves as a dielectric, an HMM, and a metal according to [101]. 

The maximum values of ηeff and h in both figures occur close to the transition region where 

the stack changes its behavior from HMM to dielectric. In this region, the permittivity 

tensor elements εx and εy (obtained with [101]) not only change their signs from negative 

to positive, but they are also close to zero. According to [40], P is higher in regions where 

both εx and εy are simultaneously close to zero and negative, which is consistent with the 

results shown in Figure 5.4 (b,c). Note also that, despite the claim that metals outperform 

HMMs [158]–[160], in the present configuration the best performance occurs when the 

stack behaves as an HMM, as indicated by the high ηeff in this region (see Figure 5.4 (c)). 

This optimized performance gives ηeff = 4.7% for ddi = 60 nm, dme = 15 nm and h = 40 nm. 

 

Figure 5.4.  (a) HMM consisting of 9 alternating Ag/SiO2 layers on top of a SiO2 substrate. The 

PMMA cover layer with thickness h is positioned on top of the HMM. The (b) and 

(c) maps show the values of h and ηeff, respectively, as function of the metal (dme) and 

dielectric (ddi) thicknesses required to achieve P=10. The black lines in (b) and (c) 

separate the regions where the stack behaves as a metal, a HMM and a dielectric, 

according to [101]. 
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5.4.2 Step 2: NPHM period and fill-factor optimization with the 2D-

SAM 

After calculating both the host and HMM layer thicknesses, the next step is to calculate 

the NPHM optimum period (Λx) and fill factor 𝑓2𝐷 for the system shown in Figure 5.5 (a). 

To do so, we treat the system as 2D so that d d𝑦⁄ = 𝑘𝑦 = 𝐾𝑦 = 0 [124]. This guarantees that 

only TM modes are excited, as obtained after substituting ky = 0 into (5.20) and (5.21). It 

also guarantees that only in-plane solutions of  𝑅𝑤Δ𝜒,𝜎
𝑖,𝑚 are analyzed since this coefficient 

now depends only on kx (rather than on both kx and ky), Ny = 1 and there is no cross-

polarization [124]. Consequently, the time required to calculate 𝑅𝑤Δ𝜒,𝜎
𝑖,𝑚  is markedly 

reduced compared to that of a 3D system when using RCWA. This feature makes the 2D 

method a good first approximation to hasten the optimization of more realistic 3D 

systems. Note that a 2D dipole source behaves equivalently to a dipole line in 3D, so it is 

denoted here as 2D-dipole. After these assumptions, (5.11) is rewritten as follows, 
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In this procedure, the 2D-dipole embedded in the 40 nm thick host PMMA layer is 

oriented parallel to the HMM surface, i.e., along the x-axis (p = px). This occurs because 

2/3 of the QEs are oriented parallel to the HMM surface (x and y axes) in the 3D case [37]. 

Although arbitrarily distributed in the host layer, the QEs’ position affects the amplitude 

and phase of the evanescent fields that interact with the NPHM surface, but not with the 

excited modes. Note that optimizing Γx/Γ0 and ηx at one position is enough to guarantee 

that both parameters are optimized for any position inside the host layer because the 

outcoupling mechanism depends mostly on the NPHM modes. In this sense, we assume 

the 2D-dipole centered at the NPHM ridge at a=10 nm from the NPHM surface because 

Γx/Γ0 is higher in this case [55]. Assuming 0.5≤𝑓2𝐷 ≤0.99 and 50 nm≤Λx≤500 nm, we obtain 

the Γx/Γ0 and ηx maps shown in Figure 5.5 (b,c), respectively. Figure 5.5 (b,c) also present 

𝑓3𝐷 for a groove width (ρg) of 50 nm (white lines) to facilitate an eventual fabrication 

process. Observe in these figures that the Γx/Γ0 peak values correspond to four resonant 

modes indicated by the dashed lines for ridge widths ρr = 42 nm (A), 156 nm (B), 278 nm 

(C) and 400 nm (D). These resonances are not function of ρg, but of ρr. This behavior 

suggests that the modes are confined in the NPHM ridge, which is a signature of localized 

surface plasmon polaritons (LSPP). At the resonance condition, Γx/Γ0 is highly enhanced, 

reaching values as high as 80 according to Figure 5.5 (c). However, the high ohmic losses 

associated with LSPPs attenuates most of the coupled energy and reduces the amount of 

NPHM power radiated into free-space. Consequently, ηx is minimum at the LSPP 
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resonance, as also indicated by equation (5.35) and Figure 5.5 (c). This suggests a 

compromise between Γx/Γ0 and ηx which is achieved with ρg = 50 nm, 𝛬𝑥  = 230 nm and f2d 

= 0.6, resulting in Γx/Γ0 = 28 and ηx = 27%.  

5.4.3 Step 3: NPHM fine tuning with the 3D-SAM 

We now use the optimized 2D parameters estimated in the previous section as a first 

approximation for the 3D model. First, we calculate ηα and Γα/Γ0 at each possible position 

inside the host layer (to be used in the calculation of the system’s ηeff and P). We 

investigate three different structures to demonstrate the potential of the proposed 3D 

model for optimization purposes, namely: structure 1 (S1), consisting of a non-patterned 

HMM with thicknesses ddi = 60 nm, dme = 15 nm, see Figure 5.6 (a); structure 2 (S2), which 

is structure S1 patterned along the x-axis (1D-NPHM) with period Λx = 230 nm and ρg = 50 

nm, see Figure 5.6 (e); and structure 3 (S3), which is structure S1 patterned along the x 

and y axes (2D-NPHM) with period Λx = Λy = 230 nm and ρg = 50 nm, as seen in Figure 5.6 

(i). For all three cases the host thickness is set to h = 40 nm. The reflection and transmission 

coefficients (𝑣𝜒,𝜎
𝑖,𝑚(𝑘𝑥 , 𝑘𝑦),  v = RwC, RwS or TwC) are calculated using the 3D-RCWA for (Nx,Ny) 

= (1×1), (15×1) and (15×15) relative to S1, S2 and S3, respectively. The dipole is simulated 

assuming the parallel wavevector components of the incident plane wave (𝑘𝑥 and 𝑘𝑦) are 

swept by 1801 points each in the interval 0≤|kx/k0|,|ky/k0|≤20. After calculating 

𝑣𝜒,𝜎
𝑖,𝑚(𝑘𝑥

0, 𝑘𝑦
0), 𝛹𝑐𝑜𝑚𝑏

𝜒
 is computed by solving the linear system (11) in the intervals 0≤𝑘𝑥

0≤Kx 

 

Figure 5.5.  (a) 2D-NHMM consisting of 9 alternating Ag/SiO2 layers with period Λx and fill 

factor 𝑓
2𝐷

 on top of a SiO2 substrate. The PMMA host layer with thickness h is on top 

of the NHMM. (b) and (c) are the Γx/Γ0 and ηx maps, respectively, as function of Λx 

and 𝑓
2𝐷

 of a 2D-dipole placed at the center of the ridge at a distance a=10nm from 

the NPHM surface. The dashed black lines in (b) and (c) represent the LSPP, while 

the white lines represent the 𝑓
3𝐷

 of a 3D structure with ρg = 50nm. 
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and 0≤𝑘𝑥
0≤Ky. Finally, 𝛹𝑐𝑜𝑚𝑏

𝜒
 is used into (5.5) to obtain Ψχ, which is then used in (5.22) to 

obtain Γα/Γ0. 

Figure 5.6 shows Γα/Γ0 as function of position for structures S1 (a-d), S2 (e-h) and S3 (i-l). 

The dipole is assumed oriented along α=z (b, f, j), x (c, g, k) and y (d, h, l). Note that Γα/Γ0 

for S1 and S2 is plotted in the xz plane because there are no variations along the y-axis. In 

contrast, Γα/Γ0 for S3 is plotted in three different planes, namely z=-5, -20 and -35nm 

because the patterns are along the x and y axes. In all cases, Γα/Γ0 increases exponentially 

as the QE approaches the NPHM/HMM interface due to strong evanescent field coupling 

with the structure. Moreover, when p = pz the QE only radiates TM polarized waves (see 

(5.20) and (5.21)). In contrast, when p = px or py the QE radiates both TE and TM polarized 

waves. Note that Γz/Γ0 is higher than Γx/Γ0 and Γy/Γ0, as shown in Figure 5.6, because the 

hyperbolic dispersion profile occurs only for TM polarization [101]. Note also that Γα/Γ0 

of S1 is constant (and identical for α = x or y due to symmetry) in the xy-plane regardless 

of the polarization (see Figure 5.6 (b-d)) owed to its uniformity along the x and y 

directions. In contrast, Γα/Γ0 of S2 varies along x and is maximum close to the ridge’s edge 

due to scattering, as seen in Figure 5.6 (f-h). Moreover, the reduced coupling of evanescent 

waves due to QEs located far from the groove (for S2 or S3) results in a decrease of Γα/Γ0. 

Regarding S3, Γα/Γ0 is maximum at the center of the NPHM for α = x (Figure 5.6 (k)) or α 

= y (Figure 5.6 (l)), while it is minimum for α=z (Figure 5.6 (j)). Note the similarity of Γz/Γ0 

(Figure 5.6 (f, j)) and Γy/Γ0 (Figure 5.6 (h, l)) relative to S2 and S3, respectively. The same 

pattern is observed for Γx/Γ0 if S2 is rotated 90º around the z-axis. 

