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Resumo

DIAS, J. A. C. Comportamento elástico e aeroelástico de estruturas eletromecânicas em
casos de colheita de energia e controle de propriedades estruturais considerando não li-
nearidades piezelétricas. 2019. 131f. Doutorado – Escola de Engenharia de São Carlos,
Universidade de São Paulo, São Carlos, 2019.

Diversos grupos de pesquisa têm investigado extensivamente materiais inteligentes ao longo
das últimas décadas. As aplicações se estendem desde sensoriamento e atuação, assim como a
combinação de ambos no controle de vibrações e mais recentemente em problemas de coleta
de energia. Entre os diferentes materiais inteligentes disponíveis, os piezelétricos têm rece-
bido grande atenção na literatura. Eles podem ser aplicados em uma grande e útil faixa de
frequências sendo disponibilizados comercialmente em diversas configurações. Entre as di-
versas aplicações, a engenharia aeronáutica tem se beneficiado dos estudos relacionados aos
materiais inteligentes. Em particular, estes materiais têm proporcionado avanços no desenvol-
vimento de estruturas bio-inspiradas, ou até mesmo o controle de propriedades estruturais da
asa para aprimorar a performance aerodinâmica assim como na coleta de energia do escoa-
mento. O equacionamento constitutivo linear da piezeletricidade foi considerado para a mo-
delagem de tais sistemas na maioria dos casos. Entretanto, a literatura recente demonstra que
manifestações não lineares de materiais piezelétricos são relevantes e podem significantemente
modificar o comportamento do sistema eletromecanicamente acoplado em problemas de atua-
ção e sensoriamento. Neste trabalho, um modelo de elementos finitos de placa não linear foi
desenvolvido para obter as equações que governam o comportamento de sistemas eletromeca-
nicamente acoplados. O modelo também considera o comportamento não linear de materiais
piezelétricos em baixos campos elétricos. Os resultados do modelo eletroelástico não linear são
verificados em relação a dados experimentais em casos de coleta de energia com excitação de
base. Posteriormente, o modelo estrutural não linear é combinado a um modelo aerodinâmico
não estacionário. Os efeitos da piezeletricidade não linear são investigados considerando uma
asa flexível eletromecanicamente acoplada. A alteração ativa de rigidez induzida pela atuação
piezelétrica também é investigada como uma técnica de controle aeroelástico.

Palavras-chave: Vibrações mecânicas. Aeroelasticidade. Geração de energia. Estrutura bio-
inspirada. Não linearidade piezelétrica.





Abstract

DIAS, J. A. C. Elastic and aeroelastic behavior of electromechanical coupled structures in
cases of energy harvesting and structural control considering piezoelectric nonlinearities.
2019. 131f. Tese (Doutorado) – Escola de Engenharia de São Carlos, Universidade de São
Paulo, São Carlos, 2019.

Several research groups have extensively investigated smart materials over the last decades.
Applications range from sensing and actuation, the combination of both in vibrations control
and more recently, in energy harvesting problems. Among the different smart materials availa-
ble, piezoelectric one has received great attention in the literature. They can be employed over
a large and useful range of frequencies and different configurations are commercially available.
Among different applications, aeronautical engineering has benefited from the researches rela-
ted to smart materials. In particular, these materials have provided advances in the development
of bio-inspired structures, control of structural properties in order to improve the aeroelastic
performance as well as in wind energy harvesting. Linear constitutive equation of piezoelec-
tricity has been considered in most cases for the modeling of such systems. However, recent
literature shows that nonlinear manifestations of piezoelectric materials are relevant and can
significantly modify the behavior of an electromechanically coupled system both in actuation
or sensing problems. In this work, a nonlinear plate finite element model has been developed
in order to obtain the governing equations of electromechanically coupled systems. The mo-
del also considers the nonlinear behavior piezoelectric material under weak electric fields. The
nonlinear electroelastic model results are verified against experimental data in actuation and
vibration based energy harvesting cases. Later, the nonlinear structural model is combined to
an unsteady aerodynamic model. The effects of nonlinear piezoelectricity are investigated con-
sidering an electromechanically coupled flexible wing. The active stiffness change induced by
piezoelectric actuation is also investigated as an aeroelastic control technique.

Keywords: Mechanical vibrations. Aeroelasticity. Energy harvesting. Bio-inspired structure.
Piezoelectric nonlinearity.
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CHAPTER

1
Introduction

The literature of energy harvesting exhibits a great number of papers reporting geometri-

cally scalable and simple wind energy harvesters. The motivation is to power small electronic

components employed in different engineering applications located in high wind areas by con-

verting flow energy into usable electrical energy. While wind turbines are explored for large

scale cases, the conversion of persistent flow induced oscillations of airfoils (ERTURK et al.,

2010; SOUSA; JUNIOR, 2015; DIAS; JUNIOR; ERTURK, 2013; BAE; INMAN, 2014; AB-

DELKEFI; NAYFEH; HAJJ, 2012a, 2012d), elastic wings (De Marqui Junior; ERTURK; IN-

MAN, 2010; JUNIOR et al., 2011; XIANG; WU; LI, 2015; BRUNI et al., 2017) or beams in

axial flow (TANG; PAÏDOUSSIS; JIANG, 2009; DUNNMON et al., 2011; MICHELIN; DO-

ARÉ, 2013; JUNIOR; TAN; ERTURK, 2018) by using the piezoelectric materials as transduc-

tion mechanism are among the linear aeroelastic energy harvesters concepts and configurations

available in the literature.

The typical linear flutter behavior is well known from the classical literature of aeroelas-

ticity (THEODORSEN, 1935; BISPLINGHOFF; ASHLEY; HALFMAN, 1996). Since persis-

tent oscillations are observed only at the flutter boundary (linear flutter speed) in that scenario,

the operation envelope of linear wind energy harvesters is limited to a single airflow speed.

Nonlinear aeroelastic systems, on the other hand, can offer persistent oscillations over ranges

of airflow speeds due to different sources of nonlinearities, such as the presence of concentra-

ted or distributed structural nonlinearities and aerodynamic nonlinearities (DOWELL; TANG,

31
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2002). Moreover, since real world applications often involve nonlinearities, there has been

growing research interest in nonlinear aeroelastic energy harvesters over the past few years

(ABDELKEFI; NAYFEH; HAJJ, 2012a; JUNIOR; TAN; ERTURK, 2018; SOUSA et al., 2011;

ABDELKEFI; HAJJ, 2013; BAE; INMAN, 2014; SOUSA; JUNIOR, 2015; JAVED; DAI; AB-

DELKEFI, 2015) in order to overcome the limitations of linear aeroelastic energy harvesters.

The linear and nonlinear piezoaeroelastic wind energy harvesters discussed in the litera-

ture to date have considered the use of monolithic piezoelectric materials (using 31 mode of

piezoelectricity) or piezoelectric fiber composites, such as Macro-Fiber Composites (using the

33 mode of piezoelectricity). In all cases, linear piezoelectric constitutive equations (IEEE,

1988) are taken into account during the derivation of the governing equations of linear as well

as nonlinear wind energy harvesters. However, nonlinearities of piezoelectric materials have

been observed in sensing and/or actuation cases as well as in energy harvesting applications,

modifying significantly the dynamics of electroelastic structures (compared to the linear coun-

terparts).

Most of the nonlinear modeling of piezoelectric materials has considered stiff and brittle

monolithic piezoelectric materials, such as the geometrically linear and materially nonlinear

framework presented by Leadenham and Erturk (2015) for energy harvesting, sensing and ac-

tuation. In previous studies in the literature dealing with electroelastic structures (AURELLE

et al., 1996; ABDELKEFI; NAYFEH; HAJJ, 2012c; WOLF; GOTTLIEB, 2001; WAGNER;

HAGEDORN, 2002; MAHMOODI; JALILI; DAQAQ, 2008; HU et al., 2006; GOLDSCH-

MIDTBOEING et al., 2011), piezoelectric nonlinearities were explored for separate problems

of actuation or sensing and similar patterns of piezoelectric softening were related to different

sources (nonlinear elasticity and nonlinear coupling simultaneously or separately). Leadenham

and Erturk (2015) present a detailed review on piezoelectric nonlinearities. More recently, Tan,

Yavarow and Erturk (2018) presented a geometrically and materially nonlinear framework for

mechanical excitation of a MFC bimorph for nonlinear energy harvesting purposes. Simulations

are compared to experimental results showing that the nonlinear model properly represented the

experimentally observed nonlinear behavior.
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The effects of nonlinear piezoelectricity on the piezoaeroelastic behavior of a generator

wing for wind energy harvesting is investigated in this dissertation. The piezoaeroelastic model

is obtained by combining an unsteady aerodynamic model with an electromechanically coupled

nonlinear finite element (FE) model. The subsonic unsteady aerodynamic model is based on

the Doublet-Lattice method (DLM) (ALBANO; RODDEN, 1969). The electromechanically

coupled FE model considers the Von Karman plate theory that includes the Green-Lagrange

Strain in the strain-displacement relation (although a linear version assuming the well-known

Kirchhoff plate theory was also developed for reference solutions). The electromechanically

coupled FE model also includes the nonlinear behavior of piezoelectric MFCs, being one of

the contributions of the present work. First, the nonlinear FE model is validated against ex-

perimental results for an actuation case (actuation by the MFCs) as well as for a base excited

MFC double bimorph. Later, the energy harvesting performance and the aeroelastic behavior

of a nonlinear generator wing are investigated for a set of load resistances considering both the

linear and nonlinear MFC models. This is the first wind energy harvesting investigation in the

literature to take into account the effects of piezoelectric nonlinearity, a contribution of the pre-

sent work. In the end, as an additional case study, the effects of active stiffness change (due to

static actuation of MFC actuators on a plate-like wing) is investigated.

1.1 Content Overview

This dissertation presents the contents of a research project developed in the Laboratory of

Aeroelasticity of Sao Carlos School of Engineering (University of Sao Paulo) and the Smart

Structures and Dynamical Systems Laboratory (SSDSL) of Georgia Institute of Technology. In

this chapter, an introduction and also the contributions of the present work are reported. Chapter

2 provides a literature review showing several researches on linear and nonlinear electroelastic

structures.

Chapter 3 presents the modeling of the nonlinear aeroelectromechanically coupled system.

In this chapter, the modeling of the linear and nonlinear coupled fields (aerodynamic, elastic

and electric) are pointed out as well as the coupling mechanism between then.
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Chapter 4 includes numerical and experimental results for electromechanically coupled

structures. In this chapter the model is validated against nonlinear electroelastic actuation ex-

perimental results developed in this work and it is also validated against experimental energy

harvesting data presented in the literature. Two different cases of wind energy harvesting are

presented and the effects of piezoelectric nonlinearity on the electroaeroelastic behavior of wind

energy harvesters are highlighted. The effects of active stiffness control due to in plane actua-

tion of MFCs on the aeroelastic behavior of an electromechanically coupled plate-like wing is

discussed.

Chapter 5 presents the final considerations. A brief review of the proposed model along with

the most pertinent findings is presented. Suggestions for future work are also briefly discussed.

1.2 Objectives

The goal in this work is to investigate the effects of piezoelectric material nonlinearities

on the behavior of electromechanically coupled systems considering piezoelectric actuation,

piezoelectric sensing and energy harvesting cases. In particular, the effects of piezoelectric

material nonlinearities on the behavior of electromechanically coupled flexible plates under

wind excitation for energy harvesting is considered the main focus and motivation of this work.

Therefore, a new expression for electric enthalpy density is presented to properly predict the

nonlinear behavior of piezoelectric material. This expression, combined with a nonlinear Finite

Element formulation, is employed in the Hamilton’s principle to obtain the nonlinear equations

of motion that are employed in the different cases explored in this work.



CHAPTER

2
Literature Review

Piezoelectric ceramics can be used for actuation and sensing over a wide range of frequen-

cies. This type of material allows the conversion between electrical energy and mechanical

energy (structural deformations). The conversion of mechanical into electric energy is due to

the direct piezoelectric effect. The opposite conversion, that is, of electric energy into mechani-

cal energy, is defined as the inverse piezoelectric effect. These materials have the ability to use

simultaneous or separately the direct and reverse piezoelectric effects. Thus, the same structure

composed of piezoelectric material can be used as a sensor and actuator simultaneously (ZHAO

et al., 2010; WANG; INMAN, 2011; LEADENHAM; ERTURK, 2015). With this, the piezoe-

lectric actuators have been applied to control vibrations, shape control, flow control, aeroelastic

control, energy harvesting among other applications.

Although different types of piezoelectric ceramics (ranging from stack piezoelectric ma-

terial to piezoceramic plates and discs) are available, the provided large forces with limited

deformation are not suitable for certain applications. The Macro Fiber Composite (MFC) pie-

zoelectric technology developed at the National Aeronautics and Space Administration (NASA)

is a lightweight piezoelectric composite that consists of piezoelectric fibers (employing the 33-

mode of piezoelectricity), interdigitated electrodes, epoxy, and Kapton layers. Over the last

decades, MFCs have been investigated for various applications including sensing (SODANO;

PARK; INMAN, 2004; MATT; SCALEA, 2007; CASTRO et al., 2017), energy harvesting

(YANG; TANG; LI, 2009; MUDUPU et al., 2008; SHI; HALLETT; ZHU, 2017; TAN; YA-

35
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VAROW; ERTURK, 2018), actuation (MUDUPU et al., 2008; KOVALOVS; BARKANOV;

GLUHIHS, 2007; SAMUR, 2013; ZHOU; XU; YANG, 2019), and vibration control (COBB

et al., 2009; ZIPPO et al., 2015). In addition to the advantages of the conventional piezoelec-

tric actuators, MFCs also provide high strain and stress performance combined to flexibility,

endurance and they are available in several sizes (fig. 1). In the next section, contributions of

different authors to model piezoelectric nonlinearities of piezoceramics as well as of MFCs are

reported and discussed.

Figure 1 – (a) Schematic of the MFC structure and (b) a picture from the manufacturer (Smart
Material Corp.) demonstrating its flexibility (SAMUR, 2013).

2.1 Piezoelectric material nonlinearity

It is important to note that nonlinearities of piezoelectric materials are manifested in several

engineering applications including sensing and/or actuation, as well as their combined appli-

cations. Different authors have investigated the problems of nonlinear mechanical and elec-

trical excitation (sensing and actuation, respectively) separately and the nonlinear resonance

trends have been assumed to be due to different additional terms in the piezoelectric constitu-

tive equations. Similar patterns of softening nonlinearities in electromechanical systems have

been attributed by some authors to purely elastic nonlinear terms, electromechanical coupling

nonlinearities, or both of these effects. After early investigation by Maugin (1986) and Tiersten

(1993) into nonlinear electromechanical effects of piezoelectric materials, the nonlinear analy-

sis of actuated piezoelectric beams started to gain momentum. Aurelle et al. (1996) studied the

contribution of strain and electromechanical coupling to the nonlinear response of an actuated

beam under low electric field excitation with stress T1 modeled as,
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T1 = c11S1− e31E3 +α111S2
1 + γ311S1E3, (2.1)

where S is the strain, E is the electric field, c and e are the linear elastic and piezoelectric cons-

tants, and α and γ are the nonlinear constants. The subscript 1 and 3 stand for the length and

transverse direction of the beam. The experimentally observed amplitude attenuation beyond

the linear damping was attributed to the nonlinear electromechanical coupling term γ311. Re-

cently Abdelkefi, Nayfeh and Hajj (2012c, 2012b) used the constitutive equations suggested by

(AURELLE et al., 1996) for nonlinear piezoelectric energy harvesting investigations.

Wolf and Gottlieb (2001) also attributed to elasticity the nonlinear phenomenon of a piezo-

electric actuated cantilever in both symmetric (bimorph) and asymmetric (unimorph) configu-

rations by considering an electric enthalpy density (H) defined as,

H =
1
2

c11S2
1− e31E3S1−

1
2

ε33E2
3 +

1
6

c3S3
1 +

1
24

c4S4
1, (2.2)

which results in second and third-order elastic dependence in the stress equation (T = ∂H/∂S)

related to c3 and c4 coefficients (depending on the symmetry with respect to the reference sur-

face, bimorph or unimorph arrangement) along with a linear dependence on electric field and

electromechanical coupling. Wagner and Hagedorn (2002) derived an electric enthalpy density

formula to take into account quadratic and cubic nonlinearities of strain and coupling. The

resulting electric enthalpy density expression was

H =
1
2

c0S2
1 +

1
3

c1S3
1 +

1
4

c1S4
1− γ0S1E3−

1
2

γ1S2
1E3−

1
3

γ2S3
1E3−

1
2

υ2E2
3 , (2.3)

where c1, c2, γ1 and γ2 are the nonlinear parameters. Also taking a purely geometric nonlinear

approach, Mahmoodi, Jalili and Daqaq (2008) analyzed a micro-electro-mechanical (MEMS)

piezoelectrically coupled cantilever that was validated by assuming low electric field and that

material nonlinearities due to strain were an order of magnitude larger than coupling parameters.

Hu et al. (2006) analyzed the nonlinear behavior of a shear vibration piezoelectric energy
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harvester by applying the cubic theory of the displacement gradient initially introduced by Mau-

gin (1986) and Tiersten (1993). Higher order electromechanical coupling and electric field

terms were neglected due to the weak electric field assumption. Stanton et al. (2010a, 2010b)

studied the results of higher order strain and electromechanical coupling and attributed experi-

mentally shown peak attenuation at higher excitation levels to a nonlinear quadratic damping

term. As an alternative to the model presented by Wagner and Hagedorn (2002) and Stan-

ton et al. (2010a), Goldschmidtboeing et al. (2011) recently explored the effect of ferroelastic

(stress-strain) hysteresis on piezoelectric cantilever beams. In their work, higher order nonli-

near elasticity and nonlinear coupling terms were ignored, and the observed nonlinear effects

were entirely attributed to hysteresis. These assumptions resulted in a constitutive equation and

a per cycle energy dissipation Udis relation, respectively, as

T1 = c11(1−α11 |S1|)S1− e31E3 (2.4)

Udis =
4
3

γc11|S1|3, (2.5)

where | | denotes the modulus, and α11 and γ are the parameters that quantify the hysteretic

softening and dissipation effects. This model provided a single physical explanation for both

the observed nonlinear stiffness and damping effects.

Due to the discrepancy within and between the actuation and sensing (including energy

harvesting cases) analyses, Leadenham and Erturk (2015) presented a unified model of a piezo-

electrically coupled beam using a nonlinear constitutive equation that is valid for both sensing

and actuation cases (two-way coupling). The investigated system was a symmetric piezoelectric

bimorph cantilever with two piezoelectric layers on either side of a metal central layer. The pie-

zoelectric layers are poled in opposite directions, with the top and bottom surfaces forming the

electrodes. The following nonlinear electric enthalpy density expression was employed along

with a nonlinear structural energy dissipation,
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H =
1
2

c11S2
1 +

1
3

c111S3
1sgn(S1)− e31S1E3−

1
2

e311S2
1sgn(S1)E3−

1
2

ε33E2
3 (2.6)

Udis ∝ |S1|3, (2.7)

which follows the works of Wagner and Hagedorn (2002) and Goldschmidtboeing et al. (2011).

The common practice in the literature was to express the enthalpy as a polynomial in the strain

and electric field. When using such a model to a symmetric structure, terms proportional to

second order nonlinear coefficients vanish, resulting only in third order nonlinear terms to re-

present any nonlinear behavior. The electric enthalpy density presented by Leadenham is ex-

pressed as a polynomial in the strain magnitude. Therefore, second order terms do not vanish

unlike the previous works presented in the literature (WAGNER; HAGEDORN, 2002). This

fact is relevant since experimental data published in the literature show that electromechani-

cally coupled systems exhibit first-order backbone curve (curve which connects the peaks of

frequency response curves at all excitation amplitudes) trends (GOLDSCHMIDTBOEING et

al., 2011; MAHMOODI; JALILI; DAQAQ, 2008) and, therefore, a model that does not allow

second order stiffness and electromechanical coupling terms to vanish was required.

While both quadratic and cubic models can exhibit the same type of nonlinearities (harde-

ning or softening), the two models are qualitatively different. This is apparent by examining

the backbone curve of a nonlinear resonator displayed in figure 2. A quadratic model predicts

a backbone curve that changes linearly with the response amplitude (figure 2(a), similar to the

experimental results reported in the literature considering piezoelectric materials) while a cubic

model predicts a quadratic variation of the peak response frequency with response amplitude.
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Figure 2 – Response of an oscillator with quadratic (a) and cubic (b) softening nonlinearity
(LEADENHAM; ERTURK, 2015).

For the case of energy harvesting and sensing, the resulting nonlinear governing equations

for an electromechanically coupled beam presented by Leadenham and Erturk (2015) are,

mẍ+d1(ẋ)+d2(ẋ)2sgn(ẋ)+ k1x+ k2x2sgn(x)− [θ1 +θ2sgn(x)]υ =−mz̈(t) (2.8)

Cυ̇ +
υ

R
+[θ1 +θ2sgn(ẋ)]ẋ = 0, (2.9)

while the governing equations for the dynamic actuation case are,

mẍ+d1(ẋ)+d2(ẋ)2sgn(ẋ)+ k1x+ k2x2sgn(x) =−[θ1 +θ2sgn(x)]υ(t) (2.10)

Cυ̇ + i+[θ1 +θ2sgn(ẋ)]ẋ = 0 (2.11)

where d1, k1, and θ1 are the linear damping, stiffness, and electromechanical coupling constants,

respectively. The parameters d2, k2, and θ2 represent the nonlinear damping, stiffness, and

electromechanical coupling effects.
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Figure 3 shows that the model presented by Leadenham and Erturk (2015) including stiff-

ness, damping and electromechanical coupling nonlinearities predicts correctly the nonlinear

experimental behavior of an electromechanically coupled beam in a base excitation problem

(sensor) considering low to moderate base acceleration levels (Fig. 3a) and also predicts the

experimental behavior in an actuation problem (Fig. 3b). Since low to moderate levels of exci-

tation are considered in both cases, the nonlinear behavior is mostly due to the nonlinear beha-

vior of the piezoelectric material, which is correctly represented from the proposed nonlinear

enthalpy equation.

(a) (b)

Figure 3 – Nonlinear (a) voltage output of the bimorph beam under harmonic base excitation
(0.1g) for a range of load resistances and (b) tip velocity of the bimorph under dy-
namic actuation for voltage amplitudes ranging from 0.01V to 10V . Blue circles
are experimental data and red curves represent model predictions (LEADENHAM;
ERTURK, 2015).

In a recent paper, Tan, Yavarow and Erturk (2018) studied the nonlinear behavior of a

MFC bimorph cantilever under resonant base excitation for the primary resonance behavior.

The nonlinearities considered by the researchers include a quadratic softening due to piezoe-

lectric nonlinearity with cubic geometric hardening. Figure 4 shows that the model presented

by Tan, Yavarow and Erturk (2018) predicts the nonlinear experimental behavior of an elec-

tromechanically coupled bimorph in low to moderate base acceleration levels. The damping

and electromechanical coupling nonlinearities were neglected in their study. Taking this into

consideration, the electric enthalpy density previously presented in the work of Leadenham and

Erturk (2015) (equation 2.6) for the piezoelectric material (d33 mode) was simplified as,
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Figure 4 – Experimental and theorical average power at RMS base acceleration levels of 0.1g,
0.2g, 0.3g, 0.4g and 0.5g using downward frequency sweep harmonic balance
method (TAN; YAVAROW; ERTURK, 2018)

H =
1
2

c33S2
3 +

1
3

γ |S3|S2
3− e33S3E3−

1
2

ε33E2
3 (2.12)

where the subscript 3 stand for the length direction of the MFCs and γ is the nonlinear electric

parameter that defines the backbone of the bimorph, which is not linear anymore. Furthermore,

their experimental results show an opposite behavior from the oscillator with cubic softening

(presented at figure 2b). Therefore, the researchers took into consideration two new terms in

the nonlinear governing equations to account for nonlinear geometric hardening and the inertial

softening. For the case of sensing, the resulting nonlinear governing equations for an electro-

mechanically coupled beam presented by Tan, Yavarow and Erturk (2018) are,

mẅ+ cẇ+ k (1− γ |w|)w+
α1

L2 w3 +
β1

L2

(
wẇ2 +w2ẅ

)
−θpυ− θNL

φ 2 (Lm)
υw2 =−mz̈ (2.13)

Cpυ̇ +
υ

R
+

θp

φ (Lm)
ẇ+

θNL

φ 3 (Lm)
w2ẇ = 0 (2.14)

where α1 and β1 stand for the geometric hardening and the inertial softening coefficients, res-
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pectively, θNL is the nonlinear electromechanical coupling coefficient resulting from nonlinear

strain. These parameters were then experimentally determined in order to reproduce the expe-

rimental nonlinear behavior displayed in figure 4.

2.1.1 Hysteresis

One of the major nonlinear phenomenon that occur on the analysis of piezoceramics is

the hysteretic behavior exhibited by the material. The change of the polarization influences

the piezoelectric effect, changing the coupling matrix, which also depends on the temperature,

voltage and time. The temperature dependence can be neglected when temperature is roughly

constant during the experiments. The time dependence is the creep that will be later discussed in

this dissertation. The variation of electrical voltage, even considering small levels, changes the

polarization of the piezoceramics. This change results in modified electromechanical coupling.

Several models in the literature take into account the physics of the hysteresis problem

(SMITH; OUNAIES, 2000; SMITH et al., 2006; HASSANI; TJAHJOWIDODO; DO, 2014).

Although these models are precise, they add a lot of complexity to the formulation. However,

there is the possibility to describe mathematically the behavior of the hysteresis. Some of the

available models include for example: Preisach, Prandtl-Ishlinskii and Maxwell slip models.

Another possibility is to assume a small, or even no hysteresis, in the actuation charge-strain

relationship. (COMSTOCK, 1979) control the charge applied in the piezoceramics instead of

the electrical voltage to reduce the hysteresis effects. In the present work, the focus is in the

time analysis of the system and in the modulation at low frequencies. The aeroelectroelastic

energy harvesting cases, presented in this work, are also exploited considering low frequency

vibrations. Therefore, the hysteresis effects in the wing behavior will be neglected.

2.1.2 Depolarization

In the manufacturing process of piezoelectric ceramics, the material must be poled by ap-

plying high electric fields while the material is under high temperatures and, later, the material

start to exhibit enhanced piezoelectric properties. In some cases, the electrical voltage of pola-
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rization is low, making the operational voltage even lower. If the operation of the piezoelectric

material is out of the recommended range, the material polarization suddenly switch, as re-

ported in Kushnir and Rabinovitch (2008) and Shindo et al. (2011). To prevent this type of

nonlinearity, the domain of actuation must be between the maximum and minimum operational

voltages. Once this condition is assured this type of nonlinearity can be neglected.

2.1.3 Creeping

Creep is a phenomenon related to the piezoelectric ceramic nature and its structure. When

there is a change in the polarization in the ceramics, due to the ferroelectric domain, a change in

the strain is observed. However, this change on the strain keeps happening even if the voltage

does not change, meaning that the material will reach equilibrium later than expected. As

mentioned before the coupling matrix, changes with the temperature, the voltage and time.

Time constant of the creep decrease logarithmically with time and can go up to a hundred

seconds (HUDEK, 2013).

For the actuation case of the present work creeping is really pronounced and influences

in the final and transient form of the system (as observed during the experiments that will be

later discussed). It was observed in almost all cases that the static actuation generates creeping

during deformation and when the voltage is released, another creeping curve happens, and the

final deformation is different from the initial deformation of the wing. This deeply influences

the mechanical behavior of the electromechanically coupled system and deserves more detailed

investigation in the future.



CHAPTER

3
Modeling of the nonlinear

electromechanically coupled structure

In this work, the Finite Element method (REDDY, 2002; ZIENKIEWICZ; TAYLOR, 2000)

is employed to model the piezoelastic coupled system. The method consists in a discretization

of classical variational methods to smaller and simpler subdomains called finite elements. In this

work, linear and nonlinear models of an electromechanically coupled plates were developed.

The electroelastic finite element model is later combined to a DLM code developed in the

research group in order to obtain the piezoaeroelastic model.

3.1 Electromechanically coupled plate formulation

The equations of motion of the coupled system are obtained from Hamilton’s principle,

which in the absence of electromagnetic field is defined as,

δ

∫ t1

t0

(∫
V

LdV
)

dt +
∫ t1

t0
δWdt = 0 (3.1)

where L is the Lagrangian defined in terms of the kinetic energy (Tke) and electrical enthalpy

density (H) as L = (Tke−H), and δW is the virtual work due to external mechanical and elec-

trical forces that will be later defined. The kinetic energy is

45
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Tke =
1
2

ρu̇Tu̇ (3.2)

where ρ is the mass density, and u̇ is the generalized velocity field. The superscript T stand for

transpose. Assuming linear piezoelectricity (linear-electroelastic constitutive relation for the

piezoceramic material) (IEEE, 1988), the enthalpy density is

Hlin =
1
2

STCE
pS−ETeS− 1

2
ET

εεε
SE (3.3)

where S is the strain vector, Cp is the matrix of piezoelectric elastic stiffness constants, e is

the matrix of piezoelectric constants, εεε is the matrix of electric permittivity constants, E is the

electric field vector, the superscripts E and S denote that the parameters are measured at constant

electric field and constant strain, respectively. The variation of mechanically applied work due

to a set of discrete mechanical forces f and the variation of electrically extracted work for a set

of discrete electric charge outputs q, is presented as,

δW =
∫

V
δuTfdV +

∫
Vp

δφφφ
TqdVp (3.4)

where φφφ , is the vector of electrical potential, V is the volume of the element, subscripts s and p

stand for the substructure and piezoceramic layers.

Using equations (3.2), (3.3), (3.4) and the linear enthalpy for the substructure, the generali-

zed Hamilton’s principle for a linear electromechanically coupled structure becomes

∫ t1

t0

[
−
∫

Vs

δSTCsSdVs−
∫

Vp

δST (CE
pS− eTE

)
dVp +

∫
Vp

δET (eS+ εεε
SE
)

dVp

+
∫

Vs

1
2

ρsδuTu̇dVs +
∫

Vp

1
2

ρpδuTu̇dVp +δW +δWD

]
dt = 0

(3.5)

where u is the vector of mechanical displacements, Cs is the matrix of substructure elastic

stiffness constants and the over-dot represents differentiation with respect to time. δWD denotes

the work done by damping forces described as
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δWD =
∫

V
−δuTDDampu̇dV (3.6)

By assuming, for example, a finite element formulation equation (3.5) leads to the equation

of motion of a linear electromechanically coupled system. Kirchhoff’s plate theory is conside-

red in this work for the linear behavior of the strain-displacement relation, as well as, the Von

Karman plate theory which considers the Green-Lagrange Strain in the nonlinear behavior of

the strain-displacement relation.

3.1.1 Nonlinear electric formulation

In this work, a plate model is combined with a nonlinear MFC model. The literature review

presented in Section 2.1 of this dissertation shows that different authors discussed different mo-

deling assumptions to represent the nonlinear behavior of electromechanically coupled system.