 

Figure 5.6.  Schematics of the three NPHM analyzed with the 3D-SAM: (a) S1 - non-patterned, 

(e) S2 - patterned along the x-axis and (i) S3 - patterned along the x- and y-axes. Γα/Γ0 

as function of position inside the PMMA layer for structures S1 (b,c,d), S2 (f,g,h) and 

S3 (j,k,l) assuming α=z (b,f,j), x (c,g,k) and y (d,h,l). 
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Next, ηα is calculated as function of position inside the host layer using (5.35) for 

structures S1 (a- c), S2 ( (d-f)) and S3 (g-i) assuming α = z (a,d,g), x (b,e,h), and y (c,f,i), as 

shown in Figure 5.7. According to (5.35), ηα is inversely proportional to Γα/Γ0 and thus ηα 

increases when the QE is located further away from the NPHM surface, as shown in 

Figure 5.7 for S1, S2, and S3. Furthermore, when h<<λ, the interference at the QE position 

between the wave radiated by the QE (|𝐤∥| ≤ 𝑘0) and the wave reflected from the NPHM 

surface is destructive for p = pz and constructive for p = px or py. The combination of high 

Γα/Γ0 with destructive interference makes ηz smaller than ηx and ηy, as observed in Figure 

5.7. In fact, ηz is close to 0% (Figure 5.7 (a)) for any QE position for S1. In contrast, ηx and 

ηy are as high as 40% (Figure 5.7 (b,c)) for QEs far from the NPHM interface. The nano-

patterning present in S2 and S3 convert the evanescent waves ( |𝐤∥| ≥ 𝑘0 ) inside the 

NPHM into propagating waves (|𝐤∥| ≤ 𝑘0), therefore increasing ηα for QEs located at any 

position inside the host layer, especially for those close to the NPHM surface. As 

expected, ηz and ηy of S2 increase when the QE is located above the NPHM groove but 

distant from the NPHM surface (see Figure 5.7 (d,f)), since these are the positions where 

Γα/Γ0 is minimum. Similarly for S3, the position where ηα is maximum coincides with the 

positions where Γα/Γ0 is minimum, as seen in Figure 5.7 (g,i). 

Once Γα/Γ0 and ηα have been obtained, the next step is to calculate the ηeff and P using (5.35) 

and (5.36).  However, increasing P is not a trivial task because Γα/Γ0 is weighed by ηα. Thus, 

mapping ηα and Γα/Γ0 at each position inside the host layer is essential to simplify this 

process and may also prove to be a useful tool for understanding the system’s overall 

behavior. Usually, this mapping is carried out numerically with computationally costly 

methods such as FDTD [55], [114]. For example, in a regular desktop computer (Intel Core 

 

Figure 5.7.  ηα as function of position inside the host layer on top of structures S1 (a,b,c), S2 (d,e,f) 

and S3 (g,h,i) assuming α=z (a,d,g), x (b,e,h) and y (c,f,i).   
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i7-3960X processor with 64GB of RAM), each 3D-FDTD simulation of structure S2 takes 

approximately 20 hours. Therefore, approximately 180 days would be required to build 

the maps for each polarization (each map size is 24×18 pixels, but only 12×18 pixels are 

solved due to symmetry). This is reduced to approximately seven days for all three 

polarizations with the proposed model (4 days to calculate all 𝑣𝜒,𝜎
𝑖,𝑚  terms and 20 minutes 

for each pixel), which corresponds to about a 96% reduction in the processing time.  

The map building for structure S3, in contrast, is computationally more intensive since it 

is nano-patterned along both x and y axes. With the 3D-FDTD method, approximately 

906 days would be necessary to obtain the maps of all three polarizations of Figure 5.6 

and Figure 5.7 (each map cut is 21×21 pixels, but only 11×11 pixels are solved due to 

symmetry). However, with our approach 𝑣𝜒,𝜎
𝑖,𝑚 is calculated in 4 days and each pixel is 

calculated in approximately 3 hours, resulting in a total simulation time of 19 days for all 

three polarizations. In summary, with the proposed method the computational time for 

simulating 1D and 2D NPHMs is reduced by 96% and 98%, respectively, when compared 

to FDTD. This allows P and ηeff to be calculated more efficiently as function of h.  

The last parameter to be optimized is the host layer thickness h since it is directly related 

to P and ηeff. The plots of P and ηeff for 10 nm  h  50 nm are shown, respectively, in Figure 

5.8 (a, b) for structures S1 (blue line), S2 (squares) and S3 (circles). The number of 

simulated h points differs for each structure because of the time required to map ηα and 

Γα/Γ0. According to Figure 5.8 (a), a high P value is achieved for small h due to the QEs 

strong evanescent wave coupling to the HMM surface in this situation. This figure also 

shows that S1’s P is higher than those from S2 and S3, particularly for small h. The 

relatively small P of S2 and S3 is due to the low Γα/Γ0 and high ηα regions (see (5.35) and 

(5.36)) for QEs close to the HMM surface but above the grooves of these structures, as 

shown in Figs. 6 and 7. Note that part of the QEs is located far from the NPHM surface 

when h is increased, causing the NPHM influence on the QE decay to reduce and, 

consequently, the P of all structures to converge to the same value, as observed in Figure 

5.8 (a). In contrast, S1’s ηeff diverges from those of S2 and S3 as h increases, as shown in 

Figure 5.8 (b). Moreover, the lack of nano-patterning in S1 not only increases P, but also 

reduces ηeff, as evidenced inFigure 5.8 (b), since no high-k modes decoupling mechanism 

 

Figure 5.8.  Calculated P (a) and ηeffl (b) for structures S1 (blue line), S2 (squares) and S3 (circles) 

for 10 nm  h   50 nm. 
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exists inside the HMM in this case. However, S3’s nano-patterning decouples the high-k 

modes that propagate along the x and y axes, whereas S2’s decouples only those 

propagating along the x-axis resulting in ηeff higher for S3 than for S2. This effect is more 

evident for h<40 nm due to the more efficient coupling of evanescent waves with the high-

k modes. According to Figure 5.8 (a) and 8(b), it is possible to achieve a good compromise 

between P and ηeff with an appropriate choice of h, which is computationally viable only 

with the proposed method.  

Finally, the NPHM designs relative to structures S1, S2, and S3 that produce P=10 with 

high ηeff require h=40 nm (ηeff = 4.3%), 30 nm (ηeff = 7.3%), and 40 nm (ηeff = 11.6%), 

respectively. Therefore, in addition to reducing the computational time, the proposed 

optimization procedure helps to increase the QEs’ quantum efficiency by about 69% and 

170% using 1D and 2D NPHMs, respectively. 

 

5.5 Chapter conclusion 

In this chapter, we have proposed a semi-analytical method capable of calculating, both 

in 2D and 3D, all radiation parameters of any electromagnetic source type (including QEs 

modeled as a dipole) embedded in any stratified media (nano-patterned or not). This 

method also allows for multiple electromagnetic sources to be arbitrarily distributed in 

the cover, substrate, and any inner (wth)-layer and used simultaneously. The validation 

procedure consisted in calculating ΓΔ and QC for a two-source system consisting of QEs 

(inside a host bounded by nano-patterned layers, Δ=L) and a dipole source (in the cover 

layer, Δ=C). The influence of the former on the latter was also investigated and compared 

with FDTD simulations. We were also able to map Γα and ηα as function of the QE and 

NPHM relative position, which is only feasible because of the method’s low 

computational cost. This mapping is an important tool for understanding the decay 

behavior of the whole system due to the random distribution/orientation nature of QEs 

in NPHMs. We were also able to calculate analytically the decay curve g(t) of a multi-

source system, which is fundamentally different from the exponential decay fitting and 

exponential summation techniques normally adopted in the literature. Besides allowing 

us to calculate ηeff and Γeff more efficiently, this feature also allowed us to propose a new 

optimization procedure to maximize ηeff for the desired Γeff. The optimization procedure 

was divided into three steps: 1) a non-patterned HMM was used to optimize the metallic 

and dielectric layer thicknesses with the proposed 3D-SAM. Here, we took advantage of 

the structure's axial symmetry and lack of nano-patterns to reduce the 3D-SAM 

computational cost even further and thus calculate Γfp and ηfp maps required to calculate 

ηeff and Γeff; 2) the computationally efficient 2D-SAM model was then employed to 

optimize the nanopattern's period and fill-factor; 3) finally, the 2D optimized parameters 

were fed into the 3D-SAM model for final tuning. This procedure was applied to 

maximize the ηeff of Rhodamine 6G (R6G) with a tenfold increase in Γeff. We showed that 

an NPHM consisting of 9 alternating layers of Ag and SiO2 could enhance ηeff from 4.3% 

(non-patterned) up to 7.3% and 11.6% if patterned along one (1D-NPHM) and two axes 
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(2D-NPHM), respectively. We also showed that the computational time required to build 

the Γα and ηα maps could be reduced by 96% (1D NPHMs) and 98% (2D NPHMs) when 

compared to FDTD simulations.  
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6.1 Main achievements 

In this thesis, we have advanced the current state-of-the-art of two key subjects, namely, 

homogenization of HMM with spatial dispersion analysis and characterization of the 

radiation parameters of QEs inside nano-patterned HMM by means of the development 

of novel and efficient semi-analytical modeling methods. These two key proposed 

entailed additional contributions and achievements that can be further subdivided into 

four major parts: new parameters retrieval in which the spatial dispersion is taken into 

consideration (chapter 2); semi-analytical model to calculate in both 2D and 3D the 

emission parameters of QEs embedded on top or under any nano-patterned structure 

(chapter 4); generalization of the previously model so that the QEs can be embedded 

inside the NPHM (chapter 5); finally, a semi-analytical method to calculate the decay 

curve. These contributions are detailed bellow: 

1) New homogenization of uniaxial metamaterials with spatial dispersion (Chapter 

2) 

We have proposed a new parameter retrieval approach in which all electromagnetic 

parameters of the medium are obtained and where spatial dispersion is properly 

taken into account. We have also relaxed the constraint on nonmagnetic 

metal/dielectric metamaterials. This approach was successfully applied to different 

metal/dielectric stacks in order to address the effects of the layer thickness, number 

of layers, and metal/dielectric choice on the spatial dispersion. The results have 

demonstrated that all investigated metal/dielectric stacks have a clear magnetic 

response, particularly for thicker layers. Moreover, for large |kx /k0| the dispersion 

curve shows a flat region with a large imaginary part that arises due to the absence 

of propagating modes inside the metamaterial. This flat region is also strongly 

dependent on the thickness of the layers. The thicker the metal/dielectric layer is, the 

sooner (for lower |kx /k0| values) the flat and lossy region appears. This behavior is 

a direct manifestation of the spatial dispersion and strongly affects the accuracy with 

which the Purcell factor is calculated. In order to illustrate this issue, we have 

calculated the Purcell factor for Rb atoms 10 nm above the surface of a Ag/TiO2 stack 

with two distinct filling factors, i.e., ff = 0.3 and ff = 0.5, and N = 13 layers, for two 

emission wavelengths, i.e., 422 nm and 780 nm. The results were compared with 

three different approaches, namely, the benchmark result, the approach in [81], and 

the EMT approach. We have shown that if spatial dispersion is not properly taken 

into account, the Purcell factor is overestimated, as observed with both [81] and EMT 

approaches. However, the CPR approach has shown excellent agreement with the 

benchmark results. 

 

2) Proposing a HMM capable of enhancing the Purcell factor of Cy7 (chapter 3) 

In chapter 3, we have proposed an HMM capable of enhancing the Purcell factor of 

the fluorescent molecules (Cy7). These molecules are embedded in a thin PMMA 

host film deposited on the top of the HMM. This structure was modeled with a new 



CHAPTER 6 -  

CONCLUSION AND PERSPECTIVES 

122 

mathematical formalism to calculate P and η taking into account the reflections at 

the upper and bottom host interfaces. Moreover, we have also proposed an 

analytical method to calculate g(t) as function of the QE’s position inside the host 

layer. We demonstrated that QEs placed far from the HMM surface have lower P 

but higher η. Thus, they contribute more to g(t) than those closer to the HMM 

surface. Finally, we have shown that the host thickness has a direct influence on the 

system’s g(t), and that with an adequate choice of h it is possible to control the 

systems decay behavior.  

 

3) Design and analysis of grating-assisted radiation emission of QEs in HMM 

(chapter 4)  

In this thesis, we have proposed a novel semi-analytical model to investigate the 

radiation emission profile of QEs under a nano-patterned metamaterial. In addition, 

the reduced computational burden of this method (compared to numerical 

approaches) allows the Purcell factor and the radiated power to be calculated in a 

more straightforward manner. The model was applied to a HMM composed of 

seven Ag/TiO2 layers with a silver grating on its top. Using a 2D configuration first, 

we optimized the grating geometrical parameters and showed that the radiation 

pattern is highly directive for Λx = 420nm. Furthermore, the normalized power 

coupled from high-k HMM modes into air was increased to 1.67 for perpendicular 

polarization for a fill factor f = 70% and grating height a = 80 nm. With such optimum 

parameters, we calculated Ψ𝛼
2𝐷 and 𝑃𝛼

2𝐷as function of the QE relative position with 

respect to the grating groove and ridge. The maximum Ψ𝛼
2𝐷 and 𝑃𝛼

2𝐷values occurred 

at the same QE relative position, which helped increase the system’s overall Purcell 

factor, according to (28). After the 2D optimization procedure, we applied the 

optimized parameters to a 3D periodic array of nano-cylinders. We observed that 

the radiation pattern lost some of its directivity because of cross-polarized 

transmission; however, the QE showed the highest Purcell factor (Pz = 145 and Px = 

67.5) and the highest radiated power (𝛹𝑧
3𝐷  = 2 and 𝛹𝑥

3𝐷
 = 0.75) for q = 10 nm. 

Moreover, in comparison with the HMM without the gratings, we have 

demonstrated that our approach is capable of enhancing the system’s quantum 

efficiency by 240% if a Purcell factor of 10 is of interest. To the best of our knowledge, 

the model described in this chapter is the first in the literature capable of mapping, 

in a detailed and accurate fashion, both the QE s’ Purcell factor and total radiated 

power under or above any nano-patterned structure as function of position. 

 

4) Generalization of the semi-analytical model to include QEs placed inside the 

nano-patterned Hyperbolic Metamaterials (chapter 5) 

In chapter 5, we have proposed a semi-analytical method capable of calculating, both 

in 2D and 3D, all radiation parameters of any electromagnetic source type (including 

QEs modeled as a dipole) embedded in any stratified media (nano-patterned or not). 

This method also allows multiple electromagnetic sources arbitrarily distributed in 

the cover, substrate, and any inner (wth-)layer to be used simultaneously. The 

validation procedure consisted in calculating ΓΔ and QC for a two-source system 

consisting of QEs (inside a host bounded by nano-patterned layers, Δ=L) and a 
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dipole source (in the cover layer, Δ=C). The influence of the former on the latter was 

also investigated and compared with FDTD simulations. We were also able to map 

Γα and ηα as function of the QE and NPHM relative position, which was only possible 

because of the method’s low computational cost. This mapping was an important 

tool for understanding the decay behavior of the whole system due to the random 

distribution/orientation nature of QEs in NPHMs.  

5) Semi-analytical method to calculate the decay curve of QEs embedded in thin 

polymers layers (chapter 5);  

Finally, in this thesis, we have proposed a semi-analytical method capable of 

calculating, both in 2D and 3D, all radiation parameters of any electromagnetic 

source type (including QEs modeled as a dipole) embedded in any stratified media 

(nano-patterned or not). This method also allows for multiple electromagnetic 

sources to be arbitrarily distributed in the cover, substrate, and any inner (wth)-layer 

and used simultaneously. We were able to map Γα and ηα as function of the QE and 

NPHM relative position, which is only feasible because of the method’s low 

computational cost. This mapping is an important tool for understanding the decay 

behavior of the whole system due to the random distribution/orientation nature of 

QEs in NPHMs. We were also able to calculate analytically the decay curve g(t) of a 

multi-source system, which is fundamentally different from the exponential decay 

fitting and exponential summation techniques normally adopted in the literature. 

Besides allowing us to calculate ηeff and Γeff more efficiently, this feature also allowed 

us to propose a new optimization procedure to maximize ηeff for the desired Γeff. The 

optimization procedure was divided into three steps: 1) a non-patterned HMM was 

used to optimize the metallic and dielectric layer thicknesses with the proposed 3D-

SAM. Here, we took advantage of the structure's axial symmetry and lack of nano-

patterns to reduce the 3D-SAM computational cost even further and thus calculate 

Γfp and ηfp maps required to calculate ηeff and Γeff; 2) the computationally efficient 2D-

SAM model was then employed to optimize the nanopattern's period and fill-factor; 

3) finally, the 2D optimized parameters were fed into the 3D-SAM model for final 

tuning. This procedure was applied to maximize the ηeff of Rhodamine 6G (R6G) with 

a tenfold increase in Γeff. We showed that an NPHM consisting of 9 alternating layers 

of Ag and SiO2 could enhance ηeff from 4.3% (non-patterned) up to 7.3% and 11.6% if 

patterned along one (1D-NPHM) and two axes (2D-NPHM), respectively. We also 

showed that the computational time required to build the Γα and ηα maps could be 

reduced by 96% (1D NPHMs) and 98% (2D NPHMs) when compared to FDTD 

simulations. 

 

6.2 Future Perspectives 

In this thesis, we have contributed to pave the way towards new approaches to efficiently 

extract photons from QEs using HMM. The homogenization and semi-analytical methods 

proposed here allow the optimization of nano-patterned structures aiming at enhancing 
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the quantum efficiency of QEs. Therefore, this thesis presents the fundamental research 

towards new light sources. To continuous his research, the PhD candidate obtained a 

post-doctoral position (post-doc) at USP with a scholarship from Fundação de Amparo a 

Pesquisa do Estado de São Paulo (FAPESP). In his post-doc, the student aim to fabricate and 

characterize the NPHMs designed in this thesis in order to corroborate the optimization 

procedures. Moreover, the proposed semi-analytical methods can also be used for design 

NPHM for sensors application, since the high electromagnetic intensity of the high-k 

modes near the interfaces of these media makes these structures ideal for this 

purpose. In this sense, we divide the future perspectives in two major areas: NPHM for 

telecommunication and for sensors applications.   

6.2.1 Nano-patterned hyperbolic metamaterials for 

telecommunication applications 

After the optimization procedure proposed on this thesis, the NPHM will be fabricated 

at Physics Institute of São Carlos by Prof. Euclydes Marega. The first stage of the 

fabrication process consists in alternately evaporate (or sputter) the dielectric and metal 

layers, as shown in Figure 6.1 (a). Once deposited, the patterns of the HMM are created 

with a Focused Ion Beam (FIB), resulting in the structure depicted in Figure 6.1 (b). Later, 

the polymer embedded with the QEs are deposited over the NPHM using a spin-coater 

machine, as shown in Figure 6.1 (c). For the optical characterization of the structure, Dr. 