Most of them discuss the modeling of electromechanically coupled beams considering piezo-

ceramics. In the current work, a plate model is developed as well as the nonlinear behavior

of MFCs is included, making the problem more complex than cases usually available in the

literature. Several models based on deformation and electric field (when applied to symmetri-

cal structures, as in a bimorph case) result in the cancelation of second order terms (LEADE-

NHAM; ERTURK, 2015). This work proposes the modeling of the electric enthalpy density

based on the deformation modulus. Although not reported here in details, several approaches

were investigated in this work until the final solution was obtained.

Initially in this work, quadratic softening of piezoelectric material, as proposed by Leade-

nham and Erturk (2015), alongside with nonlinear geometric Von Karman model was assumed.

However, in such case, the softening behavior is stronger for low strain levels and significan-

tly reduced for larger strain levels. Therefore, under these assumptions, the model could not

properly predict the experimental results for an electromechanically coupled flexible structure

under bending and torsion actuation. Another approach was to model the enthalpy as a power

function of the strain modulus, multiplying the linear term. Assuming the exponent of the

power function as 0.25, the model could properly predict the experimental results for low strain
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levels (until 30V of bending actuation). For larger strain levels, piezoelectric softening was

more significant than nonlinear geometric hardening and the numerical model failed to pre-

dict experiments. Therefore, a different approach is assumed, to properly predict the nonlinear

piezoelectric material behavior, the enthalpy is modeled as an exponential function as

Hnonl =
1
2

STCE
pS+STCE

1 α

{
I−diag

[
exp
(
|S|β τ

)]}
S

−ETeS− 1
2

ET
γγγ11S |S|− 1

2
ET

εεε
SE

(3.7)

where C1 is the nonlinear elasticity matrix, γγγ11 the nonlinear quadratic coupling matrix, I the

nonlinear quadratic coupling matrix, α is the percentage of softening of the MFC stiffness, β

is the coefficient that regulates the piezoelectric softening with increasing strain and τ is the

negative coefficient that regulates the maximum softening and strain relation.

To model the nonlinear behavior of the piezoelectric material, the enthalpy of equation (3.7)

is adopted. This equation is already an expansion for the plate case. Through the compatibility

relations (Ti = ∂H/∂Si and De =−∂H/∂E), the stress vector T is defined as

T =CE
pS− eTE−diag(|S|)γγγ11

TE

+2CE
1 α

{
I−diag

[
exp
(
|S|β τ

)][
I−diag

(
1
2

βτS2|S|β−2
)]}

S
(3.8)

and the electrical displacement De is defined as

De = eS+
1
2

γγγ11diag(|S|)S+ εεε
SE (3.9)

Considering the nonlinear (exponential) piezoelectric elasticity matrix (C1), in an approxi-

mation, equal to the half of the linear stiffness matrix and moderate strains, the stress vector

given by equation (3.8) can be simplified as

T = CE
pS− eTE−diag(|S|)γγγ11

TE+CE
pα

{
I−diag

[
exp
(
|S|β τ

)]}
S (3.10)
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The generalized Hamilton’s principle (equation 3.1) for the nonlinear case can be written

as

∫ t1

t0

[
−
∫

Vp

δST
(

CE
pS+CE

pα

{
I−diag

[
exp
(
|S|β τ

)]}
S−Sdiag(|S|)γγγ11

TE

−eTE
)

dVp−
∫

Vs

δSTCsSdVs−
∫

Vp

δET
(
−eS− 1

2
γγγ11Sdiag(|S|)− εεε

SE
)

dVp

+
∫

Vs

1
2

ρsδuTu̇dVs +
∫

Vp

1
2

ρpδuTu̇dVp +δW +δWD

]
dt = 0

(3.11)

and the use of this equation (eq. 3.11) to obtain the nonlinear electric model of this work is

discussed in subsection 3.3.1. First, the solution of the linear electroelastic equation (3.5) is

obtained through Finite Element method presented next.

3.2 Finite Element Method

The Finite Element Method (FEM) models the structure to be analyzed by a finite number of

structural elements known as finite elements that are interconnected by nodes where unknown

quantities are defined (in the case of the electroelastic structure the unknowns are the displace-

ment components and the electric potential defined by element). With these nodal variables it is

possible to find a local solution for each element, where the equation is simpler than the global

structure considering the more complex boundary conditions. These variables are defined by

interpolation functions in order to map the nodal quantities along the element. Bhatti (2005)

cites the following steps in applying the FEM to a problem:

• Develop equations for the element;

• Discretize the solution domain within a finite element mesh;

• Assemble the equations of the elements;

• Add the boundary conditions (physical and/or geometric constraints);

• Solve the problem for unknown nodes;
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• Calculate the solution for each element.

Figure 5 shows the discretization in finite elements of the main structure that is modeled

and studied in this work. It represents an elastic substructure, set along the nodes of the y-

axis and with two pairs of piezoelectric material bimorphs (one macro fiber composite, MFC,

on the upper and other in the lower surface of the substructure) near the sides of the plate

(MFCs are represented in red in the figure). The MFCs layers are considered perfectly bonded

to the elastic substructure and only the active area of the MFCs are considered in the model

(the inactive Kapton layers surrounding the MFC are neglected). The electrodes are considered

perfect conductors and the element properties are based on the mixing rules (Appendix B).

Figure 5 – Double bimorph wing finite element mesh

For the linear case, the classical theory of the Kirchhoff plate is used in the formulation as

mentioned before. The linear finite element is represented by a rectangular plate-like element

with four nodes at the ends and three degrees of freedom (DOF): u, v and w are the displace-

ments in the x, y and z directions, respectively, and one electrical DOF (Figure 6).
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Figure 6 – Linear finite element with 12 mechanical degrees of freedom and 1 electrical degree
of freedom

The shear deformations and rotational inertia of the finite elements are neglected based on

Kirchhoff’s plate theory, and the displacements in the plane (u and v) have their origin given

only the rotation of the plate cross section (ZIENKIEWICZ; TAYLOR, 2000). Therefore, the

displacement field can be described as:


u

v

w

=

{
−z∂w

∂x −z∂w
∂y w

}T

, (3.12)

where z is the perpendicular level to the plate from the reference plane, the deformations are

described in nodal displacement terms as

S =

{
∂u
∂x

∂v
∂y

∂u
∂y +

∂v
∂x

}T

=−z
{

∂ 2w
∂x2

∂ 2w
∂y2 2 ∂ 2w

∂x∂y

}T

(3.13)

The transverse displacement of the kth node of the finite element is described in the poly-

nomial

wk = w|xkyk = P|xkyk µµµ (3.14)

and the rotations in each kth node is given by
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θxk =
∂w
∂y

∣∣∣∣
xkyk

=
∂P
∂y

∣∣∣∣
xkyk

µµµ (3.15)

θyk =
∂w
∂x

∣∣∣∣
xkyk

= −∂P
∂x

∣∣∣∣
xkyk

µµµ (3.16)

where the polynomial terms, P, are

P =

{
1 x y x2 xy y2 x3 x2y xy2 y3 x3y xy3

}
(3.17)

and the generalized coordinates vector, µµµ , is

µµµ
T =

{
a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12

}
(3.18)

The element DOFs (u) (see figure 6) can be expressed as

uT =

{
w1 θx1 θy1 w2 θx2 θy2 w3 θx3 θy3 w4 θx4 θy4

}
(3.19)

and

u = Aµµµ (3.20)

where A is the transformation matrix given by P and it derivatives. The nodal approximations

for the transverse deflection as a function of the nodal variables, w, are

w∼= wk = ΓΓΓu (3.21)

where ΓΓΓ is the shape function defined as ΓΓΓ = PA−1.

Thus the vector of transverse displacements and curvature vector can be described as
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{
w ∂w

∂y
∂w
∂x

}T

= Bηu (3.22)

{
2 ∂ 2w

∂x∂y
∂ 2w
∂y2

∂ 2w
∂x2

}T

= BKu (3.23)

where

Bη =

{
ΓΓΓ

∂ΓΓΓ

∂y
∂ΓΓΓ

∂x

}T

(3.24)

BK =

{
2 ∂ 2ΓΓΓ

∂x∂y
∂ 2ΓΓΓ

∂y2
∂ 2ΓΓΓ

∂x2

}T

(3.25)

As the MFC (d33) is polarized in the length direction, the non-zero component of the electric

field (which is assumed uniform along the length) can be represented as,

Ex =−
∂φ

∂x
=−

vp

bm f c
(3.26)

where E is the electric field, bm f c is the distance between electrodes, vp is the resultant voltage

output across a load resistance (Rl) in each MFC electrical circuit and the electric potential φ , is

assumed to vary linearly between the pairs of electrodes. An important point if piezoceramics

or even d31 MFCs models are considered, is that the electrodes are considered alongside the

thickness of the active layer changing bm f c with hp (thickness of the active layer) and the partial

derivative will be in relation to the z instead of x (see eq. 3.26). In this way the electric field of

the problem can be defined as:

E =−BEvp (3.27)

where
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BE =

{
0 0 1

bm f c

}T

(3.28)

By combining the formulation presented in this section into the Hamilton’s generalized

principle, equation (3.5), one should obtain,

δWext +vT
p

∫
Vp

qdVp =−δui
T
∫

Vp

zBK
TeTBEvpdVp +δWD

+δui
T
∫

Vs

(
Bη

TZT
ρsZBη üi + z2BK

TCsBKui
)

dVs

+δui
T
∫

Vp

(
Bη

TZT
ρpZBη üi + z2BK

TCE
pBKui

)
dVp

−vT
p

∫
Vp

(
zBE

TeBKu+BE
T
εεε

SBEvp
)

dVp

(3.29)

when the linear elastic, linear MFC finite element formulation is considered. The resultant

voltage output vector across the load resistances is represented as vp. In equation (3.29), Z is

the matrix defined as

Z =


1 0 0

0 −z 0

0 0 −z

 (3.30)

Collecting the terms with δui
T, and vT

p equating these separately to zero yields to the ele-

ment equations, where the element matrices are obtained from each term. The global equations

of motion, obtained by assembling the element matrices, are given by

Mü+Du̇+Ku−ΘΘΘvp = fae + fel (3.31)

ΘΘΘ
Tu̇+Ccapv̇p +

1
Rl

vp = 0 (3.32)

where M is the global mass matrix, K is the global stiffness matrix, ΘΘΘ is the effective electro-
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mechanical coupling matrix, Ccap is the effective capacitance matrix of the MFCs and D is the

global damping matrix (assumed here as proportional to the mass and stiffness matrices). The

right-hand-side terms fae and fel are the global aerodynamic and mechanical (composed as the

base excitation forces) force vectors.

The global motion matrices described above are obtained from the assembly of the elemen-

tary matrices given by equations (3.33)-(3.37).

Mi =
∫

Vp

Bη
TZT

ρpZBηdVp +
∫

Vs

Bη
TZT

ρsZBηdVs (3.33)

Ki =
∫

Vp

z2BK
TCE

pBKdVp +
∫

Vs

z2BK
TCsBKdVs (3.34)

ΘΘΘi =−
∫

Vp

zBK
TeTBEdVp (3.35)

Ccap,i =−
∫

Vp

BE
T
εεε

SBEdVp (3.36)

Di = α
∗Mi +β

∗Ki (3.37)

where α∗ is the damping proportional parameter related to the mass matrix and β ∗ is the dam-

ping proportional parameter related to the stiffness matrix.

As the electrodes are considered conductive and continuous for each MFC/piezoceramic,

the size of the electric output vector should be reduced to one per piezoelectric layer/MFC. In

this way for each layer/MFC there is a transformation matrix considering all the elements of the

vector vp equal to

vp =

{
v1 v2 · · · vne

}T

=

{
1 1 · · · 1

}T

vp (3.38)



56

where ne is the number of elements in the finite element mesh. Similarly is possible to calculate

the overall coupling and the capacitance matrix for each piezoceramic layer/MFC as respecti-

vely

Θ̃ΘΘ =

{
1 1 · · · 1

}T

ΘΘΘ (3.39)

C̃cap = ∑
ne
1 Ccap (3.40)

where Θ̃ΘΘ is the reduced global coupling matrix and C̃cap is the reduced global capacitance

matrix.

3.2.1 Isoparametric 4-node element for bending plates

Despite the explicit element formulation previously adopted in this work, only the CST (tri-

angular well-known element) have been used in the literature to model nonlinearities explicitly.

Taking this into consideration, the isoparametric element with similar formulation has been

adopted. The element is presented in Zienkiewicz and Taylor (2000) and the basic formulation

will be briefly discussed.

Figure 7 – Transformation of quadrilateral elements between natural and global coordinates
(REDDY, 2002) where Ω, represents the element domain.
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Before introducing the quadrilateral element, it is introduced the natural coordinate system

for the geometry. The natural coordinates for a quadrilateral element are represented by ξ and

η , illustrated in figure 7. The coordinates vary from -1 to 1 at both directions.

The shape functions (ZIENKIEWICZ; TAYLOR, 2000) are defined at the four nodes for

the transverse displacement as:

ΓΓΓw =



−
(
(η−1)(ξ −1)

(
η2 +η +ξ 2 +ξ −2

))
/8(

(η−1)(ξ +1)
(
η2 +η +ξ 2−ξ −2

))
/8(

(η +1)(ξ +1)
(
−η2 +η−ξ 2 +ξ +2

))
/8(

(η +1)(ξ −1)
(
η2−η +ξ 2 +ξ −2

))
/8


(3.41)

and the rotational angles as

ΓΓΓθx =



−
(
(η−1)2 (η +1)(ξ −1)

)
/8(

(η−1)2 (η +1)(ξ +1)
)
/8(

(η−1)(η +1)2 (ξ +1)
)
/8

−
(
(η−1)(η +1)2 (ξ −1)

)
/8


(3.42)

ΓΓΓθy =



(
(ξ −1)2 (ξ +1)(η−1)

)
/8(

(ξ −1)(ξ +1)2 (η−1)
)
/8

−
(
(ξ −1)(ξ +1)2 (η +1)

)
/8

−
(
(ξ −1)2 (ξ +1)(η +1)

)
/8


(3.43)

The shape functions are easily differentiated with respect to the natural coordinates, although

the finite element calculations are with respect to the global coordinates. To solve this problem,

chain rule of differentiation is used as


∂ΓΓΓ

∂ξ

∂ΓΓΓ

∂η

=

 ∂x
∂ξ

∂y
∂ξ

∂x
∂η

∂y
∂η




∂ΓΓΓ

∂x

∂ΓΓΓ

∂x

= J


∂ΓΓΓ

∂x

∂ΓΓΓ

∂x

 (3.44)

where J, is the first order Jacobian matrix of the transformation between both coordinates. Since
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it is easier to obtain the derivatives with respect to the natural coordinates, equation (3.44) can

be rewritten as follows


∂ΓΓΓ

∂x

∂ΓΓΓ

∂x

= J−1


∂ΓΓΓ

∂ξ

∂ΓΓΓ

∂η

 (3.45)

The integral over the transverse coordinate (z) remains the same and the element area

(dA = dxdy) is transformed to

dA = |J|dξ dη (3.46)

For the plate bending equations the second derivative with respect to the global coordinates

is also required. The second-order Cartesian derivatives of the shape functions are given as

∂ 2ΓΓΓ

∂x2 =
∂ 2ΓΓΓ

∂ξ 2

(
∂ξ

∂x

)2

+ 2
∂ 2ΓΓΓ

∂ξ ∂η

∂ξ

∂x
∂η

∂x
+

∂ 2ΓΓΓ

∂η2

(
∂η

∂x

)2

+
∂ΓΓΓ

∂ξ

∂ 2ξ

∂x2 +
∂ΓΓΓ

∂η

∂ 2η

∂x2

∂ 2ΓΓΓ

∂y2 =
∂ 2ΓΓΓ

∂ξ 2

(
∂ξ

∂y

)2

+ 2
∂ 2ΓΓΓ

∂ξ ∂η

∂ξ

∂y
∂η

∂y
+

∂ 2ΓΓΓ

∂η2

(
∂η

∂y

)2

+
∂ΓΓΓ

∂ξ

∂ 2ξ

∂y2 +
∂ΓΓΓ

∂η

∂ 2η

∂y2

∂ 2ΓΓΓ

∂x∂y
=

∂ 2ΓΓΓ

∂ξ 2
∂ 2ξ

∂x∂y
+

∂ 2ΓΓΓ

∂ξ ∂η

(
∂ξ

∂x
∂η

∂y
+

∂ξ

∂y
∂η

∂x

)
+

∂ 2ΓΓΓ

∂η2
∂ 2η

∂x∂y
+

∂ΓΓΓ

∂ξ

∂ 2ξ

∂x∂y
+

∂ΓΓΓ

∂η

∂ 2η

∂x∂y

(3.47)

Using the first order Jacobian matrix (3.44) it is possible to write,

∂

∂ξ

(
∂η

∂x

)
=

∂ 2ΓΓΓ

∂x2
∂x
∂ξ

+
∂ 2ΓΓΓ

∂xdy
∂y
∂ξ

∂

∂η

(
∂η

∂x

)
=

∂ 2ΓΓΓ

∂x2
∂x
∂η

+
∂ 2ΓΓΓ

∂xdy
∂y
∂η

∂

∂ξ

(
∂η

∂y

)
=

∂ 2ΓΓΓ

∂y2
∂y
∂ξ

+
∂ 2ΓΓΓ

∂xdy
∂x
∂ξ

∂

∂η

(
∂η

∂y

)
=

∂ 2ΓΓΓ

∂y2
∂y
∂η

+
∂ 2ΓΓΓ

∂xdy
∂x
∂η

(3.48)

and solving the system equation (substituting the second-order Cartesian derivatives of the
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shape functions in this system of equations and considering a parallelogram element in the

global coordinates), results in the second-order Cartesian derivatives as:


∂ 2ΓΓΓ

∂ξ 2

∂ 2ΓΓΓ

∂η2

∂ 2ΓΓΓ

∂ξ ∂η

=


(

∂x
∂ξ

)2 (
∂y
∂ξ

)2
2 ∂x

∂ξ

∂y
∂ξ(

∂x
∂η

)2 (
∂y
∂η

)2
2 ∂x

∂η

∂y
∂η

∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

∂x
∂ξ

∂y
∂η

+ ∂x
∂η

∂y
∂ξ




∂ 2ΓΓΓ

∂x2

∂ 2ΓΓΓ

∂y2

∂ 2ΓΓΓ

∂x∂y

= J2


∂ 2ΓΓΓ

∂x2

∂ 2ΓΓΓ

∂y2

∂ 2ΓΓΓ

∂x∂y

 (3.49)

where J2 is the second-order Jacobian matrix of the transformation between natural and global

coordinates. Inverting this second order matrix, results


∂ 2ΓΓΓ

∂x2

∂ 2ΓΓΓ

∂y2

∂ 2ΓΓΓ

∂x∂y

= J−1
2


∂ 2ΓΓΓ

∂ξ 2

∂ 2ΓΓΓ

∂η2

∂ 2ΓΓΓ

∂ξ ∂η

 (3.50)

These results can now be implemented in the shape functions (eq. 3.21) for the system

matrices. The nonlinear finite element models (electric and geometric) can now be investigated

with the implicit element presented.

3.3 Nonlinear modeling of the electromechanically coupled
structure

3.3.1 Piezoelectric material nonlinearity

To model the nonlinear behavior of the piezoelectric material, the enthalpy of equation (3.7)

is adopted. The generalized Hamilton’s principle for the nonlinear electroelastic case, presented

in equation (3.11), with the finite element formulation is modified to



60

δWext +vT
p

∫
Vp

qdVp = δWD +δui
T
∫

Vs

(
Bη

TZT
ρsZBη üi + z2BK

TCsBKui
)

dVs

+δui
T
∫

Vp

(
z2BK

TCE
pBKui +BKCE

pα

{
I−diag

[
exp
(
|S|β τ

)]}
BKui

+Bη
TZT

ρpZBη üi −zBK
TeTBEvp− zBK

Tdiag(|S|)γγγ11
TBEvp

)
dVp

−vT
p

∫
Vp

(
1
2

zBE
T
γγγ11diag(|S|)BKui + zBE

TeBKui +BE
T
εεε

SBEvp

)
dVp

(3.51)

that in the same way of the linear case, equation (3.51) is written in a matrix form obtaining the

same equation as the one obtained in the linear case (equations 3.31 and 3.32). However, the

nonlinear stiffness matrix, K(u), and the nonlinear coupling matrix, ΘΘΘ(u), are defined in terms

of their element matrices respectively as,

Ki (u) =
∫

Vs

z2BK
TCsBKdVs+

∫
Vp

z2BK
TCE

p

(
I+α

{
I−diag

[
exp
(
|S|β τ

)]})
BKdVp (3.52)

ΘΘΘi (u) =−
∫

Vp

[
zBK

T (eT +diag(|S|)γγγ11
T)BE

]
dVp (3.53)

and the other terms (mass, capacitance and damping matrices) are described by the same way

as in the linear case (equations 3.33, 3.36 and 3.37). Note that the matrices above (equations

3.52 and 3.53) depend on the solution of the problem itself. That is, the terms containing

the nonlinear stiffness and the nonlinear coupling are dependent on the deformation, which is

obtained only after solving the coupled equations. To solve the nonlinear equations, the Newton

Raphson method is adopted (Appendix A).

3.3.2 Geometric nonlinearity

In this work, a nonlinear piezoelectrically coupled structure is considered in each case study.

When displacements are moderately high over a plate, the interaction between the membrane

and transverse displacement (due to the bending) should be considered. Therefore, a geometric

nonlinear model is also included in the formulation.
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In general, the physical nonlinearities of the material may occur due to large displacements

or material behavior. Since flexible structures are considered in this work, the material remains

in the linear elastic regime and the nonlinear elastic behavior is exclusively due to the geo-

metric nonlinearity. In this way, this work also includes the development of a finite element

model with geometric nonlinearity. The von Karman plate theory, which is valid for moderate

displacements, is considered in the model formulation.

When the displacements are moderately large, then an interaction between the membrane

and bending effects is initiated due to the transverse displacements. Karman (1910) first stu-

died this effect. In Von Karman’s theory, this effect is incorporated using a simplified form of

the Green-Lagrange deformations obtained when the nonlinear terms associated with the com-

ponents of the displacement in the in-plane directions, ux and uy, are neglected (CRISFIELD,

1997).

Considering the Green deformations,

Sxx =
∂u
∂x +

1
2

[(
∂u
∂x

)2
+
(

∂v
∂x

)2
+
(

∂w
∂x

)2
]

Syy =
∂v
∂y +

1
2

[(
∂u
∂y

)2
+
(

∂v
∂y

)2
+
(

∂w
∂y

)2
]

Sxy =
1
2

[
∂u
∂y +

∂v
∂x +

∂u
∂x

∂u
∂y +

∂v
∂x

∂v
∂y +

∂w
∂x

∂w
∂y

] (3.54)

where the nonlinear terms couple the in-plane and out of plane displacements of the plate.

Considering the in-plane deformations, the displacement field becomes:


u

v

w

=


u(x,y)

v(x,y)

w(x,y)

− z


w,x (x,y)

w,y (x,y)

0

 (3.55)

From this point, the next equations introduce a new notation, where the derivatives with

respect to a variable are denoted in the subscript after the comma (∂∗/∂x = ∗,x).

Thus the deformation becomes:
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SGreen =


Sxx

Syy

2Sxy

=


u,x +w,x

2/2

v,y +w,y
2/2

u,y + v,x +w,xw,y

− z


w,x2

w,y2

2w,xy

= Sp− zSb (3.56)

where Sp denotes the in plane deformation and Sb the curvature changes due to the bending.

In this equation the quadratic terms with quadratic derivatives are neglected. The deformation

variationals are:

δSp =


δu,x

δv,y

δu,y +δv,x

+


w,x 0

0 w,y

w,y w,x


 δw,x

δw,y

 (3.57)

δSb =


δw,x2

δw,y2

2δw,xy

 (3.58)

The finite element approach for the geometrically nonlinear problem is developed based on

the model for thin plate proposed by Zienkiewicz and Taylor (2000) adopting the Von Karman

approximation of Green-Lagrange deformation. For the finite element model, it is possible to

rewrite the deformation variationals as

δSp = Bα
δuα=


ΓΓΓα,x 0

0 ΓΓΓα,y

ΓΓΓα,y ΓΓΓα,x


 δuα

δvα

+


w,x 0

0 w,y

w,y w,x

Gα


δwα

δθxα

δθyα


= Bα

P δ ũα +Bα
L δ w̃α

(3.59)

δSb =


ΓΓΓ

w
α,xx ΓΓΓ

θx
α,xx ΓΓΓ

θy
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ΓΓΓ
w
α,yy ΓΓΓ

θx
α,yy ΓΓΓ

θy
α,yy

2ΓΓΓ
w
α,xy 2ΓΓΓ

θx
α,xy 2ΓΓΓ

θy
α,xy




δwα

δθxα

δθyα

= Bα
Kδ w̃α (3.60)
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where

Gα =

 ΓΓΓ
w
α,x ΓΓΓ

θx
α,x ΓΓΓ

θy
α,x

ΓΓΓ
w
α,y ΓΓΓ

θx
α,y ΓΓΓ

θx
α,y

 (3.61)

with nodal displacement parameters uα defined as

uT
α =

[ {
uα vα

} {
wα θxα θyα

} ]
=

[
ũT

α w̃T
α

]
(3.62)

Grouping the stresses T̃ and moments T̃ terms into one variable

σ̄σσ =

 T̃p

M̃b

 (3.63)

and the deformations matrices in one term
(
B̄α

)
as

B̄α =

 Bα
P Bα

L

0 Bα
K

 (3.64)

the virtual work (δW ) can be written as follow

δW = δuT
α

∫
V

B̄T
α σ̄σσdV −δWext = 0 (3.65)

and the stiffness element matrix Ki (u) for the substructure, considering the Green deformations

in the stress strain relation, is defined as

Ki (u) =
∫

Vs

B̄T
α

 Cs 0

0 z2Cs

 B̄αdVs (3.66)

A tangent stiffness matrix is required for nonlinear formulation of the plate. Thus, the

derivative of the virtual work is described as:
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d(δW ) = δuT
α

∫
Vs

[
d
(
B̄T

α

)
σ̄σσ + B̄T

αd(σ̄σσ)
]

dVs−d(δWext) = 0 (3.67)

and assuming, for simplicity, that the loading is conservative (d(δWext) = 0) only a lineari-

zation of the deformation-displacement matrix and the strain-stress relationship is necessary.

Considering linear elastic behavior, the relations of forces and deformations becomes:

σ̄σσ =

 T̃p

M̃b

=

 Cs 0

0 z2Cs


 Sp

Sb

 (3.68)

and the tangent stiffness matrix part related with the material KM is given by

(KM)
αβ

=
∫

Vs

 (Bα
P )

T 0

(Bα
L )

T (Bα
K)

T


 Cs 0

0 z2Cs


 Bβ

P Bβ

L

0 Bβ

K

dVs

=
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B̄T
αC̄B̄β dVs =

 (KP
M
)

α

(
KL

M
)

α(
KL

M
)T

α

(
KK

M
)

α


(3.69)

where C̄ is the effective elasticity matrix, which in the case of the substructure is given by

C̄s =

 Cs 0

0 z2Cs

 (3.70)

and note that the tangent matrix is composed by the terms obtained from small displacements

assumption (linear case) except to the coupling between the membrane stiffness and the flexural

strength, KL
M. It is necessary to linearize the geometric part of equation, in this way
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d
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(3.71)

thus the geometric part of the tangent matrix, KG, is defined as

(
KL

G
)

αβ
=
∫

Vs
GT

α

 Tx Txy

Txy Ty

Gβ dVs and (KG)αβ
=

 0 0

0
(
KL

G
)

αβ

 (3.72)

and this way, the tangent stiffness matrix, KT , is defined as:

KT = (KM)
αβ

+(KG)αβ
(3.73)

The electric model (linear or nonlinear) can be easily coupled with the presented model.

To solve the nonlinear equations for the elastic or electroelastic cases, the Newton Raphson

method (Appendix A) is adopted. This geometrically nonlinear model is associated with the

nonlinear constitutive behavior of piezoelectric material, obtained from the nonlinear enthalpy

(previously presented), in the next subsection.

3.3.3 Nonlinear resultant formulation

The nonlinear geometric stiffness matrix can also be evaluated in the regions of an electro-

mechanically coupled system covered with MFC similarly as developed for the substructure in

section 3.3.2. The geometrically nonlinear model presented can be associated with the nonlinear

constitutive behavior of piezoelectric material, obtained from the nonlinear enthalpy (previously

presented). The resultant nonlinear electroelastic stiffness element matrix is defined as
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Ki (u) =
∫

Vs

B̄T
α

 Cs 0

0 z2Cs

 B̄αdVs +
∫

Vp

B̄T
α

 C∗ 0

0 z2C∗

 B̄αdVp (3.74)

where C∗ = CE
p

(
I+α

{
I−diag

[
exp
(
|S|β τ

)]})
and the nonlinear coupling element matrix

is defined as

ΘΘΘi =−
∫

Vp

B̄T
α

(
eT +diag(|S|)γγγ11

T) B̄EdVp (3.75)

where B̄E =

[
1/bm f c 0 0 0 z/bm f c

]T

which agrees to the nodal displacement vector

order displayed in equation 3.62.

Therefore, an accurate representation of the problem investigated in this work is obtai-

ned. The electroelastic models developed so far are employed in this work to investigate the

electroelastic behavior of electromechanically coupled structures considering linear and also

nonlinear piezoelectricity. As previously defined, one of the goals is to investigate the effects

of piezoelectric material nonlinearity on the behavior of wind energy harvesters. Therefore, the

electroelastic models have to be combined to unsteady aerodynamic model, which is discussed

in the next section.

3.4 Fluid-Structure interaction

As well as finite elements methods in the structural area, numerical simulations have also

been used extensively in fluid mechanics. The Computational Fluid Dynamics (CFD) has been

developed greatly over the last decades since the data processing equipment becoming faster

and cheaper. Several methods have been derived to analyze the flow, some of these are based

on discrete vortex (DVM - Discrete Vortex Method). The Vortex Particle Method (VPM) is

similarly developed and is similar to the DVM because it uses a discretization in particles, or

characteristics of them, having in common the principle of development of the theory being the

vortex. However, computational efficiency is reduced compared to a simpler linear method such
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as the Vortex Lattice Method (VLM) and the Doublet Lattice Method (DLM).

Boutet and Dimitriadis (2018) presented Wagner lifting line (WLL) method to model the

incompressible, attached, unsteady lift and pitching moment acting on a thin three-dimensional

wing in the time domain. The model is the result of the combination of Wagner theory and

lifting line theory through the unsteady Kutta Joukowski theorem. The linear method proposed

was compared to VLM and lift line theory for rectangular plates showing good agreement with

VLM method. The proposed method have lower computational effort when compared to the

VLM method.

Considering the computational cost and the use of the method in dynamic unsteady oscil-

lations analyzes, the DLM is chosen to represent the aerodynamic in the simulations of this

work. Before further analysis of the proposed aerodynamic model, it is emphasized that the

structural and aerodynamic models are treated separately, and the coupling between them is

later discussed.