Marega’s laboratory have a confocal microscope (Zeiss LSM 780), capable of measuring 

the lifetime of dyes with high temporal resolution. Moreover, the microscope allows 

 

Figure 6.1.  NPHM fabrication steps. (a) shows the alternate deposition of the dielectric/metal 

layers on the top of a substrate. Then, the FIB is used to create the patterned on the 

deposited layers (b). Finally, the polymer embedded with the QEs are deposited via 

spin-coat over the NPHM.  
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performing Fluorescence-lifetime imaging, which is useful for fully characterize the 

fabricated devices. In addition to HMMs, we will also explore theoretically and 

experimentally new photonic devices capable of decreasing the QE’s lifetime, such as 

photonics crystals and cavities.  

6.2.2 Nano-patterned hyperbolic metamaterials for sensing 

applications 

Besides enhancing the Purcell factor of QEs for telecommunication applications, HMMs 

has attract a great deal of attention over the past years for sensing applications [31], [32], 

[161], [162]. SPP and LSP based sensors are well known in the literature because of the 

high field intensity of these modes close to the interface making them extremely sensitive 

the refractive index variations [163]–[168]. Similarly, the high-k modes of the HMM also 

present high intensity fields close to the interface, which make them appropriate for 

sensing applications. In this sense, we aim to utilize the semi-analytical methods 

proposed in this thesis to optimize the geometrical parameters of NPHM for enhancing 

the electromagnetic fields at the interfaces. Fortunately, the NPHM fabrication process 

for sensing applications is similar to the process described in Figure 6.1. Nevertheless, 

instead of the polymer embedded with QEs, there is a microfluidic channel on the top of 

the NPHM, as shown in Figure 6.2. The refractive index of the liquid flowing inside the 

channels are directly related to the NPHM modes. Consequently, a small change in the 

liquid’s refractive index results in a frequency shift of the modes, which changes the 

structure’s reflection (R) coefficient, as seen in inset of Figure 6.2. Therefore, it is possible 

 

Figure 6.2.  NPHM for sensing application. Changing the refractive index of the liquid flowing 

inside the microfluidic channels provoke a change in the NPHM resonant frequency, 

as shown in the figure inset. Note that the inset graphic is just an illustration about 

the sensor’s behavior, and does not represent any simulated structure.  
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to utilize the frequency shift and the resonance amplitude to infer the desired properties 

of the liquid above the NPHM.  
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Appendix A 
A.1. Homogenization Procedure based on a Drude-Lorentz 

Dispersive Model for Metamaterials 

Metamaterials are well-known in the scientific community for presenting electromagnetic 

properties normally not found in conventional media, such as negative permittivity (ε < 

0) and/or negative permeability (μ < 0) [1]. One way of obtaining such medium properties 

is with an array of split ring resonator cells with individual dimensions much smaller 

than the operating wavelength [12]. Due to the complex geometry of the resonators, the 

accurate extraction of electromagnetic parameters of this cell array is crucial for 

understanding its macroscopic behavior as a whole [24]. Several methods currently 

available in the literature obtain the properties of the medium using a formalism derived 

from scattering parameters [68], [79], [169]. 

A critical issue regarding parameter extraction procedures is that in certain frequency 

bands ε and μ have no causal response (Im {ε} < 0 and/or Im {μ} < 0) [88] (a behavior also 

observed in [24], [68], [79]). This issue can be circumvented with the adoption of transition 

layers as suggested in [88], thereby making the extracted parameters to have causal 

responses in the entire frequency band. However, the frequency dependence of the 

extracted ε and μ vectors does not obey any known dispersive material model 

description. As a result, it becomes very time consuming to simulate the homogenized 

structure with a finite difference time domain (FDTD) method due to the requirement of 

temporal convolutions of ε and μ [89], [90]. Fortunately, the computational performance 

can be improved if one approximates ε and μ via Drude and Lorentz dispersive models, 

respectively [64], [91], [92]. This approach not only allows the temporal convolutions to 

be solved analytically, it also produces causal homogenized media (Im {ε} > 0 and Im {μ} 

> 0).  

Although widely used for parameter extraction of metamaterials, the Drude and Lorentz 

models do not produce electromagnetic parameters compatible with the observed 

behavior of these media for frequencies near the Lorentz model resonance frequency [64], 

[91], [92]. 

In this chapter, an improved homogenization procedure is proposed where the actual 

metamaterial cells are homogenized with a periodic array of a Drude-Lorentz-type 

metamaterial (MT) layer sandwiched between two transition layers (TL). Differently from 

[88], the MT layer utilizes Drude model for ε and Lorentz model for μ, while the TL layers 

use Drude model for ε and μ=1. This approach allows the homogenized medium to 

behave precisely as the actual metamaterial cells, making it possible to simulate this 

medium accurately even with two-dimensional FDTD methods (therefore reducing the 

computational cost). This assumption considerably improves the scattering parameters 

approach, as will be demonstrated later on for a three-cells thick metamaterial slab. 
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Furthermore, this method is published in the Microwave and Optics Technology Letters 

(MOTL) [93]. The copyrights permission is found in Annex 3 of this thesis.  

A.2 Methodology 

A.2.1 Drude-Lorentz Model (DL) 

The electromagnetic parameters of the metamaterial cells can be described with the 

Drude model for ε and with the Lorentz model for μ as follows,  
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where ε∞ and µ∞ are, respectively, εD and μL for f→∞, µz is μL for f→0 , fpe is the electric 

plasma frequency, fpm is the magnetic resonance frequency, and Γe and Γm are, respectively, 

the electric and magnetic damping factors (related to the electron and whose values are 

always positive to preserve causality [68]). The adopted homogenization scheme is 

shown in Figure A.1, with (a) representing the original three cells thick metamaterial 

medium and (b) the homogenized medium. The choice of a three cells thick medium is 

solely due to computational limitations, as the proposed method is capable of handling 

any number of cells. 

First, the extraction procedure requires the S-parameters (𝑆11
𝑒  and 𝑆21

𝑒 ) of the actual 

metamaterial cells (see Figure A.1 (a)) to be obtained, which can be carried out with the 

 

Figure A.1. Homogenization scheme based on the Drude-Lorentz model. (a) shows the original 

metamaterial cells to be homogenized while (b) shows the homogenized medium.  
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commercial software High Frequency Structure Simulator (HFSS) [86], among others. Once 

the S-parameters are obtained, one can use the routine suggested in [68] to calculate the 

corresponding permittivity (εe) and permeability (μe) of the metamaterial slab. The next 

step consists in finding an equivalent homogenized slab medium with Drude-type 

permittivity (εD) and Lorentz-type permeability (µL) that produce the same set of 

electromagnetic parameters as those of the original structure in Figure A.1 (a), namely, εe 

and μe. This method (DL) is here forth referred to as the conventional method. Ideally, εD 

and µL should be an exact match to εe and μe, respectively. However, there is always an 

error associated with the optimization procedure. This function adjusts the values of the 

variables in A.1 and A.2 up to a certain error eDL (relative to the DL method) defined as:  
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The above equation represents the permittivity and permeability relative average error 

across the entire frequency range. Both DL S-parameters (𝑆11
𝐷𝐿and 𝑆11

𝐷𝐿 ) are frequency 

dependent and defined as a vector of size N, where each element (m) represents one 

frequency component.  

A.2.2 Transition Layer Method (TL) 

The homogenization scheme based on transition layers is shown in Figure A.2, where a 

slab consisting of p MT layers requires q TL layers, with q = p+1. Thus, each omega cell in 

Figure A.1 (a) is represented by a MT layer flanked by two TL layers. Accordingly, one 

MT layer and one TL layer must be added for each additional omega cell. Hence, the total 

length d of the homogenized structure must equal the sum of the individual thicknesses 

of all omega cells in Figure A.1 (a). Moreover, it is necessary that the slab be symmetric 

in order to maintain the relation S11 = S22 and S21 = S12, which imposes the following 

constraint on the i-th layer:  MTi = MTp-i+1, TLi = TLq-i+1 and di = dp+q-i+1. 

The relative permeability (𝜇𝑀𝑇
𝑖 ) and relative permittivity (휀𝑀𝑇

𝑖 ) of the MTi layer (with 

i=1,2,..p) are defined via Drude (Figure A.1) and Lorentz (A.2) models, respectively. On 

 

Figure A.2.  Homogenization scheme of metamaterial cells with the TL model 
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the other hand, in the transition layers TLm (m=1,2,..q), the permittivity (휀𝑇𝐿
𝑚 ) is defined via 

Drude model (A.1) while the relative permeability is that of the vacuum (𝜇𝑇𝐿
𝑚 = 1).  

Using the transfer matrix technique (TMT) it is possible to calculate the scattering 

parameters of a slab with 2p + 1 layers, shown in Figure A.2, with a simple matrix 

operation for each layer [68] (this procedure works for both TE and TM polarization at 

normal incidence). The total transfer matrix (TT) is the product of the transfer matrix of 

each individual layer (𝑻𝑴𝑻
𝒊  refers to layer MTi and 𝑻𝑻𝑳

𝒎  refers to layer TLm), such that: 
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Hence, from the transfer matrix coefficients (TT), it is possible to calculate the scattering 

parameters (𝑆11
𝑇𝐿and 𝑆21

𝑇𝐿) of the multilayer slab [68]:  
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where the superscript TL refers to the proposed transition layer method. Once the 

homogenization procedure is completed, the next step is to calculate all coefficients in 

equations A.1 and A.2, as well as the thickness of each layer. The total number of variables 

is 4⌈(𝑝 + 1)/2⌉ + 7⌊(𝑝 + 1)/2⌋, which is higher than that of the DL method, therefore 

resulting in higher computational cost as well. However, this limitation is fully 

compensated by the increased accuracy of the proposed method. Once the scattering 

parameters (𝑆11
𝑇𝐿and 𝑆21

𝑇𝐿) of the homogenized medium are obtained, the error of the TL 

method (eTL) can be calculated with the help of equation A.3, by simply replacing eDL by 
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eTL, εDL and μDL by εTL and μTL, where εTL and μTL are the permittivity and permeability 

extracted from 𝑆11
𝑇𝐿and 𝑆21

𝑇𝐿 using the method described in [63].  