3.4.1 Doublet Lattice Method

The linearized formulation for the oscillatory, inviscid, subsonic lifting surface theory re-

lates the normal velocity at the surface of a body (e.g., an elastic wing) with the aerodynamic

loads caused by the pressure distribution (ALBANO; RODDEN, 1969). The formulation is de-

rived using the unsteady Euler equations of the surrounding fluid. The doublet singularity or a

sheet of doublets is a solution of the aerodynamic potential equation. Unsteady aerodynamic lo-

ads as well as the resultant differential pressure across the surface of a wing can be represented

with this solution.

The relation between the differential pressure across the surfaces and the velocity normal to

the surface of a wing is given by a Kernel function (ALBANO; RODDEN, 1969). The Kernel

function is a closed-form solution of the integro-differential equation based on the assumption

of harmonic motion. The velocity field normal to the surface of a wing is given by the equation
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w̄(x,y,z) =
−1

4V∞πρ∞

∫ ∫
Aw

∆p(x,y,z)Ke(x−ξ ,y−η ,z)dξ dη (3.76)

where ∆p(x,y,z) is the differential pressure, V∞ is the freestream velocity, ρ∞ is the air density,

and ξ and η are dummy variables of integration over the wing area Aw in the spanwise (x) and

chordwise (y) directions, respectively. The transverse direction is represented as z, while Ke is

the Kernel function given as

Ke(x−ξ ,y−η ,z) = exp
(
− jω (x−ξ )

V∞

)
∂ 2

∂ z2

{
1
R̄

exp
[

jω
V∞`2 (λ −–MR̄)

]
dλ

}
(3.77)

where `2 = 1−–M2 and R̄ =

√
(x−ξ )2 +(y−η)2 + z2, ω is the excitation frequency, –M is the

Mach number, and λ is a dummy variable.

The DLM provides an approximated solution for the Kernel function. The wing is repre-

sented by a thin lifting surface divided into a number of elements (panels or boxes) associated

with doublet singularities. The singularities have constant strength in the chordwise direction

and parabolic strength in the spanwise direction. A line of doublets distribution of acceleration

potential is assumed at the 1/4 chord line of each panel, which is equivalent to a pressure jump

across the surface. A control point, where the boundary condition is verified, is defined in the

half span of each element at the 3/4 chord line. The strengths of the oscillating potential placed

at the 1/4 chord lines are the unknowns of the problem.

The downwash, introduced by the lifting lines, is assumed to be harmonic and is checked at

each control point. Integration over the surface gives the local and the total aerodynamic force

coefficients (ALBANO; RODDEN, 1969). The solution of the resulting matrix equation is

fae = AIC−1 (ω)wwa (3.78)

where AIC−1 (ω) is the matrix of aerodynamic influence coefficients (related to the Kernel

function) at a specific frequency (ω) and wwa is the downwash vector described in terms of the
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plate transversal displacement (w) and freestream velocity (V∞) as

wwa =
∂w
∂ t

+V∞

∂w
∂x

(3.79)

3.4.2 Aeroelastic coupling

The aerodynamic and the structural dynamics are obtained from distinct numerical methods

with distinct meshes. Therefore, transformation matrices are determined using a surface spline

scheme in order to interpolate the forces obtained in the doublet lattice mesh to the nodes of the

FE mesh (HARDER; DESMARAIS, 1972). Therefore, the aerodynamic forces are evaluated

as

f(ω) = ΦΦΦ
TGmaAIC−1

(
∂

∂ t
+V∞

∂

∂x

)
GamΦΦΦηηη (3.80)

where Gam and Gma are the splines connecting aerodynamic mesh and structural mesh, ΦΦΦ is the

modal shape matrix and ηηη is the modal coordinates vector.

The aerodynamic forces are converted from the frequency domain to the time domain by

using the Roger’s approximation method (ROGER, 1977). The method uses a minimum square

approximation to obtain a rational polynomial formulation described in time domain to repre-

sent the aerodynamic forces, and subsequently the piezoaeroelastic coupled equations can be

represented in the state-space form as



Ẋ1

Ẋ2

v̇p

ẊS


=



0 I 0 0

−M̄−1
ae K̄ae (u) −M̄−1

ae D̄ae M̄−1
ae Θ̄ΘΘ M̄−1

ae A

0 −Θ̄ΘΘ
T

Rl

−1
RlCp

0

0 I 0 V∞

b λaeI





X1

X2

vp

XS


(3.81)

where X1 is the modal amplitudes vector, X2 is the first time derivative of the modal amplitudes

vector, XS is the aerodynamic lag state vector, I is the identity matrix, b is the semi-chord of the
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wing, λae is the lag aerodynamic root, the overbar represents modal matrices and the subscript

ae represent the aeroelastic modified matrices.

For the present research, as mentioned before, the doublet method was implemented in

MATLAB as well as the structural model. Once obtained the matrices in equation 3.81 for the

linear electroelastic wing case, the stiffness and coupling terms are updated with the nonlinear

matrices at each time step.



CHAPTER

4
Results

This chapter describes model validations and analyses for the different cases of this disser-

tation. First, manufacturing and experiments as well as model nonlinear finite element model

validation are discussed for a double bimorph structure. Later, the nonlinear finite element mo-

del is validated for nonlinear MFC actuation and energy harvesting experimental results from

the literature. In the end, nonlinear wind energy harvesting cases are discussed.

4.1 Nonlinear geometric verification

The nonlinear geometric model (without piezoelectric elements) was first verified against

a static solution obtained from ABAQUS finite element analysis with large displacements as-

sumption activated. A square plate (100 mm at each side and 1 mm thick) composed by Fatigue-

Resistant 301 Stainless Steel was modeled. In the simulations, the plate was assumed clamped

at one side and subjected to a normal force of 150 N in one of the free tip edges. Then the trans-

versal displacement at this edge was calculated for increasing applied force until 150 N. Figure

8 displays the linear and nonlinear results. A good match is observed between the nonlinear

model of this work and the solution obtained from ABAQUS.

71
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Figure 8 – Linear and nonlinear static maximum displacement for a clamped stainless steel
square plate (100x100x1mm) under increasing force applied transversely at one free
tip corner

4.2 Double bimorph Structure (manufacturing process)

This section describes the double bimorph structure composed by a flexible metallic subs-

trate and the combination of two pairs of MFC actuators. The manufacturing process and expe-

rimental procedures are described in details as well as numerical model validation for actuation

cases. This electromechanically coupled structure is also used in wind energy harvesting si-

mulations - although two other model validations considering different MFC based structures

presented in the literatures are discussed.

As displayed in Figure 9, four 0◦ MFC laminates (M8514-P1, Smart Material Corp. - see

Table. 1) were bonded onto a flexible spring steel substrate (Fatigue-Resistant 301 Stainless

Steel Sheets). With this configuration, two bimorphs are formed with a chord wise spacing of

33 mm to constitute a double bimorph system. The length of the steel plate is 84.4 mm, width

of 73 mm and a thickness of 0.0508 mm. Each MFC have an overall size of 84.4 mm x 20 mm

and an active region of 76.35 mm x 14 mm and a thickness of 0.30 mm and a clamped free

capacitance of each MFC is 4 nF. A schematic of the double bimorph structure is shown in

Figure 10 considering only the active region of the MFCs.



73

(a) (b)

Figure 9 – Double-bimorph (84.4x73.0x0.0508 mm) architecture with MFC laminates and
stainless-steel substrate: (a) top view along with the tip velocity measurement points
and (b) bottom view along with displacement measurement points and labeling detail
of the four laminates. The samples are clamped with an aluminum clamp at the wing
root.

Table 1 – M8514-P1, Smart Material Corp. dimensions.

Property Dimension [mm]
Active Length 85
Active Width 14

Overall Length 101
Overall Width 20

Clamped Free Active Length 76.35
Layer Kapton Copper PZT

Thickness 0.040 0.018 0.180
Fiber Width N/A 0.0977 0.3555

Fiber Spacing N/A 0.3094 0.0344

(a)

(b)

Figure 10 – Double-bimorph schematic with dimensions considering MFCs active areas and
stainless-steel substrate: (a) top view and (b) front view (not to scale). Dimensions
in mm.
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Since the double bimorph will be later used in aeroelastic simulations, this structure is

also considered an electromechanically coupled plate-like wing in this work. The leading edge

bimorph is composed by the MFCs labeled as (1) and (2) while the trailing edge bimorph is

composed by the MFCs labeled as (3) and (4). The points of transverse velocity measurement

(labeled A, B and C in Figure 9) are placed on one of the sides of the plate (that will be referred

as top side in this section). These points are selected to capture the bending and twisting motions

and are placed at the mid-point of the tip of each MFC active region (10 mm from the leading

and trailing edge) as well as at the center line of the wing. The distances from the tip of the

plate to the points are 5 mm, 25 mm, 45 mm, 65 mm and 83 mm. The overall thickness on the

active area in the final structure is 0.70 mm.

The geometric properties for the active (PZT fibers) and passive (epoxy, electrodes, and

Kapton film) layers of MFCs are shown in Figure 11 for both xz-plane and yz-plane active area

of the double bimorph structure. The element properties are evaluated based on the mixing rules

(Appendix B).

Figure 11 – Two-dimensional representation of the MFC bimorph area (made from two identi-
cal MFC laminates bonded using high-shear strength epoxy to the substructure with
electrodes, epoxy and copper fibers, perpendicular to the PZT fibers embedded in
Kapton film). (a) Geometric parameters in the xz-plane and (b) sequence of layers
in the cross-sectional area (yz-plane: not to scale). Approximate data provided by
manufacturer and (SHAHAB; ERTURK, 2017).
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4.2.1 Experimental setups and procedures

As previously discussed, the double bimorph structure is used in this work for actuation

tests and also numerical model validation. For the actuation tests, three Polytec PDV -100

portable digital vibrometers were used to measure the velocity at three measurement points

simultaneously (reducing differences between results due different shapes). Data was acquired

using a National Instruments NI USB-4431 board. The structure was mounted on the vertical

direction to reduce the gravity effects in the results (figure 12a). One vibrometer was directly

pointed at the wing while mirrors were used for the other two measurement points (figure 12b).

Base acceleration experiments were conducted using an APS-113 seismic shaker driven by an

APS-125 amplifier and controlled by a SPEKTRA VCS-201 controller. These devices allow the

sample to be subjected to harmonic base acceleration at specified amplitudes and frequencies.

Tests were conducted making an up and down frequency sweeps at a constant base acceleration

amplitude.

(a)

(b)

Figure 12 – Overview of experimental setup (a) double bimorph wing (84.4x73.0x0.0508mm)
mounted with Vibrometer and mirror at the background and (b) two other vibrome-
ters pointing at the structure through mirrors

4.2.2 Preliminary results

In the first attempt to manufacture the double bimorph system, a hardened easy-to-form

highly corrosion-resistant 1100 aluminum sheets with a thickness of 0.0762 mm from McMaster
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was employed as substructure. The material was available at the laboratory and seemed to be

sturdy enough visually and in the computational model.
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Figure 13 – Peak-to-peak velocity per base acceleration FRF of the double bimorph (consi-
dering the aluminum substrate - 84.4x73.0x0.0762mm) measured at point (A) for
different levels of static actuation on the MFCs and base excitation of the wing

During the first bench top tests, the plate was clamped to the shaker and submitted to base

excitation. In these first experiments the velocity response was measured at point (A) of Fi-

gure 12(a). Piezoelectric actuation tests (DC actuation) were also performed simultaneously to

the base excitation tests. As a consequence, it is observed that the experimentally identified

frequencies of the resonances changed from the original base excitation test (before piezoelec-

tric actuation) to the base excitation tests after actuation tests. Therefore, to investigate such

behavior, base excitation and simultaneous DC actuation tests were performed and the results

are displayed in Figure 13. Initially, frequency response was measured without piezoelectric

actuation ([0 0]V1time curve in Figure 13). Later, DC voltage was applied to the MFCs, 100 V

was always applied to one MFC bimorph (in all tests) while −100, −200, −300 and −400

Volts applied to the other MFC bimorph in each test. After these experiments, the voltage in-

put was set again to zero, and the frequency response function (FRF) measured in the absense

of piezoelectric actuation (dark blue color on Figure 13 - [0 0]V2time). It is interesting to note
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that while the bending frequency changes from 42.9 Hz to 43.5 Hz the twist frequency vary

between 57.3 Hz to 77.9 Hz. The numerical models (linear electric with or without geometric

nonlinearity) could not predict the behavior experimentally observed in Fig. 13. Therefore, we

decided to perform some additional model verification and also try a deeper investigation of the

experimetal behavior that will discussed in section 4.2.3.

The linear and nonlinear numerical models predicted reasonably well (less than two percent

difference) the bending resonance frequency, but was underestimating the twist resonance fre-

quency, as observed in Fig 13. Therefore, we started a finite element model verification against

results obtained from a commercial FE program. The finite element program, developed during

the current research, was analyzed to search for any type of error and was compared success-

fully with a model made in COMSOL Multiphysics (in both programs were assumed a plate of

301 stainless steel with the same dimensions of the double bimorph previously described, the

comparison is shown in table 2). The first bending and torsion modes acquired with MATLAB

program are close to the ones obtained in COMSOL, for the second modes, the frequency com-

parison start to separate. It is important to notice that in COMSOL the plate was modeled

with solid elements while in MATLAB the program was developed based on Kirchhoff plate as

mentioned before.

Table 2 – Resonance frequency comparison between COMSOL and MATLAB model of a 301
stainless steel plate (with dimensions: 84.4x73.0x0.0508mm).

Mode COMSOL MATLAB

1st Bending 5,2461 5,808

1st Torsion 16,286 15,8019

2nd Bending 38,631 35,9692

2nd Torsion 62,649 55,8321

A more complex approach to describe the MFC layer by layer was also considered. Despite

better results, the twist frequency did not match the experimental behavior. After studying the

nonlinearities of the MFCs and the nonlinear geometric program developed, it was decided
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to make the frequency analysis with a deformed shape since creeping effects in the bimorphs

could lad to changes on the initial stiffness matrix. With this approach the results were closer

to the ones observed in the experiments as will be presented next. Just remembering that the

model considers the MFCs only at the active area, neglect the side electrodes on the MFCs and

consider an equivalent material, obtained by mixing rules (DERAEMAEKER et al., 2009).

4.2.3 Pre-deformed analysis

To prevent any type of nonlinearity like plastic deformations on the substrate (since the last

substrate presented some small shrinks after bounding), a new plate with spring steel substrate

was considered. The dimensions are the same previously described. The new double bimorph

was clamped and placed on the vertical (as shown in the figure 9, figure 12). The actuation was

performed only by applying sinusoidal voltage inputs in each MFC separately. To actuate the

system and not induce any sort of change in the stiffness of the bimorph spars, the voltage levels

are the same with opposite signal between MFCs 1 and 2 and between the MFCs 3 and 4. If the

two bimorphs are actuated symmetrically, only bending is introduced, if they are actuated with

opposite signals, only twist is introduced to the structure. Otherwise, any other combination

will result in a combination between bend and twist. In the analysis proposed in this section,

the voltage level applied is set to 1 V to reduce the softening of piezoelectric materials.

Taking a deeper look in the experiment, model and in the analysis proposed, it was noticed

that any sort of initial deformation changes the behavior of the double bimorph. First, the overall

structure, as well as the substrate thickness are thin compared with other dimensions. Secondly,

when considering the nonlinear geometric elastic model simulation, the stiffness depends on the

initial deformation. In this way, it was decided to apply a small deformation in the simulations

(applying a small voltage in the bimorphs generating a small twist), obtaining the initial stiffness

matrix accordingly with the nonlinear method proposed, and consider this initial stiffness matrix

as the base for the modal analysis.