A.3. Results 

There are a number of different cell geometries in the literature that allow negative values 

of refractive index in a given frequency band [68], [70]. The omega cell [41] has been 

adopted here for convenience sake only. The cell geometry, along with pertinent 

geometric parameters, is shown in Figure A.3. Note that the excitation source must have 

its magnetic field (H) oriented normal to the substrate surface (y-axis) and its electric field 

( E⃗⃗ ) oriented parallel to the omega cell arms (z-axis). This source setup configuration 

guarantees negative refraction [41]. The present study considers three metamaterial cells 

evenly distributed along the direction of wave propagation (x-axis). The substrate is 

alumina (εr = 9.2 + 0.012j), and the cell is designed to resonate in the X-band (8 GHz to 12 

GHz). The cell is surrounded by a vacuum box (hidden in Figure A.3) with periodicity of 

5-mm in the y-axis and 5-mm in the z-axis. 

The homogenization procedure is now carried out using both the conventional (DL) and 

the proposed (TL) methods. Note that the scattering parameters obtained with HFSS are 

used by the two methods. The convergence of this procedure can be accelerated if one 

notice in Figure A.4 that the cell presents a resonance at approximately 10.6 GHz. At this 

frequency point S21 (obtained via HFSS) gets closer to zero, meaning that fpm =10.6 GHz 

can be set as an initial guess. The initial guess for other variables can be seen Table A.1. 

The tolerance is set to 0.015 (1.5%) with a maximum of 100,000 iterations. The frequency 

range is from 10.4 GHz to 11.4 GHz with N=500 discretization points. The optimized 

parameters that best approximate the electromagnetic properties of the analyzed medium 

are listed in Table A.  

 

Figure A.3.  Diagram of the unit cell of a three cells thick metamaterial slab. Periodic boundary 

conditions are used at y=±2.5 mm and z=±2.5mm. Dimensions are in mm. 
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With the data from Table A.2 it is possible to calculate the scattering parameters produced 

Table A.1.  Initial Values for the Approximation Method.  

 
 

Table A.2. Homogenization parameters for the three cells thick metamaterial slab shown in 

Figure A.1 (a). 

 
 

 

Figure A.4.  Scattering parameters for the three cells thick metamaterial slab shown in Figure A.2 

(a). The solid symbols represent S11 and the hollow symbols S21. Scattering 

parameters for the three cells thick metamaterial slab shown in Fig. 3. The solid 

symbols represent S11 and the hollow symbols S21. Squares represent parameters 

extracted with HFSS (benchmark), circles with the (proposed) TL method, and 

triangles with the DL method. 
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by the DL and TL extraction methods, which are plotted in Figure A.4. Observe that the 

TL method produces a more accurate representation of the curve extracted via HFSS 

(assumed here as benchmark) when compared to the DL method. The permittivity and 

permeability for the three cases (HFSS, TL and DL) are calculated using the parameter 

retrieval technique described in [68]. The real and imaginary parts of the permeability are 

shown in Figure A.5 (a), while the real and imaginary parts of the permittivity are shown 

in Figure A.5 (b). Differently from the DL method, the real and imaginary parts of both 

the permittivity and permeability obtained with the proposed TL method closely match 

those obtained with the HFSS. This is particularly true for the permittivity near the 

resonance frequency of 10.62 GHz, where ε presents a resonance difficult to reproduce 

with the Drude model. A similar behavior is observed for μ, which presents an 

asymmetry around the Lorentz resonance.  

The relative permittivity and permeability error for both the DL and the TL methods is 

shown in Figure, A.6. It is noteworthy the error magnitude for the DL method around the 

resonance at 10.6 GHz, approaching 50%. For frequencies above 10.8 GHz the error 

magnitude decreases significantly, as observed in the inset in Figure, A.6. The TL method, 

by its turn, is not affected by the material models' resonances, resulting in an average 

relative error around 1.25% for the entire frequency range. 

A.4. Conclusions 

In this appendix we have demonstrated an improved homogenization procedure for 

metamaterial cells of arbitrary geometry. Differently from previous methods (that 

approximate μ and ε with known dispersive models such as Lorentz and Drude, for 

 

Figure A.5.  Real (solid symbols) and imaginary (hollow symbols) parts of the permeability (a) 

and permittivity (b) for a three cells thick metamaterial slab obtained with HFSS 

(squares), DL method (circles), and TL method (triangles).   
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example), the proposed method adopts Drude (for ε) and Lorentz (for μ) models not only 

in the transition layers but also in the adjacent layers, considerably improving the 

scattering parameters approach. The validation procedure was carried out for a 

metamaterial slab with a thickness of three omega-shaped cells. Numerical results have 

shown that the error in the extracted parameters can be as low as 1.25% (assuming HFSS 

as benchmark), a significant improvement if compared to conventional methods where 

errors as high as 10.1% can occur. Another major advantage inherent to the proposed 

technique is the possibility of reducing a 3D geometry to only two dimensions with high 

precision, resulting in significant computational gain (particularly in FDTD methods).  

 

Figure A.6. Relative error for the DL (squares) and TL (circles) methods. The DL error peaks at 

the material resonance frequency. The inset highlights the average error of the 

proposed method. 
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Appendix B 
Thinking in corroborating the approach proposed in chapter 3 of this thesis, the PhD 

candidate spent the year of 2017 at the VUB under the supervision of Profs. Heidi 

Ottevaere and Wendy Meulebroeck. During this period, we have fully characterized the 

emission spectrum and the lifetime of Cy7. Moreover, we also have characterized the 

process to mix the PMMA layer with dichloromethane to control the thickness of the 

PMMA layer. Later, we have hired a foundry to fabricate the HMM proposed on Figure 

3.2, but during the characterization of the structure we found out that the fabrication 

process had not been performed as expected. Consequently, we could not perform the 

Cy7 lifetime measurements on the top of the HMM.  

In this sense, appendix B describe the experimental results obtained during the period 

that the candidate spent at VUB. Subsection B.1 describes the process to mix the PMMA 

layer with dichloromethane to control the thickness of the PMMA layer. Subsection B.2 

shows the experimental setup used to characterize the emission spectrum of the Cy7, and 

the measurements are shown in the subsection B.3. Then, subsection B.4 treats the 

measurements of the Cy7 lifetime. As mentioned, we have hired a foundry to fabricate 

the HMM proposed on Figure 3.2, but the fabrication process was not performed as 

expected (of the foundry responsibility). Subsection B.5 discuss the measurements results 

which lead us to the decision to not use the fabricated HMM.  

B.1. Polymer deposition 

As previously mentioned, the PMMA layer is deposited on the top of the HMM via spin-

coat technique. According Microchem 950PMMA A Resists A2 datasheet, it is possible to 

control h by the right choice of the spin-coat velocity. The minimum (maximum) possible 

h achieved by this technique is 60 nm (100 nm), which is accomplished by setting the spin-

coat velocity to 5000rpm (1000 rpm).  Nevertheless, as seen in chapter 3, HMM does not 

have a significant contribution on increasing Γ of Cy7 for h = 60 nm. Since Pα is higher 

close to the HMM surface, one approach to increase Peff is by reducing h to values smaller 

than 60nm. This can be realized by mixing the PMMA with a solvent (such as ethanol or 

dichloromethane). The solvent’s viscosity is lower than the PMMA’s, thus by changing 

the PMMA’s concentration and adjusting the spin-coat velocity, it is possible to achieve h 

smaller than 60nm. The chosen solvent was dichloromethane, because it is a solvent for 

both PMMA and Cy7. The thickness of the film formed after spin-coating the solution 

with PMMA and dichloromethane is still unknown; thus, it is necessary to characterize 

this process. For charactering the film thickness achieved by the spin-coat process, we 

deposited the film on a microscope slide (MS) instead of the fabricated HMM, since they 

are cheaper. Normally, the MSs are saved for long periods, and during this time dust and 

greasy accumulate on their surface. Therefore, they need to go through a cleaning 
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processes before being used on the spin-coat machine. The four steps to clean the MS, 

depicted in Fig. B.1, are listed below:   

1. Put the MS in the acetone for 5 minutes; 

2. Transfer to the Isopropanol for 5 minutes; 

3. Put the MS in the deionized water for 5 minutes; 

4. Dry the MS with compressed air.    

After cleaning the MS, the next step is to prepare the solution containing PMMA and 

dichloromethane. Note that for the thickness measurements and the calibration of the 

process, the solution was prepared without the Cy7. Furthermore, to access the 

repeatability of the procedure, 10 samples were prepared with this process. The spin-

coater machine and its parameters to prepare those samples are shown in Fig. B.2. The 

volumetric proportion of PMMA and dichloromethane is 1:1, resulting in a 

dichloromethane concentration (C) of 50%. The polymer films are prepared by spin-

coating 60 μl of the PMMA+dicholoromethane solution on the MS (30 μl PMMA + 30 μl 

dichloromethane). After spin-coating, the polymer solution is cured at 180 degrees for 2 

minutes. Then, the thickness and roughness of the polymer films are measured by a stylus 

profilometer (Dektak 8) and the results are shown in Figure B.3 (a) and (b), respectively. 

The average thickness obtained with this procedure is 51.25 nm, with an average error as 

low as 3.71 nm. Based on the thickness and the low standard deviation, it is possible to 

decrease, with high reproducibility, the polymer film thickness using the 

dichloromethane. Furthermore, the average roughness of the samples is 2.99 nm, 

 

Figure B.2. The spin coater and the parameters utilized to deposit the PMMA layers on the top 

of the MS.    