With an initial pure twist deformation with maximum transverse displacement of 0.08 mm

(distance of the wing in relation to the reference plane) the model predicted a resonance fre-
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quency closer to the one obtained in the experiments. At this point is important to mention that

due to the creeping (as discussed later), the deformations change between different experiments

and they make a huge influence in the behavior. The overall thickness on the active area of

the bimorphs is 0.7 mm, thicker than the initial deformation that the plate was subjected. The

deformation displacement is barely noticeable and can be generated by a mix between bend

and twist of the wing making this hard to predict the position in each single experiment, once

it depends on the creeping history since the initial manufacturing. Taking this in consideration,

the following experimental results are compared with numerical results with different initial

deformations.

Figure 14 – Peak-to-peak displacement per Volt FRF of the double bimorph (considering the
stainless steel substrate - 84.4x73.0x0.0508mm) measured at points A, B and C due
pure bending actuation on the MFCs

First it is considered the actuation in pure bending for the double bimorph wing with stain-

less steel substrate, the results are shown in figure 14 for the left (point A), center (point B) and

right (point C) measuring points. The experimental results are shown in the blue continuous

line and the numerical model results shown in the dashed red line. DC voltage is applied on the

simulations in order to obtain a twist with maximum displacement of 0.069 mm on the model.

One important fact is that the nonlinearity due to the piezoelectric actuation was neglected at
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this point and will be studied in the next section. The modal analysis considers only the first

five modes of vibration of the wing and this reduction will be used on the next analysis. As

mentioned before, the hysteresis behavior of the piezoelectric materials are not considered and

the model is reduced to a linear actuation.

Figure 15 – Peak-to-peak displacement per Volt FRF of the double bimorph (considering the
stainless steel substrate - 84.4x73.0x0.0508mm) measured at points A, B and C due
pure twist actuation on the MFCs

Another important point is in the pure twist actuation, to reproduce the experimental beha-

vior an actuation with 180◦ of phase between the bimorphs were applied to the MFCs. The

results are shown in Figure 15 for the left (point A), center (point B) and right (point C) me-

asuring points. The experimental results are shown in blue continuous line and the numerical

model results shown in dashed red line. It was applied an initial twist with maximum displace-

ment of 0.088 mm on the model to consider the creeping effect present in the experiments. In

the experimental results it is noticeable a small peak around 40 Hz for the frequency response

at points A and C. Further analysis had shown that one of the MFCs, that compose the leading

edge bimorph, had a higher capacitance than the other three after the bounding at the substrate.

This non-symmetric property generates some bending while considering only twist actuation,

as well as the opposite. It is interesting to notice that for the second plot of figure 15 the model
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predicts an amplitude around 10−13 while the experiments show an amplitude around 10−3, this

can be explained by the resolution of the lasers pointed to the 3 measurement points as well as

the non-symmetric capacitance mentioned.

Figure 16 – Peak-to-peak displacement per Volt FRF of the double bimorph (considering the
stainless steel substrate - 84.4x73.0x0.0508mm) measured at points A, B and C due
actuation on the MFCs 1 and 2 (leading edge bimorph)

To show the bending and twist behavior in the same analysis, an excitation of one of the

two bimorphs were made independently (without actuation of the other bimorph). The results

are shown in figure 16 and figure 17 for the measuring points (A, B and C) for the actuation on

the leading (left bimorph) and trailing edge bimorphs (right bimorph) respectively with one-volt

excitation. The experimental results are shown in the blue continuous line and the numerical

model results shown in the dashed red line. It was applied an initial twist with maximum displa-

cement of 0.090 mm on the model to consider the creeping effect present in the experiments. A

small peak on the B measurement point close to the twist resonance frequency can be noticed.

This peak appears on a frequency smaller than the twist resonance frequency. It is important

to remember that the previous deformation on each MFC due creeping can be different from

each other. This non-symmetry is shown clearly on the measurements on the B point shown in

figure 16 and figure 17. For a perfect symmetric structure the responses should be exactly the
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Figure 17 – Peak-to-peak displacement per Volt FRF of the double bimorph (considering the
stainless steel substrate - 84.4x73.0x0.0508mm) measured at points A, B and C due
actuation on the MFCs 3 and 4 (trailing edge bimorph)

same, however as shown in the experimental response, near the twist resonance frequency, the

behavior in both cases are different in relation with each other and with the linear behavior.

Despite some changes in the behavior due to previous deformation caused from creeping

and some simplifications, the nonlinear geometric model can predict the behavior of the dou-

ble bimorph during actuation. The cases investigated so far consider linear piezoelectricity,

nonlinear cases will be investigated later.

4.2.4 Nonlinear displacement analysis (creeping)

Displacement tests were also performed with the double bimorph structure in order to check

the creeping behavior. Some deflections were measured at the points A, B and C defined in

figure 9. As mentioned before, creeping occurs in piezoelectric materials and has significant

effects on the behavior of the electromechanically coupled structure.

As discussed in the previous section, an initial deformation changes the behavior of the

wing by changing resonance frequencies of bending and torsion modes, although it is more
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Figure 18 – (a) Bending and (b) Torsion resonance frequency response for the stainless steel
wing plate (84.4x73.0x0.0508mm) double bimorph for different thickness and twist
deformations compared with the wing without any previous deformation.
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evident for the torsion modes. Simulations were performed in order to check this behavior as

well as the effects of substructure thickness and deformation level on the resonance frequencies

and the results are shown in figure 18. The frequency variation shows the ratio of the natural

frequency modified by the initial displacement and the frequency of the system without displa-

cements. For the bending mode, the main source of the stiffness is the MFCs, since they are

significantly thicker than the substrate. On the other hand, thickness of the substrate has great

effects on torsion mode, although the stiffness of the MFCs is also relevant. If the thickness

of the substrate is reduced, the resonance of the torsion mode decreases and tends to the reso-

nance of bending mode. Since the displacements are out of the plane, deformations increase the

amount of substrate material between the bimorphs. In this way, the creeping is important for

the frequency response of the wing.
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Figure 19 – Time response of the double bimorph (considering the stainless steel substrate
- 84.4x73.0x0.0508mm) measured at point A due bending actuation on both bi-
morphs.

Creeping time histories are shown in figure 19 (step responses at the point A of the wing for

different levels of actuation) for further analyses in the next steps of the research. As mentioned

before, the final deformation is not obtained directly, the increasing deformation due to the

actuation of the MFCs (creeping) extends sometimes for more than one minute. Moreover,

after the actuation of the MFCs is released, a residual deformation is always observed.
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Another important creep analysis is relate to the voltage level and number of cycles of

actuation. For instance, figure 20 shows the permanent deformation of the structure after 20

cycles of actuation for different voltage levels applied during 45 seconds, and then released.

The result can be approximate linearly alongside the actuation levels. It is important to notice

that even for 400 V of actuation a permanent deformation around 1.5 mm (remember that the

twist pre-deformations considered during the frequency response was at the most 0.09 mm) is

observed.

Pulse Voltage [V]
-400 -300 -200 -100 0 100 200 300 400

P
er

m
an

en
t C

re
ep

 [m
m

]

-2

-1

0

1

2
Linear regression
Experimental Data

Figure 20 – Permanent deformation after 20 pulse oscillations of 45 seconds (considering the
stainless steel substrate - 84.4x73.0x0.0508mm) measured at point A due to the
bending actuation on both bimorphs.

The effects of the number of cycle of is shown in figure 21. The permanent deformation in-

creases with the number of pulses and this behavior is more evident for high voltage actuations,

although even for one oscillation a permanent deformation is observed.

For the creeping analyses it is important to investigate the history of actuations on the struc-

ture, since each one has effects on the future behavior of the structure. Models that completely

describe all the nonlinearities involved in the creeping behavior have not been found in the

literature and are also out of the scope of the present work. In the previous cases (structural

response), an initial deformation was imposed to the model through a small actuation using the

MFCs.
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Figure 21 – Permanent deformation after 45 seconds pulse oscillations (considering the stain-
less steel substrate - 84.4x73.0x0.0508mm) measured at point A for bending actua-
tion on both bimorphs with different actuation levels.

4.3 Nonlinear electroelastic model validation

In this section, the nonlinear numerical model presented in this work (nonlinear finite ele-

ment model combined to nonlinear piezoelectric model) is validated for two different cases.

The coupled ordinary differential equations (ODEs) given by equations 3.31 and 3.32 conside-

ring the nonlinear stiffness matrix given by equation 3.74 and nonlinear coupling presented in

equation 3.75 are solved using the method of harmonic balance (NAYFEH; MOOK, 2008) for

all acceleration and voltage actuation levels considered in the experiments. Since the excita-

tion is assumed to be harmonic, the mechanical response solution is expected to have the same

period as the electrical excitation and can be approximated by truncated Fourier series expansi-

ons. Seven harmonics are considered to predict the electroelastic response in both cases. First,

numerically predicted behavior of the double bimorph structure under piezoelectric actuation is
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verified against experimental results. Later, the model predictions are verified against experi-

mental results presented in the literature for a MFC bimorph cantilever under base excitation in

a vibration based energy harvesting problem.

4.3.1 Nonlinear MFC actuation tests

As mentioned in the literature review, nonlinear piezoelectric behavior has been noticed

even at low actuation levels. Therefore, during the experiments to be discussed in this section,

actuation levels from 0.5 V to 50 V were considered for both pure bending and pure twisting

cases of the double bimorph structure discussed in the previous section.
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Figure 22 – Velocity frequency response of the double bimorph (considering the stainless steel
substrate - 84.4x73.0x0.0508mm) measured at point A due to the bending actuation
on both bimorphs. Frequency sweep up response represented by continuous line
and frequency sweep down by dashed lines.

For the actuation in pure bending, the measurement along the chord (points A, B and C)

resulted in similar responses. Therefore, the frequency responses will be displayed only for

the leading edge measurement point (point A). Figure 22 displays the tip velocity response for

harmonic piezoelectric excitation. In this figure, continuous lines stand for frequency sweep

up while dashed lines are for sweep down. In both cases, softening behavior is observed with

increasing applied voltage. It is important to note that the linear behavior of the previous section

was obtained (numerically and experimentally) for excitation level of 1V. One should also note
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in figure 22 that the backbone curve (which connects the peaks of frequency response curves at

all excitation amplitudes) is different from the ones previously reported in the literature (mostly

due to complex behavior of the MFCs) justifying the new nonlinear model for the piezoelectric

material discussed in section 2.1.3 of this work.

Figure 23 displays the ratio of measured tip velocity (as in figure 22) to the voltage input. In

such case, the softening behavior is clearly observed for all excitation levels. As in the previous

case, continuous lines are for the sweep up cases and dashed lines represent for sweeping down.

The resonance frequency changes from 37 Hz to 29.7 Hz with increasing actuation voltage, what

is related to the softening behavior of the piezoelectric material.
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Figure 23 – Velocity per actuation voltage of the double bimorph (considering the stainless steel
substrate - 84.4x73.0x0.0508mm) measured at point A due to the bending actuation
on both bimorphs. Frequency sweep up response with continuous line and fre-
quency sweep down on dashed lines.

The frequency behavior of the ratio of electrical current to voltage input is displayed in

figure 24. Once again, the continuous lines represent the response with increasing frequency

actuation and the dashed lines represent the response with decreasing frequency actuation. Ex-

pectedly, the softening behavior is also observed in the respose.

In a recent paper, Tan, Yavarow and Erturk (2018) presented the nonlinear modeling of

electromechanically coupled systems with MFCs. In their work, piezoelectric nonlinearity is

considered proportional to the modulus of the strain and a quadratic hardening nonlinearity
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Figure 24 – Electrical current per actuation voltage FRF of the double bimorph (considering
the stainless steel substrate - 84.4x73.0x0.0508mm) measured at point A due to the
bending actuation on both bimorphs. Frequency sweep up response with continuous
line and frequency sweep down on dashed lines.

assigned to geometric hardening. When the same model is considered in the present analysis

(combining their enthalpy for nonlinear MFC behavior with the nonlinear FE model of our

work) the model can predict the behavior only for lower voltage levels. However, the model

predictions overestimate the softening behavior at higher voltage input levels.

The first approach in this work was to model the nonlinear behavior of the MFCs behavior

using a power function (in the form of α|S|β ). In such case, the same backbone curve of Figure

22 is obtained for low and medium strain values although the nonlinear geometric hardening

was not enough to predict higher actuation levels behavior. At this point was proposed the

exponential enthalpy model presented in section 3.1. The comparison between numerical and

experimental results for the proposed model are shown in figure 25.

The backbone is properly predicted for all voltages considered as well as the velocity am-

plitudes are correctly predicted. Since the creeping does not affect significantly the bending

frequency, an estimation of the parameters could be performed. The terms that compose the

nonlinear stiffness matrix (
∫

Vp
z2BK

TCE
p

(
I+α

{
I−diag

[
exp
(
|S|β τ

)]})
BKdVp) were obtai-

ned as α = 0.437, β = 0.75 and τ =−7.71.

In the same way that the pure bending case was investigated, the pure twisting actuation
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Figure 25 – Velocity frequency response of the double bimorph (considering the stainless steel
substrate - 84.4x73.0x0.0508mm) measured at point A due to the bending actuation
on both bimorphs. Experimental results with continuous line and numerical results
are presented with a ′+′ marker.

is discussed next. However as mentioned before, the resonance frequency is more affected by

deformation due to the creeping of the structure than in the bending case. The experiments

were conducted making all the up sweep tests with increasing actuation voltage followed by

the down sweep experiments. The results for up sweep and down sweep will be displayed

separately, once some of the creeping residual deformations influence the frequency response

of the structure.

The analysis of the velocity response (by applying a signal with 180◦ of phase between

bimorphs) is displayed in figure 26 and figure 27 for the up sweep and the down sweep, respec-

tively. Despite some differences in the frequency and amplitude in both cases it is possible to

observe an initial softening behavior of the structure that is replaced by a hardening behavior

for voltages larger than 10V . The softening observed in figure 26 and figure 27 is due to the

MFCs nonlinear behavior while the hardening is related to the nonlinear geometric behavior of

the plate. The nonlinear geometric behavior is more pronounced for the twist where the internal

stresses of the plate generate a higher rise in the stiffness than in the bending case. Moreover,
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the jump behavior observed in the results are related to the geometric nonlinearity.

Frequency [Hz]
50 55 60 65

V
el

oc
ity

 [m
/s

]

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

2.5V
 10V
 20V
 30V
 40V
 50V
 75V
100V

Increasing voltage
amplitude level

Figure 26 – Experimental up sweep velocity frequency response of the double bimorph (consi-
dering the stainless steel substrate - 84.4x73.0x0.0508mm) measured at point A due
to the twisting actuation between bimorphs.
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Figure 27 – Experimental down sweep velocity frequency response of the double bimorph (con-
sidering the stainless steel substrate - 84.4x73.0x0.0508mm) measured at point A
due to the twisting actuation between bimorphs.

Again, it is important to show the velocity per actuation voltage frequency response. The

response for frequency up sweep and down sweep of the leading edge (point A) for different

voltage level inputs is shown in figure 28. In the twist actuation case, the softening behavior is
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present even for low voltage actuation levels of the MFCs bimorphs. It is important to notice the

difference between both up and down sweep cases, there is a clear variation of the stiffness besi-

des from geometric hardening or piezoelectric softening. Therefore, is experimentally observed

that the creeping changes the behavior of the structure (and as commented before this behavior

is less perceptible for the pure bending case). The electrical current response is displayed in

figure 29, where figure 29a represents the response with up-sweep excitation and figure 29b

represents the down-sweep excitation response.
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Figure 28 – Velocity per actuation voltage of the double bimorph (considering the stainless steel
substrate - 84.4x73.0x0.0508mm) measured at point A due to the twisting actuation
between bimorphs generate for analysis with (a) frequency sweep up response and
(b) frequency sweep down results.
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Figure 29 – Electrical current per actuation voltage of the double bimorph (considering the
stainless steel substrate - 84.4x73.0x0.0508mm) measured at point A due to the
twisting actuation between bimorphs generate for analysis with (a) frequency sweep
up response and (b) frequency sweep down results.