 

Figure B.1. Process to clean the MS.    
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meaning that, in addition to have high confidence on the polymer thickness, its variation 

along the MS slide is very smooth.   

After charactering the spin-coating procedure, the next step consists in controlling the 

thickness of the film. In this sense, we vary the dichloromethane concentration (C) in the 

solution from 0% to 80%, fabricating 3 samples per concentration. The solution is spin-

coated with the same volume (6 0μl) and parameters (Figure B.2) as previously 

mentioned. The thickness measurements are performed via ellipsometry at 773nm, due 

to its higher precision compared with the profilometry technique. Furthermore, 

ellipsometry also provides the refractive index of the polymer (nd), which was used in all 

simulations performed on this thesis. Figure B.4 shows the thickness (a) and nd (b) as 

function of the dichloromethane concentration. As can be seen, the low viscosity of the 

dichloromethane helps decreasing the thickness of the film. And by controlling its 

proportion in the solution, it is possible to adjust the film thickness from 80 nm (0%) to 39 

nm (80%). Furthermore, the low error and linear behavior of the thickness measurements 

(squares) allows creating a fitting of the measurements with a straight line (solid line). 

This line allows to infer the polymer thickness knowing C, the dichloromethane 

 

Figure B.3.  Thickness (a) and roughness of 10 samples of PMMA and dichloromethane solution 

spin coated on top of a MS.    

 

Figure B.4.  Thickness (a) and roughness of 10 samples of the solution with PMMA and 

dichloromethane spin coated on the top of a MS.    
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concentration. The real (blue) and imaginary (green) part of nd are shown in Figure B.4 

(b). In contrast to the thickness, nd is almost constant with C (nd ≅ 1.49) because of the 

similar refractive index of the solution elements (PMMA and dichloromethane). Thus, in 

this thesis, we consider nd=1.49 as the polymer refractive index, regardless of C.  

With the control of polymer thickness, the next step is to deposit the Cy7 molecules over 

the MS. To this end, 5mg of Cy7 is dissolved in 500μl of dichloromethane, resulting in the 

solution 1 (10 g/l of Cy7). Then, 30μl of solution 1 is mixed with 30μl of PMMA, resulting 

the solution 2 (5 g/l of Cy7), which is finally spin-coated on the top of the MS with the 

parameters shown in Figure B.2. According to Figure B.4, with a 50% concentration, the 

estimate polymer thickness is 50 nm. Figure B.5 shows the solution 2 after spin-coated 

over the MS. Although the spin-coating process did not spread the solution uniformly 

over MS surface, the central area presents regularity. Therefore this is the region chosen 

for the Cy7 experimental characterization, which is discussed in the next section.    

B.2. Experimental setup 

The initial step for the Cy7 spectrum and lifetime measurements is to prepare the 

experimental setup. As mentioned in subsection 3.3.2, it is possible to access the radiation 

parameters of perpendicularly or parallel polarized QE independently, due to their 

different maximum emission angles. Figure B.6 shows the radiation pattern for a 

perpendicular (thin blue line) and parallel (thin red line) QE. This figure also shows the 

best positions to place the sensor to measure the radiation for perpendicular (thick black 

line) and parallel (thick red line) QE. As can be seen, if the measurements of the radiation 

parameters of parallel QEs are of interest, we recommend the sensor to be placed at an 

 

Figure B.5. Cy7 spin-coated on the top of the MS.     

 

Figure B.6. Radiation pattern for a perpendicularly (blue) and parallel (red) polarized dipole. 

The figure also shows the best position to put the sensors to measure the power and 

lifetime of the Cy7 for each polarization.    
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angle o 0˚, because this is the angle where most of the waves are propagating. However, 

for the perpendicular polarization the sensor must be placed at an angle of 50˚.  

Furthermore, to control which QE polarization are being exited, we propose the setup 

illustrated in Figures B.7 (a) and (b) for perpendicular and parallel QE, respectively. For 

both setups, the excitation laser (at λ=750nm) impinges almost tangentially with the Cy7 

glass samples. This excitation configuration allows changing the orientation electric field 

that impinges on the samples from perpendicular to parallel by a simple rotation of the 

laser. This excitation spin allows controlling which QEs polarization are mostly excited. 

It is worth noticing that in real scenarios, the QEs are not strictly perpendicularly or 

parallelly polarized, they can have moment in both directions. Therefore, although the 

laser polarization helps prioritizing, it does not guarantee that only one polarization is 

excited. In order to enhancing the polarization control, the sensors are placed at different 

positions for perpendicular and parallel polarization, as depicted in Figures B.7 (a) and 

(b). To measure the radiation for parallel polarized dyes, the sensor is placed normal to 

the glass surface (Figure B.7 (a)), while for perpendicular dyes it is rotate by 50 ˚ from the 

incident plane (Figure B.7 (b)). Furthermore, the perpendicular and parallel QEs radiate 

waves with different electric field orientation. Therefore, we also place a polarizer in 

order to reduce the cross polarization in the system. After the polarizer, the Cy7 emission 

is coupled into a fiber that is connected to a spectrum analyzer (SA) for the power 

measurements or to a photon counter for the lifetime measurements. The next section 

describes the spectrum measurements.   

B.3. Cy7 spectrum characterization 

Once the setups proposed in Figure B.7 (a) and (b) are built as shown in Figure B.8. we 

divided the setup in two parts, namely guiding the laser (Figure B.8 (a)) and the sample 

holder (Figure B.8 (a)). The pulsed laser available at VUB capable of generating light at λ 

= 750 nm is the Tsunami Mode-Locked Ti:Sapphire Laser (Spectra Physics). Besides having a 

high-power output (1.23 W), this laser is fixed due to its size. For this reason, we had to 

create a mechanism using multiple mirrors to guide the light from the laser output to the 

sample, as seen in detail in Figure B.8 (b). Furthermore, Part 1 is also responsible for 

 

Figure B.7. Proposed setup to measure the lifetime of the Cy7 dyes for parallel (a) and 

perpendicular (b) polarization.     
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controlling the laser polarization (using a half wave plate) and for attenuating the high 

power (using a 99.1% attenuator). After being guided, rotated and attenuated, the laser is 

conducted to the sample using aluminum mirrors, as seen in Figure B.8 (c). The Cy7 inside 

the samples excites at λ = 773nm, and its fluorescence emission is collected by a lens that 

couples the light into an optical fiber.  The optical fiber is than connected to the optical 

spectrum analyzer (Avantes).   

The first measurement consists in characterizing the spectrum of the excitation laser, 

which is accomplished by placing an empty MS (with no fluorescent molecules) at the 

sample position of the setup. Since there are no filters to block the excitation laser in the 

setup, knowing the laser’s spectrum is crucial for removing its influence with the 

fluorescence measurements.  After charactering the laser, the emission spectrum of Cy7 

is then measured using the setup described in Figure B.8 and the results are compared to 

the datasheet. Figure B.9 shows the absorption (green solid line) and emission (blue solid 

line) spectrum of the Cy7 according to the datasheet. This figure also shows the Cy7 

emission measured using the proposed setup as dashed blue line. Note in this curve that 

the power related to the excitation laser is already removed. Moreover, the measured 

curve is fitted by an exponential curve (Flfit), as follows, 

 

Figure B.8. Proposed setup to measure the lifetime of the Cy7 dyes for parallel (a) and 

perpendicular (b) polarization.     
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where the best fit parameters are λ0 = 774nm and A=1e3. According to (B.1), the measured 

emission wavelength is 774nm, which was close to the datasheet, 773nm. Also note in 

Figure B.9 that the experimental emission curve is close to the datasheet, corroborating 

the validity of our measurements.  

B.4. Lifetime measurements 

The next step of the Cy7 characterization consists in measuring its lifetime. Once again, 

we adopted the setup proposed on Figure B.8. Nevertheless, the optical fiber is now 

connected to a device that measures the QEs lifetime. This device was developed by Hans 

Ingelberts, Department of Electronics and Informatics at the Faculty of Engineering of the 

VUB. Figure B.10 shows the instrument reference function (IFR, blue), the measured 

decay (red) and the decay fit to eliminate the noise (black) for parallel (a) and 

perpendicular (b) polarized QEs. The fit is performed considering a single negative 

exponential decay, as:  

( )
2

exp
t

g t


  
 =     

 (B.1) 

where τ is the system lifetime. The best τ for perpendicular and parallel polarization are 

269.5 ns and 213.5 ns, respectively. Note that for these measurements, the Cy7 is 

embedded in a polymer with n=1.49 deposited on the top of a glass slide, and both of 

these parameters influence the lifetime of the system. In order to calculate the Cy7 lifetime 

in free space (τ0), we calculate the theoretical g(t) for the proposed situation and optimized 

the τ0 in order to achieve the best approximation for the theoretical and experimental 

 

Figure B.9. Experimental (dashed line) and theoretical (solid line) emission spectrum of the Cy7. 

The experimental data was fitted using a Gaussian profile (red dashed line).     
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decay curves. This process results in τ0 = 350 ps. In this sense, Figure B.11 (a) shows g(t) 

for the theoretical (considering τ0 = 350 ps) perpendicular (solid blue) and parallel 

polarization (solid red). This graph also shows g(t) for the measured perpendicular 

(dashed yellow) and parallel polarization (dashed purple), in addition to the free space 

decay curve as reference. As can be noticed by Figure B.11 (a), using τ0 = 350 ps is a good 

approximation for the Cy7, as the theoretical and experimental decay curves are close. 

Figure B.11 (b) shows the theoretical and measured lifetime reduction for both 

polarizations. Therefore, the measured Cy7 lifetime is 350 ps.  

 

Figure B.10. Instrument reference function (IFR, blue), the measured decay (red) and the decay 

fit to eliminate the noise (black) for parallel (a) and perpendicular (b) polarized QEs.   

 

Figure B.11. Experimental (dashed line) and theoretical (solid line) emission spectrum of the Cy7. 

The experimental data was fitted using a Gaussian profile (red dashed line).   
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 B.5. Fabrication of HMM 

After fully characterizing the Cy7 fluorescence parameters, the next step would be 

fabricating the HMM shown in Figure 3.2. For this purpose, we hired a foundry. The 

fabricated structures were submitted to a scanning electron microscope (SEM) for 

analyzing the fabrication. Figures B.12 (a-d) show the SEM image of the top metallic layer 

with different scales (50 μm (a), 50 μm (b), 10 μm (c), 5 μm (d)).  As noticed from Figures 

B.12 (a,b), the metallic top layer deposition is not uniform and present several regions 

where the metal is not correctly deposited (darker areas of the image). The presence of 

metallic clusters in the zoomed in regions (Figure B.12 (c,d)) indicates that the sputtering 

procedure was incorrectly performed. Consequently, the fabricated structure could not 

present the electromagnetic behavior expected from the designed HMM. In this sense, we 

did not perform any lifetime and emission spectrum measurements using the fabricated 

structure.  

 

 

Figure B.12. (a-d) shows the pictures from the HMM surface taken by the SEM with different 

zooms (a) 50 μm, (b) 50 μm, (c) 10 μm and (d) 5 μm. As can be seen, the HMM surface 

is not smooth and could not be used for lifetime measurements.  
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Appendix C 
C.1. Lumerical 2D-FDTD Simulation 

The HMM with the metallic gratings on top were drown in Lumerical FDTD, as shown 

in Fig. A.3. The description of the simulation is listed below: 

• Perfect Matched Layers (PML) for the surround the boundary condition.  

• The total simulation area is 4μm x 4μm and the mesh inside the structure is 

Δx=Δy=0.5nm.   

• Taking advantage of the symmetry of the simulations, we utilized the 

Asymmetric and Symmetric boundary condition for parallel or perpendicular 

dipole, respectively.  

• A broadband (673-873nm) dipole source centered at λ = 773nm was placed 10 nm 

under the HMM. 

• Two vertical monitors were placed above the gratings in order to calculate the 

radiation pattern in the far field.  

• By integrating the Poynting vector over the lines that surround the simulation 

area above the metallic gratings we calculated the power radiated to the far field.  

• The calculation of the Purcell factor was performed by the Lumerical FDTD.  

 

 
 

 

Figure C.1 Schematic of the Lumerical 2D-FDTD simulation. 
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𝑛 ................................. Refractive index 
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pΔ ............................... Dipole momentum vector of the source L (Δ=L), S (Δ=S) or C (Δ=C) 

p ................................. Dipole momentum  

P................................. Purcell factor 

Peff .............................. Effective Purcell factor 

px,y,z ............................ x, y or z component of the dipole moment vector 

𝑃𝑥,𝑧   ............................ Purcell factor of a dipole oriented along x- or z-axis 
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𝑃𝑒𝑓𝑓
⊥,∥  ............................ effective Purcell factor of a QE perpendicularly (⊥) or parallel (∥) 

polarized 

𝑃𝑥,𝑧 
2𝐷 ............................. Purcell factor of a 2D-dipole oriented along x- or z-axis 

𝐏𝐬,𝐩
𝐢  ............................. vector responsible for decomposing the TE (s) or TM (p) polarized 

electric field in x-, y and z-components 

𝐏𝐬,𝐩
𝚫  ............................. vector responsible for decomposing the TE (s) or TM (p) polarized 

electric field in x-, y and z-components inside the layer where the 

source L (Δ=L), S (Δ=S) or C (Δ=C) is located. 

q ................................. distance between the QE and the HMM 

𝑄𝑥,𝑧   ........................... Power radiated by a dipole oriented along x- or z-axis 

𝑄�̅�   ............................. Power radiated by a system to the cover (�̅�=C) or to the substrate 

(�̅�=S) 

𝑄⊥,∥   ........................... Radiated power of a perpendicular (⊥) or parallel (∥) QE 

𝑄𝑥,𝑧 
2𝐷  ............................ Power radiated by a 2D-dipole oriented along x- or z-axis 

r ................................. Position vector 

rΔ ................................ Position vector of the source L (Δ=L), S (Δ=S) or C (Δ=C) 

r ................................. Modulus of the position vector 

𝑅𝑠,𝑝 ............................. Reflection coefficient for TE (s) or TM (p) polarization 
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𝑟i
𝑠,𝑝

  ............................Reflection coefficient for TE (s) or TM (p) polarization 

𝑟χ,σ
𝑖,𝑚  ............................Reflection coefficient of both the ith diffraction order in x-direction 

and the mth diffraction order in y-direction.  χ and σ indicate the 

polarization of the incident and reflected waves, respectively. 

𝑅𝑤Δ̅𝜒,𝜎
𝜅,𝛾   .......................Reflection coefficients (from the wth layer to the cover (�̅�=C) or to the 

substrate (�̅�=S), respectively) of the κth and γth diffraction orders 

along x and y directions.  χ and σ indicate the polarization of the 

incident and reflected waves, respectively. 

𝑅Δ̅𝑤𝜒,𝜎
𝜅,𝛾   .......................Reflection coefficients (from the over (�̅�=C) or to the substrate (�̅�=S) 

to the wth respectively) of the κth and γth diffraction orders along x 

and y directions.  χ and σ indicate the polarization of the incident 

and reflected waves, respectively. 

𝑆11 ..............................Reflection coefficient 

𝑆21 ..............................Transmission coefficient 

𝑆11
𝑠,𝑝 .............................Reflection coefficient for TE (s) or TM (p) polarization 

𝑆21
𝑠,𝑝 .............................Transmission coefficient for TE (s) or TM (p) polarization 

𝐒𝐱,𝐳 .............................Poynting vector radiated by a dipole oriented along x- or z-axis 

𝐒𝐱,𝐳
𝟐𝑫 .............................Poynting vector radiated by a 2D-dipole oriented along x- or z-axis 

𝐒⊥,∥ .............................Poynting vector radiated by a dipole perpendicular (⊥) or parallel (∥) 

polarized 

t ..................................Time 

𝑇𝑠,𝑝 .............................Transmission coefficient for TE (s) or TM (p) polarization 

𝑡i
𝑠,𝑝

  ............................Transmission coefficient for TE (s) or TM (p) polarization 

𝑡χ,σ
𝑖,𝑚  ............................Transmission coefficient of both the ith diffraction order in x-

direction and the mth diffraction order in y-direction.  χ and σ 

indicate the polarization of the incident and reflected waves, 

respectively. 

𝑇𝑤Δ̅𝜒,𝜎
𝜅,𝛾   .......................Transmission coefficients (from the wth layer to the cover (�̅�=C) or to 

the substrate (�̅�=S), respectively) of the κth and γth diffraction orders 

along x and y directions.  χ and σ indicate the polarization of the 

incident and transmitted waves, respectively. 

𝑇Δ̅𝑤𝜒,𝜎
𝜅,𝛾   .......................Transmission coefficients (from the over (�̅�=C) or to the substrate 

(�̅�=S) to the wth respectively) of the κth and γth diffraction orders 

along x and y directions.  χ and σ indicate the polarization of the 

incident and transmitted waves, respectively. 

VΔ ...............................Volume where each QEΔ are found 

VΔ ...............................Volume of VΔ 
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W0 .............................. Total power dissipated by the QE in vacuum 

W ............................... Total power dissipated by the QE 

Wrad ............................ Total power radiated by the QE 

𝑊⊥,∥   ........................... Total radiated power of a perpendicular (⊥) or parallel (∥) QE 

W0
2𝐷 ........................... Total power dissipated by a 2D-dipole n vacuum 

𝑧Δ ............................... z position of the source L (Δ=L), S (Δ=S) or C (Δ=C) 

𝑧𝑖𝑛𝑓
Δ ............................. inferior limit in z-axis where the source L (Δ=L), S (Δ=S) or C (Δ=C) 

can be placed 

𝑧𝑠𝑢𝑝
Δ  ............................ superior limit in z-axis where the source L (Δ=L), S (Δ=S) or C (Δ=C) 

can be placed 

𝑍𝑠,𝑝 ............................. Biaxial media impedance for TE (s) or TM (p) polarization 

Greek letters 

𝛼 ................................ Auxiliary variable 

𝛽 ................................ Auxiliary variable 

𝛽𝑥
𝑇𝐸,𝑇𝑀 ........................ x component of the wavevector inside the biaxial media for TE or TM 

polarization 

𝛽𝑧
𝑇𝐸,𝑇𝑀 ........................ z component of the wavevector inside the biaxial media for TE or TM 

polarization 

𝛾 ................................. Auxiliary variable 

𝛤 ................................ Spontaneous emission rate 

𝛤0 ................................ Spontaneous emission rate in vacuum 

𝛤𝑒𝑓𝑓 ............................ Effective system’s spontaneous emission rate  

Γfp ............................... Spontaneous emission rate of source at a fixed position 

ΓΔ ............................... Spontaneous emission rate of the source L (Δ=L), S (Δ=S) or C (Δ=C) 

𝛿 ................................. Dirac delta function 

𝛿(2) ............................. 2D Dirac delta function 

𝛿(3) ............................. 3D Dirac delta function 

𝛥 ................................ Relative to the source L (Δ=L), S (Δ=S) or C (Δ=C) 

�̅� ................................ Relative to the substrate (�̅�=S) of the cover (�̅�=C)  