The experimental backbone has an initial softening and then, for higher voltage levels, a

hardening. Such behavior is also obtained in the numerical approach, as displayed in Figure 30.

Also, one should note in Figure 30 that the first resonance frequency in torsion is lower than the

one obtained experimentally. Several factors contribute to this behavior especially the creeping

as commented before. It’s important to mention that creeping has not been considered in the

numerical model.
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Figure 30 – Numerical velocity frequency response of the double bimorph (considering the
stainless steel substrate - 84.4x73.0x0.0508mm) measured at point A due to the
pure torsion actuation on both bimorphs.

4.3.2 Nonlinear MFC energy harvesting tests

Recently, Tan, Yavarow and Erturk (2018) presented the nonlinear modeling and experi-

mental results of electromechanically coupled systems with MFCs as showed in Section 2.1.

To experimentally validate the theoretical model of chapter 3 in an energy harvesting case, the

experimental results for a bimorph structure presented by Tan, Yavarow and Erturk (2018) is

used as a reference. Two MFC laminates (M8507-P1, from Smart Material Corp.) were vacuum

bonded together without a substrate to form a bimorph structure (figure 31). The structure has

an overall dimensions of 83.50mm (length), 10.00mm (width), 0.61mm (thickness) and the ac-

tive area has a clamped length of 75.50mm and width of 7.00mm. The measured capacitance of

the structure was 3.40nF .

The bimorph structure was tested in base excitation, the root mean-square (RMS) accelera-

tion level was set to 0.5g and sweeping the excitation frequency up and down was performed

around the first short circuit natural frequency of the beam. The frequency sweep was repeated

for 0.4g, 0.3g, 0.2g, and 0.1g RMS base acceleration levels. The tip velocity of the MFC bi-

morph was measured around the mid point (in the length direction) of the cantilever. Although

the authors tested the nonlinear electroelastic behavior of the cantilever considering several
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different resistances connected to the MFCs (for electrical power estimation in their energy

harvesting case), the resistance of 1.3 MΩ was observed as the optimum one (for maximum

electrical power output) and will be considered in this section.

Figure 31 – MFC bimorph cantilever presented in Tan, Yavarow and Erturk (2018).
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Figure 32 – Measured RMS tip velocity of the MFC bimorph versus frequency at RMS base
acceleration levels of 0.1g, 0.2g, 0.3g, 0.4g, and 0.5g using a downward frequency
sweep (increasing base acceleration level from black to red dots - (TAN; YAVA-
ROW; ERTURK, 2018)) compared to numerical model results (increasing base ac-
celeration level from black to blue lines) considering a 1.3 MΩ resistance in the
electrical circuits.

Figures 32 and 33 displays the frequency response of tip displacement and electrical power



96

output when the optimum load resistance is considered and for increasing base acceleration. To

properly predict the nonlinear backbone in the experiments, the nonlinear terms that compose

the nonlinear stiffness matrix (equation 3.52) were adjusted as α = 0.365, β = 1.15 and τ =

−1.3.

Figure 32 displays the experimental tip velocity (TAN; YAVAROW; ERTURK, 2018) and

the numerical predictions from the nonlinear numerical model of this work (nonlinear geome-

tric model and nonlinear piezoelectricity). The softening behavior is clearly observed for all

excitation levels. The resonance frequency decreased from 40.5Hz to 30.3Hz with increasing

base acceleration level due to the softening behavior of the piezoelectric material. Clearly in

figure 32, the backbone curve is different from the ones previously reported in the literature for

typical piezoceramics mostly due to complex behavior of the MFCs. One should note that the

numerical predictions successfully represent the experimental responses. The backbone was

properly predicted for the complete range of considered base excitation levels.

The electrical power output (defined as Pavg = v2
p,RMS/Rl) is displayed in figure 33 for the

optimal resistance (R=1.3 MΩ) and increasing base acceleration levels. Once again the back-

bone curve is predicted and the numerical results are in good agreement with the experimental

ones. The numerical model slightly overpredicts power the output for higher base aceleration

levels. This discrepancy is likely due to other dissipative terms in the electrical domain (e.g.,

dielectric loss) not accounted for in the present model. In all cases showed here, large displace-

ments model considering Green-Lagrange strain was considered.
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Figure 33 – Measured average power output of the MFC bimorph versus frequency at RMS base
acceleration levels of 0.1g, 0.2g, 0.3g, 0.4g, and 0.5g using a downward frequency
sweep compared to numerical model predictions considering a 1.3 MΩ resistance
in the electrical domain.

4.4 Wind energy harvesting results

Having validated the nonlinear numerical model presented in this work in the previous

section, a wind energy harvesting investigation is performed in this section. The nonlinear pa-

rameter for the piezoelectric material used in section 4.3.1 are also considered in this study

with a double bimorph structure under wind excitation. The nonlinear piezoaeroelastic model

is obtained by combining the Doublet Lattice Model for unsteady aerodynamics presented in

section 3.4.1 with the nonlinear electroelastic model (nonlinear structure and nonlinear piezo-

electricity). Once calculated the aerodynamic matrices with the linear structural model, the

linear model is replaced by the nonlinear finite element model with a geometric nonlinearity

(related to large displacements) as well as considering nonlinear piezoelectricity. The nonli-

near stiffness (equation 3.74) is combined to the piezoaeroelastic equation 3.81 for numerical

simulations, which is updated at each time step. In such case, nonlinear aeroelastic system is

obtained and the model predicts limit cycle oscillations (LCOs) for a range of airflow speeds
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starting at 45.40 m·s−1 when a load resistance of 1 MΩ is considered.

The nonlinear stiffness (equation 3.74) is combined to the piezoaeroelastic equation 3.81

for numerical simulations, which is updated at each time step. In all cases investigated in this

section, the initial conditions remain constant and they are considered as a combination of 1

mm amplitude of the first bending linear modal shape and 0.1 mm amplitude of the first torsion

linear modal shape of each analyzed structure. Also, the aerodynamic coefficient matrix is

obtained considering the first ten linear modes. The main motivation in this section is to verify

the effects of piezoelectric nonlinearities on the wind energy harvesting performance of plate-

like wings. First, a low aspect ratio wing is considered and then, a different wing (with higher

aspect ratio) is investigated.

4.4.1 Wind energy harvesting considering a low aspect ratio plate

In the numerical studies of this subsection, the flexible plate presented in subsection 4.2 is

considered. The resulting nonlinear electroaeroelastic structure are investigated for a range of

airflow speeds by combining a structural model with the DLM. When a linear structural model
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Figure 34 – Theoretical damping behavior of the linear plate-like wing model
(84.4x73.0x0.0508mm) for increasing airflow speeds considering a load re-
sistance of 1 MΩ.
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is considered, the linear electroaeroelastic behavior of the system can be predicted for different

airflow speeds. In particular, the damping behavior of different model with increasing airflow

speed can be obtained, as displayed in Figure 34. The damping behavior, provided by the real

part of the system eigenvalues and obtained from the the linear numerical model (Kircchhoff

assumptions and linear piezoelectricity), for increasing airflow speed is displayed in figure 34.

In such case, a load resistance of 1 MΩ was assumed as the electrical boundary condition

of each MFC. The linear flutter speed of the plate, which corresponds to the neutral stability

boundary of the system and refers to a hard crossing, is 45.40 m·s−1(displayed at the zoomed

area in figure 34).

The main motivation here, however, is to investigate the effects of piezoelectric nonlinearity

on the electroaeroelastic behavior. Therefore, the linear structural model was replaced by the

nonlinear finite element model with a geometric nonlinearity (related to large displacements) as

well as considering nonlinear piezoelectricity. The nonlinear model was then combined to the

DLM model for numerical simulations. In such case, nonlinear aeroelastic system is obtained

and the model predicts limit cycle oscillations (LCOs) for a range of airflow speeds starting at

45.4 m/s when a load resistance of 1 MΩ is considered. Later in the simulations, several dif-

ferent load resistances are assumed individually connected to each MFC for energy harvesting

to estimate the electrical power output. The considered resistance values were 1 Ω, 100 kΩ,

1 MΩ, and 10 MΩ. The predicted displacements (measured at the tip leading edge) are shown

in figure 35(a) and (b) for the assumed load resistances considering linear and nonlinear MFC

models, respectively. The main difference is observed around the cut in speed for LCOs when

different load resistances are considered. The critical airflow speeds for LCOs slightly changes

for different load resistances. The Hopf bifurcations for each resistance case are supercritical

(DIMITRIADIS, 2017).
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Figure 35 – Predicted RMS tip displacement (84.4x73.0x0.0508mm wing) for increasing air-
flow speeds, considering (a) linear and (b) nonlinear MFC models for load resistan-
ces of 1 Ω, 100 kΩ, 1 MΩ, and 10 MΩ.

Figure 36 displays the tip displacement for the optimum load resistance of 1 MΩ for ma-

ximum power output. The optimum load was determined from Figure 37 that will be later

discussed. Linear and nonlinear electrical cases are shown in Figure 36 for comparison purpo-

ses (in both cases the nonlinear geometric model is considered). Tip displacement are smaller

for the nonlinear piezoelectric case then for the nonlinear piezoelectric case for airflow speeds

smaller than 57.00 m·s−1. For larger airflow speeds, tip displacement for the nonlinear case are

larger than for the linear case.

The power output strongly depends on the load resistance assumed in the electrical domain,
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Figure 36 – RMS wing (84.4x73.0x0.0508mm) tip displacement comparison between linear and
nonlinear MFC models for increasing airflow speeds considering a load resistance
of 1 MΩ.

as shown in figures 37(a) for linear MFC model and 37(b) for nonlinear MFC model. The

reported values of power output represent the total power obtained from the summation of

all four circuits. In both (linear and nonlinear) cases, the maximum average power output

was predicted for the load resistance of 1 MΩ. For the same load resistance of 1 MΩ, figure

38 shows that the maximum average power output is larger when the nonlinear MFC model

is considered. Clearly, the maximum power output from this wind energy harvesting case is

significantly affected by nonlinear piezoelectricity.
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Figure 37 – Predicted average power output in the energy harvesting case
(84.4x73.0x0.0508mm), considering (a) linear and (b) nonlinear MFC models.
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Figure 38 – Average power output comparison between linear and nonlinear MFC models in
the energy harvesting case (84.4x73.0x0.0508mm wing) for the load resistance of 1
MΩ.
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4.4.2 Higher aspect ratio aeroelastic analysis

The model considered in this subsection is a clamped-free stainless steel plate with 193GPa

elastic modulus, 7850kg/m3 density, and dimensions 168.8x56x0.0508mm. The span is chosen

to be two times the span considered in the previous subsection and the thickness remains the

same as studied in the previous subsection (4.4.1). The chord was chosen as four times the

size of the MFC active area, resulting in an aspect ratio close to three. As mentioned, the same

nonlinear parameters considered in the previous section are assumed in the present case.

Theoretical MFC bimorphs (with same properties of M8514−P1) are considered bounded

to the wing surfaces at the leading and trailing edges. The length of the bimorphs are considered

in the same way as the span of the wing resulting in 152.7mm of length, while the width remains

the same as the MFC active area (14mm). Once again the same initial conditions are applied

to the system and the results are analyzed considering linear and nonlinear behavior of the

piezoelectric material.

First, Figure 39 presents the evolution of the damping (real part of the system eigenvalue)

with increasing airflow speed for a load resistance of 1 MΩ in each electric circuit. The damping
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Figure 39 – Damping variation with the increment of flow speed for the linear model of stain-
less steel wing plate (168.8x56x0.0508mm) double bimorph considering the highest
power output resistance, 1 MΩ.
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is zero for the velocity of 22.30m/s, defined as the critical velocity of flutter for this wing. In

this case, the first crossing refers to a hump mode, and a hard crossing can be observed at

26.05m/s (displayed at the zoomed area in Figure 39).

LCOs are predicted when the nonlinaear geometric model is considered. The critical airflow

speed for LCOs is observed at the linear flutter speed. The load resistances, in each electric

circuit, are chosen as 10 Ω, 10 KΩ, 100 KΩ, 1 MΩ, 10 MΩ. It is worthy to mention here
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Figure 40 – (a) RMS and (b) maximum trailing edge tip corner transverse displacement compa-
rison between linear and nonlinear MFC with the increment of flow speed for the
stainless steel wing plate (168.8x56x0.0508mm) double bimorph considering the
highest power output resistance, 1 MΩ.
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that other circuits and electrical component configurations have a better output results (SILVA;

JUNIOR, 2016), however this is not the main goal in this research.

Figures 40(a) and (b) displays the RMS and maximum tip displacement for increasing airfl-

low speed and load resistenances of 1 MΩ connected to the MFCs. In this case, the simulations

assuming linear piezoelectricity underestimates the amplitude of LCOs (when compared to the

results assuming nonlinear piezoelectricity). The softening behavior of MFCs leads to larger
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Figure 41 – LCO energy harvesting (a) RMS and (b) maximum power output considering linear
MFCs and the stainless steel wing plate (168.8x56x0.0508mm) double bimorph for
the variation of flow speed and electrical resistances.
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mechanical amplitudes.

Figures 41 and 42 displays the power output with increasing airflow speeds and for a set

of load resistances when linear (Figure 41) and nonlinear piezoelectricity (Figure 42) are con-

sidered. As in the previous case, power output increases (in both cases of linear and nonlinear

piezoelectricity) with increasing airflow speed. For each airflow speed, power increases with

increasing load resistance until the optimum load of 1 MΩ is considered. Then, power decrea-

(a)

Airflow Speed [m/s]
20 30 40 50 60 70

R
M

S
 P

ow
er

 O
ut

pu
t [

W
]

×10-5

0

0.5

1

1.5

2
R=101

Ω

R=104
Ω

R=105
Ω

R=106
Ω

R=107
Ω

(b)

Airflow Speed [m/s]
20 30 40 50 60 70

M
ax

im
um

 P
ow

er
 O

ut
pu

t [
W

]

×10-5

0

1

2

3

4

5

6
R=101

Ω

R=104
Ω

R=105
Ω

R=106
Ω

R=107
Ω

Figure 42 – LCO energy harvesting (a) RMS and (b) maximum power output considering non-
linear MFCs and the stainless steel wing plate (168.8x56x0.0508mm) double bi-
morph for the variation of flow speed and electrical resistances.
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ses with further increase of load resistance. Therefore, the optimum load resistance that delivers

the maximum power output is 1 MΩ for both linear and nonlinear piezoelectricity. For speeds

higher than 50m/s the system displays some Torus bifurcations (DIMITRIADIS, 2017) when

nonlinear piezoelectricity is considered.

(a)

Airflow Speed [m/s]
20 30 40 50 60 70

R
M

S
 P

ow
er

 O
ut

pu
t [

W
]

×10-5

0

0.5

1

1.5

2
Nonlinear MFCs
Linear MFCs

(b)

Airflow Speed [m/s]
20 30 40 50 60 70

M
ax

im
um

 P
ow

er
 O

ut
pu

t [
W

]

×10-5

0

1

2

3

4

5

6
Nonlinear MFCs

Linear MFCs

Figure 43 – LCO energy harvesting (a) RMS and (b) maximum power output comparison
between linear and nonlinear MFC behavior for the stainless steel wing plate
(168.8x56x0.0508mm) double bimorph with the increment of flow speed for the
optimal resistance, 1 MΩ.