𝛆 ................................. Electric permittivity tensor 

휀 ................................. Electric permittivity 

휀1................................ Medium 1 permittivity 

휀2 ............................... Medium 2 permittivity 
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휀𝑑 ...............................Dielectric layer permittivity 

휀𝑒𝑓𝑓 ............................Effective electric permittivity 

휀𝑖 ................................ith layer permittivity 

휀𝑚...............................Metal layer permittivity 

휀𝑥,𝑦,𝑧 ...........................Electric permittivity along x, y or z axis 

휀𝛥................................Permittivity of the layer where the source L (Δ=L), S (Δ=S) or C (Δ=C) 

is placed 

휀⊥,∥ .............................Perpendicular and parallel permittivity 

η .................................Quantum efficiency 

ηeff ...............................Effective quantum efficiency 

ηfp ...............................Effective quantum efficiency of source at a fixed position 

𝜂⊥,∥   ............................Quantum efficiency perpendicular (⊥) or parallel (∥) QE 

θ.................................Elevation angle in spherical coordinates 

𝜅 .................................Auxiliary variable 

𝜆 .................................Wavelength  

Λx,y .............................Metallic grating with periodicities in x or y directions 

Λ𝑥,𝑦
𝑤  ............................wth layer periodicities in x or y direction 

𝛍.................................Magnetic permeability tensor 

𝜇 .................................Magnetic permeability 

𝜇𝑒𝑓𝑓  ............................Effective magnetic permeability 

𝜇ℎ ...............................PMMA permeability 

𝜇𝑥,𝑦,𝑧 ...........................Magnetic permeability along x, y or z axis 

𝜇𝛥 ...............................Magnetic permeability of the medium where the source L (Δ=L), S 

(Δ=S) or C (Δ=C) is placed 

𝜇⊥,∥ .............................Perpendicular and parallel permeability 

ξ .................................auxiliary variable to denote the wave propagating along z (ξ=+1) or 

z (ξ=-1) direction  

ρ .................................Position vector in 2D 

σ .................................auxiliary variable to designate TE (𝜎=s) or TM (𝜎=p) polarization 

𝜏 .................................Lifetime 

𝜏0 ...............................Lifetime in vacuum 

𝜏0 ...............................Effective system’s lifetime 

Υ𝑥,𝑧 .............................Probability of the QE being polarized along x- or z-axis 
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Υ⊥,∥  ............................ probability of the QE being perpendicularly ( ⊥ ) or parallel ( ∥ ) 

polarized 

φ ................................ Azimuthal angle in spherical coordinates 

𝜒 ................................. auxiliary variable to designate TE (𝜒=s) or TM (𝜒=p) polarization 

Ψ𝑥,𝑦
3𝐷 ............................ radiated power is normalized to the total power it would radiate in 

free space of a dipole oriented along x- or z-axis 

Ψ𝑥,𝑦
2𝐷 ............................ radiated power is normalized to the total power it would radiate in 

free space of a 2D-dipole oriented along x- or z-axis 

𝛹
χ
 .............................. Ψχ = Aχ, Bχ, 𝐸𝛥

𝜒,±
 or 𝐸�̅�𝑤

𝜒
 

𝚿𝐈𝐅 ............................. Inverse Fourier transform of the electric field Ψχ (Ψχ = Aχ, Bχ, 𝐄𝚫
𝛘,±

 or 

𝐄
�̅�𝐰

𝛘
) 

𝛹𝑐𝑜𝑚𝑏
𝜒

 ......................... Modulated comb function of Ψχ (Ψχ = Aχ, Bχ, 𝐸𝛥
𝜒,±

 or 𝐸
�̅�𝑤

𝜒
) 

𝛹𝑖,𝑚
𝜒

 ............................ ith and mth harmonics of 𝛹𝑐𝑜𝑚𝑏
𝜒

 in the kx and ky direction, respectively 

 

𝜔 ................................ Angular frequency 
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Figure 4.13. Effective Purcell factor (a,c,e) and quantum efficiency (b,d,f) for 

HMM_opt (squares) and HMM_ch3 (circles) considering scenarios I 

(a,b), II (c,d) and III (e,f). (a,c,e) are limited in the y-axis. The inset in 

each plot shows the full curve. ................................................................. 88 

Figure 4.14. (a) and (b) show 𝜂𝑒𝑓𝑓𝑚 and heff, respectively, as function of 𝑃𝑒𝑓𝑓𝑚 for 

the scenario III with HMM_opt (red lines) and HMM_ch3 (blue 
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Figure 5.1.  W-layer stack sandwiched between two semi-infinite slabs, i.e., a 

substrate and a cover layer. The depicted nano-pattern profiles are 

just an illustration of possible geometries. Λ𝑥𝑤  and Λ𝑦𝑤  represent 
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Figure 5.3.  (a) ΓL/Γ0 and ΓC/Γ0 using 3D-SAM (red and blue solid lines) and FDTD 
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the PMMA layer for structures S1 (b,c,d), S2 (f,g,h) and S3 (j,k,l) 

assuming α=z (b,f,j), x (c,g,k) and y (d,h,l). ........................................... 113 

Figure 5.7.  ηα as function of position inside the host layer on top of structures S1 

(a,b,c), S2 (d,e,f) and S3 (g,h,i) assuming α=z (a,d,g), x (b,e,h) and y 
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Figure 5.8.  Calculated P (a) and ηeffl (b) for structures S1 (blue line), S2 (squares) 
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Figure 6.1.  NPHM fabrication steps. (a) shows the alternate deposition of the 

dielectric/metal layers on the top of a substrate. Then, the FIB is used 

to create the patterned on the deposited layers (b). Finally, the 

polymer embedded with the QEs are deposited via spin-coat over the 
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Figure 6.2.  NPHM for sensing application. Changing the refractive index of the 

liquid flowing inside the microfluidic channels provoke a change in 

the NPHM resonant frequency, as shown in the figure inset. Note 

that the inset graphic is just an illustration about the sensor’s 
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Figure A.1. Homogenization scheme based on the Drude-Lorentz model. (a) 

shows the original metamaterial cells to be homogenized while (b) 
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Figure A.2.  Homogenization scheme of metamaterial cells with the TL model .. 129 

Figure A.3.  Diagram of the unit cell of a three cells thick metamaterial slab. 

Periodic boundary conditions are used at y=±2.5 mm and z=±2.5mm. 
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Figure A.4.  Scattering parameters for the three cells thick metamaterial slab 

shown in Figure A.2 (a). The solid symbols represent S11 and the 

hollow symbols S21. Scattering parameters for the three cells thick 

metamaterial slab shown in Fig. 3. The solid symbols represent S11 

and the hollow symbols S21. Squares represent parameters extracted 

with HFSS (benchmark), circles with the (proposed) TL method, and 
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Figure A.5.  Real (solid symbols) and imaginary (hollow symbols) parts of the 

permeability (a) and permittivity (b) for a three cells thick 
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Layman Summary 
In the past few years, intensive research has been focused on the study of new approaches 

to control photon emissions of quantum emitters (QEs), specially for telecommunication 

applications. Controlling the QE’s photon emission is important because the faster its 

photons are emitted, the greater is the number of times it returns to the excited state per 

second. According to Fermi’s Golden rule, this process can be accelerated by creating new 

decay ‘routes’ or ‘channels’ for the QE. One of the most promising approaches of creating 

decay channels involves a new class of artificial materials, known as hyperbolic 

metamaterials (HMM). This class of metamaterials allows the propagation of modes with 

wavevectors (known as high-k modes) much higher than the free-space wavevector. 

Thus, when a QE is placed sufficiently close to an HMM, its evanescent waves (also with 

high-k) are more easily coupled with the HMM high-k modes, consequently reducing the 

time required for it to decay emitting photons, known as the QE’s lifetime. Therefore, 

shorter lifetimes imply faster modulation speeds (or transmission rates). 

One of the key aspects of artificial materials, such as HMM, is the knowledge of their 

effective electromagnetic properties, achieved via parameter extraction techniques. 

Particularly for HMM, the high-k modes make the parameter extraction (also known as 

homogenization procedure) a challenging task. In this sense, we propose in this thesis a 

new constitutive parameter retrieval approach in which all electromagnetic properties of 

the medium are obtained taking the high-k modes into account. Moreover, we 

demonstrate that if this feature is not properly considered in the homogenization 

procedure, the QE’s lifetime calculation is overestimated, therefore impacting its use in 

telecommunication applications. However, the approach proposed here allows an 

accurate calculation of the QE’s lifetime. 

As mentioned, the additional decay channels created by the HMM’s high-k modes can be 

used to decrease the QE’s lifetime. However, since most of the power dissipated by the 

QE is coupled into the HMM as high-k modes (which cannot propagate in free-space), it 

is thermally dissipated inside the HMM due to these modes high ohmic losses. 

Consequently, the portion of the power converted into photons is low, resulting in low 

quantum efficiency. To overcome this issue, some authors have resorted to nano-

patterned HMMs (NPHM) to convert high-k modes into photons, aiming at increasing 

the QE’s quantum efficiency. However, much of the NPHMs designs still rely on 

computationally costly three-dimensional numerical simulations. In this context, we also 

propose in this thesis a new semi-analytical method capable of optimizing the geometrical 

parameters of any nano-patterned structure, including NPHMs. In addition to helping 

increase the QE quantum efficiency while decreasing its lifetime, the proposed method is 

also capable of reducing the computational burden demanded by the optimization 

procedure in approximately 96% when compared to that of numerical methods such as 

finite-difference in time-domain (FDTD). In summary, this doctoral thesis contributes to 

pave the way for the development of new high-speed and efficient light sources for 

telecommunication applications.  