Figure 43(a) and 43(b) shows the power output with increasing airflow speed considering

linear and nonlinear piezoelectricity, respectively, and considering the optimum load resistance
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of 1 MΩ. A noticeable increase of the power harvested is observed around 51m/s for the maxi-

mum and RMS values for the nonlinear MFC behavior. This behavior results from the combina-

tion of MFC exponential softening and geometric quadratic hardening that induces bifurcations

increasing the power output of the system. On the other hand, power output drops around the

airflow speed of 60m/s due to Pitchfork bifurcations (DIMITRIADIS, 2017) when nonlinear

piezoelectricity is considered. For the range of airflow speeds considered, the predicted power

output is always larger when nonlinear pieozoelectricity is considered.

As an example of Pitchfork bifurcation, the phase projection of the LCO for the linear and

nonlinear MFC behavior at the airflow speed of 72m/s is displayed in figure 44. Note that

in figure 44 that the system oscillates around the equilibrium point that is different from zero

when nonlinear piezoelectricity is assumed while the system oscillates around zero for the linear

piezoelectricity assumption

Displacement [m]
×10-3

-1 -0.5 0 0.5 1

S
pe

ed
 [m

/s
]

-0.3

-0.2

-0.1

0

0.1

0.2

0.3
Nonlinear

Linear

Figure 44 – Phase projection comparison of the leading edge tip corner stainless steel wing
plate (168.8x56x0.0508mm) double bimorph considering linear and nonlinear MFC
behavior for flow speed of 72m/s with electrical circuits connected to 1 MΩ resis-
tances.
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4.5 Aeroelastic control using active stiffness change

In this section, stiffness variation without shape change due to DC voltage input applied to

the MFCs of the double bimorph structure reported in section 4.2 is investigated. Positive DC

voltage input acts as a tensile load while negative DC voltage input represents a compressive

load on the overall structure. In the first case the effect is stiffness increase while in the second

is stiffness reduction. The main goal in this section is to numerically investigate the effects of

stiffness change induced by MFCs actuation on the aeroelastic behavior of the double bimorph.

Initially in this section the finite element model results are verified agaist the experimental

results of Samur (2013). The author investigated the same double bimorph structure considered

in this section by applying different in phase and constant DC voltage levels to all MFCs.

Therefore, stiffness is modified and shape is not changed.
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Figure 45 – Tip velocity to base acceleration FRFs for each level of DC voltage input to the
double bimorph with solar panel substrate to change the stiffness. Dots are expe-
rimental results presented by (SAMUR, 2013) while solid lines represent model
results from this work.

Figure 45 shows the velocity FRF (defined in this work as the ratio of tip velocity to base

acceleration) for different DC voltage input to the MFCs. For each DC voltage input, the double

bimorphs was base excited and the velocity response on the tip was experimentally obtained by
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Samur (2013). Base excitation was provided by electromagnetic shaker, and an accelerometer

was attached to the clamp to measure the base acceleration simultaneously while a laser doppler

vibrometer was used to measure tip velocity. A good match between numerical predictions and

experimental behavior is observed in Figure 45 for a certain range of DC voltage inputs. As the

DC voltage input to MFC increases, the natural frequency changes significantly as a result of

the stiffness change.

4.5.1 Active aeroelastic control

In this subsection, the effects of active stiffness control on the aeroelastic behavior of the

double bimorph is investigated. Therefore, the finite element model is combined to the unsteady

aerodynamic model (DLM) to obtain the piezoaeroelastic model. In this case, the DLM method

is used to generate the aerodynamic influence matrix (as described in section 3.4.1) that has to

be recalculated due to plane stresses induced by the DC voltage input to the MFCs bimorphs.

The variation on the stress matrix (induced by actuation) results in a change in the tangent

stiffness matrix which is used to calculate the aerodynamic influence matrix in the DLM.

The model considered in this subsection is the double bimorph with stainless steel substrate

(84.4x73.0x0.0508mm). Two MFC bimorph (with M8514−P1) are considered bounded to the

wing surfaces at the leading and trailing edges. This configuration is the same presented in

subsection 4.2 however the 3mm borders (innactive width arround the MFCs) are neglected and

the MFC active area is considered at the leading and trailing edge. The linear flutter speed of this

configuration was numerically obtained as 41.5m/s. Geometric nonlinearity will be considered

in all cases in this subsection. The initial conditions remains constant and will be considered as

a combination of 1mm amplitude of the first bending linear modal shape and 0.1mm amplitude

of the first torsion linear modal shape for each configuration proposed in this subsection.

In order to investigate the effects of stiffness change on the aeroelastic behavior of the

double bimorph, DC voltage inputs of −100V , 100V , 200V , 300V , and 400V were considered.

Moreover, the case without DC voltage input was assumed as the reference case. For each DC

input voltage, the nonlinear displacements were evaluated and then the tangent stiffness (eq.
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3.73) updated. The tangent stiffness for each actuation is used to calculate the aerodynamic

coefficients for airflow speeds ranging from 40m/s to 50m/s.

Figure 46 shows the variation of tip displacement calculated at the leading edge corner of

the structure with increasing airflow speed and different DC input voltages (−100V , 0V , 100V ,

200V , 300V , and 400V ) when both the linear and nonlinear MFC models are considered (Figure

46 a and b, respectively). One should note that the aeroelastic behavior is less sensitive to DC
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Figure 46 – RMS wing (84.4x73.0x0.0508mm) tip displacement considering (a) linear and (b)
nonlinear MFC behavior for increasing airflow speeds and increasing in plane ac-
tuation of −100V , 0V , 100V , 200V , 300V , and 400V .
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input voltage when linear piezoelectricity is considered. In both cases (linear and nonlinear pi-

ezoelectricity), increasing positive DC input voltages reduces the cut in speeds for LCOs while

negative DC input voltage slightly increases the cut in speed. On the other hand, the increasing

stiffness due to positive input DC voltages in the nonlinear case (nonlinear piezoelectricity)

reduces the amplitude of LCOs for larger airflow speeds.

Having verified the effects of DC input voltage on the elastic behavior of the double bi-

morph, the aeroelastic behavior is then investigated. The aeroelastic behavior in the absence of

DC input voltage is assumed as the reference case. Figure 46b shows that the cut in speed of the

reference case is close to 41.5m/s as well as shows that this cut in speed only increases when

−100V is considered. Therefore, Figure 47 displays the time response of tip displacement (le-

ading and trailing edges) for the airflow speed of 41.7m/s. For the first 5 seconds no DC input

was applied to the MFCs, therefore, according to Figure 46 the system should present LCOs (as

displayed in Fig. 47). After the time of 5 seconds in Fig. 47, −100V was applied to the MFCs.

According to Figure 46, the cut in speed for LCOs for −100V is slightly larger than 41.7m/s.

Therefore, LCOs are suppressed in Figure 47 after 5 seconds. Since the effect of negative DC

input voltage is to reduce bending stiffness, we believe that this effect justifies the enhanced
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Figure 47 – Time response of tip displacement considering nonlinear MFC behavior, flow
speed of 41.7m/s and −100V actuation at 5s (stainless steel substrate -
84.4x73.0x0.0508mm).
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aeroelastic behavior since increasing the distance (in frequency) between bending and torsion

modes in general results in coalescence at higher airflow speeds. Although not shown the mo-

tions in the LCOs are due to combined bending and torsion motions. Therefore, the effects of

increasing negative DC inputs on the cut in speed should be investigated. Furthermore, out of

phase DC inputs to the MFCs (not investigated in this work) could result in combined effects of

aeroelastic control and also shape control, leading to morphing wind cases.

Figure 46b also shows that the LCOs amplitudes of the reference case are larger compared

with the 400V actuated case for airflow speeds higher than 43m/s. Figure 48, for example,

displays the time response of tip displacement (leading and trailing edges) for the airflow speed

of 50.0m/s. For the first 5 seconds no DC input was applied to the MFCs, then 400V was

applied to the MFCs. Therefore, LCOs amplitudes are reduced in Figure 48 after 5 seconds.

Furthermore, an increase in the frequency of the aeroelastic response is also observed since the

wing undergoes a hardening actuation.

Figure 48 – Time response of tip displacement considering nonlinear MFC behavior, flow
speed of 50.0m/s and 400V actuation at 5s (stainless steel substrate -
84.4x73.0x0.0508mm).

Another interesting point displayed in Figure 46b is that LCOs are not present when the

−100V actuation is considered for airflow speeds higher than 49m/s, within the studied values
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and accounting with nonlinear MFC behavior. As an example, Figure 49 displays the time

response of tip displacement (leading and trailing edges) for the airflow speed of 50.0m/s.

Once again, the first 5 seconds no DC input was applied to the MFCs, after the time of 5

seconds −100V was applied to the MFCs. Therefore, LCOs are suppressed in Figure 49 after 5

seconds and the wing converge to a deformed shape.

Figure 49 – Time response of tip displacement considering nonlinear MFC behavior, flow
speed of 50.0m/s and −100V actuation at 5s (stainless steel substrate -
84.4x73.0x0.0508mm).
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CHAPTER

5
Summary and Conclusions

5.1 Conclusions and Reccomendations for Future Work

This dissertation present a linear and a nonlinear electroelastic model developed based on

finite element analysis for electromechanically coupled structures. A finite element model was

developed considering linear (considering Kirchhoff plate assumptions) and nonlinear (using

Von Karman’s approximation) geometric model. The aerodynamic is modeled with the Doublet

Lattice method and the aeroelastic coupling is presented. The most relevant point presented in

this work is the modeling of the nonlinear behavior of MFCs.

Most of the nonlinear piezoelectric models presented in the literature considered beam mo-

del. In this work, nonlinear piezoelectricity was expanded to plate models. Moreover, a new

model for the MFC nonlinear behavior based a new expression for enthalpy, was presented. Nu-

merical results for pure bending actuation case were successfully verified against experimental

data. Results for a bimorph base excited energy harvester (from the literature) were also suc-

cessfully predicted by the nonlinear proposed model. The nonlinear geometric finite element

developed was also tested against nonlinear Comsol and Abaqus results (well know available

commercial softwares).

The nonlinear model was combined to an unsteady aerodynamic model and aeroelastic si-

mulations were performed for wind energy harvesting and wing stiffness change cases. First,

wind energy harvesting cases were simulated. The MFCs were connected to separate load re-
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sistance in order to estimate the power output from limit cycle oscillations. This is a relevant

contribution since all the previous wind energy harvesting cases in the literature assumed linear

piezoelectricity. According to model predictions, piezoelectric softening increases the electrical

power output due to larger oscillations. The exponential softening also induces the appearance

of Hopf bifurcations, leading to larger displacements. The softening behavior is reduced when

the substructure becomes thicker. The experimental verification (wind tunnel tests) of the non-

linear wind energy harvesting behavior is recommended as a future work.

The effects of active stiffness control on the aeroelastic behavior were also investigated.

Different stiffness levels induced in each bimorph changed the flutter behavior. Negative DC

input voltages to the MFCs increased the cut in speed for LCOs. On the other hand, the am-

plitude of LCOs at higher airflow speeds was reduced due to positive DC input voltages. The-

refore, the active stiffness control can be used to modify the cut in speed of LCOs as well as

to modify the amplitude of LCOs. As future work, wind tunnel tests should be performed in

order to verify the numerical predictions presented in this dissertation. Moreover, in addition

to the aeroelastic control case explored in this work, out of phase DC actuation of the MFCs

should be investigated as a morphing wing (or adaptive geometry) technique. In order to in-

duce optimized aerodynamic shapes due to the MFCs actuation, one should consider the use

of MFCs actuators as a way to keep certain shapes induced by aerodynamic loads at different

airflow speeds. Furthermore, the double bimorph configuration explored in this work could be

employed for flapping wing cases to mimic the behavior of birds or insects.
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APPENDIX A - Newton Raphson Method

To solve the nonlinear system presented, it is necessary to adopt a linearization method.

As an initial approach, the set of equations is solved using the classical linearization method

(SALINAS; KWON; RITTER, 1993). The method consists of taking as initial approximation

the linear matrices from the system as initial approximation. With the displacements, new

secant stiffness matrix are obtained and the system can be evaluated until the system converges.

In order to increase the speed of convergence of the system Newton Raphson’s method is used,

where after the first iteration with the secant stiffness matrix, the other iterations occur with the

tangent stiffness matrix. The process is represented in fig. 50.

Figure 50 – Newton Raphson method.

The method consists in an iterative algorithm to solve a set of nonlinear equations.

xn+1 = xn−
f(xn)

f′ (xn)
(A.1)

where the subscripts indicate the iteration count. Basically the equation is obtained through the
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linearization:

f(xn+1)− f(xn) = f′ (xn)(xn+1−xn) (A.2)

The main goal is to seek the roots of the equation (f(x) = 0). As eq. A.2 is an approxima-

tion, successive Newton Raphson iterations yields to better approximation to the solution. The

iteration is geometrically represented in fig. 50. Since the solution is approximated, a tolerance

is set to check system convergence.

The Newton-Raphson algorithm will converge quadratically if the functions have continu-

ous first derivatives in the neighborhood of the solution. The method is also sensitive to the

behavior of the function f(x) and sometimes can diverge. The more linear the function is, the

more rapidly and reliably Newton’s method converges.



APPENDIX B - Mixing Rules for MFCs

Figure 51(a) shows the electric field for a d33 mode MFC with interdigitated electrodes. For

this type of piezocomposites, although the electric field lines do not have a constant direction

(Figure 51(a)), it is reasonable to consider that the poling direction is the same of the fibers

(length direction), and that the electric field is in the same direction.

Figure 51 – (a) Electric field distribution and (b) representative volume element (RVE) for a d33
mode MFC.

Considering the superscript m and p for the matrix and piezoceramic fibers elements, res-

pectively and the subscripts L and T for the longitudinal and transverse direction, respectively

(3 and 2 in Figure 51(b)) the equivalent mechanical properties can be defined as:

EL = ρE p
L +(1−ρ)Em

L (B.1)

1
ET

=
ρ

E p
T
+

1−ρ

Em
T

(B.2)
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υLT = ρυ
p
LT +(1−ρ)υ

m
LT (B.3)

1
GLT

=
ρ

Gp
LT

+
1−ρ

Gm
LT

(B.4)

The equivalent piezoelectric properties are defined as:

d33 =
1

EL

(
ρdp

33E p
L
)

(B.5)

d32 =−d33υLT +ρ
(
dp

32 +dp
33υ

p
LT
)

(B.6)

ε
T
33 = ρε

Tp
33 +(1−ρ)ε

Tm
33 (B.7)

where E is young modulus, G the transverse modulus, ρ the volume fraction of fibers, υ is the

poisson’s ratio, d is the piezoelectric charge constant and ε the dieletric constant.

Figure 52 – Sequence of layers for the MFC (data provided by Smart Material).

Figure 52 shows the sequence of layers for a MFC (approximate data provided by manu-

facturer Smart Material and Williams (2004)). The dimensions shown are used to calculate

the equivalent mechanical properties at each layer as well as the representative volume element

(RVE) showed in Figure 51(b). Considering the model proposed presented in this appendix

based on the plane-stress assumption, the properties obtained for the active area of the MFC are
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shown in table 3.

Table 3 – Properties of representative volume element (RVE - layer with piezoceramic fibers),
electrode layer, passive layer (kapton) and d33-mode MFCs using analytical mixing
rules formulation (DERAEMAEKER et al., 2009).

Property RVE Electrode Kapton MFC

E1 [Pa] 43.78×109 30.48×109 2.8×109 27.87×109

E2 [Pa] 20.45×109 4.05×109 2.8×109 16.89×109

G12 [Pa] 7.35×109 1.49×109 1.04×109 4.94×109

ν12 0.31 0.34 0.34 0.32

ν21 0.15 0.045 0.34 0.18

ρ [Kg/m3] 6859 2964 1420 4915




